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Abstract

In this paper we use energy estimates to prove that a nonlinear damped beam equation,
which is a model of an extensible elastic cantilever beam, has a compact global attractor
and a flat inertial manifold, even though the spectral gap condition is not satisfied. An
explicit bound for the dimension of the inertial manifold is obtained in terms of the physical
parameters. As an application. it is shown that for any extensibility coefficient there exists
a finite dimensional linear feedback control that achieves an exponential stabilization.
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§1. Introduction

The objective of this paper is to show the existence of a global attractor and an inertial
manifold for a weakly damped nonlinear hyperbolic evolution equation. This equation does
not satisfy the spectral gap condition, which is a common difficulty in constructing inertial
manifolds for hyperbolic equations.

In recent years it has been shown (cf. [6], [9-11], [22] and references therein) that for
many parabolic dissipative nonlinear partial differential equations the long-time behavior
of the solutions in a Hilbert space is completely determined by a finite dimensional inertial
manifold, that is, a manifold which is positively invariant and exponentially attractive.

For hyperbolic evolution equations including nonlinear wave equations, the existence
of a global attractor with finite Hausdorff and fractal dimensions has been studied under
damping dissipation (cf. [11] and [22] and the references therein). A pioneering work on
inertial manifolds in the hyperbolic case was [15], in which it was shown that if a spectral



gap condition is satisfied, namely, the spectrum of the linearization has a suitably large
gap comparable with the uniform Lipschitz constant of the nonlinearity, then the nonlinear
wave equation considered has an inertial manifold. By a special renorming of the energy
space, (15] proved that a suitably large damping coeflicient ensures that the spectral gap
condition holds. However, for many hyperbolic evolution equations with distributed or
boundary damping, such a spectral gap condition fails to hold. Recently, [3] and [24]
reported new existence results on inertial manifolds for elastic beams. In (3], a nonlinear
inextensible strongly damped beam is shown to have a flat inertial manifold; in (24], a
model similar to ours with hinged ends and an external load is shown to have an inertial
manifold.

In this paper we consider a nonlinear damped elastic beam equation:

u  d'w  _Ou 'y Ou
(11) —5t—2—+a;9?+6§_(ﬂ+./(; ux(fat)dg)a?—o’

where u(z,t) is the transverse deflection of the beam, a and é are positive constants, while
B € R is a not necessarily positive constant. This equation is a mathematical model for the
small (transversal vibrations) of an extensible beam subject to an axial internal force. The
nonlinear term in (1.1) represents the change of tension in the beam due to its extensibility.

This model equation was originally proposed by [23], and has been studied along
with some analogous equations by [1], [4-5], [7-8], [11], [13-14], [18-21]." The existence of
solutions was studied via Galerkin approximation and the energy decay of solutions was
proved under a common condition that § > —v;, where vy is the smallest eigenvalue of
aAp = vA/?p with A being the fourth order spatial differential operator together with
the homogeneous boundary conditions. For general 3, [11] proved the existence of a global
attractor for (1.1) under clamped boundary conditions by using a Lyapunov functional.
Besides, there are no global results on the dynamics for general 3 as far as we are aware.
These previous works dealt only with clamped or hinged endpoints, which are qualitatively
different from the cantilever boundary conditions below.

The cantilever assumption means that the left endpoint at x = 0 is clamped at rest
and the right endpoint at x = 1 is free of transversal force and of bending torque. The
boundary conditions are given by

(1.2) u(0,t) = uz(0,t) = uzz(1,t) = uzz.(1,¢t) =0 for ¢t > 0.

As indicated in §2, this nonlinear damped beam system does not satisfy the spectral
gap condition. However, we shall show that this system, for any real value of the parameter



B, has the absorbing property, a compact gloabal attractor, and a flat inertial manifold
whose finite dimension can be bounded explicitly in terms of the physical parameters. The
approach is via a priori estimates. The result on inertial manifolds is then applied to a
control problem. For any real value of 3, we show that there exists a finite dimensional
linear feedback control that exponentially stabilizes the nonlinear beam.

We remark that the main results in this paper also hold for other homogeneous bound-
ary conditions. The only difference lies in the characteristic equation for the distribution
of the eigenvalues of the main linear operator A.

It is expected that the approach and results can be extended to nonlinear plate systems
and can be adapted to deal with the global dynamics of elastic systems with boundary
damping.

In §2, we formulate (1.1)-(1.2) as an abstract evolution in a Hilbert space, and cal-
culate the spectrum of the major operator. In the remaining sections §3-§6, we prove the
absorbing property, and the existence of a global attractor, an inertial manifold, and the
feedback stabilization.

§2. Abstract Evolution Equation
In this section we formulate the nonlinear damped beam equation (1.1) with the

homogeneous boundary conditions (1.2) as an abstract nonlinear evolution equation and
prove the local existence and uniqueness of solutions in the energy space.

The initial-boundary value problem is

Ut + QUzzz + 0ur — (B + |u,[2)uu =0, t>0,z€(0,1)

(2.1) u(0,) = uz(0,t) = uzz(1,t) = uzzz(1,8) =0, t2>0

u(z,0) = uo(z), ue(z,0) = ui(x),z € [0,1],
where | - | denotes the norm of L*(0, 1).

Define a linear operator A: D(A) — H = L*(0,1) by

D(A) = H*(0,1) = {p € H*(0,1) : ¢(0) = ©/(0) = /(1) = /(1) = 0}



‘ d* Y
(2.2) Ap = d—f( the distributional derivative).
X

Clearly A is densely defined in H, and standard arguments show that 4 is self-adjoint and
positive definite and has a compact resolvent A~!. The spectrum o(A) of A consists of
eigenvalues {};}92, given by A; = u?, where {; > 0}$2, are the ordered positive roots of
the following transcendental equation

(2.3) cos p+ sech p=0,u>0.

Further, each eigenvalue A; has multiplicity one.

