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Transpose-free Multiple Lan
zos and Its Appli
ation in Pad�eApproximation
M. Yeung� and D. Boleyy

Abstra
tA transpose-free two-sided nonsymmetri
 Lan
zos method is developed for multiple startingve
tors on both the left and right. The method is mathemati
ally equivalent to the two-sidedmethods without look-ahead or de
ation steps, but avoids the use of the transpose of the systemmatrix. The method is applied to the 
omputation of the matrix Pad�e approximation to a lineardynami
al system. The result is a method whi
h 
an be labeled Transpose-Free Matrix Pad�eVia Lan
zos (TFMPVL). Under 
ertain 
ir
umstan
es, TFMPVL will a
tually redu
e the totalnumber of matrix-ve
tor produ
ts needed. It is illustrated with some numeri
al examples.
Key words: transpose-free Lan
zos method, model redu
tion, Pad�e approximation, MPVL method, TFM-PVL method.AMS subje
t 
lassi�
ations: Primary 65F15; Se
ondary 65G05.
1 Introdu
tionRe
ently, Aliaga et al.[1℄ proposed a Lan
zos-type method that extends the 
lassi
al Lan
zos pro
essfor single starting ve
tors to multiple starting ve
tors. For 
onvenien
e, we will refer to this Lan
zosmethod as a multi-input multi-output (MIMO) Lan
zos algorithm or a MIMO Lan
zos pro
edure.Given a square matrix A 2 CN�N and two blo
ks Û and V̂ of left and right starting ve
tors, theMIMO Lan
zos algorithm employs matrix-ve
tor produ
ts involving bothA andAH , and generates(i) blo
k tridiagonal matri
es �H and ~H that 
onstitute approximations to the matri
es A and AHrespe
tively; (ii) two sequen
es of biorthogonal basis ve
tors for the left and right blo
k Krylovsubspa
es indu
ed by the given data. The remarkable feature of the algorithm is that, with a built-in de
ation pro
edure and employing the look-ahead te
hnique, it 
an handle the most general
ase of left and right blo
k Krylov subspa
es with arbitrary sizes of the starting blo
ks, while allpreviously proposed multiple starting Lan
zos pro
edures are restri
ted to left and right startingblo
ks of identi
al sizes.The MIMO Lan
zos pro
edure has re
eived appli
ations in varieties of areas. For example, itis useful in the solution of linear systems with multiple right-hand sides and in the 
omputationof approximate eigenvalues of a large matrix A 2 CN�N . In the area of multi-input multi-output�Department of Mathemati
s, P.O. Box 3036, Laramie, WY 82071. E-mail: myeung�uwyo.edu. This resear
hwas supported by A & S Basi
 Resear
h Grants during the 2001/02 a
ademi
 year, University of Wyoming.yComputer S
ien
e and Engineering Department, University of Minnesota, Minneapolis, MN 55455. E-mail:boley�
s.umn.edu. This resear
h was supported in part by NSF grant 9811229.
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time-invariant linear dynami
al systems, the MPVL method (see [7, 9℄, for instan
e) has beenproposed to 
ompute Pad�e approximation of transfer fun
tions of the formf(�) = ÛH(I� �A)�1V̂ (1)in a stable manner using the MIMO Lan
zos algorithm, where A; I 2 CN�N ; Û 2 CN�n andV̂ 2 CN�m.In this paper, we propose a transpose-free version of the MIMO Lan
zos pro
edure whi
h
omputes the blo
k tridiagonal matrix �H and a sequen
e of basis ve
tors for the right blo
k Krylovsubspa
e without a

essing AH . It is well known that the 
lassi
al Lan
zos pro
ess is intimatelyrelated to bi-
onjugate gradient (BiCG) method for solving nonsymmetri
 systems of linear equa-tions [13, 18℄. Transpose-free versions, e.g., CGS [20℄, BiCGSTAB [22℄ for single starting ve
torsand ML(k)BiCGSTAB [23℄ for multiple left starting ve
tors, are methods derived from BiCG whi
havoid the need for matrix-ve
tor produ
ts involving AH . In this paper, we extend te
hniques ofavoiding matrix-ve
tor multiplies with AH in the 
ontext of solving systems of linear equations tohandle the 
urrent 
ase of multiple starting ve
tors on both the left and right and obtain a methodwhi
h is labeled Transpose-free Multiple Lan
zos Pro
edure (TFMLP). In our dis
ussion, we as-sume for simpli
ity that no de
ation or look-ahead steps o

ur in the MIMO Lan
zos pro
edure,so TFMLP is a
tually a transpose-free version of the limited MIMO method.The MPVL method is an appli
ation of the MIMO Lan
zos pro
edure to Pad�e approximationof transfer fun
tions (1). Correspondingly, a transpose-free MPVL method (TFMPVL) will be de-veloped from the TFMLP and in the pro
ess 
an a
tually redu
e the total number of matrix-ve
torprodu
ts ne
essary. Re
all that, however, the transpose-free algorithms in the 
ontext of linear sys-tems of equations are in general less stable than the two-size algorithms though ML(k)BiCGSTAB
an improve the stability by in
reasing the number k of left starting ve
tors. Not unexpe
tedly,TFMPVL is less stable than MPVL and the advantages and disadvantages of the transpose-freealgorithms that were found in the 
ontext of systems of linear equations will be 
arried also in the
ontext of Pad�e approximants.The 
lose relationship between the Lan
zos pro
ess, Pad�e approximants, moment mat
hing,Asymptoti
 Waveform Evaluation, and Hankel system of equations has been explored extensivelyin the literature, see e.g. [4, 10, 12℄ and referen
es therein. We will give some spe
i�
s of this
onne
tion relevant to this paper in x4 after we have introdu
ed the TFMLP method.The rest of this paper is organized as follows. In x2 we review the two-sided MIMO Lan
zosalgorithm and introdu
e our notation, in x3 we derive our transpose-free MIMO Lan
zos pro
edure,in x4 and x5 we show how to use this Lan
zos pro
edure to 
ompute the Pad�e approximant, andin x6 we illustrate the methods with some numeri
al experiments. We �nally 
on
lude the paperin x7.
2 Lan
zos Pro
edure for Multiple Starting Ve
torsAliaga, Boley, Freund and Hern�andez (ABFH) [1℄ re
ently developed a MIMO Lan
zos-type pro-
edure that handles multiple starting ve
tors. Let A 2 CN�N and let n left starting ve
torsû1; û2; � � � ; ûn 2 CN and m right starting ve
tors v̂1; v̂2; � � � ; v̂m 2 CN be given. De�ne indexfun
tions gn(k) = b(k � 1)=n
 ; rn(k) = k � n gn(k) ;gm(k) = b(k � 1)=m
 ; rm(k) = k �mgm(k) ;
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where k = 1; 2; : : : and b � 
 rounds its argument to the nearest integer towards minus in�nity. Notethat gn(jn+ i) = j and rn(jn+ i) = iif we write k = jn+ i with j � 0 and 1 � i � n. A similar property holds with the other two indexfun
tions.Now, we set (a) pk = �AH�gn(k) ûrn(k) ; (b) qk = Agm(k)v̂rm(k) : (2)The index gn(k) and gm(k) are 
alled the grades of pk and qk respe
tively. They are non-de
reasingstep fun
tions of k.The MIMO Lan
zos pro
edure generates two sequen
es fuk0gk0=1;2;��� and fvkgk=1;2;��� of ve
-tors su
h that uk0 2 Gk0 �AH ; Û� and uk0 ? Gk0�1 �A; V̂� ;
vk 2 Gk �A; V̂� and vk ? Gk�1 �AH ; Û� ; (3)

