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Abstract

A transpose-free two-sided nonsymmetric Lanczos method is developed for multiple starting
vectors on both the left and right. The method is mathematically equivalent to the two-sided
methods without look-ahead or deflation steps, but avoids the use of the transpose of the system
matrix. The method is applied to the computation of the matrix Padé approximation to a linear
dynamical system. The result is a method which can be labeled Transpose-Free Matrix Padé
Via Lanczos (TFMPVL). Under certain circumstances, TFMPVL will actually reduce the total
number of matrix-vector products needed. It is illustrated with some numerical examples.

Key words: transpose-free Lanczos method, model reduction, Padé approximation, MPVL method, TFM-
PVL method.
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1 Introduction

Recently, Aliaga et al.[1] proposed a Lanczos-type method that extends the classical Lanczos process
for single starting vectors to multiple starting vectors. For convenience, we will refer to this Lanczos
method as a multi-input multi-output (MIMO) Lanczos algorithm or a MIMO Lanczos procedure.
Given a square matrix A € CV*N and two blocks U and V of left and right starting vectors, the
MIMO Lanczos algorithm employs matrix-vector products involving both A and A¥ | and generates
(i) block tridiagonal matrices H and H that constitute approximations to the matrices A and A
respectively; (ii) two sequences of biorthogonal basis vectors for the left and right block Krylov
subspaces induced by the given data. The remarkable feature of the algorithm is that, with a built-
in deflation procedure and employing the look-ahead technique, it can handle the most general
case of left and right block Krylov subspaces with arbitrary sizes of the starting blocks, while all
previously proposed multiple starting Lanczos procedures are restricted to left and right starting
blocks of identical sizes.

The MIMO Lanczos procedure has received applications in varieties of areas. For example, it
is useful in the solution of linear systems with multiple right-hand sides and in the computation
of approximate eigenvalues of a large matrix A € CN*¥_ In the area of multi-input multi-output
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time-invariant linear dynamical systems, the MPVL method (see [7, 9], for instance) has been

b

proposed to compute Padé approximation of transfer functions of the form
~ H e
fo)=U (I-0A) 'V (1)

in a stable manner using the MIMO Lanczos algorithm, where A, I € CV*N U e ¢N*" and
V e cNxm,

In this paper, we propose a transpose-free version of the MIMO Lanczos procedure which
computes the block tridiagonal matrix H and a sequence of basis vectors for the right block Krylov
subspace without accessing A¥. Tt is well known that the classical Lanczos process is intimately
related to bi-conjugate gradient (BiCG) method for solving nonsymmetric systems of linear equa-
tions [13, 18]. Transpose-free versions, e.g., CGS [20], BICGSTAB [22] for single starting vectors
and ML(k)BiCGSTAB [23] for multiple left starting vectors, are methods derived from BiCG which
avoid the need for matrix-vector products involving A, In this paper, we extend techniques of
avoiding matrix-vector multiplies with A¥ in the context of solving systems of linear equations to
handle the current case of multiple starting vectors on both the left and right and obtain a method
which is labeled Transpose-free Multiple Lanczos Procedure (TFMLP). In our discussion, we as-
sume for simplicity that no deflation or look-ahead steps occur in the MIMO Lanczos procedure,
so TFMLP is actually a transpose-free version of the limited MIMO method.

The MPVL method is an application of the MIMO Lanczos procedure to Padé approximation
of transfer functions (1). Correspondingly, a transpose-free MPVL method (TFMPVL) will be de-
veloped from the TFMLP and in the process can actually reduce the total number of matrix-vector
products necessary. Recall that, however, the transpose-free algorithms in the context of linear sys-
tems of equations are in general less stable than the two-size algorithms though ML(k)BiCGSTAB
can improve the stability by increasing the number k of left starting vectors. Not unexpectedly,
TFMPVL is less stable than MPVL and the advantages and disadvantages of the transpose-free
algorithms that were found in the context of systems of linear equations will be carried also in the
context of Padé approximants.

The close relationship between the Lanczos process, Padé approximants, moment matching,
Asymptotic Waveform Evaluation, and Hankel system of equations has been explored extensively
in the literature, see e.g. [4, 10, 12] and references therein. We will give some specifics of this
connection relevant to this paper in §4 after we have introduced the TFMLP method.

The rest of this paper is organized as follows. In §2 we review the two-sided MIMO Lanczos
algorithm and introduce our notation, in §3 we derive our transpose-free MIMO Lanczos procedure,
in §4 and §5 we show how to use this Lanczos procedure to compute the Padé approximant, and
in §6 we illustrate the methods with some numerical experiments. We finally conclude the paper
in §7.

