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Abstract

To study fixed energy inverse problems in potential scattering for a gen-
eral class of partial differential operators, one needs solutions #(z,¢) of
(FPo(D) 4+ q)¢ = A¢ which behave like ei*¢ with ¢ € C" and Fy(() = A
The construction of such solutions requires a generalized limiting absorption
estimate for Po(D, () = Po(D +¢) — . In this paper, we give such estimates

for a class of partial differential operators Fo(D).

1 Introduction

The direct scattering theory for operators of the form Fo(D) + V(z, D),
where Po(D) is a partial differential operator in R™ with real constant co-
efficients which is simply characteristic (see Definition 1.1 below) and V is

a short-range perturbation, has heen developed successfully by Agmon and



Hormander (see [H]) and many other authors. One of the key ingredients of
such a theory is an estimate for the resolvent (Py(D) — z)~! which remains
valid as z approaches the real axis. This clearly can’t happen on the space
L? when z approaches the spectrum of Py(D). But if Ro(z) = (Po(D) — z)!
1s viewed as an operator from a suitable space X smaller than L? to another
space Y larger than L% then its norm can be shown to remain bounded,
independent of the distance from z to the real axis (if z stays in a bounded

subset /i’ contained in the complex plane C),

I(Fo(D) = 2) flly < Cllfllx- (1.1)

Definition 1.1 Let P(¢) be a real valued polynomial of degree m in £ € R™
such that
A(Fo) = {n € R" : K(§ +n) = Ro(§)} = {0}

Py will be called simply characteristic if
Po(¢) < C(Y IRV +1), €€ R (12)
o<1

where

Po(€) = 3 1P

0<lal<m
The result of the form (1.1) is known as the “limiting absorption prin-
ciple”. It turns out that weighted-L? spaces L? and L% with § > 1/2 are
approriate spaces for X and Y/, respectively, which were first proved by Ag-
mon in [Ag]. Later Agmon and Hoérmander showed that the following class

of spaces B, and their duals B(—oo0 < s < 00):

B, = {ve L2 (R"): ZR‘;—(/Q Io|2de) 2 < oo} (1.3)
i=1 )



B*={ue Ll (R"): sup Rj“s(/Q lu?dz)'? < oo} (1.4)
J21 3

where

capture quite precisely the behavior of the resolvent operator at infinity.

To study fixed energy inverse problems in potential scattering for a general
class of differential operators Fo(D), we want solutions ¢(z,() of (Po(D) +
q)¢ = A¢ which behave like e*™¢ with ( € C", Py(¢) = A. The construc-
tion of such solutions requires a generalized limiting absorption estimate for
Py(D,() = Po(D+ () — A. The first such estimate was obtained by Sylvester
and Uhlmann ([S-U]) for the Laplacian —A at zero energy (¢* = 0):
<L
Y

Motivated by inverse scattering and the construction of exponentially

I(~A—2i¢- V) fllpz, € fllz ,, 0<6<1.  (L5)

growing solutins, an analogue of limitimg absorption principle for a general
class of complex polynomials was developed in paper [Liu]. Based on those
estimates, we are able to give estimates similar to (1.5), which are given in
the following theorem, for a class of partial differential operators P(D). We

will denote by F or * the Fourier transform and F~! or V its inverse.

Theorem 1.1 If P(€) is real-valued elliptic with P(¢, () uniformly simply
characteristic on M, (see the definition 1.2 below) and let K be a compact

subset of C containing no critical value of P in the sense given in the



definition 1.3 below, then for any real number s satisfying 0 < s < 1,

1
”R(Z’C)f”Bf_q < C(S’CP) sup "——.”f” ) f € Bsa € ],,
) eeR* P(&,C) o Ea

where R(z,() = FY(P(-+¢) — 2)71f), with C(s,cp) independent of ¢, and

1 ~ .
SUPee R e 0 as ( — oo in M,.