where Gk0 �AH ; Û� def= spanfp1;p2; � � � ;pk0g and Gk �A; V̂� def= spanfq1;q2; � � � ;qkg. The subspa
esGk0 �AH ; Û� and Gk �A; V̂� are referred to as the left blo
k Krylov subspa
e and the right blo
kKrylov subspa
e, respe
tively.In the following we present some theory regarding the existen
e of the ve
tor sequen
es fuk0g,fvkg based on [1, 7, 11℄, but using our own notation. The existen
e of two su
h sequen
es fuk0gand fvkg of ve
tors 
an be guaranteed if the following matri
es
Wk =

266664
pH1 q1 pH1 q2 � � � pH1 qkpH2 q1 pH2 q2 � � � pH2 qk... ... ...pHk q1 pHk q2 � � � pHk qk

377775 ; for all k = 1; 2; : : : ; �
are all nonsingular for some �.Lemma 2.1 If all the leading prin
ipal submatri
es of W� are nonsingular, then there exist twosets fuk0g�k0=1 and fvkg�k=1 of linearly independent ve
tors whi
h satisfy properties (3). Moreover,spanfu1;u2; � � � ;uk0g = Gk0 �AH ; Û� ; spanfv1;v2; � � � ;vkg = Gk �A; V̂� ;where k0; k = 1; 2; : : : ; �.Proof. In fa
t, if we express vk asvk = 
(k)1 q1 + 
(k)2 q2 + � � �+ 
(k)k�1qk�1 + qk; (4)then (3) is equivalent toWk�1
(k)+b = 0 where 
(k) = [
(k)1 ; 
(k)2 ; � � � ; 
(k)k�1℄T and b = [pH1 qk;pH2 qk;� � � ;pHk�1qk℄T . Furthermore, the vk de�ned by (4) satis�es vk 6? pk for k � � and hen
e v1;v2; � � � ;v�are linearly independent. The same arguments 
an be applied to the ve
tors uk0 . 2
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From the de�nition of qk, we note that qk = Aqk�m for k > m. Applying (4) to itselfre
ursively, we 
an write vk (k > m) in terms of the previous v1;v2; � � � ;vk�1 as follows,vk = Avk�m � �h(k�m)k�1 vk�1 � �h(k�m)k�2 vk�2 � � � � � �h(k�m)1 v1 ; (5)where �h's are some s
alars. A similar equation for ve
tors uk0 (k0 > n) is also available.Lemma 2.2 The ve
tors vk and uk0 in Lemma 2.1 with k > m and k0 > n 
an be expressed withm+ n+ 1 term re
ursion relationships of the formsvk = Avk�m � �h(k�m)k�1 vk�1 � �h(k�m)k�2 vk�2 � � � � � �h(k�m)�mk�mv �mk�m (6)and uk0 = AHuk0�n � ~h(k0�n)k0�1 uk0�1 � ~h(k0�n)k0�2 uk0�2 � � � � � ~h(k0�n)~mk0�nu ~mk0�n ;where �mi = max(i� n; 1) and ~mi = max(i�m; 1).Proof. Noting that vi ? spanfp1;p2; : : : ;pi�1g;vi 6? pi and pHi Avk�m = pHi+nvk�m = 0 fori � k �m� n� 1, and examining in turnpHi vk = pHi Avk�m � �h(k�m)k�1 pHi vk�1 � �h(k�m)k�2 pHi vk�2 � � � � � �h(k�m)1 pHi v1for i = 1; 2; : : : ; k�m�n�1, we �nd all the 
oeÆ
ients in (5) zero ex
ept �h(k�m)k�1 ; �h(k�m)k�2 ; : : : ; �h(k�m)�mk�m .2 Set Vk = [v1;v2; � � � ;vk℄ and set �H = ��hij�i=1;���;�;j=1;���;��m, the � � (� �m) band matrixwith �hj+m;j = 1; �hij = �h(j)i for �mj � i � j +m� 1; with �hij = 0 otherwise. Then the re
urren
erelations (6) 
an be written in matrix form asAV��m = V� �H : (7)Similar results 
an be drawn for the ve
tors uk0 . We 
olle
t the above results into the following.Theorem 2.3 Let ve
tors û1; û2; � � � ; ûn; v̂1; v̂2; � � � ; v̂m be given starting ve
tors and let pk's, qk's,Gk0 �AH ; Û�, Gk �A; V̂� andW� be as de�ned above. If all the leading prin
ipal submatri
es ofW�are nonsingular, then there exist two sets fuk0g�k0=1 and fvkg�k=1 of linearly independent ve
tors, an� � (� �m) band matrix �H, whi
h has an upper bandwidth n and a lower bandwidth m and all theentries �hj+m;j = 1 in its lowest subdiagonal, and an �� (��n) band matrix ~H, whi
h has an upperbandwidth m and a lower bandwidth n and all the entries ~hj+n;j = 1 in its lowest subdiagonal, su
hthat spanfu1;u2; � � � ;uk0g = Gk0 �AH ; Û� ; spanfv1;v2; � � � ;vkg = Gk �A; V̂� (8)and uHk0vk8><>: 6= 0 if k0 = k= 0 if k0 6= kfor all k0; k = 1; 2; : : : ; �. Moreover,AHU��n = U� ~H and AV��m = V� �H ;where Uk0 = [u1;u2; � � � ;uk0 ℄ and Vk = [v1;v2; � � � ;vk℄.The MIMO Lan
zos pro
edure is a pro
edure whi
h 
omputes the quantities U� ;V� ; ~H and�H in Theorem 2.3. 4



