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A UNIFORMLY ACCURATE FINITE ELEMENT METHOD
FOR THE MINDLIN-REISSNER PLATE*

DOUGLAS N. ARNOLD{ aAND RICHARD S. FALK}{

Abstract. We present and analyze a simple finite element method for the Mindlin-Reissner plate
model in the primitive variables. Our method uses nonconforming linear finite elements for the transverse
displacement and conforming linear finite elements enriched by bubbles for the rotation, with the com-
putation of the element stiffness matrix modified by the inclusion of a simple elementwise averaging. We
prove that the method converges with optimal order uniformly with respect to thickness.

Key words. Mindlin, Reissner, plate, finite element, nonconforming

AMS(MOS) subject classifications. 65N30, 73K10, 73K25

1. Introduction. The Mindlin-Reissner model describes the deformation of a plate
subject to a transverse loading in terms of the transverse displacement of the midplane and
the rotation of fibers normal to the midplane. This model, as well as its generalization to
shells, is frequently used for plates and shells of small to moderate thickness. We present
and analyze here a simple finite element method for the Mindlin-Reissner plate model.
Our method uses linear finite elements for the transverse displacement and the rotation
(the finite element space for the rotations are in fact slightly enriched by interior degrees of
freedom) with the element stiffness matrix altered through the use of a simple elementwise
average in the computation of the shear energy. We prove that the approximate values
of the displacement and the rotation, together with their first derivatives, all converge at
an optimal rate uniformly with respect to thickness. As far as we know, this is the only
method for the Mindlin-Reissner problem in the primitive variables for which uniform
optimal convergence results have been established.

Although the Mindlin-Reissner model is simple in appearance, its discretization is
not straightforward. Most seemingly reasonable choices of finite element spaces lead to
an approximate solution which is far more sensitive to the plate thickness than the true
solution, and which grossly underestimates the displacement of thin plates. The root of
this difficulty, referred to as locking of the numerical solution, is well-understood. As the
plate thickness tends to zero, the Mindlin-Reissner model enforces the Kirchhoff constraint
that the rotation of the normal fibers equal the gradient of the transverse displacement.
On the continuous level this simply means that the solution of the Mindlin-Reissner model

*This research was supported by NSF grant DMS-86-01489 (DNA) and NSF grant DMS-84-02616
(RSF), and was performed at and further supported by the Institute for Mathematics and its Applications.

tDepartment of Mathematics, University of Maryland, College Park, MD 20742 and Institute for Math-
ematics and its Applications, University of Minnesota, Minneapolis, MN 44544.

tDepartment of Mathematics, Rutgers University, New Brunswick, NJ 08903.



converges to the solution of a related biharmonic problem as the thickness tends to zero. On
the discrete level, the standard finite element formulation similarly imposes the Kirchhoff
constraint on the finite element subspaces in the limit. Therefore, if a finite element
method based on the standard formulation is to approximate well uniformly with respect
to plate thickness, then the subspace of trial functions for the transverse displacement
whose gradients are in the rotation trial space must have good approximation properties.

This simply does not occur in standard low order finite element spaces.

The most common approach to avoiding the locking problem is to modify the varia-
tional formulation when determining the element stiffness matrices so that only a weaker,
discrete Kirchhoff hypothesis is enforced in the thin plate limit. One possibility, known
as “reduced/selective integration,” is to compute the terms of the stiffness matrix involv-
ing the difference between the transverse displacement gradient and the rotation, i.e., the
terms arising from the shear strain energy, with a quadrature rule of low order. Another
possibility—which is closely related and in some cases equivalent—is to interpolate or
project (as proposed here) the discrete transverse shear strain into a lower order finite ele-
ment space. The use of altered variational principles enlarges the class of possible methods,
and the question then becomes how to modify the variational formulation and choose the
finite element spaces in order to achieve good approximation for all values of the plate
thickness. This problem can be posed mathematically in a simple way. We consider a
family of problems, one for each value of the plate thickness, in which the loadings are
all proportional but scaled so that the solution tends to a nonzero limit as the the plate
thickness tends to zero. The goal is then to derive a simple finite element scheme which
gives optimal order approximation of the exact solution uniformly in the thickness.