Definition 1.2 Let P(£) = Pi(§) +1P2(€), £ € R be an mth order polyno-
mial with complex coefficients. We define a stmply characteristic polyno-

mial P to be one which satisfies

P(&) < cp(IP(€) — zol + [VP(E)]) (1.6)

for all £ € R™ and some zo € C where

P(&) = 3 [P

lal<m
and
2 1/4

(a)( ¢y def- def. %—’2 %}L
SIPCOIZVPEI= | YD |det

~ ey apr, P,
lal=1 w1t Sm ETTRNNETS

The family P(€,(), where P(£,() = P(é+()—z,z€ Cand ( € M, =
{¢ € C": P(¢) = z} is untformly simply characteristic if (1.6) holds

with cp independent of (.

Definition 1.3 I[f VP () and VP(€) are not linearly independent at some
point £ € {£ € R" : P(£) — z = 0}, we say that the value z s a critical
value of P.



The next result gives a general class of elliptic polynomials which are

uniformly simply characteristic.

Theorem 1.2 Let P(¢) = Llal<m @l be an m-th order real-valued elliptic
polynomial and V, V, U and U be defined by

V={Ce C": P(() =X}

V=A{{=¢/[Cl:CeV,[¢] #0)
U=1{(€C": Pu(()= Y as(* =0}

ja=m

U={C=¢/Icl:¢eU,|¢l 0},
Let Prn(1,() = Yjajem taln + €)* and suppose that zero is not a critical
value of P, (n,() for all { € U. Then zero is not a critical value of
P(£,¢) = P(6+C) — A for fited A\ € R and all ¢ € V, |C| > R for some
constant R > 0 and P is uniformly simply characteristic. For() <s <1

we then have

IFH P+ ¢) — N Pllss < Cls,ep) sup ——|flls., [ € B

EERn P(&)C)

Moreover, sup,. g F(—éfi — 0 as || = oo in{(e€ C":P(()=A\}.
Section 2 and Section 3 are devoted to the proofs of Theorem 1.1 and
Theorem 1.2, respectively. In Section 4, we’ll discuss some examples for

which generalized limiting absorption estimates hold. Exponentially growing

solutions for the differential equation

(Po(D)+q—=Au=0,



where Fy(€) is an elliptic polynomial, will be constructed in Section 5.
Acknowledgements. This paper is a partial work of my Ph.D. dissertation
down at the University of Rochester. I am greatly indebted to my Ph.D.
advisor, Adrian Nachman, for his guidance and many helpful ideas. It is
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2 The Proof of Theorem 1.1

Let
P) = Y aut®

loe|[<m

be an m-th order elliptic polynomial with constant coefficients and z be a

complex number in C. Recall that P(&,() is defined as:

P(,¢) = Y. aalé+0)" — =

loe|<m
In paper [Liu], we obtained an analogue of limitimg absorption principle
for simply characteristic complex polynomials. Since we’ll need it to prove

our theorems, we state it here without proof.

Theorem 2.1 Assume that P is samply characteristic and let K be a
compact subset of C containing no critical value of P in the sense given

in the definition 1.3 in Introduction. If f € Bs, 0 < s < 1, it follows that

R(z)f = FY(P(-) — z)7'f) belongs to By_,, for z € K and we have the

1-s7
bound:

1 ,
Br_. < C(s,cp) sup. — | fllB., z€K ,

R(z
I17(:) 5




where cp is in condition (1.6) in the Definition 1.2.

As we remarked in paper [Liu], if { P(¢,{)} is a family of polynomials of ¢
depending on a parameter ¢ in M, C C" and constant cp in condition (1.6)

is independent of { € M, then

(B(2,€)f:9)| < C(s,cp) S0 BG, C)IIfIIlelgllBl : (2.7)

forall f € B;and g € B;_; with 0 < s < 1.

Now we begin to prove Theorem 1.1. Since cp is independent of (, the
first part of the theorem is implied by inequality (2.7). So it remains to prove
the second part.

