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FOR SYSTEMS OF DIFFERENTIAL EQUATIONS
IN MATHEMATICAL PHYSICS

E.G. KALNINS* AND W. MILLER, JR.t**

Abstract. In these two expository talks we shall first review briefly the technique of separation of
variables and its (intrinsic) group-theoretic significance for some fundamental scalar PDEs of mathematical
physics: Hamilton-Jacobi, Helmholtz, Schrédinger, etc. The main emphasis, however, will be on recent
progress in the analysis of these methods for systems of equations, where the proper definiton of variable
separation and its intrinsic significance are not yet clear. We report briefly on the work of Bagrov et
al., Shapovalov et al.,, Kamran et al., Shishkin et al., and of the authors and Williams among others;
and present examples including the Dirac equation (spin 1/2) and the Maxwell equations (spin 1) for the
Minkowski, Robertson-Walker and Kerr metrics, and others.
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1. Preliminary definitions of separability (scalar equations). These lectures
constitute a presentation of some of the basic concepts in the theory of separation of
variables for partial differential equations and comments on recent progress in this field.
We will pay particular attention to variable separation for systems of equations, the part
of the field which is of most active current interest.

The primary use of variable separation is for computation of explicit solutions of par-
tial differential equations [12, 53]. The solutions can be calculated by solving ordinary
differential equations (the separation equations). Many of the solutions obtained by this
method prove so important that these functions are studied and tabulated in their own
right: the special functions of mathematical physics. For Hamilton-Jacobi equations vari-
able separation is used to obtain complete integrals which in turn lead to explicit solutions
of the associated Hamiltonian system. For linear equations the Fourier method can be
used to solve boundary value problems and represent a wide variety of functions as sums
or integrals of separated solutions.

Intuitively, a (scalar) partial differential equation (u; = 0,:u)
H(mi,u,u,‘,ui]—,uijk’...):E 1SZ,J,IN,SN

is said to be (additively) separable in the independent variables z1,...,z, if the equation
admits a nontrivial solution of the form u = Y., S(z;). One can also talk about
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product separation v = [[;_, T(i)(:c,-) or more complicated types of separation such as
w = tan[S1_; S@(z;)]. However a change of dependent variable reduces these other types
to additive separation, e.g., v = Inv or u = arctan w.

This intutive approach to separation does not, by itself, give one the practical tools
to actually compute and classify separable solutions. A more technical (but nonintuitive)
approach to separation is to postulate the (ordinary differential) separation equations. As
an example we review the classical construction of orthogonal separable systems for the
Hamilton-Jacobi equation [70, 71]:

N
(1.1) > H?u!=E.
1=1

Here, ds? = Zfil H?(dz")? is the metric corresponding to the orthogonal cooordinates z*.
We assume additive separation in these coordinates, so that d;u; = 9;0;u = 0 for i # j.
We postulate that u satisfies the separation equations:

N
(1.2) u? + ZSi]’(CUi)/\j =0, i=1,---,N X =_E.
=1
Here O;s;;(z') = 0 for k # ¢ and det(s;;) # 0. We say that S = (s;;) is a Stickel matriz.
Then (1.1) can be recovered from (1.2) provided Hj_2 = (S71)Y. Moreover, it is easy
to verify that the quadratic forms 3¢ = E;\’:I(S Y u? satisfy H® = —\f for a separable
solution.

Furthermore, setting u; = p;, we have
{3} =0, £#j
where
N
{H, K} = (8::H0p, K — 0,:K0,, H)
i=1
is the Poisson Bracket. Thus the H!, 2 < £ < N, are constants of the motion for the

Hamiltonian H'. We see that the Stackel construction is intimately associated with
quadratic symmetries of the Hamilton-Jacobi equation (1.1) [57].

Similar constructions apply to 2nd-order linear PDEs and lead to 2nd-order symmetry
operators, i.e., 2nd-order operators mapping solutions of these equations to solutions, [24,

25, 35].