A simple argument shows that the countable positive roots of the equation (2.3) are dis-
tributed pair by pair successively in the intervals ((2i + )),(2i + %)w),i =0,1,2,---.

By considering the eigen-expansion with respect to the orthonormal basis consisting
of the complete eigenvectors of A, it can be seen that

Al/? = —f—f,D(Al/z) = closure of D(A)(= H*(0,1)) in H*(0,1).
x

|AY 4| = IE;—EI,D(AI/“) = closure of D(A)(= H*(0,1)) in H'(0,1).

Then the original system (2.1) can be formulated as a second-order nonlinear evolution

equation:

&u +adu+ 62 (B + A4 uHAY2u =0,t >0,

(24) dt? dt

u(0) = ug, us(0) = uy,

where u(t) denotes the abstract-valued function u(,t). Let V = D(4/?) and E = V x H,
where the norm of V' is given by ||v|| = |A'/?v|. Note that this norm is equivalent to the

norm of H%(0,1). We assume that



<u°> cE.
(131

Equation (2.4) can be formulated as a first-order nonlinear evolutlon equation as
follows. Define a linear operator

0 I .
(2.6) A= <-.4 _5}1) : D(A) — E, with

D(A) = D(A) x D(AY?) =D(A) x V,

in which Iy and Iy are the identity operators on V and H. Next, define a nonlinear
mapping f by

(2.7) fle,v) = ((,8+ |¢(1[2)9,xx) - (_(ﬂ+ [A1/2¢|2)A1/2¢,>

where f : E — E and f : D(A) — D(A). The equation (2.4) can now be written as

(2.8) 4 (z) - A(’;(t)) + fu(t),v(t)), >0,

& )= () e =

We consider the mild solution of (2.8) - (2.9) as the solution of the original system (2.1),
based on the following fact.

Lemma 2.2 The operator A generates a C,-semigroup of contractions, denoted by
T(t),t > 0, and A has compact resolvent A™! € L(E). Besides, the spectrum o(A) is given
by



(2.10) o(A) = {A=z[6 £ 62 —4pt] : where p > 0 is a root of equation (2.3)}.

N —

Proof. The first part of this lemma is simply a routine consequence of the properties
of the operator A indicated above, together with the fact that

(0 Iy 0 0
A‘(-A 0)*(0 -6IH)’

where the first operator with domain D(.A) generates a unitary group and has compact
resolvent, while the second operator is a dissipative bounded perturbation. That A is
invertible follows from the fact that o(.A) does not contain zero.

Regarding the spectrum, it is easy to verify that A € o(A) = o,(A) if and only if
—(8X + A?) € 0(A) = 0,(A), or

(2.11) A2+ 68X+ p* =0, for any p > 0 being a root of(2.3).
Hence such \’s are given by (2.10). .

Corollary 2.3 There is a decomposition of o(.A) as follows,
(2.12) o(A=0.(A)+ 0.(A),

where

1
or(A) = {Agio1 = 5[=6+ /6% — 4] and

(2.13)

1 )
e ) — 2 _ 4 . i< —_
Aoj = 2[ ) ) 4;1,] for u \/;},



and

1
(2.14) oo(A) = {Mizy = 5[—5 + (4p? - 64Y2/=1, and

1
Agi = 5[—5 — (4pi - 62)1/2\/—1] ¢ for p; > \/6/2}.

Moreover, o,(A) is a finite set which may even be empty, and o.(.A) is a set of infinitely
many complex numbers, all with the same real part —§/2. It follows that

(2.15) Re o(A) C (=6,0).

These statements follow from (2.10).

Thus the mild solution of (2.8)-(2.9) is given by

(2.16) () =mo(™)+ [ Tt — s)f(u(s),o(s))ds, £ 30,

1
for as long as it exists. The following lemma states the local existence and uniqueness of
the mild solution of (2.8).

Lemma 2.4 For every (Zi’) € E, there is a 7 = 7(ug,u1) > 0 such that the mild
solution of (2.8) - (2.9) exists uniquely on the interval [0, 7). Moreover, if (Z‘l’) € D(A),
then the mild solution (%) € C([0,7); E) of (2.15) - (2.16) is a strong solution.

Proof. Note that the nonlinear term f : E — E is locally Lipschitz continuous:
then the conclusions follow from (17|, Theorems 6.1.4 and 6.1.6, respectively. ]

In the next section we shall prove the global existence and the absorbing property of
the solutions.

§3. Absorbing Property of the Solution Semigroup

Suppose that the mild solution of the initial value problem (2.8) - (2.9) exists uniquely
in C([0,00); E) for every (:‘:) € E. We can denote the solution by a nonlinear mapping:



\ ¢
sy (o) = (MEu) B s
Uy v(t;ug,uy)
The nonlinear strongly continuous semigroup {S(t) : ¢ > 0} is called the solution semigroup
associated with the system (2.8) - (2.9).
A nonlinear semigroup {S(¢) : t > 0} has the absorbing property if there exists a
bounded subset By in E, such that for any bounded set B C E, there is a positive constant

t1, uniform for B, such that S(¢)B C By for all t > ¢,. The set By is call an absorbing set.

We now prove the global existence of solutions and the absorbing property for the
solution semigroup of (2.8) simultaneously by e prior: estimates.

Lemma 3.1 For a solution of (2.8) - (2.9), the following inequality holds for ¢ in the
maximal interval of existence (0,¢maz)

(3.1) lug|? + alAY2u(t)]? + € < uy,u(t) > +%([A1/4u(t)[2 +B)?

Al/4u0|2 +,B)2}+

1
< eV {[ur 2 + ol AV Puo 2 + e < ug,ug > +5(
+82,

where (:‘1’) € E, and ¢ > 0 is any constant satisfying

62
(3.2) 0 < e < min{1, apj, 46[3 + a—ﬂ;]“},
1

where y; > 0 is the least positive root of the equation (2.3).

