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ABSTRACT. We study quotients of the Weyl algebra by left ideals whomsegators consist
of an arbitraryZ<-graded binomial ideal in C[0, ..., d,] along with Euler operators de-
fined by the grading and a parametes C?. We determine the parametet$or which these
D-modules (i) are holonomic (equivalently, regular holongrwvhen! is standard-graded);
(i) decompose as direct sums indexed by the primary comqutsreé 7; and (iii) have holo-
nomic rank greater than the rank for gengtidn each of these three cases, the parametersin
guestion are precisely those outside of a certain explidékcribed affine subspace arrange-
ment inC<. In the special case of Horn hypergeomefdienodules, whed is a lattice basis
ideal, we furthermore compute the generic holonomic ramkldoatorially and write down

a basis of solutions in terms of associatédhypergeometric functions. Fundamental in this
study is an explicit lattice point description of the primamomponents of an arbitrary bi-
nomial ideal in characteristic zero, which we derive fromharacteristic-free combinatorial
result on binomial ideals in affine semigroup rings.
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1. INTRODUCTION

1.1. Hypergeometric series.A univariate power series tsypergeometridf the successive
ratios of its coefficients are given by a fixed rational fuasti These functions, and the ele-
gant differential equations they satisfy, have proven uiboys in mathematics. As a small
example of this phenomenon, consider the Hermite polynismidhese hypergeometric
functions naturally occur, for instance, in physics (egdeyels of the harmonic oscilla-
tor) [CDL77], numerical analysis (Gaussian quadraturé&d&, combinatorics (matching
polynomials of complete graphs) [God81], and probabiiityrated I1td integrals of standard
Wiener processes) [I1td51].

Perhaps the most natural definition of hypergeometric p@&ees in several variables is
the following, whose bivariate specialization was studigdlakob Horn as early as 1889
[Hor1889]. More references include [Hor31], the first of articles, all in Mathematische
Annalen between 1931 and 1940, and all containing “Hypergeosche Funktionen zweier
Verandlichen” (hypergeometric functions in two variad)len their titles.

an2y" -+ - 2% in m variables with com-

Definition 1.1. A formal seriesF'(z) = Yy m
plex coefficients ishypergeometric in the sense of Hoifnthere exist rational functions
ri,72, ..., Ty, INm variables such that
(1.1) Jater =ry(a) foralla e N"andk=1,...,m.
(q
Here we denote by, . . ., e, the standard basis vectorsiof'.

Write the rational functions of the previous definition as

ri(a) = pi(e) /gl +ex) k=1,...m,
wherep, andg, are relatively prime polynomials ang dividesg;.

Sinceg(z10.,, . .., 2m0-,,)2% = g(aq, ..., a,)z* for allmonomials:®, the seried” satisfies
the followingHorn hypergeometric system of differential equations

(1.2) (21025 - oy 2m02, ) F(2) = zkpr(210s,, - -y 20, ) F(2) k=1,...,m.

Of particular interest are the series where the numeratatsianominators of the rational
functionsr,, factor into products of linear factors. (Contrast with tlegion of “proper hy-
pergeometric term” in [PWZ96].) Notice that by the fundart@theorem of algebra, this is
not restrictive when the number of variablegris= 1.

1.2. Binomial ideals and binomial D-modules. The central objects of study in this ar-
ticle are thebinomial D-modules to be introduced in Definition 1.3, which reformulate
and generalize the classical Horn hypergeometric systasgje shall see in Section 1.4.
Our definition is based on the point of view developed by GelfeGraev, Kapranov, and

Zelevinsky [GGZ87, GKZ89], and contains their hypergeamedystems as special cases;
see Section 1.3.

To construct a binomiaD-module, the starting point is an integer matfixabout which we
wish to be consistent throughout.
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Convention 1.2. A = (a;;) € Z**™ denotes an integerx n matrix of rankd whose columns
ai,...,a, all lie in a single open linear half-space &f; equivalently, the cone generated
by the columns ofA is pointed (contains no lines), and all of theare nonzero. We also
assume thaf A = Z%; that is, the columns afl spanZ‘ as a lattice.

The reformulation of Horn systems in Section 1.4 proceeds lshhange of variables, so
we will usexz = z4,...,2, andd = 0y,...,0, (whereg; = 9,,), instead ofzy, ..., z,
andd.,,...,0.,, whenever we work in the binomial setting. The matfixnduces aZ4-
grading of the polynomial ringC[0,,...,0,] = C[d], which we call theA-grading, by
settingdeg(0;) = —a;. Anideal of C[0] is A-gradedif it is generated by elements that are
homogeneous for thd-grading. For example, binomial idealis generated bypinomials
0" —\0", whereu, v € Z" are column vectors ande C; such an ideal isl-graded precisely
when it is generated by binomial$ — A\0" each of which satisfies eithén. = AvorA =0

(in particular, monomials are allowed as generators ofrniabideals). The hypotheses a@n
mean that thed-grading is gpositiveZ?-grading[MS05, Chapter 8].

The Weyl algebraD = D,, of linear partial differential operators, written with tkeariables
x ando, is also naturallyA-graded by additionally settindeg(z;) = a;,. Consequently, the
Euler operatorgn our next definition arel-homogeneous of degrée

Definition 1.3. For each € {1, ...,d}, the:"" Euler operatoris
EZ‘ = aﬂxlal + -+ amxnan.

Given a vectors ¢ C¢, we write £ — 3 for the sequencé’, — 31,..., E; — 34. (The
dependence of the Euler operatéison the matrixA is suppressed from the notation.)

For anA-graded binomial ideal C C[0], we denote byd 4 (I, ) the leftideall + (E — 3)
in the Weyl algebra). Thebinomial D-moduleassociated té is D/ H (1, 3).

We will explain in Section 1.4 how Horn systems correspontht binomial D-modules
arising from a very special class of binomial ideals calldtice basis ideals

Our goal for the rest of this Introduction (and indeed, thet of the paper) is to demonstrate
not merely that the definition of binomidl-modules can be made in this generality—and
that it leads to meaningful theorems—but thahiistoe made, even if one is interested only
in classical questions concerning Horn hypergeometritegsys, which arise from lattice
basis ideals. Furthermore, once the definition has been,nram of what we wish to prove
about Horn hypergeometric systems generalizes to all bslaimodules.

1.3. Toric ideals and A-hypergeometric systems.The fundamental examples of bino-
mial D-modules, and the ones which our definition most directlyegalizes, are thel-
hypergeometric systenigr GKZ hypergeometric systejrf Gelfand, Kapranov, and Zele-
vinsky [GKZ89]. GivenA as in Convention 1.2, these are the BfidealsH 4 (14, 3), also
denoted byH 4(3), where

(1.3) [a= (0" — 9" : Au= Av) C C[dy,...,0)

is thetoric ideal for the matrixA. The systemé{ 4(3) have many applications; for example,
they arise naturally in the moduli theory of Calabi-Yau tovarieties, and (therefore) they
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play an important role in applications of mirror symmetrymathematical physics [BvS95,
Hor99, Hos04, HLY96].

The ideall4 is a primeA-graded binomial ideal, and the quotient ri@{p]/1 4 is the semi-
group ring for the affine semigrouNA generated by the columns af. There is a rich
theory of toric ideals, toric varieties, and affine semigraings, whose core philosophy
is to exploit the connection between the algebra of the semmringC[0]/I4 = C|NA]
and the combinatorics of the semigroipl. In this way, algebro-geometric results on toric
varieties can be obtained by combinatorial means, andycoehbinatorial facts about poly-
hedral geometry can be proved using algebraic techniquedii&tt the reader to the texts
[Ful93, GKZ94, MS05] for more information.

Much is known about-hypergeometrid)-modules. They are holonomic for all parame-
ters [GKZ89, Ado94], and they are regular holonomic exaeathen [, is Z-graded in the
usual sense [Hot91, SWO06]. In this case, (Gamma-)serieansiqns for the solutions of
H 4(B) centered at the origin and convergent in certain domaindeaexplicitly computed
[GKZ89, SST00]. The generic (minimal) holonomic rank is wmoto bevol(A), the nor-
malized volume of the convex hull of the columnsAand the origin [GKZ89, Ado94], and
holonomic rank is independent of the parametéf and only if the semigroup rinG[NA|

is Cohen-Macaulay [GKZ89, Ado94, MMWO05]. We will extend ali these results, suit-
ably modified, to the general setting of binomizdmodules. The important caveat is that a
general binomiaD-module can exhibit behavior that is forbidden to GKZ systgsee Ex-
ample 1.8, for instance), so it is impossible for the ext@m$d be entirely straightforward.

1.4. Binomial Horn systems. Classical Horn systems, which we are about to define pre-
cisely, were first studied by Appell [App1880], Mellin [MelP and Horn [Hor1889]. They
directly generalize the univariate hypergeometric equistfor the functiongF,; see [SK85,
Sla66] and the references therein. As we mentioned eaoliennotivation to consider bi-
nomial D-modules is that they contain as special cases these @hbbkim systems. The
definition of these systems involves a mattabout which, like the matrixl from Conven-
tion 1.2, we wish to be consistent throughout.

Convention 1.4.Let B = (b;;) € Z™™ be an integer matrix of full rank: < n. Assume
that every nonzero element of the column-spamadver the integer& is mixed meaning
that it has at least one positive and one negative entry; riticpéar, the columns o3 are
mixed. We writeb,, . . ., b, for the rows ofB. Having choserB, we setd = n — m and pick
a matrixA € Z4™ whose columns spaf? as a lattice, such that B = 0. In the case that
d # 0, the mixedness hypothesis énis equivalent to the pointedness assumptionfanat
appears in Convention 1.2. We do all@w= 0, in which caseA is the empty matrix.

Definition 1.5. For a matrixB € Z"*™ as in Convention 1.4 and a vector (ci,...,¢,)

in C", theclassical Horn system with parameteis the left idealHorn(B, ¢) in the Weyl
algebraD,, generated by the: differential operators

qk(ez) - kak(ez)7 k= 17 ceey My,
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whered, = (0.,,...,0.,.), 0., = z.0,, (1 <k <m), and
gk 1 ijkl 1

=I] I]@-0-+c;—0) and pu(6.) = [T T] (b5-0-+¢—0).

jk>0 =0 ]k<0 /=0

Using ideas of Gelfand, Kapranov, and Zelevinsky, the atas$lorn systems can be rein-
terpreted as the following binomia)-modules, with3 = Ac.

Definition 1.6. Fix integer matrice®? andA as in Convention 1.4, and I1&t B) be thelattice
basis ideakorresponding to this matrix, that is, the ideall{d] generated by the binomials

H@?k H&;bﬂk for 1<k<m.

bjr>0 b, <0

Thebinomial Horn system with parametgris the left ideald (B, 3) = Ha(I(B), 3) in the
Weyl algebraD = D,,.

The classical-to-binomial transformation proceeds veadiirjection

) — (C)m
(@1, @) 2P = ([T 2T 2,
whereC* = C \ {0} is the group of nonzero complex numbers. A soluti@s,, .. ., z,,) of
the classical Horn systeffiorn(B, c) gives rise to a solution f (z?) of the binomial Horn
systemH (B, Ac). That this indeed defines a vector space isomorphism betthegfocal)
solution spaces was proved in [DMSO05, Section 5]+/ior- m in the homogeneous case,

where the column sums d¥ are zero, but the proofs (which are elementary calculations
taking only a page) go through verbatim fo> m in the inhomogeneous case.

(1.4)

The transformatiory (z) — z¢f(2?) takes classical series solutions supported\@hto
Puiseux series solutions supported on the transglateker(A) C C" of the kernel ofA

in Z". (Note thatker(A) contains the latticéZB spanned by the columns & as a fi-
nite index subgroup.) More precisely, the differential &ipns £ — 3, which geomet-
rically impose torus-equivariance infinitesimally undke taction of (the Lie algebra of)
ker((C*)™ — (C*)™), result in series supported e@n+ ker(A), while the binomials in the
lattice basis ideal (B) C H (B, Ac) impose hypergeometric constraints on the coefficients.

Although the isomorphisnf(z) — z¢f(2?) is only at the level of local holomorphic solu-
tions, notD-modules, it preserves many of the pertinent featuresudhcy the dimensions

of the spaces of local holomorphic solutions and the strectd their series expansions.
Therefore, although the classical Horn systems are ourvatain, we take the binomial

formulation as our starting point: no result in this artidepends logically on the classical-
to-binomial equivalence.

1.5. Holomorphic solutions to Horn systems. The binomial rephrasing of Horn systems
led to formulas in [GGR92] for Gamma-series solutionsAitypergeometric theory. How-
ever, Gamma-series need not span the space of local holbinagdutions of (B, 3) at a
point of C" that is nonsingular fof (B, 3), even in the simplest cases. The reason is that
Gamma-series affellly supported there is a cone of dimension (the maximum possible)
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whose lattice points correspond to monomials with nonzeedficients. Generally speaking,
Horn systems in dimension > 2 tend to have many series solutions without full support.

Example 1.7.In the course of studying one of Appell's systems of two hgpemetric
equations inm = 2 variables, Arthur Erdélyi [Erd50] mentions a modified foohthe
following example. Given ang € C? and the two matrices

10
3210 -2 1
A‘[0123}’B_ 1 -2

satisfying Convention 1.4, the Puiseux monor‘rfri%i(‘q’:chQ/3 is a solution ofH (B, (3).

A key feature of the above example is that the solutions witholl support persist for
arbitrary choices of the parameter vectbrThe fact that this phenomenon occurs in much
more generality—for arbitrary dimension > 2, in particular—was realized only recently
[DMSO05]. And it is not the sole peculiarity that arises in @nsionm > 2: in view of
the transformation to binomial Horn systems in Section thd following demonstrates that
classical Horn systems can exhibit poor behavior for badysen parameters.

Example 1.8. Consider

11
1 -1 00 1 -1
A:{o 111} and B=\ 1 |

0 1

so that
H(B7ﬁ) - <81(93 - (92, 010y — (92> + <$1al — 290y — 517%32 + 2305 + 240, — ﬁ2>'

If 5, = 0, then any (local holomorphic) bivariate functigiizs, z4) annihilated by the op-
eratorz;0; + x40, — (2 is a solution ofH (B, 3). The space of such functions is infinite-
dimensional; in fact, it has uncountable dimension, asnt&as all monomialss*z}* with
w3, Wy € C andw3 +wy = 62.

Erdélyi's goal for his study of the Appell system was to gdaesses of solutions that converged
in different regions ofC?, eventually covering the whole space, just as Kummer had éom
the Gauss hypergeometric equation more than a centuryeogfam1836]. There has been
extensive work since then (see [SK85] and its referencegpomergence of more general
hypergeometric functions in two and three variables. Braaaly for the classical case of
Horn systems, where the phenomena in Examples 1.7 and 1c®am@onplace, Erdélyi’s
work raises a number of fundamental questions that remegeliaopen (partial answers in
dimensionm = 2 being known [DMSO05]; see Remark 1.16). The purpose of ttislars

to answer the following completely and precisely.

Questions 1.9.Fix B as in Convention 1.4, and consider the Horn systems detethiip5.

1. For which parameters does the space of local holomorpdligi®ns around a nonsin-
gular point have finite dimension as a complex vector space?
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2. What is a combinatorial formula for the minimum such disien, over all possible
choices of parameters?