2. Compromise approach to additive separation. The following approach to
separation starts from the intuitive concept and leads naturally to the separation equations.
We look for (additively separable solutions) of the equation

(2.1) H(zb, u,ui, wis, uigiy -+ ) = B, 1<: <N
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in the coordinates z'. (Here, u; = 0,iu, us; = Ogigiu, - -+, and u;; = 0 for ¢ # j.) We look
for solutions of the form:

N
u=>Y S0(a")
i=1
Introducing new notation, let

Uj1 = Uy, Ujj41 = aziui,jﬂ J = 1a2a” )

let m; be the largest integer £ such that 8,, ,H = H,,, # 0 and let D; be the total
differentiation operator

-Dl = axi + ui,lau + ui,Qa‘lL{’l + ce + uiy"1i+laui,mi + v
Then the equation D;H(z,u) = 0 implies

D;H ,
(22) Ui m;+1 :—H s Z:1,2,--- ,N,

Ui, m;

where

Di =0y +ui 104 + Ui 2Ou;y + Ui Oup s -
It follows that u satisfies the integrability conditions Dju; m;4+1 =0, Jj #¢, or
Hy,,, Hu;,., (DiDjH) + Hu; p,u;m, (DiH)(D;H)
(2.3) = Hu;,, (DiH)(DjHu; ) + Huy o, (D;H)(DiHy; )
Conversely we have the result:

THEOREM 1 [54, 55]. If conditions (2.3) are satisfied identically (for ¢ # j) in the de-
pendent variables u,uy ¢, then the partial differential equation H = E admits a Zf\il m;+1
parameter family of separable solutions.

The following example, orthogonal R-separation for the Helmholtz equation, shows
how the requirement that equations (2.3) are satisfied identically leads to the technical
separation equations. Consider the Helmholtz (Schrédinger, Klein-Gordon) equation

(2.4) AnT(z) = E¥(z).

Here, Ay is the Laplacian on a Riemannian or pseudo-Riemannian manifold, expressed in
an orthogonal coordinate system z*:

HyH;%8,:)

N
1
AN = ——=——— 0,3;H~
N ,/Hl...HN; (H;
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where ds? = Efil H?(dz")?. We look for multiplicative R-separation of this equation:

N
U = exp R(z) H Ty (2h).
i=1

Here, R(z) is a fixed function to be determined. (If R = 0 we have ordinary multiplicative
separation.) Now set u = R —In ¥ to get a standard PDE which we can test for additive
separation:

N
Z[Hﬁ(uii +u?) + (2H?0;R + s;)u; + H*(9:;R + (0;R)? + 5;0;R)]
=1

(2.5) = E.

Here,
1

—  O0.(H,---HNH™.
H,---Hy (Hy NHT)

S; =

Substituting (2.5) into the integrability conditions (2.3) and equating coefficients of
the derivative terms we find:

(1) Coeff. of u?: The H; ? are in Stickel form. Indeed the conditions are
(2.6) aiji_Z :ajHi‘QaklnHj_z+8kH{28jlnHk‘2, j%k,

the Levi-Civita separability conditions which are well known to be the necessary
and sufficient conditions for Stackel form [24].

(2) Coeff. of u;: Determines R.

(3) Coefl. of 1: Generalized Robertson conditions. These are the extra conditions
that an additively separable orthogonal system for the Hamilton-Jacobi equation
(1.1) must satisfy in order that it also be multiplicatively separable for (2.4), [35,
37]. If R = 0 these conditions are simply that the space must be Ricci flat, [24,
25].
We see that all R-separable solutions of (2.4) follow from the Stéckel construction.

In general, we have the following results for scalar PDEs, [1, 13, 14, 17, 30-34, 36, 37,
39, 40, 59, 62, 74]:

Equation Type of Separation
Hamilton-Jacobi additive separation
Helmholtz or Klein-Gordon multiplicative R-separation
Laplace or wave multiplicative R-separation
heat/time-dependent Schrédinger multiplicative R-separation
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(1) All separation is determined via the Stackel procedure.

(2) Separation can be characterized via the symmetry operators
for the equation.

(3) All separable systems can (in principle) be classified.

(4) The theory applies to N-dimensional Riemannian and pseudo-Riemannian mani-
folds and to both orthogonal and non-orthogonal separation.