Proof. Let (:‘1’) € D(A), so that the mild solution (353) of the initial value problem
(2.8) - (2.9) is actually a strong solution on (0,¢maz). Thus, the first component u(t)

satisfies the second-order differential equation (2.4) almost everywhere on (0, tmaz)-

Let € > 0 be an arbitrary constant. By taking the inner product of (2.4) with 2u, + eu
in H, we obtain

(3.3) %{w + alAY2u)?} + 26|ue]? + (B + | A4 u)?) < A2y, 2u, >



d
re{o <unu> —fud® + ol Pu +6 <upu > +(8+ AV P[4 )

d 1
= a{[ut|2 + a|AY 2?4+ 5([3 + [A1/4u|2)2 +€e<upu>}
+{(26 — €)ue|® + ea| A2 ul® + €6 < up,u > +elAV4u|2(B + | AV 4u)?))

d 1
= g {ludl® + ol A2 4 S(B+ AV Au) + € <upu )

2
+{(26 — €)|us|? + ea| AV ?ul? + €6 < ug,u > +e(|AV4ul? + 2)2} - %

=0,

for t € (0,tmaz)- Let

(3.4) N(t) = (26 — €)|ue]? + e AV u)? + €6 < ugyu > +e(|A *ul? + §)2.

Then we can write

26 —
(3.5) N(8) = e[ (o) fuel® + aldV2ul + (6 — £) < ueu >
€ (A1/4 2, Bye
+5 <uou>+(l47 | +§)]

26 —¢

€

> e[

o —¢€/2 a
R



& 1/ Mo €0 gy € B\ 2-
+(§IA / uj “"2'(0" Q)IU‘ )-r§<u¢,u >+(|A1/4u]2+§) ]

where n > 0 can be arbitrarily chosen. Take

(3.6) n=apis”",

in which p; > 0 is the least positive root of the equation (2.3); then we have

20 — € 20 —¢ a
. 5> _ 2 X 4172 02
(5.) N 2 of| 2 - 2+ Sl
€ B 2
+5 <upu>+ (|A1/4u|2.+ 5) }
since by our choice (3.6),
§1A2u? = 3 (6 = 5) [ul* 2 3 (apt — nd) lul* =0.
Then take € > 0 small enough, so that
82\
(3.8) 0 <e<min|1,auj,46 (3 + -—4> .
api
It follows that
26 —¢ 26— ¢ 26 62 € 1
. - =Z_1- > =
(3.9) € dapib—t € 2ap] + dapis—t — 2

Therefore, by (3.7) and (3.9), we obtain



(3.10) N(t) >

N o

2
(lut|2 + a|Al/2ul2 +e<ug,u>+2 ([_41/4ul2 + é) ) :

for t € [0,tmaz)-

Furthermore, note that

BY .1 2
Let
(3.12) G(t) = Juel? + al A Pu* + € < ugyu > +%(|Al/4u|2 + AR

Then by (3.3), (3.10), and (3.11), it follows that

¢ €32 652 2
(3.13) —G( )+ 560 - - < dtG(t) +N() - L2,
which implies that
2
(3.14) %G(t) +i6 < iﬁ'_ € [0, tmaz)-

By integrating this differential inequality, we obtain

(3.15) G(t) < e 2G(0) + 81 — et/?)

]



e—ff/zG(O) + /32. fort e [O,tmaz)v

with € > 0 satisfying (3.8).

Now for any initial data (:g) € E, since D (A) is dense in E,

there is a sequence [(:6,:)] ~ in D (A) such that

n=1

Since we have shown that (3.15) or (3.1) holds for each (:5’:) in D (A) , by the continuous
1

dependence of the mild solution on the initial data, it follows that (3.1) remains valid for
any (Z‘:) € E. The proof is thus completed. .

Theorem 3.2. For any (% ) € E, there exists a unique global mild solution (!
C([0,00); E) for the initial value problem (2.8) - (2.9). The solution semigroup S(t),t
has an absorbing set By in E.

) €
>0

Proof. By Lemma 3.1, for the choice of € > 0 given by (3.2) which does not depend
on the initial data, inequality (3.1) holds:

G(t) < e /2G(0) + 32, for t € [0,tmaz),

where G(t) is defined by (3.12). Note that due to the choice (3.2) for € > 0, we have

[uel? + a| A 2u]? + (B + [AY*u]?)?],

19| —

(3.16) G(t) >
because € < min {1,au}} implies that

1 1 5
§IU¢|2 + 5a|A1/2u|' +e< Ug, U >

1 . €
el + ;alAl/zul2 = 5(luel +uf*) 2 0

9| —

12



Therefore, (3.1) implies that

min{l, a}

(3.17) >

1) (20 ) < 7G(0) + 87t € [0, tmac).

According to [17; Theorem 6.1.4], this boundedness shows that the mild solution S () (L)
of the system (2.8) - (2.9) exists uniquely on [0, 0o0). '

Moreover, (3.17) indicates that

. Uog \ 2 2,32

1 < —_
(3.18) s (o) (2 ) 15 < 22—
Let

2432
2 _

(3.19) Py = mn{la]’
Then it is easily seen that the ball
(3.20) Bo={e€E:|e| <v2p0}
is an absorbing set, which completes the proof. .

Remark 3.1 Some previous work ([4]. [5], and [18]) proved the global existence of
solutions for the same nonlinear beam equation (1.1) with different homogeneous boundary
conditions (hinged or clamped on both ends) and proved the exponential decay of the
solutions under a common assumption that 3 > —v; where vy > 0 is the smallest eigenvalue
of adp =vA 2.

We emphasize that Theorem 3.2 in this paper has no conditions on the sign and
magnitude of the parameter 3 and that the cantilever beam does not seem to have an
associated Lyapunov functional as in the problems discussed in [11]. As indicated by
- (8.19) and (3.20), 3* plays a role in the absorbing set.