3. Which parameters are generic, in the sense that the mmidimension is attained?

4. How do (the supports of) series solutions centered attiggndook, combinatorially?

These questions make sense simultaneously for classical dystems and binomial Horn
systems, since the answers are invariant under the clatsibanomial transformation. That
the questions also make sense for binomiahodules is our point of departure, for they can
be addressed in this generality using answers to the fallgwi

Questions 1.9continued) Consider the binomiaD-modules 4 (1, 3) for varying 3 € C.

5. When isD/H 4(1, 3) a holonomicD-module?
6. When isD/H 4(1, 3) aregularholonomicD-module?

The phenomena underlying all of the answers to Questionsah®e described in terms of
lattice point geometry, as one might hope, owing to the mabfihypergeometric recursions
as relations between coefficients on monomials. The laptiiet geometry is elementary,
in the sense that it only requires constructions involviagats and equivalence relations in
lattices. However, modern techniques are required to ntakeléscriptions quantitatively
accurate and to prove them. In particular, our progressiegpplo distinct and substan-
tial steps: precise advances in the combinatorial comiwatatgebra of binomial ideals in
semigroup rings, and a functorial translation of those adea intoD-module theory.

1.6. Combinatorial answers to hypergeometric questions.The supports of the various
series solutions tdf (B, ) centered at the origin are controlled by how effectively the
columns ofB join the lattice points in the positive orthalNt. In essence, this is because the
coefficients on a pair of Puiseux monomials are related bythemial equations i (B)
when their exponent vectorsir-ker(A) differ by a column ofB. This observation prompts
us to construct an undirected graph on the nddesvith an edge between pairs of points
differing by a column ofB. Each connected component,®+subgraph ofN", is contained

in a single fibera + ZB) N N" of the projectiolN" — Z"/ZB.

The geometry o3-subgraphs generalizes to an arbitrary binomial idealhich determines
a congruencaas follows:u ~ v if 0% — A\9” € [ for some\ # 0. This generalization is
key, as it allows us the flexibility to work with the congruesaetermined by various ideals
related to/ (B), which might not themselves be lattice basis ideals. Fomgka, when the
binomial ideal! is the toric ideal

Iy=(0"—030":u,veN"andAu = Av) C C[0]

for the matrixA, the congruence class af= Aa € ZA = Z¢ for a € N" consists of the
lattice points in the polyhedron

P,={ueR": Au=c«aandu > 0} = (a + ker(A)) N N".

With this picture in mind, thé3-subgraphs irP,, or the congruence classes for any binomial
ideal I (homogeneous foA as in Definition 1.3), typically consist of one big continemt
the interior of P, plus a number of surrounding islands.
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The extent to whicl (B) differs from 14 is measured by which bridges must be built—and
in which directions—to join various islands to the contih€fo this end, let/ C {1,...,n},
and writeZ’ = {v € Z" : v; = Oforalli ¢ J}. ForJ = {1,...,n} < J, N/ is defined

in a similar manner. Suppose thatC Z” is a saturated sublattice, /L is torsion-free.
Just ad (B) determines a congruence b, it determines one o’ x N”/. The sublattice

L determines a coarsening of this congruence, by allowirdges fromu to v if u — v € L.
Certain choices of, C Z’ satisfyingL C ker(A) areassociatedo /(B) (see Section 1.7),
and for these, there exist coarsened class&s in N’ whose images itiZ’ /L) x N’ are
finite; let us call these classésbounded EachL-bounded class i’ x N” lies in a single
coset ofker(A), sincel C ker(A), so its image irZ.? = Z" / ker(A) is a well-defined point.

The D-module theoretic consequencedebounded classes depend on a crucial distinction;
see Definition 3.6 and Remark 3.11 for more precision andyanaogy.

Definition 1.10. An associated saturated sublattice Z’ N ker(A) is calledtoral if L =
Z7 Nker(A); otherwise,L C Z’ Nker(A) is calledAndean

Example 1.11.[Example 1.8 continued] Witkd and B as in Example 1.8, there are two
associated lattices, one with = {1,2,3,4}, the other withJ = {3,4}. The first one is
toral, while the second is Andean.

In what follows, A ; denotes the submatrix of whose columns are indexed by We write
ZA; C 74 = 7Z.A for the group generated by these columns, @at, C C? for the vector
subspace they generate.

Observation 1.12(cf. Theorem 3.2 and Lemma 4.5Jhe images of thé.-bounded classes
for all of the Andean associated sublattides Z’ comprise a finite union of cosets 44 ;.
The union over all/ of the corresponding cosets ©f4 ; is an affine subspace arrangement
in C¢ called theAndean arrangemerfDefinition 5.1 and Lemma 5.2).

Example 1.13.[Example 1.11 continued] The Andean arrangement in this =as
CiRol={[an]:BeC}

As we have already checked, the Horn system in Example 1s8téabe holonomic for this
set of parameters.

Observation 1.14(cf. Corollary 3.13 and its proaf)A class inZ’ x N/ determined by a
toral associated sublattideC Z” is L-bounded if and only if its image iN” is bounded. If
CAj; = C4, then the numbes (L, J) of such bounded images M is finite.

Answers 1.15.The answers to Questions 1.9, phrased in the language ofradiorn
systemd? (B, 3), are as follows.

1. (Theorem 5.3) The dimension is finite exactly-fgt not in the Andean arrangement.

2. (Theorem 5.10) The generic (minimum) rankis.(L, J)-vol(A;), the sum being over
all toral associated sublattices witBA; = C?, wherevol(A;) is the volume of the
convex hull ofA ; and the origin, normalized so a lattice simplexX4d ; has volumd.
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3. (Definition 5.9 and Theorem 5.10) The minimum rank is aédiprecisely whenr-3
lies outside of an affine subspace arrangement determineerbgin local cohomol-
ogy modules, with the same flavor as (and containing) the &mderangement.

4. (Theorem 5.10 and Theorem 6.10) For genérahe (L, J) - vol(A ;) many solutions

are supported on thé-bounded classes, with hypergeometric recursions detengni

the coefficients. In the regular holonomic case, anlyol(A) manyI'-series solutions
have full support, wherg = | ker(A)/ZB]| is the index ofZB in its saturationker(A).

(Theorem 5.3) Holonomicity is equivalent to the finiteetision in Answer 1.15.1.

(Theorem 5.3) Holonomicity is equivalent to regular amicity wherV is standard

Z-graded—i.e., the row-span of contains the vectofl - - - 1]. Conversely, if there

exists a parametes for which D/ H 4(1, 3) is regular holonomic, thei is Z-graded.

oo

In Answer 1.15.4, the solutions for toral sublattides- ker(A) N Z7 in which J is a proper
subset of{1, ..., n} give rise to solutions that are bounded in & directions, and hence
supported on sets of dimensiomk(L) = |J| —d < n—d = m. Answer 1.15.6 is, given the
other results in this paper, an (easy) consequence of the) (halonomic regularity results
of Hotta [Hot91] and Schulze—Walther [SWO06]. Finally, let mote again that most of the
theorems quoted in Answers 1.15 are stated and proved irotitext of arbitrary binomial
D-modules, not just Horn systems.

Remark 1.16. We concentrate on the special case of Horn systems in Se&tidhe sys-
tematic study of binomial Horn systems was started in [DM30%ler the hypothesis that

m (the number of columns aB) is equal to 2. Our results here are more general than those
found in [DMSO05] (as we treat all binomidb-modules, not just those arising from lattice
basis ideals of codimension 2), more refined (we have coeiplekplicit control over the
parameters) and stronger (for instance, our direct sunitsdsnid at the level of)-modules

and not just local solution spaces). On the other hand, thergeholonomicity of classical
Horn D-modules (Definition 1.5) forn > 2 remains unproven, the bivariate case having
been treated in [DMSO05].

Example 1.17.[Example 1.7, continued] There are two associated subdstli C Z’
here, both toral, and both satisfyirf§A; = C?: the sublatticeker(A) C Z*, where

J = {1,2,3,4}, and the sublattic® C Z7 for J = {1,4}. Both of the multiplicities
1 ker(A),{1,2,3,4}) andu(0,{1,4}) equall, while vol(A) = 3 andvol(A 4) = 1, the
latter becausé; | and [{] form a basis for the lattice they generate. Hence there are fo
solutions in total, three of them with full support and oneamrely the Puiseux monomial in
Example 1.7—with support of dimension zero. See Exampl@fbrlan (easy!) computation
of these associated lattices and their multiplicities.

Throughout this article we will make repeated use of twoeydifferent tools. The first is a
description of the aforementioned associated latticeg;iwhie develop in Sections 2 and 3.
The second comes from-hypergeometric theory [MMWO05], and is homological in natu
We close this Introduction with a discussion of these tools.

1.7. Binomial primary decomposition. The geometry and combinatorics of lattice point
congruences control the primary decomposition of arhjitbemomial ideals in characteristic
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zero; this is the content of Sections 2 and 3, particularlgdrem 2.14, Theorem 3.2, and
Corollary 3.13. These sections are developed for all biabidieals, instead of only for
lattice basis ideals, because the binomial ideals arisatgyally in the process of carrying out
primary decompositions are sufficiently arbitrary thatgleeeral case contributes conceptual
clarity without presenting additional obstacles. The digwments here can be seen as a
combinatorial refinement of the binomial primary decompositheorem of Eisenbud and
Sturmfels [ES96].

Our combinatorial study of binomial primary decompositreaults in a natural language for
quantifying which sublattices are associated, which soappear in Observation 1.12, and
which bounded images appear in Observation 1.14. To begereaibinomial prime ideal
I, ,inC[0,...,0,] is determined by a subsétC {1,...,n} and a charactey : L — C*

for some sublatticd. C Z’. The sublatticel, C Z7 is associated, in the language of
Section 1.6, wher, ; is associated td in the usual commutative algebra sense, and the
multiplicity x(L, J) in Observation 1.14 is the commutative algebra multipfioit/, ; in 1.

Example 1.18.[Example 1.17, continued] The binomial Horn system is
H(B,B) = I1(B) + (32101 + 21905 + 1303 — 1, ©209 + 22305 + 32404 — P2) C Dy.
The primary decomposition of the lattice basis idB@®) in C[0y, 0, 05, 04] IS
I(B) = (0105 — 03,0504 — 03) = (0,03 — 05,0504 — 05,0104 — 0205) N (s, s).

The first of these components is the toric idéal= I, ; of the twisted cubic curve, where
p : ker(A) = ZB — C* is the trivial character and = {1, 2, 3,4}. The ideal(0,, 05) is the
binomial prime ideal, ; for the (automatically) trivial character: 0 — C* and the subset
J = {1,4}. Both of these ideals have multiplicityin I(B), which is a radical ideal. This
explains the associated lattices and multiplicities inregke 1.17.

For a note on motivation, this project began with the conjedtstatement of Theorem 6.10
(Answer 1.15.4), which we concluded must hold because afesme derived from our
knowledge of series solutions. Its proof reduced quicklyhi statement of Example 3.14,
which directed all of the developments in the rest of the papar consequent use &f-sub-
graphs, and more generally the application of congrueraeart the primary decomposi-
tion of binomial ideals, serves as an advertisement for lggmemetric intuition as inspiration
for developments of independent interest in combinatare commutative algebra. That
being said, the reader interested primarily (or solely)ambinatorics and commutative al-
gebra should note that Sections 2 and 3, although inspireldypgrgeometric ideas, are
self-contained and do not involve-modules.

1.8. Euler-Koszul homology. Binomial primary decomposition is not only the natural lan-
guage for lattice point geometry, it is the reason why lat{joint geometry governs the
D-module theoretic properties of binomiatmodules. This we demonstrate by functorially
translating the commutative algebra dfgraded primary decomposition directly into the
D-module setting. The functor we employ is Euler-Koszul htogy (see the opening of
Section 4 for background and references), which allows ymitbapart the primary com-
ponents of binomial ideals, thereby isolating the contidyuof each to the solutions of the
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corresponding binomiaD-module. Here we see again the need to work with general bi-
nomial D-modules: primary components of lattice basis ideals, atetsections of various
collections of them, are more or less arbitraishomogeneous binomial ideals.

We stress at this point that the combinatorial geometrtckpoint description of binomial
primary decomposition is a crucial prerequisite for theetive translation into the realm of
D-modules. Indeed, semigroup gradings pervade the argsmdentonstrating the funda-
mentally holonomic behavior of Euler-Koszul homology foral modules (Theorem 4.12)
and its resolutely non-holonomic behavior for Andean medulCorollary 4.22). This is
borne out in Examples 4.9 and 4.18, which say that quotienisrionary ideals are either
toral or Andean a£[0]-modules, thus constituting the bridge from the commuabis
nomial theory in Sections 2 and 3 to the binomiadilmodule theory in Sections 4 and 5.
Taming the homological (holonomic) and structural projsrof binomial D-modules in
Theorems 5.3, 5.8, and 5.10—which, together with Theordif én series bases, form our
core results—also rests squarely on having tight contrer dkre interactions of primary
decomposition with various semigroup gradings of the poigial ring. The underlying
phenomenon is thus:

Central principle. Just as toric ideals are the building blocks of binomial isiea-hyper-
geometric systems are the building blocks of binomilainodules.

As a final indication of how structural results for binomizimodules have concrete combi-
natorial implications for Horn hypergeometric systemsuke see how the primary decom-
position in Example 1.18 results in the combinatorial nplitity formula (Answer 1.15.2)
for the holonomic rank at generic parametgrsThe general result to which we appeal is
Theorem 5.8: for generic parametérshe binomialD-moduleD/H 4(1, ) decomposes as
a direct sum over the toral primary components of

Example 1.19.[Example 1.18, continued] The intersectionGh = Spec(C[d;, . .., 4]) of
the two irreducible varieties in the zero setléf3) is the zero set of
(0105 — 03,0504 — 05,0104 — Dr03) + (D2, 03) = (0104, Da, D).

The primary arrangement in Theorem 5.8 is, in this casejrleen C* spanned b)[g] union
the line inC? spanned by ;]. Whenp lies off the union of these two lines, Theorem 5.8
yields an isomorphism ab,-modules:
Dy, Dy Dy
H(B.J) (0105 — 03,0501 — 03,010 — 0s05) + (B~ B)  (00.0) + (B~ B
The summands on the right-hand side are GKZ hypergeomesteras (up to extraneous
vanishing variables in thé),, 9;) case) with holonomic ranksand1, respectively.

We conclude this introduction with some general backgroond)-modules. A leftD-
ideal Z is holonomicif its characteristic variety has dimensien Holonomicity has strong
homological implications, making the class of holonomienodules a natural one to study.
If Z is holonomic, itsholonomic ranki.e. the dimension of the space of solutions of the
D-ideal Z that are holomorphic in a sufficiently small neighborhoodqdoint outside the
singular locus, is finite (the converse of this result is mo¢}. We refer to the texts [Bor87,
Cou95, SSTO00] for introductory overviews of the theory/edimodules; we point out that
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the exposition in [SSTOO0] is geared toward algorithms ansmatations. A treatment of
D-modules withregular singularitiescan be found in [Bjo79, Bj093].