2 Lanczos Procedure for Multiple Starting Vectors

Aliaga, Boley, Freund and Herndndez (ABFH) [1] recently developed a MIMO Lanczos-type pro-
cedure that handles multiple starting vectors. Let A € CV*N and let n left starting vectors
Ay, 0y, --, 0, € CV and m right starting vectors ¥1,¥o,---,V,, € CV be given. Define index

functions
gn(k) =[(k=1)/n],  ra(k) =k —ngn(k),

gm(k) = [(k =1)/m|,  rm(k) =k —mgmn(k),



where k = 1,2,... and | - | rounds its argument to the nearest integer towards minus infinity. Note
that

gn(jn+i) =7 and r(jn+i) =1

if we write k = jn+4 with j > 0 and 1 <7 < n. A similar property holds with the other two index
functions.
Now, we set

gn(k) N A~
(a) pj = (AH) Uy, (k) 5 (b) qp=A"®3, 4. (2)

The index g, (k) and g, (k) are called the grades of p;, and qy, respectively. They are non-decreasing
step functions of k.
The MIMO Lanczos procedure generates two sequences {Uy }/—12... and {vy}g—12,.. of vec-
tors such that
uy € G (AH, fj) and ug L Gy (A, V) ,
(3)
vi € G (A,V) and vi L Gr_q (AH,I]') ,

def

where G (AH, ﬂ) = span{pi, Py, -, Pi } and G (A, \7) & span{qy, s, - - -, qy}. The subspaces

Gy (AH, ﬁ) and Gy, (A,V) are referred to as the left block Krylov subspace and the right block
Krylov subspace, respectively.

In the following we present some theory regarding the existence of the vector sequences {uy},
{vr} based on [1, 7, 11], but using our own notation. The existence of two such sequences {uy }
and {vy} of vectors can be guaranteed if the following matrices

pgql p{;qg p{;qk
Pod: P29y - P29

W, = 2. 2, 2, , forallk=1,2,...,v
pia; pflay -+ pflag

are all nonsingular for some v.

Lemma 2.1 If all the leading principal submatrices of W, are nonsingular, then there exist two
sets {ug }7_; and {vi}{_, of linearly independent vectors which satisfy properties (3). Moreover,

SpG/I'L{U.l, ug, - auk’} - gkz’ (AH, fj) 3 Span{VLVQa e ,Vk} - gkz (A,V) 3
where k', k=1,2,...,v.

Proof. In fact, if we express vy, as

k k k
vi = YWay + v ay + -+ a1 + an, (4)

then (3) is equivalent to Wi 17*®)+b = 0 where v(¥) = [’}ék)a’}’ék)a T ,’7,(611)1}71 and b = [pfq,, piqy,
-, p | q,]T. Furthermore, the v}, defined by (4) satisfies v;, £ pj, for k < v and hence vq,va,---, Vv,

are linearly independent. The same arguments can be applied to the vectors ug. O



From the definition of q;, we note that q;, = Aqy_,, for & > m. Applying (4) to itself
recursively, we can write v (kK > m) in terms of the previous vi, vy, -+, vg 1 as follows,

7 (k— 7 (k— —(k—
Vi = Avk,m - héflm)kal - h;c_2m)vk,2 — = hg m)Vl s (5)
where h’s are some scalars. A similar equation for vectors ug (k' > n) is also available.

Lemma 2.2 The vectors vy, and uy in Lemma 2.1 with k > m and k' > n can be expressed with
m +n+ 1 term recursion relationships of the forms

= (k— —(k— 7 (k—
Vi = AV — hi—lm)vk—l - héﬂm)vk—? T hgﬁkfu)"mk—m (6)
and
~ k’* ~ k’* ~ k’*
uy = AHuk’—n — hi,iln)U.klfl — h£:172n)uk’72 - hihklinn) Thk’fn’

where m; = max(i —n,1) and m; = max(i —m,1).

Proof. Noting that v; L span{py,ps,---,P;_1},Vi £ p; and pfAvy_,, = pfinvk,m = 0 for
i1 <k—m—n—1, and examining in turn

7 (k— 7 (k— 7 (k—
pvy =plAvy , — hi,lm)pZHVkA - héqm)P{Ide e h§ m)pflvl
fori =1,2,...,k—m—n—1, we find all the coefficients in (5) zero except B,(c]:m), B,(c]igm), ceey Bﬁf,j;”fn).

a

Set Vi = [v1,v2,--+,vk] and set H = (h;;) the v x (v — m) band matrix

7::17"-71/;.7‘:1,-",1/77”7
with B]qrm,j =1, Bij = BZ(J) for m; <i < j+m —1; with Bij = 0 otherwise. Then the recurrence
relations (6) can be written in matrix form as

AV, ,=V,H. (7)
Similar results can be drawn for the vectors ug. We collect the above results into the following.

Theorem 2.3 Let vectors iy, Gy, - - -, Uy, V1, Vo, -, Vyy, be given starting vectors and let py’s, q;, s,
G (AH, ﬁ), G (A, V) and W, be as defined above. If all the leading principal submatrices of W,

are nonsingular, then there ezist two sets {up };,_, and {vi};_, of linearly independent vectors, an
v x (v —m) band matriz H, which has an upper bandwidth n and a lower bandwidth m and all the
entries B]qrm,j = 1 in its lowest subdiagonal, and an v X (v —n) band matriz fI, which has an upper
bandwidth m and a lower bandwidth n and all the entries izj+n,j =1 in its lowest subdiagonal, such
that

Spa/n{ula ug, - - 7uk'} = gk' (AH7 I/J) ’ span{vl, Vo, 7vk} = gk <A7V) (8)
and
20 ifK =k
ugvk
—0 ifk £k

for allk',k=1,2,...,v. Moreover,
AfU, ,=UMH and AV,_,,=V,H,
where Uy = [ug,ug, -, up] and Vi = [vy, Ve, -+, Vi].

The MIMO Lanczos procedure is a procedure which computes the quantities U,, V,,H and
H in Theorem 2.3.