In the case of the corresponding beam model, the Timoshenko beam, the use of stan-
dard finite element spaces and an appropriate reduced integration scheme gives methods
which are uniformly optimal order accurate. For example, one may use continuous piece-
wise linear elements for the displacement and rotation and one integration point per ele-
ment. The uniform optimality of these methods is very clearly seen in computations, and
has been rigorously established through mathematical analysis [1]. (See also [13] for an
arch problem.) For the plate problem, however, simple analogous procedures do not work.
For example, standard piecewise linear elements for the displacement and rotation suffer
severely from locking—whether or not reduced integration is used. Many procedures, using
more complex elements and/or a more involved modification of the variational form, have
been proposed by engineers and applied successfully in certain regimes. (The literature is
far too large to review here. The reader is referred to [7] and [10] and the papers referenced

1 There is a second difficulty in the numerical discretization of the Mindlin-Reissner plate, namely the
existence of a boundary layer in the solution. This problem is quite separate from the locking phenomenon,
as can be seen by considering the Timoshenko beam, which doesn’t have a boundary layer, but for which
standard numerical methods evidence locking. Although the boundary layer of the plate solution is rather
weak and does not pose great problems for the numerical solution, it does complicate the numerical
analysis, particularly for higher order methods.



therein.) However, none of these has been justified in a rigorous way, and the claims made
on empirical and heuristic grounds have not been totally satisfying. In addition, most of
these procedures are quite complicated, more so than that proposed here.

Recently, Brezzi and Fortin derived a reformulation of the Mindlin-Reissner plate model
and devised a finite element method for this formulation for which they were able to
derive uniform error estimates. Their formulation involves the introduction of two scalar
variables (the irrotational and solenoidal parts of the transverse shear strain) in addition
to the primitive variables (the transverse displacement and the rotation vector). For their
numerical method they approximate all these variables by independent finite elements.
Although the reformulation is equivalent to the Mindlin-Reissner model on the continuous
level, the finite element scheme they use for its approximation is not equivalent to any
practical finite element scheme applied directly to the original Mindlin-Reissner model.
This fact complicates the implementation and its generalization to nonlinear and shell
problems.

Several other authors have proposed and analyzed finite element methods for the
Mindlin-Reissner model in the primitive variables, although none has achieved optimal
order estimates uniformly in the thickness. (We do not consider a bound for the error to
be uniform in the thickness if it depends on norms of the solution that grow unboundedly
with decreasing thickness.) In particular see [3] and [11].

We conclude this introduction with a list of some basic notations used in the sequel. In
Section 2 we recall the Mindlin-Reissner model and its reformulation by Brezzi and Fortin
and discuss its well-posedness. In the following section we describe our finite element
method. In Section 4 we prove a discrete analogue of the Helmholtz Theorem, giving the
decomposition of a vectorfield into an irrotational and a solenoidal field. This result is
essential to the analysis of our method, which is given in Sections 5 and 6. Let us remark
that the discrete Helmholtz Theorem appears to be a new result, which should be useful
elsewhere in the analysis of finite element methods. We close the paper with an appendix
in which we prove certain regularity results used in the paper.

We will use the usual L%-based Sobolev spaces H*. The space H ™! denotes the normed
dual of H!, the closure of C§° in H'. We use a circumflex above a function space to
denote the subspace of elements with mean value zero. An undertilde to a space denotes
the 2-vector-valued analogue. The undertilde is also affixed to vector-valued functions and
operators, and double undertildes are used for matrix-valued objects. Thus, for example,
fe 1;32(9) means that f is a square integrable function on a domain Q with values in R?

and fQ f = 0. The letter C' denotes a generic constant, not necessarily the same in each

occurrence. Finally, we use various standard differential operators:

_ or [0z _ OP1/0z  Ov1/0y _ —0p/dy
grfd“(@r/@)’ grﬁdi"(@%/aw a¢z/ay)’ °‘iﬂp‘< ap/aw) !

3



r(/) — % + % rotw atpl 3¢2

3y’ X7 9y 0z

2. The Mindlin-Reissner plate model. Let Q denote the region in R? occupied
by the midsection of the plate, and denote by w and ¢ the transverse displacement of

and the rotation of the fibers normal to §, respectively. The Mindlin-Reissner plate model
determines w and ¢ as the unique solution to the variational problem:

Problem M!: Find (w, ) € H(Q) X IEI(Q) such that

(2.1) a(¢, )+ M2 ($—gradw,p—grad ) = (g,4),  forall (u,3) € H'(Q)xH ().

