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CONVERGENCE OF A FINITE ELEMENT METHOD FOR
THE DRIFT-DIFFUSION SEMICONDUCTOR DEVICE
EQUATIONS: THE MULTIDIMENSIONAL CASE

ZHANGXIN CHEN* anD BERNARDO COCKBURN+

Abstract. An explicit finite element method is considered and analyzed to numerically solve
the drift-diffusion semiconductor device equations in two space dimensions. The method is based on
the use of a mixed finite element method for the approximation of the electric field and a discontinuous
upwinding finite element method for the approximation of the electron and hole concentrations. The
mixed method gives an approximate electric field in the precise form needed by the discontinuous
method, which is trivially conservative and fully parallelizable. The method, considered as a scheme
for the concentrations, is shown to satisfy a maximum principle and a a priori estimate of entropy
dissipation. Based on these stability results, its convergence to the unique weak solution is proven.
Extensive numerical simulations are presented to test the performance of the method and to indicate
the behavior of the solution.
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1. Introduction. In this paper we formulate and analyze an explicit finite
element method for the transient behavior of the drift-diffusion semiconductor model:

(1.1a) uy — divJ, = =A2a,R(u,p), t>0, (z,y)€L,
(1.1b) pr+divJ, = —)\QapR(u,p), t>0, (z,y)€Q,
where Q = (0,1)2, u and p are the (scaled) electron and hole concentrations, R is the

carrier recombination-generation rate, A is the normed Debye length, o, and «, are
the lifetime-dependent constants, and J,, and J, are the current densities defined by

(1.2a) Ju = pu(B)(NVu—uf), t>0, (z,y9)€Q,
(1.2b) Jp = —pp(B)(A*Vp+pfB), t>0, (z,¥)€Q,

1

where g, and p, are the field-dependent electron and hole mobilities, and £ is the
(scaled) negative electric field given by

(1.3a) —divB=C—-u+p, t>0, (z,9)€Q,
(1.3b) B =V¢, t>0, (z,y)€q,

with C being the (scaled) doping profile and ¢ being the (scaled) potential.

The numerical method considered in this paper is an extension of the finite ele-
ment method introduced in the one-dimensional case [4], [5], [11], [12], which combines
a mixed method for a piecewise linear approximation of the electric field, —8, with an
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explicit upwinding method for piecewise constant approximations of the electron and
hole concentrations, v and p. It has been first introduced for the so-called unipolar
model with the diffusion term neglected [11], [12]. Then, it has been extended to the
full one-dimensional system [4], [5]. The reason for using the mixed finite element
approximation of the electric field is that the electron and hole concentration equa-
tions (1.1a-b) depend on the potential only through this field and the mixed method
provides a better approximation of it than more standard Galerkin approaches would
give [2], [3], [16]. The motivation for including the discontinuous upwinding finite
element method in approximating u and p is that, since the normed Debye length
ranges from 1073 to 10>, the concentration equations, while formally parabolic, are
in fact more nearly hyperbolic. Thus the upwinding method is applied to follow the
transport more accurately than the standard finite difference or finite element method
does. In particular, this method can capture discontinuities in solution without pro-
ducing spurious oscillations [7], [8], [9], [10]. Another computational advantage of the
method is its full parallelizability.

Stability and convergence results have been established for the one-dimensional
problem [4], [5], [11], [12]. The numerical analysis for the two-dimensional problem is
much more complicated. First, as shown in [11], the stability analysis of the numerical
method heavily depends on a bound of the numerical electric field. In the former case,
the bound of this field follows trivially from that of the concentrations. However, in
the latter case, the derivation of a a prior: estimate for the electric field is not trivial.
Also, in the one-dimensional case, the boundedness of the total variation and the
modulus of continuity in time of the approximate solution is proven, from which we
can obtain convergence of the scheme to the weak solution of the differential equations.
However, no proof of these properties is available in the high-dimensional case. The
main reason for this is that the numerical electric field does not have the required
smoothness in the latter case. Hence, the standard approach of convergence proof
cannot be applied here.

In this paper, following [13], [14], a new technique is introduced to prove conver-
gence of the scheme to the weak solution. The idea is that, instead of the usual total
variation estimate, a weak bound on the entropy dissipation of the numerical scheme
is established. Then, this bound is combined with DiPerna’s uniqueness result [15] for
classical scalar conservation laws to yield an L!-convergence of the scheme.

To fix the ideas of the approach above, in this paper we consider the model
problem

(1.4a) us + div(uf) =0, (z,y) € Q, t>0,
(1.4b) u = up, (z,y) €0Q-, t>0,
(1-4C) u(O, Z, .1/) = uinit(x’ y)’ (.’L‘, y) € Q,

where

Q- = {(z,y) € 00 : v(z,y) - B <0},
and g is given by

(1.5a) —divf=1-u, t>0, (z,y)€Q,
(1.5b) B =V¢, t>0, (z,9)€q,
(1.5¢) ¢ = oép, t>0, (z,y)€0p,

(1.5d) 8¢/0v =0, t>0, (z,y)€0Qn,



SIMULATION OF SEMICONDUCTOR DEVICE EQUATIONS 3

where v denotes the normal unit-vector to 8%, 9Q = 6Qp U 0Qx, 6Qp NN = 0,
and Qu contains the endpoints of its segments. The extension of the analysis below
to the full model (1.1)-(1.3) can be carried out as in [5].

The finite element method will be defined in the next section. Then, in §3,
we state and discuss our main results on a maximum principle (Theorem 3.1), an
estimate on the entropy dissipation of the scheme (Theorem 3.2), and convergence to
the weak solution (Theorem 3.3). The proof of the maximum principle and entropy
dissipation boundedness is presented in §4 and §5, respectively. The convergence
analysis is given in §6. Extensive numerical simulations will be presented in §7. These
numerical results are devised to test the performance of the method and to indicate
the qualitative behavior of the solution of the differential system (1.4)-(1.5). Finally,
concluding remarks will be given in §8. A forthcoming paper is devoted to obtaining
error estimates.