2. BINOMIAL IDEALS IN AFFINE SEMIGROUP RINGS

Our first eventual goal is to analyze the primary componeitigxmial ideals in polynomial
rings overC. As it turns out, our principal result along these lines @iteen 3.2) is little
more than a rephrasing of a statement (Theorem 2.14) aboainioal ideals in arbitrary
affine semigroup rings in which the associated prime comas & face, combined with
results of Eisenbud and Sturmfels [ES96]. The developntetsstem from the observation
that quotients by binomial ideals are naturally graded bgtimerian commutative monoids.
Our source for such monoids is the excellent book by GilmelBH}. For the special case
of affine semigroups (finitely generated submonoids of frieelian groups), see [MS05,
Chapter 7]. We work in this section over an arbitrary fikld

Definition 2.1. A congruence®n a commutative monoi@ is an equivalence relation with
un~v = utw ~ v+w foralwe Q.

Thequotient monoid) /~ is the set of equivalence classes under addition.

Definition 2.2. Thesemigroup algebré&|Q] is the direct sung,,, k - 9*, with multiplica-
tion 0“0” = 0“**. Any congruence- on () induces gQ/~)-grading ork[@] in which the
monomiald* has degre€' € @)/~ whenevern: € I'. A binomial ideall C k[Q] is an ideal
generated bypinomialso* — M0, where\ € k is a scalar, possibly equal to zero.

Example 2.3. A pure differencéinomial ideal is generated by differences of monic mono-
mials. If M is an integer matrix witly rows, for instance, set

(21) I(M) = (0" —0":u—wvisacolumnofM, u,v € N")
= (0"t — 0“" :w=w; —w_isacolumnofM) C k[0,...,0,] = k[N
Here and in the remainder of this article we adopt the comwenhat, for an integer vector

w € 7%, w, is the vector whosé" coordinate isw; if w; > 0 and0 otherwise. The vector
w_ € NYis defined viaw_ = w, — w.

The first line (2.1) contains the second by definition; anddisgintness of the supports of
w4 andw_ implies thaty = v — w; = v — w_ lies inN? wheneven, — v = w is a column
of M, sod" — 0¥ = 0*(9"+ — 9“~) lies in the second line whenev@t — 0" is a generator
from the first line. Note that an ideal &fo;, ..., d,] has the form described in (2.1) if and
only if it is generated by differences of monomials with dist support. In particular(B)

is simply the lattice basis ideal fd8 if the matrix B has linearly independent columns.

Proposition 2.4. A binomial ideall C k[@)] determines a congruenee; under which
u~yvif 0 — \0" € I for some scalah # 0.

The ideall is graded by the quotient monoig = Q/~;, andk[Q]/I hasQ-graded Hil-
bert functionl on every congruence class except the cfass @) : 0“ € I} of monomials.
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Proof. That~; is an equivalence relation is becaase- \0" € [ andd” — X 0" € I implies
d" — AN0Y € 1. Itis a congruence becaug8é — \d" € I implies thato“t* — \o"™% € I.
The rest is similarly straightforward. 4

Example 2.5.In the case of a pure difference binomial idé&al/) as in Example 2.3, the
congruence classes undey,, from Proposition 2.4 are th&/-subgraphs in the follow-
ing definition, which will be useful later on (Examples 2.111da3.14, as well as much of
Section 6).

Definition 2.6. Any integer matrix\/ with ¢ rows defines an undirected grapf\/) having
vertex setN? and an edge from to v if w — v or v — w is a column ofM. An M-path
from u to v is a path inl*(M) from u to v. A subset ofN? is M-connectedf every pair of
vertices therein is joined by al/-path passing only through vertices in the subset.\An
subgraphof N? is a maximall/-connected subset & (a connected component Bf/)).
An M-subgraph i9oundedf it has finitely many vertices, andnboundedtherwise. (See
Example 6.6 for a concrete computation.)

These)M -subgraphs bear a marked resemblance to the conckpeoih [Stu96, Chapter 4].
The interested reader will note, however, that even if thegsenotions have the same fla-
vor, their definitions have mutually exclusive assumptj@nsce for a square matrix/, the
corresponding matrixl is empty.

Given a faced of an affine semigroup) C Z‘, thelocalizationof () along® is the affine
semigroupy) + Z® obtained fromy by adjoining negatives of the elementsin The alge-
braic version of this notion is a common tool for affine seroigy rings [MS05, Chapter 7]:
for eachk[@]-moduleV’, let V[Z®] denote itthomogeneous localizatialong®, obtained
by invertingd? for all ¢ € ®. For examplek[Q][Z®] = k[Q + Z®]. Writing

pe = span, {0" 1 u € Q \ ¢} C k[Q)]

for the prime ideal of the fac®, so thatk[()]/ps = k[®] is the affine semigroup ring fap,
we find, as a consequence, tha{Z®| = pze C k[Q + Z®P], because

k[Z®] = k[P][Z®] = (K[Q]/pe)[ZP] = k[Q + Z®]/ps[Z2P].

(We write equality signs to denote canonical isomorphiyrier any ideall C k[Q)], the
localization/[Z®] equals the extensiahk[Q + Z®] of I to k[ + Z&], and we write

(2.2) (I:0%) = I1[Z®] Nk[Q),

the intersection taking place i@ + Z®]. Equivalently,(I : %) is the usual colon ideal
(I : 9%) for any elemeng sufficiently interior tod (for example, take to be a high multiple
of the sum of the generators &}; in particular,(/ : 9%) is a binomial ideal.

For the purpose of investigating-primary components, the ide@l : 9?) is as good ag
itself, since this colon operation does not affect such aamepts, or better, since the natural
map fromk[Q]/(I : %) to its homogeneous localization alofégs injective. Combinatori-
ally, what this means is the following.

Lemma 2.7. A subsel” C () is a congruence class i} (;.y») determined by! : 0%)ifand
only if I" = I' N Q for some clas$’ C @) + Z® under the congruence ;(zq). O
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Lemma 2.8. If a congruence clas§ C (@) + Z® under~;ze has two distinct elements
whose difference lies iQ + Z®, then for allu € I' the monomiab* maps tad) in the (usual
inhomogeneous) localizatiqix|Q)]/I),, inverting all elements not ipg.

Proof. Suppose # w € T' with w — v € @ + Z®. The images irtk[Q]/I of the monomials
0" for u € T" are nonzero scalar multiples of each other, so it is enoughdw thaty” maps
to zero in(k[Q]/I),,. Sincew —v € Q + ZP, we haved” " € k[Q + Z®]. Therefore
1 — X\0"~" lies outside obyq for all A € k, because its image NZ®] = k(Q + Z®|/pze
is eitherl — \0"~" or 1, according to whether or nat — v € Z®. (The assumption # w
was used here: if = w, thenfor\ = 1,1 — \9¥~" = 0.) Hencel — A\d“~¥ maps to a unit
in (k[Q]/I),,- It follows thato” maps td), since(l — \,,,0“ )0 = 0" — A, 0¥ maps ta)
ink[Q]/I wheneve®® — \,,0" € I. O

Lemma 2.9. A congruence class C Q+Z® under~z4 is infinite if and only if it contains
two distinct elements whose difference lie§)ir- Z.

Proof. LetI" C @ + Z® be a congruence class. dfw € ' andv — w € @ + Z®, then
w + e(v —w) € I for all positivee € Z. On the other hand, assurfiés infinite. There
are two possibilities: either there avew € I' with v — w € Z®, or not. If so, then we
are done, so assume not. L&t be the quotient ofZ/Z® modulo its torsion subgroup.
(HereZ! is the ambient lattice of).) The projectionZ’ — Z? induces a map froni' to
its imagerl that is finite-to-one. More precisely, If is the intersection of with a coset
of Z® in ker(Z* — Z7), thenT’ maps bijectively to its imagé’. There are only finitely
many cosets, so soni& must be infinite, along with”. ButI” is a subset of the affine
semigroup?)/®, defined as the image 6f + Z® in Z?. As Q/® has unit group zero, every
infinite subset contains two points whose difference IieC%, and the corresponding lifts
of these td"” have their difference iQ) + Z®. O

Definition 2.10. Fix a face® of an affine semigroug). A subsetS C @ is anideal if
Q + S C S, and in that case we write{ S} = (0" : u € S) = span, {0* : u € S} for the
monomial ideal irk[()] havingsS as itsk-basis. Anideab is Z®-closedif S = QN(S+ZP).
If ~ is a congruence o) + Z®, then theunbounded ideall C () is the Z®-closed) ideal
of elements: € (Q whose congruence classesint+ Z® under~ are infinite. Finally, write
B(Q + 7Z.9) for the set of bounded (i.e., finite) congruence classég ¢fZ® under~.

Example 2.11.Let M be as in Definition 2.6 and consider the congruengg,) on() = N7,
If & = {0}, then the unbounded ide&l C N¢ is the union of the unbounded -subgraphs
of N¢, while 5(N?) is the union of the boundetf-subgraphs.

Proposition 2.12. Fix a face® of an affine semigrou@, a binomial ideall C k[Q], and a
Z®-closed idealS C @ containingU under the congruence zs). Write B = B(Q + Z®)

for the bounded classeg, for the binomial ideal ! : 9*) + k{S}, and@ = (Q + Z®) (74

1. k[Q]/J is graded byQ, and its set of nonzero degrees is containeB.in
2. The grouZ® C Q acts freely or3, and thek[®]-submoduldk[Q]/J)r C k[Q]/J in
degrees from any orbit’ C 5 is 0 or finitely generated and torsion-free of ramk
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3. The quotient);/® of the monoid @ + Z®) jiz4) by its subgrouZ® is a partially
ordered set if we defing < n whenever + ¢ = n for somes € Q;/.
4. k[Q]/J is filtered byQ-gradedk|Q]-submodules with associated graded module

gr(k[Q]/J) = €B (K[Q)/J)r, whereB/® = {Zd-orbitsT C B},

TeB/®

the canonical isomorphism being &sgradedk|[®]-modules, although the left-hand
side is naturally &|[Q]-module annihilated byg.
5. If (k[Q]/J)r # 0 for only finitely many orbit§” € B/®, thenJ is apg-primary ideal.

Proof. The quotient[Q]/(I : 9%) is automaticallyQ-graded by Proposition 2.4 applied to
Q+7ZP andl[Z®], given (2.2). The further quotient tiy{ S} is graded by53 because O U.

7.9 acts freely o3 by Lemmas 2.8 and 2.9: if € Z® andl is a bounded congruence class,
then the translate + I' is, as well; and ity # 0 then¢ + I # T, because each cosetHd
intersectd” at most once. Combined with tt#&b-closedness aof, this shows thak[Q]/ ] is
ak[®]-submodule of the frek|Z®]-module whose basis consists of thé-orbits7" C B.
Hence(k[Q]/J)r is torsion-free (it might be zero, of course,Sfhappens to contain all of
the monomials corresponding to congruence classgsanfsing from~ ;4] classes irl’).
For item 2, it remains to show thak[Q]/J)r is finitely generated. LeT = (J.., [ N Q.

By construction,7 is the (finite) union of the intersectiodg N (v + Z®) of @) with cosets
of Z® in Z* for v in any fixedI' € T'. Such an intersection is a finitely generafedet (a set
closed under addition b¥) by [Mil02a, Eq. (1) and Lemma 2.2] or [MS05, Theorem 11.13],
where thek-vector space it spans is identified as the set of monomialhieted byk|P]
modulo an irreducible monomial ideal &fQ)]. The images irk|[Q]/.J of the monomials
corresponding to any generators for théssets generaté[Q]/J)r.

The point of item 3 is that the monod@; /® acts sufficiently like an affine semigroup whose
only unitis the trivial one. To prove it, observe tliat /@ consists, by item 1, of the (possibly
empty set of) orbit§” € B such that’k[Q]/J)r # 0 plus one congruence classfor the
monomials in.J (if there are any). The proposed partial order fas< S for all orbits

T e@,;/®,andalsd’ < T+ vifand only ifv € (Q + Z®) ~ Z&. This relation< a priori
defines a directed graph with vertex gt/®, and we need it to have no directed cycles.
The terminal nature of implies that no cycle can contaly so suppose that = 7'+ v. For
someg € Z®, the translate: + ¢ lies in the same congruence class undgfq) asu + v.
Lemma 2.9 implies that — ¢, and hence itself, does not lie i) + Zo.

For item 4, it suffices to find a total ord&p, 7', T, . .. on B/® such tha&d ., (k[Q]/ J),
is ak[@]-submodule for alkk € N. Use the partial order oB/® via its inclusion in the
monoid@;/® in item 3 forS = U. Any well-order refining this partial order will do.

Item 5 follows from items 2 and 4 because the associated prafye (k[()]/.J) contain every
associated prime of for any finite filtration ofk[Q]/.J by k[Q]-submodules. O

For connections with toral and Andean modules (Definitid),3ve record the following.
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Corollary 2.13. Fix notation as in Proposition 2.12. If is homogeneous for a grading
of k[@] by a group.A via a monoid morphisry — A, thenk[Q]/J andgr(k[Q]/J) are A-
graded via a natural coarsening — A that restricts to a group homomorphisg® — A.

Proof. The morphisnt) — A induces a morphism, : Q+7Z® — A by the universal prop-
erty of monoid localization. The morphismy is constant on the non-monomial congruence
classes iny; precisely becausé is .A-graded. It follows thatr4 is constant on the non-
monomial congruence classeg®+ Z®)z4). In particular,r 4 is constant on the bounded
classe3(@) + Z®), which therefore map tol to yield the natural coarsening. The group
homomorphisnZ® — A is induced by the composite morphish® — (Q + Z®) — A,
which identifies the groug® with the Z®-orbit in 5 containing (the class of). O

Theorem 2.14.Fix a face® of an affine semigrou@ and a binomial ideall C k[Q]. If pg
is minimal over!, then thepg-primary component of is (I : 9%) + k{U?}, where(I : 9%)
is the binomial ideal (2.2) and C @ is the unbounded ideal (Definition 2.10) fef;q).
Furthermore, the only monomials (d : %) + k{U} are those of the forn* for u € U.

Proof. The pg-primary component of is the kernel of the localization homomorphism
k|Q] — (k[Q]/I)p,- As this factors through the homogeneous localizdtiop-Z | / I [Z ],
we find that(7 : 9%) contains the kernel. Lemmas 2.8 and 2.9 imply that the kexoel
tainsk{U}. But already(] : 9%) + k{U} is ps-primary by Proposition 2.12, so the quotient
of k[@] by it maps injectively to its localization at,. To prove the last sentence of the theo-
rem, observe that under tigggrading from Proposition 2.12.1, every monond#loutside
of k{U} maps to &-vector space basis for thé-fimensional) graded piece corresponding
to the bounded congruence class containing O

Example 2.15.0ne might hope that whem; is an embedded prime of a binomial ideal
thepg-primary components, or even perhaps the irreducible comps, would be unique,
if we require that they be finely graded (Hilbert functifror 1) as in Proposition 2.12.
However, this fails even in simple examples, sucklasy|/(z* — xy, ry — y*). In this case,

I = (2*—zy, 2y—y?) = (%, y)(z—y) = (z,y*)N(z—y) andd is the face{0} of Q) = N?,

so that/ = (I : %) by definition. The monoid);, written multiplicatively, consists of,

x, y, and a single element of degrédor each: > 2 representing the congruence class
of the monomials of total degree Our two choicegz?, y) and(x, y?) for the irreducible
component with associated pringe, y) yield quotients ofk[z, y| with different;-graded
Hilbert functions, the first nonzero in degre@and the second nonzero in degiee

3. PRIMARY COMPONENTS OF BINOMIAL IDEALS

In this section, we express the primary components of biabideals in polynomial rings
over the complex numbers as explicit sums of binomial andonoal ideals. We formulate
our main result, Theorem 3.2, after recalling some esdemgalts from [ES96]. In this
section we work with the polynomial rinG[0] in (commuting) variables that we cédll =
oi,...,0, because of the transition f3-modules in later sections.
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If L C Z"is a sublattice, then tHattice idealof L is
I, =" —0" tu=uy —u_ € L).

