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Abstract

The majority vote process (MVP) was one of the earliest interacting particle systems
(IPS) to be explored, but little progress has been made except on Z and the d-ary
regular trees Ty, with d > 5. This thesis considers the majority vote process defined
on more general structures (S, N'), where S denotes a set, and each N (z) C S denotes
a neighborhood of x. Each site x € S, at each time ¢ > 0, is assumed to have one of
two possible opinions, 0 or 1. At rate g9 (1), the opinion of x is updated to 0 (1)
irrespective of the opinions in N(x). At rate 1 —ep — &1, the opinion of z aligns with
the absolute majority opinion in N (z), which is referred to as the majority dynamics.
We investigate the ergodicity and equilibria behavior of the MVP, focusing on their
dependence on (S, N), g and ¢;.

A central concept will be that of uniformly self-supporting structures. A finite A C S
is a self-supporting set if A consisting of all Os or all 1s implies no site from A can change
opinion under the majority dynamics. A structure (S, N) is a uniformly self-supporting
structure if there exists a constant R and a family of self-supporting sets & = {A4q }aea
that covers S, each of which has a diameter bounded by R, such that, for every A € &
and z ¢ A, there exists some A’ € &, for which x € A" and AN A" = 0.

Our main results are Theorems 1, 2, 3, and 4. Theorem 1 shows that the major-
ity vote process on a uniformly self-supporting structure (S, N) is ergodic if one also
assumes that either gg or £ is significantly smaller than the other. Theorem 2 shows
that the MVP converges to its unique equilibrium exponentially quickly when additional
space homogeneity is assumed on (S, N).

Theorems 3 and 4 consider examples of (S, N) that are not uniformly self-supporting.
Theorem 3 considers the unoriented majority vote process with nearest-neighbor inter-
actions (UMVP) on Ty, d = 3,4. We demonstrate that when d = 3, the UMVP with
sufficiently small noise admits at least two mutually singular equilibria; when d = 4, the
UMVP with sufficiently small noise admits uncountably many mutually singular equi-
libria. Theorem 4 considers the oriented majority vote process with nearest-neighbor
interactions (OMVP) on Z¢, d > 4. We demonstrate such an OMVP with sufficiently

small noise admits uncountably many mutually singular equilibria.
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Chapter 1

Introduction

The field of interacting particle systems (IPS) has been extensively studied since its
introduction in the late 1960s ([1], [2], [3], [4]). Initially motivated by statistical mechan-
ics, biology, and social science, IPS models find natural formulations in various other
domains, including social networks, tumor growth, the spread of infectious diseases, and
behavioral systems. Prominent examples of IPS include the contact process, the voter
model, the exclusion process, and the stochastic Ising process. Mathematically, inter-
acting particle systems are continuous-time Markov processes on certain configuration
spaces of particles.

In this thesis, we investigate the majority vote process (MVP), which can be de-
scribed briefly as follows. At any given time ¢t > 0, each site in the system is assumed
to have one of two possible opinions, 0 or 1. The opinion at each site updates according
to an exponentially distributed time, at the end of which the opinion is either set equal
to the majority opinion of the neighboring sites, or it is randomly set equal to either 0
or 1.

To give a precise definition of the majority vote process, we introduce the following
notation. Let PB(S) denote the power set of S. Consider a structure (S,N), where S
denotes an arbitrary set, and A/ : S — B(S) denotes a neighborhood function such that
there exists some constant K, satisfying [N (z)| < K for every z € S. Three types of
events — vote events, 0-noise events, and 1-noise events — can change the opinion at x,
with the opinion at z remaining unchanged until the next such event occurs. At a vote

event, the opinion at x becomes that of the majority opinion in N (z); in the case of a
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tie, the opinion at  remains unchanged. We will refer to this as the majority dynamics.
At a O-noise event (1-noise event), the opinion 0 (1) is assigned at z, irrespective of
the current opinion of x. At each site z € S, 0-noise events, 1-noise events, and vote
events are assumed to occur at rates €g, €1 and 1 — gg — €1, respectively, with eg,e1 > 0
and 0 < gg+¢e1 < 1. We refer to g, €1 and € = g9 + €1 as the 0-noise intensity,
1-noise intensity, and noise intensity, respectively. Throughout this thesis, we assume
that €9 + &1 < 1, for the majority vote process to be well-defined.

The majority vote process on Z¢ was one of the earliest interacting particle systems
to be investigated. The MVP has similar dynamics to those of the stochastic Ising
process. The stochastic Ising process is the dynamic version of the famous Ising model,
both of which are known to admit a phase transition on Z¢ with d > 2, but not when
d = 1. Due to this similarity, the majority vote process was believed to have a phase
transition when d > 2, but not when d = 1. Despite its similar dynamics to the
stochastic Ising process, the equilibria of the MVP do not admit an explicit expression,
unlike the stochastic Ising process. (Subsection 1.3.1 will provide a detailed comparison
between the majority vote process and the stochastic Ising process.)

Despite the relatively simple dynamics of the majority vote process, limited progress
has been made since its introduction. Gray ([5]) showed that the majority vote process
on Z, with nearest-neighbor interactions, is ergodic whenever the noise event occurs at a
strictly positive rate. Bramson and Gray ([6]) showed that the majority vote process on
the d-ary regular tree, with d > 5, has uncountably many mutually singular equilibria
when the noise event occurs at a sufficiently low rate. Little progress on the MVP has
been made otherwise.

In this thesis, we investigate the ergodicity and equilibria behavior of the majority
vote process, with a primary focus on understanding their dependence on (S, ), g and
€1. A basic result in the interacting particle system implies that, when the noise event
occurs at a large enough rate compared with the vote event, the corresponding MVP is
ergodic. (An IPS is said to be ergodic if it has a unique equilibrium and converges to
the unique equilibrium starting from any initial configuration.) The MVP will therefore
be ergodic when the noise terms g, £1 are significantly greater than 1 —eg—e1. We will
give a quick proof of this in Section 2.4. Consequently, research on the majority vote

process mostly focuses on small noise cases.
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A central concept of our research is that of the uniformly self-supporting structure.

A finite A C S is a self-supporting set if A consisting of all Os or all 1s implies that

no site from A can change opinion under the majority dynamics. A structure (S, N)

is a uniformly self-supporting structure if there exist a constant R and a family of self-

supporting sets & = {Aq }aca, each of which, under the assigned metric, has a diameter

bounded by R, and satisfies Uaep Ay = S, such that, for every A € & and = ¢ A, there
exists some A’ € & satisfying x € A and AN A" = 0.

Examples of uniformly self-supporting structures (S, ') include
S=17% N()={zr+e:1<i<d} foreachz e Z (1.1)
where e;, 1 <14 < d, denotes the ith standard basis vector, and
S=7, N(x)={z,zx+1,x+2} foreachze€Z. (1.2)

We will discuss these examples and prove they are uniformly self-supporting structures
in Section 2.5. An Example of (S, ') that is not a uniformly self-supporting structure
is S = 7%, with each N'(z) = {z + e1,z + e2}.

Our main results are Theorems 1, 2, 3, and 4. Theorems 1 and 2 consider the ma-
jority vote process defined on a uniformly self-supporting structure (S, ). Theorem 1
shows that such an MVP is ergodic if one also assumes that either €q or ¢7 is significantly
smaller than the other. Theorem 2 shows that, under similar conditions, the MVP on
(S,N) converges to its unique equilibrium exponentially quickly when (S, ) is also
assumed to be an N -transitive structure. (An A -transitive structure is, in essence, a
uniformly self-supporting structure with some additional “space homogeneity”. We will
introduce this concept in Subsection 1.1.1.)

Theorems 3 and 4 consider the unoriented majority vote process with nearest-neighbor
interactions (UMVP) on T, the d-ary regular trees, with d = 3,4, and the oriented ma-
jority vote process with nearest-neighbor interactions (OMVP) on Z¢, d > 4, respectively.
(We will define these two processes in Subsection 1.1.2.) We prove that, when ¢y 4 &1
is sufficiently small, the corresponding majority vote process is non-ergodic. Under the
same assumption, we also construct uncountably many mutually singular equilibria for
the UMVP on T4, and for the OMVP on Z? with d > 4.

The structure of this thesis is as follows. Chapter 1 serves as an introduction, pri-

marily dealing with defining the majority vote process on general structures (S, N),
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introducing our terminology and notation, presenting main results, and summarizing
relevant background as well as previous related work. Chapter 2 introduces tools em-
ployed in the proofs of our main results and states some general results about the
majority vote process. Among these tools, the most important ones are the graphical
constructions (Section 2.1) and coupling (Section 2.3). The subsequent chapters, Chap-
ters 3, 4, 5, and 6, provide proofs for Theorems 1, 2, 3, and 4, respectively. The proof
of Theorem 2 (Chapter 4) partially relies on results from Chapter 3. Chapters 5 and 6
are independent and self-contained.

Chapter 1 itself is structured as follows. In Section 1.1, we introduce fundamental
terminology and assumptions needed to articulate our main results. In Section 1.2, we
present our main results — Theorems 1, 2, 3 and 4 — and discuss their interconnections.
Section 1.3 introduces other related interacting particle systems, including the stochastic
Ising process and the voter model, and compares them with the majority vote process.
Section 1.4 gives a historical review of the majority vote process, and summarizes some
of the most important results of the majority vote process and other related processes,
including a discrete-time analog of the MVP studied by Toom ([7]). Lastly, we conclude

this chapter with a more detailed summary of this thesis in Section 1.5.

1.1 Terminology for MVP and Uniformly Self-supporting

Structures

This section introduces basic terminology for the majority vote process as well as
assumptions and conditions needed to articulate our main theorems, Theorems 1, 2, 3,
and 4. In Subsection 1.1.1, we introduce a metric d(-,-) on S and revisit some crucial
concepts, such as the self-supporting set and uniformly self-supporting structure, which
have been introduced at the beginning of this chapter. These concepts are fundamental
to Theorem 1. We conclude this subsection by introducing the N -transitive structure,
which is needed to state Theorem 2. Then, in Subsection 1.1.2, we introduce the OMVP
and UMVP on graphs, whose behavior will be further investigated in Theorems 3 and
4.



1.1.1 Self-supporting Sets, Uniformly Self-supporting

Structures and N -transitive Structures

We introduce a metric d(-,-) on S: Recall that (S, ) is a pair where S denotes a set
and N denotes a set-valued function on S such that each N'(x) C S, and there exists a
constant K with |V (z)| < K for every z € S. To introduce d(-,-), we set d(z,z) = 0,
for every x € S, and d(z,y) = 1, for each z,y € S with either y € N (z) or z € N (y).
We extend the definition of d(-,-) to every z,y € S as follows. For = # y € S where
d(x,y) is not yet defined, we set

d(z,y) = inf{r : v = {v;};_o with vo = = and v, = y}, (1.3)
B!

where the infimum in (1.3) is over all sequences v = {v; }|_, that satisfies d(v;—1,v;) = 1,
for each 1 < i < r. We also set d(z,y) = oo if, for every r € N, such a sequence does
not exist. It is straightforward to verify that d(-,-) satisfies the positivity, symmetry,
and triangle inequality conditions, and hence it is a metric on S. In addition, for each

xz € S and R € N, we set
B(z,R) ={y € S :d(z,y) < R}.

For given (S, ), recall a finite A C S is a self-supporting set if A consisting of all Os
or all 1s implies that no site from A can change opinion under the majority dynamics.

An equivalent condition for A self-supporting is
|[ANN(x)| > [N(x)]/2, for every z € A. (1.4)

It is easy to see A and B self-supporting implies that A U B is self-supporting — for
every ¢ € AU B, we have

N(z)Nn(AUB) = N(z)NA)U(N(z)NB),

with at least one of [N (z) N A] and [N (z) N B| no less than |N(x)|/2. However, given
A, B self-supporting, A N B is not necessarily self-supporting. For example, in (1.2),
A = {0,1,2} and B = {2,3,4} are both self-supporting sets, but AN B = {2} is

apparently not a self-supporting set.
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Recall a structure (S,N) is a uniformly self-supporting structure if there exists a

constant R and a family of self-supporting sets & = {Aq }aca, satisfying

Uaea Ao = S, each A, C B(z, R) for some z € S, and
for each A € & and = ¢ A, there exists some A’ € & satisfying (1.5)
re A and A/NA=1.

In addition, for each A € &, we say A is an elementary self-supporting set.

We next introduce the N-transitive structure. We say f : S — S is an N-
automorphism if f is bijective and preserves neighborhood function N, i.e., f(N(z)) =
N (f(z)) for every x € S. (As usual, we write f(A) = {f(x): z € A} for each A C S.)
A uniformly self-supporting structure (S,N) is an N -transitive structure if, for every
v1,v9 € S, there exists an N-automorphism f : S — S such that f(vi) = vy, and for
every A, A’ € &, there exists an A -automorphism f : S — S such that f(A) = A’

As a direct consequence of the NV -transitivity, every elementary self-supporting set
A € & has the same cardinality. Moreover, when N -transitivity is assumed for a
structure (S, N), S has a strong space-homogeneity — every x € S is “locally identical”.
For example, (Z, N'), where N'(z) = {z+e; : 1 <i < d} for each x € S, is N-transitive.

In Section 2.5, we will introduce criteria to determine whether a structure (S, N) is
a uniformly self-supporting structure or an N-transitive structure. We will also discuss
important examples of uniformly self-supporting structures and A/-transitive structures

in the same section.

1.1.2 MVP on Graphs: UMVP and OMVP

Recall we have defined the majority vote process on structures (S, ) at the begin-
ning of Chapter 1. To avoid trivialities, throughout this thesis, we assume S is infinite.
A natural choice for S is the set of vertices of an infinite graph. This subsection explores
cases where S is the set of vertices of a directed and undirected graph.

We first present some basic terminology of graph theory, which is consistent with
definitions in [8]. An undirected graph is a pair G = (V, E) of sets such that E CV xV,
i.e., elements of E, or edges, are 2-element subset of V. For each e = (z,y) € E, we say

x (y) is incident with e. Two vertices x,y € V are adjacent if (z,y) € E.



A path in G is a non-empty graph P = (V’, E’) of the form
V' ={zo, 21, - 21} €V,

and
E' = {(z0,21), (x1,22),- - , (w1, 21)} C E,

where z;, 0 < i < k, are distinct vertices. A graph G is connected if it is non-empty
and any two of its vertices are linked by a path in G. If P = (V' E’) is a path and
(xg, o) € E, then P! = (V' E' U{(xk,x0)}) is a cycle. If a graph G = (V, E) contains
no cycle, then we say G is acyclic. An acyclic and connected graph G is a tree. A tree
G = (V, E) is a d-ary regular tree if each vertex x € V has exactly d adjacent vertices.
(Or, equivalently, each z € V is incident with exactly d edges.) In this thesis, we let Ty
denote the d-ary regular tree.

We next define the majority vote process on an undirected graph G = (V, E) as
follows. Consider the structure (S,N'), where S = V and each N (z) is the set of all

adjacent vertices of z, i.e.,
N(x)={yeV:(x,y) € £} foreachzeV.

The majority vote process on such a structure (S, ') is the unoriented majority vote
process with nearest-neighbor interactions (UMVP) on G. In this thesis, we are inter-
ested in the behavior of the UMVP on T4, with d = 3,4, and on hexagonal/triangular
lattices, among others.

A directed graph is an orientation of an undirected graph G = (V, E), where each
e = (z,y) € E is oriented, with = = init(e) and y = ter(e). (Therefore e; = (z,y) and
ea = (y,z) are considered as distinct edges.) Such a directed graph can arise from an
undirected graph by directing every edge from one of its ends to the other. We say each
edge e = (init(e),ter(e)) € E is oriented from init(e) to ter(e). If an edge is oriented
from z to y, we refer to  as a parent of y and refer to y as an offspring of x. Let O(x)

denote the set of all offspring of x, i.e.
O(z) ={yeV:(z,y) € E} foreachzeV.

We next define the majority vote process on a directed graph G = (V, E). We
consider the structure (S,N'), where S = V and N (z) = O(x) for each z € V. The



8
majority vote process on such a structure (S, N) is the oriented majority vote process

with nearest-neighbor interactions (OMVP) on G. In this thesis, we are interested in
the OMVP on Z¢, with N'(z) = {z +e;: 1 <i < d}.

1.2 Main Results — Ergodicity and Nonergodicity; Con-

vergence Rate

This section introduces our main results, Theorems 1, 2, 3, and 4. Theorems 1
and 2 consider the majority vote process on uniformly self-supporting structures and
N-transitive structures, respectively. As usual, we let £y and &7 denote the 0-noise
intensity and 1-noise intensity of the MVP, respectively.

Theorem 1 shows the MVP defined on a uniformly self-supporting structure (S, )
is ergodic if one of ¢y and e is significantly smaller than the other. Theorem 2 is
a strengthened version of Theorem 1 when (S,N) is assumed to be N-transitive in
addition, and shows the MVP converges to the unique equilibria exponentially quickly,
under similar assumptions.

Theorems 3 and 4 consider examples of (S, ') that are not uniformly self-supporting
and the behavior of the corresponding MVP. Theorem 3 considers the UMVP on low-
dimensional regular trees, namely on T3 and T4, and Theorem 4 considers the OMVP on
d-dimensional lattices, with d > 4. In both cases, we show that the MVP is non-ergodic
when €1 + €9 is sufficiently small. In addition, for the UMVP on T4 and the OMVP on
74 with d > 4, we construct uncountably many mutually singular equilibria under the
same assumptions.

‘We now state Theorem 1.

Theorem 1. Consider a uniformly self-supporting structure (S,N') and the majority
vote process {&;}i>0 on (S, N). Let ey and &1 denote the 0-noise and 1-noise intensities.
Then, for every fized g € (0,1), there exists a constant €y > 0 such that, for alle; < €,

& is ergodic.

Due to symmetry, for every fixed &1 € (0,1), there exists a constant e, > 0 such
that, for all g9 < €f, & is ergodic. We conjecture that the majority vote process will

be ergodic whenever €y # ¢1, similar to the case of the stochastic Ising process with a



9
nontrivial external field. However, different techniques will be necessary to show this.

It is elementary to show the majority vote process, regardless of the choice of (S, ),
€0, and 1, always has at least one equilibrium. (The same is true for very general
interacting particle systems, see Chapter 1, Proposition 1.8 of [9].)

Recall &; is determined by the noise events, vote events, and its initial configuration.
Two majority vote processes on (S, N) are jointly defined if they share the same sets of
vote events and noise events. (We will revisit this definition in Section 2.3.)

Theorem 2 considers N -transitive structures (S, ') and the corresponding majority
vote process {&;}+>0 on (S,N'). We show that such a majority vote process converges
to its unique equilibrium exponentially quickly, starting from any initial configuration,

under the assumption that one of €9 and €; is significantly smaller than the other.

Theorem 2. Consider an N -transitive structure (S, N') and two jointly defined majority
vote processes {5151)}7520 and {575(2)}7520 on (S,N), where the distribution of {él) is an
equilibrium. Let €9 and €1 denote the 0-noise and 1-noise intensities. Then, for every
eo € (0,1), there exists some €] > 0, not depending on 5(()2), such that, for all 1 < €Y,

there exist constants C,a > 0 such that
IP’({t(l)(x) # 575(2) (z)) < Ce ™, for everyx € S and t > 0. (1.6)

Since the initial distribution of 562) is chosen arbitrarily, (1.6) implies the ergodicity
of &. Similarly as in the case of Theorem 1, due to symmetry, for every ¢; € (0, 1),
there exists some ¢fj > 0 such that, for all ¢g < ¢, there exist some constants C, > 0
such that (1.6) holds. It is also worth noting that both Theorems 1 and 2 apply to
majority vote processes featuring non-nearest-neighbor interactions, of which illustrative
examples are provided in Section 2.5.