We end this section with a remark that the equation (1.4a) is not a classical
conservation law. The value of the electric field 8 at a point (¢,z,y) contains the
information of all the values of the solution u(¢,-,-) on Q. Hence a perturbation of
the solution v at any given point of the domain has a global effect immediately. This
is in sharp contrast with the classical conservation laws where local perturbations of
the solution have a local effect in finite time.

2. The finite element method. In this section the finite element method
for approximating the solution of the differential system of the previous section is
formulated. Toward that end, let {z;y1/2}72 X {Yj41/2 };'Zo be a partition of  with
Ty =1Y1/2 =0and T, 41/2 = Yn,+1/2 = 1 and let {t"}7T, be a partition of [0, T] with
t® =0 and ¢"7 = T. Then, set If = (zi_1/2,Ziv1/2)s I} = (Yj-1/2.¥j41/2), Azi=
Tiy12 — Ticija, AV = Yjerjz — Yi—172,  J7 = [t¢7F1), and At = T — ¢
Associated with these partitions, we introduce the spaces

Vi ={v € H(div; Q) : ’U|IfoJ!’ = (a},]- + a?’j:c,a‘?,j + a}‘,]—y), aﬁj € R,
izl,""nz,j:]-,"'3ny’ v-IllggN:O},
qu = {w € L2(Q) M wlI?xI}’ € PO(I:E X I;’), Z= ].,"' 3y Ny, ] = 1, ,ny}, )
Wy ={w € L*(Q): wl’?"f}’ € P(I?F x IY), i=1,,ng j=1,--+,ny},
Wat = {w right continuous: w|j» € P'(J"),n=0,--- ,np — 1}.
If v € Vi, viy1/2,; and v; jy1/2 will denote v(z;41/2,¥;) and v(zi,yj41/2), respectively.
If w € Wh, then w; j represents the constant value w(z,y), (z,y) € If x Ij'-’. Finally,
w™ will indicate the constant w(t), t € J", if w € Wa,.
Let (-,-) indicate the inner product in L?(0,1) or (L?(0,1))?, and let P, and Pa;

denote the L?2—projections into W} and Way, respectively. To discretize (1.4) and
(1.5), we first discretize the data by setting

(2.1a) Uinit,h = Phinit,
(2.1b) up,at = Paup.
The approximate solution up € Wa; ® Wy is required to satisfy the equation, for
n=0,---,nT—1,i:l,---,nx,andj:1,~-~,ny,
n+1 n _ fn n _fn
(2.22) wii — W Mg = Mg | Tiane = faiae

Atn Az; Ay;
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where
+ -
(2.2b) fliciej = w1 iPliziye; t uiiPlic1y2,5
+ -
(2.2¢) frij-172 = Wi j=1Pai 172 U182 5-1/2-

Finally, the electric potential and field (Bh, #r) € Wa:® Vi, X Wat ®W,'f’ is determined
by the mixed finite element method, for n = 0,--- ,np,

(2.3a) —(div g}, w) = (1 -u},w),  Ywe W},
(2.3b) (BR,v) + ($h,dive) = (6D, v V)sq,» Vv E Vi

Now, the algorithm of our numerical method is as follows:
(2.4a) Compute the functions up a¢, and uinie,n by (2.1);
(2.4b) Set up(0,-,) = Uinit,n(*,");
(2.4c) For n =0,--- ,nr — 1, compute ux(t"*,-,-) as follows:
(i) Compute (Bn(t",-,), dn(t",-,+)) by using the mixed finite element method
(2.3);
(ii) Compute up(t"*!, z,y) for (z,y) € N by using the scheme (2.2).

We end this section with three remarks. First, it follows from the definition
of V;, that the elements in V; have continuous normal components on interelement
edges. Thus, the numerical fluxes f'; , /2,i and f3; . /2 in (2.2b-c) are all well-
defined. Secondly, the lowest-order Raviart-Thomas mixed method on rectangles has
been used in (2.3) [23]; however, the analysis in the next section can be carried out
in the same way for the lowest-order triangular mixed elements. Moreover, the same
results apply to the lowest-order Brezzi-Douglas-Marini mixed methods on triangles
and rectangles [2]. Finally, for a given (5, the scheme (2.2) is a modification of the
well-known upwinding scheme. Moreover, it is conservative.

3. Stability and convergence results. In this section we state the stability
and convergence results of the scheme (2.4). Let J = (0,7). We assume that the
initial and boundary data satisfy the following conditions:

(3.1a) Uinit, up € [0,u"],

(3.1b) l¢p| < ¢D»

(3.1¢) ¢p € L=(0,T; H3/%(0Qp)),
(3.1d) u* > 1.

We also need the two assumptions (3.3a) and (3.3b) below. Consider the problem

—Av =0, (z,y) € Q,
(3.2) v =uvp, (z,y) € 0Qp,
fv/Ov =0, (z,y) € 0Qn,

and let (vn, an) be the mixed finite element solution of (3.2) in W x Vi. Then we
assume that there are constants (J; and @), independent of v and h such that

(3.3a) [Vl peo () < Q1 (||b||L°°(n) + ggp |UD|> )
D

(3.3b) [IVv — anl|Le@) < Q2 (I1bllz2(q) + llvpllgrerz(sa,)) -
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Remarks. First, we have required that v* > 1 in (3.1d). The maximum principle
below is not true for u* < 1, as noted in [11]. This reflects the fact that along the
characteristics of the equation (1.4) u = 1 is an asymptotically stable equilibrium
point. Also, if the Dirichlet and Neumann segments meet under angles less than or
equal to m/2, the result (3.3a) is true [19]. In the case of the meeting angles bigger
than 7/2, the following results still hold if the field-dependent mobility is introduced
in (1.4a). For, in this case, p,(8)B is bounded [5]. Finally, if b is piecewise constant,
then there is a constant @ independent of v and k such that (see, e.g., [18], [1])

[[Vv — apllLe(n) < QlIVY — T V|| Leo(qy,

where Il is the Raviart-Thomas projection onto V} [23]. Then, apply the approx-
imation property of the operator II, [23] and an interpolation error estimate [6] to
obtain

[IVv — anllLe() < Qllvllaany,

which together with an L2-theory for elliptic equations implies (3.3b). Namely, (3.3b)
is true provided that b is piecewise constant.