Since P(€) = ¥jajcm @af® is elliptic, for each 1 < j < n, there is |a| =
m with aq # 0 and a; # 0, denoting this a by o). Then for gV =
(@0, P 1, o)

580 A
geg (€)= mlaan(& + ) + e

(note: |BY)| =m — 1) where

which is a constant. Then

P(¢) > Z Imlagon (&5 + ) + V|

[m!|ago(& + &) = 1]

vV
M: I

= m! Z laan (& +¢5)1 = D2 1],



Define vectors a and b(£,¢) in R™ by

a= (|aa(1)|7 |aa(2)[7 R Iaa(n)|>

b(ﬁa() = (|£1 + C1|a |€2 + C'Zla Tt Ién + Cnl)
Then

n

Y laaoll(& + ¢G)l = (a,b)

j=1
where (a,b) means inner product of vectors a and b. Since each component
of a is positive constant and each component of b is nonnegative, there is a
constant Cy > 0 such that (a,b) > Cyla||b| for all £ € R™ and ( € C". So
if ( € {¢ € C":P(()= A} with || sufficiently large (note that |(;| — oo in
M= {CeC": P() =z}

PO = mY Jaaoll€ + )l =Y 1]

n

= m!(a,b) — Z S

1=1

( note: |b| = \Ji(ﬁj +Crg)2+ D ¢ )
i=1

7=1

v

ml[al|(r/Co — 3 ||
7=1

v

m! ,
—2—|a||(1|60

Thus
1 9
0

sup —= < — -
Eefl{" P(£,0) m!|al|(r|Co

as |(;| — oo, and the proof of Theorem 1.1 is finished. i



3 The Proof of Theorem 1.2

Recall that

V={CeC": P({) =)} (3.8)
V={C=¢/Il: ¢ eV, # 0} (3.9)
U={(e€C": Pu({) = > aal* =0} (3.10)
la|=m
U=1{{=¢/I|:¢Cel,|¢| #0} (3.11)

To prove Theorem 1.2, we first prove that if (o € V and (o ¢ {C: ¢ € V},
then éo cl.

It is easy to see that U/ = {rU : r > 0} and U is closed in the unit sphere
S*=1 In fact, if éo = lim;eo & and Q:I € (A], then

> s = lim Y aulf =0.

|a|=m |a|=m

4:0 evV implies there is a sequence {(;} C V such that QQO = limj 00 |—8—|
with ¢ # 0.

Claim: |(j| — o0 as | — oo.

If {|¢/|} is bounded, there is a subsequence {|(;x|} and ro > 0 such that

g = limk_,oo ICIk'- Then
P(robo) = A = lim P(JGllu) A =0 .

This implies (o = Toé() € V and éo € {6 : ¢ € V} which is a contradiction.
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The ellipticity of P implies that |[¢| > |Im({| — oo in V. Since I¢i| — o0
and P((;) — A =0,
> aallGlé)*+ Y aa(lGlé) = A =0
|la|l=m ||<m—1

implies

(10 — /\ B
IalZ:m QCI |C| |oz]2m: 1 agl IC ™ =0

Letting [ — oo, we have

~ (LO—/\
a5 = — 111 o = 0.
2 o “[|<l|al§]“<’ ="

So éo € U and we have
Vc{l:ceViul.

Write £ = [(|n and ( = |C|CA Then

P, = D aalé+()"+-+ao— A (3.12)
la|=m
(& =¢In, ¢ = I€IC)
= 1™ Y aa+ O H K™ Y i+ O+ +ag— A
loj=m laj=m—1
= ™Y aaln +0) + : 3 aa(n+<§)“+---+a°—mA]
|a|=m |C| lo|]=m—1 ICl

For each 7 > 0 and ¢ € S 1, define

QU ¢r) = X aa(n+5>“+'“+a°,.f

|a|=m

Pu(n,6) = D aaln+0)"

IO/IZ'ITL
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Since ( € U iff Pru(C) = ¥jajom @al® =0 and ¢ € V iff
ag — A