When (S, N) is not uniformly self-supporting, the analysis of majority vote processes
on (S, ) can become considerably more intricate. Developing a comprehensive theory
akin to Theorems 1 and 2 can become a formidable task in these cases. We instead
focus on some specific cases of (S, N) that are not uniformly self-supporting, and show
the nonergodicity of the corresponding majority vote processes.

Our first example is the UMVP on T3 and T4. (Recall T4 denotes the d-ary regular
tree, which is introduced in Subsection 1.1.2.) Bramson and Gray ([6]) showed UMVP

on Ty, with d > 5, are nonergodic and possess uncountably many mutually singular
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equilibria. We extend their nonergodicity result to T3 and T4, and construct uncount-
ably many mutually singular equilibria for the UMVP on T4. We state our results as

follows.

Theorem 3. Consider the UMVP {{}i>0 on Ts and T4. Let g9 and €1 denote the
0-noise and 1-noise intensities. When €g + €1 is sufficiently small, & is nonergodic.
Moreover, the UMVP on T4 has uncountably many mutually singular equilibria under

the same assumptions.

Our second example is the OMVP on Z?, with d > 4. Theorem 4 shows the non-
ergodicity of the OMVP when the noise intensity is sufficiently small.

Theorem 4. Consider the OMVP {&}i>0 on Z% with d > 4. Let g and £, denote the
0-noise intensity and 1-noise intensity, respectively. When eg + €1 s sufficiently small,

& is nonergodic and has uncountably many mutually singular equilibria.

Comparing with Theorem 1, Theorems 3 and 4 reveal a contrasting behavior of
the MVP on structures that are not uniformly self-supporting — when g 4 €1 is small
enough, the MVP is non-ergodic. However, in the case of the MVP on a uniformly
self-supporting structure, regardless of the value of €y 4+ £1, the MVP is always ergodic

when one of gg, e1 is sufficiently smaller than the other.

1.3 Relationship Between MVP and Other IPS

This section discusses the relationship between the majority vote process and other
interacting particle systems, namely the stochastic Ising process and the voter model.
The next two subsections briefly introduce these two related processes and state their

connections with the majority vote process.

1.3.1 Stochastic Ising Process

The stochastic Ising process was introduced as a dynamic version of the famous Ising
model ([10]).
The Ising model was initially proposed in the 1920s by Wilhelm Lenz ([11]) and

has served as a prominent model for ferromagnetism in statistical mechanics. The Ising



11
model is one of the most well-studied statistical mechanics models due to its exact
solvability (on Z?) and its exhibition of phase transitions for d > 2, but not when d = 1.

The Ising model considers an undirected graph G = (V, E), where each vertex x € V
has a state of either —1 or +1, representing a magnetic dipole moment. For this reason,
we refer to the state of x as the spin at x. Let 8 > 0 and h € R denote two constants.
Gibbs measures on the state space . = {1,—1}" are introduced as the probability

measures 4 satisfying that, for each x € V,
u(n s n(x) = o(a) | n(u) = o(u) for all u # x) = {1+ ¢ 2 (Tyms @ HH)7@y -1,

where y ~ x exactly when (z,y) € E. When x ~ y, we say y is a neighboring site of
. In statistical mechanics, 8 and h are often referred to as the inverse temperature
and the external field, respectively. A fundamental question in statistical mechanics is
whether a unique Gibbs measure exists for given 5 and h.

The stochastic Ising process is an interacting particle system that has the natural
reversible dynamics associated with the Ising model. The transition rate c(x,o) is

defined as the rate at which o(x) changes sign, and is given as
o(z,0) = {1 + P yna oW HMo@)y—1 (1.7)

A standard result from the interacting particle systems states that the equilibria (per-
haps more than one) of the stochastic Ising process are the Gibbs measures of the
corresponding Ising model.

The following connection between the stochastic Ising model and the majority vote
process is worth pointing out. Consider the stochastic Ising process at zero temperature
(B = 00) and having no external field (h = 0), which is commonly referred to as zero-

temperature Glauber dynamics. Then its flip rate (1.7) simplifies to

0 (S, o@)ole) >
(2,0) =S 1/2 i (T, 0(y))o(a)
L (S, o)) <

0,
0,
0.

In other words, the spin at x flips at rate 1 when it disagrees with the majority of spins

at its neighboring sites, at rate 0 when it agrees, and at rate 1/2 when there are an
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equal number of +1 and —1 spins among its neighboring sites. These dynamics closely
resemble the majority dynamics of the majority vote process.

Well-known results [12] and [13] state that, when G = Z? and h # 0, the Ising model
has a unique Gibbs state, and the stochastic Ising process is ergodic. Our motivation
for Theorem 1 stems partially from this result, as the unbalanced noise can be viewed
to some extent as an external field. We note the stochastic Ising process is a reversible
Markov process, and therefore its equilibria satisfy the detailed balance. Moreover, the
equilibria of the stochastic Ising process can be given explicitly, up to a normalizing
constant. In contrast, the majority vote process does not have this property, which

makes it more difficult to investigate.

1.3.2 Voter model

The voter model was introduced independently by Clifford and Sudbury ([14]), and
by Holley and Liggett ([15]). We briefly introduce its dynamics using our notation as
follows: At each nonnegative time t, each site € S is assumed to have an opinion of
either 0 or 1. Each site waits an exponential amount of time with mean 1, immediately
after which its opinion updates to the opinion it observes at a site y € N (x), which is
chosen according to some probability distribution p(z,-). The transition rate ¢(x, o) for

each z € S and o € .% = {0,1}7 is therefore given by

> yeN (@) P(@, )0 (y) if o(z) =0,
Yyen@ P@y)l—oy)] ifo(z)=1

c(z,0) =

A little thought reveals that the voter model has two obvious equilibria — the all-zero
and all-one configurations. Consequently, it is never ergodic.

Two important differences exist between the dynamics of the voter model and the
majority vote process. First, unlike the majority vote process, where a site aligns its
opinion with the absolute majority of its neighbors at a vote event, the voter model
changes its opinion by selecting a neighboring site at random. Second, there is no noise
in the original voter model. (Granovsky and Madras ([16]) studied the voter model
with the same type of noise as the MVP and showed the noisy voter model is ergodic

whenever g + 1 > 0.)
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The duality theory in the IPS is heavily used in the study of the voter model: It

is well-known that the voter model has the coalescing random walk as its dual process.
This often reduces problems involving the voter model to substantially simpler ones

involving independent random walks — a property the MVP lacks.

1.4 Previous Work on MVP and Related Processes

The majority vote process was first introduced in the 1970s by Spitzer ([17]), where
it was defined on S = Z¢, with N'(z) = {x+e;: 1 <i < d} foreach z € S, and g¢ = ¢1.
Progress on this model has since been limited. We summarize the scant literature on
the majority vote process as follows.

A spin system is an IPS in which each site has two possible states. Gray ([5]) demon-
strated that every attractive nearest-neighbor spin system on Z, with strictly positive
transition rates, is ergodic. It follows immediately that the majority vote process on Z,
with NV (z) = {z — 1,z + 1} and €p,e1 > 0, is ergodic. (It is obvious that the majority
vote process, with only one of ¢y and £ positive, is also ergodic.) We note Gray’s
contour method relies on the nearest-neighbor interactions. Unfortunately, very little is
known about the majority vote processes featuring non-nearest-neighbor interactions,
even on Z, and we are not aware of any result (other than our Theorems 1 and 2) on
the majority vote process on Z%, d > 1, with unbalanced noise gy # €.

Not much is known about the MVP defined on other graphs. Recall that T; denotes
the d-ary regular tree. Bramson and Gray ([6]) studied the UMVP {&}i>0 on Ty,
with d > 5, and showed that &, with sufficiently small €3 4+ 1, has uncountably many
mutually singular equilibria. They also established the existence of a non-trivial basin of
attraction for these equilibria, on which they showed such convergence is exponentially
fast. Our Theorem 3 extends some of their findings to the UMVP on T3 and Ty.

The probabilistic cellular automata (PCA) are discrete-time analogs of the inter-
acting particle system. The majority vote process can be modified to a PCA by up-
dating the opinion of each site at each integer time following the same rules as the
MVP. Toom ([7]) proved the PCA on Z¢ is stable under the one-sided perturbation
if and only if the corresponding Toom operator is an eroder. A consequence is that,
the discrete-time analog of the MVP on Z¢, with d > 2 and one-sided neighborhood



14
N(z)={x+e; :1<i<d} for every x € Z%, is nonergodic when gq + €1 is sufficiently
small. We will establish improved results for the (continuous-time) OMVP on Z%, d > 4,
in Theorem 4.

The UMVP on finite graphs — for example, [~N, N]?> N Z? — are studied in [18]
and [19], which provides some evidence for the non-ergodicity of the UMVP on Z?
with sufficiently small €9 + ¢;. Computer simulations of the majority vote process
using Monte-Carlo methods can be found in [20], [21], and [22]. Nonetheless, given the
fact that every finite state irreducible aperiodic Markov process is always ergodic, it
is relatively difficult to gain intuition from computer simulations. Moreover, since the
computational complexity grows exponentially as the dimension increases, simulations

of the MVP on graphs other than Z are much harder to obtain.

1.5 Overview of the Thesis

We conclude Chapter 1 by outlining the subsequent chapters of this thesis.

In Chapter 2, we introduce some fundamental tools, including graphical construc-
tions and couplings — this is done in Sections 2.1 and 2.3, respectively. These tools will
be used frequently in the proof of our main theorems in later chapters. Using these
tools, we demonstrate some general results about the majority vote process, including
the monotonicity (see Section 2.2) and the large noise regime (see Section 2.4). We
conclude Chapter 2 with important examples of uniformly self-supporting structures
and N -transitive structures in Section 2.5.

In Chapter 3, we prove Theorem 1: the majority vote process defined on a uniformly
self-supporting structure (S, ), with one of gy and &; significantly smaller than the
other, is ergodic. We begin with an elementary proof, in the special case where S = Z
and NV(z) ={z — 2,2 — 1,z,2 + 1,z + 2}, in Section 3.1. We subsequently extend this
approach to prove Theorem 1 in the general setting. For this, we introduce concepts
like the d-path and s-path in Section 3.2. By reducing the proof of Theorem 1 to its
analog for the corresponding coupled process, and employing tools such as d-paths and
s-paths to estimate the marginal density of the coupled process, we complete the proof of
Theorem 1 in Sections 3.3, 3.4, and 3.5. Section 3.6 discusses consequences of Theorem

1, where we apply Theorem 1 to examples introduced in Section 2.5, and derive specific
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bounds for the MVP to be ergodic in different scenarios, including d-dimensional lattices,
triangular lattices, hexagonal lattices, and defective lattices.

In Chapter 4, we prove Theorem 2, which establishes an exponential convergence
rate for the MVP defined on an N -transitive structure (S, N). The proof of Theorem 2
is structured around a more delicate use of s-paths, and is done in three steps: First, in
Proposition 4.1, we demonstrate that, under the AV/-transitive assumption, s-paths can
be constructed in a “more homogeneous” manner. We next introduce the total lifetime
of an s-path in Subsection 4.1.2 and derive its conditional density in Proposition 4.5.
Lastly, in Section 4.2, we establish a sharper upper bound on the marginal density of the
coupled process, using the fact that there always exists an s-path with its total lifetime
greater than ¢. This upper bound decays exponentially in time, which completes the
proof of Theorem 2. In Section 4.4, we discuss the consequences of Theorem 2, and
derive specific conditions for the MVP to converge exponentially quickly to its unique
equilibrium in different scenarios, including d-dimensional square lattices, triangular
lattices, and hexagonal lattices.

In Chapter 5, we prove Theorem 3, which shows that the UMVP on Ts and T4, with
sufficiently small noise, is non-ergodic. The T3 and T4 cases are treated differently: For
S = T3, we first show that, using Lemma 5.10, to prove Theorem 3, it suffices to prove
its ; analog, where §; is the UMVP on T3 with “one-sided noise”. We next introduce
the t-truss, which is a variant of the truss introduced by Toom ([7]). We use the t-truss
to estimate the marginal density of §;. Theorem 3 follows after proving the marginal
density of d; is uniformly and strictly bounded by 1/2. For S = T4, we introduce a
dominating process {0t}+>0, motivated by the work of Bramson and Gray ([6]). We
first show, using Lemma 5.5, that §; bounds the deviation of the UMVP from certain
initial configurations. (We refer to these special initial configurations as compatible
configurations.) We then establish an upper bound on the marginal density of J; in
Lemma 5.6. Combining Lemma 5.5 and Lemma 5.6, we show that distinct compatible
configurations lead to mutually singular equilibria of the UMVP on T4. Theorem 3 then
follows since there are uncountably many such compatible configurations.

In Chapter 6, we prove Theorem 4, which states that the OMVP on Z¢, d > 4, with
sufficiently small €y + €1, is non-ergodic and has uncountably many mutually singular

equilibria. In Section 6.3, we introduce a dominating process d;, and establish the
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analog of Lemma 5.5, Proposition 6.4, which then reduces the proof of Theorem 4 to
establishing an upper bound on the marginal density of d;. Proposition 6.5 establishes
this desired upper bound. The proof of Proposition 6.5 is given in Section 6.4: We
first show that J; is a continuous-time spin system associated with a shrinker, which is
introduced in Definition 6.9. We then use results from [23] and [24] to derive an upper
bound for P(é;(z) = 1). Lastly, in Section 6.5, we combine these results and prove
Theorem 4.



Chapter 2

Basic Tools and General Results

In this chapter, we first provide a comprehensive overview of the fundamental tools
needed in the proof of our main theorems, and then state some general results about
the majority vote process using these standard methodologies. We outline this Chapter
as follows.

In Section 2.1, we construct the majority vote process by employing a graphical
construction. The approach of graphical construction serves as the foundation for our
analysis of the MVP throughout this thesis.

We next discuss the monotonicity of the MVP in Section 2.2. We first introduce
the monotonicity for a spin system and state a criterion for monotonicity in (2.8). We
then prove the MVP’s monotonicity by verifying its transition rates satisfy (2.8). We
conclude this section with some important consequences of the MVP’s monotonicity in
Corollary 2.4.

In Section 2.3, we apply the graphical construction of the MVP to jointly define
multiple copies of the MVP on the same probability space, and introduce the coupled
process. After introducing the coupled process in Definition 2.5, we state some of
its properties in Proposition 2.6, and derive an ergodicity criterion for the MVP in
Proposition 2.7 using the coupled process. This criterion will be applied in the proofs
of Theorems 1 and 2.

In Section 2.4, we introduce the large noise regime of the MVP — when the noise
is “strong” enough, MVP is ergodic and converges exponentially quickly to the unique

equilibrium starting from any initial distribution.

17
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We conclude this chapter with Section 2.5, which provides examples of uniformly
self-supporting structures and A -transitive structures. We will revisit some of these

examples in later chapters.

2.1 Graphical Construction

As usual, we let {&};>0 denote the majority vote process on a structure (S,N),
where each & (x) denotes the opinion of x at time ¢. The main idea of the MVP’s
graphical construction is to construct a timeline for each x € S that represents the
evolution of its opinion &(z). Since sample paths of the majority vote process can be
obtained directly from these timelines, the graphical construction will serve as a useful
tool for analyzing the process.

In this section, we first introduce the MVP’s graphical construction on the space-
time set S x [0,00). We next state the graphical induction principle, in Proposition
2.3, as a direct consequence of the MVP’s graphical construction. This principle will be
repeatedly applied in our proofs. Besides, another immediate advantage of employing
such a graphical construction is to provide a simultaneous coupling of copies of the MVP
with different initial configurations. In Section 2.3, we will discuss this idea carefully
and use it to introduce the coupled process, on which the proofs of our main results,
namely Theorems 1 and 2, rely heavily.

A Poisson point process on (0, 00) with intensity A places points randomly such that
the following are satisfied. The number of random points in (a, b], denoted by N(a,b),
is Poisson distributed with mean \(b — a); and N (ag,boy), N(a1,b1), - -+, N(ag,bg) are
independent given a;—1 < b;—1 < a4, for all 1 <i < k.

We next introduce 3 types of event points — 0-noise points, 1-noise points, and vote

points, using a family of independent Poisson point processes.

Definition 2.1. For given €g,e1 € [0,1), with g +e1 < 1, and each = € S, let
{Xg(co)}zes, {Xg(cl)}zes, and {Xg(;)}zes denote families of independent Poisson point pro-
cesses, placed on the timeline {x} x [0, 00), with rates ey, €1 and 1 —eg —e1, respectively.

Then, for each x € S and t > 0, we introduce the following terminology.

(2.1.a) We say (z,t) is a 0-noise point if and only if (z,t) € x".
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(2.1.b) We say (z,t) is a 1-noise point if and only if (x,t) € x.

(2.1.c) We say (x,t) is a vote point if and only if (z,t) € x.
(2.1.d) We say (x,t) is an event point if and only if (z,t) € x©OuxPux®.

Since the Poisson point process is a continuous-time stochastic process, and that
all X;Ei), for z € S and ¢ = 0,1,2, are independent of each other, we can assume the

following by ignoring a null event: For each x,y € S and 4,5 € 0,1, 2,
xWn ngj) =1, whenever (z,i) # (y,7). (2.1)

In other words, at each given time ¢ > 0, there exists no more than one y € S with
exactly one i € 0,1, 2 such that (y,t) € Xéi). For the same reason, we also assume that,

for each = € S,
there is no accumulation point in X U XM U X2, (2.2)

i.e., for each z € S and any sequence {(z, ;) }ieny C XQEO)UX;](CDUX;,@, the limit lim,, o0 t;
does not exist.
We will refer to {XQ(CO),XS),XQ(CQ)}IGS that satisfies (2.1) and (2.2) as a realization
of the Poisson clock.
We assume that the majority vote process {&;} is RCLL (right continuous with left
limits), and set
lim, ~ & if t >0,

§— = (2.3)
£ if t = 0.

For every z € S, we set e(z,0) = 0 and, for ¢ > 0,
e(z,t) :==sup{s <t:s=0or (z,s) e XD UXMUX?} (2.4)

x

For every spin system {&;:};>0 that is defined using the graphical construction, we

say & satisfies the continuation rule if the following is satisfied:
§i(2) = Ee@ayy(x), if (2,1) is not an event point. (2.5)

We assume that the majority vote process satisfies the continuation rule.
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For every € € . and every = € S, we define the majority vote function M (&, x) as
follows.
1 if > yen) W) > N (2)]/2,
MED =30 i Xyenm ) < V@2, (2.6)
&(x) otherwise.
In other words, M (&, z) is the absolute majority opinion in N(x); if there are an equal
number of sites having opinion 0 and 1 among N (x), then M (£, x) is the current opinion
of x.

We now construct a majority vote process using {Xg(co), ngl),Xg(CQ)}xes.

Definition 2.2 (Majority Vote Process). Consider a structure (S,N) and constants
go,e1 € [0,1), with g +¢e1 < 1. Let {X;go),Xg(cl),Xg(CQ)}xeg denote a realization of the
Poisson clock for this given choice of 9 and 1. A process {&}i>0 with the state space
< is a majority vote process on (S,N) if it satisfies the continuation rule (2.5), and

the following three rules.
(2.2.a) 0-noise rule: For each (x,t) € x9, &(z) =0.
(2.2.b) 1-noise rule: For each (z,t) € x, &(x) = 1.
(2.2.c) Magjority vote rule: For each (z,t) € Xf), &(z) = M(&—, x).