3 Transpose-free Lanczos Procedure for ultiple Starting Vectors

The implementation of the MIMO Lanczos procedure involves matrix-vector multiplications with
A" As mentioned in §1, a number of articles in the literature have discussed Lanczos implemen-
tations without accessing A, see, for instance, [5, 8, 13, 14, 15, 18, 19, 20, 22, 23|, mostly in the
context of solving systems of linear equations. Techniques of avoiding matrix-vector multiplies with
A in the classical Lanczos procedure can be generalized to the current case. In this section, we
will give a new variant of a “limited” MIMO Lanczos procedure which computes the H and V,,
in Theorem 2.3 without using A¥. To simplify the derivation, we will suppose the assumption of
Theorem 2.3 holds so that the deflation or look-ahead features in the full MIMO algorithm are not
needed.

We continue to use the notation introduced in §2. Also, we assume m < n in the following
derivation. Now, we consider the equation (6),

AL 7 (k) 7 (k)

Vitm = Avk — N Vg — hmk+1vmk+1 — hk+mflvk+m—1a

(%)

where k = 1,2,---,v — m. Because of the property (3), the coefficients }_li are determined by

i— 7 (k
R _ p/Av, —pl T By,

H
P; Vi

, t=mp,mp+1,...,k+m—1.

Thus, we have the following procedure to compute the matrices H and V,,.

Lanczos Procedure Version 1.
1. Compute vectors {v}}" ; such that v, L span{ﬁl, <o, 01} and vi € span{vy, -+, Vi},
and compute p, = (Af)9(*)q, (k) E=1,...,m, according to (2a).

2. Fork=1,2,---,v—m
3. my = max{k —n,1};
4. For i =my,mp +1,-- -, k+m—1
5 a0 — PEAVE R i, 17,
pP; Vi
6. End
7. Bl(ﬁm =1
8 Vigm = Avy — Y1y
9. Compute py,,, = (AH)gn(k+m)flTn(k+m) according to (2a).
10. End

Version 1 can be simplified by noting that the summations in the numerators of Line 5 are
just partial sums of the summation in Line 8. So, we can accumulate the summations one term at
a time into a temporary vector viy,,, and use the partial sums stored in vy, directly in Lines 5
and 8 as they are generated. This avoids effectively having to accumulate the summations multiple
times. Moreover, recall that we have assumed m < n. Therefore, g,(k) = 0 and r,(k) = k when
1 < k < m. We also introduce a scalar variable ¢, defined by ¢, = pka to save repeatly computing
the dot product pf{ v;. Thus, we arrive at the following version.

Lanczos Procedure Version 2.
1. Compute vectors {v}}" ; such that vi L span{ty,- -, 051} and v, € span{vq,---,Vi}.
2 Compute p;, = 0y and ck:pka for k=1,...,m.



3. Fork=1,2,---,v—m
4 my = mazx{k —n,1};
5. Vimp = AVy;

6. For i =mg,mp+1,- -, k+m—1
7 R = D Vimp/ci;
8
9

7(k) .
Vimp = Vimp — hz Vi3

. End
0. M =1
11. Vk+m = Vimp;
12. Piim = (AH)gn(k+m)ﬁrn(k+m);
13. Ck+m = p£1+mvk+m;
14. End

Based on the above Lanczos version, we are now ready to give a transpose-free procedure to
compute H and V,. In order to remove the A which is used to calculate py +m in Line 12, we

introduce an auxiliary vector v, defined by

P = APy,

for kK = 1,2,.... With (9) and recall that p, =

reformulated as follows.

Lanczos Procedure Version 3.

1. Compute vectors {v}}"; such that vi L span{ay,- -

2. Compute p, =0 for k=1,2,...,m

3. Set 1, = vi and compute ¢ = pka fork=1,2,...
4. Fork=1,2,---,v—m

5. my = mazx{k —n,1};

6. Vimp = Avy;

7. Agn(ﬁlk)vtm — Al+gn(me) "/’k

8. For i = my,mp + 1, - ,k—l—m—l

9. El(k) = AH( )Ag (z)vtmp/c,-;

10. Vimp = Vimp — h( )vl,

11. Ay, = A Wimp — B e
12. End

3. M =1

14. Vitm = Vimp;

15. Ypsm = AT EEMy,

16. Piim = (AH)yn(ker) P(k+m);

17. Chm = O ) Pl

18. End

(9)

0, (k) by (2a), Version 2 can then be

,Ui_1} and vg € span{vi,---,Vi}.

, M.

Our goal is to compute H and V,, . In Version 3, Lines 2 and 16 compute the vectors p; which
are not required in finding these quantities. Since these two lines are irrelevant to the remaining
part of the procedure, we can delete them from the version without changing the implementation.

We now set grade = g,(my) and ey = A9l )Vtmp in Version 3. Note that g, is a non-
decreasing step function with step size n. So, the value of g, (i) increases by 1 every n iterations in



i (Lines 8 - 12). Moreover, two new vectors Vi, (in Line 14) and 1, . (in Line 15) are generated
in each k-iteration. Since the vectors vi,, and 1, are computed at the end of the k-loop, we
can store the values of vy, and ey, in the spaces occupied by them respectively to save some
memory. Thus, we arrive at the following final version of our transpose-free Lanczos procedure
which produces the matrices H and V.