Here g is the scaled transverse loading function, t is the plate thickness, A = Ek/2(1 + v)
with E the Young’s modulus, v the Poisson ratio, and k the shear correction factor, and
the parentheses denote the usual L? inner product. The bilinear form a is defined

01 3452 01
.9 = s |, | (e + v )
0d1  Opa\ O 1—v (O0d1 Ods oYy  Oys
+(”aw * ay> 3y T2 (ay * ax>(ay * a)]

o 1
By Korn’s inequality, a is an innerproduct on H () equivalent to the usual one. Note

that we have scaled the load by a constant multiple of the square of the thickness so that
the solution tends to a nonzero limit as ¢ tends to zero.

For simplicity of notation, we shall henceforth consider a simplified version of this

model. Namely we will consider the problem whose weak formulation is given by (2.1)
with A = 1 and

a(¢, ) = (grad ¢, grad ).

It will be easy to check that all our results apply equally well to the true problem.

For our analysis we shall also make use of an equivalent formulation of the Mindlin-
Reissner plate equations, suggested by Brezzi and Fortin [4]. This formulation is derived
from problem M! by using the Helmholtz Theorem to decompose the shear strain vector:

(2.2) t~%(gradw — ¢) = gradr + curl p,

with (r,p) € H1(Q) x H(Q).



Problem M?: Find (r, ¢, p,w) € HY(Q) x IETI (Q) x HY(Q) x H(9) such that

(2.3) (gradr, grad p) = (g,p)  forall p€ H'(Q),
(2.4) (grad ¢, grad ) — (curl p, ) = (gradr,)  forall e 1 (®),
(2.5) —(f, cgrlq) — tz(cgrlp, cgrlq) =0 forall ¢ e HY(Q),
(2.6) (gradw,grad s) = (¢ + * gradr,grads) ~ forall s¢€ HY(Q).

Note that (2.3) is a simple Poisson equation which decouples from the other three equations.
Once r has been determined from (2.3), ¢ and p may be computed from (2.4) and (2.5) and

then w is defined by (2.6), which is again a simple Poisson equation. Thus all the difficulties
of the problem have been concentrated in the system (2.4)—(2.5) for ¢ and p. When ¢ = 0,

this pair of equations gives the usual weak formulation of the Stokes equations, subject to

the trivial change of variables (@1, ¢2) — (d2,—¢1). For positive ¢, these two equations
represent a singularly perturbed Stokes system.

If (w, ) solves Problem M! and (r,p) € HY(Q) x HY(Q) are defined (uniquely) by
(2.2), then (2.1) implies (2.3) and (2.4). Also (2.2) implies (2.5) and (2.6), so (r,¢,p,w)
solves Problem M2. Conversely if (r, f’ p,w) solves Problem M? then, since gIB,d H L) +
curl H1(Q) = L%(), (2.5) and (2.6) together imply (2.2), and then (2.3) and (2.4) imply
(51) This shgws the equivalence of Problems M! and M?2.

The following theorem asserts the well-posedness of Problem M? (and consequently also

M?). A proof is provided in the appendix. The analogous result for the usual formulation
of the Mindlin-Reissner plate on a smooth domain can be found in [9].

THEOREM 2.1. Let Q be a convex polygon or smoothly bounded domain in the plane.
For any t € (0,1] and any g € H™!, there exists a unique quadruple (r, ¢, p,w) € ﬁl(Q) X

i () x HY(Q) x HY(Q) solving Problem M?2. Moreover, ¢ € H*(Q) and there exists a
constant C independent of t and ¢, such that

Irllx + lgllz + [Iplls + tipllz + lwlls < Cllgll-1.
If g€ L%(Q), thenr, w € H?(Q) and
Irll2 + llwll2 < Cllgllo-

Remarks. (1) Theorem 2.1 also provides a uniform bound in L%(£2) for the shear strain
vector t~2(¢ — grad w), due to (2.2).



(2) If Q is a smoothly bounded domain and g € H'(£2), then one can easily extend the
proof in the appendix to show that w € H*(Q) and estimate ||w||3 uniformly in ¢. Also
it is clear that if ¢ € H*(Q), s > 0, then r can be bounded in H*+?(Q) uniformly in t¢.
However, neither ||w||4 nor ||g2|| 3 nor ||p||2 may be bounded independently of ¢, even when

the boundary and g are smooth. This is because of the existence of a boundary layer in
the solution for ¢ small.

3. The finite element method. Our finite element method is based on the varia-
tional formulation in Problem M!. As the trial space for ¢ we shall use standard continuous

piecewise linear finite elements augmented by a bubble function on each triangle. As the
trial space for w we shall use nonconforming piecewise linear elements. Moreover in the
second term in (2.1) we shall project ié onto a piecewise constant function. The reasons
for these choices will emerge when we analyze the method.