Since the waiting time between each arrival of the Poisson point process is indepen-
dently exponentially distributed, the majority vote process given by Definition 2.2 is
consistent with the one introduced at the beginning of Chapter 1. Moreover, given an
initial configuration and a realization of the Poisson clock, a sample path of the majority
vote process can be constructed by Definition 2.2; therefore the majority vote process
is almost surely well-defined.

Another merit of employing such a graphical construction for the MVP is that we
can apply a graphical induction principle to prove that certain assertions A(x,t) hold
almost surely for every z € S and t > 0. We state this graphical induction principle
in the next proposition. Proposition 2.3 is a direct generalization of Proposition A.1 in

[6]; hence we omit its proof here.

Proposition 2.3. Let {A(x,t)}zes:>0 denote a collection of events satisfying the fol-

lowing conditions for all x € S:
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1. A(z,0) holds.

2. If Ay, e(y,t)) holds for all y € N(x) U{z}, then A(z,t) holds.

Then, off a set of probability 0 that does not depend on {A(x,t)}recst>0, A(z,t) holds
forallz € S andt > 0.

2.2 Monotonicity of MVP

This section explores the monotonicity of the majority vote process. We first in-
troduce the monotonicity of general spin systems and state the criterion, in (2.8), for
a spin system to be monotone. We then establish the monotonicity of the MVP by
verifying its transition rates, denoted by {c(§, )}ecs zes, satisfying (2.8). Lastly, we
discuss some consequences of the MVP’s monotonicity in Corollary 2.4. In particular,
we use the MVP’s monotonicity to derive an ergodicity criterion in (2.10)

Recall that a spin system is an interacting particle system on S, for which each site
x € S has two possible values. Hence the majority vote process, defined in Definition
2.2, is a spin system. Other IPS introduced previously in Chapter 1 that are spin
systems include the stochastic Ising process and the voter model (see Subsection 1.3).

We assume the state space for a spin system is . = {0,1}°. Let c¢(¢,z), the
transition rate, denote the rate at which £(z) changes from &(x) to 1 — £(x) when the
spin system is in state £. It then follows from Definition 2.2 that the transition rates
c(x, &) of the majority vote process {{;}+>0 can be formulated as
€1 if {(z) = M(&,x) =0,
1—¢g if{(z)=1—M(&,z) =0, @)
€0 if{(x) =M, x)=1
\1—51 iff(x)=1—-M(,z) =1,

where €9 and 1 denote the 0-noise intensity and 1-noise intensity of the MVP, respec-
tively, and M (&, z) is introduced in (2.6). To see (2.7), for each £ € .#, on the one
hand, if £(z) = M (&, z) = 0(1), then only 1-noise events (0-noise events) can change
&(z), which contribute to the first and third cases on the right-hand side of (2.7). On
the other hand, if {(x) # M(§,x) = 0(1), then both vote events and 0-noise events
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(1-noise events) can change &(z), which contribute to the second and fourth cases on
the right-hand side of (2.7).

For &1,& € .7, we write & < & if &1(x) < &o(x) for every x € S. A spin system is

monotone if, whenever & < &, for each x € S, its transition rates ¢(£1, z) and ¢(&2, x)

satisfy
c(€1,2) < c(§2,2) i &(2) = &(x) =0, and
c(&,z) 2 c(&e,x) i &) =&(x) = 1.
We next demonstrate the monotonicity of the majority vote process by verifying

that {c(§,2)}ec.v pes defined in (2.7) satisfies (2.8). Supposing & < &, it follows
immediately from (2.6) that

(2.8)

M(&,z) < M(&,x) for each x € S. (2.9)

We first consider the case where & () = &2(x) = 0. Since the transition rates in (2.7) are
determined by {(z) and M (¢, z), when M (&1, ) = M (&2, z), we have ¢(&1, ) = (&2, 2).
Whereas when M (&2, 2) = 1 and M (&1, x) = 0, since g+¢1 < 1 is assumed in Definition
2.2, we have
c(&g,x) =1—¢e9 > €1 =c(&,).

Therefore, ¢(&2,z) > ¢(&1,x) for each x € S with & (z) = &a(x) = 0. Similarly, when
&1(z) = &(z) = 1, it also follows from (2.9) that ¢(&1,z) > ¢(&2, x). Therefore the MVP
is a monotone spin system.

We also note that (2.8) reveals a key feature of a monotone spin system: Its evolution
tends to make a site agree with its neighboring sites. For instance, when &; has more
sites with opinion 1 than £, £ has a higher transition rate at x where & (z) = 0, and
vice versa.

Our next Corollary 2.4 states some consequences of the MVP’s monotonicity. We
note that Corollary 2.4 follows directly from Chapter III, Theorem 2.3 of [9]; hence we

omit its proof here.

Corollary 2.4. Consider two copies of the majority vote process on (S,N'), denoted by
{ﬁgo)}tzo and {fgl)}tzo, such that

5(()0) (r) =0, (()1)(33) =1, foreachx € S.

Setting po(x,t) = P(Eio) () =0), and p1(z,t) = IP’({t(l)(@ = 1), the following hold.
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1. For fized x € S, po(z,t) and p1(x,t), as functions of t, are non-increasing:
po(l‘,t) Spﬂ(x¢ 5)7 pl(xat) §p1($as)v fOT every s < t.

2. Let ,ugo) and ,ugl) denote the probability measures of §§0) and 5151), respectively.
Then, there exist some v, v € P such that ugo) and u%l) converge weakly to
O and v, respectively. Moreover, v and vV are equilibria of the majority

vote process.

3. The majority vote process & is ergodic if and only if

tliglopo(m,t) =1- tlg(r)lopl(x, t) for every x € S. (2.10)

2.3 Coupling

Coupling is one of the most important and most generally applicable techniques in
interacting particle systems. Generally speaking, coupling is a construction of two or
more stochastic processes on a common probability space. In this section, we introduce
a natural coupling for the majority vote process by using its graphical construction,
which was introduced in Section 2.1. We then define the coupled majority vote process,
(or, for short, the coupled process), in Definition 2.5, such that any two majority vote
processes with different initial configurations (in our application, often the all-zero and
all-one configurations) can be realized on the same probability space. We then use this
coupled majority vote process to derive an ergodicity criterion for the MVP (Proposition
2.7). We conclude this section by introducing terminology such as exponentially quick
convergence and exponentially mixing.

As usual, we let {&};>0 denote the majority vote process on a structure (S,N).
Recall that, by Definition 2.2, & is determined by its initial configuration and a re-
alization of the Poisson clock. Let {gt(”}tzo and {552)},520 denote two copies of the
MVP, having different initial distributions p1, gz € P. (Recall P denotes the collec-
tion of all probability measures on ..) We can construct flgl) and §§2) on the same
probability space, by first introducing a probability measure p on . x ., with u; and
12 as its two marginal distributions, and then let ft(l) and §§2) share the same set of

0-noise points, 1-noise points and vote points in their graphical constructions. Then,
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{(ét(l),ft@)}tzo itself can be viewed as an interacting particle system, with its state
space being ./ = {(0,0),(0,1),(1,0),(1,1)}*. We refer to {( ,gl),é}(?))}tzoy which is
often denoted by {n:}+>0 in our notation, as the coupled majority vote process. (See [25]
for a more general version of coupling.) We also say 5151) and 5152) are jointly defined on
the same probability space.

We next introduce the graphical construction of the coupled majority vote process,
denoted by {n: }+>0, in a similar way as Definition 2.2: The coupled majority vote process
{nt}+>0 is defined on the state space .’ such that it satisfies the continuation rule (2.5),
ie.,

N(T) = Np(z,r)(z) whenever (z,t) is not an event point. (2.11)

Since the coupled majority vote process {n;}+>¢ is assumed to satisfy the continua-
tion rule, we define
limg ~ns if £ >0,

e = (2.12)
o if t =0.

We define the coupled majority vote process counterpart of the majority vote func-

tion for every n = (£1,&2) € . x . by setting

M(n,z) = (M(&1,x), M(&2,x)) for every x € S,

where M ({,x) is defined in (2.6). Then, the graphical construction of the coupled

majority vote process can be given as follows.

Definition 2.5 (Graphical construction of coupled majority vote process). Given a
structure (S, N') and constants €g,e1 € [0, 1], with g +e1 < 1, let {X;](co),Xg(El),ngz)}meg
denote a realization of the Poisson clock, which was introduced in Definition 2.1. A
process {n:}i>0 with state space & is a coupled majority vote process on (S,N) if it

satisfies the continuation rule (2.11) as well as the following rules.
(2.5.a) 0-noise rule: For each (x,t) € x9, n(x) = (0,0).
(2.5.b) 1-noise rule: For each (x,t) € Xg(cl), n(x) = (1,1).

(2.5.c) Magority vote rule: For each (x,t) € x?, n(z) = M(ni—, x).
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For simplicity, we will refer to the coupled majority vote process as the coupled pro-
cess. We next, in Propositions 2.6 and 2.7, state some of the most important properties

and applications of the coupled process.

Proposition 2.6. Consider the coupled process n = (§t(1)7§t(2)) satisfying
{él)(x) < 552) (x) for every x € S. Let pg, t > 0, denote the probability measure of each
ne. Then,

e (2) < €7 (2) for every v € S} = 1. (2.13)

Proof. We apply the graphical induction principle to prove (2.13). According to Propo-
sition 2.3, since §él)(a:) < 5(()2) (x) for every x € S, to prove (2.13), it suffices to show
that 5227” (y) < féat) (y) for every y € N(z) U {x} implies ft(l)(x) < 5152) (x).

If (z,t) is not an event point, it follows from the continuation rule (2.11) that
& (@) = () (@) and &7 () = €7) (2). Then &"(x) < &7 (2) follows from the
assumption 522@ (z) < 52?3“) ().

We now assume (z,t) is an event point and discuss different scenarios about the
type of the event point (z,1).

If (x,t) is either a O-noise point or a 1-noise point, we have fgl)(:z) = 5,52)(33) by
(2.5.a) and (2.5.b), implying §t(1)(x) < §§2) (x).

We now assume (z, t) is a vote point. Under the assumption that fé%;,t) (y) < gé?z)/,t) (y)
for all y € N (z) U {x}, it follows from the continuation rule (2.5) that §t(P (y) < §g) (y)
for all y € N(z) U {z}. According to (2.6), we have M( ,@,x) < M( ,@,x), which
implies {gl)(x) < §,E2) (x). This completes the proof of (2.13). O

We next derive an ergodicity criterion for the majority vote process in terms of ;.
This criterion will be applied in the proof of Theorem 1 (Chapter 3), which reduces the
proof of ergodicity of the majority vote process to that of (2.14). We also note that
Proposition 2.7 is a consequence of Corollary 2.4 and Proposition 2.6, together with

some extra work.

Proposition 2.7. Consider a structure (S,N') and the coupled process {ni}i>0, with
n = (ft(l), t(Q)) for each t > 0, satisfying

no(z) = (0,1) for every x € S.
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Then, for each fized x € S, P(n(xz) = (0,1)), as a function of t, is non-increasing.
Furthermore, letting {& }+>0 denote the majority vote process on (S,N), whose 0-noise

intensity and 1-noise intensity are the same as 1, then, & is ergodic if and only if

lim P(n:(x) = (0,1)) =0 for every xz € S. (2.14)

t—o00
Proof. Since ft(l), 575(2) are jointly defined and satisfies &"él)(:v) < 5(()2) (z) for all x € S,
Proposition 2.6 implies
PN (z) < €P(z)) =1 for each z € S and t > 0. (2.15)

We therefore obtain

P(ni(z) = (0,1)) = 1 = P(ne(2) = (0,0)) = P(ne(2) = (1, 1)) (2.16)
We can rewrite P(n:(z) = (0,0)) in terms of §§1)(x) and §§2) (x) as follows.

o) = —peW i) — 01D (g) — @) () —
P(n(z) = (0,0)) = P(eV(2) = 0 &7 (x) = 0)P(£) () = 0) .17)
= P67 () = 0),

where the last equation follows from P(ﬁﬁl)(x) < éz) (x)) = 1. Similarly, we also obtain

P(ne(z) = (1,1)) = P (2) = 1). (2.18)

On the other hand, ft(l) and §t(2) are copies of the MVP with the all-zero and all-one

initial configurations, respectively. Therefore, for each x € S and ¢t > 0, we have
P (@) =1) =1-po(,t), BT @) =0)=1-p(e,1), (219

where py and p; were introduced in Corollary 2.4. Combining (2.17), (2.18), and (2.19),

we obtain that
P(m(z) = (0,1)) = po(w,t) + p1(z,t) — 1. (2.20)

According to Corollary 2.4, with x fixed, both po(z,t) and p;(x,t) are non-increasing
in ¢. Therefore P(n;(xz) = (0, 1)) is also non-increasing as a function of ¢.

Since limy_so0 po(z,t) and limy oo p1(z,t) exist for each = € S, by Corollary 2.6,
it follows from (2.10) and (2.20) that & is ergodic if and only if (2.14) holds. This
completes the proof of Proposition 2.7. O
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We will use Proposition 2.7 as the criterion to prove the ergodicity of the MVP under

the assumptions of Theorem 1. For this reason, unless otherwise stated, we assume the

coupled process 7y always has its initial configuration ng(x) = (0,1) for all z € S,
throughout this thesis.

We next introduce exponentially quick convergence and exponential mixing and state

a criterion using the coupled process.

Definition 2.8. Let {& }i>0 and {&;}1>0 denote two jointly defined copies of the magjority
vote process on (S, N') with initial distributions p and p’, respectively. Suppose p' is an

equilibrium for the MVP. If there exist constants a and r such that
P(&(x) # &(x)) < ae™ ™ forallz € S and t > 0, (2.21)

then we say {& }i>0 converges exponentially quickly to 1/ at rate r. Moreover, if (2.21)
holds for p = 1 and independent initial configurations § and &, we say the majority

vote process is exponentially mixing in i’ at rate r.

We conclude this section with Proposition 2.9, which states that, to show the major-
ity vote process is ergodic and converges exponentially quickly to the unique equilibrium,

it suffices to prove a coupled-process analog of (2.21) as follows.

Proposition 2.9. Consider the coupled process {n:}i>0 on (S,N) with its initial dis-
tribution no(x) = (0, 1) for every x € S. Let {&}+>0 denote the majority vote process on
(S, N) with the same 0-noise intensity and 1-noise intensity. Suppose that there exist

some constants a,r > 0 such that n, satisfies
P(ni(x) = (0,1)) < ae™™ for everyx € S and t > 0. (2.22)

Then, & 1s ergodic and converges exponentially quickly to the unique equilibrium v

starting from any initial distribution. In particular, & is exponentially mizing in v.

We note Proposition 2.9 is a consequence of Proposition 2.6 and the triangle in-

equality.

Proof. For each x € S, (2.22) implies that lim; ,oo P(m¢(xz) = (0,1)) = 0. Then, it
follows from Proposition 2.7 that & is ergodic. Let v denote the unique equilibrium of

&
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Let €9, W @ ¢® qenote four jointly defined copies of the majority vot
PN S I jointly defined copies of the majority vote process,
where {éo) () =0 and 5(()1)(@ =1forall z € S, and 5(()2) has v as its initial distribution.
We claim that, for each £ € S and t > 0,

P(¢ (2) < 6P (2), 67 (2) < €M (2)) = 1. (2.23)

We now prove (2.23): Since f,fo) and ft@) are jointly defined copies of the MVP, with
5(()0) (x)=0< 5(()2) (z) for each x € S, it follows from Proposition 2.6 that, for each z € S
and t > 0,

P () < P (2) = 1.

Similarly, we can obtain that, for each z € S and ¢t > 0,

PV () < ¥ (@) = PP (2) < €V () = PP () < €V (@) = 1.

This completes the proof of (2.23).
As a direct consequence of (2.23), we obtain that, for each = € S and t > 0,

P () # £V (2)) < PE () # €M (2) = Pmi(2) = (0,1)). (2.24)

Since the initial distribution of 5[()3) can be chosen arbitrarily, it follows from (2.22) and
(2.24) that, & converges exponentially quickly to v, starting from any initial distribution.
Moreover, setting the distribution of 5[()3) as v and assuming that 5(()2) and f(()?’) are
independent, then it follows from (2.22) and (2.24) that & is exponentially mixing in v.
This completes the proof of Proposition 2.9. O

2.4 Large Noise Regime

In this section, we will apply a general result from the interacting particle system
literature to show that, when the 0-noise and 1-noise intensities, denoted by ¢ and €1,
satisfy the lower bounds in (2.28), with minimal assumptions on (S, ), the majority
vote process on (S,N) is ergodic and converges exponentially quickly to the unique
equilibrium. We will refer to values of g and €; with this behavior as the large noise
regime of the majority vote process. The large noise regime can be viewed as the MVP
analog of the paramagnetic phase of various statistical mechanics models, when the

system is in high temperatures (above the Curie temperature). We note that a similar
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large noise regime exists for a wide class of interacting particle systems: In particular,
any IPS of finite range, when perturbed with a strong enough independent noise, is
ergodic([3], [26], [27], [28]).

The structure of this section is as follows. We first introduce the minimal transition
rate, and state an ergodicity criterion that applies to a wide range of spin systems. We
then verify that when eg,e; satisfy (2.28), the MVP meets this criterion, therefore is
ergodic, and converges exponentially quickly to the unique equilibrium.

We will consider a metric space S, equipped with a metric d(-,-) : S x S — [0, 00).
Recall that {c(&,x)}ec.v zcs denotes the transition rate of a spin system on S, where
& = {0,1}% is the state space. A spin system on S is of finite range if there exists
a constant M such that c(&1,2) = ¢(&2,x) holds for each x € S and every &1,& €
& satistying £1(y) = &(y) whenever d(z,y) < M. A little thought reveals that the
majority vote process, as well as the stochastic Ising process and the voter model, are
all spin systems of finite range.

For a spin system of a finite range, we define its minimal transition rate € as follows.

£=inf (5111352 [c(1, @) + c(&2,2)]), (2.25)
where the inner fold infimum is taken over all £1,& € .7 satisfying & (y) = &2(y) for
all y # z, and & (x) = 1 — &(x), ie., & and & only differ at x. From its definition,
it is obvious that £ characterizes a minimal transition rate and is independent of the
configuration.

Well-known results ([3], [26], [27], [28]) in the interacting particle systems literature
assert that the IPS is ergodic when the dependence of ¢(§,x) on & and x, which will
be characterized by M in (2.26), is weak relative to an underlying minimal transition
rate, which is measured by €. We reformulate this ergodicity criterion in terms of spin

systems as follows.

Proposition 2.10. Consider a spin system of finite range on S, with transition rates

{c(&, ) }eer wes- Let € denote the minimal transition rate, defined in (2.25). We set

i1 = sup S sup [e(€n,2) — elE, )], (2.26)
zeS utz £1,62

where the supremum is taken over all 1,82 € 7 satisfying &1(x) = &a(x) for all x # u,
and & (u) # &(u). Then, if M < &, the spin system is ergodic. Under the same
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assumptions, let v denote the unique equilibrium and pu € P denote an arbitrary prob-
ability measure. We consider two jointly defined copies of this spin system, denoted by
{ﬁgo)}tzo and {ft(l)}tzo, whose initial distributions are v and p, respectively. Then, for

eachz € S andt >0,

M e—(E-M)t
P (@) £V (@) < | swp e(€w) | ——. (2.27)

reS e E—M

We note that, since the spin system is assumed to be of finite range, only finitely
many terms in the summation of (2.26) are non-zero, therefore M is always finite. We

next apply Proposition 2.10 to the MVP and obtain the following ergodicity theorem.