We now state the following maximum principle.

THEOREM 3.1. (STABILITY). In addition to the hypotheses (3.1) and (3.3), as-
sume that forn =0,--- ,np — 1 the following CFL condition is satisfied:

mo [ 1 1 1
e ar<mind g T4 5 (2/Aai + 1/Ag)’ 1+ﬂ*(1/Arf+2/ij)}’

where f* = max{Q1, Q2} (2max{1,w* — 1} + ¢} + ||¢p||pw(o,7;m213(50,Y)) - Then,

(3.5a) un(t, z,y) € [0, u*], (t,z,y) € J x Q,
(3.5b) [1BrllLes0,7;L=(2)) < B,
(3.5(:) [l diVﬁhlle(Q’T;Lm(ﬂ)) < max{l, u* — l}.

THEOREM 3.2. (ESTIMATE OF ENTROPY DISSIPATION). In addition to the hy-
potheses (3.1) and (3.3), assume that forn =0,--- ,np—1 the following CFL condition
is satisfied:

(3.6)
. [1 1 1 Az; Ay;
At < =, , , ) —L %
_mm{u* 1+ f*(2/Az; + 1/Ay;)’ 1+ *(1/Az; + 2/Ay;)’ 58 5ﬂ*}
Then,
(3.7)
ny Ny nr—1 ny Ny 2 9
ZZ(U ) AziAy; + Z ZZ{( 1a+1/2,:> (U?+1,,-—u?,,-)
i=1j=1 n=0 i=1j=1

At” 2 2 At" 2 ” n\2
+ (Aa: Bri- 1/2,,) (“;l,j - "?-1,;') + (Ay ﬂ2t.]+1/2) (”i,j+1 - “i,j)
At z
+ (Ay i e 1/2) (uf; —ulj_y) }Afﬂ Ay;
ny Ny

< Z Z (u?,j)2 AziAy; + Tu* (2 + v +4u*F).

i=1j=1
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To state the convergence result, let us first define a weak solution of (1.4) and
(1.5). For this, set

(3.8a) Whi(div; Q) = {v € (L}(Q))? : dive € L} ()},
(3.8b) S(tiete, right; @) = wege o™ + urigheor™,
where ot = max{«, 0} and o~ = min{e«, 0}.

Definition. A weak solution of (1.4) and (1.5) is defined to be a triple of functions
(u,B,¢) € L}(J x Q) x L1(J; Wh1(div; Q) x L'(J x Q) such that

(3.9a)
(u, 1) sxa + (uB, Vo) sxa + (tinit, ©)li=o
— (f(u,up; B-v), P)ixearean) =0, VYo € Cq ([0,T)xQ),
and
(3.9b) - (divﬂ, 'w)an = (1 —u, ‘w)an, Yw € LOO(J X Q),
(3.9¢) (B,v)axa + (dive,é)ixa = (¢D, v V), 50,

Vv € L®(J x Q) N L¥(J; H(div; Q)).

Note that the role of the flux f is to select the correct boundary value for u and
that the smoothness of (t,,) guarantees the uniqueness of weak solution to (3.9)
[22]. Let Az = max;<i<n, AZ;i, Ay = maXi<i<n, Ayi, and At = maxogi<n, At". We
now state the following convergence result. .

THEOREM 3.3. (CONVERGENCE). Suppose, in addition to the hypotheses (3.1),
(3.3), and (3.6), that

(3.10) Az/(A)Y? Ay/(AD)Y? -0 as Az, Ay — 0.

Then the sequence {(un, Bn,dn)}n>0 produced by the scheme (2.4) converges in L1(J x
Q) x LY (J; WhHi(div; Q)) x L} (J x Q) to the unique weak solution (u, B, ¢) of (1.4) and
(1.5).

4. A stability analysis. In this section we prove Theorem 3.1.
LEMMA 4.1. Forn =20, --,np, we have
1 1 n
(4.1) E(ﬂ?,i+1/2,j ~Blic1/24)+ A—yj(ﬂ;,i,j-kllz —B3ij-1/2)
:—(I_U:J)I izla"'lnr’ j:11"'any‘

The result follows by choosing w =1 on If X I;J and equal to zero elsewhere in
(2.3a).
LEMMA 4.2. Suppose that (3.1) and the following condition are satisfied:

At? + - At? nt -
(4.2) 1- E;(ﬂ?,iﬂ/z,j —Bliz1/2,) — Avi (B3ij4172 — Boij—1/2) > A"
1 J

Then, if

(4.3) up(e,y) €[0,v7], (z,9) €,
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we have
(4.4) uptl(z,y) € [0,wY, (z,9)eQ

Proof. . Fori=1,--- ,n, and j =1,---,ny, it follows from (2.2) that

upFt = DI (ARyy julyrj + ARjrulj + BRjuly + Efoy jul g + ER;_yu?; ),
where
n Atn i)
i+1,j = _A_mﬂl,i+1/2,j/Di,jv
At™

n

A =2y Ba 172/ Dis

1 At? - Atn + -
BY; = D7, { (ﬂ1 i+1/2,§ ﬁ?,i—l/Z,j) T Ay (ﬂg,i,j+1/2 - ﬂ;,i,j—lﬂ) }7
At
?—l,j Az; ﬁ?: 1/2,]/ 1,59
At 4 n
Bij-1= R Pasi-112/ Digo

. Atn At”
bij=1- 3z (ﬂ'f,m/z,j - ﬁ’f,i—l/a,j) T Ay (ﬂgﬁ',HI/? - ﬂ;’,;,j_l,z) :