We assume henceforth that the domain 2 is a convex polygon, which is triangulated
by a triangulation 7;. As usual, the subscript h refers to the diameter of the largest
triangle, and the constants in our error estimates will be independent of h assuming that
a minimum angle condition is satisfied as h — 0. Denoting by Px(T') the set of functions

on T' which are the restrictions of polynomials of degree no greater than k, we define the
following finite element spaces:

MF, ={neL?Q):nr € P(T) forall T € Ty, },

M§ = MF, n HY(Q),

M§ = M*, nHY(Q),

]\Zfi = {77 € L*(Q) : n|lr € Py(T) for all T € T, and n is continuous at midpoints
of element edges and vanishes at midpoints of boundary edges },

k= { n € M¥ : n vanishes on the boundary of every element } ,
N} = M} @ B3

Note that NOI i1s the usual space of conforming P; elements augmented by one bubble
function for each triangle and M ! is the usual nonconforming P; approximation of H 1(Q).
For u € M! + H(Q) we define grady p to be the L2(Q) function whose restriction to each
triangle T' € 7y, is given by gl"fmd ,u|T.

Our approximation scheme is:

Problem M}: Find (wp, ¢n) € M} x N such that

(3-1) (erad én, gradyp) +t~*(Pogn — grads wi, 9 — grads p) = (g, 1)

for all (p,v) € ]\;fi X ]\73,



where Pg : L2(Q) — MY, is the orthogonal projection. Note that since this projection can
be corr;)ute’:i indepen:’iently on each element, the implementation of Problem M} causes
no difficulty.

We check that Problem M} admits a unique solution for any g € L?(Q) and any
positive t. It suffices to show that if (wh,fh) e M! x ]Y(l, satisfies (3.1) for g = 0, then

wp = 0 and ¢y = 0. Taking (¢, %) = (wh, ¢») in (3.1) we have that
| gtad ,‘éh”g + t_2||1:0§éh — grjtdwhng =0.

This implies first that gl:gd én =0 so ¢, = 0, whence gradwp = 0 and wp = 0.

4. A discrete version of the Helmholtz Theorem. The Helmholtz Theorem
states that any L? vectorfield can be decomposed uniquely into the sum of the gradient of
a function r in H! plus the curl of a function p in H', the two summands, moreover, being
orthogonal in L2?. It is not true in general that if the vectorfield is piecewise constant,
then r and p will be continuous piecewise linear functions. However, the following theorem
gives an alternative orthogonal decomposition of a piecewise constant function into the curl

of a continuous piecewise linear function and the piecewise gradient of a nonconforming
piecewise linear function.

THEOREM 4.1.
(4.1) ]\A/:fo_l = grad, M! @ curl M},
This is an L? orthogonal decomposition.

Proof. Tt is obvious that the summands in (4.1) are piecewise constant functions, i.e.,
are contained in M? ;. We verify that they are orthogonal in L2. Let r € ]\oli and p € Mol
Then

dp
4.2 rady r,curl p) = / radp r - curlp = — / r—
(42) (grady r, curl p) ET | gradnr - curlp ET L

Here st is the counterclockwise tangent to 0T. Now let e be any interior edge of the
triangulation, say e = T, NT_. Let r4 = r|r, and s4 = s|p,. Since p is a piecewise
linear function, the derivatives Op+/Jst, are constant on e, and since p is continuous

Op4/0sT, = —0p_/0st_. Since r € M}, r, —r_ is a linear function on e which vanishes
at the midpoint. It follows that

Op+ Op— _
/e’f'+ aST+ + 67'_ BST_ = 0

7



For similar reasons, if e is a boundary edge contained in the triangle T, fe rOp+/0sT = 0.
Adding over all edges we conclude that the final sum in (4.2) is zero, i.e., gradsr is

orthogonal to curl p.
It remains to show that any function n € M%, may be decomposed as gradj r + curlp

for some r € 1\04*1 and p € M(} Define r as the approximate solution of the Dirichlet
problem for the equation Ar = divn using nonconforming piecewise linear elements.

More precisely, r € J\oli is defined by
(4.3) (gradp r — n,grady s) =0 forall se M.