Proposition 2.11. Consider the majority vote process {& }1>0 on (S,N), where (S,N')
satisfies N'(x) < K for every x € S. Let g9 and 1 denote its 0-noise intensity and
1-noise intensity, respectively. Assuming g and &1 satisfy

K+1

) >77
f0f1 7 oK 14

(2.28)

then {&:}i>0 is ergodic and converges exponentially quickly to the unique equilibrium,

starting from any initial distribution.

Proof. We first derive £ and M for the majority vote process. Recall the transition rate
{c(&, ) }ee.s wes of the MVP is given in (2.7).

We begin with €. Fix any arbitrary x € S. For every &1, & with & (y) = &2(y) for
all y # x and & (z) # &(x), a little thought reveals that

(&1, ) + c(€2,2) > g0 +e1, (2.29)

where the equation holds only when |[N(z)| is even and there are an equal number of
sites with opinions 0 and 1. (In this case, a vote event does not change the opinion of

x in & or &3.) Since the lower bound in (2.29) is uniform in =, we obtain that
E>¢ep+er. (2.30)

We next estimate M. For every fixed z € S, ¢(&1,2) # ¢(&2, ) only when there exists
at least one y € N (z) U {z} such that & (y) # &2(y). Recall we assume [N (z)| < K for

every x € S. Since the inner supremum in (2.26) is taken over &1, & € S that only differ
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at one site u, the number of u such that sup|c(&1,x) — c(&2,2)| # 0 is at most K + 1.
For such a pair £,& € .7,

le(€1,x) — (&2, 2)| < max(1 — 2ep,1 — 2e7).
Hence we obtain
M < (K +1)max(1 — 2g9,1 — 2¢1) = (K 4 1)(1 — 2min(eg, £1)). (2.31)
Assuming g and e satisfy (2.28), it follows from (2.30) and (2.31) that
M — & < (K +1) —2(K + 1) min(gg, £1) — 2min(gg, 1) < 0.

Therefore Lemma 2.10 implies the ergodicity of the MVP and its exponentially quick
convergence to the unique equilibrium, which completes the proof of Proposition 2.11.
O

2.5 Examples of Uniformly Self-supporting and N -transitive

Structures

In this section, we discuss important examples of uniformly self-supporting struc-
tures and A -transitive structures, including the nearest-neighbor interactions on Z¢
(Example 2.12), defective lattices (Examples 2.14, 2.15), and an example featuring
non-nearest-neighbor interactions on Z (Example 2.13). We conclude this section with
examples of (S, ) that are not uniformly self-supporting structures (see Examples 2.16,
2.17).

Let P3(S) denote the power set of S. Recall a structure (S, N') consists of a set S
and a neighborhood function N : S — P(S), such that there exists a constant K > 0,
with [N (z)| < K for every z € S. Recall that the uniformly self-supporting structures
and N-transitive structures have been introduced at the beginning of Chapter 1. In a
nutshell, to show a structure (S, ) is a uniformly self-supporting structure, it suffices
to find a constant R and a collection of self-supporting sets & satisfying (1.5). To
show a structure (S, N) is an N-transitive structure, in addition to showing (S, N) is

a uniformly self-supporting structure, we need to show that, for each given x,y € S,
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there exists an N-automorphism f such that f(z) = y; and for each given A, A’ € &,
there exists an N -automorphism ¢ such that g(A) = A'.

In the remainder of this section, we discuss important examples of structures (S, N),

beginning with the nearest-neighbor interactions on Z¢.

Example 2.12 (Nearest-Neighbor Interactions on Z%). Consider S = Z¢, and N(z) =
{rxej:1<j<d}, for each x € Z%, where e;, 1 < j < d, denotes the jth standard

unit vector. We claim that (S,N') is an N -transitive structure.

Proof. We first show that (Z¢,N) is a uniformly self-supporting structure. Consider
the lattice hyper-rectangle as follows. Let x;, x; € Z, where z; < ) for each 1 < i < d.
We set

R(zy, 2}, zg,2) = {(y)y € Z% -z < y; < ! for every 1 <14 < d}.

In other words, R(x1, ], - ,zq,2)) is the d-dimensional hyper-rectangle, with (z:)L,
and (xé)le as the vertices on its main diagonal. A little thought shows that the d-
dimensional hyper-rectangle R(x1,], - ,zq,2}) is self-supporting. To see this, for
every x € R(z1,2), - ,xq,2)), we have R(z1,2), - ,zq,2);) N N(z) > d. For each

x € 74, letting x = (xi)le, we set
Q(z) = R(z1 — 1,x1,29 — 1,20, -+ ;24 — 1,24). (2.32)

Then each Q(z) is a lattice d-hypercube of side length 1, with  being one of its vertices.
Letting
R=2, &={Q(z):z ez}, (2.33)

we claim that such an R and & satisfy (1.5).

Since each z € Q(x), we have U,cz4Q(z) = Z. Given (Z¢,N), the metric d(-,-)
introduced in (1.3) is equivalent to the L' norm on Z?. Therefore Q(x) C B(x,2) for
every « € Z%. To show R and & satisfy (1.5), it suffices to show that, for every z,y € Z¢,
if y ¢ Q(x), there exists some z € Z%, with y € Q(z) and Q(z) N Q(z) = . Letting
z=(z)L,, we set

. Yi if y; < a4, (2.34)
yi + 1 otherwise.
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A little thought reveals that y € Q(z) and Q(z) N Q(z) = (). This completes the proof
of (Z4,N) a uniformly self-supporting structure.

For each a = (ai);i:l € 7%, let T, denote the usual translation, i.e., T, : Z¢ — Z¢
with Ty(z) = (21 + a1,22 + ag, -+ , 24 + ag) for each x = (x;)4, € Z%. A little
thought reveals that T}, is an N-automorphism. For every z = (z;)%_,,y = (y;)%, € Z,
setting a = (y; — l’i)f:h then we have T,(xz) = y. Since all elementary self-supporting
sets given by (2.33) are d-hypercubes of length 1, for every A, A’ € &, there exists some
translation T}, such that T,(A) = A’. This completes the proof of (S, N') an N-transitive

structure. O]

For similar reasons, many other lattice systems (e.g., triangular lattice, hexagonal
lattice), with the nearest-neighbor interaction, are N -transitive structures.
Our next example of NV-transitive structures features non-nearest-neighbor interac-

tions.

Example 2.13 (A non-nearest-neighbor interaction on Z). Consider S = Z and N'(x) =
{r =2,z —1,z,2+ 1,z + 2} for each x € Z. We claim that (S,N') is an N -transitive

structure.

Proof. We first show that such a structure (Z, N') is a uniformly self-supporting struc-
ture. For each x € Z, we set C'(x) = {x—1,z,z+1}. Each C(z) itself is a self-supporting
set since

|C(z) NN (y)| =3, forevery z €Z and y € C(x).

Setting
R=1 &={C(z):z€Z}, (2.35)

we claim that R and & satisfy (1.5).
First, since x € C(z), we have U,czC(x) = Z. Furthermore, since the metric d(-, -),

introduced in (1.3), satisfies
d(z,y) < |z —y| forevery z,y € Z,

for each = € Z, C(xz) C B(z,1). Lastly, for every =,y € Z with y ¢ C(x), assuming
y > x, then we have y € C(y+ 1) and C(y + 1) N C(z) = 0. (If y < z, then we have
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y€C(y—1)and C(y—1)NC(z) = 0.) Therefore, (Z,N) is a uniformly self-supporting
structure.

We next show that (Z,N) is an N-transitive structure. For every a € Z, let T,
denote the translation Ty, : Z — Z with T,(y) = y + a for every y € Z. Then T, is an
N-automorphism. For every x,y € Z, let a = y — x, then we have T,(z) = y. Since each
C(x) is a set of 3 consecutive integers, for every z,y € Z, there exists some translation
T such that T(C(z)) = C(y), which completes the proof that (S, N) is an N-transitive

structure. ]

We will revisit Example 2.13 in Chapter 3. Our next example is a “defective lattice”:
Example 2.14 is an analog of Example 2.12, with d = 2 and the site (0,0) removed from
72

Example 2.14 (A defective lattice). Set S =72 = 7% — {(0,0)} and

Ni(z) {x £er,x+e} —{(0,0)} forxz=1(0,1),(0,-1),(1,0),(-1,0), (2.36)

{rte,zte} otherwise.
We claim that (S,N') is a uniformly self-supporting structure.

Proof. Recall that Q(x) is introduced in (2.32). In particular, when d = 2, for each

x = (z1,22) € Z2,

Q(z) ={(z1 — L,zo — 1), (z1 — 1, m2), (x1,22 — 1), (x1, 22) }

Setting

C= {(_170)7 (Ov l)a (07 _1)7 (170)7 (_17 1)7 (L 1)7 (17 _1>7 (_L _1)}7
and
R=2 &={Qy):yeZ*-Q(,1)}u{C}, (2.37)

we claim that R and & satisfy (1.5).
First, a little thought reveals that

U 4= (Yyezr—qu1 Q) UC = Z* - {(0,0)}.
Ae&
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Since the metric d(-, -), introduced in (1.3), satisfies

d(z,y) < |lz —yll;

where || - || denotes the L norm on Z?2, we have

Q(y) € B(y,2) for every y € Z* — {(0,0)},
and
C C B(z,4), wherez = (1,1).

Therefore, to show R and &, defined in (2.37), satisfy (1.5), it suffices to show that,

for each z € S and A € & such that « ¢ A, there exists (2.38)
some A’ € &, satisfying x € A’ and A'N A = (. '

There are two possibilities about A: A # C and A =C. If A # C, then A = Q(y)

for some y € S. Consider
max{d(w,y) :w € S and x € Q(w)}, (2.39)

and let z denote the maximizer in (2.39): Since there are only finitely many w with

x € Q(w), such a maximizer always exists. A little thought shows that x € Q(z) and

Q(z)NQy) = 0.

We next assume A = C and x ¢ C. For each y € S, we write
d(y,C) = inf{d(y,w) : w € C}.
Consider
max{d(w,C) :w € S and z € Q(w)}, (2.40)

and let z denote the maximizer in (2.40). A little thought shows that z € Q(z) and
Q(z) N C = . This completes the proof of (2.38), hence implies that (S,N) is a

uniformly self-supporting structure. O

Next, we will provide more examples of defective lattices. Their proofs are similar

to that of Example 2.14, and hence are omitted here.
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Figure 2.1: Examples of elementary self-supporting sets in Example 2.13
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Example 2.15 (More examples of defective lattices). Given G C Z2, consider the
defective lattice where S = Z% — G and

N@)y=Sn{z+e :1<i<d}, foreachuzeS.
We claim (S, N) is uniformly self-supporting in the following three cases.
1. G =1{0,2e1}.
2. G = (nZ)* = {(nz;)L, : 7; €N for every 1 <i < d}, where n € Z satisfies n > 4.
3. For every x #y € G, ||z — y|| > 3, where || - || denotes the L1 norm on Z.

We conclude this section with examples of (S,N) that are not uniformly self-
supporting structures. The structures in Examples 2.16 and 2.17 are not uniformly
self-supporting structures due to the lack of self-supporting sets. In each case, we

briefly illustrate why.

Example 2.16. Consider S = Z% and N'(z) = {x +e; : 1 <i < d} for each x € Z°.
We claim that (S,N) is not a uniformly self-supporting structure.
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Example 2.16 is the “one-sided” version of Example 2.12. A little thought shows

that every finite set A C S does not satisfy (1.4), implying no finite set A C S is

self-supporting. Therefore, (S, ') is not a uniformly self-supporting structure. For

example, consider d = 2 and A = {(0,0),(1,0),(0,1),(1,1)}. It is easy to see that A is

self-supporting in Example 2.12, but not here, since A'(1,1) N A = (), which does not
satisfy (1.4).

Example 2.17. Consider S = Ty, the d-ary tree, (which was introduced in Subsection
1.1.2), with d > 3, and let each N'(x) be the set of all adjacent sites of x. We claim
that (S,N) is not a uniformly self-supporting structure.

We claim that every finite A C Ty, with d > 3, is not self-supporting. For example,
consider d = 3 and A = {z,y,z} C T3, where x denotes an arbitrary site and y # z €

N (z). Since y and z are not adjacent,
[ANN ()| =[ANN(2)| = 1,

implying that A is not self-supporting.

Fix an arbitrary « € S, for every finite A C S, consider
D = max{d(z,y),y € A} (2.41)

where d(-,-) denotes the metric introduced in (1.3), which coincides with the graph
distance in Example 2.17. Since A is finite, the maximum (2.41) exists, and there is
some z € A such that d(z,z) = D. Let 21,29, - ,24 denote d sites in N'(z). A little
thought shows that there exists exactly one 1 < j < d such that d(z;,2) = D — 1, and

d(zi,x) =D+ 1 for every i # j.

It therefore follows from (2.41) that [N (z)NA| < 1, and hence A is not self-supporting.



Chapter 3
Proof of Theorem 1: Ergodicity

Chapter 3 establishes the ergodicity of the majority vote process, defined on a uni-
formly self-supporting structure (S, ), under the assumption that either its 0-noise
intensity or 1-noise intensity is significantly smaller than the other. We first outline this
chapter as follows.

To better illustrate our ideas, we prove, in Section 3.1, a one-dimensional case of
Theorem 1 — S =7 and N(x) = {x — 2,2 — 1,2,z 4+ 1,2 + 2}. We first introduce good
sets, s-paths, and successful s-paths in Subsection 3.1.1. In the proof of the general
case, the notion of good sets will be replaced with elementary self-supporting sets,
which was introduced in Section 1.1. Subsequently, in Subsection 3.1.2, we state, in
Propositions 3.6 and 3.7, important properties of s-paths, upon which the proof of this
special case heavily relies. Lastly, we combine previous results and prove this special
case of Theorem 1 in Subsection 3.1.3. The proof of this simple case encapsulates all
essential ideas for proving Theorem 1 in the general case, and has the merit of avoiding
some combinatorial intricacies. We also note skipping Section 3.1 does not compromise
the completeness of the proof for the general case.

In Section 3.2, we extend this approach to the general case, introducing d-paths,
s-paths, and successful s-paths. We also discuss some of their important properties in
the same section, namely Propositions 3.10, 3.15, and 3.16, which are crucial to our
proof of Theorem 1. The proof of Propositions 3.15 and 3.16 will be delayed until the
end of this chapter.

Section 3.3 presents the proof of Theorem 1, assuming Propositions 3.15 and 3.16.

38



39
We first apply Proposition 2.6 and relate the ergodicity of the majority vote process to
(2.14) for the coupled process {n; }+>0. We next apply Propositions 3.10 and 3.15, which
reduces the proof of (2.14) to that of proving (3.64) and (3.68). The proof of (3.64) and
(3.68) follows from Propositions 3.16, 3.14, Lemma 3.13, and a proper order of choosing
€1, 7 and T. Sections 3.4 and 3.5 are dedicated to proving Propositions 3.15 and 3.16,
respectively.
Section 3.6 presents important applications of Theorem 1. We apply Theorem 1 to
examples introduced in Section 2.5, and derive specific bounds for the corresponding
MVP to be ergodic in different scenarios, including d-dimensional lattices, triangular

lattices, hexagonal lattices, and defective lattices.

3.1 An Illustrative 1-dimensional Example

We set S =7 and N(z) ={z— 2,2 — 1,2,z + 1,2 + 2} throughout this section and
consider the MVP {&;};>( defined on such a structure (S, ). As usual, we let g9 and &1
denote the 0-noise intensity and 1-noise intensity, respectively, where we have assumed
that g9 + 1 < 1. (Otherwise, the majority vote process is not well-defined.) We claim

the following.

Theorem 5. Consider the structure (S,N), where S = Z and N(z) = {& — 2,z —
Lyz,z + 1,2 + 2} for each v € Z. Let {&{}i>0 denote the majority vote process on
(S, N), with ey and 1 denoting its 0-noise intensity and 1-noise intensity, respectively.

For every fized g € (0,1), & 1is ergodic if 1 satisfies
£1 < 2e0/69. (3.1)

We first provide the intuition for our proof of Theorem 5, which the reader should feel
free to skip. Let {n;}+>0 denote the coupled process on Z with the initial configuration
no(z) = (0,1) for all x € Z. (Recall the coupled process was introduced in Definition
2.5.) We will use Proposition 2.7 as the criterion to show the ergodicity of &. For this,

it suffices to show that

lim P(n(x) = (0,1)) =0 forall z € S. (3.2)

t—00
To estimate P(n:(x) = (0,1)), we focus on the rates of “death” and “birth” of (0,1)
sites in 7;. By Definition 2.5, if (x,¢) is a noise point, then n:(x) = (0,0) or (1,1).
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In other words, a noise point (x,t) always “clears” a (0,1) site at . On the other
hand, vote points can “reinstate” a (0, 1) site only under certain scenarios (a necessary
condition for such reinstatement is characterized in Proposition 3.7). Our strategy for
proving Theorem 5 is to show that, when the noise intensities g9 and €1 satisfy (3.1),
the mechanism of reinstating (0, 1) sites is significantly weaker than the one that clears
(0, 1) sites, eventually leading to (3.2).

The remainder of Section 3.1 is dedicated to the proof of Theorem 5 and is struc-
tured as follows: Subsection 3.1.1 introduces terminology and essential tools for the
proof, among which the most important ones are good sets, s-paths, and successful s-
paths. Two important properties of successful s-paths are stated in Subsection 3.1.2,
Propositions 3.6 and 3.7. These propositions are crucial to our proof. Lastly, Subsection

3.1.3 combines all previous results and proves Theorem 5.

3.1.1 Terminology: Good Sets, s-paths and Successful s-paths

Recall that a metric d(-, ) has been introduced in (1.3). A little thought shows that

this metric is equivalent to the Euclidean norm on Z, since
[z —y| < d(z,y) < 2lz—yl.

For simplicity, let d(-,-) denote the Euclidean norm throughout this section. Then, for
every x € Z and r € N, we have B(x,r) = [z — r,x + r] N Z. For each finite A C Z,

consider the event
G(A,t) :={ns(y) = (0,0) for some s € (0,t) and every y € A}. (3.3)

In particular, when A = B(z,r), we let G(x,r,t) denote the event G(A,t). Then, we

claim the following.

Proposition 3.1. For an arbitrary x € Z, r € N and every p € (0,1), there exists some

T > 0, which is determined by ¢ and r, such that
P(G(x,r,t)) <p for everyt >T. (3.4)

Proof. Recall that e(z,t), introduced in (2.4), is the time of the latest event point oc-

curring at x before time t; and Xa(jo), introduced in Definition 2.1, denotes the collection
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of all 0-noise points at x. For every finite A C Z and 0 < s < t, consider the event
B(A,s,r) = {e(y,t) > s, and (y,e(y,t)) € XZSO), for every y € A}. (3.5)
Due to the independence of 0-noise points at distinct sites, we have
P(B(A, s,t)) = (e0(1 — e H))Al. (3.6)

In particular,
P(B(A,i,i+1)) = (eo(1 — e )4l > (g9/2)141, (3.7)

We also note that, since B(A, 4,7+ 1) is determined by the event points occurring in
A during time (i,i + 1), for every i # j € N, B(A,i,i + 1) and B(A,j,j + 1) are
independent.