Variable separation for these scalar equations can be characterized intrinsically, i.e.,
there is a coordinate free characterization of coordinates, [32, 37, 61-64]. For example, for
the Hamilton-Jacobi and Helmholtz equations the relevant theorems are:

THEOREM 2. Necessary and sufficient conditions for the existence of an orthogonal
separable coordinate system {z'} for the Hamilton-Jacobi equation H! = E on an N-
dimensional pseudo-Riemannian manifold are that there exist N quadratic forms H* =
Z?’]jzl Hi(f)pipj on the manifold such that:

(1) {3*,H*} =0, 1<k, <N,

(2) The set {H*} is linearly independent (as N quadratic forms).

(3) There is a basis {w(;) : 1 < j < N} of simultaneous eigenforms for the {H*}.

If conditions (1)-(3) are satisfied then there exist functions g*(z) such that:

w(j) =g¢'dz?, j=1,---,N.

THEOREM 3. Necessary and sufficient conditions for the existence of an orthogonal
R-separable coordinate system {z'} for the Helmholtz equation ANV = EV¥ on an N-
dimensional pseudo-Riemannian manifold are that there exists a linearly independent set
{A; = AN, As, -+ AN} of 2nd-order differential operators on the manifold such that:

(1) [Ak,Ae) =0, 1<k <N,

(2) Each Ay is in self-adjoint form,

(3) There is a basis {w(j) : 1 < j < N} of simultaneous eigenforms for the {Ay}.

If conditions (1)-(3) are satisfied then there exist functions g*(z) such that:

w(j) =g¢’dz?, j=1,---,N.

We mention also that these methods are sufficiently powerful to allow us to derive lists

of all separable coordinate systems for a given Riemannian or pseudo-Riemannian space,
[25, 30, 31, 39, 40].



3. Separation for systems of equations. For systems of PDEs there are a number
of interesting and important examples of variable separation but, as yet, no agreed upon
general definition of variable separation. Moreover, the general mechanism for variable
separation for systems is not yet known. For systems of Dirac type with 1st-order sepa-
ration equations we can develop a theory analogous to the scalar theory, and we proceed
to this study first. (One of the authors developed some of this material in the expository
paper [55]. We have since learned that the principal results were known much earlier [67,
68].) Consider the system

(3.1) Hy = Ev, E constant,

where H = Y| H(2)9; + V(z); H', V are N x N matrices; and 1 is an N-component
spinor. We require that H*, 1 < < n, are nonsingular matrices.

We define a vy-integrable system for Hyp = E1) as a set of equations
op = (Y Cij(2)M = Ci(2))p  i=1,...,n
=1

where the C;;(z), Ci(z) are N x N matrices such that det(C;;) # 0, the M are independent
parameters with A\! = E, and for every initial point z° and N-spinor ¢ there is a solution
Y(z) of Hip = Eyp with the property 1(z°) = £. The integrability conditions 9;(9;9) =
0;(0ip), i # j, imply

a)  CjCie+ CjCix = CixCje + CiCix,
(3.2) b) ajC,-k - CiC — CiCjk = 8,‘Cjk - CipC; — C;Ci,
C) 8,-0,~+Ci(]j = ajC,‘—i—CjCi.

Let the nN x nN bordered matrix A = (A") be the inverse of (Cjy) :
(3.3) S AUCH =) AT = L.

j=1 j=1
It follows that the solutions 1 satisfy the eigenvalue equations

Abp =" AN (2)0ip + BH(z)p = M, 1<k <n.

=1

THEOREM 4 [67]. The integrability conditions for the separation equations are satisfied
identically iff there exist N x N matrices A*(z), B¥(z), 1< k,i < n such that: (1) The
operators A¥ = Zfil A¥9 .+ B* k=1,---,N commute, ie.,

(3.4) AFAY = AfAF,
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(2) H=A', and(3) Zfi] ARGy = 35]&, where J is the N x N identity matrix.