More generally, anyartial characterp : L — C* of Z", which includes the data of both its
domain latticel. C Z" and the map t&*, determines a binomial ideal

I, = (0" — p(u)0"~ :u=wuy —u_ € L).

(The ideall, is called/, (p) in [ES96].) The ideal, is prime if and only ifL is asaturated
sublattice ofZ™, meaning that. equals itssaturation in general defined as

sat(L) = (QL)NZ",

whereQL = Q ®; L is the rational vector space spanned/byn Q". In fact, by [ES96,
Corollary 2.6] every binomial prime ideal i@i[0] has the form

(3.1) Lyy=1,+(05:7¢J)
for somesaturatedpartial charactep (i.e., whose domain is a saturated sublattice) and subset
J C {1,...,n} such that the binomial generators gfonly involve variables); for j € .J

(some of which might actually be absent from the generatbrs)o

The characteristic zero part of the main result in [ES96gdrem 7.1 says that an irredun-
dant primary decomposition of an arbitrary binomial idéal C|[0] is given by

(3.2) I= () Hull(I+I,+(9:j¢J))

I, 7E€Ass(I)

for any large integee, whereHull means to discard the primary components for embedded
(i.e., nonminimal associated) primes. Our goal in thisisads to be explicit about the Hull
operation, first for the purpose of drawing conclusions alow the primary components
interact with gradings of [0], and later for the purpose of counting and writing down solu-
tions to Horn systems and other hypergeometric systemssdlient feature of (3.2) is that
I+1,+(0;:j ¢ J)° contains/,. In contrast, this does not hold in positive characteristic
where the statement of [ES96, Theorem'[/idlthe same except thdf + (0, : j ¢ J)°is
replaced by a Frobenius power bf;.

Example 3.1. Fix matrices4A and B as in Convention 1.4. This identifi&’ with the quo-
tient of Z" /7 B modulo its torsion subgroup. Consider ta#ice basis ideatorresponding
to the latticeZB = { Bz : z € Z™}, which is defined by

(3.3) I(B) = (0" — 0" :u=uy —u_isacolumnofB) C C[0y,...,0,].

The toric ideall 4 from (1.3) is an associated prime bfB), the primary component being
1, itself. More generally, all of the minimal primes of the lae# ideal /5, one of which

is 14, are minimal overl (B) with multiplicity 1. These minimal primes are precisely the
ideals!, for partial characters : sat(ZB) — C* of Z" extending the trivial partial character
onZB. The lattice ideal;z, which containd ( B), is the intersection of these prime ideals.
Hencel;y is a radical ideal, and every irreducible component of it® zet is isomorphic,
as a subvariety of”, to the variety off 4.
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In complete generality, each of the minimal primes/0B) arises, after row and column
permutations, from a block decomposition/®fof the form

(3.4 Eanal

whereM is a mixed submatrix oB of sizeg x p for somel) < g < p < m [HS00]. (Matrices
with ¢ = 0 rows are automatically mixed; matrices with= 1 row are never mixed.) We
note that not all such decompositions correspond to minprales: the matrix\/ has to
satisfy another condition which Hosten and Shapiro cedkducibility [HS00, Definition 2.2
and Theorem 2.5]. I#(B) is a complete intersection, then only square matricesvill
appear in the block decompositions (3.4), by a result ofttfésand Shapiro [FS96].

For each partial character: sat(ZB;) — C* extending the trivial character dhB;, the
ideall, ; is an associated prime 6fB), whereJ = J(M) = {1, ...,n}~rows(M ) indexes
then — g rows not in)M. We reiterate that the symbphere includes the specification of the
sublatticesat(ZB;) C Z". The corresponding primary component

Cpy = Hull(I(B) + I, + (9; : j & J(M))°)

of the lattice basis idedl(B) is simply I, if ¢ = 0, but will in general be non-radical when
q > 2 (recall thaty = 1 is impossible).

Our notation in the next theorem is as followsLIfs a saturated sublattice @f for some,

then we writeN‘/L for the image ofN’ in the torsion-free groufZ‘/L. Given a subset
JCA{1,...,n},letJ ={1,...,n}~ J beits complement, and use these to index coordinate
subspaces dN” andZ"; in particular,N* = N’ x N/, Adjoining additive inverses for
the elements i\’ yields Z’ x N’, whose semigroup ring we denote bd][0;'], so

9y =11;c;0;. Asin Definition 2.10C{S} is the monomial ideal ift[0] havingC-basisS.

Consider a binomial ideal C C[0], and let], ; be a minimal prime off. We may (by
rescaling the variable8; for j € J) harmlessly assume thatis the trivial character on
its lattice L, so that/, = I is the lattice ideal forL. The quotientC[0]/I}, is the affine
semigroup ringC[Q] for @ = ® x N”/. Now let us take the whole situation modulp. The
image ofl, ; = I, + (9; : j € J) is the prime ideaps C k[Q] for the faced. The image in
C[Q] of the binomial ideal is a binomial ideal’, and(I + I, : 95°) has imagg’ : 9?),

as defined in (2.2). Finally, the image &fin @ is the unbounded idedl C () (Defini-
tion 2.10) by construction. Now we can apply Theorem 2.14 sind obtain a combinatorial
description of the component associated jg. These observations essentially prove the
following result.

Theorem 3.2. Fix a binomial ideal/ C C[0] and an associated primé, ; of I, where
p: L — C* for a saturated sublatticé& C Z’ C Z". Set® = N’/L, and write~ for the
congruence oZ’ x N’ determined by the idedl + I,)[Z7] = (I + 1,)C[9][0;"].

1. 1f 1, ; is a minimal prime off andU is the set ofs € N" whose congruence classes in
(Z7 x N7) /~ have infinite image iZ.® x N’, then thel,, ;-primary component of is

Coy=(I+1,:07)+C{U}.
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Fix a monomial ideal C C[0); : J€ J] containing a power of each available variable, and
let ~ be the congruence di’ x N determined by! + I, + K)C[9][9;']. WriteUy for the
set ofu € N" whose congruence classeg#Y x N7)/~ have infinite image iZ.® x N’.

2. Thel, j-primary componentofl + [, + K) C C[0]is(I +1,+ K : 07°) + C{Ux}.
3. If K is contained in a sufficiently high power @ : j € J), then

Coy= (I+1,+ K :07) +C{Ux)}
is a valid choice of/, ;-primary component for.

The only monomials in the above primary components are tino8é0 } or C{Uy }.

Proof. We proved the first item in the paragraph preceding the sttewf this theorem.
From it, the second and third items follow easily by replgcinwith I + K, given the
primary decomposition in (3.2). O

Remark 3.3. One of the mysteries in [ES96] is why the primary componénd$ binomial
ideals turn out to be generated by monomials and binomiatsmREhe perspective of The-
orem 3.2 and Proposition 2.12 together, this is becauserthmagy components arinely
graded under some grading by a free abelian group, narfidly the vector space dimen-
sions of the graded pieces of the quotient modulo the ideale all0 or 1. In fact, via
Lemma 2.8, the fine gradation is the root cause of primaryness

Remark 3.4. Theorem 3.2 easily generalizes to arbitrary binomial isl@alarbitrary com-
mutative noetherian semigroup rings o¢ersimply choose a presentation as a quotient of a
polynomial ring modulo a pure difference binomial ideallg3i, Theorem 7.11].

For the purpose of constructing-modules from binomial ideals C C[0], we need precise
control over the interactions of primary components withioias gradings orC[0]. This
is in fact one of our main reasons for including Theorem 32 quotient of its statement
by the toric ideall, puts us in the situation of Proposition 2.12 and Corollad32which
provide excellent control over gradings. Therefore let aw fix an integer matrixA as
in Convention 1.2, and recall that this datum determiné&’-grading onC|[d] in which
deg(9;) = —a; is defined to be the negative of t}i# column of A (and recalZA = Z7%).

Lemma 3.5. Let I C C[0] be anA-graded binomial ideal and, ; a primary component,
with p : L — C* for L C Z’. The imageZA; of the homomorphisii’ /L = Zd — 7
induced by Corollary 2.13 (withl = ZA = Z%) is generated by the columnsof A indexed
by; € J, while their negatives generate the imagefot= N’ /L, which we cal-NA4 ;. O

To make things a little more concrete, let us give one morggasative on the homomorphism
Z® — Z°. Quite simply, the ideal, ; is naturally graded b’ /L = Z®, and the fact that
it is also A-graded means thdt C ker(Z" — Z%), the map tdZ? being given by-A. (The
real content of Corollary 2.13 lies with the action on the #s53.)

The primary components of-graded binomial ideals come in two flavors, as we are about
to define. Identifying and exploiting the distinction beemghem is one of the primary goals



20 ALICIA DICKENSTEIN, LAURA FELICIA MATUSEVICH, AND EZRAMILLER

of this paper. In particular, the distinction becomes afiggliin the transition to binomial
D-modules; see Theorem 4.12 and Corollary 4.22.

Definition 3.6. In the situation of Lemma 3.5, the quotieft®)]//, ; andC[0]/C, ; are

e toral if the homomorphisnZ® — Z? is injective, and
¢ Andeanif the homomorphisnZ® — Z4 is not injective.

We have already encountered toral and Andean lattices. & feir the record that Defini-
tions 1.10 and 3.6 do indeed coincide.

Lemma 3.7. Fix an associated primé, ; of an A-graded binomial ideal/, wherep is
a partial character of a saturated lattice C Z”/ N kerz(A) = kerz(A;). The quotient
Cl0]/1,,; is toral if and only ifL = kerz(A,;); thatis, if and only if the lattice. is toral. [

Here is another characterization of the notions of toral Andean associated primes, this
one involving the matrixA.

Lemma 3.8. Given anA-graded binomial ideal and an associated primg, ;, we have
dim(7, ;) > rank(A,),
with equality if and only ifC[0] /1, ; is toral.

Proof. Rescale the variables and assume that= /;,, the lattice ideal for a saturated lattice
L C kerz(Ay). The rank ofL is at most#.J — rank(A,); thusdim([) = #J —rank(L) >
rank(A;). Equality holds exactly wheh = ker;(A), i.e. whenC[0]/1, ; is toral. O

Example 3.9.With notation as in Example 3.1, sb= J (M), the quotienC|[0]/C, , is toral
if M is square and satisfies eithirt (M) # 0 or ¢ = 0. Otherwise, the quotierit[0]/C,,
is Andean. (See Lemma 6.2 and Observation 6.3.)

Example 3.10.A binomial ideal C C[0] maybeA-graded for different matriced: in this
case, which of the componentsioére toral or Andean will change if we change the grading.

For instance, the prime idedl= (0,04 — 0:93) C C|ds, ..., 04] is homogeneous for both

the matrix[111 1] and the matrix[é é (1) H . ButC[0y,...,0,4]/I is Andean in thgl 11 1]-

grading, while it is toral in the[é é (1) H-grading.

Remark 3.11. The notions of toral and Andean modules will be introducedegally in
Definition 4.8 and 4.17. Although the ideals; andC, ; are rarely toral or Andean when
considered as abstract modules, we nonetheless call thehotcAndean ideals. The latter
adjective describes the geometry of the gradings orC{bemodulesC[d]/C, ;: collapsing
(coarsening) th&d-grading to theA-grading makes th&®d-graded degrees sit like a high
thin mountain range oveét?, supported on finitely many translateszf ;.

Example 3.12.Let I = (bd —de, bc—ce,ab—ae, c® —ad?, a*d* — de?, a*cd — ce®, a>d — ae?)
be a binomial ideal itC[0], where we write) = (0, 03, 03, 04, 05) = (a, b, ¢, d, ). Using

11111
A:{01231}
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one easily verifies that the binomial iddals graded byZA = Z2. If w is a primitive cube
root of unity (v* = 1), then/, which is a radical ideal, has the prime decomposition
I = {a,c,d) N {bc — ad,b* — ac,c* — bd, b — )

N (wbe — ad, b* — wac, w?c® — bd, b — €)

N (w?bc — ad, b* — wac,wc® — bd, b — ¢).
The intersectand, ¢, d) equals the prime ided), ; for J = {2,5} andL = {0} C Z”’. The
homomorphisn¥Z’ — Z? is not injective since it maps both basis vectors[[@} (recall
thatdeg(d;) = —a;); therefore the prime idedh, ¢, d) is an Andean component @f In

contrast, the remaining three intersectands are the pdeas/, ; for the three characteys
that are defined oker(A) but trivial on its index3 sublatticeZ B spanned by the columns of

-2 -1 0
3 0 1
B = o 3 0/,
-1 -2 0
0o 0 -1

whereJ = {1,2,3,4,5}. These prime ideals are all toral by Lemma 3.7, Vidith; = ZA.

The dichotomy between toral and Andean component4-gfaded binomial ideals begins
with the fact that toral ones admit an explicit descriptibattis simpler than Theorem 3.2,
although it follows without too much trouble from that resul

Corollary 3.13. Fix an A-graded binomial ideal C C[0] and a toral associated primg,
of 1. Define the binomial ideal = I - C[9]/(9; — 1 : j € J) by settingd; = 1 for j € J.

1. If I, ; is aminimal prime off andU C N7 is the set of elements with infinite congru-
ence class iﬁNg (Proposition 2.4), then thé, ;-primary component of is

Coy=I+1,:07)+ (0" :uel).
LetK C C[o;:j € J| be a monomial ideal containing a power of each available afale,
and letU x C N’ be the set of elements whose congruence clasﬁgi}g are infinite.
2. Thel, j-primary component ofl + 1,4+ K) C C[d]is (I +1,: 0F)+ (0" : u € Uk).
3. If K is contained in a sufficiently high power @ : j € J), then
CpJ: ([—I—Ipﬁfjo) +<8uu€UK>
is a valid choice of/, ;-primary component for.

The only monomials in the above primary components af@4in v € U) or (9% : u € Ug).