By Definition 2.5, conditioning on A(A,s,r), we have n,(y) = (0,0) for all y € A.
Letting A = B(x,r), for every m € N, we obtain

m—1

P(Ge(x,r,m)) < P([) B°(Ai,i+ 1)) < (1= (g0/2)* )™ (3.8)
=0

Let m denote the smallest integer satisfying

Inp
" T = /27 ) 39

Then, for every fixed choice of x € Z and r € N, when t > m, it follows from (3.8) and
(3.9) that
P(G(z,7,t)) < P(G(x,r,m)) < (1 — (€0/2)>TH™ < p. (3.10)

We set T =1+1Inp/In(1 — (g9/2)?"*1), which satisfies (3.4), and hence completes the
proof of Proposition 3.1. 0

We next state a necessary condition for n:(z) = (0, 1).

Proposition 3.2. Let {n};>0 denote the coupled process on (Z,N), where N(x) =
{r -2,z —1,z,x+ 1,2 + 2} for all x € Z. Suppose that n,(x) = (0,1) for some x € Z
and t > 0, and that (z,t) is not an event point. Conditioning on {e(x,t) > 0}, the
following holds.

1. (z,e(x,t)) is a vote point.



42
2. There exists some y € N (x) with ne, - (y) = (0,1).

Proof. Since (x,t) is not an event point, it follows from the continuation rule (2.11) that
Ne(z,t) () = mi(z) = (0,1). We first show (z, e(z, 1)) is a vote point: Supposing otherwise,
then (z,e(x,t)) is a noise point. Regardless of which type of noise point (z,e(x,t)) is,
we always have n:(z) # (0,1) by Definition 2.5, which leads to contradictions. Hence
(z,e(xz,t)) is a vote point.

We next prove, by contradiction, that there exists some y € N (x) with ne(m)_(y) =
(0,1). Suppose that 7. 4 (y) # (0, 1) for ally € N (x). Then ne, - (y) € {(0,0),(1,1)}
for all y € N(z). Since (z,e(z,t)) is a vote point, it then follows from (2.5.c) that
Ne(z,t)(x) € {(0,0), (1,1)}, contradicting the assumption that n;(x) = (0,1). This com-
pletes the proof of Proposition 3.2. O

In a nutshell, Proposition 3.2 shows that the event {n:(x) = (0,1)} leads to a vote
point (z,e(z,t)) and a site y € N(z) with ne,n—(y) = (0,1). Recall that we have
assumed that {X;go),Xg(gl), XQ(CQ)}xes are pairwise disjoint. Letting s = e(z,t), then (y, s)
can not be an event point. Therefore Proposition 3.2 applies to {ns(y) = (0,1)}, which
leads to another vote point (y, e(y,s)) and a site z € N'(y) with 7., o—(2) = (0,1). Let
(Yo, s0) = (z,e(z,t)) and (y1,s1) = (v, e(y, s)). We can repeatedly apply Proposition 3.2
to each 7, (yi), and obtain a sequence of event points {(y;, s;)}<_, with s, (y;) = (0, 1).

We formulate this observation in Proposition 3.3.

Proposition 3.3. Let {n}4>0 denote the coupled process on (Z,N'), where N(x) =
{r —2,x—1,z,x+ 1,2+ 2} for all x € Z. Suppose that np(x) = (0,1) for some x € Z
and T > 0, then, there exists, almost surely, a finite sequence of vote points {(xi, ;) }"y,
with (xo,to) = (z,e(x,T)), ; € N(xi—1), ti = e(xi,ti—1) for 1 <i < m, t,, =0, and

satisfying the following:
1. For every 0 < i <m, n,(z;) = (0,1).
2. If x; # wi—1, then my,—(wi—1) # (0,1).

Proof. We use an inductive argument to prove Proposition 3.3. Suppose that (x,t)
is not an event point, since n(x) = (0,1), (zo,t0) is a vote point and n,(zg) = (0, 1).

According to Proposition 3.2, there are two possibilities for n:,— (xo): If 9y, —(zo) = (0,1),
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then we set 1 = xg. Otherwise, there exists some y € AN(zp) with y # zp and
No—(y) = (0,1). In this case, we set 1 = y and t; = e(xy,tp). In either case, it is
straightforward to verify that (zo,%o9) and (x1,¢1) satisfy all conditions in Proposition
3.3.

Suppose that {(z;,t;)}¥_, has been constructed such that it satisfies all conditions
in Proposition 3.3, and has tj, > 0 (if ¢, = 0, {(2,#;)}X_, is the desired sequence), there
are again two possibilities for n;, —(xg): If ny, —(xx) = (0,1), then we set zpy; = xy.
Otherwise, there exists some y € N(xy) such that y # xy and n, —(y) = (0,1). In this
case, we set 11 = y and tp41 = e(xgy1,tr). It is easy to verify that the sequence
{(zi,t;) Y274 still satisfies all conditions in Proposition 3.3.

Since the sequence {tz‘}f:o is strictly decreasing, and each (t;4+1 —t;), 1 < i < k, is
independently exponentially distributed with mean 1, such a construction (until reaching

tm = 0) ends in finite steps almost surely. O

We refer to such a sequence satisfying conditions in Proposition 3.3 as a d-path. We
will revisit this concept in our proof of the general case.

Our next observation pertains to the connection between a (0, 1) site and the oc-
currence of some “nearby” 1-noise points. Suppose that nr(x) = (0,1), and that there
exists some elementary self-supporting set A > x such that n,(y) = (0,0) for all y € A
and some t < T. Then there exists some z € A and ¢’ € (¢,T) such that (z,t') is an 1-
noise point. To see this, if we assume that there is no 1-noise point occurs in A between
t and T, then all sites from A will remain in state (0,0), contradicting the assumption
that nr(x) = (0,1).

For every = € Z, we define C(x) = {x — 1,z,x + 1}. We say a set A is a good set if
A = C(y) for some y € Z, i.e., A consists of 3 consecutive integers.

Recall that #(A, s, t) has been introduced in (3.5). Letting Z(A, s) denote the event
PB(A,0,s), for each good set A, we introduce

ep(A,t) =sup{s < t: AB(A,s) occurs}, (3.11)

and set eg(A,t) = —1 if the supremum in (3.11) is taken over an empty set. In other
words, eg(A,t) traces the latest time s < ¢ when #(A,t) occurs.

We also introduce

ec1(A,t) =sup{s <t:(y,s) € Xél), for some y € A}, (3.12)
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and define e;1(A,t) = 0 if the supremum in (3.12) is taken over an empty set.

For every good set A, we introduce a stochastic process {XY‘)}QO as follows.
(A) 1 lf eB(A, t) S 651 (A, t),
0 otherwise.
We say A is activated at time t if X]EA) = 1. In particular, every good set A is activated
at t = 0.
For each Ay, Ay C 7Z, we set

d(Al,AQ) = 1nf{|x — y‘ T e Al,y S AQ}
We next introduce s-paths and successful s-paths.

Definition 3.4 (s-path). Letl € N denote any positive integer and A;, 0 < i <1, denote
any good set. The sequence {Ai}é:() is an s-path if it satisfies 0 < d(A;—1,A4;) < 3 for
each 1 <g <]|.

Definition 3.5 (Successful s-path). An s-path {A;}._, is successful at time t if there

exists a strictly decreasing sequence {si}ézo, with sg = t, and satisfying the following

conditions.
(8.5.a) For each 0 < i <lI, ng‘i) =1.
(8.5.b) For each 0 < i <1, set
ri = inf{r < s; : XA =1 for all u € (r,s;)}. (3.13)

Then s; > r;—1 for every 1 < i <.
(3.5.¢c) If Ay Aj # 0 for some i < j, then r; > s;j.

We conclude this subsection with the intuition for introducing successful s-paths,
which the reader should feel free to skip. In essence, we want the reader to envision
a successful path as a union of cylinders A; x [r;, s 4+ 4] in spacetime Z x [0, 7], whose
existence is ensured by the event {n;(x) = (0,1)}. Our proof of (3.1) will be structured
around the use of successful s-paths: In Proposition 3.6, we first show that the proba-

bility of a given s-path {Ai}izl being successful decays exponentially as [ — oco. Then,
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in Proposition 3.7, we show that, conditioning on G(0, R,t), there exists a successful
s-path, with a length no shorter than (R —1)/6. The proof of (3.1) then follows from a

union bound (3.26) and choosing R, €1, T" in an appropriate order.

3.1.2 Properties of Successful s-paths

In this subsection, we state two important properties of successful s-paths. We begin
with the probability of a given s-path being successful. Recall that G(A,t) denotes the
event that there exists some s < ¢ such that ns(y) = (0,0) for all y € A. Also,
conditioning on #(A4, s), ns(y) = (0,0) for all y € A.

Proposition 3.6. Let ¢ denote an arbitrary positive integer and consider an s-path
{Ai}e_y. Let E({Ai}i_y,t) denote the event that {A;}i_, is successful at time t. Let A

denote the smallest set of consecutive integers that contains all A; for 0 < i < ¥. Then,

I+1
PEAN 0 DI00) < () (314

Proof. If {A;}_, is successful at time ¢, then {A;}" is also successful at time ¢ for
every h < £, as we can take the exact same choice of s; for every 0 < i < h. We write

the probability on the left side of (3.14) as

LHS of (3.14) = P(E({Ao}, 1)|G(A, 1))

P&
: (3.15)
H E{ A}, DIE{ AN 1), G(A, 1))

We begin by estimating the first term — {Ag} is successful if and only if Ag is
activated at time t. Given the occurrence of #(Ay,s) for some s < ¢, Ay is successful
if and only if at least one 1-noise point occurs before the latest occurrence of Z(Ay, s).
A little thought reveals that

381

P(E(Ao,1)|G(A 1)) < 36, + 20"

(3.16)

We estimate the second term in (3.15). A little thought shows that, conditioning on
E({AZ), ), {Ai}h, is successful at time ¢ if at least one of the following conditions
holds:
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1. A, is activated at time 75,_1.
2. There exists at least one 1-noise point (y,t') for some y € Ay and t' € (rp_1, sp—1)-

Recall that whether Ay, is activated at time r,_1 or not is determined by eg(Ap, 1)
and eg1(Ap,mh—1). It then follows from A, N Ap_1 = 0 (which implies that the event
points in Ap, and Aj,_; are independent) and (3.5.c) that

P(Ay s activated at time r_1|G(A, £), E{ AN, 1)) < —L . (3.17)
3e1 + 2¢9

We estimate the probability that there exists at least one 1-noise point (y, t') for some
y € Ap and t' € (rp_1,8n—1). Note that, since rp_o — 7,1 is exponentially distributed

and sp_1 > rp_9. Therefore

1
P(There is no 1-noise point in Aj during (rp—1,Sp-1)) > 5 (3.18)
1+ 3ef
Combining (3.17) and (3.18), we obtain that
_ 6e1
PE{AY, OIE{AY L 1), G(A 1) < ———. 3.19
(A0 DIEHANT 0,6(4,0) < o2 (319)

Applying the upper bounds in (3.16) and (3.19) to (3.15) completes the proof of Propo-
sition 3.6. ]

Our next proposition shows the existence of at least one successful s-path condition-
ing on {n(x) = (0,1)} and G(0,r,1).

Proposition 3.7. Let {n;}4>0 denote the coupled process on (Z,N'), where N(z) =
{z—-2,z—1,z,x+ 1,242} for allz € Z. Conditioning on {n:(0) = (0,1)} and G(0,r,1)
for some t >0 and r > 2, there exists an s-path {Ai}izo satisfying the following:

1. 0€ Ap and 1 > /6.
2. A; C B(0,r) for each 0 <i <.
3. {A;}_, is successful at time t.

Proof. Conditioning on G(0,r,t), there exists some s < t such that ns(y) = (0,0) for
all y € B(0,r). We first choose a d-path o = {(z;,t;)}",, satisfying Proposition 3.3.
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Letting m = min{j : ¢t; < s}, Proposition 3.3 implies that |z,,| > 7. (Otherwise, it
contradicts the assumption that ns(y) = (0,0) for all y € B(0,7).)
We next construct a sequence of good sets {Ai}ézo recursively, beginning with Ay =
{~1,0,1}.
Setting
k_1=0, ko=min{keN:xy¢ Ao},

We note such a ko always exists since x,, ¢ Ag. We let A; to be any good set satisfying
xk, € A1 and A3 N Ap = 0, noting that such an A; always exists since zy, ¢ Ag. There
are two possibilities for A;: A; € B(0,7) or Ay € B(0,r). If Ay € B(0,r), we will
take the s-path as {Ap}, which has already been proven to be successful at time ¢. If
A; C B(0,7), we continue our construction. Since zy,—1 € Ag and xp, € N(zk,-1),
we have d(Ao, A1) < d(wgo—1,2k,) = 1. Let s1 = tg,. Since ny (2k,) = (0,1), 41 is

activated at time s1. To continue our construction, we set
ki = min{k > ko : z, ¢ A1}

Again, this minimum is ensured not to be taken over an empty set since A; C B(0,r)
and =, ¢ B(0,7).

Suppose that {A;}!Z4 is constructed such that {4;}"= is successful at time t. At
each step when introducing A;, 1 <i < h — 1, we define

ki =min{k > k;_1 : xp & A;i_1}. (3.20)

We next describe how to choose Ay. We first take Ay, for the time being, to be any good
set satisfying zy, , € Ay such that A, N Ap—1 = 0. We also set sp = tg, _,. If multiple

possible Ay, exist, we will prioritize the one(s) that satisfies (3.5.c), if any exists. Since
d(Ah—la Ah) < d(xkhfhivkh,lq) =1,

if follows from Definition 3.4 that {A;}% ; is an s-path.

Next, we determine whether this newly obtained s-path is successful at time ¢. For
simplicity of notation, we set y =z, , and s = tx, ,. Since 5(y) = (0,1) and y € A,
Ap, is activated at sp(= s). It follows from Proposition 3.3 that A1 3 xy, ,—; is also

activated at time s. Hence we have s, > r,_1, implying (3.5.a) and (3.5.b).
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Since we have assumed that {A; ?:_01 is successful at time ¢, and adding an extra
set Ay, does not affect {s;}"= ' and {r;}!=}, hence (3.5.c) still holds for 1 < j < h — 1.
Therefore, if (3.5.c) holds for j = h, the s-path {A;}_ is successful at time ¢, which
completes the inductive step.
If (3.5.¢) is not satisfied for j = h, we need to “trim” the sequence {Ai}?:_ol in the
following way. Let I' denote the set of all i < h such that (3.5.c) does not hold for A;
and Ay, i.e., ;N A, # 0 and r; < sp. Letting

u=min{i:i €I},

then we have
u < h-—1. (3.21)

We now introduce a new s-path {C;}}*, as follows. We set C; = A; for all 0 < i < u, in
other words, we set {C;}% to be the first u + 1 terms of the original s-path {A;}!=.
(Hence {C;}¥, is an s-path.) Let {s/}}, denote the s-sequence of the new s-path
{Ci}¥, and set s} = s; for all 0 < i < u. Setting

k!, = min{k > ky_1 : 7 ¢ Cy}, (3.22)

since z,, ¢ B(0,7), the minimum in (3.22) is not taken over an empty set. If k!, > m,
we complete our construction and 7 = {C;}%, is the desired s-path. We now assume
that k], < m. For simplicity of notation, we let y = x, and s = ¢}, . Since y ¢ C.,
there exists a good set A 5 y such that AN Cy = 0. We set Cy11 = A. In addition, we
set s, = s and

ki1 = min{k > k), : 2 & Cuy1}. (3.23)

We first show that {Ci};‘iol is an s-path, which, in essence, follows from the triangle
inequality. Since (y,s) € o, it follows form Proposition 3.3 that at either d(y, Ay) = 1
or d(y,C,) = 1. If d(y,Cy) = 1, then we have

d(Cyy1,Cy) < d(y,Cy) = 1.
On the other hand, if d(y, Ap) = 1, since A, N C,, # 0, we have

d(Cu+17 Cu) < d(y7Ah) + ’Ah| —-1<3.
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Therefore {C;} is still an s-path.

Since our approach of choosing C, 11 is exactly the same as that of choosing A,
{Ci}i2y satisfies (3.5.a) and (3.5.b). It is worth noting that such a choice of 41 does
not necessarily imply (3.5.c) yet, but ensures k], > kj_1. (This follows from (3.22) and
xk,_, € Ap.) This is a crucial improvement as we have “gone down further” along the
d-path.

If (3.5.c) is satisfied, we will use {C;}“%y as the new {A;}/_{, which completes our
inductive step. If (3.5.c) is not satisfied, we will make the same modification to {C;}i
as was done to {4; ;:&. After each modification, we will obtain a strictly shorter s-
path {C/}*“* !, which follows from (3.21), with a greater or equal k/,, which follows from
(3.23). Since both the old s-path {4;}"~! and the d-path & are of finite lengths, (3.5.c)
will be satisfied after a finite number of such modifications.

Repeating the inductive step until having d(A4;, z,,) < 3. This ensures that each
Ag, 0 < k <[, satisfies Ay C B(0,7). Then, we obtain an s-path 7 = {Ai}ézo, which
is successful at time ¢, with d(x,,, A;) < 3. Since each A; is a set of three consecutive

integers, we have

1
r< o — 0] <34+ (24 d(A;, Aiy)) < 61, (3.24)
i=1
which completes the proof of Proposition 3.7. O

3.1.3 Proof of Theorem 5

This subsection proves Theorem 5. Let & € Z denote an arbitrary site. According
to Proposition 2.6, with = fixed, P(n;(z) = (0,1)) is non-increasing as a function of ¢.
To prove (3.2), it suffices to show that, for every fixed = and every p > 0, there exists

some 7' such that
P(nr(z) = (0,1)) <p. (3.25)

Since (Z,N) is N-transitive, (which was proved in Example 2.13,) P(np(x)) does
not depend on the choice of z. To demonstrate the existence of some T satisfying (3.25)
for each x € Z, it suffices to prove (3.25) for some 7" > 0 and x = 0.

Let A = B(0, R), where the value of R will be specified later. We bound P(np(0) =
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(0,1)) using the union bound:

P(nr(0) = (0,1)) <P(G(A, T)) + P(nr(x) = (0,1)|G(A,T)), (3.26)

where G(A, t) was introduced at the beginning of Subsection 3.1.1. To bound P(nr(0) =
(0,1)) by p, it suffices to bound both terms on the right-hand side of (3.26) by p/2.

We first bound the first term on the right-hand side of (3.26). Proposition 3.1 implies
that there exists a sufficiently large Ty, depending on g and R, such that

P(G°(A, To(e0, R))) < p/2. (3.27)

For fixed g9 € (0,1), p > 0 and R, P(G°(A,T)) can be bounded by p/2 by taking R
sufficiently large.

To obtain an upper bound on the second term on the right-hand side of (3.26), we
apply Propositions 3.6 and 3.7. Conditioning on G(A,T'), Proposition 3.7 implies the
existence of at least one successful s-path {A;}_, with 49 = {~1,0,1} and [ > R/6.

Therefore,

[e'S) i1
P(nr(0) = (0,1)[G(AT) < 3 & (36> | (3.28)

J>R/6 20

where the total number of the s-paths of length j, with Ag = {—1,0,1}, produces the

factor 67, and the second factor follows directly from Proposition 3.6. Therefore,

g Bt+1)/6
Blrr(0) = (0.1) | 6(A.T)) < s,

(3.29)
where g = 36e1/(3¢e1 + 2¢9).