The basic relation for 1st-order separation of N x N systems needed to prove the
equivalence of (3.2) and (3.4) is:

(3.5) > (AT AM + A*AM)(CsCut + CjiCus)
0
= 2(6%6% + 6F68)9

where J is the N x N identity matrix. This relation can be easily verified from (3.2) and
(3.3). We see that y-integrable systems are associated with sets of commuting 1st-order
matrix symmetry operators for (3.1), in a manner similar to that in the scalar theory.

A ~-integrable system is separable if (by a change of frame ¢ = R’ if necessary) the
factorization equations take the form

oy’ = (D Cij(a)N — Ci(a®)y'  i=1,...,n.
j=1
in a particular coordinate system {z',...,2"}, i.e., 0,C;; = 0,C; = 0if £ # .

THEOREM 5 [68]. Suppose the above is a separable system for Hy) = Et in coordinates
{z*}, Iet x¢ be a fixed n-vector and £ a constant N-vector. Then there are solutions of the
form

$(x) = R(x)0W(z")...0M (2"
where the ©f are N x N matrices such that

0 (210 (z7) = W (/)0 (21
for all i,j and O (i) = J.

Thus in the 1st-order theory the separation is via matrix multiplication. Similarly, the
Stéackel form conditions (2.6) for scalar equations can be generalized to this case.

THEOREM 6 [55]. Necessary and sufficient conditions that nonsingular matrices H*
satisfy the conditions

Y HCiy(e") =63, 1<j<n,
1=1
where det(C;;) # 0, i.e., C is a Stickel form matrix in the coordinates {z'}, are
Ok H' = 0;HF(H*)'Or H' + 0y H(H?) ' 0;H', j # k.

(Note that for N = 1 these equations agree with the Levi-Civita conditions where
Hi=H )

1

We can also generalize the scalar Stéackel transform [16, 55]:
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THEOREM 7. Suppose {z'} is an (R—)separable coordinate system for the equation
(Z Hi(2)0; +(V + uW)> b= By

where p is a parameter, H*,V, W, {z'} are independent of u and W is nonsingular. Then
{z'} is also an (R—)separable coordinate system for the equation

O WTH'G+ W)y = Ey.

Although the 1st-order separation theory for Dirac-like equations contains many famil-
iar features from the scalar theory (the connection with commuting families of symmetry
operators, separation equations, the Stackel mechanism for separation, etc.) many prob-
lems remain:

(1) What is the relationship between the symmetry operators A¥*, the separable coor-
dinates and the change of frame matrix R(z)?

(2) How do we classify the possible separable systems?

(3) Not all separation is 1st-order (as we shall show).

For the Dirac equation itself we can, without much difficulty, say a little more about
item (3). Corresponding to arbitrary local coordinates {z°,z',22,z*} on a four-manifold
with signature (—1,1,1,1) and contravariant metric tensor (¢*”) the Dirac equation takes

the form
<Z 7"(2)(0, — T'u(z)) + m) % = 0.

Here 4¥,T", are 4 x 4 matrices, m # 0 is the rest mass of the electron and v is a 4-spinor.
The 4” are determined up to similarity by the requirement

(3.6) vty =299, 0L p,v <3

and the T',(z) are Christoffel matrices [11, 18, 27]. (In Minkowski space with cartesian
coordinates {t,z,y,z} and metric (—1,1,1,1) we have I', = 0.) For a fixed orthogonal
coordinate system g’ = Hu_25’“’ is diagonal and g"* = Hu_2 # 0 so each of the matrices
v#(z) is nonsingular.
We apply identity (3.5) to the Dirac equation. Setting ¢ = k = 1, N = 4 in (3.5) and
using (3.6) we find
> H(CuuCha + CraChy) = 26,603,

"



We can solve these equations uniquely for H 2 in terms of the A*¥ so the equations are
of rank 4. Therefore H 2 is in Stackel form, i.e., it satisfies a system of scalar equations

3
> H8u(a") = 8
n=0

where det § # 0.