. 1 A
D aal® = 3 a2 =,
jal=m 1] i €l

V is very close to [/ in S = {|{| = 1: ¢ ¢ C"} when || is sufficiently
large.
Now we consider Q(7,¢,r) and Pn(n,¢). Since Po(n,€) is elliptic as

function of  and U is a bounded closed set,

~ ~ A~

Wy = {(n,¢) € R* x C": Pp(n,() =0, € U}

is a bounded closed subset in R" x C" (the coefficients of P, (1,() are

bounded for all ¢ € U)

Suppose
Pu(n,¢) = Y aaln+¢)°
|a|l=m
= Pml(%é) + iPm?(nv é)
and
. .27 1/4

apml(n'(l 8Pm1("7y<)

o _ ' dn om

|V,,Pm(7/7C)| - Z]#l 3ng(Jn,é) 3Pm2(7%é) (313)
an, any

#0
on {n € R": Po(n,¢) = 0} for all ¢ € U. Since W, is closed and bounded,
we can find a bounded closed neighborhood K; of W; and a number € > 0

such that

V0P (0, ) > € > 0
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on K and (note: IRn(n,é)l — 00 as || — oo )

|Pm(TIaO| Z €

on Ky {(n,6) e R* x C™ (7,{) € (R®* x C"\K? and (¢ Ki|on)

where K? means the interior of K; and Kl'C" means the projection of K;
onto C" (see Figure 1).

So we can choose R > 0 large enough such that for all r > R

|Q(7}7 67 71)’ Z C/2 on -[(2

and

IV, Q(n,C,r)| > ¢/2 on K.

Of course’ we can choose R large enough such that V C K;.Therefore,
V. Re(Q(n,¢,r)) and V, Im(Q(n, ¢, r)) are linearly independent on {n € R™ :
Q(n,é,r} =0} for all ¢ € V and r > R. Since V is closed and bounded and
Q(n,¢,r) is elliptic with uniformly bounded coefficients for all ( € V and

r > R, we can find C' > 0 which is independent of(_,: and r > R such that

QU ¢,r) < CUQM, 6 ) +1V,Q(, {,7)])
for all n € R™ where

Q(n,¢,r) = 1Q(n, ¢, )| +IVaQ(n, &)+ 3 1@, ¢\l .

2<fal<m
So Q(7},é,7‘) is uniformly simply characteristic for all (eVandr >R
This implies for all 2 < |8] < m,

. 0 .
RV, ¢l = Ia,—,],;Q(n,C,I")I



=

/




0 s . ag —
IB—W[Z%(HO‘W% S aln+ 8+ 2

m
lor|=m fa|=m—1 r

< CUQM, ¢ m) + [VaQ(m, ;7))

and then
QOGN < et Enl+Ivtiny. (1)
For any r > R, there exists (,: € V such that (= r(A satisfies P(¢) = A. Since
PEQ) = 0@ L), m =

P(£,¢) =0 iff Q(, é |¢|) =0 and for each ﬁ, 1< |ﬂ| < m,

5}
= 'ﬁ'a%m )
In particular
[VeP(€, Ol = 1™ VQ(m, &, D

Inequality (3.14) implies that for each 2 < || <m

1 8P
L | < C(——|P

This implies

5 (601 < C

\Y .
ICI" Tt | Vel (60

||ﬁ||P(§ O' + l|ﬁ| 1|V€P(f <)|)

¢ ¢

Therefore,

P(EC) = [PEOI+IVPEO+ Y PP )

1p1>2
< C(P(, C)|+|VP(€,C)|

Y W 5<>|+W|W(é,c)n)

1122
< C(IP(E O+ IVPE Q)
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for all £ € R™, and ¢ € {¢ € C" : P(¢) = A} with |{| > R; i.e., P(£,0)
is simply characteristic with constant C* independent of ( € {¢ € C" :
P(¢) = A ¢ = R}