Algorithm 3.1 Transpose-free Multiple Lanczos Procedure Given m right starting vec-
tors {Vi}5, and n left starting vectors {y }7,_; with m < n. Suppose the assumption of Theorem
2.3 holds. The following algorithm computes the matrices V,, and H = {Bi]-} in Theorem 2.3 where
hij = hY).

1. Compute vectors {vi}ir, such that v L span{ly,---, 451} and v € span{¥y,---,Vp}.

2. Fork=1,2,...,m, do: set P, = vy and compute ¢, = ﬁka.

3. Fork=1,2,3, -

4. mg = max{k —n,1};

5. grade = ga(mg);

6. Vi4m = AVk;

7. ¢k+m — A1+gradefgn(k),l/)k;
8. Fori=mg,mrp+1,--- k+m—1
9. If gn(i) > grade

10. ¢k+m - A"’bk—km;
11. grade = grade + 1;
12. End

13. WM = ol /i
14 Vi+m = Vik+m — ng)vw
15. wk—{-m = ¢k+m - Egk)d}z;
16. End

1. W =

18. If gn(k +m) > grade

19. ’lzbk—l-m = A’l)bk+m7

20. End

21. Chtm = ﬁ{’{(k+m)¢k+m;

22. End

It is often the case in practice that the norms ||¢;||2 become very large or very small as
Algorithm 3.1 progresses, and as a result, the matrix H computed in the algorithm can become
very ill-conditioning. So, it is necessary either to normalize the vectors 1), or to balance H in order
to make the algorithm more practicable.

For that purpose, let A, = diag{\1, A2, --,\,} be any nonsingular diagonal matrix and let

H=AHA,!  and V,=V,AL (10)
Because of equation (7), H and V,, are related by
AV, ,,=V,H.

A typical choice of A, is to set Ay = ||¢;||2 for & = 1,2,.... This choice is equivalent to
normalize the vectors 1, in each k-loop of computation in Algorithm 3.1 (see the definition of ¢,
n (11) below).



We now modify Algorithm 3.1 to an algorithm which directly computes the matrices H and
(k)

V.. To do so, we redefine the variables ¢y, Ei , Vi and v, in Algorithm 3.1 as follows

) NRFIAY, b /M,

=

(11)

Vi = Vi/ Xk, be = e/ -

With these new definitions, Algorithm 3.1 becomes

Algorithm 3.2 Scaled Transpose-free Multiple Lanczos Procedure Given m right start-
ing vectors {Vi}p, and n left starting vectors {Gy }},_; with m < n. Suppose the assumption of
Theorem 2.8 holds. The following algorithm computes the v x (v —m) band matriz H = (iLZJ) with
izij = izl(]) and the matriz V,, described in equation (10).

1. Compute vectors {vi}i* | such that vi L span{ly,---,Gx_1} and vy € span{¥y,---,Vi}.
2. Fork=1,2,...,m, do: define A\, set ¢, = Vi / A\, and Vi, = ¢y, and compute by, = ﬁ,?qbk
3. Fork=1,23,...

4 my = max{k —n,1};

5. grade = g, (myg);

6. Vitm = AV,

v ¢k—|—m _ A1+gradefgn(k)¢k;

8 Foriv=mg,mr+1,--- k+m—1
9. If g (7) > grade

10. ¢k+m = A¢k+ma

11. grade = grade + 1;
12. End
13. WM = 6l g / b
14. Vitm = Vk+m - hE )VZ’
15. ¢k+m - ¢k+m o h ¢)l’
16. End
17. If gn(k +m) > grade
18. Prtm = APrims
19. End
k)

20. Define hk+m, "
21. Vitm = Vi+m / thrm;

> (k
22. ¢k+m - ¢hlig+m / hgc—lzm’
23. bitm = ﬁr(k+m)¢k+m;
24. End

We remark that (a) the \’s and R’s in Lines 2 and 20 of Algorithm 3.2 can be assigned any
nonzero numbers; (b) Lines 4 - 23 compute the entries of H in the k-th column. The k-th column
of H is related to the k-th column of H by

> (k 7 (k 7 (k — 7 (k
[Oa ) Oa h]E:)n’ Tty h](c_zma 07 Tty O}T = [07 ) Oa /\kfnh'](c,)n)\k la ) /\k+mh§c_2m
(k)

according to (10), where h;/ . = 1. The {}; }k,,C ,, are free parameters set by the scaling choices
in Algorithm 3.2. For j < m, JA; is fixed dlrectly by the choice in line 2, and for j > m, \; =

)‘];1707""0]71

ﬁ§j - Aj_m is fixed by the choices made in line 20 during successive steps.



Average count

Awverage count

Ttem Algorithm 3.2 Lanczos Version 2
Matrix vector product 2+ m 2
n
Saxpy 2(m +n) m+n
Scalar-vector product 2 0
Dot product m+n+1 m4n-+1

Storage beyond A, H

(2m+3n+2)N+m+n

2m+3n+1)N+m+n

Table 1: Average cost per k-loop of Algorithm 3.2 and its total storage requirement, compared to
the Lanczos Procedure Version 2.

Regarding the computational cost of Algorithm 3.2, we list the average cost per k-iteration in
Table 1. Note that the power 1+ grade — g, (k) of A in Line 7 is zero whenever k£ > n. Hence this
line normally does not involve a multiplication by A. The multiplication by A normally occurs
only in Lines 6, 10 and 18. In each pass through the k-loop (Lines 4 - 23), the multiplication by A
is guaranteed to occur twice and sometimes thrice, leading to the average cost estimate of 2+ m/n
given in Table 1. About storage, the data {vi_pn, -, Vigm}, {®r_n, -, Prim}s {01,---,0,} and
{bk—n, "+ brrm—1} of storage are required in the process of each k-loop in addition to the matrices
A and H.