Then, by (3.1), (4.2), and (4.3), we see that

D:szAt",

Aly1,gs A4 Bl Bl B 2 0,

A+ A+ B+ EL G+ B =1,
so that

utl+1_>_0, izly"';nz’jzly"';ny-

Next, in order to show that u"+1 < u*, we write u:‘;’l as

“n,;rl =D[; { — Al (W —uiy 5) — AT (v - ) — Bpj(u* —ujl)

- Ef (v~ :'1—1,j)_Eztl,j—1(“*_“?,j—1)}
=u*D};(1 - Fly),

__An z+1, J+1 n UT}1.
Fis =Ai; (1— pye ]>+Aw+1 (1_ —a )+B ( _T:f_)
En 1 1 1,5 En u?yj—l
+ B TR + el B

Hence, it suffices to prove that

where

(4.5) D}, — 1< D} FTy.
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Notice that, by (4.2), (4.3), and (3.1d),

u*
> At <1 - 91i>
u*
> A1 - uf;).
But, using (4.1) and (4.3), we have

At?
Dij—1=-3x (ﬂ?,a‘+1/2,j - ﬁi’,;_l/z,j)

= Atn(l - u?,j)'

ul.;
(4.6) D Fiy 2 DF; By (1 - ,_,)

2% (ﬁzz,]+1/2 ﬂ;,i,j—lﬂ)

Hence, combine this and (4.6) to obtain (4.5); so, u"+1 < w*. The proof of the lemma
is complete 0

We now rewrite the condition (4.2).

LEMMA 4.3. If the next condition is satisfied:

1 1
[lufllLeeqy’ 1+ 1Bl (2/Az; + 1/Ay;)’

4.7 At" < min{

1
1+ [[BR[|Leo)(1/Azi + 2/ Ay;) }

so is (4.2).
(4.7) can be easily shown from (4.1) and (4.2).
Finally, the following lemma will be needed.
LEMMA 3.5. Let B be defined by (2.3). Then, forn=0,---np, we have

(4.8) 18R Lo () < max{Q1, Q2} (211 — uj Lo + ¢ + 6D o/2¢005))s

where Q1 and Qo are defined in (3.3).
Proof. For each n, let v™ be the solution of (3.2) with b =1 — u} and vp = ¢D.
Then, by (2.3) and (3. 3b) we see that

[IVo" = BRlle(ay < Q2 (11— whllan) + 165l marasap))

since b is piecewise constant. Hence, an application of (3.3a) to v™ implies the desired
result (4.8). The proof is finished. [

We are now in a position to prove Theorem 3.1.

Proof of Theorem 38.1. We proceed by means of an induction argument. For
n = 0, the result (3.5a) follows trivially from (2.1a) and (3.1a). Let the result be true
for n. Then, by the induction hypothesis and (3.1d), we observe that

(49) |]1—u;"“Lm(n) Smax{l,u*—l},
so that, by (4.8),
(4.10)  [IBRllLee(n) < max{Q1, @2} (2max{1,u* — 1} + 4] + ||} || asr2(s0))-

Hence, condition (3.4) implies (4.7) by (4.10) and thus (4.2). Consequently, we have
the result (3.5a) for n + 1 from Lemma 4.2. Namely, (3.5a) is true.

Obviously, (3.5b) follows from (4.10) and (3.5¢) from (2.3b) and (4.9). The proof
of the theorem has been completed. [J
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5. An estimate of entropy dissipation. In this section we prove Theorem
3.2. Let U : IR — IR be a function with Lipschitz second order derivative such that
U(0) = 0. In the framework of classical conservation laws, U is called an ‘entropy’.
Given such an entropy, we have the following useful algebraic relation.

LEMMA 5.1. Forn=0,---,nr—1,i=0,--- ,n;, and =0, ,ny, we have
u it
7
(51) U@ = UGa;) + i — uf U uly) + / - U ()ds
ui,j

Analogous relations hold for ufy, ;, ul;, vl ;, uf J+1’ and u;_, in place of u’”‘l.
LEMMA 5.2. Forn=0,---,np—1,i=0,--- ,n,, and j =0, - ny,wehave

n+1

U, 1
(5.2) /n (s—ul;)U"(s)ds = (u"+1 u}”j)2/(; U"(uf;(1-5) +u"+ls)sds

i3

Similar expressions hold for Uty g Wi s Ui and ui;_qin place of ug ;.
(5.2) can be easily seen from the change of variables.
LEMMA 5.3. Forn=0,---,npr—1,i=0,--- ,n;, and j =0,--- ,ny, we have

Uurt!) — U(ufy)

Atn
1
+ A_ ( (U(y; ,;) U(“z+1,]) Bt 3+1/2,3) (U(U?—l,j)a U(“?,j);ﬁ?,i—uzj))

1 n n n n n
+ ZZ (f(U(ui,j)v U(ufj41): Boijpry2) = FU U _4), Uuly); ﬂz,i,j—uz))
— (u;U'(uf;) = U(u?;))(1 —uf;) + HY; =0,

where the fluz f is defined as in (3.8b) and

1 un+1

i
Hl';=-— E/;ﬂ (Uit — s)U"(s)ds

i3
+ n

" ul u? .
1,i+1/2,j i " ﬂf,i-l/z,j i=Lj "
Lk L YA n o \U d Tl Y EIYA no_
Az / (s =)0 CMe+ =5, /um (o =
Brii+isz /u:‘.m ' Baiiiap [“him
SV e u?; —sU”(sds-{-—-—M-/ ul, . —s)U"(s)ds.
ij "y ( i,j+1 ) ) ij ur, ( i,j—1 ) ( )

The lemma follows by multiplying (2.2a) by U'(uf ;) and applying (2.2b), (2.2c)
(4.1), (5.1), and simple algebraic calculations.

b

LEMMA 5.4. Forn=0,---,np~1,i=0,--- ,ng, and j =0,--- ,ny, if
At - 1 At™ 4 1
(5.3a) T Aa; ~Blit125 < 5 Hﬂ?i—l/z,j < 5
At 1 At" 1
(5.3b) - A—yjﬁﬁi,jﬂp 5 ﬁl di-172 < 5
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then,
(5.4)
At"H; > — 247 (1 — o] J)(u"“ —ug)ul;