3 Transpose-free Lan
zos Pro
edure for Multiple Starting Ve
torsThe implementation of the MIMO Lan
zos pro
edure involves matrix-ve
tor multipli
ations withAH . As mentioned in x1, a number of arti
les in the literature have dis
ussed Lan
zos implemen-tations without a

essing AH , see, for instan
e, [5, 8, 13, 14, 15, 18, 19, 20, 22, 23℄, mostly in the
ontext of solving systems of linear equations. Te
hniques of avoiding matrix-ve
tor multiplies withAH in the 
lassi
al Lan
zos pro
edure 
an be generalized to the 
urrent 
ase. In this se
tion, wewill give a new variant of a \limited" MIMO Lan
zos pro
edure whi
h 
omputes the �H and V�in Theorem 2.3 without using AH . To simplify the derivation, we will suppose the assumption ofTheorem 2.3 holds so that the de
ation or look-ahead features in the full MIMO algorithm are notneeded.We 
ontinue to use the notation introdu
ed in x2. Also, we assume m � n in the followingderivation. Now, we 
onsider the equation (6),vk+m = Avk � �h(k)�mkv �mk � �h(k)�mk+1v �mk+1 � � � � � �h(k)k+m�1vk+m�1;where k = 1; 2; � � � ; � �m. Be
ause of the property (3), the 
oeÆ
ients �h(k)i are determined by
�h(k)i = pHi Avk � pHi Pi�1j=�mk �h(k)j vjpHi vi ; i = �mk; �mk + 1; : : : ; k +m� 1:

Thus, we have the following pro
edure to 
ompute the matri
es �H and V� .Lan
zos Pro
edure Version 1.1. Compute ve
tors fvkgmk=1 su
h that vk ? spanfû1; � � � ; ûk�1g and vk 2 spanfv̂1; � � � ; v̂kg,and 
ompute pk = (AH)gn(k)ûrn(k), k = 1; : : : ;m, a

ording to (2a).2. For k = 1; 2; � � � ; � �m3. �mk = maxfk � n; 1g;4. For i = �mk; �mk + 1; � � � ; k +m� 15. �h(k)i = pHi Avk � pHi Pi�1j=�mk �h(k)j vjpHi vi ;6. End7. �h(k)k+m = 1;8. vk+m = Avk �Pk+m�1i=�mk �h(k)i vi;9. Compute pk+m = (AH)gn(k+m)ûrn(k+m) a

ording to (2a).10. EndVersion 1 
an be simpli�ed by noting that the summations in the numerators of Line 5 arejust partial sums of the summation in Line 8. So, we 
an a

umulate the summations one term ata time into a temporary ve
tor vtmp, and use the partial sums stored in vtmp dire
tly in Lines 5and 8 as they are generated. This avoids e�e
tively having to a

umulate the summations multipletimes. Moreover, re
all that we have assumed m � n. Therefore, gn(k) = 0 and rn(k) = k when1 � k � m. We also introdu
e a s
alar variable 
k de�ned by 
k = pHk vk to save repeatly 
omputingthe dot produ
t pHi vi. Thus, we arrive at the following version.Lan
zos Pro
edure Version 2.1. Compute ve
tors fvkgmk=1 su
h that vk ? spanfû1; � � � ; ûk�1g and vk 2 spanfv̂1; � � � ; v̂kg.2 Compute pk = ûk and 
k = pHk vk for k = 1; : : : ;m.5



3. For k = 1; 2; � � � ; � �m4. �mk = maxfk � n; 1g;5. vtmp = Avk;6. For i = �mk; �mk + 1; � � � ; k +m� 17. �h(k)i = pHi vtmp=
i;8. vtmp = vtmp � �h(k)i vi;9. End10. �h(k)k+m = 1;11. vk+m = vtmp;12. pk+m = (AH)gn(k+m)ûrn(k+m);13. 
k+m = pHk+mvk+m;14. EndBased on the above Lan
zos version, we are now ready to give a transpose-free pro
edure to
ompute �H and V� . In order to remove the AH whi
h is used to 
al
ulate pk+m in Line 12, weintrodu
e an auxiliary ve
tor  k de�ned by k = Agn(k)vk (9)for k = 1; 2; : : :. With (9) and re
all that pk = (AH)gn(k)ûrn(k) by (2a), Version 2 
an then bereformulated as follows.Lan
zos Pro
edure Version 3.1. Compute ve
tors fvkgmk=1 su
h that vk ? spanfû1; � � � ; ûk�1g and vk 2 spanfv̂1; � � � ; v̂kg.2. Compute pk = ûk for k = 1; 2; : : : ;m.3. Set  k = vk and 
ompute 
k = pHk vk for k = 1; 2; : : : ;m.4. For k = 1; 2; � � � ; � �m5. �mk = maxfk � n; 1g;6. vtmp = Avk;7. Agn( �mk)vtmp = A1+gn( �mk)�gn(k) k;8. For i = �mk; �mk + 1; � � � ; k +m� 19. �h(k)i = ûHr(i)Agn(i)vtmp = 
i;10. vtmp = vtmp � �h(k)i vi;11. Agn(i)vtmp = Agn(i)vtmp � �h(k)i  i;12. End13. �h(k)k+m = 1;14. vk+m = vtmp;15.  k+m = Agn(k+m)vtmp;16. pk+m = (AH)gn(k+m)ûr(k+m);17. 
k+m = ûHr(k+m) k+m;18. EndOur goal is to 
ompute �H and V� . In Version 3, Lines 2 and 16 
ompute the ve
tors pk whi
hare not required in �nding these quantities. Sin
e these two lines are irrelevant to the remainingpart of the pro
edure, we 
an delete them from the version without 
hanging the implementation.We now set grade = gn( �mk) and etmp = Agn(i)vtmp in Version 3. Note that gn is a non-de
reasing step fun
tion with step size n. So, the value of gn(i) in
reases by 1 every n iterations in6



