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KILLED DIFFUSIONS AND ITS CONDITIONING

Guanglu Gong®  Minping Qian™" Zhongxin Zhao***

Abstract

Let X = (xt)t>0 be a diffusion determined by an elliptic differential
operator L in R" (n » 1). For any bounded cll domain D, we define the
conditional killed diffusion X% on D by the semigroup:

-1 Aot
T (x) = og(x) T E,LF (X )og(Xy)stpy > tle o (&> 0
where Ag and ¢ is the principle eigenvalue and eigenfunction of L on D,
In this paper, we prove that X? 4is a strong Feller process on D and {Tt}
has the strong continuity on C(D). For any T > 0 we consider the conditioned
process XT, i.e. the process X in D conditioned on {rD > T}, and prove

that XT weakly converges to X0 as T + = without any additional hypotheses.

* Départment of Probability and Statistics, Peking University, Beijing.

** IMA, University of Minnesota, Department of Probability and Statitics,
Peking Univeristy.

k¥

IMA, University of Minnesota, Institute of Systems Science, Academia Sinica,
Beijing.
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1. INTRODUCTION

We consider the second order differential operator on R":
1 1 K] u du
bz g i gt L b0 o

l,a

where a,.(x), bj(x) e Ciae(R")s 1,3 = L,eeuun, a > 0, and for ¥ N > 0, there

exist 3i,N >0 (i = 1,2) such that a = (aij(x)) satisfies

0« BI,NI < a(x) < BZ,NI (le <N) (1)

L generates a diffusion process X = (xt)t>0 on R" with L as the infinite-
simal generator of the corresponding Markov semigroup. Let us deal with L and
X locally, i.e. we confine {XS: 0 <s <T} on the pre-exit event {rD > T}
(where T > 0, 1) = inf{t > 0: X, € D}), and then obtain the killed diffusion

XD. The corresponding killed semigroup is

T f(x) = EX[F(X.): t < 7l

In this paper, it is given that for a bounded open Cl'1 domain D and

Yty > 0, there exists a constant C = C(L,D,ty) > 0, such that

1 -Apt -Ant

T d(x)e 0 ¢ P ltp > t) < Cd(x)e 0 (3)
for all (t,x) ¢ [to,w) x D, where \y is the principle eigenvalue of L,

d(x) 4 dis(x,aD),

And a uniform estimate is given

Xot
e PX(TD > t)

sup |

- [ vp(x)dx| + 0 (4)
xeD ¢0(x) D

for time-space parameters, where ¢4, y, are principle eigenfunctions of L

and its formal adjoint [ respectively.
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However, the killed diffusion disappears gradually as t + «, It is
natural to consider the diffusion {Xt: 0 <t < T} under the conditional proba-
bility measure PZx = P (eltp > T - 's) (for each fixed T > 0) and its weak
limit as T + », In the case of Markov chain, this was done by [2], [14]. For

diffusions Ross Pinsky proved [12] that the conditioned diffusion XT up to

time T 1is inhomogeneous with the generator LT

depending on T, and under
three hypotheses (which seem hard to check) the coefficients of LT converge
locally uniformly to those of the operator L + a(V 2n ¢4)V (therefore the weak
convergence of the processes follows). But even in the case of L being sym-
metric those three hypotheses have not been justified rigorously there. In this

paper we approach this conditioning problem in a different way. We define

directly a Markov process X? 4in D given by the semigroup

Agt

T8 (x) = ag(x)TLEXLF(X )og(Xy): tp > tle (5)

Since ¢g s a positive "harmonic" function on D with respect to -(L +xq)s
this definition is a natural generalization of the concept of conditional
Brownian motion given by Doob [3]. We call X? the conditional killed dif-
fusion, which has been considered by Zhao [18] in a different situation,
Moreover, we prove that Tg has the strong Feller property. A more delicate
property is the strong continuity of Tt on CU(D) (the Banach space of uni-
formly continuous functions on D), or equivalently, for any given & > 0
sup og(x) ™ E, (a(X)s X, = x| > 6, 1p > t)[ » 0 (t > 0) (6)
xeD
The strong continuity of Tg is not only an analytical property of the
semigroup, but also is the key step to get the tightness of the measures P:,x'
On the other hand, with the help of (5) and (4) we have the convergence of the

transition functions of XT. Thus, it turns out that XT weakly converges to

X without any additional assumptions.
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2. SOME RESULTS IN ANALYSIS