84. Global Attractor

I3



Given a nonlinear semigroup {S(t)}:>0 on a Banach space Z, a set T is called a global
attractor associated with {S(t)}:>0 if (i) 7T is invariant under {S(¢)}¢>0 in the sense
that S(¢)7 = 7 for all ¢ > 0, hence for all t € R; (ii) 7T is compact and uniformly
attracts every bounded subset of Z, i.e. distz(S(t)ug,7) —,0 as t — oo, for any uy € Z,
and the convergence is uniform for u in any given bounded subset.

We state a basic theorem on the existence of global attractor as the following lemma,
which is one of two alternative versions in a general theorem whose proof is given in [22;
Chap. I, Theorem 1.1].

Lemma 4.1 Let {S(t)}:>0 be a strongly continuous (nonlinear) semigroup on a
Banach space Z satisfying the following condition,

(4.1) S(t) = S1(t) + Sa(t), for t > 0, where

S1(-) is uniformly compact for ¢ large, and

S2(+) is continuous from Z into itself such that for every bounded subset B C Z,

lim {sup [|Sa(t)ellz} = 0.
— 00 ¢€B
If there exists an absorbing set Bo for {S(t)}:>0, then there exists a global attractor
T = w(By) where w(By) is the w-limit set of By.

Note that to say that Si(-) is uniformly compact for ¢ large means:

(4.2) For every bounded subset B C Z, there exists a 7 = 7(B), such that J,>, S:1(t)B
is precompact in Z -

In the sequel, we consider a decomposition of the solution semigroup {S(t)}:>0 asso-
ciated with the system (2.8) - (2.9) as follows:
(4.3) S(it)=T(t)+U(t),t >0,

where {T'(t)}:>0 is the linear operator semigroup generated by the operator A. We shall
prove that S;(t) = U(t) and Sy(t) = T(t) satisfy condition (4.1) in E.

Lemma 4.2 For any bounded subset B C E, it holds that

(4.4) im {sup 702 )lle} =0,
~ (Wesp l



Proof. Let (:‘:) € D(A) first. Then T(t)(z‘l’) = (:((tt))) is a strong solution of the

4042

so that u(-) is a strong solution of the following second-order equation,

linear equation

(4.5) Uy + aAu +duy =0

u(0) = ug, ut(0) = u;.

By taking inner product of (4.5) with 2u, + eu and choosing € > 0 sufficiently small, as we
did in steps (3.4) through (3.10), we can get

d
(4.6) aﬂutlz +al A + € < ugyu >

+§[|utl2 + oAUl fe<uy, u>]<0,t>0,

which in turn implies, similarly to (3.16) and with suitably small € > 0, that
1
(4.7) §(|uti2 +al A2 u?) < Ju + oAV U e < ugu >

< 22 (Jus [ + el 41 uo ),

for t > 0 and all (:‘:) € E by the denseness of D(A) in E. This relation (4.7) directly shows
that (4.4) holds. ]

Next we shall deal with the family of operators {U(t)};>o. We need a preparation
lemma as follows.

15



Lemma 4.3 Let B C E be any given bounded set. For any (:‘1’) € BND(A), the

mild solution (38) of (2.8) has the following property,

(4.8) sup |A3/*u(t)| < K(B) < oo,

where K(B) is a uniform constant for B.
Proof. Without loss of generality, let B = {e € E : ||e|]| < ry} for some ry. For any

(33) € BN D(A), we take the inner product of the equation (2.4) with 24/2u, 4+ eA/?u
to obtain

L (| A4y, + a|lA3/4u|2) + 26| A4y, |?

+de< Ay, AV > —e| A4y, |? + ea| A3 4u)?

+eb < Aty AV 4y > +(B + |AV*u|?) < A2y, 241 2y, 4 €AV 2y >
= %{|Al/4ut|2 + a| A3 + e < AV 4y, AV Ay >

+(B + AV )| A 2ul?} + {(26 —.e)|A1/4u:|2+

teal A3 4ul? + €6 < AV tuy, A4y > +e(B + |AM Au|?)| A 2u)?}

—|AY2u|? < A4y, A4y, >=0,

where the last term satisfies

A 20| < AV, AV > | = |4 2u)?] < AP > |

(4.10)

< [AY2uf’ Juel < ei(B),

due to (3.17), where c;(B) is a positive constant depending only on B.

Following steps similar to (3.4) through (3.10),

16



M(t)=(26 — )] AM 0, ? + eal A3 + 68 < AV 4y, AV Yy >
+ (B + AV ) A )

26 - '
= {e( f) |A1/4Uz|2 +a|A3/4u|2 + (5 _ %) < A4y, AV >

€

+ % < Ay, AV > (B + |AY4u)?) AV P2}
> e (26— e 8- 6/2) |AY 4y, 2 + 2|A3/4u|2
€ 2n 2

+ % < A1/4ut,A1/4u >+ (§1A3/4u|2 _ g(5 _ e)|A1/4u'2
+ (B + |AMY u?) A 2u ),

By choosing n = ap}é~! and e satisfying (3.8), from (4.11) it follows that

(4.12) M(t) > ={|AM*u,|? + A3 + € < AV Au, AV 4wy > +

€
-2

+(B+144u?) |42} - Cy(B),

where Cy(B) is a positive constant given by

©19) B = 3el+ s sl ()1
A M (g

Then we use (4.9) and (4.12) to get

d
(4.14) =T + “II(t) < C1(B) + Ca(B),t > 0,
where
(4.15) O(¢) = [AY 4w 2 + | A + e < A4 u, AV, > +

(7



+(/3+ |A1/4ui2)‘Al/'2ui2.
It follows that

(4.16) T(t) < e /?T1(0) + C,(B) + Co( B),

and consequently

(4.17) a|A%4u(t)? < 2[Cy(B) + 3Cy(B) + C3(B)], for t > 0,
where
(4.18) C3(B) =sup |II(0)],

(ep

and in the last step we have used the facts that

<|A1/4u|2 + |A1/4u,|2) ’

| —

le < AM4u, Ay, > | <

|(8+1424u?) |41/2ul?| < 2Co(B).
Finally, let K(B) = 2[C,(B) + 3C2(B) + C3(B)); then the inequality (4.8) holds and the
proof is completed. .