We conclude from this that a (1st-order) separable solution of the Dirac equation must
also separate the (scalar) Hamilton-Jacobi equation (and in an Einstein space, also the
Klein-Gordon equation). Thus for a given space the possible Dirac separable systems are a
subset of the already classified Hamilton-Jacobi separable systems. The vector space of 1st-
order matrix symmetry operators for the Dirac equation can be computed directly, [19, 43,
52, 60]. (Note that in general the space of 1st-order symmetry operators doesn’t form a Lie
algebra because the commutator of two 1lst-order matrix symmetries may be 2nd-order.
This phenomenon doesn’t occur for scalar equations. For Minkowski spacetime the 10-
dimensional Lie algebra of Poincaré symmetries is a proper subspace of this vector space.)
Furthermore [45], for the Dirac equation, every triplet of commuting symmetry operators
must contain at least 2 Poincaré symmetries (symmetries of the form A = 9,5 + K in
specially adapted coordinates). Therefore, [15] the most general possible (1st-order) Dirac
orthogonal separable metric is of the form

d:1:3 )2 (d:c4 )2
d2: $1+ 1172 (d$12+d$22+ ( + )
S (fl( ) f2( )) ( ) ( ) gl($1)+g2($2) h1($1)+h2($2)
This result can be generalized to nonorthogonal separation. It appears that detailed un-
derstanding of 1st-order Dirac separable systems should be practical in the near future.
(Bagrov et al. have classified a large number of cases of separation of the Minkowski space
Dirac equation with an added vector potential [2-10, 65]. For related work see [23].)

Now we switch our point of view. Instead of studying separation of a single system of
equations in a variety of spaces, we consider a single physically interesting space, the Kerr
metric, and a variety of spinor equations on that space. The Kerr metric is [22, 49]

2Mr p?
2 2 2 _ 292
ds* =(1— = )dt —(A)dr — p°db
2 in® 6 2a® M sin®
+( aM;gsm Jdtdo — (% + a?) + a /rr)sm e]sin29d¢2,
PE

where A = r? + a®> — 2Mr, p? = r? 4+ a? cos? §. It is a solution of the free field Einstein
equations which describes the geometry in the vicinity of a rotating black hole of mass
M and angular momentum per unit mass a. When a = 0 the Kerr metric reduces to
the Schwarzschild metric; when M = 0 it is the Minkowski (flat) space metric in oblate
spheroidal coordinates.



The following equations “separate” in these coordinates [21, 22, 28, 44, 46-48]:

(1) The Hamilton-Jacobi and Klein-Gordon equations. Standard scalar theory.
(2) The Dirac equation (spin § particles with mass). Almost standard 1st-order theory.

(3) Neutrino equation (spin 3 particles with zero mass). Almost standard 1st-order
theory.

(4) Maxwell’s equations (spin 1 particles with zero mass). Strange, i.e., separation not
well understood.

(5) Rarita-Schwinger equations (spin 3 particles with zero mass). Strange.

(6) Gravitational perturbation equations (spin 2 particles, zero mass). Strange.

To examine several of these equations in some detail we adopt the Newman-Penrose
spinor formalism [41, 56, 58, 73] and the Kinnersly nullcoframe:

: : 1
Lidz" = l(Adt — p2dr — aAsin® 0d¢), nidz' = F(Adt + p*dr — aAsin® fd¢)
p

A
; 1
midz' = iasin 0dt — p?df —i(r? 4 a®) sin 8d¢)
2 (
midzt = L (—iasin Odt — p?df + i(r* + a®) sin 6d¢)

p*V/2

The associated nullframe is:

: 1 P : 1
D=1090, = A ((r? +a®)d; + AD, + ady) , A =n'd, = 2,7 ((r* + a®)0, — AD, + ady)
1

§=mi0, = Jasin 00, + g + 1 csc 69
m NeT (1asin60; + 0y + t csc80,)
_ . 1
6 =m'0,i = —=— (—tasinb9; + Oy — i csc 89
\/iﬁ* 1a sin 60; g — 1 cscB0y)

A=r?4a®-2Mr, p*=r24da%cos’d, p=r+iacosb,

and the spin coefficients are:

PR SR 5 1 cot @ tasin @
fmnd = — prd =04, = ——, = —F, T = ———
p* p2V2 (p*)2V2

rasin @ A r—M

*

TTAs T T TR sl

We will consider 4 equations in a Kerr spacetime and in the given coordinates: the Klein-
Gordon, Dirac, Neutrino and Maxwell equations.
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(1) Klein-Gordon Equation