Let a = (aij(x))’ b = (by(x)sesesby(x)) be cl»® functions on D, where

i,j = 1,2.0..,"’ and
0 <yl < acy,l (x € D) (7)
Denote

L = %-Vav +bY - c(x) (c(x) » 0, c(x) e c0»(D))

1 (8)
La = -z vav

and G , G , G, are Green functions of L, L_, 1 A respectively., Some analy-
L La A a* 7

tic facts which we need are listed below

Theorem (A) (Widman [17])

1
G (x,¥) € C ———=—— (|x - y| A d(x))
La Ix - y|"?
|v.G , < K . 1 .

R P (n > 3)

Theorem (B) (Hueber and Sieveking [7])

1
< G, < G < cGy (c > 0)

Now we have
Lemma 1
sup f ____91___u.( ©
xeD D |x - yl"'l
and measures [ -—-—5917;:r are absolutely continuous with respect to dy and

_ Alx -yl
uniformly for x ¢ D.
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Proof: Taking the n-dimensional spherical polar coordinate centered at x,

we get

d
sup [ _——__JL-_-I <s
xeD A |x - y|™" X

up ( J + / ) ————91~—-r
eD {|x-y|<8INA {[|x-y[>8}INA |

x -yl

) n-1
r df‘do + 1 = + 1 A
< é / -1 o m(A) = 8o T m(A)
where m(+) 1is the Lebesque measure and o 1is the area of the unit sphere in

R", Then the proof is complete.

Lemma 2 If f ¢ M, (D) (bounded measurable function on D) f > 0 and

f >0 at least on a small ball, then there are €1 > 0, cp such that

fp GL(x,y)f(y)ay
Cl < D _L d(x—) < cz (x € D)-

Proof. Since Theorem (B), (A) and Lemma 1, the upper bound follows and for
the lower bound we only need to investigate when L = A and x satisfies
d(X) < § with small 6 > 0. If, on the contrary, this lemma fails, then there

are Xn € D such that

0B, (Xs¥ ) (y)dy
dUm)

Without loss of generality, we can assume Xp * Xq € aD. Denote the inward nor-

+ 0 (m + =)

* *
mal of 3D at x, tobe n, and pick up x; € 3D such that |xm - xml a d(xm).

Because vaA(X’Y) can be extended continuously to D \{y} [5],[6], with the

help of the mean value theorem we obtain

6y (kme¥) = Bylxpy) = Bylxpy)

aGA * * —_—
an (Enly)wy)d(xg)  (Eply) € xpx)e
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Thus

f GA(xmly)

36
Iy fWa = [ saﬁ (& (y)oy)f(y)dy

Now the estimate in Theorem (A) and Lemma 1 allows us to pass the limit under

the integral and then get

G(x,.Y) BG
a\Xm A
—_—f dy + _.__.)(’f d m+ o
6 IEm) (y)dy é = (Xgsy)f(y)dy ( )
aG
with 335 | > const > 0 [5], [6]. Hence it should be positive. This contra-

aD
diction fulfills the validity of our lemma.

From now on, we assume a, b satisfying conditions in Section 1 and

c(x) € CY22(RM).

Proposition 1. Let

L) 4oy, 6 8 6y O 0)

Then there are a > 0 and C > 0 such that

—ar'X |x-y |
G, (x,y) < C 3—-—-—-7;:5 (n>3) (9)
Ix -yl
where
G, (x,y) = 6 e pD(t,x,y)at (10)

and pD(t.x.y) is the transition density of the killed diffusion XD of X at
aD.