Proof. Resume the notation from the statement and proof of Theor2mA3 in that proof,
it suffices here to deal with the first item. In fact, the onlinthto show is that/ in Theo-
rem 3.2 is the same @&’ x U here.
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Recall that/” C C[Q)] is the image off modulo/,. The congruence classesB® x N7
determined byl’[Z®] are the projections undé’ x N/ — Z® x N/ of the~ congruence
classes. Further projection of these classé$tgields the congruence classes determined
by the ideall” C C[N”], where!” is obtained fromi’|Z®] by settingd® = 1 for all ¢ € Z.
This idealI” is just I. Therefore we are reduced to showing that a congruence iclass
® x N/ determined byl'[Z®] is infinite if and only if its projection td\” is infinite. This

is clearly true for the monomial congruence clas&ih x N7. For any other congruence
classl' C Z® x N7, the homogeneity of (and hence that af) under thed-grading implies
that I is contained within a coset &€ = ker(Z® x Z/ — Z? = ZA). This kernelk
intersectsZ® only at0 becausd, ; is toral. Therefore the projection of any cosekofo 77

is bijective onto its image. In particuldr, is infinite if and only if its bijective image ifN/

is infinite. O
Example 3.14.Resume the notation of Example 3.1}f; is a toral minimal prime of (B)
given by a decomposition as in (3.4), $o= J(M), then

Coy=I1(B)+1,;+ Uy,

whereU,, C C[9; : j € J] is the idealC-linearly spanned by by all monomials whose
exponent vectors lie in the union of the unboundéesubgraphs oN”, as in Definition 2.6.

Remark 3.15. Corollary 3.13 need not always be false for an Andean commuoreit it
can certainly fail: in the Andean case, there can be congrielasses iZ.® x N’ that are
infinite only in theZ® direction, so that their projections 1’ are finite.

Remark 3.16. The methods of Section 2 work in arbitrary characteristiog-mdeed, over

a fieldk that can fail to be algebraically closed, and can even befirltecause we assumed
that a prime ideaps for a face® is associated to our binomial ideal. In contrast, this
section works only over an algebraically closed field of eloteristic zero. However, it
might be possible to produce similarly explicit binomiairpary decompositions in positive
characteristic by reducing to the situation in Section & temains an open problem.

4. EULER-KOSZUL HOMOLOGY

The Euler operators in Definition 1.3 can be used to build azKbbke complex whose
zeroth homology is thel-hypergeometric system in Definition 1.3. In its most basi,
this construction is due to Gelfand, Kapranov, and Zeldyii&KZ89], and was developed
by Adolphson [Ado94, Ado99] and Okuyama [Oku06], among hé\ functorial gener-
alization was introduced in [MMWO05], where it was proved ® Homology-isomorphic to
an ordinary Koszul complex detecting holonomic rank charige varying parameters.
Here, we begin by reviewing the definitions from [MMWO5, Sent4] (where more details
can be found). We proceed to develop the foundations in thatgr generality of toral and
Andean modules (Definitions 4.8 and 4.17). Our main resaltsifese are Theorems 4.12,
4.13, 4.15, and 4.16 for toral modules, and Corollary 4.22ftdean modules.

Given a matrixA with columnsa,, . .., a, as in Convention 1.2, recall that the polynomial
ring C[0] and the Weyl algebr® = D,, are A-graded bydeg(0;) = —a; anddeg(z;) = a;.
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Under thisA-grading, operator&, ..., I;, and in fact all of the products;0; € D, are
homogeneous of degrée

Given an A-graded leftD-module W, if z € W, is homogeneous of degree then set
deg;(z) = «;. The mapE; — 3, : W — W that sends each homogeneous elementV to

(4.1) (E; — Bi) oz = (E; — B; — deg;(2))z,
and is extende@-linearly to all of W, determines @-linear endomorphism df’.

Definition 4.1. Fix 8 € C% and anA-gradedC[d]-moduleV. The Euler-Koszul complex
K.(E — 3;V) is the Koszul complex of lefD-modules defined by the sequente- /5 of
commuting endomorphisms on the léftmodule D ®¢5 V' concentrated in homological
degreesi to 0. Thei'" Euler-Koszul homologyf V is H;(E — 3; V) = H(K.(E — 3;V)).

Example 4.2.Fix A andB as in Conventions 1.2 and 1.4.

1. Thebinomial Horn D-modulewith parameters is Ho(E — 3; C[0]/1(B)).
2. The A-hypergeometrid>-modulewith parameteps is Ho(E — 3; C[0]/14); see (1.3).
3. If I C C[0] is any A-graded binomial ideal, theH,(E — 3; C[0]/I) = D/Ha(I, 3).

Euler-Koszul homology behaves predictably with regardgraded translation.

Lemma4.3.LetV be anA-gradedC[0]-module andv € Z¢ = ZA. If V(«) is the A-graded
module withV (a) o = Voror, thenHo(E — 5,V (a)) = Ho(E — B+ a5 V(). O

We shall see that Euler-Koszul homology has the useful ptpmé detecting “where” a
module is nonzero, the nonzeroness being measured in thwiiod sense.

Definition 4.4. Let V' be anA-gradedC[0]-module. The set dfue degreesf V' is
tdeg(V) = {B € Z*: V3 # 0}.
The setydeg (V) of quasidegreesf V is the Zariski closure i©? of its true degreesgleg(1V).

Because of the next lemma, we shall often refer to quasidesgts asrrangements

Lemma 4.5. Let R be a noetheriam-graded ring that is finitely generated over its degtee
piece. The quasidegree set of any finitely generated gratletbdule is a finite union of
affine subspaces @¢, each spanned by the degrees of some subset of the genafators

Proof. Every A-graded module has afrgraded associated prime, and therefore a submod-
ule isomorphic to am-graded translate of a quotient by dngraded prime. Now use Noe-
therian induction to conclude that every such module hagratidn whose successive quo-
tients areA-translates of quotients dt modulo prime ideals. But being an integral domain,
the true degree set of a quotigRtp by a prime ideap is the affine semigroup generated by
the degrees of the generatorsidthat remain nonzero iR /p. U

Example 4.6.If V' = CJ[0]/(01, 05,04) from Example 3.12, thendeg(V) is the diagonal
line in C%. In contrast, the quotient by each one of the other threeepitaals there has
quasidegree set equal to all@t. It follows thatqdeg(C[9]/I) = C=.
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Letm be the maximal ideal,, . . . d,) of C[J]. SinceA is pointed with no nonzero columns,
m is the uniqgue maximaHl-graded ideal. Given ad-gradedC[0]-moduleV, its local
cohomology modules

H,(V) = lim, Extgyy (C[0]/m', V)

supported atnh are A-graded; see [MS05, Chapter 13]. Even wheérs finitely generated, its
local cohomology module& ¢ (V') need not be; but their Matlis duals are, so their quaside-
gree sets are still arrangements.

Lemma 4.7.1If V is a finitely generatedi-gradedC[0]-module, then the quasidegree set
qdeg(H: (V) of theit™™ local cohomology module df is a union of finitely many integer
translates of the complex subspacgs; C C" spanned by{q; : j € J} for various.J.

Proof. Letey = Z?Zl a;. In the graded version [Mil02b, Theorem 6.3] of the Greesiee
May theorem [GM92], setting equal to the injective hull of the residue figlo] /m yields
the naturald-graded local duality vector space isomorphism

Extgi (V; Cl0))a = Home (Hy (V) —asey, ©).

(Use the casg¢ = CJ[0] to deduce that the right-hand side of [Mil02b, Theorem 63hie
derivedHom into the canonical modulec5), which is isomorphic as a graded module to the
principal ideal(0; - - - 9,,); see also [BH93, Section 3.5] f@-graded local duality.) Hence
g4+ qdeg(HL(V)) = —qdeg(Extg[gj(V, C|0])) is the negative of the quasidegree set of a
finitely generated module. The result is now a consequencerama 4.5. O

4.1. Toral modules. Euler-Koszul homology was originally conceived of foric modules
[MMWOS5, Definition 4.5]. Here, we shall show that all of the maesults in [MMWO05]
hold, with essentially the same proofs, for the followingrengeneral class of modules.

Definition 4.8. An A-gradedC[0]-moduleV is natively toralif there is a binomial prime
ideall, ; and a degree € Z? suchthal/(«) = C[d]/1, , is a toral quotient (Definition 3.6).
The modulé/ is toral if it has a finite filtration0 = Vo Cc V; € --- C V1 C V, = V whose
successive quotients, / V., are all natively toral.

Example 4.9.C|[0]/C,,, is toral for any toral primary componed@}, ; of any A-graded bi-
nomial ideal. This is a bit nontrivial, &[d]/C, ; a priori only has—by Theorem 3.2 and
Proposition 2.12—a finite filtration whose successive aqras areA-graded torsion-free
modules of ranKk over the affine semigroup ring = C[0]/1, ;. Thatis, the successive quo-
tients are not necessari-graded translates a? itself. However, every finitely generated
A-gradedR-module has a finite filtration whose successive quotiertslagraded translates
of quotientsRk/ps modulo prime idealgs for faces®, and these are natively toral.

The argument in Example 4.9 actually shows more.
Lemma 4.10.If W C V are A-graded modules withy toral, thenl¥ and /W are toral.
Proof. Intersecting any toral filtration oV with W yields a filtration ofI%" whose suc-

cessive quotients are toral because theysagraded modules over natively toral quotients
C[0]/1,.;. Hencel is toral. The same argument works for the image filtratiol i/, [
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We begin recounting the results of [MMWO05] with an elemewntabservation about how
Euler-Koszul homology works for modules killed by some ¢ trariables; the proof is the
same as [MMWO05, Lemma 4.8]. For notation, fef be the operator obtained froi, by
setting the terms;0; to zero forj ¢ J. This operator can be thought of as lying in the Weyl
algebraD; in the variables:; ando; for j € J. Denote byz ; the z-variables forj ¢ J.

Lemma 4.11. If the variableso; for j ¢ J annihilate anA-gradedC|0]-moduleV/, then
D®c¢jg)V = Clrj|®@c(Ds®cjp,)V) asD = D;®cD;-modules. Acting by; on D¢V as
in (4.1) is the same as acting # on the right-hand factor o[z ;| @c (D @cjp, V). O

Many of the following results are stated in the contexhofonomicD-modules, which by
definition are the finitely generated leR-modulesiV with Ext{-)(W, D) =0 for j # n.
WhenWV is holonomic, the vector spaégx) @, W over the fieldC(x) of rational func-
tionsinzy, ..., z, hasfinite dimension equal to thelonomic rankank (1) by a celebrated
theorem of Kashiwara; see [SSTOO0, Theorem 1.4.19 and @Goydll4.14].

We shall also be interested in whether aitmodules areegular holonomigthe definition of
which can be found in [Bj679]. For an-hypergeometrid)-module (Example 4.2), regular
holonomicity is known [Hot91] to occur wheA is homogeneoysneaning that there is a
row vectory) € Q7 such that) A equals the row vectdt, . . ., 1]. In this case, th&A = Z?-
grading onC|0] coarsens naturally to treandardZ-grading in whichdeg(9;) =1 € Z
for all 5.

Theorem 4.12.1f V is a toral C[0]-module and3 € C¢, then the Euler-Koszul homology
H;(E — (3;V) is holonomic for alli. Moreover, the following are equivalent.

1. Ho(E — B; V') has holonomic rank.
2. Ho(E — B;V) =0,

3. Hi(E — 3;V)=0forall i > 0.

4. —f3 & qdeg(V).

If, in addition, the matrixA is homogeneous, thé; (E—/3; V) is regular holonomic for alt.

Proof. This is the toral generalization of [ MMWO5, Proposition fahd [MMWO05, Propo-
sition 5.3]. To see that it holds, start with [MMWO05, Notatid.4]: instead of only allowing
submatrices ofl corresponding to faces of the semigradig, we allow submatriced ; with
arbitrary column setd C {1,...,n}. Then, in [MMWO0S5, Definition 4.5], replace “toric”
with “toral” and change5y, to C[0]/1, ;; that this defines toral modules is by Lemma 3.7.

The key is [MMWO05, Lemma 4.9]. In the proof there, first re@aety = D/HA(I,3)
by D/Ha(1,,3). Then observe that rescaling the variables yimduces anA-graded
automorphism of) commuting with the construction of Euler-Koszul compleascause
x;0; Is invariant under the automorphism). Hence the theoremnmégively toral modules
need only be proved in the special case identity. This allows usto usky, + (9, : j & J)
instead of/, ;. The rest of the proof of[MMWO05, Lemma 4.9] goes through waraied, and
when A is homogeneous, provides regular holonomicity as a corseguof the analogous
result for GKZ systems from [Hot91, SWO06].
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Now extend the proof of [MMWOS5, Proposition 5.1] to the tosalting. For the first para-
graph of that proof, replace “toric” with “toral” and rep&& by C[d]/1, ;. For the later
paragraphs of the proof, begin by working with the moduléhere being native toral. This
allows us to replacé,, when it arises as an annihilator toward the end, With, thereby
proving the native toral case. For the arbitrary toral casmply note that for any exact
sequenc® — V' — V — V” — 0in which V' andV"” both have (regular) holonomic
Euler-Koszul homology, each Euler-Koszul homology modfl&” is placed between two
(regular) holonomic modules, and is hence (regular) hatdno

Finally, to generalize [MMWO5, Proposition 5.3], repladeric” with “toral” in the state-
ment and proof. Then, in the proof, replagby I, ; andSx by C[9]/1, ;. O

Next we record the toral generalization of [MMWO05, Theore!®]6

Theorem 4.13.The Euler-Koszul homolodght;(£ — 3; V') of a toral modulel” is nonzero
for some > 1if and only if—3 € qdeg(H: (V') for somei < d. More precisely, it equals
the smallest homological degrééor which—g € qdeg(HL(V)), thenHy (E — 3;V) is
holonomic of nonzero rank whilg,;(E — 3; V) = 0fori > d — k.

Proof. Begin by noting thaExtfc[a](V, C|0]) is toral whenevel/ is toral. This is the toral
generalization of  MMWO05, Lemma 6.1]; the same proof worksitatis mutandis, replacing
S in [MMWO5] by C[0]/1,,, here. Now extend [MMWO05, Theorem 6.3] to the toral case:
the only property of toric modules used in its proof is thedmaimicity of Euler-Koszul
homology, which we have shown is true for toral modules inofeen 4.12. Finally, to torally
extend the toric [MMWOS5, Theorem 6.6], start with the firsht@nce of the proof, which for
toral modules is Lemma 4.14, below. After that, the proofgieough verbatim, given that
we have shown the results it cites for toric modules to befvugoral modules. O

Lemma 4.14.1f V is toral, then its Krull dimension satisfiésm (V') = dim(qdeg(V)) < d.

Proof. For natively toral modules this follows from Lemma 3.7. Fdirary toral modules,
the Krull dimension and the dimension of the quasidegredatt equal the maximum of
the corresponding dimensions for the composition factoesy toral filtration. O

One of the observations in [MMWO05] is that hypergeometristeynsD / H (1, (3) for vary-
ing 3 should be viewed as a family d?-modules fibered ovet?. If (the holonomic rank
function of theD-modules in) such a family is to behave well, it suffices toifyethat it
is aholonomic familyf MMWOS5, Definition 2.1]. For families arising from toric maoikes
this is done in [MMWO05, Theorem 7.5], which we now generaliaghe toral setting. As
a matter of notation, lgt = b, ..., b; be commuting variables of degree zero,/3p) is a
polynomial algebra over the Weyl algebfa For anyA-gradedC|0]-moduleV’, construct
theglobal Euler-Koszul compleX.(E —b; V') of left D[b]-modules andjlobal Euler-Koszul
homologyH.(E —b; V') by replacingD and/ in Definition 4.1 withD[b] andb here. Finally,
if C(z) is the field of rational functions im,, ..., z,, write V(z) = C(x) ®c(, V for any
C[z]-moduleV, includingV = C[b][z], where we seV(z) = C[b](x).
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Theorem 4.15.If V is toral, then the sheap on C¢ whose global section module¥5 =
Ho(E — b; V) constitutes a holonomic family ov€¥; in other words,Vs = Ho(E — 3; V)
is holonomic for all3 € C?, andV(z) is finitely generated as a module ovép)(z).