Lemma 4.4. In the decomposition (4.3) of the solution semigroup {S(t)}¢>0, the
family of operators {U(t)}:>o has the property of uniform compactness for ¢ large, stated
in (4.1).

Pro of. Denote by

(o) =50 = (i) =20

\ &



since U(t) = S(t) — T(t), the function (%) is the mild solution of the following initial value
problem:

Z?Z(Z) = A (ZE:D + f(u(t),v(t)),t 2 0,

(4.19) (ZESD =0,

or
i(t) t _
(4.20) o) = T(t=s)f(u(s),v(s))ds,t > 0.
o(t) 0
For (Z‘l’) € D(A), the first component function @ is a strong solution of the following
equation,

(4.21) Gy + Al + 8ty + (B + |[AY*u|P) AV 2u = 0,t > 0,
(0) = @,(0) = 0.

Taking the inner product of the equation (4.21) with 24'/24, + eA'/?4, we get

d
EZ(|A1/4a‘|2 + | A34)?) + 28| AV 44,2

+ 6% < g AV20 > — €AV, + eal A3 442

+ b < AV, AV > (B + |AYAu)?) < AV 24,24 %0, + €AV >
d .

= E{W“a,]? +al A3 + e < AV, AV S+

+{(26 — )| A4, ? + ea| AP Ha? + 26 < AV 44, AV G >)

+ (8 + [AY4u)?)(2 < A% 4w, Ay > e < AV 24, AM2G S) = 0.

According to Lemma 4.3 and the absorbing property, we have shown that, for any given
bounded set B C E and any (::“’) € BN D(A), there are positive constants K;(B) and
K>(B) which depend only on B, such that
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(4.23) (B + A *u|?)| 4 *u|| < K,(B),

(B + |AY4ul*)| AV ?u|| < Ks(B).

Hence, if follows that

(B + |AV4ul?)(2 < A4y, A4, > +e < AV ?u, A2 5)

(4.24) : > —2K,(B)|A*i,| — eK,(B)|AY 24|

KB 2K(B)P

. _ n’Al/‘lﬂtIZ _ enlAl/ZaIQ,
n

where n > 0 can be arbitrarily chosen. Therefore, we have

d

E{|A1/4ﬁt‘2 + a|A3/4ﬁ|2 +e< ¢41/4l‘2t,A1/4ﬂ >}+

§—¢€/2
2

§ —
+€{[ : € _ ]|A1/4ﬂt|2+%lx‘13/4ﬂ|2 + % < A1/4ﬂt,A1/411 >}+

(425) + 6[%!.43/417.'2 _ %(5 _ 6/2)|A1/4a|2]
FA(E = A @ + e 1A AP — AP
< nTHIKW(B) + €| Ka(B)I*),t 2 0,

where €,v and n > 0 can be arbitrarily chosen. Thus we can choose

0 < 7 < min{§, %uf},

1
(4.26) v = 36_1au“11,a.nd

. ¢ g3, 8%
0< CS' m1n{1,au1,5[§+&—#—§] }
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As a consequence, (4.25) combined with (4.26) leads to

d
(4.27) E{[Al/%,ﬁ +al A3 e < AV 4G, AV 4G S+

+%{IA1/471t|2 +al A 4 e < AVAG,, AV >}

< HIKu(B)® + €| Ky(B)?],t 2 0,
which implies, in turn, that

«
5|

1
(4.28) §[A1/4ﬁt|2 +3 A2 <

< |AY4 G2 + o] A3 4+ e < AM 4G, AV G >
< 2e7In7Y|Ki(B)P? + €| K2(B)|*],t > 0,

where we used the fact that 4,(0) = @(0) = o. (4.28) means that for any given bounded
set B C E and (}°) € BND(A),

u -
(4.29) I (&t) ||%(Aa/4)xp(A1/4) < K;3(B),t <0,
where
4
(4.30) K3(B) = [IK\(B)I* + €| K (B)?].

enmin{l, a}

Finally, for any (3‘1’) € B, since f(u(t),v(t)) is Lipschitz continuous, by [17; Theorem

4.2.9], we know that (:}.‘g;) given by (4.20) satisfies

<

<"Eg) € D(A) C D(A%*) x D(AM4,

On the other hand, the denseness of D(A) in D(A%/4) x D(A/*) together with (4.29)
implies that :
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(431) (50 essoeoasia < KaBht 20, () € .

By the Rellich theorem or the Sobolev imbedding theorem, D(A%/4)x D(A4%/4) is compactly
imbedded in the space E. Hence (4.31) shows that U;>oU(t)B is precompact in E.

Therefore, the proof of this lemma is completed. .

Theorem 4.5 The semigroup {S()}:>0 associated with (2.8) - (2.9) has a global
attractor 7 which is compact and maximal in E.

Proof. Based on Lemmas 4.2 and 4.4, the decomposition S(t) = T'(t) + U(t), of
the solution semigroup {S(t)}:>o satisfles condition (4.1). Also, by Theorem 3.2, there
exists an absorbing set By in E for this system. Thus by Lemma 4.1 there exists a global
attractor 7. .

We could also estimate the uniform Lyapunov exponents to show that the global
attractor has finite Hausdorff and fractal dimensions. However, since we aim to prove the
existence of inertial manifolds, the dimension estimate for the global attractor will not be
pursued here.