There are many variants of the traditional Lanczos method, so we compare the costs for
Algorithm 3.2 with that estimated from the Lanczos Procedure Version 2. Of course, Version 2 is
not a version that one would actually use for computation, but its costs and storage requirements
approximate that of the MIMO method when no deflation or look-ahead occur.

4 A Transpose-free Version of the PVL ethod

In this section, we present one application of the transpose-free multiple Lanczos procedure of
Algorithm 3.2.

We consider the task of model reduction via Padé approximation on a multi-input multi-output
(MIMO) linear dynamical system

¢ _ _Gx(t) + Rw(t),

o y(t) = LEx(t).

where C,G € CNV*N R € ¢N*™ L € ¢V*" and w(t),y(t) and x(t) are vector-valued functions
of length m,n and N, respectively. For the sake of simplicity, we assume the initial condition
x(0) = 0. See, for instance, [6, 7, 9, 10].

Corresponding to this system is the matrix-valued transfer function F(z) mapping the input
W(z) to the output Y (z) in frequency domain:

Y(2) =L (2C+ G) 'R - W(z) =F(2) - W(z). (12)



To compute F(z), write z = zg + 6. Then

F(z) = LY(:C+G) 'R
= L7(%C+G+6C) 'R
= LY(I1+6(z%C+G)'C) (C+G) 'R
— 0Ta-9a)y v (13)
= > M,
k=0
where
A= —(%C+G)'C, U=L, V=(x%C+G) 'R, M,=0U" AV, (14)

and where we show the expansion of the transfer function F(z) in a power series about z = zy3. The
M,’s are often called the moments or Markov parameters. Our goal is to seek a new lower order

system
% — Ax+Vw(t), y(t)=U"x@) (15)

with frequency domain description
Y(z) = 0 (1-0K)'V-W(z) = 3 M, 05 - W(2),
k=0

that approximates the original (12). Specifically, we seek a Padé approximant, which is a lower
order system for which a number of the first moments M, agree with the original M.

Definition 4.1 An [-th Padé approximant £1(68) of F(0+ zq) is defined to be a function of the form
£,0)=0U" (1 9A)"v (16)

whose Taylor expansion about § = 0 matches as many leading terms of the Taylor expansion (13)
of F(6 + z) as possible, where U € C**, V € C*™ A € C*! and 1 is the | x | identity matriz.
See, for instance, [9, 10].

With the given blocks U and V of (14) as the n left starting vectors and m right starting
vectors respectively in the MIMO Lanczos procedure, we obtain data U,,V,, H and H. Because
of (8), there exist matrices § € C"*™ and p € C"™*™ such that

U=U,y and V=Vp,p (17)
Let H, be the k x k principal block of the matrix H, 04/« denote the k' x k zero matrix and set
D, =U/V,. (18)

Then the following theorem [9, 10] provides us an I-th Padé approximant.

Theorem 4.2 Let max{m,n} <1I. Then,

H
DH
£,(60) = l 0(17")2

is an l-th Padé approzimant of the function F(0 + zp) and
£,(0) = F(0 + z) + O(9L/mI+1/nly

on the disc {0 : |0] < 1/6} where § = max{d(A),5(H;)} and §(M) is the spectral radius of a matriz
M.

O(Ifm)Xm

(1 omy! [ p ] (19)

10



In [7, 9], the MPVL method was proposed to compute f;(6) based on Theorem 4.2 using the
two-sided MIMO Lanczos algorithm. The MPVL method consists of two steps: (a) the MIMO
Lanczos procedure is run for the first I steps to obtain data H;, D,,,n and p, then (b) the Lanczos-
Padé connection (19) then yields coefficient matrices for the reduced order linear dynamical system

(15), u

w(t), 9@)=[ X(t)-

whose transfer function is exactly the [-th Padé approximant f;(#) defined by (19) to the transfer
function F(6 + z).

Observe that the MIMO Lanczos procedure generates not only the data H;,D,,n, p but
U, Vy, I:Il as well. However, the data U;, V; and ﬁl do not contribute directly to compute f;(6)
in (19). Instead, they are used only to obtain the matrix H; in the Lanczos procedure itself.
The question then arises as to whether or not it is possible in the MIMO Lanczos procedure to
bypass the computations of U, V; and H, and still generate the quantities that are related to (19).
The transpose-free procedure of Algorithm 3.1 or 3.2 provides an answer to this question. In the
following, we will derive a transpose-free version of the MPVL method from Algorithm 3.2.