At? - 2 At* s ?
(B Bin) (g = g+ (Fbliang) (= vie, )

Atr z n
+ ( ~— B z,]+1/2> (i1 — ui.j)2 +

Proof. We rewrite H; as follows:

utt!
H}; =— Alt"/ 7 (u"+1 s)U"(s)ds
Blivisoi [Ui
_ _1’2';{2” / (ulyr—8)U"(s)ds +
2 u® .
By uiy?
- e [ g = a0+
I Ui
n’ u™t!
‘Bly‘+1/2:j e "
-A—:c,- " (s—u,+1])U (S)d +
l+1 k)

n’ 1l
_ 2,4,541/2 d o 7
Ay /u;:j“ (s = ufj41)U"(s)d s +
so that, by (2.2) and (4.1),

urt?
At"HY; = —At" (1 — uj)ul; /" U"(s)ds

A"

Yit1,s
A"

u? Tl
i,
Ay (ﬁ;i»m/? /u (5=l ja)U"(s)ds

i,3+1

At" nt At - + i3
(1 + A ~— (BT is1/25 — Briz1yzi) + A_yj(ﬂil.i.j+l _ﬂg,i,j+l)> Ln

+ u
ﬂ?l 1/2,5 i

u !
" Az (ﬂii“/z,j _/,. (8 —ulyy ;)U"(s)ds —

.
nt i

—ﬁz,i,j—l/:z/ (s —uf
u®l .

Atn + ? n n
(ij ﬂ;l,a’,j—l/Z) (ui,j - ui,j—l)z'

+ un+l

ﬂ?z’ 1/2,j i
)¢ 1, 1:! L "
—A:c,- /!;n (“1-1,1 s)U"(s)d s

i
n+1

Briiois [
2 [ (- 90e)ds
ul

n+1

el ARCET UL OTE

i-1,5
+ n-!—l

'3’211']'—1/2 i
A—%[‘n (s —u;_)U"(s)ds,

i,7—1

untl .
n*t " n
ﬂl,i—l/z,j / (s— "i—l,j)U"(S)d 3)
u'.‘_l,j
_I)U"(s)ds)

(s —ul;)U"(s)ds.

n+41

$,3—1
untl

i3

Hence, take U(v) = v? in this exprssion and apply (5.2) to have

At"H? = —2At"(1 — u} ])u, ](u""'l - u?,j)
At"

T Az
At"

n n n
( 1 i+1/2,j(ui,j ui+1,j)

+
+1
= Bli-ay2(wi —

u?—l,j)2)

3

S — 2 +1 2
Ay; (ﬁ;z,y+1/2(“ i,j uli41) ﬁ;a,] 120wy —ui ) )

At™ At™
+ < (ﬂl 41725

1: 1/21)'*' Ay (ﬂz KN ES S ﬁz,z,]-i-l))( K —U?,j)z-
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Consequently, by (2.2), (4.1), and simple computations, we see that

At"HY; = = 2At" (1 — ufj)uy, J(u"’H ui ;)

i
Atr Atr )
T Az ﬂfz+1/2]( + ﬁ’113+1/2,])(uz+1 g z',j)2
A" A " n n :
+ Az ﬁ?a 1/2,;(1 — ﬂl 5—1/2,]')(“:',;' - us'—l,j)2
At® -
T A ﬂga 417201 + :32 i J+1/2)(” HE IS ])2

At™
+ ﬂn ( ﬂn.._ u’?’.—-u'.l._ 2
Ay, 2,4,j—1/2 yj 2,i,§ 1/2)( 1,J 3,j 1)

At" ? - nt n n n n
- K; ﬂ?,.’+1/2,jﬂ1,i-1/2,j(“£+1,j - us',j)(ui,j - ui—l,j)

At™ At™?

T Az, Ay; ﬂ?zﬂ/z,]ﬂ;a,]ﬂ/z("zug ?,j)("?,jﬂ - u?,j)
At™ At”

T Az; Ay ﬂ'f,“,z,,ﬂ’;,,,, 1/2(Wi,y — ulj)(uiy — ullioq)
At™ At?

~ Az ijﬂ'f, 172,305 5 412Uy — vy §)(UF i — uly)
At At® 4+ et

- Z;;_A—y_jﬁ?,i—llzj 2,:‘,,‘-1/2(“?,3' - u?—l,j)(u?,j - “3;’-1)
A \?
- (E) ﬁ;z,]-i-l/?ﬂ;z - 1/2(”: JH1 ?J)("?J - “?,j—l)
+ (A2 (uf ) (1 = ufy)?,
which implies (5.4) by (5.3). This completes the proof. []

We are now ready to prove Theorem 3.2.
Proof of Theorem 8.2. From Lemma 4.3 with U(v) = v? and Lemma 4.4, we have

( n+1)2 - (uz ]) At™u n](l Uu; J)(2un+1 - u?,j)
it (f((u ,1)2 (u:+1,g)2 lt+1/2,]) F((ui 1,1)2 (uf ,])2 1: 1/2,;))

+ R (8% 08515 B ) = S50 (685 B

+

At - ? . (A" ? n
+ (_Amﬂﬁfﬂ/z,j) (“?+1,j - ”?,j) + (_Ax-ﬂ?'i‘l/z’f> (u?'j — ui_l’j)2
At : Atr 2
+ (—A—g;- 1,i,j+1/2> (ufjp —uli)? + ( 51 i.i— 1/2) (uf; —uf;_y)? <0,
J

since (3.6) implies (5.3) by (3.5b). Thus Theorem 3.2 follows by summing 7, j, and n
and applying the definition of f(-,-;-) and Theorem 3.1. The proof has been finished. [

6. A convergence analysis. In this section we prove Theorem 3.3. For this
we first introduce a family of ‘entropy forms’ ©(u, ¢; §; ¢) as in classical conservation
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laws:

O(u,c;B;90) =—(lu—c, wi)ixa — ([u—c|B,Vp)ixa
+ (lu = cl, ) lt=1 — (|tinit — cl, ¥)]e=0
+(G(u—c,up — ;B - V), ) sx(s0\60n)
= (V(u,c)divB, p)sxa, :

where ¢ € R, ¢ € C1(J x Q2), and the ‘entropy flux’ G and the function V are defined
by

G (Uteft, Uright; @) = |Wet|at + |Urignt|e™,
V(u,¢) = |u—c|— usign (u—c).

