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BILINEAR OPTIMAL CONTROL OF A KIRCHHOFF PLATE

M.E. BRADLEY* AND SUZANNE LENHART?

Abstract. We consider the problem of optimal control of a Kirchhoff plate. A bilinear control is
used as a force to make the plate close to a desired profile taking into the account, a quadratic cost of
control. We prove the existence of an optimal control and characterize it uniquely through the solution
of an optimality system.
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1. Introduction. We consider the problem of controlling the solution of a Kirch-
hoff plate equation. The equation with appropriate boundary conditions describes the
motion of a thin plate which is clamped along one portion of its boundary and has free

vibrations on the other portion of its boundary. Our control acts as a bilinear force.
Given control

heUu={heL®Q)—-M<h< M}
the “displacement” solution w = w(h) of our state equation, satisfies
( wy + A%w = h(z,y,t)w on Q@ =0Qx(0,T)
w(z,y,0) = wo(z,y),wi(z,y,0) = wi(z,y) whent =0
(L.1) \ w=2%2=0o0n%,="T,x(0,T)

Aw+ (1 —p)Biw=0
on 21 ZFI X (O,T)

y 22+ (1-p)Bw=0

where 0 C R? with C? boundary, 0Q = [oUTy, Ty # 0, v= (ny,n,) is the outward unit
normal vector on 9f), and

2 2
Biw = 2njnjwgy — njwy, — oW,
0
_ 2 2
Bow = o (n] — nd)wgy + nyna(wyy — Wy )]

The direction 7 in Byw is the tangential direction along I';. The plate is clamped along

Ty and has free vibrations along I';. The constant 4,0 < g < 1, represents Poisson’s
ratio.
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We take as our cost functional

(1.2) J(h) = % (a /Q (w — 2)2dQ + B /Q hde) ,

where z is the desired profile for the plate and the quadratic term in h represents the
cost of implementing the control. We seek to minimize the cost functional, i.e., find
optimal control h* € Ups such that

J(h*) = Join J(h).

The goal of this paper is to characterize the unique optimal control in terms of the
unique solution of the optimality system. The optimality system consists of the state
equation coupled with an adjoint equation.

In section 2, we show the well-posedness of our state problem in an appropriate
solution space. Then we show the existence of an optimal control by a minimizing
sequence argument. In section 3, the optimality system is derived by differentiating the
cost functional with respect to the control. We also show how the solution depends in a
differentiable way on the control. Then for sufficiently small time T', we prove unique-
ness of the optimality system, which characterizes the unique optimal control. The
uniqueness proof is unusual due to the opposite time orientations of the two equations.

For a general introduction to optimal control and partial differential equations,
associated adjoint equations, and representation of the optimal control in terms of the
solution of the optimality system, see the fundamental book by Lions [17]. For detailed
background on plate models, see the books by Lagnese and Lions [10] and Lagnese [9].
Much work has been done in the stabilization and exact controllability of thin plates.
The results predominantly fall into three classes: controllability results for linear plates
(6,12,13,14] and nonlinear plates [8], uniform stability for linear plates using boundary
feedback control [7,13,14,19], and exponential stability of nonlinear plates (such as von
Karmén plate models) using boundary controls [4,5,20].

The problem here is of a different nature than those results. We seek a bilinear op-

timal control which acts as a coefficient of the state variable. Optimal control problems
for plate equations in the form

y' = Ay + Bu

with quadratic cost functionals have been treated by use of Riccati equations. See the
book by Lasiecka and Triggiani [11] for a complete treatment. Our work concerning
bilinear control is new for plate equations and does not fit into the Riccati framework.

In a series of three papers, Ball, Marsden and Slemrod [1,2,3], treated feedback
stabilization and controllability using bilinear control for beam and wave equations.
Stojanovic [21, 22] treated optimal control of elliptic and parabolic equations with a
bilinear “damping” control. See Lenhart and Bhat [15] and Lenhart and Wilson [16]
for other types of bilinear control on parabolic equations. We plan in the future to
investigate further generalizations in nonlinear control.
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2. Well-posedness of the state equation and existence of the optimal
control. We begin by proving existence, uniqueness, and regularity results for the state
equation (1.1). These results will provide the a priori estimates needed to prove the
existence of an optimal control.