We note that, when gy and € are given, the upper bound in (3.29) does not depend
on T and is determined solely by the choice of R. A little thought reveals that (3.1)
implies ¢ < 1/2. For any fixed values of p, T > 0 and g9 € (0, 1), and &1 taken sufficiently

small so as to satisfy (3.1), it follows that
P(nr(0) = (0,1) [G(A,T)) < p/2,

for R large enough such that

< < g. (3.30)
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We now demonstrate that, for every ¢ € (0, 1), if €7 is small enough to satisfy (3.1),

then, for every p > 0, there exists some T such that P(np(0) = (0,1)) < p, and hence

(3.25) holds, which will complete the proof of Theorem 5. With fixed g9 and p > 0,

we first choose R large enough such that (3.30) holds. It then follows from (3.29) and
(3.30) that, for every T > 0,

Pnr(0) = (0,1) | G(A, T)) <p/2. (3.31)

We next choose T' = Tj such that (3.27) holds. Substituting both terms on the right-
hand side of (3.26) using upper bounds in (3.27) and (3.31), (3.25) follows from (3.26).
This completes the proof Theorem 5.

3.2 d-paths and s-paths

The remainder of this chapter is dedicated to the proof of Theorem 1 for the gen-
eral case. Unless otherwise stated, we assume that (S, ') denotes any uniformly self-
supporting structure. As usual, we let {&}:>0 denote the majority vote process on
(S,N), and gy and &1 denote its 0-noise and 1-noise intensity. We let {n; };>¢ denote the
coupled process, which was introduced in Definition 2.5, with its initial configuration
no(z) = (0,1) for all x € S.

The proof for the general case follows essentially the same idea as that of Section
3.1: We will use Proposition 2.7 as the criterion for proving the ergodicity of &. Since
Proposition 2.7 reduces the proof of the ergodicity of & to that of (2.14) for the coupled
process 1, our proof will also be constructed around the use of 7;. In this section,
we introduce some crucial concepts, such as the d-path and successful s-path, both of
which are defined in terms of 7;. The d-path will be used to construct a successful
s-path, conditioned on {n:(z) = (0,1)}. Since {m:(x) = (0,1)} implies the existence of
at least one successful s-path (see Proposition 3.15), we can bound P(n.(z) = (0,1)) by
summing the probability of a given s-path being successful over all possible s-paths.

We outline this section as follows. We first introduce the d-path in Subsection
3.2.1. In a nutshell, a d-path is a finite sequence of “consecutive” vote points (x;,t;),
1 <i<r,with n,(xz;) = (0,1) for all 1 < ¢ < r. Lemma 3.8 and Proposition 3.10 ensure

the existence of such a sequence, conditioning on {n;(z) = (0,1)}. Moving forward,
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we introduce s-paths in Subsection 3.2.2 — an s-path is a sequence of elementary self-
supporting sets such that every two consecutive ones are non-intersecting, with their
distance bounded by a constant. We next introduce successful s-paths in the same
subsection: whether a given s-path is successful or not is determined by the Poisson
clock {Xg(co) , ngl), Xg)}xe 5. We conclude this section with some important properties of
the successful s-paths in Subsection 3.2.3, with the most crucial ones being Propositions
3.15 and 3.16. Proposition 3.15 gives conditions under which the coupled process will
have a successful s-path of at least a given length. Proposition 3.16 gives an upper bound
on the probability of any given s-path being successful. For readability, the proofs of
Propositions 3.15 and 3.16 are given at the end of this chapter.

3.2.1 Definition and Existence of d-paths

We first state a simple observation about the consequences of n.(z) = (0, 1), which
helps to motivate the introduction of the d-path. Recall that e(z,t), which has been
introduced in (2.4), denotes the time of the latest event point at = before time ¢, and
Xg(go), X;l), and Xi«?) denote the set of 0-noise points, 1-noise points, and vote points,

occurring at x.

Lemma 3.8. Consider the coupled process {n}1>0 on (S,N). Suppose that n(z) =
(0,1) for some x € S and t > 0, with e(z,t) > 0, and assume that (z,t) is not an event
point. Then the following holds.

(3.8.a) (z,e(z,t)) is a vote point.
(8.8.b) There exists some y € N(x) U{x} such that ne,—(y) = (0,1).

Proof. For simplicity of notation, let s = e(x,t). Since it is assumed that (x,t) is not
an event point, then e(z,t) < t. We first prove (3.8.a) by contradiction. Supposing
otherwise, then (z,s) € xPuxV. o (z,8) € Xg(go), then ns(z) = (0,0); whereas if
(x,s) € X;S;l), then ns(z) = (1,1). In either case, the continuation rule (2.5) implies that
ne(z) # (0,1), contradicting the assumption.

We next prove (3.8.b) by contradiction. Setting ng = |[N(z)|, and letting ngg, no1
and n1; denote the numbers of y € N (z)U{x} such that ns_(y) = (0,0), ns—(y) = (0, 1),
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ns—(y) = (1,1), a little thought reveals that ns(x) = (0, 1) implies that

noo + no1 > ng/2, no1 + N1 > n0/2. (3.32)

Since ngg + ng1 + n11 = no, for both inequalities in (3.32) to hold, either ng; > 0, or
npo = n11 = ng/2. Since the former already implies that there exists some y € N (z)
such that 7e(,)—(y) = (0,1), to prove (3.8.b), it suffices to show 7, )—(x) = (0,1) if
noo = m11 = no/2. Supposing otherwise, then 7., )—(x) = (0,0) or (1,1). In either
case, it follows from noy = n11 = no/2 and (2.5.c) that n,(x) # (0,1). This completes
the proof of Lemma 3.8. 0

In summary, for each n(x) = (0,1), (3.8.a) ensures the latest event point at z is a
vote point, and (3.8.b) implies that there exists some y € N(z) U{z} with 1. - (y) =
(0,1). This leads to the introduction of the d-path, similar to that in Section 3.1.

Definition 3.9 (d-path). For a given x € S and t > 0, a d-path starting at (z,t) is
a finite sequence of event points {(z;,t;)}i,, with (zo,t0) = (z,e(x,t)), such that the
following hold:

(3.9.a) For every 1 <i<m, x; € N(x;—1) U{xi—1}, and t; = e(x;,t;—1).
(3.9.b) For every 0 <i<m—1, (z;,t;) € Xg(f) and n, (x;) = (0,1).
(3.9.c) For every 1 <i<m, if x; # x;_1, then n,_,—(x;—1) # (0,1).

In Figure 3.1, we present a diagram for an example of the d-path, where S = Z and
N(z)={z -2,z — 1,2+ 1,2 + 2}, for each x € Z. We briefly explain the existence of
such a sequence conditioned on {n:(z) = (0,1)} — the first two conditions (3.9.a) and
(3.9.b) are natural consequences of Lemma 3.8; whereas the last condition (3.9.c) can
be achieved by “not diverting the d-path” as long as (3.9.a) and (3.9.b) hold for the
same x. Our next Proposition formulates this idea and proves the almost sure existence

of such a finite d-path, conditioned on {n.(z) = (0,1)}.

Proposition 3.10. Consider the coupled process {ni}i>0 on (S,N). Suppose that
n(x) = (0,1) for some x € S and t > 0. Then there exist almost surely some m € N
and a d-path {(x;,t;)}i", with (zo,t0) = (z,e(x,t)) and t, = 0.



Figure 3.1: An example of a d-path
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1 | 1 | | | | 1 | 1
1 | 1 | | | | 1 | 1
t N U O | N |
1 | 1 | 1 | 1
1 | 1 | 1 | 1
1 | 1 | 1 | 1
1 | 1 | 1 | 1
to F-4-—--—-+r--------+ 1= === il B el
1 | 1 | | 1 | 1
1 | 1 | | 1 | 1
1 F-Lt--—--L-—-—l I o1 _L__
1 1 | | | 1 | 1
1 1 | | | 1 | 1
1 1 | | | 1 | 1
tg F-4-———+-———-—-- i
1 1 | | 1 | 1
1 1 | | 1 | 1
1 1 | | 1 | 1
1 1 | | 1 | 1
1 1 | | 1 | 1
1 1 | | 1 | 1
t3 F-+4---- i | ) E
1 1 | | | 1 | 1
1 1 | | | 1 | 1
1 1 | | | 1 | 1
1 1 | | | 1 | 1
tg F-t1--——--®---—----—~ | === —4—-——-fF----|m--—d- - - —t—-—-—-—pF—-
1 | 1 | | | | 1 | 1
1 | 1 | | | | 1 | 1

-6 -5 -4 -3 =2 -1 0 1 2 3

A (segment of) d-path o = {(xi,ti)}?zo is displayed: For each 1 <i <4, z; € N(x;-1)

and t; = e(x;,t;—1). Each event point (x;,t;) € o, for 0 < i < 4, is a vote point.

Proof. We will construct {(z;,t;)}I", recursively to prove Proposition 3.10. Since event
points are determined by Poisson point processes, (x,t) is not an event point with
probability 1. Assuming that (z,t) is not an event point, Lemma 3.8 then applies.
Letting to = e(z,t), it follows from the continuation rule (2.11) and (3.8.a) that n, (z¢) =
(0,1) and (xo,tp) is a vote point. Now there are two possibilities for n,,_(xg): If
Nto—(0) = (0,1), we set 1 = xo. Otherwise, it follows from (3.8.b) that there exists
some y € N (o) with n,—(y) = (0,1). We then set 21 = y and t; = e(x1,tg). It is easy
to verify that (xo,to) and (z1,11) satisfy (3.9.a), (3.9.b), and (3.9.c).

Suppose that {(z;,t;)}%_, are constructed to satisfy (3.9.a), (3.9.b), (3.9.c), and
ty > 0 (If t), = 0, {(z4,;)}F_, is the desired d-path). There are again two possibilities
for my,—(xg): If my—(xr) = (0,1), we set xx41 = xp; Otherwise, Lemma 3.8 applies
and there exists some y € N (xy) with n, _(y) = (0,1). We then set zx41 = y and
tk+1 = e(Tgy1,tx). It is easy to verify that the sequence {(xz,tz)}fiol still satisfies
(3.9.a), (3.9.b), and (3.9.c).
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We next show that m is almost surely finite. Recall that {Xg(co),Xg(gl),ng)}ze 5 1s
determined by an independent family of Poisson point processes. Therefore, t; — t;11,
0 <i < m—2, is a family of independent random variables, with each t; — ¢;41,
0 < i < m — 2, exponentially distributed, with E(t; — ¢t;+1) = 1. When m is fixed,
> 02(t — ti+1) is Gamma distributed, with its shape parameter m — 1 and scale

parameter 1. Since

m—1 m—2
= Z(ti_ti—i—l > Z ti —tiz1),
=0 i=0

for every t > 0 and M € N,

M—2
P(m > M) ZO tip1) < t) = W (3.33)

where (s, x) is the lower incomplete Gamma function

xX
’y(s,x):/ t5le~t dt.
0

With ¢ fixed, it follows from (3.33) that P(m > M) — 0 as M — oo, hence m is almost
surely finite. O

3.2.2 Terminology: s-paths and Successful s-paths

This subsection introduces two crucial concepts for the proof of Theorems 1 and 2,
namely the s-path and successful s-path.

Recall that, for a given uniformly self-supporting structure (S, N'), there exist a
constant R > 0 and a set & of self-supporting sets, satisfying (1.5), and also that every
A € & is an elementary self-supporting set. In the remainder of this chapter, we fix a
choice of R and & satisfying (1.5).

Recall a metric d(-,-) on elements z,y € S was introduced at the beginning of

Subsection 1.1.1. We extend the definition of d(-,-) to all sets A;, Ay C S as follows.
d(Al, Ag) = inf{d(wl, .’Eg) tx1 € Ay, a0 € AQ} (334)

We note that, since d(-, -) only takes integer-values, and d(x1,x2) > 0 for every x,z9 €
S, for each Aj, As C S, the infimum in (3.34) can be attained by some 27 € A; and
T9 € As.

We next introduce the s-path.
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Figure 3.2: An example of an s-path

1 1 |
1 1 |
t - —— - — 3 -
I I I
I I I
I I I
I I I
to = ==g====1 BRI
I I I
I I I
T
tl 1 1 |
1 1 |
1 1 |
to e
I I I
I I I
I I I
I I I
I I I
¢ I I I
T
3 1 1 |
1 1 |
1 1 |
I I I
t4 e B Bl e
I I I
1 1 |

A (segment of) an s-path 7 = {4;}?_, around the d-path o, which was presented in Fig-
ure 3.1, is displayed: Here, Ay ={0,1,2}, A; = {-3,-2,—1}, and Ay = {—6,—5,—4}.

Definition 3.11 (s-path). A finite sequence of elementary self-supporting sets T =
{Ai} is an s-path if, for every 1 < i < m, Ai_1 NA; =0, and d(A;, Ai—1) < 2R,

where R is the same constant as in (1.5).

We note that an s-path 7 = {4;}" is a deterministic sequence of elementary self-
supporting sets and does not rely on the realization of the Poisson clock, unlike d-paths.
In Figure 3.2, we present an example of an s-path 7, structured around the d-path o
given in Figure 3.1.

To introduce the successful s-paths, we first introduce the following notation. For a

finite A C S and 0 < s < r, consider the event
B(A,s,r):={e(y,r) > s, and (y,e(y,r)) € XZSO) for every y € A}. (3.35)

In particular, for every finite A C S and t > 0, we let #(A, t) denote the event #(A,0,1).
In other words, %(A,t) denotes the event that (y,e(y,t)) is a 0-noise point for every
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y € A. It follows from Definition 2.5 that, conditioning on #(A,t), n:(y) = (0,0) for
every y € A.
We next define

ep(A,t) =sup{s < t:AB(A,s) occurs}, (3.36)
and set eg(A,t) = —1 if the supremum in (3.36) is taken over an empty set. We also
define

ee1 =sup{s <t:(y,s) € XZSI) for some y € A}, (3.37)

and set e.; = 0 if the supremum in (3.37) is taken over an empty set. We also set
ec(A,t) = max{ep(A,t),ex1(A,t)}. (3.38)

For every elementary self-supporting set A, we introduce a stochastic process { XEA) H>o0

as follows.

1 ife 1(A,t) >€B(A,t),
X = ) (3.39)
0 otherwise.

For each elementary self-supporting set A C S, we say A is activated at time ¢ if
(4)

X; =~ = 1. We also say an elementary self-supporting set A is activated at time ¢t— if
Y =1, where i = lim,, x{.

We next introduce the successful s-path.

Definition 3.12. Let 7 = {A;}", denote an s-path. We say T is successful at time t if

there exists a non-increasing sequence {s;}7~, with sy = t, such that the following hold:
(8.12.a) For every 0 <i <m, A; is activated at time s;.

(3.12.b) Setting
r; = inf{t < s; : A; is activated during (t, s;)}, (3.40)

for every 0 < i < m, then s; > r;_1 for every 1 <i <m.
(3.12.c) Whenever A; N A;j # 0 for some i < j, we have r; > s;.

We will refer to {s;}, and {r;}!", as the s-sequence and r-sequence of T, respec-

tively.
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3.2.3 Properties of s-paths

In this subsection, we state some important properties of the s-paths and successful
s-paths. As usual, (S,N) denotes a uniformly self-supporting structure, and = € S
denotes an arbitrary site.

We begin with a combinatorial estimate for the number of s-paths {4;}!", with a

fixed length m and satisfying = € A;.

Lemma 3.13. Let © € S denote an arbitrary site and N(x,j) denote the number of
s-paths {Ai}gzl with x € A1. Then there exists some constant Cy, not depending on x,
such that

N(z,j) < C’é, for every x € S. (3.41)

Proof. We first estimate the number of all possible elementary self-supporting sets A; 3
x. Setting
E={Ae€ & :xe A}, (3.42)

we claim that
)2R

|| < 23D (3.43)

where K is the constant such that [N (z)| < K for every x € S. To see (3.43), we first
note that, for every A € &,, there exists some y € S such that A C B(y, R). Then it
follows from the triangle inequality that A C B(x,2R). Therefore, (3.43) follows from
the simple inequality that

2R
|B(z,2R)| <1+ Y (K — 1)) < 3(K —1)*", (3.44)
j=1
Hence, there are no more than 23K ~D* Qifferent ways of choosing Aj.

Suppose that {Ai}fz_ll has already been chosen and satisfies 0 < d(A4;, 4;—1) < 2R
for every 2 < i < k — 1. We first estimate the number of all possible Ay, such that
0 < d(Ag—1,A%) < 2R.

By (1.5), every elementary self-supporting set A C B(y, R) for some y € S. It
follows from the triangle inequality that, for every A € &,

A C B(z,2R) for every z € A. (3.45)
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Since d(Ag_1, Ax) < 2R, there exist some w € A;_1 and u € Ay, such that

d(w,u) = d(Ag—1, Ar) < 2R. (3.46)
We claim the number of all possible A does not exceed
Co=3(K — 1)B . 3(K —1)2R . 93(K-1)*" (3.47)

where K is a constant such that |N(z)] < K for every x € S. To see this, we first
note that, since Ay_; has already been chosen, there are no more than |Ag_1| different
ways of choosing w € Aj_1 to satisfy (3.46). Since Ap_1 C B(y, R) for some y € S,
|Ak—1| < |B(y, R)|. Moreover, we have

R—1
|B(y,R)| <1+ K Y (K —1)" <3(K — 1), (3.48)
=0

which gives the first factor in (3.47).

After choosing w, we choose u to satisfy (3.46). Since d(w,u) < 2R, we have
u € B(w,2R). Hence, there is no more than |B(w,2R)| different ways of choosing
u, which contributes to the second factor in (3.47). After choosing u, (3.45) and the
triangle inequality implies that A, C B(u,2R). Hence, there are at most 23K —1)*F
different ways of choosing Ay, which is the third factor in (3.47). This completes the

proof of Lemma 3.13. O

For each z € S, we define its self-supporting support as

v(z)= | 4, (3.49)

Aeéy

where &, was introduced in (3.42). For each finite A C S, we define its self-supporting

closure as

A= ] w(x). (3.50)

€A

It is easy to verify that, for every finite A C S, A is finite, satisfies

Ac | B.2R),
yeA

and is self-supporting.
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Let B(x,r) denote the self-supporting closure of B(xz,r), and let G(z,,t) denote the
event that there exists some 0 < s < t such that 7,(y) = (0,0), for all y € B(z,r). Our
next proposition shows that, for a fixed r € N, {P(G(x,r,t))}ses converges uniformly

tol ast — oo.