Proof. It is well known that pD(t,x,y) is the Green function of %% = Lu
on D and PD(t.Xo¥)|x£ao = 0, Meanwhile estimation
2
(vp =€) |x = yi

: - 4t
p(t,x,y) < Ce'T?n—}ze (11)

(0<t<T, x,yeR', 0<e<y)



holds for the transition density p(t,x,y) of X with a constant Ce,T (v1

is defined in (7)). [10] And the existence of pD(t.x,y) and its property can
be established in a purely probabilistic way without the help of PDE just like
what is done in the killed brownian motion case [13]. Now the estimate (11)

reduces our case to the classical brownian one. Combinind (11) and

p2(t,x,y) < p(t,x,y),
we have for small n > 0 that

5
é e MpD it x,y)dy <

e_/??}j?}7?]1§)/§lx-¥l §+d(D)? - iiil;:%i-é

e du
|x - y|"-? b un72

< Ce,c

(d(D) = diamter of D)

PRSI

//71'5 _
- A lx -yl
e

é c 1+ n

€,6,n |x - y|n-2

On the other hand

e M pD(t,x,y)dt

Yl-e

d(p) /Y1°¢

- Ten /A Xy | @
¢ eltn 46,7 ln [ o2 (y,x,y)dt,
5

And by Theorem (B) and (A)

? p2(t,x,y)dy < Z PP (t,x,y)dy = G (x,¥)
8

< CGA(x,y) < _I__.__C._._z

x - y|""
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Y1-€

[y - € d(D)
Thus (9) holds for //YI C=C V(Ce l*n 45
@ I +n° €,8,n (Ce ).

Remark Let
L = vay - V(be)
Z

to be the formal adjoint of L, and A > - inf {(div b(x))}, then proposition 1

keeps valid for G, = G where C(A) =L -,
A L(x)

Proposition 2 There exists g > 0 such that

(n > 3) (12)

Proof Inequality (12) follows by modifying Widman's arguments in [17].

For the specified annuloid domain A (which is denoted as D in [17]), GA(z.y)
Ce-B'/'{|x-y l .

is majorized by T and zero on 3AN D and 3D respectively by
Ix - y|""

Proposition 1. Then by the maximum principle and Theorem (B) GA(z,y) (A suf-

ficiently large) in A can be majorized by the harmonic function with the boun-

ceB/X[x-y| ,

e and zero on 3A N D and 3D respectively. Thus the

dary value
| yé
same arguments as [17] lead to the inequality (12).
From now on we always assume c(x) = 0.
We need a version of Frobenius theorem of the elliptic PDE. A familiar
fact is that this kind of counterpart can be proven by Krein-Rutman's theorem

(9] and the strong maximum principle [5]. We state it as follows

Theorem (C)
-L and -C with the Dirichlet boundary condition on 8D have a common
simple positive eigenvalue Ag at the left of their spectrum. The

corresponding eigenfunctions, ¢ and 4, can be chosen positive on D and

vanish on 2aD.



For this we have to do a little bit explanation both for the sketch of its
proof and convenience of its application.

Let us introduce two Banach spaces:
é . = ~ ~ Q ~
B(D) {f: f()() d(X)f(X), fe CD(D)’ lle(D) ﬂfﬂcb(D)}
A = z A T
where C (D) = space of bounded continuous functions and Cy(D) 1is equivalent

to c(0). By(D) is a closed subspace of B(D).
Bo(D) is included in Cgy(D) (Ch(D) functions vanishing at aD) but
equipped with a stronger topology.

Lemma 3

1° Let GA be the operator with the kernel Gx(x.y). Then we have
GXMD(D)(:,BO(D).

And G, is compact on B(D).
The semigroup T% (t > 0) in (2) maps My(D) into Bp(D). Besides, TE

is compact on BO(D) and on CO(D) and strongly continuous on CO(D).

Proof:

1°.  We have fo e C,(D) and
G, f(x") ) G, f(x) < |Gy (x.¥) _ 6y (x",y)
alx') 4 | ek dx)

|f(y)|dy

for any f e M (D). The left hand side goes to zero when x' + x € D. In the
case of x' » x e 3D, V,G(x,y) can be extended continuously to D (y) [5],

[6] which ensures that the left hand side turns also to zero. That means
G, f
3%77 can be taken as a function in C(D), i.e. G f e By(D). A very similar



G, f _
argument shows that 3%;7 is equivalently continuous on D for all

with lflc < 1 which leads to the compactness of G, on Bgy(D).