We first express the f;(6) of (19) in terms of the quantities computed by Algorithm 3.2. Since
U = U,n and D, = UZV,, from (17) and (18), we have

Vfﬂ . o\ 1 P
f,(0) = 04 (I-6H,)) 0y |

dx -
— = Hjx
dt lX(t) +

D,'n
O(Ifn)xn

p
O(Z—m)xm

If we let H; and A; denote the [ x [ principal blocks of the matrices H and A, respectively, then
we have H; = AlﬁlAfl from (10) and therefore

[ vig | 19 -1 P
£,(0) = n ] (I_QA; HlAl) [0( ]

L O(Ifn)xn l-m)xm

- . 1 H
_ [ awvio ] (Iiml)fl [ O(Amp

0(l7n)><n l—m)xm

r ~ H
QU ~\ 1 Anp
= I-6H ,
L O(I—n)xn ] ( l) [ 0(l—m)><m ‘|
where €, = [vi/A1, -, Vi /An] = [¥1 /A1, ¥,/ M) = (@1, -, @) by (9) and (11).
We are now ready to present a transpose-free implementation of the MPVL method in the

following algorithm. Regarding the m X m matrix p, it can be computed via a modified two-sided
Gram-Schmidt-type process [7, 16].

Algorithm 4.3 Transpose-free MPVL (TFMPVL) Given m right starting vectors {vi}* 4
and n left starting vectors {Gy }_; with m < n. Suppose the assumption of Theorem 2.3 holds.
The following algorithm computes an l-th Padé approzimant £,(0) of the transfer function F(0+ z)
described in Theorem 4.2.

1. Compute p via a modified two-sided Gram-Schmidt-type process

2. Runl steps of the transpose-free Lanczos process with multiple starting vectors
(Algorithm 3.2) to obtain Ay, Q,, p and H;.

3. Compute £,(0) according to (20).
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It Average count It Awverage count
em Algorithm 3.2 em Algorithm 3.2
Matrix vector product 1+ m Dot product m+n+1
n
Saxpy m+n Scalar-scalar product m+n
Scalar-vector product 1 Storage beyond A, H | (m+2n+1)N + m+n

Table 2: Average cost per k-loop of Algorithm 3.2 without the computation of the v-vectors and
its corresponding total storage requirement.

Recall that Algorithm 3.2 also computes the vectors v in Lines 6 and 21. These vectors,
however, actually contribute nothing to the computation of the quantities stated in Line 2 of
Algorithm 4.3. So, we can skip Lines 6 and 21 when we implement the second step of Algorithm
4.3. The corresponding cost of this “I:I—only” version of Algorithm 3.2 is listed in Table 2. As a
result, Algorithm 4.3 requires about (1+m/n)l matrix-vector products with A to get the I-th Padé
approximant f;(6). When m < n, it is cheaper in terms of matrix-vector products than MPVL
which needs 21 matrix-vector products (one with A and the other with A) to get £;(6).

5 An augmented version of TF PVL

The derivation of Algorithm 4.3 is based on Theorem 2.3. The theorem guarantees that breakdown
does not occur and deflation (see, for instance, [1]) is not needed within the first v steps when we
run Algorithm 3.2. An v-th Padé approximant f, () is therefore guaranteed. In practice, however,
it is possible that the parameter v could be so small that the approximant f, (6) were not accurate
enough. To avoid the situation, we suggest the following use of Algorithm 4.3.

We can first augment the input/output data U and V before using Algorithm 4.3 by intro-
ducing some random vectors, say ry; € CN*mo and ry € CN>xmo  as follows

Uuug = [rp, U], Vaug = [y, V]. (21)

Then, the matrix-valued function F (6 + zg) of (13) which we want to estimate is just the diagonal
block at the lower-right corner of the matrix-valued function

Faug(0+ 20) = Upp (T 0A) Vaug .
Let

Uaug = QaugURaugU’ Vaug = QaugVRaugV

be the QR factorizations of ﬂaug and Vaug respectively, where Qaugﬁ € CNX("0+"),QaugV €
CN*(motm), RaugU € C(motn)x(notn) 5nd RaugV € ¢(motm)x(mot+m) Thep the function Foug(0+20)

can be written as

FauQ(g + ZO) = RH (QH (I - 9A)71Qaugf/) Raugv :

augU augU

We now apply Algorithm 4.3 to find a Padé approximant f;(#) to the function

QL (I1-6A)'Q,, .0, (22)
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then compute the following function f;“?(#) as an approximant to Fa,q(6 + z0)

£f1"90) = RY _fi(OR

augU (23)

augV .
Recalling that the original F(6+ z) is the lower-right block of the matrix F,4(6+ 20). we therefore
extract the lower-right block of f;*?(#) as an approximant to F (6 + z).

Since the columns of QaugU and QMQV are well linearly independent and have random di-
rections to some degree, the hypothesis of Theorem 2.3 can be expected to hold for large v when
we compute f;(#). Thus, a high-order Padé approximant to the function (22) can be expected to
obtain without encountering breakdown or deflation.

The function £;"9(6) is an I-th Padé approximant of the augmented function Fa,q(0 + 20), as
stated in the following theorem.

Theorem 5.1 Let max{m + mg,n + no} < I and suppose both ﬂaug and \A/,mg are nonsingular.
Then the function £,“9(6) of (23) is an l-th Padé approzimant of the function Fauq(0 + 29) and

£7"9(0) = Faug(0 + 20) + O (9L (mFmo) 1 +11/ (nno)

on the disc {6 : |6 < 1/8} where § = max{5(A),5(H;)} and where H; is the matriz obtained from
Algorithm 3.2 when applied to the function (22).