D(I) = (VAA/VAAI)(ﬁ = m2CI>

The separated solutions take the form: ® = Ry(r)So(8)e™#+°" where m and o are sep-
aration constants. There are two lst-order symmetries: Oy, 0; where 04® = im® and
0;® = 10®, and one 2nd-order symmetry: U® = AP,

! 1 1 1 - ! !
U= (I(AA BB VBB’)(I(AA’ cc VCC') . gﬂ AA'BB MBB’VAA'
where Map = VBA Kgpiaa. Here, Koapp is a Killing Yano tensor, i.e.,

ViccKaanpp =0, Kaapp + Kppaa =0,

unique for the Kerr metric. Also, KAA'CC" = [AA" o KBB'CC' i 4 ond-order Killing

tensor, i.e.,
AA'ccC’ CC'AA’
fK :iK 5 V(AA'KBB’CC’) :0

which corresponds to the 2nd-order terms in Theorem 3.

(2) Dirac Equation

In Newman-Penrose notation this reads

' zm

m
Vaxix™X \/§¢A, Vaxi¢? = _7§XX’-

The R-separated solutions are [21, 22, 41]

$1=p"R_1(r)S_y()e'm? 4y = —Ry(r)Sy(6)eottime
X1 = —,BR_%('I“)S% (G)etottime, Xo = —R% (r)S__%(O)ei"t“md’,

In addition to the symmetry operators 04, O there is a nontrivial symmetry operator:
e ) 32
N4y 0 —Xa V2 \ —xa
where
L - BBI 1 BB/ ].
AAar = Kaa 77 Vpp + gMAA’, Naar = Kan®" Vpp — gMAA'-
(3) Neutrino Equation
vAY S, = 0.
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The nontrivial symmetry operator is:
' A2
Lp* N*y¢a = —5 %5
(4) Maxwell’s Equations (Spinor form)
VAA,(I)ABIO, Psp = PB4,
[20, 22, 38, 41]. The separated solutions for 2 of the 3 distinct components are:
®o = Ri(r)S1(0)e’T™?, &y =2(p")?R_1(r)S_1(0)e’" ™.

(In this new notation for the spinor ®p4 = &1, I = A+ B.) Now R4y, S41 are Teukolsky
functions, i.e., they satisfy 2nd-order ordinary differential equations of the form

(AD;DF — 2ior — \)R; =0, (L{ Ly + 2a0cosf+A)S; =0
ADT Dy + 2ior + \)R_1 =0, LoLT — 2a0 cosf — \)S_; = 0.
0 1

Here,

K r—M
Dn—3r+Z+2n N ‘Dn—ar_?:‘l‘Q“ N

LF =0y —Q+ncotd, K= (r’+ada*)o+am, Q=aosinf+mecsch

1K r—M

L, =09+ Q +ncoté,

From the Teukolsky-Starobinsky identities, 22, 42, 72], we can show that
ADyDyR_; = CARyy, ADIDIR,, =C*AR_,

(and similar formulas for S4; involving also the separation parameter ), can work out
the relative normalizations of Ry, St1, and can obtain [22]

1
B, = W];a:—é |:‘I)O'C1 — E(Ll +tasinéDy)| R_1S;.

(Note that ®; is not separable in the same simple sense as ®; and ®2.) The nontrival
separation constants G, and A are characterized by the symmetry operators C4' B 45, A
where

CAB yppap = (I(A(A’CCII(BB’)DDIVCC'VDD'

4 ’ , 2

+ '?:MA(A'I\BB')DD Vpp + §MA(A'MBB’)> daB
1

= '§G¢AB7
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o 1 N/ , 2
AaPécyp = (K,? “CAce — §MAA ) (IXBA'DD Appr + gMBA’>¢BC
A
= §¢AC>

[20, 41, 73]. Note that the symmetry operator C is a 2nd-order differential operator. (The
1st-order theory for Dirac-like equations doesn’t explain the separation mechanism here.)