Then the proof of Theorem 3.3 proceeds as follows. First, we prove that there is a
subsequence {(uns, Brs, dn)}n>0 converging to a limit (u, 8, ¢) satisfying the weak
equations (3.9b)-(3.9¢c). Then, we prove that, for every nonnegative ¢ € C'(J x Q),

(6.1a) hl’imo O(unr, ¢; Bri; ) = O(u,¢; B;¢), VYc €I,
(6.1b) O(u,c;B;¢) <0, VceIR.

Since the weak solution of (3.9) is unique, this proves Theorem 3.3. The entropy form
O(u, c; B; ) will be also used in a forthcoming paper for error estimates.

6.1. A convergent subsequence. The ideas of the convergence proof presented
in this and the following two subsections are motivated by paper [11]. However, the
analysis below is much simpler than that given in [11]. We are here using the standard
entropy |- |, while a smoother entropy U(-) has been used there; the properties of total
variation boundedness and continuity in time of the approximate solution have been
used in [11], while the analysis here heavily depends on the property in Theorem 3.2,
which is much weaker than those in [11].

LEMMA 6.1. Assume that the hypotheses (3.1), (3.3), and (3.6) are satisfied.
Then there exists a subsequence {(un', Bn, dn')}ni>0 converging as indicated in Theo-
rem 3.3 to a limit (u, B, ¢) satisfying (3.9b)-(3.9¢).

Proof. First, note that, from the L*°-stability of the numerical scheme (2.2) (The-
orem 3.1) and the boundedness of the derivatives of the approximate solution u; (The-
orem 3.2), an L!-strong convergence theory [13], [14], [15] for classical conservation
laws implies that there exists a subsequence up/ converging in L!(J x Q) to a function
uin L*(J x Q).

Next, from (2.3a) and (2.3b) with v = 1, we have

div(Bn; — Bny) = uny — uny,
/(ﬁh; = Bny) =0,
Q

which means that {8n }n/>0 is a Cauchy sequence in L!(J; Wh1(div;Q)). Denote by
# the limit of this sequence. Again, by (2.3a) and (2.3b) with v = 1, we see that 8
satisfies (3.9b) and (3.9¢) with v = 1.

Finally, using (2.3b) and a similar argument, we can show that {¢n }ni>o is
Cauchy sequence in L}(J x ) and that its limit ¢ satisfies (3.9c). This completes the
proof. [
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LEMMA 6.2. Assume that for ¢ € IR and nonnegative ¢ € C*(J x Q),

(6.2a) Jim ©(uns, ¢; Bs; ) < 0.
Then,
(6.2b) Jim ©(un, ; Bni; ) = O(u, ¢ B; ).

Proof. First, for ¢ € IR and nonnegative ¢ € C3(J x ), (6.2b) follows from (6.2a)
and a standard argument for classical conservation laws [20], [24]. Also, in the case of
¢ € C}(J x Q), special care needs to be taken to handle the limits in the boundary
terms of the form ©. This is done in [21] in the framework of classical conservation
laws. For the present problem, an argument for the corresponding one-dimensional
problem has been carried out in [11] and can be easily extended to the two-dimensional
case. We omit the details. [J

It is now clear that it suffices to prove (6.2a), since it implies (6.1) by Lemma 6.2.
This will be done in the next two subsections.

6.2. A discrete entropy inequality. The following discrete entropy inequality
will be needed for obtaining an upper bound for O(up, ¢; Bus; ).
LEMMA 6.3. Under the CFL condition (3.4), we have, for c € IR,

[ul ¥t —¢| — |ul —c|+£ . -G}
i:j ixj Ax’. i+1/2nj 5_1/21]'

Atn n n M n
+ X (Gi,j+1/2 - Gi,j—1/2) - V(] e)(div )i s At™ <0,
Y

where
+ -
G?+1/2,j = 1,i+1/2,j|“?,j —c|+ ﬁ;l,i+l/2,j|u?+l,j - ¢,
+ -

Glivryz = Poijsralui; — ol + B35 j 1100w — cl-

Proof. From (2.2) and the definition of the mixed finite element space Vj, we
have, for ¢ € IR,

At - FANALR
“:‘1}1 —Cc= (“E il,i+1/2,j) (“?+1,j —c)+ (_A_yjﬂg,i,jﬂﬂ) (U?,j+1 —c)
1
At? + - At" + -
+ {1 - A_xi(ﬂ?,i+1/2,j = Bliz1y24) — _A?j(ﬁg,i,j+l/2 - ﬂ;,i,j—l/Q)}(u?,j —c)
At™ 4 At? 4 n
+ (A_xiﬁ?,i—l/z,j) (uio1;—c)+ (A_y] g,i,j—1/2) (uij_1—c)
— At™(div BR); je.

Note that the term between the brackets is nonnegative by (3.4). Thus the lemma

follows by multiplying this expression by sign (uf;” —¢). 0
We shall also need the following technical lemma.
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LEMMA 6.4. Forn=0,---,np—1,i=0,---,n;, and j =0,:--,ny, we have

div(Bptt — g7) = upt! — uf,

n+l . n Atnﬂn u?
|“£,j ua’,j| ST AL :+1/2,]|“z+1 g z,jl
At ’
= A Padfaluien — Ui+ AU - |
At
+A93 ﬂ?a 1/2]]“ 1,5 ui—l,jl
At* 4

+ Ay Baij-1/2lui’s — uii_al-

Proof. The first equality follows from (2.3a) while the second inequality follows
from (2.2) and (4.1). O

6.3. An upper bound of entropy form. In this section we obtain an upper

bound for ©(un, ¢; Bri; ), which implies the inequality (6.2a). We first have the
following decomposition of ©(up, ¢; Bx:; ¢).