This finishes the proof of the first part. The second part follows from

Theorem 1.1. i

4 Examples

Let P(£) be an mth order polynomial in é € R" and ( € M, = {( € C" :
P(() = A}
If P(é 4 () is simply characteristic and A is not a critical value for

all ¢ in M, then Theorem 2.1 implies

1
PD+C) =Nl < Co(C) sup = ,
I(P(D+C) =) flls;_, < (C);gﬂ P(g,g)”f”&

for 0 < s <1, where
P& () =PE+() —A

and

P = > PO+ VP
loe|<m,lor|#1
Thus if Cs(¢) is independent of ¢ € M, and
1

sup —= — 0 (4.15)
¢eR" P(6:0)

as |¢| = oo in M., we have a control on large ¢ of solution u to the differential

equation:

(P(D+¢)—MNu=feB;,, 0<s<1.
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Of course not every polynomial P(£) has property (4.15). Theorem 1.1
and Theorem 1.2 give a class of elliptic polynomials which have the prop-
erty (4.15). But there are many examples of non-elliptic polynomials which
have the property (4.15). We are going to calculate SUp, R" 13_(2:5 on sevaral
examples and show that (4.15) holds at least for certain direction ¢ in M,

(this turns out to be sufficient for the application to inverse problems).

Example 1: The Elliptic Polynomial P(¢) = ¢2

For this polynomial, the control on ¢ € M, = {¢ € C™ : (* = k* > 0} for
large ¢ was obtained by Sylvester and Uhlmann ([S-U]), considered (* = 0.
More generally, it can be easily shown that the control on large ¢ holds for
all [¢f]? > p and [Cr|* > p, p > 0 and this fact will be used in Example 4.

Let p be a positive number and suppose { = (g + ¢(; € C" is such that
€112 > p, [CrI* > p. Let A > 0 and

P(£,() = PE+C)—A
= (E4+0° -2
= (E+CR) =G —A+2i(E+(r) -

Pi(&,¢) = Re(P(&,¢) = (+(r)* = — A
Py(&,¢) = Im(P(&¢) =20 - (& +(r)
VP& ¢) = 2(6+CR)
VP(E¢) = 2.
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A straight forward calculation shows that

IR0, Ofls;., < o sup 5ol
< sl
for 0 < s < 1, where
R(A,C)fzf‘l(ﬁf) ,
P(&,¢) = |PEQI+IVPE Q]+ I% [P Q)]
= |(€+¢r)" = (T + M)+ ’;31_52 +Cral +2v5(3 (& + Cry))Y* + 2.

i#2

and C(p,() is defined by

C(p,¢) = min{(1 — €)[Crl*, 2( — &)V I¢I"2ICR I, 2VEGICRI (4.16)

with € and € satisfying 0 < ¢ < ¢ < 1.

Example 2: Second Order Elliptic Polynomials

Let

P(’E) = Z aaéa

orf<2
be an elliptic polynomial of degree 2. Then the principal part of P(¢) is the
positive definite quadratic form,

P2(§) = Zaa"sa

|or|=2
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an ain &
(Eyoo-&) | 0 o : 7
Qp1 **° Qpp gn
where A = (a;;) may be taken to be symmetric. Then there is a non-

degenerate n x n matrix B such that B*AB = [. So if £ = By,
Py(§) =" B*"ABy =i + 15 + -+ + ;.

From Example 1 we know that zero is not a critical value of
n

Pa(n,¢) = > (n+¢)?

1=1
for all
gte[]:{(:“eC": |gt|:l and Q:f-l—”'JrQ:,z:O}

So zero is not a critical value of

Py(€,() = Y aal€+0)"
o] <2
for all
éEUZ{fECn: Il =1 and Zaaé“:()},
|a|=2

Then by Theorem 1.2, for any A € R, there is a number I > 0 such that A

is not a critical value of

P(&() = ) aal€+0)"

Ja|<2
for all
ceV={Celm: ) al”=2A [¢|=h}
o] <2
and

sup —0 as |(| > 00 In V.