To define our notion of weak solution, we first define the following Hilbert spaces:
ow

H () ={we H(Q): w= o 0 on Iy}

and
H= Hgo(ﬂ) X LZ(Q).

The bilinear form
a(w,v) = [ {AwAY + (1= 1)[2ay02y = WerVyy — Wyver]} 42
Q

induces a norm on HZ () given by a(w,w), which is equivalent to the usual norm on
Hl?‘o(Q) .

DEFINITION. Given h € Uy, @ = w(h) = (w,w;) is a weak solution of (1.1) if
w € C([0,T];H), w(0) = (wp,w;), and & satisfies

%/ﬂwtqﬁ dQ + a(w, ) :/ﬂhwd) 0 forall ¢ e HZ(9).

LEMMA 2.1. (Well-posedness and Regularity)

(1) Let w(0) = (wo,w1) € H and h € Uy, then the state equation (1.1) has a unique
weak solution w = w(h) = (w,w,;) with (w,w;) € C([0,T]; H).
(11) If (wo,w1) € Do where

Do = {(wo,wy) € (H*(2) N HE () x HE (Q) :
Awg+ (1 — p)Bywg =0 on Ty

and ‘9%7:/”‘1 + (1 —p)Bawo=0 on Iy}
and h € C'(Q) N Up, then the weak solution W = w(k) satisfies

b € C([0,T]; (H'(Q) N HE,(Q) x HE, ()
wa € C([0,T]; L*(Q))
and ’lI)(O) = ('U)(),wl).
Also W satisfies equation (1.1) in the L* sense.

Proof. (i) We begin by defining the operator
A:HY(Q) — L*Q) by

Aw = Aw with
D(A) ={we HYQ)NHZ(Q): Aw+ (1 —p)Bjw=0onT,
0A
a—:v+(1 — p)Byw =0o0nI'}.



We write (1.1) in semigroup formulation,

(2.2) L) = [—A 0]w<t>+[h(t)fbl(t)]

where w; denotes the first component of #. Define the operator A : H*(Q) x HE () —
‘H by

wae] 0 1)

with D(A) = {(w1,w2) : wy € HE (), wy € D(A)}. Formulation (2.2) may be written
as
d . . N
(2.3) Ew(t) = Aw(t) + Bn(D)(t)
0
hib,
A generates a unitary group on H.
Motivated by the semigroup formulation of (2.3), we seek a solution of the form

where By(w) = [ } The operator A is skew-adjoint, so that D(A) = D(A*), and

t
B(t) = i + [ eAIBy(@)(-,7)dr.
0
We will prove that the map T},
t
Thio(t) = et +/ eAt=7) By (%) (-, 7)dr,
0
has a unique fixed point in C([0,T]; H). Our first step is to prove existence of a unique
fixed point on C([0,T5); H) for Ty sufficiently small. To use the contraction mapping
theorem, we show
Ty : C([0, To]; H) — C([0,To); H)

is bounded and contractive. We observe that

IThdllcqomr < lle*dolleomim

t
+  sup [ eI By(@)(:, 7) | wdr

0<t<Tp YO

t
< Juwollwe+ sup [ IAC, )17 2y,
0<t<T, JO
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where we have used that A generates a unitary group, and thus ||e4!|| = 1.
For spatial dimension 2, the Sobolev imbeddings give HE () — C(f). Using
wy € C([0,T]; HE, (R)) and ||h||e < M, we obtain

| Twd|l oo 017y < ll@olln + MTo||d1 || o,10):2(2))-

Hence T}, is bounded.
Similarly,

ITho — Thibllcqomory < MTollPr — b llogomo)ze())
< MTo||% = @l oo 1o1m)-
Choosing Ty < Ai,,, we have T}, is contractive for ¢ < Ty. Thus we have the existence of
a unique fixed point on C([0, Tp]; H).

This result extends to a solution on [0,7] by selecting a “new initial data” as
W, = w(To) € H. By a second contraction argument, we have a unique solution
on C([0,2Tp),H). Repeating this argument, a finite number of times, we obtain the
existence of a weak solution to (1.1) with @ € C([0,T); H).