2°. First we point out that for any f ¢ Mb(D)

ml-ylf) PP (t,x,y)f(y)dy e C, (D)

f=fd

holds, which says T%MD(D)(:,B(D). In fact, [ pD(t,x,y)f(y)dy is continuous

[10]. Combining Theorem (B), (A) and Lemma 1, we get

SuD'HT%T | 6 PP (t,x,y)f (y)dy|

xeD

Vi

b
< SUp =———= p >t
rep ) Pulmo > ©)

Next we show that ET%T / pD(t,x,y)f(y)dy is uniformly continuous on
D

D, This

can be done as Lemma 2 with the well-known fact that vxPD(t,x,y) can be

extended continuously to U with respect to (x,y) ([10], Th 16.3).

From these

D D
two steps we get th e Bg(D). The compactness of Ty (€ >0) on By(D) or

CO(D) can be proven just as we did in 1° with GA. Finally, let us prove that

T2 is strongly continuous on CO(D). For this we pick up

— -— 1’
3;5(x),b(x) € Cu(R") N €22 (R™)  such that

Eij(") = ay5(x), by (x) = bj(x) (x € D, i,j = 1,044,n)
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The Markov process X generated by T with coefficients ‘;ij'.si is a strong
Feller process with strongly continuous semigroup on CO(D). However YD and
xP have the same (killed) semigroup on D, By a fact in [1], TE is strongly
continuous on c4(D). That accomplishes the lemma.

Late on, let GA be the operator with the kernel GA(x,y): the Green func-

tion of - - 2,
Gy (x,y) _ .

We have g o) f(y)dy > e, > 0 (for some ¢, and ¥f e Bo(D) i.e.
f e Bp(D) and f > 0) as in Lemma 2 (Similar inequality holds for G, with
large enough). It implies that GA is strictly positive on BS(D) in the
sense of Krein-Rutman [9]. Now their famous theorem works: The first eigen-
value vy(A) of GA is positive and simple with a positive eigenfunction
¢$(x). And the resolvent identity Gu -6 = (- u)Gqu assures that ¢,(x)
R . A .. "
is independent of X, i.e. ¢5(x) = ¢g(x), and y(1) = X"Tlxa . Similarly G,

has a positive eigenfunction vo(x) with positive simple first eigenvalue

X+ i when2 A is large enough. Since we have <fo,g>L2(D) = :f,GAq>L2(D)
for f,g e L°(D) and G,, GA are compact both on By(D) and L°(D), we should

have Xg = Ao, and the other generalized eigenspace Mj, M; of Gy » GA are

J
finite dimensional and can be chosen that the corresponding point spectrum are

'T-%—TE and ek and Mj LA in L2(D) when j # k. Meanwhile $0s ¥

are determined uniquely by

Lo = xpo Ly = rgy
= ) d =
¢IaD an vl =0
¢ >0 on D v >0 on D,

Surely, we can assume that | ¢0(x)¢0(x)dx = 1. Moreover {¢0'¢jz’ js4 varies}
({¢0'¢jz :j,2 varies}) generates L2(D), where ¢jg € Hj, Yig € ﬂj are given

by
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My

(XJ + L)mjl (AJ + C) wjl =0

f ¢j£ -0 and

%2lyp = O Yialyp = O

with . ] M i i
it My, < dim HJ, mj, < dim ﬂj respectively,

Proposition 3

¢0n ¢0 € BO(D)'
And there are B2 > 81 > 0 such that
| : B1d(x) < ¢g(x) < Bod(x),
B1d(x) < yo(x) < Bad(x).

Proof: Since we can take a sufficiently large X such that

vo(x) (2 +2g)fp G, (x,¥)wg(y)dy

a7x) a1x) ,

the proposition follows immediately from Theorem (B) and Lemma 2.

Corollary ¢q(x) or ¥o(x) can be used instead of d(x) in the defini-
tion of By(D).

Let us denote the Green function of -%% =Lu on D by

| B0 (t,x,y) (= pP(t,y,x)) and set

fgf(x) = ﬂ B2 (t,x,y)f (y)dy.