{eRn p(éa (:)




19

Example 3: The Parabolic Polynomial P(&) =¢€? +i€,

Let
P(&) = €% +ibnp

where £ = (¢,£,41) € R*!. Then

P(C) = ("4 iCupr = ((r+iC0)* + i(CRut1 + iCrnt1)

= (F— (7 = Crnpr + 1205 ¢+ Cringr) -

For the simplicity, we can take A = 0. Then P(() = 0 if and only if
;% - }2 - Cl,n+1 =0

(4.17)
20 i+ Crny1 = Cr-(2¢1,1) =0

Note that P(¢) = 0 implies (* 4 (1 n41 > 0. Due to the ¢'-rotational invari-
ance of P we may assume that
CI = (07 CI,Q)O T 7C1,n+1) = (0737 T 707 QI,‘IH-I)

and s > 0. Then when P({) = (" + i(yy1 = 0,

P&,C) = (E+0% 4 (g1 + Cugr)
= 2428+ P+ i + G
— 5/2 _l_ 261 . CI + i{n.{_l

= (€' +(R)*— (R +i(2s6 + npa)

Pi(&,C) = Re(P(£,() = (&4 CR)*— (i
Py(6,¢) = Im(P(£)) = 282 + Enpa.
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P(£,¢) = [P+ IVPED+ S [P, ¢)]

|a|=2

= % =GRl 256 + & | + (457" — (&2 + (ra)?) + 7214 + 2n

It is not hard to prove that if |(}* + (f,n41] is sufficiently large,

1 . (4.18)

1<
P({r() - ((}_+(I,n+1)]/4

{ P(£,0) < 2|P(£,0)] + [VP(E,))

for all £ € R™"'. Then

-1 1 r . Cs
g e = e

for 0 < s <1 for large (7 + (rny1) in Mg = {C € C*: P(¢) =0}.

1/4 ||f||Bs

Example 4: The Ultra-Hyperbolic Polynomial P(¢) =
g/? _ 5//‘2

Let
Pe) = €2 - ¢”

where ¢ € R™, £" € R™, n > 2 and m > 1. Suppose ¢ = (¢, ("), (' € C",
("€ C™and A = 0. Then

P(() = (=" =(Cr+i¢)" — (Ca+ilf)’

= RO (R ) 20l G~ G )

=0
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if and only if

£ =& =7~
(4.19)

Cr- (S —C1) =Cr-C1— (R (1 =
If (7 — (f? < 0, then no point (g, (R) satisfies (4.19). So P(¢) = 0 if and

only if

12 2 2 2 > ()
{R Rz w0

Cr- (¢ =) =Cr-Cr—Cr- (7 =0

P(C) = (€+ )= (" +")?
= P42 (P2 )
(since P(¢) = 0)
= P (-2
= (£ +Cr)*—Cr — (& +CR)* + R+ 2 ¢ — €7 (]
Pi6¢0) = (€4~ (" + )"+ G
Py(€,¢) = 208G —-€"- (]

P(6,¢) = P&, QI+ IVPE QI+ 32 [P Q)]

|a|=2
= (&' +CR)* = ¢ — (€ + CR)* + CR'l + 216 - (¢T, —¢7)]

=2(s2+ 1) Y (&4 Cry)? & + Cra) — $(Enrt + Cran) ]+ 2(n +m)
J#2,n+1

We now assume (; = (0,s,0,---,0); 1.e.,

C; - (075707.:.70) a'nd C;’ = (07‘..’0).
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Then P(¢) = 0 if and only if { — (7* = s* and (g - (¢}, —C¥) = 0. This

implies s(r 2 = 0 and therefore (g, = 0. So we have

Il

P(6,¢) = [P&OI+IVPEQ+ S |1PEE Q)

lal=2

= (€ + CR)" = Cr — (&" + Cr)* + (&’ + 2[5 s

2V (& + Cry) M+ 2(n + m).
i#2

If we take 0 < € < 1/2, we can easily show that
P&,Q) < OIPE O] + VP Q)
for all £ € R™™, and
P(€,) > CalCE - G)'?
for all £ € R™™ with C; and C, are independent of
¢e{(eC™™  P()=0,¢=1(0,5,0,---,0)} .
Therefore

C
1/2 ||f||Bs

1 ~
-1 L < -8
1 g s < = g

(-+¢)

for0<s<lon{(eC"™: P()=0, ¢(=(0,50,---,0)} C M.