8.5 Inertial Manifolds

In this section we shall prove the existence of an inertial manifold for the dynamical
system {S(t)}¢>0 associated with (2.8) - (2.9).
A Set M C E is called an Inertial Manifold (cf. [6],(9],(22]) of the dynamical system
{S(t)}e>0 if
(i) M is a finite dimensional Lipschitz manifold;
(i1) M is positively invariant for S(t), i.e. S(t)M C M, t > 0;
(iii) M attracts exponentially all the trajectories of (2.8) - (2.9), i.e. for any
bounded subset B of E, there is a constant C(B) such that

dlstE(S(t)( ) M) < C(B)e™",t > 0,

for any (:‘1’) € B, where v > 0 is a uniform constant.

If an inertial manifold exists, it certainly contains the global attractor 7. The restric-
tion of (2.8) - (2.9) to an inertial manifold becomes an initial value problem of an ordinary
differential system which is called an inertial form.
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The complete normalized eigenvectors {w;}32, of the operator 4 : D(A) — H form an

vvvvv

normalization). Their corresponding eigenvalues {A; = p? 52, are of multiplicity one and
increasing.

Let
(51) Hrn = Span{wla"'awm}

where {w,,---,wn,} are the first m eigenvectors. Denote by P, : H — H,, the orthogonal
projection from H onto H,,, and Q,, = Iy — Pp,. In the product space E =V x H, define

Em=(;"p’): E— Hp X Hp, and
Vpo=1-FE-%,.

Based on the absorbing property proved in Theorem 3.2, in order to study the long-
time behavior of solutions of the system (2.8) - (2.9), we can modify the equation (2.4) or
the associated equation (2.8) by truncating the nonlinear term outside the absorbing ball.
We briefly describe this truncation. :

Let 6(r) : [0,00) — [0, 1] be a fixed C*-function, such that

6(r) =1, for 0 <r <2,
(5.2) 6(r) =0, for4 <r < oo

16(r)] <1and |6/(r)| <1, forr >0

Let po be given by (3.19). Define

(5.3) Bpo(r) = 9(r/p§),r 20,
and
(5.4 Fluw) = () I (we0),

where f is defined by (2.7).
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From now on we consider the modified equation

(5.5) %(“) = A(Z) + Flu(t), v(t)),¢ > 0,

v

and the corresponding second-order version:

(5.6) % +adu + 5‘;—;‘ +8po(]| (;(8)) I8 + |AY4uP)A 2w =0, t>o0.
Define
(5.7 outt) = 8ou(1 (17 ) IP)(8 + 1414

Then g, is uniformly bounded for all trajectories (:((tt))) of (5.5), and there exists a positive

constant d = d(po, §) such that

9,2
(5.8) d=|3|+ ”i and |g,(t)| < d,t >0,
1

for all mild solutions of the equations (5.5).
Next, we consider an orthogonal decomposition

(5.9) H=Hp+QunH

and the corresponding decomposition of the H-valued function u(t) = p(t) + ¢(t),
with p(t) = Ppu(t) and ¢(t) = Qmu(t). Then the evolution equation (5.6) is decomposed
as

@p

d
e + adp + 5—p + gu(t).4l/2p =0, in H,,,

dt
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(5.10)

d
+ adg + 6d—3 +gu()AY?q = 0, in Q,. H.

d*q
dt?

In the product space E, there is a corresponding orthogonal decomposition

E=(Hp x Hp) + U E.

Let y(t) = @m(:g))) and 2(t) = \Ilm(';((:))), then (5.5) is decomposed as

d
Y= Ay + @, F(u(t),v(t)), in Hpn X Hpp,

(5.12)

%z = Az 4+ U F(u(t), o(t)), in U, E.

Obviously, if (’;((tt))) = y(t) + 2(t) is a strong solution of (5.12), then y(t) = (pg_)) and

2(t) = (qé;)) in which (p(2), ¢(t)) satisfies the differential equations (5.10).
We next prove the existence of an inertial manifold.

Theorem 5.1 For a suitably large integer m, such that

id 85} 28] +1

2 >
(513) Hm4 2 Max { o ea’ a }7
where
o1 262171
(514) €= rmn{§, 26 I:3 + EE] y

p; is the j-th positive root of the transcendental equation (2.3), and the constant d is given
by (5.8), the flat manifold



(5.15) My, = Hp, x H,,

is an inertial manifold in E for the semigroup {S(t)},>o associated with (2.8) - (2.9).

Proof. First we see that My, given by (5.15) is a finite dimensional subspace in E,
which of course can be regarded as a flat Lipschitz manifold.
Secondly, M,, is positively invariant. In fact, for (:‘1’) € M, C D(A), the mild

solution (zf:;) of the original system (2.8) is a strong solution, and the first component

u(t) = p(t) + q(t) satisfying the differential equation (2.4) with ¢(0) = ¢¢(0) must be such
that g(t) = 0, p(t) being the solution of

(5.16) pu + adp + 8p, + (B + |44 p[H) A2 p = 0, > 0,

(o) = (i) & x 1,

due to uniqueness. Hence it turns out that for (:‘l’) € M,,, the solution

SG)(Z?) - ({i ((tt))> € M,,, fort > 0.

Thirdly, we prove the exponential attraction property of M,,. Note that all the orbits
of the original system (2.8) - (2.9) enter the absorbing ball By at a uniform exponential
rate exp(—et/2) with € > 0 satisfying (3.2). Therefore, we now investigate the behavior of
the solutions within the absorbing ball By, where the trajectories are determined by the
truncated equation (5.5) and its second-order version (5.6). '

As usual we conduct a prior: estimates for initial data (zi’) € D(A), then extend the
result to all (°) in E. Taking the inner product of the second equation in (5.10) with

u1

2q(y) + 2¢q in H, we get

(5.17) [qel? + aAY2q]? + 26 < g1, q > +9u ()| AV 4q]?)

d
dt
+(26 — 2¢)|qt]® + 2ea] A/ 2q|? + 26 < g1, g > +2egu(t)| A g
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/ d Y ad 2
- Kﬂg“(“> 414" =0,
in which, since within the absorbing ball By, g,(t) = (8 + |A'/*u|?), we have
d 1/2 U\i2 2
| 9u(®] < 214 ullu] < I{ ) < 200
Ut
Substitute the above fact into (5.16) and note that

|AY2g2 > 12 |AY 4| and |AM?q* > pd . 1g)?, for ¢ € QnH,

where 41 is the (m+1)-th positive root of the equation (2.3); we then obtain

d
Sl + al AV gl + 2 < g, q > +H(B + [AV4ul?)| A Ag)?)