Proposition 4

Ant
Semigroups T2 and TE on BO(D) have a common first eigenvalue e 0

{ which is simple with eigenfunctions $g and Yo respectively.
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Proof: By Lemma 3, TE only has non-zero pure point spectrum, Then it

follows from the spectral mapping theorem ([8] Th. 16.7.2) that TE and Tg
~Ant

have the first eigenvalue e ° . Singe, & and G have no geg:rglized
eigenfucntions with the eigenvalue e either. That shows e 0 is a
simple eigenvalue of TE and T?,
Theorem 1
T?, TB as semigroups on BO(D) are strongly continuous.
Proof: By Hille-Yosida Theorem, it suffices to prove that
IAG, - fy 0, 1AG, f - i 0 (A +w 13
x = fig ) » 0s 1AGy By) * 0 (A > =) (13)
It follows from Proposition 2 that
1 AG, (x,y)I dy
d(xSé AV x - y 56}
< —S Ae-B'G‘G m(D) + 0 (A +» =)
6“-1
(uniformly with respect to x).
Thus Proposition 3 gives us
AG, (x,y)
sup Ay a0 (A > w) (14)

/
xeD D {|y-x|>86} ¢o(x)

Now for any f ¢ BO(D), by the corollary of Proposition 3 there is a
fe CU(D) such that f = F¢0. Then we have



IAG f - fu
) By(D)
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AGAf

I S

%9

A6y (x,y)eq(y)

< sup
xeD

+

< C1 sup
xeD

+

Hence (13) follows from (14)

3. KILLED DIFFUSIONS

o(x)

¢(D)

~

[fly) - F(x)|dy +

AGA (X 2y )¢0(.Y)

sup [f(x)] J
xeD

AGA(x

dy -1
9o(x) y |

»Y)

X ps TR YT s [T - F)|

x,y e D

"?'C(H) (x +A>‘0 - 1.

A

A+ Ao

Let us assume that X = (a,F,F P .6 ,X) is the Markov process generated

by L on R".

Denote

—
©
-
—
x
~
>

= e

and

TV (x) = e

where f ¢ CU(D) and

Aot Teleof) (x)
R

At Tovof) (x)
¢0(x)

4 6 p? (t,x,y)f (y)dy

= é B¥(t,x,y)f(y)dy

+
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gt
p(t,x,y) &2 p2(t.x.¥)0g(y)
¢o(x)
Aqt Ant
SVt ) 8 e’ ﬁD(t.X.y)wo(y) e 0 pD(t.y,x)wo(y)
P 1 XY ‘PO(X) wo(x)

It is easy to see that Tgl = 1, Tgl = 1,

Theorem 2 There exist 02 (depending on to) > € 2 0, such that for
t > to and x e D

-txo -ti

Cie Cd(x) « P (tp > t) < Cpe  d(x) (15)

and

-t

0 -t

c O0q(x) (16)

hold.

Proof: Since Proposition 3 we only need to check (16)., For the lower
bound, we have

PX(TD ) t) PD(t:Xs.V)¢0(.Y)e ' 1

= . dy
] A0t¢0(x) ) o0(x) doly)

1 8
> I 55(y) ¢, > o

xeD

For the upper bound, we recall from Lemma 3 and Proposition 3 that there exists

t s o pP(t,x t
a constant C; such that g,(x) = é jl—gigzifl dy <« C;. Hence for t >t

P.(tp > t) t t
x\TD _ 1 0 ¢ 0
B T g, (x) <C, TP 1<C C,s

e g (x)

since Tgl = 1,
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Theorem 3

There exists a constant ¢ only depending on D, such that

eAOth(TD 1) : ,
il::'[)) I ¢0(X) - C‘ e (t » =) ( )
Moreover
ant
e O fp p2(t.xy)F(y)dy » N
iz% I ¢0(X) - é Y)Wo(Y)GY| + 0 (t *> m) ( )
At Lo
e f p Lt,x.y)f(y)d_y .
sup | vo(x) - fWlelydy| + 0 (18')

where f ¢ Mb(D).
Proof:
First we assume f e By(D).
The compactness of T2 on BO(D) implies that there exists a decom-

position of B;(D) into the direct sum of its subspaces Mxo and N,  which

0

-Ant
are invariant under e - T%, and

Bo(D) = MXO + NX ’ Mxo = {0¢0: a € R.}

0
D
Ttnxoc: N\
-xot
and Tt is compact on NAO’ while e is no more in the spectrum of Tt on

NAO ([11] Section 6.2, Th. 6).