Again let e denote an interior edge of the triangulation, and denote by n, one of the unit

vectors normal to e. If we choose s in (4.3) to be the element of ]\;Ii which is equal to
1 at the midpoint of e and which vanishes at all other edge midpoints, and integrate by
parts over each triangle, we conclude (reasoning as before) that the constant values of
(2 — gxgdh r) - ne from the two sides of e coincide. This implies that the distributional

divergence of n—grady, r belongs to L?(£2). Since this function is constant on every triangle,
it follows thatNdiv(’i — g{f}dh r) = 0 in the sense of distributions. As Q is simply-connected
(in fact convex), there exists a function p € H(Q) such that curlp = n — grad,, r. Finally,
since cgrl p is constant on every triangle, necessarily p is linzar on~ever)7 triangle, i.e.,
peM}. O

Remark. We have chosen to give a constructive proof of this theorem. An alternative
approach is to check that

dim M° |, = dim grad, M} + dim curl M},
which, together with the orthogonality of the summands, establishes the theorem.

5. Error analysis. First we introduce a discrete version of Problem M2 and show
that it is equivalent to Problem Mj}.

Problem M?: Find (rh,fh,ph,wh) e M?! x JX(I, x M} x M! such that

(5.1) (gradn rh, grads p) = (g,p)  forall pe M,
(5.2) (grad ¢n, grad ) — (curlps,9) = (gradnra, ) forall ¢ € N§,
(5.3) —(¢n,curlq) — #*(curl py, curlq) = 0 for all ¢ € Mg,
(5.4) (gradp, wp, grady s) = (dn + t*grady, rp, grady s) forall se ML
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LEMMA 5.1. For any ¢ € L*(Q) and any t € (0,1] there exists a unique solution
(Thy®h,Ph,wr) to Problem M?2. Moreover, the pair (wp,$r) is the unique solution of

Problem M} and
(5.5) t™%(grad wp, — Podn) = gradp s + curl py.

Proof. Suppose g = 0. Choosing u = rp, in (5.1) we see that rp = 0. Next set 7’~b = fh
in (5.2) and ¢ = pp in (5.3) and subtract. This shows that féh = 0 and pp = 0. Finally,
taking s = wy, we conclude that wp = 0. This establishes existence and uniqueness.

Since curlq and grady s are piecewise constant for ¢ € ]\2[01, s € ]\;Ii, we may replace
o by Py ¢hN in (5.3) and (5.4). Using the orthogonality proved in Theorem 4.1, we deduce
that

(gradp wp — Po@p,curlq) = t*(grady, rp + curl py, curl q) forall g€ M&,

(gradp wh, — Podn, grady s) = t*(grady, vy, + curl ps, grady, s) for all s € M.
In light of Theorem 4.1, these two equations are equivalent to the single equation
(grady wp, — Podn,n) = t*(grady ry + curlpy, n) forall ne M%,,

from which (5.5) follows.

A similar application of orthogonality transforms (5.1) to
(g%dh Th + cErlph,gIEth 1) = (g, 1) for all e M.
Combining this equation with (5.2) gives
(grad ¢n, grad ¥) — (grads rs +curlps, % —grads u) = (9,41)  forall (,u) € N x M,
or, in light of (5.5),
(grad ¢n, grad $)+1~*(Pogn—gradwn, p—grada ) = (g,4)  forall (.)€ Nyx M},

ie., (wn, fh) solves Problem M}. [J

Problem M? is similar to the discretization suggested by Brezzi and Fortin [4]. Like
them, we use the space N} x M} (the MINT element of [2]) to discretize the Stokes-like

system for ¢, and pp. The MINI element is very appropriate in this context because

it is stable for the Stokes system (¢ = 0) and the pressure elements are continuous so
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the penalty term in (5.3) makes sense. The only difference between Problem M? and the
method of [4] is that we use the nonconforming space M? for the variables rj, and wy, rather
than the conforming space ]\;I(} While it might seem more natural to use a conforming
space, the reduction to a method in the primitive variables, i.e., the equivalence to Problem
M} depends on the choice of nonconforming elements.

In order to prove error estimates for our approximation scheme, we require some rel-
atively standard results on nonconforming methods. The first lemma, which is of a sort
basic to the analysis of nonconforming methods, can be found in essence in [8].

LEMMA 5.2. There exists a constant C' independent of h such that

> [ pns

TET,

< Ch[[¢[ly inf |lgrady (p—q)llo
~  geHY () ~
for all ¢ € HY(Q), pe M! + H'(Q).