Proof. [MMWO5, Proposition 7.4] holds fof, ; in place of/] after harmlessly rescaling the
x and¢ variables inversely to each other, which affects neithef nor the initial ideal in
question. Therefore we may, in the proof of [MMWOS5, Theorei,simply change “toric”
to “toral” and base the induction again @y, andC[d]/I, ; instead of/§ andS,. O

Considering); andj; as elements in the polynomial ririgfb], we can take ordinary Koszul
homology H.(b — (3; W) for any C[b]-moduleTV. This gets used in the generalization of
[MMWO05, Theorem 8.2] to arbitraryl-gradedC[0]-modules, which we state along with
the toral generalization of [MMWO05, Theorem 9.1]. For th#dg we need also themp
arrangementZjymp(V) = U,«,_, adeg(HL(V)) of an A-graded modulé” overC|[d)].

Theorem 4.16.1f V' is an A-gradedC[0]-module andV = Hy(E — b; V), then
Hi(E = 3, V) = Hi(b— 5; V),
the left and right sides being Euler-Koszul and ordinary #d$iomology, respectively. If, in

addition, V' is toral, then—3 € Zjmp(V) lies in the jump arrangement df if and only if
the holonomic rank ofH,(E — (3; V') is not minimal (among all possible choices®f

Proof. [MMWO05, Theorem 8.2] and its proof both work verbatim for #rry A-graded
C|0]-modules. That being given, the proof of [MMWO05, Theorem] ®vbrks just as well
for toral modules, since we have now seen that all of theexadsults in [MMWO05] do. [

4.2. Andean Modules. The finiteness properties of toral modules encapsulatednep-T
rem 4.12 will be contrasted in Theorem 4.21 with the infindgsthat occurs for the modules
in our next definition.

Definition 4.17. An A-gradedC[0]-moduleV is natively Andeaif there is am € Z¢ and an
Andean quotient rin@[0]/ 1, ; (Definition 3.6) over whicl// («) is torsion-free of rank and
admits aZ” / L-grading that refines thé-grading viaZ’ /. — Z? = ZA, wherep is defined
on L C Z’. V is Andeanif it has a finite filtration0 =V, c V,; Cc ---Cc V,., C V, =V

whose successive quotients/V;_, are all natively Andean.

Example 4.18.C[0]/C,,; is Andean for any Andean primary componeht; of any A-
graded binomial ideal. This follows immediately from Thewr 3.2 and Proposition 2.12.

Here is a weak form of Euler-Koszul rigidity for Andean moesi(but see Corollary 4.22).

Lemma 4.19.1f V' is an Andean module andj ¢ qdeg(V), thenH;(E — ;W) =0 =
H;(E — 3;V/W) for all i and all A-graded submoduldd” C V.

Proof. First assume thdt” is natively Andean. The torsion-freeness ensuresdtiat(1")
is aZd-translate of the complex sp& ; of the columns of4 indexed by.J, so let us also
assume for the moment thadeg(1V') = CA;. The result for thid” and all of itsA-graded
submodules follows from Lemma 4.11, because@H@ear span of2{ — 3y,..., EJ — 34
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contains a nonzero scalarif¢ CA; (some linear combination dfy, . .., £/ is zero, while
the corresponding linear combination@f, . . . , 3, is nonzero, and hence a unit).

The case wher& is natively Andean (or a submodule thereof) apidg(1V) = o + CA;
is proved by applying the above argumentito—«), using Lemma 4.3. The case whére
is a general Andean module is proved by induction on the kengtan Andean filtration,
using thatqdeg(V') = qdeg(V’) U qdeg(V"”) whenever) — V! — V — V" — 0 is an
exact sequence. Finally, for afrgraded submodul&” of a general Andean modulé,
intersectingl? with an Andean filtration oft” yields a filtration ofi/" whose successive
quotients are submodules of native Andean modules. Heegartof of vanishing of Euler-
Koszul homology by induction on the length of the filtratidril sipplies.

The vanishing of atH,;(E—3; V/W) follows easily from the vanishing fdr and foriv’. [

The following lemma will allow us to reduce to the case of AadeguotientsC[0]/1,
whenever we need to work with natively Andean modules.

Lemma 4.20.A natively Andean modulé has afiltration whose successive quotientsé&re
graded translates of various quotierif$d] /I, ;, each being natively either toral or Andean.
At least one of these quotients is natively Andean.

Proof. By definition, V' is torsion free of rank over an Andean quotieri[0]/I, ¢ where

S C{1,...,n}andr is a partial character (we use non-standard notation taaamifusion
with the statement we need to prove). Harmlessly rescaliag/ériables, we may assume
thatl, s = I, +(0; : j ¢ S), soC[J]/I,.s is a semigroup ring@|Q] for someQ C Z°/L.
Replacingl’ with an A-graded translate, we may further assume thas Z°/L-graded.
Using Noetherian induction as in the proof of Lemma 4.5, westaict a filtration ofl/
whose successive quotients &% L-graded translates of quotier@$?]/po- modulo prime
idealspy for facesQ)’ C @ (these are th€[0]/I, ; of the statement). Each of these, being
A-graded, is either natively toral or natively Andean. Marew if all of them were toral,
thenV would be toral as well, so the last assertion follows. O

Now we combine the Euler-Koszul theory for Andean and toradloies to conclude that the
hypergeometrid>-modules associated to Andean modules, if nonzero, ardaeyy.

Theorem 4.21.If an A-gradedC|[0]-moduleV possesses a surjection to an Andean mod-
uleW, and if -3 € qdeg(W), thenHy(E — 3; V') has uncountably many linearly indepen-
dent solutions near any general point C"; thatis, Homp(Ho(E — 5;V), O, ) is a vector
space of uncountable dimension o&rwhereQ, is the local ring of analytic germs at

Proof. Since a surjection of[0]-modules induces a surjection of zeroth Euler-Koszul ho-
mologyH,(E — 3; - ), we may assume th&t = 1 is Andean.

Consider an exact sequente- V' — V — V" — 0 of Andean modules in whick™ is
natively Andean. If-5 ¢ qdeg(V"), thenHy(E — 5; V') = Ho(E — 5; V') by Lemma 4.19
for V", so we may harmlessly replatewith V’. Continuing in this manner, using induction
on the length of an Andean filtration ®f, we may assume thats € qdeg(V”). But then,
sinceHy(E — 3; V') always surjects ontd{, (£ — 3; V"), we may assume th&t = V" is
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natively Andean. By Lemma 4.3, we may further assumelthiattorsion-free of rank over
some Andean quotiert = C[d]/], ;, and thafl” containsR with no A-graded translation.

Using Lemma 4.20 and its notation, take a filtratioa- V, C V; C --- C V, = V in which
each of the successive quotiehig V), is a A-graded translate of some prime quotient that
is natively either toral or Andean. We are free to chobse- R, and we do so. Let be the
largest index such that, /V,_, is Andean and-3 € qdeg(V,/Vi_1), noting that such an
index exists becausé /V, = R satisfies the condition. Sindé surjects ontd//Vj._, we
find thatH,(E — 3; V') surjects ontd,(F — 3; V/Vj_1). Therefore, replaciny by V/V,_;
andZd-translating again via Lemma 4.3 if necessary, it is enougbrove the casé = 1,
with V; = R.

If the above filtration has length> 1, then the kernel and cokernel of the homomorphism
Ho(E — 3;Vi—1) — Ho(E — 38; V) are holonomic, being{;(E — 3;V/V,_,) fori € {0,1};
this is by Theorem 4.12 i¥//V,_, is toral, and by Lemma 4.19 if/V,_, is Andean with
—0 ¢ qdeg(V/V,_1). Therefore the desired result holds foif and only if it holds forV;_;.
This argument reduces us to the cdse- 1 by induction on/, so we may assume that
V =R =C[0]/1,

The condltlon—ﬁ € qdeg(R) means exactly that 3, or equivalentlys, lies in the complex
column sparCA . Let A be a matrix for the projectiodi’ — Z7 /L, and writeZA = Z”7 / L.

If 3is a vector inCA mapping ta3 under the surjection t6 A, afforded by Lemma 3.5, then
denote by~ — 3 the sequence of Euler operators associated. t#hought of as elements
in the space of affine linear functio#s — C, the Euler operator&y — 3i, ..., E] — 34
truncated fromf — generate a sublattiée{ £/ — 3} properly contained in the sublattice
Z{FE — (3} generated by — 3. The binomial hypergeometric systef/ H 4( pj,ﬁ) is
holonomic of positive rank by Theorem 4.12 (f@r / L-graded toralC[9,]-modules, via
Lemma 4.11). Its solutions are also solutiondfH 4(1, s, ) because

HA(IPLﬁ):D'<IPJ>Z{EJ_6}>gD <pJ>Z{E ﬁ}> (IpbB)

On the other hand, for any pair of distinct liffs# 3, the linear span c%{E ﬁ} together
with Z{E — 6} contains a nonzero scalar. It follows that the solution®¥H ;(1,;, 3)

for varymgﬁ are linearly independent. The direct sum of these (locdl)tem spaces is
therefore an uncountable-dimensional subspace of thal)lsclutions taHy(E — 3; R) =

D/HA([p,Jaﬁ)' 0

Summarizing the above results, let us emphasize the dictyob@tween toral and Andean
modules by recording the Andean analogue of Theorem 4.12.

Corollary 4.22. The following are equivalent for an Ande@d]-moduleV and 3 € C<.

Ho(E — (3; V) has countable-dimensional local solution space.
Ho(E — 5;V) has finite-dimensional local solution space.

WP O

Ho(E - 3;V) =
H(E — B3 )—Oforallz > 0.
—0 & qdeg(V).
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5. BINOMIAL D-MODULES

Using the functoriality of Euler-Koszul homology, we nowdiee the holonomicity, regular-
ity, and other structural properties of arbitrary binomiaimodules, including the binomial
Horn systems which motivated and presaged the developmergsOur first principal result
is the specification, for anyi-graded binomial ideal, of an arrangement of finitely many
affine subspaces @ such that the binomiab-moduleD/H 4(1, 3) is holonomic precisely
when—g lies outside of it (Theorem 5.3). Moreover, holonomicitocs if and only if the
vector space of local solutions td4(/, 3) has finite dimension. The subspace arrangement
arises from the primary decomposition binto its toral and Andean components. When
D/H4(I,3) is holonomic, it is also regular holonomic if and onlyIifis Z-graded in the
standard sense. Finally, we construct another finite affibsace arrangement@f such
that for —3 outside of it, the binomialD-module splits as a direct sum of primary toral
binomial D-modules (Theorem 5.8).

For the duration of this section, fix atrgraded binomial ideal C C[0;, ..., d,] and let

(5.1) I= (] Cu

I, jeAss(I)

be an irredundant primary decomposition as in Theorem 3R2usTas in Examples 4.9
and 4.18, some of the quotieri$0]/C, ; are toral and some are Andean. Much of what we
do is independent of the particular primary decompositsimce the data we typically need
come from the quasidegrees of certain related modules. ¥eong@e, the holonomicity in
Theorem 5.3 is clearly independent of the primary decontioosi

Definition 5.1. The Andean arrangemenEangear /) is the union of the quasidegree sets
qdeg(CJ[0]/C,,,) for the Andean primary componerds ; of /.

Lemma 5.2. The Andean arrangemeangeard /) is @ union of finitely many integer trans-
lates of the subspacésA; C C” for which there is an Andean associated prifmg.

Proof. Apply Lemma 4.5 to an Andean filtration of each Andean compo@&]|/C, ;. O
Theorem 5.3. Given theA-graded binomial ideal C C[0], the following are equivalent.

The vector space of local solutionsif, (1, 5) has countable dimension.
The vector space of local solutionsity (7, 5) has finite dimension.

The binomialD-moduleD/H 4(1, 3) is holonomic.

The Euler-Koszul homology;(E — 3; C[0]/I) is holonomic for alk.

_ﬁ ¢ ZAndean(])-
For I standardZ-graded, these are equivalent to regular holonomicityht £ —3; C[0] /).

Moreover, the existence of a parametdior whichH(E — 3; C[0]/1) is regular holonomic
implies that! is Z-graded.

PP O

Proof. The last claim follows from the rest by Theorem 4.12 and tesal[Hot91, SWO06].
Item 1 trivially implies item 0. Item 2 implies item 1 becaulelonomic systems have
finite rank. Item 3 implies item 2 by Definition 1.3 and Examglé. If —3 € Zangead 1),
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then—3 € qdeg(C[0]/C,,;) for some Andean componeg@}, ;, so item O implies item 4
by Theorem 4.21 for the surjectidi0]/I — C[0]/C, ;. Finally, item 4 implies item 3 by
Theorem 4.12 and Proposition 5.4, below, given 0t/ ), C,.s is a submodule of

p, toral

D, 0 Cl9]/C,.s and is hence toral. .

Proposition 5.4. Let fioar = ;| 10raCp.s b€ the intersection of the toral primary compo-
nents of/. If —( lies outside of the Andean arrangement/pthen the natural surjection
C[0]/I — C[9]/Iiora induces an isomorphism in Euler-Koszul homology:

H,(E — (3;C[0)/1) = H;(E — (3;C[0]/ Loral) for all i when—3 ¢ Zangeard ).

Proof. If IangeaniS the intersection of the Andean primary components, ofien

]toral o ]toral ~ ]toral + IAndean
I B ]toral N IAndean B ]Andean
is a submodule of[0]/ Iangean Which in turn is a submodule @IM andeanC10]/C,.s. Since
Zandear [ ) IS the quasidegree set of this Andean direct sum, the exquesee

]toral . C[a] N C[a]

0 0
- I I ]toral -
yields isomorphism®t;(E — 3; C[0]/1) = H;(E — 3; C[0]/ Iiora1) Of Euler-Koszul homology
for all 4, by Lemma 4.19 folyora /1. O

Now we move on to the question of whéry H 4(7, 3) splits into a direct sum.

Definition 5.5. Theprimary cokernel modulé’; is defined by the exact sequence

o Cla o C[9]

p,J

— P — 0.
I, jeAss(I)

Theprimary arrangemenis Zpimary(1) = qdeg(Pr) U Zandear ).

Proposition 5.6. The primary arrangemengyimay(/) is a union of finitely many integer
translates of subspacésA; C C. If there exists? € C? such that the local solution space
of H4(I, 3) has finite dimension, theByimary/(1) is & proper Zariski-closed subset 6f.