Proposition 3.14. For an arbitrary r € N and § € (0,1), there exists some T =
T(6,7r,e0) > 0 such that

P(G(x,r t)) >0, foreveryx €S andt>T. (3.51)

Proof. Since G(z,r,s) implies G(x,r,t) for every s < t, for fixed x and r, P(G(x,r,t)) is

increasing as a function of t. To prove (3.51), it suffices to prove
P(G(z,r,T)) <1—46, foreveryz € S. (3.52)

Since B(x,r) is the self-supporting closure of B(x,r), we have B(z,r) C B(z,r+2R),

and

|B(xz,7)| < 3(K — 1) T2, (3.53)
To simplify notation, we set A = B(x,r), and consider the event
B(A,s,r):={e(y,r) > s and (y,e(y,t)) € XZSO) for all y € A}. (3.54)
Due to the independence of 0-noise points at distinct sites,
P(B(A,s,1)) = (e0(1 — e )AL (3.55)
In particular, it follows from (3.53) that
P(B(A,i,i+1)) = (e0(1 — e N > (g9/2)4), (3.56)
where u(r) = 3(K — 1)"+2%,
Since #(A,i,i+ 1) implies G(z, 7,7+ 1) for every i € N,

m—1
P(G(x,7,m)) < P( () 2°(Ai,i+ 1)) < (1= (g0/2)")ym, (3.57)
=0

Let m denote the smallest integer satisfying

In(1—94)
In(1 — (e0/2)")

m >

(3.58)



61
Then, for every fixed r € N, it follows from (3.57) and (3.58) that

P(G°(x,r,m)) <1—146, foreveryz e S. (3.59)
This completes the proof of Proposition 3.14. O

We conclude this section with the most crucial properties of successful s-path, namely
Propositions 3.15 and 3.16. In a nutshell, Proposition 3.15 shows that, conditioning on
{ni(x) = (0,1)} NG(x,r,t), there exists at least one s-path {A;}", with Ag > x, which
is successful at time ¢t and has a length that is bounded from below by a constant fraction

of r. For better readability, we delay the proof of Proposition 3.15 until Section 3.4.

Proposition 3.15. Let x € S denote an arbitrary site. For everyt > 0 and r € N with
r > bR, conditioning on {n.(x) = (0,1)} NG(x,r,t), there exists an s-path {A;}7* that
is successful at time t, with x € Ay, A; C B(x,r) for each 0 < i < m, and m > r/(4R).

We next state Proposition 3.16, whose proof will be delayed until Section 3.5. Propo-
sition 3.16 gives an upper bound on the probability of a given s-path of length [ being
successful at time t. Moreover, the upper bound given in Proposition 3.16 does not

depend on ¢.

Proposition 3.16. Let x € S denote an arbitrary site and r,m € N denote two positive
integers. Consider an s-path T = {A;}, with Ag > x and A; C B(x,r) for each
0 <i<m. Let E(7,t) denote the event that T is successful at time t. Then
2\
P(E(T,t) | G(z,7,t)) < (1—1—6]) , (3.60)
where q¢ = 2e0/3(K — 1)%e;.

3.3 Proof of Theorem 1 Assuming Propositions 3.15, 3.16

This section states the proof of Theorem 1 assuming Propositions 3.15 and 3.16.
We consider the majority vote process {&;}+>0 on a uniformly self-supporting structure
(S, ). Recall that there exists a constant K such that [N (z)| < K for every z € S.
As usual, we let g9 and &1 denote its O-noise and 1-noise intensities, and assume that g

and e satisfy
260

<
L= 3K - 1)RACy — 1)

(3.61)
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where R is the constant satisfying (1.5) and Cj is the constant introduced in Lemma
3.13, which does not depend on £y and £;. We note that, for given g € (0,1), &1 can
always be taken small enough to satisfy (3.61). In the remainder of this subsection, we
prove that & is ergodic whenever (3.61) is satisfied.

We will use Proposition 2.7 to prove the ergodicity of &, which asserts that, for &
to be ergodic, it suffices for (2.14) to hold for the coupled process {n;}+>0.

For a fixed x € S, the probability P(n.(xz) = (0,1)) is non-increasing as a function
of t. To show (2.14), it suffices to show that, for each given x € S and p € (0, 1), there

exists some T' > ( such that,
P(nr(z) = (0,1)) <p. (3.62)
For this, we will employ the union bound
P(nr(x) = (0,1)) <P(G(z,r,T)) + P(nr(z) = (0,1) | G(z, 7, T)), (3.63)

where G(x,r,T) was introduced in Proposition 3.15, and r € N will be determined later.
To bound the first term on the right-hand side of (3.63), we apply Proposition 3.14:

For any given ¢¢, €1 and r, we can choose Ty > 0 large enough such that
P(G(z,7,T)) < g for each x € S and T' > Tj. (3.64)

In particular, we can choose Ty large enough such that

In(1 - p/2)
In(1 — (c9/2)3 (K17 F

Then (3.64) follows directly from (3.57).
To obtain an upper bound on the second term on the right-hand side of (3.63),

T > +1. (3.65)

we apply Propositions 3.15, 3.16 and Lemma 3.13. First, conditioning on G(z,r,T),
Proposition 3.15 implies that there exists at least one s-path 7 = {A4;}._,, with 2 € A
and [ > r/4R, such that 7 is successful at time T'. The following holds after applying a

simple union-bound:
P(nr(z) = (0,1) | G(z,7,T)) < Y PE(T,T) | G(z,7,T)), (3.66)

where the summation in (3.66) is taken over all s-paths o satisfying the conditions given
in Proposition 3.15, and £(7,t) denotes the event that the s-path 7 is successful at time

t.
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We next rewrite the summation in (3.66) by first summing over all path 7 of the

same length, then summing over all possible lengths [, satisfying [ > r/4R. Letting (1)
denotes the set of all s-path {4;}\_, with z € Ay, then, it follows from (3.66) that

P(nr(z) = (0,1) | G(z,r, T)) Z > PETT) | G(x,1,T)), (3.67)

I=|r/AR| T€X(1)

where |z] denotes the largest integer not exceeding z. Furthermore, it follows from
Lemma 3.13 that
=) < G,

where C(y was introduced in (3.47). On the other hand, Proposition 3.16 implies that,
for an s-path 7 whose length is [ + 1,

2

+1
P(E(r,t) | G(x,r,T) < <1+q> ,

where ¢ = 2¢0/3(K — 1)®e;. Combining these two estimates, it follows from (3.67) that

P(nr(z) = (0,1)|G(z, 7, T)) Z CH(———), (3.68)

1+q
Jj=lo

where lp = |r/4R|. We note that, when ¢y and £; are given, the upper bound in (3.68)
does not depend on the choice of T' and is determined by r. When ¢y and e; satisfy
(3.61), 2Cy/(1 4 q) < 1/2. We can choose r large enough such that

00 ) i r/4R
S ) <o () <
, 1+g¢ 1+gq

Jj=lo

TR

(3.69)

We next demonstrate that, for every 9 € (0,1) and p € (0, 1), if ¢; satisfies (4.21),
then, for every p > 0, there exists some T, such that (3.62) holds for every x € S. For
this, we need to choose r, T" as follows. We first choose r large enough such that (3.69)
holds. We next choose T' > Tj, which is given in (3.65) and depends on p, 7, g and €.
This implies (3.64). Then, it follows from the union bound (3.63) that

P(nr(x) = (0,1)) <P(G(z,r,T)) + P(nr(z) = (0,1) [ |G(x, 7, T)) <

This completes the proof of Theorem 1.
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3.4 Proof of Proposition 3.15

This section gives the long proof of Proposition 3.15. As usual, throughout this
section, (S,N') denotes a uniformly self-supporting structure. Recall that there is a
fixed constant R > 0 and a collection of self-supporting sets &, such that R and &
satisfy (1.5). Also, recall every A € £ is an elementary self-supporting set, and each &,
denotes the collection of elementary self-supporting sets A 3 x.

We let {n;}+>0 denote the coupled process on (S, N), with its initial configuration
no(z) = (0,1) for every z € S. Recall that G(x,r,t) denotes the event that there exists
some 0 < s < t such that 7,(y) = (0,0) for all y € B(x,r), where B(z,r) is the self-
supporting closure of B(xz,r), and B(x,r) denotes the r-radius ball, centered at x, with
respect to the distance d(-,-), which was introduced in (1.3).

Proposition 3.15 states that, for each r > 5R, if one conditions on {n;(z) = (0,1)} N
G(x,r,t), then there exists an s-path 7 = {A4;}7, with m > /4R, x € Ay, and with

A; C B(z,r) for each 0 < i <m, (3.70)

that is successful at time t¢.

To prove Proposition 3.15, we first choose any d-path o = {(xi,ti)}ij\io satisfying
Proposition 3.10, and then construct a successful s-path “around” o¢. The proof is
divided into the following three parts — we first prove that, for each x € S and t > 0
with n:(z) = (0,1), every elementary self-supporting set A > x is activated at time
t. This is done in Lemma 3.17. Since every event point (y,s) € o has ns(y) = (0,1),
each d-path o leads to a collection of elementary self-supporting sets, each of which is
activated at a time ¢;. Next, among these elementary self-supporting sets, we choose
appropriate ones to form an s-path 7 = {4;}" that is successful at time ¢. Lastly, we
show this successful s-path also satisfies (3.70) and m > r/4R.

We begin with Lemma 3.17.

Lemma 3.17. Let A denote an elementary self-supporting set and x denote a site

x € A. Conditioning on {n:(z) = (0,1)}, A is activated at time t.

Proof. We prove Lemma 3.17 by contradictions. Supposing otherwise, then we have
u=-ep(A,t) > e (A,t). It then follows from (3.35) and (3.36) that

y,e(y,u)) € X9 for each y € A. 3.71
(y,e(y,u) € Xy
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Since 1 satisfies the continuation rule (2.11), (3.71) implies that 7, (y) = (0,0) for every
yeSs.

Since e1(A,t) < u, every event point (y,s) with y € A and u < s < ¢ is either a
0-noise point or a vote point. Then, a little thought shows that 7;(y) = (0,0) for every
y € A. This contradicts the assumption that 7;(x) = (0, 1), hence completing the proof
of Lemma 3.17. O

We next fix a d-path o = {(2;,#;)}}, satisfying Proposition 3.10, and find the
smallest m/ such that z,, ¢ B(z,r).

Construction of ¢ and m’

Conditioning on {n:(x) = (0,1)}, Proposition 3.10 implies that there exists a d-path
o = {(z;,t;)}M,, with (x0,%9) = (x,e(x,t)) and tp; = 0, satisfying (3.9.a), (3.9.b), and
(3.9.c). Conditioning on G(z,r,t), there exists some s € (0,t) such that ns(y) = (0,0)
for all y € B(x,r). Since {t;}, is strictly decreasing, there exists some w € N such

that t,41 < s < ty. A little thought shows that (3.9.b) implies that

US(warl) = Mtws1 (warl) = (O> 1)'
Since n,(y) = (0,0) for every y € B(x,r), 2wyl ¢ B(x,r). Setting
m' =min{j : z; ¢ B(z,7)}, (3.72)

then, the minimum in (3.72) is not taken over an empty set. Moreover, the minimality
of m’ ensures that

x; € B(z,r) for every 0 <i<m' —1. (3.73)

With such a d-path ¢ and m’ chosen, in the remainder of this section, we will first
construct an s-path 7 = {4;}", around this o, with the value of m to be determined
later. After choosing 7, we prove that 7 satisfies Proposition 3.15. The s-path 7 will
be constructed recursively, beginning with Ay and A;. We will introduce an auxiliary

sequence {k;};—_1, with k_; = 0 — the value of k; is determined after choosing each A;.
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Construction of Ag and A,

We begin with the construction of Ag. Recall that £, was introduced in (3.42), with

&, # 0 for every z € S. According to the triangle inequality, for each z € S and every
Aeé&,,

A C B(z,2R) C B(z,2R). (3.74)

Conditioning on {n;(x) = (0,1)}, it follows from Lemma 3.17 that every elementary
self-supporting set A 3 x is activated at time ¢. Setting Ay to be any A € &, and sg = ¢,
then Ay is activated at time sg. With sg = ¢, ro is defined, by (3.40), as

ro = inf{u < t : Ap is activated during (u,t)}. (3.75)

Since x € B(z,r) and Ay € &, Ay C B(x,r).

In addition to Ag and s, we also define
ko = min{k € N: x ¢ Ao}

Such a kg always exists since z,,y ¢ B(x,r) and Ay C B(z, R). Since

Ay C B(x,2R) C B(z,7),
and
d(xk’o—laxk’o) = 17

a little thought shows that kg < m’. (We note that the sequence {k;}7"Y will be
constructed along with the construction of {4;}, and {s;}".)

We proceed to choose A;. To simplify notation, we let

Y = Ty, Sztko‘

Since y ¢ A, by (1.5), there exists some A" € &, such that Ag N A" = 0. We set
Ay = A’ Since y ¢ Ap and xp,—1 € Ay,

0< d(A(],Al) < d(xko,xko_l) =1.

Therefore the sequence {Ai}il:o forms an s-path. Lastly, we set s; = s.
We next verify this s-path {Ag, A1} is successful at time ¢t. For this, it suffices to
verify that (3.12.a), (3.12.b) and (3.12.c) hold for i = 0, 1.
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Since (2ko, th,) € o, (3.9.b) implies that n, (zx,) = (0,1). Hence, it follows from
Lemma 3.17 that A; is activated at time s; = t,. Therefore, (3.12.a) is satisfied for
i = 1. Since we have already demonstrated that Ag is activated at so = t, (3.12.a) is
satisfied for ¢ = 0, 1.

For every (x;,t;) € o, (3.9.b) implies that n, (z;) = (0,1). For every 0 < j < ko,
since n, (z;) = (0,1), and x; € Ay, it follows from Lemma 3.17 that A is activated
during [t1,¢] and hence 79 < s1, which implies (3.12.b).

Since AgN Ay = 0, (3.12.¢) is automatically satisfied. This completes the proof that
{A;}L is successful at time ¢.

After choosing A;, we set
k1 = min{k > ko : zf ¢ A1}

This completes the initial step of our construction.
Suppose that an s-path {Ai}é;é is constructed to satisfy (3.12.a), (3.12.b), and
(3.12.c). Also, after choosing each A;, we set

ki = min{k > ki1 :xp ¢ Ai—1} for0<i<[—1. (3.76)

Then, {kz}i;lf1 C N is a strictly increasing sequence. If k) > m/ for some h € N, where
m’ was defined in (3.72), then {A;}?_ is our desired s-path. Hence we can assume that
ki <m/ foreach 0 <3 <] —1.

We summarize the procedure of selecting A; as follows. We first choose a temporary
Ay, using a similar approach when choosing A;. After choosing this temporary A,
we verify if the sequence {Ai}lizo is successful at time ¢. Since the way we choose
this temporary A; ensures (3.12.a) and (3.12.b), we focus on whether or not (3.12.c) is
satisfied for j = [. If {Ai}ézo is successful at time ¢, then this inductive step is completed
and we proceed to choose A;1. Whereas, if {4;}l_; is not successful at time ¢ due to
the violation of (3.12.c) for j = I, then we will “trim” {A;}!=} into a shorter s-path.
Moreover, the way we trim {Ai}i;(l) ensures the shortened sequence “utilizes” more sites
in 0. Since {A;}'Z} and o are of finite lengths, such a modification of {4;}}_, can be
done only finitely many times. We then show that, after finitely many times of such

modifications, we will obtain a successful s-path.
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Construction of “temporary” A; given {A; ﬁ;é

We next demonstrate how to choose A4;. Again, for simplicity of notation, we set
y=xy,_, and s = t,_,. Since y ¢ A;_;, according to (1.5), there exists some A’ € &,
such that A’ NA;_1 =0. Weset A = A’, s; = s, and

k; = min{k > kj_1 : z & A}
We first verify that {4;}._, is an s-path. Since y € N'(zy,_,—1), according to (3.9.a),
dy,zg,_,-1) = 1.
Since xp,_,—1 € Aj_1, and A’ N A1 =0,
0<d(A', A1) <d(y,zp,_,-1) = 1.

Therefore {A;}._, is an s-path.

Since we did not make any changes to the choice of s; and A; for 0 < i <[ —1,
(3.12.a) and (3.12.b) still hold for 0 < i < [ — 1. We next verify that (3.12.a) and
(3.12.b) hold for i = I.

Since n5(y) = (0,1), and y € A;, Lemma 3.17 implies that A; is activated at time
s; = s. Therefore (3.12.a) holds for i = [.

It follows from the minimal property (3.76) that

zj € Ay forevery kj_g <j <k —1. (3.77)

For every ki < j < ki1 — 1, since n;,(z;) = (0,1), it follows from Lemma 3.17 that

A;_q is activated during time [t;_o,%;—1]. Therefore,
thy_, = 81> 11,

which implies (3.12.b) for i = [.
Now, if A; and s; satisfy (3.12.c), then we can conclude that {A4;}!_ is successful at
time ¢, which completes this step of choosing A;. But, if (3.12.¢) is violated, we need to

“trim” the sequence {Ai}i;(l) as follows.
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Modification of {A4; i;é

Since {A;}/Z} has been constructed to satisfy (3.12.c), the only possible value of j
for which (3.12.c) might not hold is j = I. Let I' denote the set of all ¢ < I such that
(3.12.¢) does not hold for A; and Ay, i.e.,

F:{i:0§i<l,AiﬂAl7é®,Ti<Sl}, (3.78)

and set
u=min{i:i €}

We introduce another s-path {C’i};iol by setting C; = A; for every 0 < i < u. Let
{si}, denote the s-sequence of the new s-path {Ci};-‘;rol, and set s; = s; for every
0 < i < u. Since {C;}% is the first u + 1 terms of the original s-path {A;}\=}, a little
thought shows that {C;};", is a successful s-path at time ¢.

We proceed to choose Cy11, using a similar approach when choosing A;: We set
K, = min{k > k;_1 : 2 ¢ Cu}, (3.79)

where k;_; is defined by (3.76). Since we have assumed that z,, ¢ B(z,r) and m/ >
k;—1, the minimum in (3.79) is not taken over an empty set. If k/, > m/, then we have
completed our construction and 7 = {C;}! is the desired s-path. Assuming k], < m/,

for simplicity of notation, we write
z = l’k&, h = tk&'

Since z ¢ C,, there exists some A” € &,, such that A" N C, = 0. We set Cypy1 = A",
Sy.1 = h, and
Kl 1 = min{k > k], : x & Cuy1}. (3.80)

We first show that {C; ;2“01 is an s-path. To see this, we need to discuss the following
two possibilities for k], and k;_q: If y = xy, |, ¢ C,, (this is possible since C,, was selected
before y), then k!, = k;_1, and hence y = z. In this case, since y € A; and A;NC, # 0,

it follows from the triangle inequality that

d(Cuy1,Cy) < d(y,2') < 2R, (3.81)
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where 2’ € S denotes a site satisfying 2’ € A; N C,. On the other hand, if y € C,,, then
z # y, and hence xy, 1 € C,. Therefore,

d(0u+1, Cu) < d(z,a:k;,l) =1. (3.82)

In either case, (3.81) and (3.82) imply that {C;}*%4 is an s-path.
We next show that {C;}“fy satisfies (3.12.a) and (3.12.b). For this, it suffices to
show that (3.12.a) and (3.12.b) hold for ¢ = w+ 1, since {C;}}* is successful at time ¢.
Since (z,h) € o, Proposition 3.10 implies that 7,(z) = (0,1). Then, according to
Lemma 3.17, Cy41 is activated at time h = s;, 1, which implies (3.12.a) for i = u + 1.
To show (3.12.b) holds for i = u+ 1, we discuss the same two possibilities as before:
If y ¢ Cy, then

y=z h=s=s.

Since we have assumed that r,, < s; in (3.78),
Su+l1 = h=5>1y,

which implies (3.12.b) for ¢ = u + 1.
On the other hand, if y € Cy, then

z 7é Y, k:;, > ki—1.

It therefore follows from the minimal property (3.79) that z # xp _1, 2 € Cyy1 and
rgr 1 € Cy. According to Proposition 3.10, for every ko < j < ki1 — 1, g, () =
(0,1). Hence, it follows from Lemma 3.71 that r, < h, which implies that (3.12.b) holds
for i =u+1.