(ii) Assume Wy € Do and h € C*(Q) N Ups. We seek to prove stronger regularity in
this case. Taking a time derivative of our solution map, we obtain

Fo = %(Thﬁ:)(t)

t
(2.4) = Aetig + / AeAt=7 By (@)(-, r)dr
0

0
+ . .
[ h(:,t)in (- ) l
We will prove that F' has a unique fixed point in C([0,T]; H). Notice that

/Ot AGA(t_T)Bh(lZ))(',T)dT __ /0‘ d%-(eA(t—f)Bh(lb)(-,r))dT
t t—71 0
+/0‘ eA( ! [ h‘r('aT)’w("T) + h("T)wT(°’T) ] ar
= —By(w)(-,t) + e [ h(',(()))wo ]
_|_/t eAlt=7) [ 0 } dr
0 h,.(',T)’LU(',T) + h('7T)wT("T)
We rewrite (2.4) as
Fo(t) = Ae*do + et [ h(.,%)wo ]
0

+ /0 e Alt=7) [ b 7Y, 7) 4 B, PYn (-, 7) ] dr.
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By our assumptions on Wy and h, we see that
F: C([0,Tol; H) — C([0, Tol; H)
is bounded. To show F is contractive, consider

|Fo — Fibl|cgorim

0
— A(t—7) i ) d 0
| /0 ’ [ he (- T) (01 — @1) (-5 7) + h(+, 7) (B2 — D2)(:, 7) lleqom

t

< sup [ lhe (5, 7) (01 — @1) (-, 7) + R( ) (B2 — B2) (5 )| 2@ dT
0<t<T, JO

< CTo||8 = @llo(o 1)

since h € C*(Q). For Ty < &, we obtain a unique fixed point on C([0, To], ). Using
the same idea as above, we obtain our solution in C([0,T], H).
We now observe the regularity that this solution provides. We have

(we, wye) € C([0,T]; H).
Since hw € L*(Q), from the equation (1.1), we see
Aw € C([0,T); L*(R)).
This combined with homogeneous boundary conditions gives
w € C([0, T}; HY(Q) N HE, (),

by standard elliptic theory [18). We have obtained the desired regularity. O
To prove the existence of an optimal control, we need the following a priori estimate.
LEMMA 2.2. Given g = (wo,w1) € H and h € U, the weak solution w = w(h) =
(w,w;) of (1.1) satisfies

(2.5) @]y < Cre®MT

where Cy = ||Wo||.
Proof. There exist sequences (won, w1n) € Do and h, € Up N C*(Q) such that

(Won,w1n) — (wo,w;) strongly in M

hn, — h strongly in L*(Q).

Denote the weak solution of (1.1) corresponding to initial data (woy,w;,) with control

hy by (w,,w),) (where ' denotes £). Then (w,,w}) satisfy the additional regularity of



Lemma 2.1 (ii). Multiplying the PDE (1.1) by w;, and integrating over Q: = Q x (0,t),
we obtain

0 = / ("), + Alwnw!, — hpwpw!,)dQ;
Q:

= /Q, (2dt [(wh)? + (Aw,)?] —hnwnw;) dQ
+/le(0t)[%Awn Awnaay ]dI‘ldt

- /. (2 Ly + (Awm—hnwnw;) dQ.
+/m(0t)(1—u) ((Blwn)—g)y— (Bawn)w )dfldt

= / g (Wn) Qe+ 2/d (t0n, ton)dt = /hw"w 42

where we used the identity (see [9] p. 68)

ov
/Q(2wzyvzy — WypUyy — WyyUzg)d§) = /(;fﬂ ((Blw)a — (Byw) ) dQ

with w,,w!. We obtain

/Q (W) (2,0)dY +  a(wn,w,)(t) / hwnt! Qs + || (won, w1n) |2
/ DAQ: + | (won, win)
(

2dQ: + / (1w w1 )t) + 1| (w0m, w1a)

< =
-2
where we have used that a(w,w) is equivalent to the norm on HZ (). Applying Gron-
wall’s Inequality, we obtain

(26)  sup ([ (W), 042+ alwn,,)(1)) < [[(1om, w10 e

0<t<T

Now letting (won, w1n) — (wo, wy) in HE () x L*(Q) and h, — h in L*(2), we see
that

(wp,w!) = (w,w’) in C([0,T]; H)

and (w,w') = w(h) is a weak solution of (1.1). Estimate (2.5) holds by passing to the
limit as n — oo and noticing (2.6) does not depend on C? regularity of the control. O
Remark. If we consider the plate equation with a source term f,

wy + A%w = hw + f,
7



with f € C([0,T]; H*(Q)), f; € C([0,T]; L*(Q)), the same well-posedness and regularity

results as in Lemma 2.1 hold. However in Lemma 2.2,
Cy = |[woll3 + 1fllz2gyr  Co=C(M +1).