LEMMA 5.3 (DISCRETE POINCARE INEQUALITY). There exists a constant C' indepen-
dent of h such that

Ipllo < Cllgradpplle  forall pe M.
Proof. For any ¢ € HY(Q), p€ ]\043,

/deivzfz_ >

(/ grjmdhp-zf—/ Py - QT) < C|lgradp pllo]|¥]]1,
TeT, T or ~ -
by Lemma 5.2. Choosing 1 so that dive) = p and [[¢[[y < C||pllo gives the result. [

LEMMA 5.4. Given G € L*(Q) and F € H'(Q) let u solve the boundary value problem
—Au=G—-divF inf, u=0 ondQ.
Let up, € 1\04: be defined by

(grady, up, grady vp) = (G,vr) + (F, grady vp,) for all v, € ML

Then
hllgradh (v — un)llo + lu — unllo < CRA([|Gllo + | F|1),

where C is a constant independent of G, F', and h.

Proof. When F' = 0 the convergence result for the gradient can be found in [14]

along with remarks for deriving the L%(2) estimate. The proof, which works equally well
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for nonzero F', may be obtained as an application of the basic abstract error estimates

for nonconforming methods (see also [6, Theorem 4.2.2] for the gradient estimate and

[6, Exercise 4.2.3] for the L2(Q) estimate), using Lemma 5.2 to bound the consistency
errors. []

We now give the energy estimates for our method, the proof of which is similar to the
proof in [4].

THEOREM 5.5. There exists a constant C such that if (r,¢$,p,w) and (74, ¢n, pr,wn)
solve Problems M? and M? respectively, for some g € L*(Q) and some t € (0, 1], then

lgrads (r — ra)llo + llg — dalls + 1o — pallo + tlp — palls + llgrads (w — wi)llo < Chlgllo.
The constant C is independent of g and t.

Proof. From (2.3), (5.1), Lemma 5.4 it follows that
(5.6) lgrads (r — r)llo < Chllgllo-

Let ¢ € N1 be arbitrary. From (2.4) and (5.2) it follows that

| grad(¢n — )II5 = (grad(¢ — 9), grad(¢n — $)) + (curl(pn — p), ¢ — %)
+ (gr~adh (rh — r)’,(éh — 1£)

From (2.5) and (5.3) it follows that for any 9 € N} and g € M},

£*|| curl(ps — @Il = ¢*(curl(p — ), curl(pa — q)) — (1 — ¢, curl(ps — q))
= t*(curl(p — g), curl(pr — ¢)) — (¢n — ¥, curl(pr — @)) + (¢ — ¥, curl(pr — q)).

Adding these two equations we get

I grad(¢n — )II5 + #*| curl(pn — Q)I5 = (grad(g — ), grad(¢n — )
+ ¢ (curl(p — g), curl(pr — q)) — (curl(p — q), ¢ — ¥) + (¢ — ¥, curl(pr — q))
+ (glf}dh (rh—7),én — f)

Integrating the third and fourth terms on the right hand side by parts and applying the
Schwarz inequality, the arithmetic-geometric mean inequality, and the Poincaré inequality,
we get

(5.7)
| gzad(gn — )3 + 2]l curl(pr — I3 < C(l grad(@ — Y3 + £ curl(p — )l + llp — all

+ || grad(¢ — ¥)llollpr — gllo + llgrads (r — a)llg).
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In [2] it was shown that the MINI element is stable for the Stokes problem, i.e., that there
exists v > 0 independent of h such that for all ¢ € M there exists a nonzero ¢ € N 5 with

Haloll grad o < (curlg, ©).
Applying this result with ¢ replaced by p, — ¢ and again using (2.4) and (5.2), we have

7llen — alloll grad €llo < (curl(pn — ), §)
- (Clirl(p - Q)a é) + (glgd(fh - fé)a gl;gd é) - (glzl'dh (Th - 71)7 é)
< C(llp— dllo + Il grad(gn — ¢)llo + llgrads (rn —r)llo) | grad £]lo,
so for all ¢ € M} and LS ]:\Té,

(5.8)
ln —allo < C(llp— allo + || gxad(x — @)llo + lleradn (ra — r)llo)

< O(llp — gllo + 1| szad(gn — $)llo + Il grad($ — )llo + lgzads (s — r)]o).