i (Lines 8 - 12). Moreover, two new ve
tors vk+m (in Line 14) and  k+m (in Line 15) are generatedin ea
h k-iteration. Sin
e the ve
tors vk+m and  k+m are 
omputed at the end of the k-loop, we
an store the values of vtmp and etmp in the spa
es o

upied by them respe
tively to save somememory. Thus, we arrive at the following �nal version of our transpose-free Lan
zos pro
edurewhi
h produ
es the matri
es �H and V� .Algorithm 3.1 Transpose-free Multiple Lan
zos Pro
edure Given m right starting ve
-tors fv̂kgmk=1 and n left starting ve
tors fûk0gnk0=1 with m � n. Suppose the assumption of Theorem2.3 holds. The following algorithm 
omputes the matri
es V� and �H = f�hijg in Theorem 2.3 where�hij = �h(j)i .1. Compute ve
tors fvkgmk=1 su
h that vk ? spanfû1; � � � ; ûk�1g and vk 2 spanfv̂1; � � � ; v̂kg.2. For k = 1; 2; : : : ;m, do: set  k = vk and 
ompute 
k = ûHk vk.3. For k = 1; 2; 3; � � �4. �mk = maxfk � n; 1g;5. grade = gn( �mk);6. vk+m = Avk;7.  k+m = A1+grade�gn(k) k;8. For i = �mk; �mk + 1; � � � ; k +m� 19. If gn(i) > grade10.  k+m = A k+m;11. grade = grade+ 1;12. End13. �h(k)i = ûHr(i) k+m = 
i;14. vk+m = vk+m � �h(k)i vi;15.  k+m =  k+m � �h(k)i  i;16. End17. �h(k)k+m = 1;18. If gn(k +m) > grade19.  k+m = A k+m;20. End21. 
k+m = ûHr(k+m) k+m;22. EndIt is often the 
ase in pra
ti
e that the norms k kk2 be
ome very large or very small asAlgorithm 3.1 progresses, and as a result, the matrix �H 
omputed in the algorithm 
an be
omevery ill-
onditioning. So, it is ne
essary either to normalize the ve
tors  k or to balan
e �H in orderto make the algorithm more pra
ti
able.For that purpose, let �� = diagf�1; �2; � � � ; ��g be any nonsingular diagonal matrix and letĤ = �� �H��1��m and ~V� = V���1� : (10)Be
ause of equation (7), Ĥ and ~V� are related byA ~V��m = ~V�Ĥ :A typi
al 
hoi
e of �� is to set �k = k kk2 for k = 1; 2; : : :. This 
hoi
e is equivalent tonormalize the ve
tors  k in ea
h k-loop of 
omputation in Algorithm 3.1 (see the de�nition of �kin (11) below). 7



We now modify Algorithm 3.1 to an algorithm whi
h dire
tly 
omputes the matri
es Ĥ and~V� . To do so, we rede�ne the variables 
k; �h(k)i ;vk and  k in Algorithm 3.1 as followsĥ(k)i def= �i�h(k)i ��1k ; �k def=  k=�k ;~vk = vk=�k ; bk def= 
k=�k : (11)
With these new de�nitions, Algorithm 3.1 be
omesAlgorithm 3.2 S
aled Transpose-free Multiple Lan
zos Pro
edure Given m right start-ing ve
tors fv̂kgmk=1 and n left starting ve
tors fûk0gnk0=1 with m � n. Suppose the assumption ofTheorem 2.3 holds. The following algorithm 
omputes the � � (� �m) band matrix Ĥ = (ĥij) withĥij = ĥ(j)i and the matrix ~V� des
ribed in equation (10).1. Compute ve
tors fvkgmk=1 su
h that vk ? spanfû1; � � � ; ûk�1g and vk 2 spanfv̂1; � � � ; v̂kg.2. For k = 1; 2; : : : ;m, do: de�ne �k, set �k = vk = �k and ~vk = �k, and 
ompute bk = ûHk �k.3. For k = 1; 2; 3; : : :4. �mk = maxfk � n; 1g;5. grade = gn( �mk);6. ~vk+m = A~vk;7. �k+m = A1+grade�gn(k)�k;8. For i = �mk; �mk + 1; � � � ; k +m� 19. If gn(i) > grade10. �k+m = A�k+m;11. grade = grade+ 1;12. End13. ĥ(k)i = ûHr(i)�k+m = bi;14. ~vk+m = ~vk+m � ĥ(k)i ~vi;15. �k+m = �k+m � ĥ(k)i �i;16. End17. If gn(k +m) > grade18. �k+m = A�k+m;19. End20. De�ne ĥ(k)k+m;21. ~vk+m = ~vk+m = ĥ(k)k+m;22. �k+m = �k+m = ĥ(k)k+m;23. bk+m = ûHr(k+m)�k+m;24. EndWe remark that (a) the �'s and ĥ's in Lines 2 and 20 of Algorithm 3.2 
an be assigned anynonzero numbers; (b) Lines 4 - 23 
ompute the entries of Ĥ in the k-th 
olumn. The k-th 
olumnof Ĥ is related to the k-th 
olumn of �H by[0; � � � ; 0; ĥ(k)k�n; � � � ; ĥ(k)k+m; 0; � � � ; 0℄T = [0; � � � ; 0; �k�n�h(k)k�n��1k ; � � � ; �k+m�h(k)k+m��1k ; 0; � � � ; 0℄Ta