We now prove the main result of this section. 0O

THEOREM 2.1. There exists an optimal control h* € Un which minimizes the cost
functional J(h) for h € Un.

Proof. Let {h"} € Uy be a minimizing sequence such that

lim J(b") = inf J(R).

n—00

We denote the corresponding solution to (1.1) by @™ = w(h"). By Lemma 2.2,

6" lo oy < Cre®MT.

On a subsequence, we have
w™ — w* weakly in L*([0,T]; HZ ()
w" — w* strongly in L%(Q)
wt — w} weakly in L*(Q)
and

A" — h* weakly in L*(Q).

We may now pass to the limit on (1.1) as n — oo, to obtain that & = w(h) =
(w*, w}) solves the state equation (1.1) with control A*. Since the cost functional is

lower semicontinuous with respect to weak convergence (basically Fatou’s Lemma), we
obtain

J(h) < lim J(h") = inf J(B).

Hence h* is an optimal control. D

3. Characterization of the Optimal Control. We now derive the optimality
system by differentiating the cost functional J(h) with respect to the control k. Since

W = W(h) is involved in J(h), we first must prove appropriate differentiability of the
mapping

h — w(h).
LEMMA 3.1. The mabping
heUy — w(h) €eH
is differentiable in the following sense:

w(h + el) — w(h)

— 1) weakly in H
8



as € — 0, for any h,h + el € Up. Moreover ) = (v,1) is a weak solution of the
following problem:

(3.1) Vi + A% — hp = 4w in Q
¥(z,0) = Py(z,0) =0 in O
Y= 8_1,b =0 on ¥

v

Ay + (1 - u)Brip = 0
%Atﬁ(l—u)Bﬂ/):O} on

where W = W(h) = (w, w;). .
Proof. Denote w* = w(h + €f) = (w®,wf) and @ = w(h). Then £=* is a weak
solution of

(222), + () = (252) +un @

with (“’:‘“’) (z,y,0) = (“’:‘“’)t (z,y,0) =0in Q

and satisfies zero boundary conditions on 92 x (0,T"). Using the result of Lemma 2.2
and Remark 2.1, we obtain

where C3 depends on the L* bound on ¢, but is independent of ¢, due to a bound on
[|9°]| L2 (@), independent of . Hence on a subsequence,

W — W

— llowom < 14w l2@e”™" < Cs

W — W ~

— 9 weakly in H.

This convergence and the above a priori estimates are sufficient to guarantee that 1 is
a weak solution of (3.1). O

Finally, we derive our optimality system.
THEOREM 3.1. Given an optimal control b and corresponding solution w = w(h) =
(w,w,), there exists a weak solution p = (p,p;) in H to the adjoint problem,

pu+Ap=hp+w—2zinQ

p= g—f =0 on Xy
(3.2)

Ap+ (1 —p)Bip=0
on 21

ZAp+(1-p)Byp=0

and tranversality conditions p(z,y,T) = pi(z,y,T) =0 whent =T.
Furthermore, h satisfies

(3.3) h = max(—M,min(—%,M)).
9



Proof. Let h € Uy be an optimal control and @ = w(h) be the corresponding
optimal solution. Let h + &f € Uy for € > 0 and w* = w(h + €f) be the corresponding
weak solution of the state equation (1.1). We compute the directional derivative of the
cost functional J(h) with respect to h in the direction of £. Since J(h) is a minimum
value,

 J(h+et) = J(h)

0 < 1
—  e—0t €
= Jim 2 (w2 - 0= )+ 57 [ (4ot - 1)dQ
(3.4) - elir&a/q (w"e—w) (wf + ,21, - 22) dQ + g /Q(Qhé—l—eﬁz)dQ

= o [ ww-2)dQ +8 [ ht dQ,

where v is defined in Lemma 3.1.