Substituting (5.8) in (5.7) and again applying the arithmetic-geometric mean inequality
we deduce that

| gxad(n—)lo-+ ¢l curl(ps—g)llo < C(llg =l +lp—alls+lp—allo+ lgzads (r —ra)lo).
By the triangle inequality

| gzad(g— gw)llo+ ¢l curl(p—pi)llo < C (g — bl +tIp—alls +lIp—gllo-+llgzads (-~ r)lo),
and with (5.8) we also have

lp—pallo < C(II¢ — ¢l +tllp — alls + lp — gllo + llgradn (r — r1)]lo)-

Since 9 € N {and q € ]\;_f(} are arbitrary, we may apply standard approximation theory,
(5.6), and Theorem 2.1 to get

I grad(¢ — ¢n)llo + [l — prllo + tlp = palls < CR(lISll2 + lIpll + t|pll2 + llgllo) < Chllgllo-
It remains to bound ||w — wp]|;. Define @y € M} by
(grady @, grady, s) = (¢ + t* grad r, grady, s) for all se M.
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Then, by Lemma 5.4,
lezada (= @n)llo < Chllg + £ grad ] < Chllglo.
Thus it suffices to prove that
(5.9) lgradn (wn — @r)llo < Chljgllo-
Now
(grads (wn — @), grads s) = (¢n — ¢ + t*grady (rs —7),gradys)  forall se€ M.
Taking s = wp — Wy, gives
llgrads (wn — @)llo < C(ll¢n — ¢llo + t*lgrads (ra — r)llo) < Chllgllo,
proving (5.9). 00

6. Error analysis continued: L? estimates. In this section we estimate ¢ — ¢,

~ ~

and w — wy, in L2.

THEOREM 6.1. Under the hypotheses of Theorem 5.5
16 — ¢nllo + [lw —wrllo < CR*|lgllo.
Proof. First we note that Lemma 5.4 implies
(6.1) Ir = rallo < Ch*|lg]lo.

To derive an L? estimate on the rotation vector, we will apply a variant of the usual
Aubin-Nitsche duality argument. To do so we introduce the following auxiliary problem:

Problem A: Find (?,P) € QI(Q) x H'(Q) such that
(gradp, grad @) — (,curl P) = (¢ — g1, 9)  forall e (),
—(curlg, ®) — t*(curlg,curl P) =0 forall g€ H'().
We show in the appendix that this problem admits a unique solution, and that
(62) 121+ 1Pl + 1Pl < Cllg — gullo
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Choosing ¥ = ¢ — ¢5, and ¢ = p — pr in Problem A gives

I — ¢rl3 = (erad(¢ — ¢n), grad @) — (¢ — ¢u), curl P) — (curl(p — pa), 2)

b
~

— t*(curl(p — pr), curl P).
Next use (2.4), (2.5), (5.2), and (5.3) to get, for any (q,zfé) € M} x ]N\of(l,, that

g — $alls = (grad($ — ¢n), grad(@ — $)) — (¢ — ¢, curl(P - g))
— (curl(p — pr), @ — ¢) — t*(curl(p — pr), curl(P — q))
+ (gIBdh (r— Th),lﬁ)
= (grad(¢ — ¢1), grad(® — 9)) — (vot(¢ — ¢1), P — q)
— (p— pa,rot(@ — 9)) — ¢ (curl(p — pa), curl(P — q))
+ (grads (r —ra),¥).

(6.3)

We now choose ¥ and ¢ such that

12—l < CR[[®ll2,  IP—gqllo < CR[P|1, [P —qls <CR[P.
Turning to the terms on the right hand side of (6.3) we then have

(grad(¢ — ¢1), grad(® — ¢)) — (rot(¢ — ¢1), P — ¢) — (p — pn,0t(2 — ¢))
— t*(curl(p — p), curl(P — q))
(6.4) <Ch(|[¢ — grlll|®ll2 + | — Sull1lPllx + llp — pallo]| 2]z
+t*p = pulh[IPll2)
<Ch*||glloll¢ — gnllo

where we have used Theorem 5.5 and (6.2) in the last step. To treat the last term in (6.3)

we integrate by parts, then apply Lemma 5.2, and finally invoke Theorem 5.5, (6.1), and
(6.2) to obtain

(gl"?dh (’f‘ - rh)a'fé) = —(7‘ - Th,diV 1£) + XT: /E)T(r - rh)% : :’:T

65) < lIr = rallol¢ll + Chllgrada (r — ra)llolig
< (I = rallo + hllgzads (r — r)llo) 2]l
< Cn?|lglollé — @ulo-
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Substituting (6.4) and (6.5) in (6.3) gives

I¢ = gallo < CRllgll

as desired.