Remark: In paper [I] Isakov proved that for any n € R", there are two

sequences {C](-k)} c{¢eC":P)=0,¢ =(0,5,0,---,0)} such that

|Cj(k)| — 00 as J — 0o and

y= et
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for each y > 1, which shows that the control for f‘l(mf) on large

(in{(€C":P(¢)=0,{ =(0,5,0,---,0)} is enough in appication.

Example 5: The Elliptic Polynomial P(¢) = ¢*

Let
P =¢, (eR"

and fix £ € R" with |k| > 0. Then

P(C) = [k* = ¢" = & = (= [R[)(C* + [k]) =0
if and only if
(C—=1[k)=0 or (¢*+I[k|)=0
if and only if

(k— ¢t = k]| o Ch— ¢t = —I|k|
CrR-Cr=0 (r-Cr=0

P&,¢) = PE+O—PQ)=(E+0O" = |k
= [(€+ ) = [kDI(E+ O)* + |k])]
= 0

if and only if

(€+0O?=1kD=0 or ((£+0)*+][k)=0
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if and only if

{ +r =Gk €+ =ci+Ik
£-Cr=0 £-¢r=0

Now we assume (; = (7 + |k|. The graph of P(£,{) = 0 is given in
Figure 2.
The zero set of P(¢,() consists of two concentric circles with center —(g

and radii \/C? + |k| and \/(? — |k|, respectively. Note that, as |(;] — oo, the

distance between these two circles tends to zero:

2|k
e 0.
\/Z,+l| \/C/ %] \/C;+|k|+\/C?_|k|

Since
P(EC) = (E+0)'—#
= [+ = kDIE+O* + RN |
VeP(6,() = HE+QME+CQ)
= A+ - G2 QllE+ R+,
and
82P(€7C) _ ~\2 . 2
Toe A€+ ()" +8(& 4+ G)

= A6+ CR) = P AE - )+ 86+ ()P
fée{6eR": (E+ (R)?—(3=0,6- (=0} 1e, (E+ ¢)* =0, then

|P(&, ) = A
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GrepP =g+ k=2

(Ere P =2 Ik

Y

Figure 2: The graph of P(£,¢) =0
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and
VeP(¢,() =
But
n 8213
> IP@EQN > Y (i’ol
lo=2 =%
= 821(6}’{"() i_SZKJ +CJ
7=1 J=1

= 8316 + (a4 G
= 8]5? +(7) = 16}
So as (| = 00, Cjaj=z [P(E,¢)| = 00 on Me = {6 € R": (€ +()* = k7).
This means we can not find a constant C such that
P(£,0) < C(IP(E, QI+ VP QD

forall ¢ € R* and all ( € M, = {¢ € C": P(¢) = k?*}.

However we note that for any £ € R™ with P(¢,() # 0
1 1

P&C)  ((E+ 0> +IEDE+ ) — [k])
1 1 1

T ET O ) (EF 0P + 1]

J-

So as a distribution,
1 1 [ 1 B 1 ]
P(&C) 20k ((E+O2— k) ((E+O+ k)"

Since for each ¢ € {P(() = |A:|2},f‘l(P(%,C)‘A),f_l(mlf) and F~ ( mvar +|klf)

are bounded from B; to By_,, we can write

1 . 1 1

. 1
=g’ TP

H—FY )
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for all f € B, for 0 < s < 1. Then by Example 1, there is a constant C,

which is independent of { € M, such that

1

) C,
s, < meHBs

[
for any f € B;.