Proof. In the definition (23) of £;*9(6), the function f;(#) is an I-th Padé approximant of the
function (22) found by Algorithm 4.3. Hence, by definition 4.1, f;(#) can be expressed in the form of
(16) and its Taylor expansion about # = 0 matches as many leading terms of the Taylor expansion
of (22) as possible. Tt then follows that f;*/(#) has the form (16) and that the number of matched
coefficients of the Taylor expansions of f;"Y(8) and Fa,4(0 + 2) about § = 0 is maximal providing
that Raugf] and R, ; are both nonsingular. Finally, the approximation has a truncation error of

order [I/(m + mg)| + |I/(n + ng)]| follows from Theorem 4.2. O

6 Numerical Experiments

In this section, we present some examples to illustrate the effectiveness of Algorithm 4.3. In all the
(k)

jtm 0 Algorithm 3.2 as follows,

experiments, we defined the parameters )\; and h

_ p(k)
Ak = [[vrll2, Wit = || @kimll2,
With this choice of the parameters, we can normalize the vectors ¢ which could become very large

or small in implementing the algorithm. All the experiments were performed in Matlab Version
6.0.0.88 Release 12.

Example 1. This is the same example used in [2, 3, 6] from a three-dimensional electromagnetic
problem model via PEEC (partial element equivalent circuit) [17]. It is regarded as a benchmark
and difficult test problem. The matrices C and G have order 306 and both L and R are column
vectors. Hence, the transfer function F(z) in (13) is a scalar-valued function.

In [2, 3, 6], the magnitude of F(2) with 2 = 2rw+\/—1 was approximated over the frequency
interval 1 < w < 5 x 10% with a 60-th Padé approximant fgo(#) in Theorem 4.2 obtained by the
PVL method, where § = 27rw+/—1 — z5. The expansion point z; used was zy = 2710° and the
numerical results therein illustrated that the approximation produced was indistinguishable from
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the true |F(2mrw+/—1)|.

Figure 1(a): We repeated the experiment performed in [2, 3, 6], but Algorithm 4.3 was employed
to compute f40(6) according to (20). The figure plots the graphs of |fs0(0)| and |F(2rw+/—1)|. We
observe that the approximation is not accurate in the high frequency w-region. Theoretically, both
PVL and TFMPVL produce the same fgy(f) in this case. Numerically, however, the TFMPVL
method is less stable. It took 120 matrix-vector products with A to get fgo(6) whereas only 60
matrix-vector products with A required by the PVL method.

Figure 1(b): We continued the experiment of Figure 1(a), but this time, we used the method
of §5 to compute fgo(#). We first augmented the vector U into a 306 x 6 matrix Ijaug by adding 5
random vectors to it, that is, we set ng = 5 in (21). Then, we applied Algorithm 4.3 to (22) and
then compute fgo(f) by (23). Again, Figure 1(b) plots the graphs of |f0(f)] and |F(27rwy/—1)|.
We can see that the approximation has been improved. The reason to get the improvement is that
the number of matrix-vector products with A to obtain fgo(6) is now reduced from 120 to 70.

Figure 2(a): Although the approximation in Figure 1(b) received a significant improvement, it
is still unacceptable. Recall that the fgo(6) generated by the PVL method has a truncation error
of order 120. According to Theorem 4.2, however, the truncation error of the fg(#) in Figure 1(b)
is only of order 70. This explains in part why the f5o(f) of Figure 1(b) does not perform so well
as the fgo(0) produced by PVL does. Here, we repeated the experiment of Figure 1(b). Instead of
f60(6), however, we computed f193(f) which has a truncation error of order about 120. The number
of matrix-vector multiplications with A in the computation was about 120. Hence, TFMPVL is
not more expensive than PVL in terms of matrix-vector multiplication in this experiment. The
graphs of f103(f) and |F(2mw+\/—1)| are almost indistinguishable.

Figure 2(b): In the above experiments, we chose the expansion point zg = 2710%. Here we re-
did the experiment of Figure 1(a), but with a new expansion at zy = 2my/—1 x 2.5 X 10°. Again,
we observe that the fgo(#) performs bad in the w-region far away from the expansion point zg.

Figure 3(a): We repeated the experiment of Figure 1(b) with the new expansion point zy =
2my/—1 x 2.5 x 10°. We observe no difference between the graphs of |f0(8)| and |F(2rw+/—1)[. 70
matrix-vector multiplications with A were needed to compute f9(6). The corresponding trunca-
tion error is of order 70.

Figure 3(b): We plotted the relative error

| |[F(2mwy/—1)| — [fe0(0)] |
|F(27mwy/—1)]

where fg0(6) is from the experiment of Figure 3(a) and where § = 2rw+/—1 — 2p. From the figure,
we see that fgo(f) is a very good estimator of F(z) over the interval we considered.

Example 2. The second example is the 120 x 120 system from [21] which describes the effects of
a magnetic actuator on the radial tracking arm of a portable compact disc player. In this example,
the matrix C is an identity matrix and the G is sparse with nonzero entries only on its diagonal
and anti-diagonal. The (input) matrix R contains two columns which respectively correspond to
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the voltages applied to the radial arm and lens actuators. The (output) matrix L contains two
columns which respectively correspond to the positions of the radial arm and the focusing lens [21].
This is a difficult example due to the data which are too ill-conditioning.