Recently Williams and the authors [42, 73] have extended the Teukolsky-Starobinsky

identities to arbitrary half integral or integral spins and have found a covariant system of
equations which yields these general Teukolsky equations.

4. Hertz potentials. The method of Hertz potentials, [48 |, is another powerful
method for generating explicit solutions of spinor equations that is closely related to vari-
able separation. In our example we again adopt the Newman-Penrose spinor formalism,

this time in Minkowski space.

The covariant zero-mass field equation for a free spin-s field is [48, 58]:
(4.1) VAX $ap..xc = 0,

where ¢4p...x is a totally symmetric spinor with 2s indices. The spinor d’Alembertian
operator (a scalar) is: 0 = Vax:VAX' A Hertz potential for (4.1) is a totally symmetric
2s-spinor Pyp...x satisfying

(4.2) OpX'N'=W' = oA glN"-W")

where G 4n'...wr 1s an arbitrary gauge spinor with one unprimed and 2s — 1 symmetrized
primed indices.

THEOREM 8 [48]. Suppose P is a Hertz potential. Then the spinor
¢aB..k = VamVpn - Vgw PM YW ¥ gy View: G,]X)I"'W

1s a solution of the zero-mass field equation VAXquSAB...K =0.

This result can be extended to curved spacetime (Kerr metric) for s = 1,1, 3,2, [48].
In these cases, G' can be chosen such that the equation for the Hertz potential has only one
nontrivial component and variables separate in a simple fashion. The Hertz potential thus
yields a “separable” solution of the field equations. Unfortunately the method of Hertz
potentials is not general; it works only for algebraically special spacetimes.

5. Other approaches and examples. In this section we review some other ap-
proaches to separation for spinor equations and present some intriguing examples which
should (we hope) help point the way to a comprehensive theory of variable separation.
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(1) The approach of Shiskin et al. to the Dirac equation [1, 69]

In this approach the problem is: given coordinates and frame (to within a constant
change of frame), determine the separation equations. For example, consider the Dirac
equation in Minkowski space and Cartesian coordinates, but with an added vector potential

3
HU = | Y 4%(8a —i4a)+m | ¥ =0,

|al=0
Aq(z) vector potential, oyP 4 APy = 29698,

We set ® =T'~1¥, T a constant 4 x 4 matrix, and try to write HV = 0 in the form
(Ko + Ki123)® =0

where K, depends on only one of the variables, say z, K123 depends only on z, =3, z3
and

(Ko, K123] = 0.

These requirements impose conditions on the A, and I" whose only possible solutions for
I' are

DI =+%  2)T =+

(The solutions for the A, are easy to compute but divide into several cases.) We can
continue the process to separate operators Iy, Ko, K3, for x1, z2, 3, one at a time. The
separated solution is a simultaneous eigenfuntion of Iy, I{y¢ = A¢, and of I, I3, K;.

A similar approach yields separation equations for elliptic cylinder, parabolic cylinder
and spheroidal coordinates, etc. This method is effective in many cases corresponding to
1st-order separation, but there are problems:

a) It is not completely systematic. One must postulate the coordinates and guess the
right frame to within a constant frame change.

b) No definition of separation is provided.

(2) The metric ds? = dt? — a(t)? [dz? + b(z)?(dy? + c(y)deQ)]

Special cases of this metric are the Friedman-Robertson-Walker universes, [50, chapter
11]. These are the cases in which the spatial part of the metric (the part enclosed in
square brackets) is a constant curvature Riemannian 3-manifold with curvature -1, +1, or
0. The three cases correspond to a Robertson-Walker expanding universe, finite universe
or Minkowski universe, respectively.
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To study variable separation of spinor equations for the general metric in these coor-
dinates we again adopt Newman-Penrose notation [56, 58] and choose the null coframe:

) 1 ) 1
£;dz'* = —=(dt — a dz), n;dz* = —%=(dt+ a dzx
o = (it a da) (it +a de)
. 1 , 1 .
;dz' = —=(ab d abe dz), mm;dz' = —(ab dy — 1abc dz
m;dz \/i(a y + tabe dz) T 2( Yy )
(z") = (t,z,y, 2).
It follows from this that the null frame is
. 1 1 : 1 1
L =0z), A =n' s = ——= — =0
D J4 611 \/é.(at + a@ ) n'o, ; \/;)-(at a@ )

1 1 ?