ording to (10), where �h(k)k+m = 1. The f�jgk+mj=k�n are free parameters set by the s
aling 
hoi
esin Algorithm 3.2. For j � m, �j is �xed dire
tly by the 
hoi
e in line 2, and for j > m, �j =ĥ(j�m)j �j�m is �xed by the 
hoi
es made in line 20 during su

essive steps.8



Item Average 
ount Average 
ountAlgorithm 3.2 Lan
zos Version 2Matrix ve
tor produ
t 2 + mn 2Saxpy 2(m+ n) m+ nS
alar-ve
tor produ
t 2 0Dot produ
t m+ n+ 1 m+ n+ 1Storage beyond A; Ĥ (2m+ 3n+ 2)N +m+ n (2m+ 3n+ 1)N +m+ nTable 1: Average 
ost per k-loop of Algorithm 3.2 and its total storage requirement, 
ompared tothe Lan
zos Pro
edure Version 2.
Regarding the 
omputational 
ost of Algorithm 3.2, we list the average 
ost per k-iteration inTable 1. Note that the power 1 + grade� gn(k) of A in Line 7 is zero whenever k > n. Hen
e thisline normally does not involve a multipli
ation by A. The multipli
ation by A normally o

ursonly in Lines 6, 10 and 18. In ea
h pass through the k-loop (Lines 4 - 23), the multipli
ation by Ais guaranteed to o

ur twi
e and sometimes thri
e, leading to the average 
ost estimate of 2+m=ngiven in Table 1. About storage, the data fvk�n; � � � ;vk+mg; f�k�n; � � � ;�k+mg, fû1; � � � ; ûng andfbk�n; � � � ; bk+m�1g of storage are required in the pro
ess of ea
h k-loop in addition to the matri
esA and Ĥ.There are many variants of the traditional Lan
zos method, so we 
ompare the 
osts forAlgorithm 3.2 with that estimated from the Lan
zos Pro
edure Version 2. Of 
ourse, Version 2 isnot a version that one would a
tually use for 
omputation, but its 
osts and storage requirementsapproximate that of the MIMO method when no de
ation or look-ahead o

ur.

4 A Transpose-free Version of the MPVL MethodIn this se
tion, we present one appli
ation of the transpose-free multiple Lan
zos pro
edure ofAlgorithm 3.2.We 
onsider the task of model redu
tion via Pad�e approximation on a multi-input multi-output(MIMO) linear dynami
al systemCdxdt = �Gx(t) +Rw(t); y(t) = LHx(t):where C;G 2 CN�N , R 2 CN�m, L 2 CN�n, and w(t);y(t) and x(t) are ve
tor-valued fun
tionsof length m;n and N , respe
tively. For the sake of simpli
ity, we assume the initial 
onditionx(0) = 0. See, for instan
e, [6, 7, 9, 10℄.Corresponding to this system is the matrix-valued transfer fun
tion F(z) mapping the inputW(z) to the output Y(z) in frequen
y domain:Y(z) = LH(zC+G)�1R �W(z) � F(z) �W(z): (12)

9



To 
ompute F(z), write z = z0 + �. ThenF(z) = LH(zC+G)�1R= LH(z0C+G+ �C)�1R= LH(I+ �(z0C+G)�1C)�1(z0C+G)�1R= ÛH(I� �A)�1V̂= 1Xk=0Mk�k; (13)
where A = �(z0C+G)�1C; Û = L; V̂ = (z0C+G)�1R; Mk = ÛHAkV̂; (14)and where we show the expansion of the transfer fun
tion F(z) in a power series about z = z0. TheMk's are often 
alled the moments or Markov parameters. Our goal is to seek a new lower ordersystem d�xdt = �A�x+ �Vw(t); �y(t) = �UH �x(t) (15)with frequen
y domain des
ription�Y(z) = �UH(I� � �A)�1 �V �W(z) = 1Xk=0 �Mk �k �W(z);that approximates the original (12). Spe
i�
ally, we seek a Pad�e approximant, whi
h is a lowerorder system for whi
h a number of the �rst moments �Mk agree with the original Mk.De�nition 4.1 An l-th Pad�e approximant f l(�) of F(�+z0) is de�ned to be a fun
tion of the formf l(�) = �UH(I� � �A)�1 �V (16)whose Taylor expansion about � = 0 mat
hes as many leading terms of the Taylor expansion (13)of F(� + z0) as possible, where �U 2 Cl�n; �V 2 Cl�m; �A 2 Cl�l and I is the l � l identity matrix.See, for instan
e, [9, 10℄.With the given blo
ks Û and V̂ of (14) as the n left starting ve
tors and m right startingve
tors respe
tively in the MIMO Lan
zos pro
edure, we obtain data U� ;V� ; �H and ~H. Be
auseof (8), there exist matri
es � 2 Cn�n and � 2 Cm�m su
h thatÛ = Un� and V̂ = Vm�: (17)Let �Hk be the k � k prin
ipal blo
k of the matrix �H, 0k0�k denote the k0 � k zero matrix and setDk = UHk Vk : (18)Then the following theorem [9, 10℄ provides us an l-th Pad�e approximant.Theorem 4.2 Let maxfm;ng � l. Then,

f l(�) = " DHn �0(l�n)�n #H �I� � �Hl��1 " �0(l�m)�m # (19)is an l-th Pad�e approximant of the fun
tion F(� + z0) andf l(�) = F(� + z0) +O(�bl=m
+bl=n
)on the dis
 f� : j�j < 1=Æg where Æ = maxfÆ(A); Æ( �Hl)g and Æ(M) is the spe
tral radius of a matrixM. 10