Let p = (p,p:) be the weak solution of the adjoint problem (3.2). Existence and
uniqueness of p is proved by arguments similar to those in Section 2. Substituting the
adjoint solution into (3.4) for (w — z), we obtain

T d T
< 7 J—
O—a/o dt/gp“/’ dﬂdt+a/0 a(p,)dt a/thhp dQ+/Qﬂh€ Q.
Using the weak form of (3.1),
0< [ ¢ + BR)dQ.
| tewp + B)aQ

By a standard control argument concerning the sign of the variation ¢ depending on
the size of h, we obtain the desired characterization of A,

h = max(—M, min(—w, ))- O

B

Substituting (3.3) for k into the state equation (1.1) and the adjoint equation (3.2),

10



we obtain the optimality system (OS):

(08) wy + A?w = max(—M, min(-%2, M))w in Q
pu + A’p = max(—M, min(—2z2, M))p+w -z in Q
w:p:%‘f:gﬁzo on 20

Aw+ (1 —p)Biw=Ap+ (1 —p)Bip=10
on Y

2Aw+(1—p)Bw=2Ap+(1— p)Byp =0
w(z,y,0) = wo(z,y), wi(z,y,0) =wi(z,y) on

p(.’l), y7T) = pt(mayaT) =0.

Weak solutions of the optimality system exist by Theorems 2.1 and 3.1. For small
time T, we now prove uniqueness of weak solutions of (OS), which gives the character-
ization (3.3) of the unique optimal control in terms of the solution of (OS).

THEOREM 3.2. For T sufficiently small, weak solutions of the optimality system
(OS) are unique.

Proof. Suppose we have two weak solutions,

W= (wawt),ﬁ = (p,Pt),'Lb = (Eamt)aﬁ = (]_)’ﬁt)

Since w,w, p,p € C(0,T; H*(Q)),w, w, p,p are bounded on Q.
We change variables

Then u, ¢ satisfy in a weak sense

Uy + 2 uy + Au + A?u = max(—M, min(—%"-, M))u
—qi + 20g; — A’q — A’ = max(—M, min(—%52, M))(—q)
— MMy + eMz,

One can check that u,q satisfy the same boundary and initial/terminal conditions as
before. Also %,q satisfy a similar equation.

Using multiplier (v —%@); on the u — U equation and multiplier (¢ —G); on the ¢ — g
equation, and combining, we have the following estimate (similar to the proof of Lemma

2.1)

11



(=m0 )d0 + 3 [ (0 =20z, 00d0
(3.5) 3 [ (=12, T) + (- 972,00
+a(u = Tu ~T)(T) +alg ~ 7,0 - P0)
2 [ (0 =2 + (u = ).)714Q

= [ [t =T = ) = (ha - Fa)(a = 2)e = ™ (u = T)(g -] dQ

where h = max(—M, min(—2%, M)) and h = max(—M, min(—22, M)).

Rewriting, ’ -
hu — hu = h(u — @) +a(h — h)
and
hq — kg = h(g =) +3(h — h),
and noting

(3.6) < /Q[«q—a)t)w((u—v)t)ﬂdcz
+(CeCMHNT) /Q[(u — %) + (¢ — 7)7dQ,

where C' is independent of A\, T but does depend on the L> bounds on w,p. But

/Q(u—ﬂ)de = // (/ (u —W)e(z, 9, s ds) dtd
< // (/ (u—7) zds)dtdﬂ

< /Otdt/ (u —);)*dsdf

T2 2
< 2 o ((u —@),)*dQ.
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Similarly, we have

/Q(q—71)2dQ = /OT/Q (— /tT(q—E)t(x,y,s)ds)2det
T2

< ((g —9):)%dQ.

2 Jo
Thus further estimation on the RHS of (3.6) yields
@A =1 [[la-D* + (w-))Q <
TH(CMT) [[1((g D)0 + (v~ W)e)’1dQ.
Now fix A such that 2A — 1 > 0. Choose T small so that
2\ — 1 > TYHCeCMHNT),

and thus (¢ — ) = (v —u), =01in Q.
Due to agreement of ¢,G and u,u at top and bottom of the cylinder @ respectively,

9=9¢ u=Tu. =
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