Proof. The first sentence is by Lemma 4.5. For the second senteh¢; g be the image
in P; of the direct sun@,,,, C[0]/C,,;. A pointinqdeg(P;) that does not lie ir€angear(!)
must necessarily be a quasidegre€ @) .r,; that is

(5-2) Zprimary(]) = qdeg((PI)toral) U ZAndear(])‘

The existence of ous immediately implies thaBanqeard /) is & proper Zariski-closed subset
of C", so by (5.2) we need only prove the same thingittwg (( P )iorar). The module P )iora

is supported on the union of the toric subvariefigs = Spec(C|d]/1,,,) for the toral associ-
ated primes of ; this much is by definition. However, the m&po]/I — ., Cl9]/C,,s

is an isomorphism locally at a pointwheneverz lies in only one of the associated vari-
etiesT), ; (toral or otherwise). Thereforg’; ).ral is supported on the union of the pairwise
intersections of the toral toric varietigs ; associated té. Hence it is enough to show that if
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FIGURE 1. Primary arrangemetfyimary(/) Of the binomial ideal in Example 5.7

R is the coordinate ring of the intersectidp N7, ;- of any two distinct toral varieties, then
qdeg(R) is a proper Zariski-closed subset@f. This is a consequence of Lemma 4.14]

Example 5.7.1n the situation of Example 3.12, the primary arrangen®&pt.a(/) consists
of the five bold lines in Figure 1. The diagonal line througl[nﬂ Is the Andean arrange-
ment Zangeard /) by Example 4.6. On the other hand, the pairwise intersestidnhe toral
components of all equal(bc, ad, b*, ac, ¢, bd, b — ¢). This ideal has primary decomposition

(be,ad, b, ac, c®, bd, b —e) = (b*,¢,d,b—e) N {a,b,c* b—e).

The set of true degrees & that lie outside 02angear( ) coincides with the true degree set
tdeg(Cla, b, ¢, d, €]/ {bc, ad, b*, ac, ¢*, bd, b — €)), which consists simply of the-degrees of
the monomials inu, b, ¢, andd that are nonzero in this quotient. The exponent vectors of
these monomials are those of the form

o o 0 0
0 1 0 or 0
O[O0 (>]0]" 1
0 0 ) )

for « € Nandj € N, sotdeg(Pr) \ Zandear ) cONsists of the lattice points having the form

CIENIEIEERY

keeping in mind that the degrees of the variables are thaimegaf the columns ofl. These
true degrees are plotted as black dots in Figure 1. The pd&otontal lines comes from
(b%, ¢, d,b— €), while the pair of steep diagonal lines comes fr@m:? d, b — e).
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Theorem 5.8. Assume that-$ lies outside of the primary arrangemefigiman/(/). Then
H(E - 3;Clo)/I) = @ HA(E - 3;Cl0]/Ch)

1, ; toral

for all 7, the sum being over all toral associated primed &fom (5.1). In particular,

D/HA(I,3)= €D D/Ha(C,s.8).

1, ; toral

Proof. Assume that-5 ¢ Zyimay(/). Resuming the notation from the proof of Propo-
sition 5.6, we have an exact sequerice~ (Pr)iorai — Pr — Pr/(Pr)iora — 0. The
direct SUME r4eanCl0]1/C,,; OVer the Andean components bisurjects ontaP; /(P )orar-
Hence, by Lemma 4.19, we deduce that £ — 3; P;/(Pr)wra) = 0 for all i. Consequently,
H(E—f; Pr) =2 H;(E—(; (Pr)wra) for all i. But the latter is zero for allby Theorem 4.12
because-3 ¢ qdeg(P;) 2 qdeg((Pr)wra)- Therefore, applying Euler-Koszul homology to
the exact sequence in Definition 5.5, and using Lemma 4.18tethat this kills the Andean
summands, we have proved the first display. The second idysthgy = 0 case. O

Here is our final arrangement, outside of which the holonawani& of H 4(1, ) is minimal.

Definition 5.9. Given anA-graded binomial, thejump arrangemenof [ is the union
d—1
Zjump([) = ZAndear([) U U qdeg (Hrin((c[a]/[toral))
1=0
of the Andean arrangement pfvith the quasidegrees of the local cohnomolog¥@P| / Iiora
in cohomological degrees at mabst- 1.

Once the holonomic rank of a binomi&l-module is minimal, we can quantify it exactly.
Let 1, ; be multiplicity of 7, ; in I (or equivalently, in the primary componegy ; of 7).
Denote byvol(A ;) the volume of the convex hull ol ; and the origin, normalized so that a
lattice simplex in the groud A ; generated by the columns df; has volumd.

Theorem 5.10.1f Zangead ) # C%, thenH 4 (1, 3) has minimal rank ag} if and only if —3
lies outside of the jump arrangeme&itmp(), and this minimal rank is

rank(D/Ha(I,5)) = Z . - VOI(Ay).

I, ; toral of dim.d

Proof. Assume thatZangead I) # C¢, and denote byX the complement of- Zangeard /)

in C?. The global Euler-Koszul homolody,(E — b; C[9]/I) determines a sheaf dif', and
hence a sheaF on X by restriction. We claim thaf is a holonomic family [MMWO05, Def-
inition 2.1] overX. In fact, we claim thatF is the restriction toX of the family determined
by Ho(E — b; C[0]/ Lioral), Which is a holonomic family on all of? by Theorem 4.15. Our
claim is immediate from the sheaf (i.e., global Euler-Kdyzarsion Proposition 5.4, which
says that for alt, if 5 € X thenH,;(E — b;C[0]/I) = H;(E — b; C[0]/ Liora) In @ neighbor-
hood of3. This follows by the same proof as Proposition 5.4 itselfegithe global version
of Lemma 4.19. This global version, in turn, follows from tkeme proof as Lemma 4.19
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itself with ; replaced by; for all 7, the point being that; = (b; — /3;) + [; is a unit locally
in C? nearp, sinceb; — 3; lies in the maximal ideal as.

The statement about minimality of rank is now a consequehdéeorem 4.16 fol/ =
C[0]/ Ioral, NOting that the rank is infinite fo¥ ¢ X by Theorem 5.3. To compute this mini-
mal rank, we may assume thais as generic as we like. In particular, we assume-thalies
outside of the primary arrangement, and also (by Lemma 4a#jde ofqdeg(C[0]/C, ;)

for the components of dimension less tharJsing Theorem 5.8, we will be done once we
show thatt 4(C, s, 3) has ranku,, ; - vol(A,) for generics.

To do this, take a toral filtration of[0]/C, ;. We are guaranteed that the number of suc-
cessive quotients of dimensiahis precisely the multiplicity of/, ; in C, ;, and that all of
the dimension/ successive quotients are actud§-translates ofC[d]/1, ; itself. There-
fore, choosing? to miss the quasidegree sets of the other successive gisotienfind that
the rank of 4(C,,;, /) equals the multiplicity:, ; times the generic rank d 4(1,, ;, 5) =
Ha,(1,., ), whichisvol(A,) by [Ado94]. O

Remark 5.11. The arrangement that we should requitg to avoid for to be called truly
genericis the union of the jump arrangemefi{,my(/) and thetop arrangementy,(/) =
qdeg( Bioraica ClI1/C,.s), Where the direct sum is over all toral components] ofvith
dim(C[0]/1,,5) < d—1. For—p ¢ Zjump(l) U Zp(1), the moduleD /H 4(I, 3) has minimal
holonomic rank and decomposes as a direct sum over the dionehtral components.

Corollary 5.12. If I is standardZ-graded without any Andean components, &hd|// has
Krull dimensiond, then the generic rank dff 4 (I, 5) equals theZ-graded degree of.

We close this section by illustrating a particular case ofdlid system [Mel21, DS06]. Such
systems arise when showing that algebraic functions gdtigiergeometric equations. The
goal of the example is to give an instance when the local isplgpace of the binomidD-
moduleD/H 4(I, 5) for some nonzero parametéffails to split as a direct sum of the local
solution spaces to binomid@-modules arising from components. Note that 0 always
lies in the primary arrangement: the residue fi€led- C[0]/m is a quotient of every primary
componentC[d]/C, ; because thel-grading is positive (i.elNA is a pointed semigroup).

Example 5.13.Let

9 1
1111 30
A:{gzlo} and B=| , g4
1 -2

In this case we have
IZB - I(B) — <8f04 — 3;’,0102 - 8§’> Q 6[61,82763,84].

That is, the lattice basis ide&{ B) coincides with the lattice ided},z. The primary decom-
position of; 5 is obtained from that of the ide&lin Examples 3.12, 4.6, and 5.7 by omitting
the Andean componerfit, ¢, d) and erasing all occurrences lof- e. Thus the primary ar-
rangement of ;5 consists of the four lines in Figure 1 corresponding to tocahponents.
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Letp =[°

° ]. The solutions of the systefd (15, [ °,]) are as follows. For = (z,z5),
|et2’1( ), Q(t

) andz;(¢) be the local roots in a neighborhood(6f 0) of
B+ aez+1=0.
By [Stu00], a local basis of solutions of thé-hypergeometric systemi ([ °]) =
Hy(14,[°]) for the toric ideall, (1.3) is given by the three roots of the homogeneous
equation
To2d + 212° + Loz + 25 = 0,
and the solutions for the other two components are the rdots o

202> + 112° Fwrez + 23 =0 and xp2® + 112° + w?rez + 23 = 0,

wherew is a primitive cube root of. The systenii (15, [ °;]) has nine algebraic solutions
coming from the roots = z(x, z1, 22, x3) Of the above equations.

This looks good: the quotieri|0]/I;5 is Cohen-Macaulay, s (E — 3,C[0]/Iz5) has
holonomic rank that is constant as a functionsof C?, by the rank minimality in Theo-
rem 5.10, and equal tbbecauseol(A) = 3.

However, the nine algebraic solutions mentioned above spén a vector space of dimen-
sion7, not9. This means that there are two extra linearly independeat Eblutions, which
are non-algebraic; see [DS06, Example 4.2, Theorem 4.3npgbesd . 4].

The binomialD-module explanation for this collapsing from dimensibto dimension?,
and the concomitant extra two logarithmic solutions, i$ tha = [‘ﬂ € Zpimary(Izp); @gain
see Figure 1. Let us be more precise. The exact sequence mtbafb.5 reads

OHC[a]/[ZB—)RO@Rl@RQHPIZB_)()?

whereR; = C[0, Dy, 03, 04] /(W' D203 — 010y, 05 — w'D1 03, w* 03 — D,04). The surjection to
Py, factors through the projectioR, ® R; ® Ry, — R ® R @ R, whereR is the monomial
quotientC[d]/(Ds05, 0104, 05, 0105, 03, D»0,), the coordinate ring of the intersection scheme
of any pair of irreducible components of the varietylgf. The image ofC[0]/ 1 in this
projection is the diagonal copy @, so P, , is a direct suni? © R of two copies ofR.

On the other hand, each of the ringsis also Cohen-Macaulay, so the only nonvanishing
Euler-Koszul homology of?y & R; & R, is the zeroth. Thus we have an exact sequence

0_>H1(E /B)PIZB)_)D/HA IZ37 @HO E 67 i HHO(E_/B;PIZB)—}O'

In general, for- lying on precisely one of the four lines Byimary(Iz5) = qdeg(Fr,, ), the
leftmost and rightmosD-modules here have rank preciselyand this is the that causes
the dimension collapse and the pair of logarithmic solgitmappear.

Given our choice of parametetr = LOJ for instance, the¢/{; and the’, in question
are isomorphic to one another, since both are isomorphicdioeat sum of two copies of
Ho(E — [ %] ;05C[0]/ (01,05, 05)), where theds in front of C[0] means to take an appro-
priate A-graded translate (namely lyg(0,) = — [}]); this corresponds to the upper of the
two steep diagonal lines in Figure 1.
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6. HORN D-MODULES

We now return to the Horn hypergeometfiemodules—that is, binomidb-modules arising
from lattice basis ideals—that motivated this work. Theor@ 10, the main result of this
section, provides a combinatorial formula for the geneaitkrof a binomial Horn system
by explicitly describing a basis for its local solution spadhe basis we construct involves
GKZ hypergeometric functions.

Throughout this section, le® and A be integer matrices as in Convention 1.4. Since we
have an explicit description for the toral components oftade basis ideal (B), namely
Corollary 3.13, we make use of it to compute—just as expyieithe local solutions for
generic3 € C? of the corresponding hypergeometric system.

Convention 6.1. Suppose that after permuting the rows and columnB afhere results a
decomposition of3 as in (3.4), wheré/ is ag x p matrix of full rankq. Write J = J(M)
for theq rows occupied by inside of B (before permuting), and let = {1,...,n} . J be
the rows occupied by;. Split the variables, ..., z, ando, ..., 0, into two blocks each:

ry={z;:j€J} and z;={z;:j¢ J}.
0;=40;:7€J} and 0;={0;:5¢ J}.
As before,A; is the submatrix ofA with columns{a; : j € J}.

With the notation above, fix for the remainder of this artel®ral primel,, ; of I(B). Since
I(B) is generated byn = n — d elements/, ; has dimension at leagt On the other hand,
toral primes can have dimension at mésby Lemma 4.14. Thus we have:

Lemma 6.2. All toral primes of a lattice basis idedl( B) have dimension exacttyand are
minimal primes of (B). O

Observation 6.3. Since the dimension of, ; equalsh —p — (m —q) =d+q —p,if I,
is toral, the previous lemma implies that= p. Thus, from now on, the matriX/ is aq x ¢
mixed invertible matrix (ang is allowed to b&)).

Recall that for a minimal primé, ;, the component, ; can be written as in Example 3.14:
CPJ = [(B) + [p + U,

wherelU,, C C[0;]is the idealC-linearly spanned by all monomials whose exponent vectors

lie in the union of the unbounded -subgraphs oN”.

In order to construct local solutions &f4(C, s, 3) we need two ingredients: local solutions
of the GKZ-type systent{4,(I,,5’) and polynomial solutions of the constant coefficient
system/ (M) from (2.1). As it turns out, solving the differential equats/ (M) is equivalent

to finding theA/-subgraphs oR”.
Proposition 6.4. Let M be a square mixed invertible integer matrix. For eaahsubgraph
I" of N’ fix somey € T.

1. The systeni(M) of differential equations has a unique formal power serigsitson
of the formGr ., = > . Auz" inwhich\, = 1.

uel
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2. The other coefficients, of G, for u € I" are all nonzero.

3. The se{Gr,, : I'is anM-subgraph ofNj} is a basis for the space of all formal power
series solutions of (M).

4. The se{Gr, : I is a bounded\/-subgraph ofNj} is a basis for the space of polyno-
mial solutions ofl (M).

Proof. If I' = {7} thenGr, = 7. We check that this is a solution &f}/) working by
contradiction. Letv be a column of\/ such that*+2” # 9“-27. Then one of these terms
is nonzero, say”+z7, so thaty — w, € N’. Buttheny — w, +w_ =y —w € N/, and so
v —w € I', a contradiction, because— w # v andI is a singleton.

Now assume thdt is not a singleton, and fix € I" such that:—~ = wis a column ofd/. We
want to define the coefficients 6f- ., and we will start with\,,. Sinceu—y = w = w, —w_,

we haveu —w, = v —w_ € N, sinceu and~y both lie inN” and the supports af, andw_

are disjoint. Set\, = 0¥~ (x7)/0"+(x"), and observe that numerator and denominator are
nonzeroconstant multiples af*~"+ = z7~*~. Use this procedure to define the coefficients
corresponding to the neighborsafNow, if we know),, and we are given a neighbare I'

of u, sayu’ — u = w, then set\, = 9~ (z*)/\,0"+(z*). Propagating this procedure
alongI' we obtain all of the coefficients,. The formal power serieS ., defined this way

is tailor-made to be a solution ¢f ).