In [7, 9℄, the MPVL method was proposed to 
ompute f l(�) based on Theorem 4.2 using thetwo-sided MIMO Lan
zos algorithm. The MPVL method 
onsists of two steps: (a) the MIMOLan
zos pro
edure is run for the �rst l steps to obtain data �Hl;Dn;� and �, then (b) the Lan
zos-Pad�e 
onne
tion (19) then yields 
oeÆ
ient matri
es for the redu
ed order linear dynami
al system(15), d~xdt = �Hl~x(t) + " �0(l�m)�m #w(t); ~y(t) = " DHn �0(l�n)�n #H ~x(t):whose transfer fun
tion is exa
tly the l-th Pad�e approximant f l(�) de�ned by (19) to the transferfun
tion F(� + z0).Observe that the MIMO Lan
zos pro
edure generates not only the data �Hl;Dn;�;� butUl;Vl; ~Hl as well. However, the data Ul;Vl and ~Hl do not 
ontribute dire
tly to 
ompute f l(�)in (19). Instead, they are used only to obtain the matrix �Hl in the Lan
zos pro
edure itself.The question then arises as to whether or not it is possible in the MIMO Lan
zos pro
edure tobypass the 
omputations of Ul;Vl and ~Hl and still generate the quantities that are related to (19).The transpose-free pro
edure of Algorithm 3.1 or 3.2 provides an answer to this question. In thefollowing, we will derive a transpose-free version of the MPVL method from Algorithm 3.2.We �rst express the f l(�) of (19) in terms of the quantities 
omputed by Algorithm 3.2. Sin
eÛ = Un� and Dn = UHn Vn from (17) and (18), we have
f l(�) = " VHn Û0(l�n)�n #H �I� � �Hl��1 " �0(l�m)�m # :

If we let Ĥl and �l denote the l � l prin
ipal blo
ks of the matri
es Ĥ and �� respe
tively, thenwe have Ĥl = �l �Hl��1l from (10) and therefore
f l(�) = " VHn Û0(l�n)�n #H �I� ���1l Ĥl�l��1 " �0(l�m)�m #

= " ��1n VHn Û0(l�n)�n #H �I� �Ĥl��1 " �m�0(l�m)�m #
= " 
Hn Û0(l�n)�n #H �I� �Ĥl��1 " �m�0(l�m)�m # ;

(20)

where 
n = [v1=�1; � � � ;vn=�n℄ = [ 1=�1; � � � ; n=�n℄ = [�1; � � � ;�n℄ by (9) and (11).We are now ready to present a transpose-free implementation of the MPVL method in thefollowing algorithm. Regarding the m�m matrix �, it 
an be 
omputed via a modi�ed two-sidedGram-S
hmidt-type pro
ess [7, 16℄.Algorithm 4.3 Transpose-free MPVL (TFMPVL) Given m right starting ve
tors fv̂kgmk=1and n left starting ve
tors fûk0gnk0=1 with m � n. Suppose the assumption of Theorem 2.3 holds.The following algorithm 
omputes an l-th Pad�e approximant f l(�) of the transfer fun
tion F(�+z0)des
ribed in Theorem 4.2.1. Compute � via a modi�ed two-sided Gram-S
hmidt-type pro
ess2. Run l steps of the transpose-free Lan
zos pro
ess with multiple starting ve
tors(Algorithm 3.2) to obtain �m;
n;� and Ĥl.3. Compute f l(�) a

ording to (20). 11



Item Average 
ount Item Average 
ountAlgorithm 3.2 Algorithm 3.2Matrix ve
tor produ
t 1 + mn Dot produ
t m+ n+ 1Saxpy m+ n S
alar-s
alar produ
t m+ nS
alar-ve
tor produ
t 1 Storage beyond A, Ĥ (m+ 2n+ 1)N +m+ nTable 2: Average 
ost per k-loop of Algorithm 3.2 without the 
omputation of the ~v-ve
tors andits 
orresponding total storage requirement.
Re
all that Algorithm 3.2 also 
omputes the ve
tors ~v in Lines 6 and 21. These ve
tors,however, a
tually 
ontribute nothing to the 
omputation of the quantities stated in Line 2 ofAlgorithm 4.3. So, we 
an skip Lines 6 and 21 when we implement the se
ond step of Algorithm4.3. The 
orresponding 
ost of this \Ĥ-only" version of Algorithm 3.2 is listed in Table 2. As aresult, Algorithm 4.3 requires about (1+m=n)l matrix-ve
tor produ
ts with A to get the l-th Pad�eapproximant f l(�). When m < n, it is 
heaper in terms of matrix-ve
tor produ
ts than MPVLwhi
h needs 2l matrix-ve
tor produ
ts (one with A and the other with AH) to get f l(�).

5 An augmented version of TFMPVLThe derivation of Algorithm 4.3 is based on Theorem 2.3. The theorem guarantees that breakdowndoes not o

ur and de
ation (see, for instan
e, [1℄) is not needed within the �rst � steps when werun Algorithm 3.2. An �-th Pad�e approximant f�(�) is therefore guaranteed. In pra
ti
e, however,it is possible that the parameter � 
ould be so small that the approximant f�(�) were not a

urateenough. To avoid the situation, we suggest the following use of Algorithm 4.3.We 
an �rst augment the input/output data Û and V̂ before using Algorithm 4.3 by intro-du
ing some random ve
tors, say rÛ 2 CN�n0 and rV̂ 2 CN�m0 , as followsÛaug = [rÛ ; Û℄; V̂aug = [rV̂ ; V̂℄ : (21)Then, the matrix-valued fun
tion F(� + z0) of (13) whi
h we want to estimate is just the diagonalblo
k at the lower-right 
orner of the matrix-valued fun
tionFaug(� + z0) = ÛHaug(I� �A)�1V̂aug :Let Ûaug = QaugÛRaugÛ ; V̂aug = QaugV̂RaugV̂be the QR fa
torizations of Ûaug and V̂aug respe
tively, where QaugÛ 2 CN�(n0+n);QaugV̂ 2CN�(m0+m);RaugÛ 2 C(n0+n)�(n0+n) and RaugV̂ 2 C(m0+m)�(m0+m). Then the fun
tion Faug(�+z0)
an be written as Faug(� + z0) = RHaugÛ �QHaugÛ (I� �A)�1QaugV̂ �RaugV̂ :We now apply Algorithm 4.3 to �nd a Pad�e approximant f l(�) to the fun
tionQHaugÛ (I� �A)�1QaugV̂ ; (22)
12