Now f can be written into

f = Cedg * 9 g e Nk .

And then
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=it
D 0 D
th = cee o0 + Ttg,

Let A be in the point spectrum of T% with the smallest real part

bigger than Age The spectrum radius theorem tells us that

~Rex
Tim T ul/t = e 1 <eM (Aq < u < Rex ).
t'N 0 1
trw AO
Thus we have
nTgnl/t (e¥ (t 1large enough).
Hence
Ant Ant
e 010¢ e O T

t
supl——TT—-C|=Sup|—""("r|
xeD $oix f xeD PolX

Ant Ant
< const e 0 ngu = const e 0 | TEgnN
BO(D) AO

‘Mt it

< const e e ™ 1gn » 0 (t » =),

Let us specify Ce:

Aot

- e th

0=1lim [ ( = Ce)og(x)vgx)dx

1]

y ot ap
im éé e = P (t.y.x)wy(x)f(y)dxdy - c¢

L+

[ voly)f(y)dy - cq.

Secondly, for f ¢ Mb(D), we have Tt f e BO(D) from Lemma 3. Applying
0

the formula just got, we obtain

An(t - tn)
e 0 Or o T, f
0 ‘o

sup |

XeD ¢0(X) B é ‘J’O(y) Ttof(.V)d.Y| + 0 (t + =)

Then (18) follows.
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4, CONDITIONAL KILLED DIFFUSIONS

Theorem 4

Tg and Tg are strongly continuous semigroups on Cy(D). If f e CE(D)

(infinitely differential functions with compact support), then
Adf = (.% vav + bv + a(v log 90)V)f, (19)
A¥f = ( %.Vav - bv + a(v log ¥o)V)F, (19')
where A®, A¥ ‘are the generator of T? and T? on C,(D) respectively.

Proof: The first assertion is just a restatement of Theorem 1. For the
second one, we have f ¢ D(A¢) iff ¢f ¢ D(A) (A: generator of Tt) and under
this condition A%f = A(¢0f)/¢0. Then (19) follows from the direct calculation,

As usual {p®(t,x,y)} and {p¥(t,x,y)} generate families of Markov

measures {Pi} and {Pf} with state space D respectively.

Theorem 5

X is a continuous homogeneous conservative Markov process with strong
Feller (and C (D) strongly continuous semigroup) under both {Pi} and {5i}
with invariant measure Ho(r) 4 IP ¢0(x)¢0(x)dx (r € B(D)).

{Pr} is the time reversal of {P:} with respect to the invariant measure
ug which is mixing.

And we have for any initial measure u(r) (T € B(D)):

ofé p?(t,x,y)f(y)u(dx)dy + [ f(y)ugldy) (f € M (D)) (20)
sup | Ip®(tix.y) - ¢o(y)wgly)|dy » 0 (t + =) (21)
xeD

(the same for pY!)
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Proof:

First, we show the path continuity of X under {Pﬁ} (or (ﬁz}), For any

T € a{XS: s < t}, we have
A ekot
EZE = 9g0%) Ey (Eog(Xe)).

It follows that

Pi{w: Xs(w) discontinuous on [0,n]}
Aot
= € -
- ¢le$ Ex (I{XS discontinuous on £O,n]}¢0(xn)) 0
Next, we set

pD(tODX'.y)
qto(y) = é W— u(dx).

Then Theorem 2 implies

Ant
[ p*(Ex)f(y)ulax) = ¢ 0 [ pO(t - tgs¥s2)eq(2)f (2)a (v)oyaz
_ ol -t p Ao

to
Te _ ¢ (6of)(y)e = "a, (y)dy
: t - tyl%0 (y) to

J Yoo (y)d ( )
+ | <ogf,yp> ¢ e q, (y)dy t+ o
ofs¥p LZ(D) 0(¥) tO

< =
¢of.¢0>L2(D) 6 f(y)ug(dy).