Since)M -subgraphs are disjoint, itis clear that the sefigs, are linearly independent. Now
letG =, e vur” be aformal power series solution bfM). We claim thai: — v, G,

has coefficient zero on all monomials frdm This follows from the fact that/ — v, Gt has
coefficient zero on the monomial’; indeed, if the difference contained a monomial frbm

it would have to contain:” with a nonzero coefficient, as can be seen by the propagation
argument from before. (The uniquenesghf, also follows from this argument.) That our
candidate for a basis of the power series solutions sparsislear, and the statement for
polynomial solutions has the same proof. O

Remark 6.5. The systend (M) is itself a Horn system; there are no Euler operators because
M is invertible. We stress that it is a very special feature ydrigeometric differential
equations that their irreducible (Puiseux) series sohstiare determined (up to a constant
multiple) by their supports. In general, this is far fromrgethe case for systems of differ-
ential equations that are not hypergeometric.

We can use this correspondence betwgésubgraphs and solutions 6f/) to compute
examples.

Example 6.6. Consider thed x 3 matrix

1 =5 0
M= -1 1 -1
0 3 1
A basis of solutions (with irreducible supports) fl/) is easily computed:

x +
1, x+y+z (r+y+2)°’ (z+y+2)° andz(y—

+2)"
: .
nod n.
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FIGURE 2. TheM-subgraphs oRN?

The M-subgraphs ofN® are the four sliceg(a,b,c¢) € N* : a + b+ ¢ = n} for n < 3;
for n > 4, two consecutive slices ar¥/-connected by5, —1, 3), yielding one unbounded
M-subgraph.

The following definition will allow us to determine a set ofrpaneterss for which the
systemiH 4(C,,;, #) has the explicit basis of solutions that we construct fororam 6.10.

Definition 6.7. A facetof A is a subset of its columns that is maximal among those mini-
mizing nonzero linear functionals ¢&f'. For a facetr of A; let v, be itsprimitive support
function the unique rational linear form satisfying

(1) v,(ZA,) = Z,
(2) vy(a;) > 0forallj € J,
(3) v,(a;) =0foralla; € 0.

A parameter vectap € C? is A -nonresonanif v, (3) ¢ Z for all facetso of A;. Note that
if 3is As-nonresonant, then sojis+ A;(v) for anyy € Z”.

The reason nonresonant parameters are convenient to wibrksvtine following.

Lemma 6.8. If 3 is A;-nonresonant, then for any € N, and for all torus translates
I, of the toric ideally,, right multiplication byd] induces aD ,;-module isomorphism
Dy/Hy,(1,,3) — Dy/Ha,(1,, 5+ A;s(7)), whose left inverse we denote ®y’.

Proof. For R = C[d,]/1, there is an exact sequenée— R %R - R/OJR — 0.
Since the multiplication by} occurs in the right-hand factor d?; ®c(s,] R, the map on
Euler-Koszul homology oveD; induced byd] corresponds to right multiplication. But
R/0}R is toral by Lemma 4.10, and its set of quasidegrees is theldalpsure off —A ;4 :
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¥ € N7 9; < ~; forsomei € J}, which is a finite subspace arrangement contained in the
resonant parameters. Now apply Lemma 4.3 and Theorem 4ciitriplete the proof. [J

Remark 6.9. Denote bySol(!,, 5) the space of local holomorphic solutions8f; , (1, 3)
near a nonsingular point. Givenc N”, the D-module isomorphism in Lemma 6.8 induces
a vector space isomorphism

Sol(1,, ) < Sol(I,, B + A7)

given by differentiation by)}. If we denote the inverse of this map by”, a number of
questions arise: for instance, given a local solutfoa Sol(/,, 5) whereg is very generic,
and taking for instancé = {1, 2},

o is 8{1 2) ((9{1(2} f) equal to@{1 2) K

o isOf1y) (0,57 f) equal tod, ) 2

Both questions have positive answers; their verificatidmaised on the fact that the left and
right inverses of a vector space isomorphism are the samecovdude thad,” f is well-
defined for anyf € Sol(/,, 5 + A,v) whereg is very generic, angd is an arbitraryinteger
vector.

At the level of D-modulesd;”, v € Z7, is not well-defined, because the right and the left
inverses of aD-isomorphism need not coincide.

Let » be a polynomial solution of (M) having the form
T

Mo
E Cvl’j

a+Mvely

iR

(70:

wherea € N/ andl’,, is the (bounded)/-subgraph containing. We can choose a basis for
the polynomial solution space féf M) consisting of such polynomials by Proposition 6.4.
The cardinality of this basis is the number of bounddesubgraphs, which we denote by
war- If ¢ =0, we assume that = 1 and sefuy; = 1.

Given a local solutionf = f(x) of the systenf 4, (3 — A(a)) for somea € N7, define
(6.1) Fop=a% Y ca"or™N(f),

a+Mvely
whered; " f is as in Remark 6.9. Note thatdf= 0, we haver, ; = f.

Consider a parameter vectére C? such that? — A;(«) is A -nonresonant, for the finitely
manya € N7 that we fixed in our basis of the polynomial solutions/of7). We call such
parameters very generic This condition is open and dense in the standard topolodyf of

so that the rank ot 4(C,, ;, 3) for such parameters equals the generic rank of this binomial
D-module, in the sense of Theorem 5.10.

Theorem 6.10.Fix a toral componen€,, ; of I(B) and a very generic parametgre C9. If
¢ runs over a basis for the polynomial solutions/ofl/) as in Proposition 6.4, and runs
over a local basis for the solutions &f4, (1,, 5 — Aj(«)), then theu,, - vol(A,;) many func-
tionsF,, ; form alocal basis for the solution space of the binontdainoduleD / H 4(C, , ().
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Remark 6.11. Let us think about the regulaZ{graded) case for a moment. We saw in
the Introduction that a solution df 4(3) (or any of the binomialD-modules arising from a
torus translate of 4) is really a function inn = n — d variables. In fact, for generig, if we
choose canonical series expansions as in [SSTOO], therstiggorts are translates cones of
dimensionm. This implies that the support of the series (6.1) has dimoans — ¢ (since
the dimension of the support is given lfy. In fact, this support is no longer the set of lattice
points in a cone, but in a polyhedron whose recession conthba®rrect dimension. Thus,
the only fully supported solutions df4(I(B), ) = H(B,3) arise fromH s(Izz,3). In
particular, there are no solutions with support of dimensio— 1, because a matrix with
q = 1 row is never mixed.

Before proving Theorem 6.10, let us see the constructidr) (6.some explicit examples.

Example 6.12.Consider the matrices

0 —1 2
—1 0 1
1 1 1 1 1
A_{E) 10076} and B = 0 1 —1
4 5
-3 =5 0
We concentrate on the decomposition

0 —1 2

M:{_g _?}; N=| -1 01; By=1| -1

0 1 —1

Note thatZ B} is saturated, so there is only one associated prime conong this decom-
position, namel;[[% Lyt (04, 05), and this is toral sincaet (M) # 0.
The polynomiaky = 5xjx2 + 225 + 223 + 40z, is a solution of the constant coefficient
system/(M). Let f be a local solution of thé! ! §]-hypergeometric system that is homo-
geneous of degreé — [ 2 ]. It can be verified that the following function is a solutioh o
H(B,3):

Sajalf 4+ 2250105 105 f + 2020, f 4+ 40w4230,0,%05 1 f.
In this example, the new solution we constructed hdsmensional support.

Example 6.13.Our procedure for constructing solutions works even whérs anm x m
matrix, i.e.,M is a maximal square submatrix 6f For instance, consider

2 _3
1111 12
A‘{1032} and B=| ,
10
We concentrate on the Component
2 _3 0 1
M:[—1 2}’ N:{—l 0}’ Bi=2
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Again, we only have one (toral) component, associatédd,). Letp = z3+2z,. Thisis a
solution of [(M) = (9? — d,,0? — 03). SinceB; is empty, we need only consider solutions
of the homogeneity equations that are functions9fandz,. Sincedet(M) = 1 # 0,

the complementary minor of is also nonzero, and therefore there exists a unique monic
monomial inz3 andx, of each degree. To make a solutionlof (E — (), leth = xy?x}*

be the unique monic solution of the homogeneity equatiotis parametep; — [(ﬂ Then

. —1 . . -1
e 4 2t = e (ward + 2,)

is the desired solution dff (B, [3).

Proof of Theorem 6.10First note that ify = 0, all of the statements hold by construction.
Therefore we assume that> 2.

It is clear that all of the binomial generators bfannihilateF,, ;. It is also easy to check
that F, ; satisfies the desired homogeneity equations. Let theR) € Z’ x Z’ be one of
the ¢ columns of B involving N andM; i.e., (v,0) = []\Aﬂek for somek € J. To prove that

(83*8? — 8(’}‘82‘)(Fw7f) = 0, notice that(&‘;_+ — ai:)(cp) = 0, which implies that for all
v with ¢, # 0, either@?+ (z*tMv) = ( or there exists another integer vectowith c,, # 0
such that

8c§+( OtJer)) _ 657( a+]v1w)‘

7 Cv.CL'j 7 waj

In the first case);* 9" <cvx§+M”ay(*“)(f)> — 0. In the second case, since the monomials

on the left and right-hand sides of the above equation mus tiee same exponent vector,
we see that = M (v —w) = M - e;. But M is invertible by assumption, so that- w = e.
This implies thatr = Ne, = N(v — w).

Consequenthyy) "+ () = Y= (f), and thus

0 05 (cun§ 05 01)) = 00 (can§ 10T S).

J J
Moreover, it is clear that thé,, ; are linearly independent.

Now we need to show that these functions span the local salspace of14(C, s, 3). Let
F = F(z4,...,x,) be alocal solution of{4(C, s, 5). Here we use the explicit description
of C, ; from Example 3.14. Since the monomialdif; annihilateF', we can write

F = Z 15ha(27),

a:T' is bounded

where the sum runs over € N’ such that thelM/-subgraphl’, to which a belongs is
bounded. That is, the sum runs overa@buch thatj does not belong to/y,.

The functionsh,, are solutions of{4(1,, 5 — Aj(«)), as is easy to check. Note thaf may
be zero.

Now it is time to use the equation$B). First, observe that we may assume thatihe

monomials inF belong to a single\/-subgraph ofN”. This is because the only equations
relating different summands frorfi' are those from/(B), which will relate a summand
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25he(z) to a different summand?h, (z;) exactly whem —~ ory — ais a column of\/,
thus staying within ad/-subgraph.

So fix a bounded/-subgraph” and write
F= Zx%ha(xj)

acl
Fix o € T" such thath,, # 0, write ¢ for the polynomial solution of (M) whose support is
I, and letc be the (nonzero) coefficient of; in . We want to show that’ = (1/c)Fj, p,,.
Since we know that’ — (1/c¢)F,, ;. has support contained inand has no summand with
x®, the desired equality will be a consequence of the following

Claim. With the notation above, i, = 0 thenF = 0.

Proof of the ClaimPick~ € I" such thaty — « or a — v is a column ofM, saya — v = Mey.
The binomial from the corresponding column®fs 8]}76“8?6“ —8];6’“‘8?6’“‘. Since this
binomial annihilated”, anda — (Mey), = v — (Mey)_, we have

oWt gV, = 9= g 1 gWen)

so that, as, = 0,

A )

Now, the first derivative in the previous expression is nam,zeoaf,Ne’“)‘h7 = 0. But then
h, = 0, since differentiation in any of the; variables is an isomorphism (which is why we
need our parameter to be very generic).

Propagate the previous argument aldntp finish the proof of the claim, and with it the
proof of the theorem. O

Remark 6.14. When(C, ; is Andean (and3 is generic), the above procedure produces no
solutions, as expected, since in this cas¢/ 4(C,,;, ) = 0 for generics. The reason that
the construction breaks in this situation is that there arsaiutions for the “toric” part.

Corollary 6.15. Let B as in Convention 1.4. If there exists a parametefor which the
binomial Horn systent{ ( B, ) has finite rank, then for generic parametetsthis rank is

rank(H (B, 3)) = Z fiar - vol(Ay) = Z par - g(By) - vol(Ay),
Cp,s toral B:<N BJ>
M 0
the former sum being over all toral compone@ts; of the lattice basis ideal(5), and the
latter sum being over all decompositionsi®fas in (3.4) withM invertible. Here,g(B;) is

the cardinality ofsat(ZB;)/ZB;, andu,, is the number of boundetd -subgraphs ofN’.

Proof. The first equality is a direct consequence of Theorem 6.10Téwedrem 5.8. Note
that a comparison to Theorem 5.10 yields the fact thaequals the multiplicity:, ; of I,, ;

as an associated prime 6fB). For the second equality, the number of components arising
from a decomposition (3.4) ig( B;) [ES96, Corollary 2.5]. O
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Remark 6.16. The only sense in which our rank formula for Horn systems tcompletely
explicit is that it lacks an expression for the numbpegy of bounded)M -subgraphs. In the
case thaf (M) (or I(B)) is a complete intersection, Cattani and Dickenstein [(R@5B be
applied to provide an explicit recursive formula fof; = 1, ;. The general case—even just
the toral case—of this computation is an open problem.

Example 6.17.Note in relation to Corollary 6.15, that there are exampfdd@n systems
H(B, /3) that fail to be holonomidor all parameters Let

11 1
-1 -2 -3
A:j"é%i? and B=| 1 0 0
0 1 0
0 0 1

Then(0;, d,) is an Andean prime of (B). The quasidegree set of the corresponding com-
ponentisC [2 } {] = C?, which means that the Andean arrangement(df) equalsC? and
thus, H (B, 3) is non-holonomic for all parametets

A sufficient condition to guarantee holonomicity &f( B, 3) for generic parameters is to
require that/ (B) be a complete intersection. Note that this is automatie:for 2, so that
the following result is a direct generalization of [DMS0S)€lorem 8.1].

Proposition 6.18.1f /( B) is a complete intersection, then the binomial Horn syst&ims, /3)
is holonomic for generic parametefs

Proof. If I(B) is a complete intersection, its associated primes all hawemsiond. In
combinatorial terms, we encounter only square matrides the primary decomposition
of I(B). The component associated to a decomposition (3.4) is Aneéeactly when
det(M) = 0, and in this case, the corresponding quasidegree €&t jsC C?, asA; does
not have full rank. We conclude that the Andean arrangemieht®) is strictly contained
in C<. O

When[(B) is standardZ-graded and has no Andean components, we can obtain a cleaner
rank formula, by noting that the sum in Corollary 6.15 equiaésdegree of (B).

Corollary 6.19. Assume thaf (B) is standardZ-graded and has no Andean components.
Letd,,...,d,, be the degrees of the generatord 083). Then

rank(H (B, 3)) =d, ---d,, forall g C"
Proof. Sincel(B) has no Andean componentsg]/I(B) is toral. Moreover{C[0]/I(B) is

Cohen-Macaulay, a&(B) is a complete intersection by Lemma 6.2. Theorem 4.16 iraplie
that the holonomic rank off (B, 3) is constant. Now apply Corollary 5.12. O
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