If 0 < s <1, it was proved in paper [Liu] that solution to the equation
(P(D+¢)—k)u=[e€B,

in By_, is unique. Therefore we still obtained the control of the solution of

above equation on large (

1

Cs
< I8

ulls;_, = IIFY( <
l|ull5;_ ]

Al I f1l 5.

Remark 1: If [k| = 0, then on {¢ € R™ : P(£,{) = 0}, Re(VP(,())
and Im(VP(,()) are both zero, so they are not linearly independent.
Then Theorem 2.1 can not be applied. For this special case, the control

on [(| for large || was studied by Ikehata ([Ik]).

Remark 2: If we let
P(&) = (& — k1)(E — k)

with k; > k3 > 0, then by the similar method discussed above we can

obtain
1

P(‘vC)
forany f€ B;,0<s<lon M,={CeC": (*=k or (*=ky}.

(Mt

) C,
N, < m”fHBs
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5 Construction of Exponentially Growing So-

lutions

In this section we construct solutions of
(Po(D)+qg—MNu=0

which for large ¢ behave like the so-called inhomogeneous plane waves exp(iz-

¢) with Py(¢) = X in a standard method, see [S-U]J.

Theorem 5.1 Let Fy(§) = Yjaj<m @al® be a real valued clliptic polynomial
and A € R. Let ¢ € L™, |¢(z)| < C(14]|z])~ ™3~ (n > 2) with some € > 0.
Suppose for some complex subset Yo C My = {C € C": Py(¢) = A}, X is not

a critical value of

Po(E4+¢) = Y aalé+0)"

lo|<m

for all ¢ € Sy and the estimate

IF (Pl +C) = N fllsr, < CONflls., f€Bs, 0<s<1,

holds with C(¢) — 0 as |¢| — oo in Xg. Then for any 0 < s < ¢ and s < 1
there exists a constant > 0, such that for any ¢ € S C M, C C" with
IC| > p, there exists a solution (z,() to the equation (Po(D) — A+ ¢q)p =0
of the form ¢ = (14 p(z,()) such that p(-,¢) € Bi_, and ||p(-,()|[5;_, <
C(¢).

Proof:  Substituting the expression ¥ = e ¢(1 4 p) into the equation

(Po(D) — A+ ¢)¥ = 0, we get the following equation for p:

(Po(D+C)=A)p+agp=—q (5.21)
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where D = —i(:%, 2, ---, 53——) Denote by Go(z, () the following funda-

9z’ dza?

mental solution of (5.21)

G m;{ d
ol®,¢ (2m)m /P0§+C ¢

Assumptions on Fy(€) imply that the operator Go((), given by

1 .
—_ 1 . o — -1 —_—
Of = [ Gole = 3,0 @)y = F (=)
satisfies the estimate
1Go(Ollss.B;_) <C((), 0<s< 1. (5.22)

for all { € Y and (] > M > 0. For 0 < s < ¢ we have ¢ € By, so
Go(¢)g € Bi_, if s < 1 or Go(¢)g € By if 1 < s < e. Moreover, the

multiplication by ¢ is a bounded operator from Bj_, to Bs if s < 1 or

—S

bounded from Bj to B if 1 < s < e. Estimate (5.22) implies that

1Go(C)qllsa:_,.Br_,) < C1Cs(()-
Since C5(¢) — 0 as |(| — oo, there is g > 0 such that if || > x, (I 4+ Go(C)q)

is invertible in B} _, and

107+ Gol€)a) ™ lises;_, ;.

1—s

) < 2.
So the function p, defined by

—(I + Go(C)q) ' Go(¢)g

is a well defined element in By__ for 0 < s < min (¢, 1) and

lolls;_, < U+ Go(¢)a) ;.8 IGo(O)llss..5;_ ) llalls.
< C((),

which completes the proof. 1
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