then 
ompute the following fun
tion faugl (�) as an approximant to Faug(� + z0)faugl (�) = RHaugÛ f l(�)RaugV̂ : (23)Re
alling that the original F(�+z0) is the lower-right blo
k of the matrix Faug(�+z0), we thereforeextra
t the lower-right blo
k of faugl (�) as an approximant to F(� + z0).Sin
e the 
olumns of QaugÛ and QaugV̂ are well linearly independent and have random di-re
tions to some degree, the hypothesis of Theorem 2.3 
an be expe
ted to hold for large � whenwe 
ompute f l(�). Thus, a high-order Pad�e approximant to the fun
tion (22) 
an be expe
ted toobtain without en
ountering breakdown or de
ation.The fun
tion faugl (�) is an l-th Pad�e approximant of the augmented fun
tion Faug(�+ z0), asstated in the following theorem.Theorem 5.1 Let maxfm +m0; n + n0g � l and suppose both Ûaug and V̂aug are nonsingular.Then the fun
tion faugl (�) of (23) is an l-th Pad�e approximant of the fun
tion Faug(� + z0) andfaugl (�) = Faug(� + z0) +O(�bl=(m+m0)
+bl=(n+n0)
)on the dis
 f� : j�j < 1=Æg where Æ = maxfÆ(A); Æ(Ĥl)g and where Ĥl is the matrix obtained fromAlgorithm 3.2 when applied to the fun
tion (22).Proof. In the de�nition (23) of faugl (�), the fun
tion f l(�) is an l-th Pad�e approximant of thefun
tion (22) found by Algorithm 4.3. Hen
e, by de�nition 4.1, f l(�) 
an be expressed in the form of(16) and its Taylor expansion about � = 0 mat
hes as many leading terms of the Taylor expansionof (22) as possible. It then follows that faugl (�) has the form (16) and that the number of mat
hed
oeÆ
ients of the Taylor expansions of faugl (�) and Faug(�+ z0) about � = 0 is maximal providingthat RaugÛ and RaugV̂ are both nonsingular. Finally, the approximation has a trun
ation error oforder bl=(m+m0)
+ bl=(n+ n0)
 follows from Theorem 4.2. 2
6 Numeri
al ExperimentsIn this se
tion, we present some examples to illustrate the e�e
tiveness of Algorithm 4.3. In all theexperiments, we de�ned the parameters �k and ĥ(k)k+m in Algorithm 3.2 as follows,�k = kvkk2; ĥ(k)k+m = k�k+mk2;With this 
hoi
e of the parameters, we 
an normalize the ve
tors � whi
h 
ould be
ome very largeor small in implementing the algorithm. All the experiments were performed in Matlab Version6.0.0.88 Release 12.Example 1. This is the same example used in [2, 3, 6℄ from a three-dimensional ele
tromagneti
problem model via PEEC (partial element equivalent 
ir
uit) [17℄. It is regarded as a ben
hmarkand diÆ
ult test problem. The matri
es C and G have order 306 and both L and R are 
olumnve
tors. Hen
e, the transfer fun
tion F(z) in (13) is a s
alar-valued fun
tion.In [2, 3, 6℄, the magnitude of F(z) with z = 2�wp�1 was approximated over the frequen
yinterval 1 � w � 5 � 109 with a 60-th Pad�e approximant f60(�) in Theorem 4.2 obtained by thePVL method, where � = 2�wp�1 � z0. The expansion point z0 used was z0 = 2�109 and thenumeri
al results therein illustrated that the approximation produ
ed was indistinguishable from
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the true jF(2�wp�1)j.Figure 1(a): We repeated the experiment performed in [2, 3, 6℄, but Algorithm 4.3 was employedto 
ompute f60(�) a

ording to (20). The �gure plots the graphs of jf60(�)j and jF(2�wp�1)j. Weobserve that the approximation is not a

urate in the high frequen
y w-region. Theoreti
ally, bothPVL and TFMPVL produ
e the same f60(�) in this 
ase. Numeri
ally, however, the TFMPVLmethod is less stable. It took 120 matrix-ve
tor produ
ts with A to get f60(�) whereas only 60matrix-ve
tor produ
ts with A required by the PVL method.Figure 1(b): We 
ontinued the experiment of Figure 1(a), but this time, we used the methodof x5 to 
ompute f60(�). We �rst augmented the ve
tor Û into a 306� 6 matrix Ûaug by adding 5random ve
tors to it, that is, we set n0 = 5 in (21). Then, we applied Algorithm 4.3 to (22) andthen 
ompute f60(�) by (23). Again, Figure 1(b) plots the graphs of jf60(�)j and jF(2�wp�1)j.We 
an see that the approximation has been improved. The reason to get the improvement is thatthe number of matrix-ve
tor produ
ts with A to obtain f60(�) is now redu
ed from 120 to 70.Figure 2(a): Although the approximation in Figure 1(b) re
eived a signi�
ant improvement, itis still una

eptable. Re
all that the f60(�) generated by the PVL method has a trun
ation errorof order 120. A

ording to Theorem 4.2, however, the trun
ation error of the f60(�) in Figure 1(b)is only of order 70. This explains in part why the f60(�) of Figure 1(b) does not perform so wellas the f60(�) produ
ed by PVL does. Here, we repeated the experiment of Figure 1(b). Instead off60(�), however, we 
omputed f103(�) whi
h has a trun
ation error of order about 120. The numberof matrix-ve
tor multipli
ations with A in the 
omputation was about 120. Hen
e, TFMPVL isnot more expensive than PVL in terms of matrix-ve
tor multipli
ation in this experiment. Thegraphs of f103(�) and jF(2�wp�1)j are almost indistinguishable.Figure 2(b): In the above experiments, we 
hose the expansion point z0 = 2�109. Here we re-did the experiment of Figure 1(a), but with a new expansion at z0 = 2�p�1� 2:5 � 109. Again,we observe that the f60(�) performs bad in the w-region far away from the expansion point z0.Figure 3(a): We repeated the experiment of Figure 1(b) with the new expansion point z0 =2�p�1� 2:5� 109. We observe no di�eren
e between the graphs of jf60(�)j and jF(2�wp�1)j. 70matrix-ve
tor multipli
ations with A were needed to 
ompute f60(�). The 
orresponding trun
a-tion error is of order 70.Figure 3(b): We plotted the relative errorj jF (2�wp�1)j � jf60(�)j jjF (2�wp�1)jwhere f60(�) is from the experiment of Figure 3(a) and where � = 2�wp�1 � z0. From the �gure,we see that f60(�) is a very good estimator of F(z) over the interval we 
onsidered.
Example 2. The se
ond example is the 120� 120 system from [21℄ whi
h des
ribes the e�e
ts ofa magneti
 a
tuator on the radial tra
king arm of a portable 
ompa
t dis
 player. In this example,the matrix C is an identity matrix and the G is sparse with nonzero entries only on its diagonaland anti-diagonal. The (input) matrix R 
ontains two 
olumns whi
h respe
tively 
orrespond to14