3
(5.18) +{(26 — 2»s)|q¢|2 + ;)-eoz|Al/2q|2 + 2¢6 < q¢,q >

€a ed 2p3
2 Hmir Hmn

+e(B + |4V 4u)?)| A4 g} + |42 < 0.

Observe that we can write the middle portion on the left-hand side of (5.18) as

3
(519)  (26-20) + Seald Vg + 266 < giq > +e(B + |4 w4 g
28 — 2 26— 2¢
= [ B2 22 g ol 4 2e < g >
a
B+ AU A4g?) 4+ e 514 g — T(25 — 20)lgl?.
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By taking the values of the undetermined constants n > 0 and € > 0 to be

apy
5.20 _ o
(5.20) n=2
1 26217}
(5.21) ¢ = min{},2 [3 ; @1-] )
we obtain from (5.19) that
3
(5.22) (26 = 26)lqe)” + Seal A" + 268 < g, g > +e(B + |4 Hu]?)| 41 4g?

> e [ladl? +al A2 + 2 < qiyg > +(8 + |4V ul) 4 g7

because
-9 -9
26 — 2¢ 3 26 — 2¢ > 1
€ 2n ~
and
a n
3 A2q)? - 5(26 —2¢)lg|* > 0.
Let
(5.23) L(t) = |g:|* + a|AY2q]? + 2 < g1, g > +(B + |AY*u|?)| A4

Let the integer m be such that

4d 8p?

R
« €

(5-24) ,U?n+1 > max{
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where € > 0 is given by (5.21). Then it follows that

2 2
(5.25) ca__d %o e 2

> 0.
2 ph MR 4 phg

From (5.18), (5.22), (5.23), and (5.25) we obtain

%L(t) +eL(t) <0,t>0,

so that
5.26 L(t) < L(0)e™**, ¢t > 0.
(5.26) (1) < L( :
Note that
1 o, « 1/2 12 1 2
L(t) 2 Sla:l” + *2‘{‘4 qI” + (5 = e)lael"+
' 1 e+ |6
(5.27) + [3a ~ -TMJ |A/2g)?
= Hm+1
Lo @ 172 12

provided that m is large enough to satisfy

Therefore, we end up with



DO =

(5-29) < [2(1+a)||( (0 ))> I3 + A4 (0)|2] et

< +a)+ i KO e e 20,

where m > 0 is sufficiently large so that

d 803 218 +1

) )
a €ex a

(5.30) #3n+1 > max{ }

with d, pg, and € given by (5.8), (3.19), and (5.21) respectively. By the denseness of D(.A)
in E, inequality (5.29) remains valid for any initial data (:‘1’) € E, under assumption (5.13).

Finally, by combining the inequalities (3.17) and (3.21) as the first stage and inequality
(5.29) as the second stage, we conclude that there exists a uniform constant rate,

11 262
(5.31) v = min [2 3@k, 26 [3 + e >0

(cf. (3.2) and (5.21)), such that for any initial data (u ) in E, there s a constant p(ug,u1) >
0 such that the solution of the original system (2.8) - (2.9) satisfies

(5.32) distg(S(t) (Z()),Afm) < p(ug,up)e™,t > 0.
1

Moreover, from (3.21) and (5.29) it can be seen that for (::‘l’) in any given bounded subset
B of E, the constant p(ug,u;) can be made uniform and depends only on B. Thus the
exponential attractivity of My, is proved. The entire proof is completed. "

We can estimate the dimension m of the inertial manifold more explicitly as follows:
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Corollary 5.2 If i is a nonnegative integer satisfying

1 8
pi 26 ap

< (2i+ %)271'2,

then (2.8) - (2.9) has an inertial manifold M,, given by (5.15) of dimension m = 2i.

If ¢ is a nonnegative integer satisfying

(5.34) (21 + = )%2 < 1ma.x 4161+ 1+ = i 0 8pimax [2 3+_5_”
K1 26 apy

3
< (Ql + -2')2”27

then there exists an inertial manifold M, given by (5.15) of dimension m = 27 + 1.

Proof Note that we have shown that the positive roots of the transcendental equa-

tion (2.3) are distributed in such a way that successive pairs lie in the intervals

1 3
((21+ 5)71',(2l + 3)71') ,i = 0,1,2’...

Then (5.13) and (5.14) lead to the two possibilities for the dimension of the inertial man-

ifold. .

We remark that the estimate of the dimension of the inertial manifold in Corollary

5.2 has been made directly in terms of the physical parameters «a, f and 6.

Corollary 5.3 For the inertial manifold M,, = H,, x H,,, the inertial form of the

system (2.8) - (2.9) is

d?
p+ Ap+6—

(5.35) 7

Zt + (B + |41 /4p)) A2 p = 0,t 2 0, in Hp,
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p(O) = Po € Hmapt(o) =p1 € Hm-

Let p(t) be denoted by p(t) = col (p1(t)), - ,pm(t)) in the sense that

p(t) = D piltywi,

then (5.35) is an ordinary differential system with the matrix A = diag(Ay, -+, Am).

Proof. Note that on the inertial manifold M,, = H,, x H,,, the @, H-component
q(t) = 0, and that the solutions u(t) of (2.8) are always strong solutions, we thus obtain
the inertial form as shown by (5.35). ]

§6. Application: Exponential Stabilization by Finite Dimensional Control

In this section we will give an application of the result on the existence of inertial
manifolds for the system (2.8) or (2.4) to a control problem.