1 1 1
WA

= 75(—%03, — —@81), db=m 8,,f =

0;)

and the spin coeflicients are

ag 1 bz

k=oc=A=v=wm=1=0, e:—y:zﬂa, p:—E(at-{—T)
1 b, B _ Cy
p= \/,za(at ) a= 5—2\@&[)6-
For the Dirac equation
0 0 D+e—p é+7—a Py Py
0 0 54+ -7 A+ip—7 Py . Py
Atp—y —(6+B-1) 0 0 Q| Q°
—(6+7—a) D+e—p 0 0 Q! Q!
there are separable solutions of the form, [26]:
Po Ty (1) X1 (z)Y1(y)
P | BOXv()
Q! Ty(1) X, (2)i ()
Q' Ty(t) X2(2)Y2(y)

There are 4 separation constants and three symmetry operators, one of which is 2nd-
order. We give no more details about this example since it is covered in Niky Kamran’s

talk, elsewhere in this proceedings.

Maxwell’s equation (spinor form) is VA4'¢ 45 = 0 which reads

15



6§+ 71— 2a —-D +2p 0

< %o 0
0 §+or  —(D—p+2) ~
(5:1) (Atp—2y) —(5—2r) 0 jil .
0 (A+2p) —(6428-71) 2

There are separable solutions of the form

$o A(t)ho(2)g0(y) _
$1 | = | Ahi(z)g1(y) | e,
b2 A(t)ha(z)g2(y)

To see how the separation works note that the 1st equation (5.1) is

1 1 Cy 1 2ay 1 2b, B
—m[ay = =0: 4+ —]¢o — \/ﬁ[(@t +—)+ (0 + 7)1 = 0.
It separates into
A ¢y 2

A by
@y = — + —)90(y) = Aaga(y), 74’“’(9”) 40+ =55 (e) =0,

At+%A:,uA.

where A\, Ay and p are separation constants. The other 3 equations (5.1) separate in a
similar manner. The miracle is that these 12 separation equations are consistent if one
restricts the separation constants suitably.

The spin 1 (massive) equations are (in tensor notation)
OA, — R,YA, =m?4,, VYA, =0.
They do not separate in the given tetrad, but with the change of tetrad
Ag=Ao+As, A1 =A4A;, A3=A40— A3, Ay =4,
we find separated solutions of the general form

Ao = xo(t)bo(2)g1(y)e %, Ar = x1()by(2)go(y)e ™™
Az = =2x1()b—(2)ga(y)e™ ™, Ay = =2x1(t)bo(2)g1(y)e ™.

For our last example, Wunsch’s equations (spin 1, massive)
AA' A’ A
V2% ¢ap =myp”, Viaap” py=-—-moup
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admit separable solutions of the form

do = a1(D)bo(2)go(y)e ™, ¢1 = a1(H)bi(2)g1(y)e™ %, do = a1(t)ba(2)g2(y)e™ 7,

e = az ()b (z)g1(y)e 2, ol = —ay(t)bo(z)go(y)e ™7,

b,

az(t)bz(m)gg(y)e—i)\z, 'Ql’lll — —a2(t)b1($)g1(y)e_i’\z.

Il

Group Theoretic Methods: Tensor Harmonics

For systems of equations admitting nontrivial Lie symmetry groups, harmonic analy-

sis can provide an effective tool for determining separable solutions in certain (subgroup)

coordinate systems which are adapted to the symmetries. This well developed procedure

provides the proper frame or tetrad for separation automatically and for the Dirac equa-

tion it yields examples of separation in which the separation equations are both 1st and
2nd order, [27a, 27b, 29, 51]. The principal drawback of this method is that it applies
only to so-called subgroup coordinates such as, for example, spherical coordinates for the

Dirac equation in Minkowski space. It does not apply to coordinates such as parabolic

cylinder, elliptic cylinder or oblate spheroidal which also separate the Minkowski space

Dirac equation with appropriate choice of frame.
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(5]
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