the voltages applied to the radial arm and lens a
tuators. The (output) matrix L 
ontains two
olumns whi
h respe
tively 
orrespond to the positions of the radial arm and the fo
using lens [21℄.This is a diÆ
ult example due to the data whi
h are too ill-
onditioning.We simulate the 2 � 2 matrix-valued fun
tion F(z) of (13) with the expansion point z0 =5� 104p�1. The 
orresponding matrix A de�ned in (14) then has a spe
tral radius Æ(A) of about1:49 � 10�4. By Theorem 4.2, we 
an have a l-th Pad�e approximant f l(�) de�ned by (19) to thefun
tion F(z) on a dis
 
ontained in fz = z0 + � : j�j < 1=Æ(A) = 0:67� 104g. We 
omputed F(z)and its 30-th Pad�e approximant f30(�) by Algorithm 4.3. The numeri
al results of the magnitudesof the four entries of f30(�) and F(z) with z = wp�1 and � = z�z0 are plotted over the w-interval(104; 105) in Figures 4 and 5, respe
tively. Sin
e z = wp�1, z lies in the dis
 stated above onlywhen w is in � � (4:33�104; 5:67�104). From the �gures, we 
an see that the approximations arealso good over a large region 
ontaining the interval �. This experiment illustrates that TFMPVL
an behave well over a larger region than that stated by Theorem 4.2.We also tried the method introdu
ed in x5 by setting m0 = 0; n0 = 5; 10. There were someimprovements observed in a

ura
y, but not so signi�
ant as in Example 1.
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Figure 1: (a) Result 
omputed in ordinary Pad�e, expansion point z0 = 2�109 and 60 TFMPVLiterations; (b) Result 
omputed in augmented Pad�e, expansion point z0 = 2�109, 5 random ve
torsadded to the left and 60 TFMPVL iterations. Solid: exa
t; Dashdot: approximant.
7 Con
luding RemarksWe have proposed a transpose-free version of a Lan
zos pro
edure for multiple starting ve
tors forthe limited 
ase of no de
ation and no look-ahead Lan
zos pro
ess. The method has been appliedto the problem of 
omputing a Pad�e approximation to a given transfer fun
tion and has resulted ina method 
alled TFMPVL. Besides avoiding the need for 
arrying the transpose of the matrix A,TFMPVLmay also redu
e the average number of matrix-ve
tor produ
ts per iteration from 2 (whi
his required by the two-side MPVL method) to 1+m=n, where m;n are the number of input, outputve
tors respe
tively. Numeri
al experiments indi
ate that, although the TFMPVL method is lessstable than the original two-sided MPVL method in general, its numeri
al properties tend to be asfavorable as those for MPVL when we in
rease the number n of the left starting ve
tors. However,in
reasing n will de
rease the a

ura
y of the Pad�e approximation (Theorem 4.2), and therefore15



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x 10
9

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

frequency (w)

|F
(2

 π
 w

 i)
|

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x 10
9

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

frequency (w)

|F
(2

 π
 w

 i)
|

Figure 2: (a) Result 
omputed in augmented Pad�e, expansion point z0 = 2�109, 5 random ve
torsadded to the left and 103 TFMPVL iterations; (b) Result 
omputed in ordinary Pad�e, expansionz0 = 2�p�1� 2:5� 109 and 60 TFMPVL iterations. Solid: exa
t; Dashdot: approximant.
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Figure 3: (a) Result 
omputed in augmented Pad�e, expansion z0 = 2�p�1� 2:5� 109, 5 randomve
tors added to the left and 60 TFMPVL iterations. Solid: exa
t; Dashdot: approximant. (b)Relative error of the approximation in Figure 3(a).
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Figure 4: Frequen
y responses for Example 2. (a) Radial arm input to radial arm position output(the (1; 1)-th entry of F(z)); (b) Lens a
tuator input to radial arm position output (the (1; 2)-thentry of F(z)). Solid: exa
t; Dashdot: 30-th TFMPVL Pad�e approximant.
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Figure 5: Frequen
y responses for Example 2. (a) Radial arm input to lens position output (the(2; 1)-th entry of F(z)); (b) Lens a
tuator input to lens position output (the (2; 2)-th entry of F(z)).Solid: exa
t; Dashdot: 30-th TFMPVL Pad�e approximant.
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more steps are required to a
hieve a spe
i�ed a

ura
y. Moreover, by adding some random ve
torsto the starting ve
tors, we may avoid the possible early o

urren
e of breakdown and de
ation.We 
an understand the transpose-free Lan
zos method to some extent through the behavior of theTFMPVL method.In general, a pra
ti
al multiple-ve
tor Lan
zos algorithm will have to in
lude some de
ationpro
edure. For the transpose-free algorithm, this may 
hange the length of the required re
urren
es,requiring the storage of a few more ve
tors from step to step. This variant of this algorithm will beaddressed in a future paper. However, the basi
 
on
ept behind the transpose free Lan
zos withde
ation is identi
al to the 
on
ept behind the algorithm developed in this paper. In other words,the algorithm of this paper suÆ
es to show the existen
e and feasibility of a transpose-free MIMOLan
zos pro
edure 
apable of a

epting multiple ve
tors on both the left and the right, suitable forthe 
omputation of Pad�e approximants.A
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