To complete the proof of the theorem, we now bound ||w — wp|o. Let § = w — t*r and
0y, = wp, — t2ry. In light of (6.1), it suffices to show that

(6.6) 18 = Bnllo < CR*[lg]lo-

Now 8 € fcII(Q) and, from (2.2), — A8 = —div ¢. Therefore if we define 8, € M} by the

equations
(6.7) (grads Oy, grads s) = (¢,gradps)  forall s e M},
it follows from Lemma 5.4 that
(6.8) 16 = Bnllo < CR?||$llx < Ch?||g]lo-
From (5.4) and (6.7), we have
(grada (0» — On), grads s) = (¢n — ¢, gradas)  forall s€ M.
Setting s = 6;, — 8, gives
(6.9) lgrads (6 — B)llo < Cllgn — ¢llo < C2|go-

Now (6.6) follows from (6.8), (6.9), and Lemma 5.3. [

Appendix. In this appendix we prove that the solution to the Mindlin-Reissner sys-
tem possesses the regularity we need for the foregoing analysis uniformly in the thickness.
Similar results can be found in [4] and [9]. Note that we allow a forcing function in the
second equation below (used in the derivation of the L? estimates) as well as a convex
polygonal domain.

THEOREM. Let €2 be a convex polygon or a smoothly bounded domain in the plane.
For any t € (0,1], G € H™Y(Q), and F € H™Y(Q), there exists a unique quadruple

(r, ¢, p,w) € H(Q) x HI(Q) x H'(Q) x H(Q) solving

(7.1) (gradr,grad ) = (G, p) for all p e HY(Q),
(7.2) (grad ¢, grad ) — (curlp, ) = (gradr,y) + (F,¢)  forall ¢ € H (Q),
(7.3) —(¢,curlq) — t?(curlp, curlq) = 0 forall q€ fIl(Q),

(7.4) (grad w, grad s) = (¢ + 2 gradr, grad s) for all s € H'Y(Q).
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Moreover, if F € L*(Q2), then ¢ € H?(Q) and there exists a constant C independent of t,
G, and F such that

(7.5) Il + l1¢ll2 + 1Pl + Hlplle + lwlls < COIG] -1 + | Elo)-
If also G € L*(Q2), thenr, w € H*(Q) and

(7.6) 7]z + llwllz < C(IGllo + I Elo)-

Proof. Existence and uniqueness are easy. Clearly r € H 1(£2) is determined uniquely
by (7.1). Then, subtracting (7.3) from (7.2) we can infer existence and uniqueness of ¢

and p by the Lax-Milgram theorem. Finally (7.4) determines w uniquely.

To prove (7.5), we note that the asserted bound on r is immediate, and the bound
on w follows from the bounds on ¢ and r. Thus it suffices to bound ¢ and p. Define

~

(’qéo,po) € Izl(ﬂ) x L2(Q) as the solution of (7.2), (7.3) with ¢ set equal to 0. This

is simply the Stokes system for (43, —¢9,p°), which admits a unique solution. Known
regularity theory for the Stokes problem (see [5] in the case of a smooth domain and [12]
in the polygonal case) gives

112 + 112°ll: < C(IEllo + lIrll1) < CUIE]o + [ Gll-1)-

From equations (7.2) and (7.3) and the definition of ¢° and p°, we get

(grad(¢ — ¢"), grad ) — (curl(p — p°),9) + (¢ — ¢°, curlq) + ¢*(curl(p - p°), curlq)
= —t*(curlp’,curlg)  forall (y,q) € H () x H().
Choosing Eé = 25’ - 20 and ¢ = p — p°, we obtain
16— 812 + & llp — 22 < CEIP s o — 2.
It easily follows that
(7.7) 16— 8l + tlp— 2l < CHlplls < CHI Yo + Gl

Hence also

1Pl < CUIENo + [IGll-1)-
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Applying standard estimates for second order elliptic problems to equation (7.2), we further
obtain

[gll2 < C(llpllx + lIrllx + 1 Ello) < C(IEllo + Gll-1)-

Now from equation (7.3) and the definition of ¢° we get

t*(curl p, curlq) = —(¢, curl q) = (¢° — ¢, curlq) forall ¢qe HY(Q).

Thus p is the weak solution of the boundary value problem

—Ap=1t2rot(¢’ — ¢) inQ, S—S:O on OS2,

~

and by standard a prior: estimates
Ipllz < C2g — ¢l < CE(I1Fllo + Gll-1),

where we apply (7.7) at the last step. This completes the proof of (7.5).

The proof of (7.6) is straightforward. Since (7.1) is a weak form of Poisson’s equation,

the bound on r follows from standard elliptic regularity theory. The same reasoning applied
to (7.4) then gives

lwllz < ClIgll + #lirll2) < CUIGlo + 1 Ello). O
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