Let, for ¢ € C*(J x Q),

n 1 1 /1‘:‘+1/3 /!/j+1/2 (t" )d d
ii = A A 14 y &, Y)azay,
$ij Ax; ij Ti_1y2

.'J; 1/2
i Yi+1/2
H= / L
@; p(t, z,y) dt dz dy,
i,j Atn Am, ij wicrsz ioay

ntry2 11 Yi+1/3 .
Pit1/25 = Agn ij fn / @(t, Tiy1/2,y) dt dy,

t Yi-1/2

Yit+1/2
ntl/2 L-— o(t,x dt dz.
Pij+1/2 = At" Az; Jin /y] o yYi+1/2)

LEMMA 6.5. (DECOMPOSITION OF ©). We have

O(un, & Bn; ¢) = Ocnt(un, ¢; Bn; ) + Ocom (un, ¢; Br; ¥),
where (with arguments omitted)

nr—1 ny Ny Atn
1
Ocnt = Z ZZ{IU"+ —el = fuf; —el+ Az; ( 172, G?—l/z.j)
n=0 i=1j=1

At v Agm
* Ay ( ij+1/2 7 G?,j—l/z) V(i c)(div 87 )i At }<PﬁflA£iij,
J




SIMULATION OF SEMICONDUCTOR DEVICE EQUATIONS 15

and

nr—1 ny Ny
com = Z ZZ{(|UI+1,]

n=0 i=1j=1

n+1/2 )

= |ul; - cl)(_ﬂ?;+1/2,j)(‘r”zj ~ Piv1/2,j

n + n
(g — el = lufy = (BT E 1o )R = H2, )}At"ij

nr—1 ny Ny
DN R(CINEE

n=0 i=1j=1

n+1/2 )

- n+1
u:] - cl)(“ﬁg:i.j'!‘lﬂ)((pi} ~Pii+1/2

n n + n n n
(0o ol = oy = oD 1y — ot 00 o A

nr—1 ny Ny

- Z Z Z(dlvﬁ")mu, 'ssign(ul; — e)(gpH - <p:lj1/2)At”A:l:,-ij
n=0 i= 1] 1
np—1 ng

+ Y ZZ(dwﬂh )i i (V(ulF €)= V(uly, 0)elf At Az; Ay;.
n=0 i=1j=1

Proof. From the definition of © and the fact that div 8, is piecewise constant, we
have

O=V,+Y,+ V7,

where
nr—1 ng Ng
S S S - e - Ay 3 Y -l Andy
n=0 i=1j=1 i=1j=1
Nr
- ZZ |uz g cl‘Ft ]A:c,Ay],
i=1 j=1

nr—1 ny Ny

-2 Sl —el (g

n=0 {=1j=1

nyr—1 n, Ny

- Z ZZ'"*J CI(

n=0 i=1j=1

n+1/2 n+41/2
1,i4+1/2,iPit1/25 — Blic12,Pi 1/2]) At" Ay;

n+1/2 n+1/2 .
2,4,541/2%5 j+1/2 ~ Boi 1125, 1/2) At" Az;

np—1 Ny /2 nr—1 Ny /
n+41 n+1 2
S D) BT APIOS b e N
n=0 j=1 n=0 j=1
nr—1 ng / nr—1 nz /
+1/2 n-l-l 2
+ D D GlagryaFim A AT = 3 Y Gl pagl ) A A,
n=0 {=1 n=0 i=1
nr—1 ny Ny
. no. n n+1/2 \ n
- Z ZZ(dlv Bh)i,juij sign (ug; — c)p; ;' TA Az Ay;.

n=0 i=1j=1

Then simple algebraic manipulations yield the desired result. We refer to [11] for more

details in the one-dimensional case. []
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LEMMA 6.6. (UPPER BOUND OF ©). Suppose that the CFL condition (3.6) is
satisfied. Then,
@ent SO’
T\"* (1 1 1
Ocom <Qs Az §AI||90x||Lw(an) + §Ay||<Py||Lm(an) + §Atl|90tHLm(an)

+ (2u* + |¢])(Az + Ay)llscIIquxn)}

+ QaAt(3||¢l| Lo xa) + |@tl|Loo(rxa))s
where

Q3 = 4v/(u*)? + Tu*(2 + u* + 4w %),
Q41 = v* max{1, v* — 1} max{T, 1}(2u* + |c| + %)

Proof. The first inequality follows immediately from Lemmas 6.3 and 6.5. To
prove the second inequality, note that, by Theorem 3.1 and a simple integration by
parts in the last term of ©.opm,

nr—1 n, ny

- +1/2
Ouaml < 3 30| ot = 1B slolf = il

n=0 i=1j=1

+ 1 +1/2
g = Tl = o

npr—1 ny Ny

- n +1/2
+ 3 S0t~ B sl — e

n=0 i=1j=1

+ 1 +1/2
+lufj oy — w18 o pellei ] = ‘p?.f—llzl}AtnAz"

nr—1 n, Ny
+uwrmax{l,w* =1} 37 Y0 Y el - of YA A Ay
n=0 i=1j=1
np—1 ny Ny
+ 30 DIV, iV By )R — (divBR )i i AL A Ay
n=0 i=1j=1
ny Ny
+ Atmax{1,u* — 1} ) Y [V(u}T, c)|0fT AziAy;
i=1j=1
Ny n,,
+ Atmax{1, u* — 1}ZZW(“?.J'»C)W?,jAmij,

i=1j=1
where 8; ! = 5. Also, observe that

1 1
lep - 30?:11/22,,4 < §A$i||%||Lm(an) + S At [|pt]|Loo(a xa)s

2
1 1.,
lop ! — so?}‘j{ﬁl < §ij”90y”L°°(Jxﬂ) + §At ll@tl|Loo(rx0),

+1/2 1
I“’iﬂ,;‘rl —wi; 1< §At"||<Pt||Lm(an),

|¢?,f1 — 7| < At |pe] Lo xa)-
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Then, apply the Holder inequality, Lemma 6.4, and Theorem 3.1 to obtain