To see the mixing of Hg» we calculate, for instance, for bounded

measurable functions f and ¢

¢
Eu[f(ct’Xt+sl’xt+sz)g(xu1’xu2)]

= [ og()wg(x)p* (u),x,y)p? (Uy-uy,y,2)aly, 2)p? (L - up,z,2)

p®(s,,a,b)p¥(s, - sy,b,c)f(a,b,c)dxdydzdadbdc
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The right hand side goes to E:f(xo’xsl’XSZ)E39(XUI'XUZ) as t + w, hecause we

have
Joo(x)wg(x)p®(uy,x,y)dx = ¢5(y)wgly)
f¢0(y)w0(y)p¢(u - ul.y.Z)g y,z)dy =
%“2 u1
o(2)/pP (Up-uy,y,z)yg(y)g(y,z)dz
& 40(2)3(2)
and
— " Ag(t - Uz),\[) —
[ 9g(2)a(2)p*%(t - uy,z,a)dz = ¢p(a)fe p(t - uy,a,z)g(z)dz

» #9(a)vg(a)] T(2)eg(z)dz (& » =, uniformly):

What we get above deduces that for any o(Xt,O <t (=) cylinder sets A and

B, it is valid that
¢ ¢ ¢ .
PholetA D81+ P2 (AP (B) (t + =)

Thus the standard way of approximating o(Xt,O <t < =) measurable sets A, B

by cylinder sets A_, B

n n ensures that

P (o -p® (o P (0 A A P® (B o B
| g (8,AN 8) Puo (6,A, N B.)| < uo( (A oA+ uO( n)

= pé ¢ B w i
P“O(A AR+ Pug(B AB))+0 (n» « uniformly for t)

which implies

¢ > ¢ ¢ + o
PuO(BtA n 8) PuO(A)PuD(B) (t + =)
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Finally, we estimate

sup [ [p¥(tax,y) - og(y)wgly) Idy
xeD D

= sup Ié (PTux,¥) - PP(t,x",¥)eg(x" Jug(x')dx" |dy
xeD

< sup 6 1P (t,x,y) - p¥(t,x',y)dy og(x")wg(x")dx’
xeD

Sp Tf _Tfl | |dl
sup é 'f'Mu(D)‘ll gF(x) = Tef(x') [og(x' Jwg(x")dx
b

+

0 (t » =)

since (18) holds uniformly for (f: 1f1 < 1),
The other conclusions of the Theorem are easy to obtain.

Xpa=1
Corollary If L 1is symmetric, then y,(x) = const, ¢0(x)e21 (a b).

The next theorem says that X under {Pf} (we denote it as X¢) can be
regarded as original process X (under {Px}) conditioned on D in the
following sense: (P!} is the weak limit (when T » =) of X' the killed dif-
fusion conditioned up to time T. Actually XT is determined by the nonhomoge-
neous Markov measures {Pl,x} [12] with the density:

P(TD>T-t)

T Dy . Yy .
o (stuxy) 020 - soy) Py - (22)

Hence we call {P:} conditional killed diffusion on D.

Theorem 6 For any TO > 0, xT converges weakly to X* in D[O,To] as

T+ =,



-21-

Proof.
Two things have to be done for the proof. First, the convergence of the

. . . . T
finite distributions of Ps,x on [0,Ty]. Second, the uniform tightness of the

family Pl,x with Ty < T, In the light of Theorem 1 and 2, we have
pT(s,t,x,y) < Const. p%(t - S, X,Y) (23)

and

pT(S.t.X.y) » Pt - s,x,y) (T + =),

It implies that the finite distributions of Pl,x converge to those of Pt. On
the other hand, since Thoerem 3 Tt is strongly continuous on CU(D), then
p¢(t,x,y) satisfies that

sup [ p®(t,x,y)dy + 0 (t + 0)

xeD |x-y|»6
by an argument similar to that in [4].

It follows from (23) that

sup ] pT(s,t,x,y)dy +0 (t +5s)

xeD |x-y|>6
uniformly with respect to s and T. Now a theorem [16] about the tightness of
the Markov families of D[O,TOJ provides us that PT

S, X
T W ¢ .
Thus it implies that Ps,x + Px in D[O,TOJ. E]

is compact in D[0,T,1.

We see that this Theorem gives us a comprehensive understanding of the
Markov process x®.

A1l these Propositions and Theorems above remain true with a usual modifi-

cation in the case of n =2 or n =1,
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