We simulate the 2 x 2 matrix-valued function F(z) of (13) with the expansion point zy =
5 x 104y/—1. The corresponding matrix A defined in (14) then has a spectral radius 5(A) of about
1.49 x 1074, By Theorem 4.2, we can have a I-th Padé approximant f;(#) defined by (19) to the
function F(z) on a disc contained in {z = zo + 6 : |§] < 1/5(A) = 0.67 x 10}. We computed F(z)
and its 30-th Padé approximant f3(6) by Algorithm 4.3. The numerical results of the magnitudes
of the four entries of f30(f) and F(z) with 2 = wy/—1 and § = z — z; are plotted over the w-interval
(10%,10%) in Figures 4 and 5, respectively. Since z = wy/—1, z lies in the disc stated above only
when w is in A = (4.33 X 10%,5.67 x 104). From the figures, we can see that the approximations are
also good over a large region containing the interval A. This experiment illustrates that TFMPVL
can behave well over a larger region than that stated by Theorem 4.2.

We also tried the method introduced in §5 by setting mg = 0,n9 = 5,10. There were some
improvements observed in accuracy, but not so significant as in Example 1.

0.014 0.014

0.012 q 0.012

o
o
=1
©
L
=4
Q
=1
=

|F(2 mwi)|
|F(2 mw i)|

0.006 = 0.006

0.004

\ 1 0.004

0.002 ~ R 0.002

I
0 0.5 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
frequency (w) x10° frequency (w) x10°

Figure 1: (a) Result computed in ordinary Padé, expansion point zy = 2710° and 60 TFMPVL
iterations; (b) Result computed in augmented Padé, expansion point zg = 210, 5 random vectors
added to the left and 60 TFMPVL iterations. Solid: exact; Dashdot: approximant.

7 Concluding Remarks

We have proposed a transpose-free version of a Lanczos procedure for multiple starting vectors for
the limited case of no deflation and no look-ahead Lanczos process. The method has been applied
to the problem of computing a Padé approximation to a given transfer function and has resulted in
a method called TFMPVL. Besides avoiding the need for carrying the transpose of the matrix A,
TFMPVL may also reduce the average number of matrix-vector products per iteration from 2 (which
is required by the two-side MPVL method) to 1+m/n, where m,n are the number of input, output
vectors respectively. Numerical experiments indicate that, although the TFMPVL method is less
stable than the original two-sided MPVL method in general, its numerical properties tend to be as
favorable as those for MPVL when we increase the number n of the left starting vectors. However,
increasing n will decrease the accuracy of the Padé approximation (Theorem 4.2), and therefore
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0.012 0.012

0.01

0.01

_0.008

F(2 tw i)

~0.006

0.004

0.004

0.002 0.002

o
I 0 I

0 0.5 1 15 2 25 3 35 4 45 5 0 0.5 1 15 2 25 3 35 4 45 5
frequency (w) X 10° frequency (w) 9

Figure 2: (a) Result computed in augmented Padé, expansion point zg = 2710, 5 random vectors
added to the left and 103 TFMPVL iterations; (b) Result computed in ordinary Padé, expansion
29 = 2my/—1 x 2.5 x 10° and 60 TFMPVL iterations. Solid: exact; Dashdot: approximant.
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0.01- i

0.008 - q

|F(2 mw i)

o

Q

=1

>
T
L

0.004 -

0.002 -

I L L L L 10~ I I I I I L L L L
0 0.5 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 4.5 5

frequency (w) x10° x10°

Figure 3: (a) Result computed in augmented Padé, expansion zg = 27/—1 x 2.5 x 10%, 5 random
vectors added to the left and 60 TFMPVL iterations. Solid: exact; Dashdot: approximant. (b)
Relative error of the approximation in Figure 3(a).
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IF(w i)l
[F(w i)l

4 5 6 7 8 9 10
4 frequency (w) X 10

frequency (w) X 10
Figure 4: Frequency responses for Example 2. (a) Radial arm input to radial arm position output
(the (1,1)-th entry of F(z)); (b) Lens actuator input to radial arm position output (the (1,2)-th
entry of F(z)). Solid: exact; Dashdot: 30-th TFMPVL Padé approximant.

IF(w i)
[F(w i)l

10
1 2 3 4 5 6 7 8 9 10
4 frequency (w) X 10

frequency (w) X 10

Figure 5: Frequency responses for Example 2. (a) Radial arm input to lens position output (the
(2, 1)-th entry of F(2)); (b) Lens actuator input to lens position output (the (2, 2)-th entry of F(z)).
Solid: exact; Dashdot: 30-th TFMPVL Padé approximant.
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more steps are required to achieve a specified accuracy. Moreover, by adding some random vectors
to the starting vectors, we may avoid the possible early occurrence of breakdown and deflation.
We can understand the transpose-free Lanczos method to some extent through the behavior of the
TFMPVL method.

In general, a practical multiple-vector Lanczos algorithm will have to include some deflation
procedure. For the transpose-free algorithm, this may change the length of the required recurrences,
requiring the storage of a few more vectors from step to step. This variant of this algorithm will be
addressed in a future paper. However, the basic concept behind the transpose free Lanczos with
deflation is identical to the concept behind the algorithm developed in this paper. In other words,
the algorithm of this paper suffices to show the existence and feasibility of a transpose-free MIMO
Lanczos procedure capable of accepting multiple vectors on both the left and the right, suitable for
the computation of Padé approximants.

Acknowledgement. The authors wish to thank Prof. Zhao J. Bai for his help in our ex-
periments. We would also like to thank the anonymous referees for their valuable comments on an
earlier version of this paper.
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