As we mentioned in §1 and §3 (Remark 3.1), for a negative # with suitably large
magnitude, the asymptotic behavior of solutions for the equation (2.4) was not known. In
this connection, the possibility of stabilizing (2.4) by a feedback control was an open issue.
Specifically, consider the evolution equation (2.4) with a control A(t) € Li,([0,00); H), i.e.

& d
(6.1) F;‘ +adu + 5d—’t‘ + (B + | AV AuP) A2y = R(2),t > 0
u(0) = ug,us(0) = ug

The stabilization problem can be stated as follows: if there is a linear or nonlinear
feedback operator J : E — H, such that the feedback control

(6.2) h = J(u,up)

makes the closed-loop system stable and all the solutions (u,u;) of the closed-loop system

d
(6.3) ‘—f:t—i‘ +adu + 63’:- + (B + 1A uP)A P u = J(u,u,),t > 0,
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converge to zero in E as ¢ — oo then the controlled system (6.1) is said to be strongly
stabilized by the feedback (6.2). If, in addition, the convergence of the closed-loop solution
(u,u;) occurs at a uniform exponential rate, then the controlled system (6.1) is said to be
exponentially stabilized by the feedback (6.2).

Based on the existence of inertial manifolds shown above, we shall prove the expo-

nential stabilizability of the controlled system (6.1) for all values of the parameter 4 to
provide an affirmative answer to this open problem.

Theorem 6.1 The controlled system (6.1) can be exponentially stabilized by a finite
dimensional linear feedback control

(6.4) h(t) = BAY? Ppu(t),t > 0,

where P, : H — H,, is the orthogonal projection, and M,, = H,, x H,, is an inertial
manifold for the system (2.4) or (2.8).

Proof. Using this feedback control, for the given H,, determined such that M,, =
H,, x H,, is an inertial manifold for (2.4) or (2.8), we have a decomposition of the closed-
loop equation as follows:

d? d
—p+aAp+6

ap 1/4,12 41/2, _
7z dt+|A u|*AY*p =0,

d*q dg 1/4, 12y 41
ol = /2
t2+a‘4q+6st+(ﬁ+|A ul®)A/*q =0,

where u = p + ¢ is the closed-loop state function.

Since we have a cancellation of h(t) with #A'/2P,u(t) on the left-hand side of the
equation (2.11), an easy adaptation in the proof of Lemma 3.1 and Theorem 3.2 shows
that the absorbing property remains valid and that the same By given in (3.20) remains
an absorbing set for the closed-loop system (6.5).

After truncation as in §5. by the same argument we know that Theorem 5.1 holds
with the same condition (5.13) - (5.14) and the same constant d defined by (5.8). More
precisely, it holds that for any ¢, > 0,

t —e(t—
(6.6) (2O V1 < catun.unle™4=19, 1 2 1,
t

where ¢(-) is the mild solution of the second equation in (6.5), and c4(uo,u;) is a positive
constant depending on the initial data and ¢ > 0 is chosen in the same manner as in

Theorem 5.1.
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On the other hand, due to the finite dimensional feedback control (6.4), the mild
solution of the first equation in (6.5),

& d
©.7) T+ adp+ 6 + A4 =,

p(O) =po € Hmvpt(o) =p1 € -Hm

also decays exponentially. In fact, by taking the inner product of the equation (6.7) with
2p; + €p, in H,,, where € > 0 can be arbitrarily chosen, we get

d . 1 ,
g{lptl?‘ +a|AV PP +E< p,p > +§|A1/4P|4+

(6.8) + A4 g2 A 2D} + {(26 — &)|p)? + €| AV ?p|? + &6 < pi,p >
+ &AM 2u2| AP} < 2)AM AP < AM?q,q > |

where an integration by parts is used in the term 2|A'/4¢|?> < A'/2p,p, >. Choose é > 0
satisfying (3.2), so that one can apply a similar argument as in Lemma 3.1. It turns out
that

dit{|Pt|2 +ald2p* +e<p, P>+
+ —;-IAI/“pI“ +|AV4qP| AV 42} +

(6.9) + §{|pt|2 +alAY?p? + e < py,p > +%}A1/4p|4+
+ |AVAgE 41/ p)

<2441 gl <d] (j) I3 < dey(ulto), us(to))e= (¢ — to), for t > to,
t

where %, is the time for the trajectory to enter the absorbing ball B, and ¢, is a constant
depending on u(tp) and u(to). Let

(6.10) R(t) = |pe)* + a|AY?p|® + € < py,p > +
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1 .
1A p[t + A gt epP,

Then (6.9) can be written as

d

RO+ R(t)<dcq(u(t0) uy(to))e™(t7%) | for t > ¢,.

(6.11)

Solve this differential inequality to obtain

2d
(6.12) R(t) < ™2 R(t) + —equlto), us(to) e 7%,

Note that

(6.1 o Rz 2R (0
and
(6.14) Rea) < 20+ )l 20 )+ i (20 )i

If we restrict (“(*°)) to the absorbing ball By, then
ue(to)

(6.15) R(to) < e1(po),

so that we have

p(t) 2 | —€(t—to
(6.16) (P < cmrraglenton) + extanllem 012,
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where t > ¢y, and

2d
(6.17) c2(po) = — sup  cq(uq,up).

€ (uo,u1)e Bo

Finally, by combining the absorbing property with (6.6) and (6.16), we conclude that (6.4)
is a finite dimensional feedback control which exponentially stabilizes the original system
(2.4) or (2.8). The proof is completed. .

A new feature in this theorem is that it indicates how to stabilize a nonlinear damped
beam system by a finite dimensional feedback controller by first establishing the existence
of an inertial manifold. This approach can also be useful in other stabilization problems,
and we will discuss such applications more extensively elsewhere. This result shows a direct
connection between two very interesting developments in the theory of infinite dimensional
dynamical systems: inertial manifolds and the stabilization of control systems via finite
dimensional controllers.
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