T\Y*(1 1
[Ocom| < (At) {§A$||S0xlle(an) + 58YllpyllLerxa

1
+ Al + (2 + e)(A + Al |

nr—1 ny Ny 9 1/2
A S S (B trauns) g =i Asicy
n=0 i=1 j=1 ‘
1/2
nr—=1 ny Ny 9
At™ 4+
* Z (A:z: ﬂ?”"l/znf) |u?,j - “?~1,j|2A$iij
n=0 i=1j=1
nr—1 ny Ny A 9 1/2
¥ (A -‘Bgr‘:j+1/2> |u?..i+1 - u?,j‘ZAxiij
n=0 i=1j=1 U
nr—1 ny Ny Atn . 2 1/2
+ E ZZ (Ay ﬂ;li:j—1/2> luzn;] - Uzj_llea},ij }
n=0 i=1j=1

+ %u*ma.x{l,u* — 1}At|ptl| Lo xayT

+ (2u* + |c|)u* max{1, u* — 1}At||||poo(rx)T
+ (2u* + [c]) max{1, u* — 1}At||¢¢|| Loy x) T
+ 2(2u* + |c|) max{1, u* — 1}At||p||Leo(r x02),

which together with Theorem 3.2 implies the second inequality of the theorem. ]
We are now in a position to prove Theorem 3.3.

Proof. From Lemma 6.1 there exists a subsequence {(un:, Bn/, én)}n>0 converg-

ing (in the topology in Theorem 3.3) to a limit (u, 3, ¢) satisfying (3.9b)-(3.9¢). Now,
by Lemma 6.6 and (3.10), we have ’

hllimo O(unt, ¢; Br; ) <0,

for every ¢ € IR and nonnegative ¢ € C'(J x Q). Thus, by Lemma 6.2, we see that
hllimo O(unt, ¢; Brrs ) = O(u, ¢; B; ) < 0.

This implies that (u, 8, ¢) is the unique solution of (3.9). Consequently, the whole
sequence {(un, B, Pn)}n>0 converges to (u, B, ¢), and thus Theorem 3.3 is proven. []

7. Numerical results. In the section, we shall present numerical results for a
two-dimensional simulation of an MOS-transistor in order to demonstrate the quali-
tative behavior of the solution of the differential model and to give an indication of
the performance of the finite element method presented in §2. The domain  is of the
size 0.6 x 0.2, the Dirichlet boundary segments are of the form

0p ={(z,y): 0<z<01, y=02}U{(z,y): 02<2z2<04, y=0.2}
U{(z,y): 0.5 <z<0.6, y=0.2},
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and all the other parts of the boundary are the Neumann segments. The three parts
of OQp represent the source, the gate, and the drain, respectively; see Figure 1. The
boundary and initial data are chosen based on numerical and physical considerations;
they may not be physically adequate. However, they are sufficient to illustrate impor-
tant structures of the solution and features of the numerical method.

We apply the following doping in the right-hand side of the equation (1.5a):

{ 3x 102,  (z,y) € [0,0.1] x [0.15,0.2] U [0.5, 0.6] x [0.15, 0.2],
1 x 102, elsewhere.

We see that the doping has abrupt junctions (see Figure 2). Letting ¢ = kagln(r%) /e

with kp = 0.138 x 10~%, e = 0.1602, Ty = 300, and n; = 1.4 x 10~5, the boundary
potential is given by

¢0y (z)y) € (0’01) X {y = 02})
ép =< ¢o—0.8, (:l:, y) € (0.2, 0.4) x {y= 0.2},
¢o +2, (z,y) € (0.5,0.6) x {y = 0.2}.

Thus, the operating conditions —0.8 V bias at the gate, 0 V bias at the source, and
2 V bias at the drain are applied. The Dirichlet boundary datum for the electron
concentration is

up = (C+4/C?+4n?)/2, t>0, (z,y) € 0p.

Namely, thermal equilibrium is imposed on d2p for the concentration. The initial
datum is accordingly taken in the form

Uinit = (C + c? + 412‘2)/2, (11, y) € Q.

Uniform space meshs are used for the simulation (see Figure 1). Furthermore,
the CFL condition (3.6) is assumed to be satisfied in the computation. The numerical
simulation results over the space mesh of points 96 x 32 are shown at time T'=1 in
Figures 3-6. In the plots 3-6, we display the graphs of the electron concentration u, the
potential ¢, the horizontal electric field f;, and the vertical field f3,, respectively. Note
that, since the initial datum wu;y;; is discontinuous around the junction, the transient
solution u has sharp transition there. The layer structures of the concentration u
and the potential ¢ are very well demonstrated in Figures 3 and 4. The peaks of the
electric field in Figures 5 and 6 are due to its singularities around the intersections
of the Dirichlet and Neumann segments. It can be seen from the two graphs that
the electric field near the intersection points behaves like O(|z — z;|~1/?), where z;
are these intersection points. This is consistent with the theoretical regularity results
on the solution of the differential model obtained in [17]. Cuts at y=0.175 of the
concentration, potential, and electric field are displayed in Figures 7-10, respectively,
for the space meches 48 x 16, 96 x 32, and 192 x 64. We can clearly see the convergence
of our numerical method from these cuts.

8. Concluding remarks. A new finite element method for numerically solving
the two-dimensional drift-diffusion model for semiconductor devices has been formu-
lated and analyzed in this paper. The primary computational advantage of the method
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is that the mixed finite element method provides an approximate electric field in the
precise form needed by the discontinuous finite element method, which is local and
thus fully parallelizable. The stability properties of the method and its convergence
in a suitable topology have been established. Moreover, the numerical results have
verified these results.
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