Such a choice of Cy 41 does not necessarily imply (3.12.c) yet, but ensures k!, > k;_1,
and u < [ — 1. If (3.12.c) is satisfied for j = u + 1, then {C;}4} is successful at time
t, which completes our inductive step. Whereas if (3.12.c) is not satisfied, we will make
the same modification to {C;}%_, as was done to {4;}'Z} in this subsection. After each
modification, we will obtain a strictly shorter s-path {C/ ;”;61, with a greater or equal
k.,. Since both the s-path and o are of finite length, and (3.12.c) always holds when
the s-path has length 2, (which is proved in the previous subsection, after choosing A4;),

(3.12.c) will be satisfied after a finite number of such modifications.
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Proof of (3.70) and m > r/4R

We repeat this inductive step until k,, > m’. Then, we obtain an s-path 7 = {4;}7,
which is successful at time ¢, with d(z,,/, 4;) < R.

We verify that 7 satisfies (3.70), which follows directly from the construction itself:
Since each k;, 0 < i < m — 1, satisfies k; < m/; and A; € Exki for every 0 < ¢ < m, it
follows from (3.49) and (3.50) that each A; C B(z, 7).

We next prove m > r/4R. Since d(z,,, 4;) < R, we have

r+ R < d(zp,z) <m(2R+ 2R), (3.83)

where the first inequality in (3.83) follows from (3.9.a), and the second inequality follows
from the fact that d(A4;_1, A;) < 2R for each 1 < i < m. Then the inequality m > r/4R
follows immediately from (3.83). This completes the proof of Proposition 3.15.

3.5 Proof of Proposition 3.16

This section proves Proposition 3.16. Recall that an s-path {4;}!" is successful at
time ¢ if there exists a non-increasing s-sequence {s;};", with so = ¢, satisfying (3.12.a),
(3.12.b) and (3.12.c).

We outline the proof of Proposition 3.16 as follows. First, in Proposition 3.18, we
develop some crucial properties of XEA). In particular, we derive, as a direct result
of Proposition 3.18, an upper bound (3.92) on the probability of an elementary self-
supporting set being activated at any given time ¢t. We then, in Subsection 3.5.1, reduce
the proof of Proposition 3.16 to that of (3.96). For this, we rewrite the probability for
a given s-path to be successful as a product (3.94), and estimate each factor of that
product separately. Lastly, we prove (3.96) in Subsection 3.5.2.

Recall that an elementary self-supporting set A is activated at time ¢t if X,EA) =1,
or equivalently, if e.1(A,t) > ep(A,t), where e, (A,t) and ep(A,t) were introduced in
(3.37) and (3.36). Proposition 3.18 states some important properties of XEA).
Proposition 3.18. Let A, A1, Ay € £ denote any elementary self-supporting sets, and

{XEA)}tZO; {X§A1)}t20; and {XgAQ)}tZO be defined in (3.39). Then the following hold.
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(1) For each elementary self-supporting set A C S and t > 0,

A
P = 1]en(4, 1) > 0) < — A

_ .84
- ’A’El + 2e¢ (3 8 )

(2) If Ay N Ay =0, then Xff‘l) and XgAZ) are independent for every s,t > 0.

Proof. Recall that ecq(z,t) denotes the last 1-noise point occurring at = before time t.
We set

Z = max{es1(y,t) 1 y € A} (3.85)
Conditioning on Uyeca{e:1(y,t) # 0}, t — Z is exponentially distributed with rate |A|e;.
Let %(A,s,t) be defined in (3.54). Then, for every fixed s € (0,t), conditioning on
{e(4,t) > 0, Z = s}, {XEA) = 1} occurs if and only if #(A,s,t) does not occur.
Therefore,

P(x\Y = 1]ep(A,t) >0) = /0 tIP’(%”(A, 2t) |ep(A,t) >0, Z = 2) 550

nepe "1 (=2) gz,

where n = |A|. Conditioning on {Z = s}, #(A,s,t) is determined by 0-noise points in
A between during time (s, t), as there is no 1-noise point in A during (s,t). Let eco(x,t)

denote the latest O-noise point occurring at x before time t, i.e.,
eco(x,t) =sup{s < t: (x,s) € X0}, (3.87)
where the supremum in (3.87) is set to be 0 if taken over an empty set. Then
P(%°(A, z,t) | ep(At) > 0,Z = 2) =1 — (1 — e~0lt=2))n, (3.88)
Combining (3.86) and (3.88), we obtain
P(x\Y = 1]es(4,t) > 0) = /0 t nepe "1 (0=2)(1 — (1 — g0 (=2)y) g (3.89)
Setting 5 = nej/ep, we integrate the right-hand side of (3.89) and obtain

1
P(x\Y = 1lep(4,t) > 0) < neoal/ (1—u™)(1 — )" du
0 (3.90)

p
< — — B 1,2
> 2"‘6 neper (n+ ’ +/8)7
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! 2% 1(1—2)"~! dx denotes the real-valued Beta function of the Euler

0
integral. To see (3.90), the first inequality follows from the substitution u = 1—e0(t=2)

where B(u,v) =

and the second inequality follows directly from the definition of Beta function and
€0,€1 < 1.

Since the Beta function B(u,v) is positive, the desired bound (3.84) follows directly
from (3.90).

We next prove (2). Set

F(A ) =F{(y,5) e XV NXPUXP 1y Adand s <t}), (3.91)

where % (X) denotes the o-field generated by random points in X. Then it follows from
the proof of (1) that

M =1y e FAnLy, W™ =1} e F(4n1).

Since A1 N Ay = 0, {x\*}120 and {x{**'};¢ are independent. O

3.5.1 Demonstration of Proposition 3.16

We will prove (3.60) with an inductive argument.

Since (S,N) is a uniformly self-supporting structure, according to (1.5), each ele-
mentary self-supporting set A € £ satisfies A C B(y, R) for some y € S. Then, as a
direct consequence of Proposition 3.18, it follows from (3.84) that, for each elementary
self-supporting set A C S,

o
2+«

PO =1]ep(A,1)>0) < -, (3.92)

where a = 3(K — 1)Fe; /0.

When k& = 0, the s-path 7 consists of only one elementary self-supporting set Ay,
(3.12.b) and (3.12.c) are therefore automatically satisfied. Letting 7 = {Ag}, it follows
from (3.92) that

P(E({Ao},t) | G(x,7, 1) = (™ = 1[G (2, 1)) < =

. 3.93
T 24« ( )

Let 7; = {Ai}gzo for 1 < j < k. We claim that if £(7,t) holds, then £(7;,t) holds

for every [ > j. To see this, suppose that 7; is successful at time ¢. By Definition 3.12,
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there exists an s-sequence {s;}._,, satisfying (3.12.a), (3.12.b) and (3.12.c). Using the
same choice of s; for each 0 < ¢ < j, in the case of 75, (3.12.a), (3.12.b), and (3.12.c)
will still hold for 7;, implying that 7; is also successful at time ¢. Hence, we may write

P(&(r,t)) as a product as follows.
k
P(E(T,t)) =P(E({ Ao}, t) | G(z,7,1)) H (Th,t) | E(Th—1,t),G(x,7,1)). (3.94)

Since (3.93) already gives an upper bound on P(£({A4o},t) | G(x,r,t)), we only need
to derive an upper bound on the second term in (3.94).

Conditioning on £(73,_1, t), there exists a sequence {si}?:_ol satisfying (3.12.a), (3.12.b)
and (3.12.c). (The r-sequence {r;}"~4 is also given by (3.40).) For 7, to be successful

at time ¢, it suffices that, for some s;, € (1,1, s,-1), the following hold.
1. Ay is activated at sy,.
2. s, < i for every 0 <i < h—1 with A; N Ay, # 0.

For simplicity, we let #H(s) denote the event that s < r; for every j < h — 1 with
AiNA; #0.

There are two possibilities for such an sj, to exist — either there exists some 1-noise
point (y,u) with y € Ay, and u € (rp_1,8p-1), Or ng,?fz =1. Welet Z(rp_1, Sn—1) denote
the event that there exists some 1-noise point (y,u), with y € Ay and u € (rp—1, Sp-1)-
Then,

P(E(Th,t) | E(Ther, 1), G (2,7, 1)) < P(Z(rp—1, sn—1) NH(s) | E(Th_1,t),G(x,7,1))
+P({x“") (rj_1) = 1} N H(raz1) | E(Thet, 1), G (z, 7, t)).

We claim that the first term on the right-hand side of (3.95) satisfies the following:

(3.95)

(07

P(Z(rp—1,sn—1) NH(s) | E(Th-1,1),G(x, 1, t)) < Y

(3.96)

We will leave the proof of (3.96) until the end of this section.

We next estimate the second term on the right-hand side of (3.95). Since rp_1 <7}
for all j such that A; N A; # 0, X,(f:fz is independent of £(7,_1,t). It therefore follows
from (3.92) that

a
a+2°

P (r-1) = 1} N H(rae1) | €(n1, 1), G (w7, 8)) < (3.97)
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Combining (3.96) and (3.97), we obtain

2c
a+2

P(E(Tht) | E(Th-1,1),G(x,7,1)) < (3.98)

With (3.98), the inequality (3.60) then follows from (3.93) and (3.94), which completes
the proof of Proposition 3.16. O

3.5.2 Proof of (3.96)

Since u < r; for all j such that A; N A; # 0, the 1-noise point (y,u) is independent
of E(1p_1,t). Since Ap_1 N AR =0, (rh—1 — Sp—1) is independent of .#(y,u). Therefore,

P(Z(rp—1,5n-1) NH(S) | Sho1 — Th_1 = v) = |Ap|ere 14nlErY, (3.99)

since the 1-noise point in Ay, is Poisson distributed with rate |Ap|e;.

From the definition of r;,_1 (3.40), r,_1 is the first time when a 1-noise point occurs in
Ap_q after eg(Ap—1,Sp—1). Let K denote the number of 1-noise points in Ay_; during
time (ep(Ap—1,5h-1),Sh—1), it follows from Proposition 3.18 that K is geometrically
distributed, with

P(K =i|E(th_1,t),G(x,mt)) = ¢ (1 —q1), (3.100)

[An_1le1
|Ah_1‘£1+2€0 :

that Ap_; is activated at time sj,_1, which is implied by £(75,—1,1).

where ¢ < We note that the power 7 — 1 in (3.100) follows from the fact

Conditioning on K = k, (sp_1 — rp—1) is the sum of k£ independent and exponen-
tially distributed random variables, each of which has a mean |Aj_1|e;. Therefore,
(Sh—1 — rp—1) is Gamma distributed, with the shape parameter k£ and the rate param-
eter |Ap—1le1. In other words, the conditional density of (s;—1 — rp—1) can be written

as

fsr(v | E(Th-1,t),G(x,7,1)) Zq (1= q1) frk,|ap_y)en) (), (3.101)

where fr(x,a,_,|e;)(v) is the probability density function of a Gamma distribution with

the shape parameter k and rate parameter |A,_1leq, i.e.,

frap (@) = Fﬂ(:)xaleﬁx. (3.102)
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Combining (3.99) and (3.101), we obtain

P(Z(rp-1,sn-1) NH(s) | E(Th-1,1),G(x,7,1))

00 oo
, 1
—|A -1
S/U OlAh|€1e RS " (= 1) frgeapa ) (0) do < 1520’

- k=1

where the last inequality follows |Aj,_1| < 3(K —1)%. This completes the proof of (3.96),

and hence completes the proof of Proposition 3.16.

3.6 Applications of Theorem 1 — Lattices and Defective

Lattices

In this section, we apply Theorem 1 to different examples of (S, ) introduced in
Section 2.5, and derive corresponding conditions under which the majority vote process
on these (S,N) is ergodic. These examples include d-dimensional lattices Z? (Corol-
lary 3.19), 2-dimensional hexagonal lattices (Corollary 3.20), 2-dimensional triangular
lattices (Corollary 3.21) and defective lattices (Corollary 3.22).

We begin with the UMVP on S = Z¢ and N (z) = {x + e; : 1 <i < d}, where e;

denotes the ith standard basis vector. We claim the following.

Corollary 3.19. Consider the UMVP {&}i>0 on 72, with 0-noise intensity eo and
1-noise intensity 1. For every eg € (0,1), & is ergodic if e1 € (0,1) satisfies

€0

< . 1
L= odi(g 137 ) (3103)

Proof. Recall that we demonstrated, in Example 2.12, that (S, ) is uniformly self-
supporting with R = 2. Since all elementary self-supporting sets are d-hypercubes of
side length 1, a little thought shows that Cy = 13% satisfies (3.41), and q = g¢/(2% &)
satisfies (3.60). It then follows from (3.64), (3.68), and (3.69) that & is ergodic under
the assumption (3.103). This completes the proof of Corollary 3.19. O

In particular, when S = Z?2, the bound in (3.103) follows from

€0
1350°

£ < (3.104)
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Figure 3.3: Hexagonal and triangular lattices

CNONNENININA
8502 g
T

A hexagonal lattice, where each y € S has 3 sites in N (y), (for example, N(z) =
{z1,29,23}), and a triangular lattice, where each y € S has 6 sites in N/ (y) are displayed.

Also, when S = Z3, the bound in (3.103) follows from

€0
35148°

£ < (3.105)

Our next corollary pertains to the UMVP defined on the 2-dimensional hexagonal

lattice.

Corollary 3.20. Let (S,N) denote the hexagonal lattice with nearest-neighbor interac-
tions; here, IN(z)| = 3 (see Figure 3.3). Consider the corresponding UMVP on (S,N)
{&}i>0, with 0-noise intensity €g and 1-noise intensity €1. For every ey € (0,1), & is
ergodic if e1 € (0,1) satisfies

o < 260
Y639 1)

(3.106)
Proof. To prove Corollary 3.20, we first show the structure (S,N\) is uniformly self-
supporting. For every y € S, there are 3 “unit hexagons” that have y as a vertex. For
example, in Figure 3.3, let A; denote the hexagon that has x, x1, z2 as its vertices, let
Ao denote the hexagon that has x, x1, x3 as its vertices and let A3 denote the hexagon

that has x, zo, x3 as its vertices. Then A;, As and Aj are self-supporting. A little
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thought shows that, if we take & to be the collection of all such hexagons, & and R = 3
satisfy (1.5). Hence, (S, ) is a uniformly self-supporting structure.

We next prove the UMVP on (S,N) is ergodic when ¢y and £; satisfy (3.106).
Since all elementary self-supporting sets are hexagons of side length 1, a little thought
shows that Cp = 39 satisfies (3.41) in Lemma 3.13, and ¢ = &0/(3¢1) satisfies (3.60) in
Proposition 3.16. It then follows from (3.64), (3.68), and (3.69) that & is ergodic under
the assumption (3.106). This completes the proof of Corollary 3.20. O

Our next corollary discusses the UMVP defined on a 2-dimensional triangular lattice.

Corollary 3.21. Let (S,N) denote the triangular lattice with the nearest-neighbor in-
teractions; here, IN'(x)| = 6 for each x € S (see Figure 3.3). Consider the corresponding
magority vote process {&}i>0, with 0-noise intensity g and 1-noise intensity €1. For
every eg € (0,1), & 1is ergodic if e1 € (0,1) satisfies
2¢e
€1 < 5(46730—1)
The following proof of Corollary 3.21 adopts the same strategy as the proof of
Corollary 3.20, which the reader should feel free to skip.

(3.107)

Proof. To prove Corollary 3.21, we first show such a (S, N) is a uniformly self-supporting
structure. We then verify that (3.61) is satisfied under the assumption (3.107).

We first show the structure (S, ) is uniformly self-supporting. For each y € S,
there are 6 “unit triangles” that have y as a vertex. For example, in Figure 3.3, 6
unit triangles containing z are T;, 1 < ¢ < 6. Every three adjacent unit triangles, (for
example, T1, Ty, and T3), form a “unit trapezoid”. A little thought shows that we can
take & as the collection of all such trapezoids. Then (S, ) is uniformly self-supporting
with R = 3.

We next prove the UMVP on (S, ) is ergodic when ¢ and ¢; satisfy (3.107). Since
all elementary self-supporting sets are trapezoids, each of which consists of 5 sites, a
little thought shows that Cy = 63 satisfies (3.41) in Lemma 3.13, and ¢ = 2g¢/(5¢1)
satisfies (3.60) in Proposition 3.16. It then follows from (3.64), (3.68), and (3.69) that &
is ergodic under the assumption (3.107). This completes the proof of Corollary 3.21. [

Our next Corollary concerns the UMVP defined on 2-dimensional defective lattice
S =72 =172 —-{(0,0)}, which is introduce in Example 2.14.



79
Corollary 3.22. Let S =72 =7% - {(0,0)} and

N(z) = {r e, z+e}—{(0,0)} forz=1(0,1),(0,-1),(1,0),(-1,0), (3.108)

{rte,zrtey} otherwise.
Consider the corresponding UMVP {& }+>0, with 0-noise intensity 9 and 1-noise inten-
sity e1. For every eg € (0,1), {&} is ergodic if 1 € (0,1) satisfies

€0 N €0
(4-152 —1) 3596

€1 < 1 (3.109)

Proof. Recall that, in Example 2.14, we have proved this (S,N) is uniformly self-
supporting, with R = 4. Moreover, we have demonstrated that each x has at most
4 elementary self-supporting sets A > z. Therefore, Cy = 152 satisfies (3.41) in Lemma
3.13, and ¢ = eo/(4e1) satisfies (3.60) in Proposition 3.16. It then follows from (3.64),
(3.68), and (3.69) that & is ergodic under the assumption (3.109). This completes the
proof of Corollary 3.22. 0



Chapter 4

Proof of Theorem 2: Rate of

Convergence

This chapter considers N -transitive structures (S, V') and their corresponding ma-
jority vote processes {&: }+>0. As usual, we let €9 and €1 denote the 0-noise and 1-noise
intensities. In addition, we assume that £y and &7 satisfy (3.61), which we assumed to
prove Theorem 1, i.e., & converges to its unique equilibrium v from any initial distri-
bution. This chapter proves that, under further assumptions on eg, 1, and (S,N), &
converges exponentially quickly to v, starting from any initial distribution.

The structure of this chapter is as follows. As usual, we let {n:};>0 denote the
coupled process, introduced in Definition 2.5, with initial configuration n:(x) = (0,1),
for all z € S. By Proposition 2.9, to prove (1.6), it suffices to prove its 1, analog, namely
(2.22).

Proving (2.22) requires a more intricate use of the s-path under the A-transitive
assumption. To do so, in Section 4.1, we investigate additional properties of N-transitive
structures (S, NV'), and introduce the total lifetime of a successful s-path. We next prove
that, for m;(x) = (0, 1), there exists an s-path 7 that is successful at time ¢, with a total
lifetime U(7,t) > t. This is done in Proposition 4.1 and Corollary 4.4. Proposition 4.1
is the N -transitive version of Proposition 3.15. The proof of Proposition 4.1 will be
delayed until Section 4.3. We next derive an upper bound on the conditional density

of U(r,t), conditioned on the event that 7 is successful at time ¢, which is done in

80
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Proposition 4.5.
By Applying Proposition 4.1, Corollary 4.4, and Proposition 4.5, we prove Theorem
2 in Section 4.2. The proof of Proposition 4.1 is given in Section 4.3, which completes
the proof of Theorem 2.
This chapter concludes with some applications of Theorem 2: In Section 4.4, we
study examples discussed in Section 2.5, and derive the corresponding conditions under

which & converges exponentially quickly to its unique equilibrium.

4.1 N-Transitivity and Total Lifetime

This section presents the preparatory work for the proof of Theorem 2. Subsection
4.1.1 discusses key properties of A-transitive structures (S, ) that are used in the
proof. We develop the stronger “A-transitive versions” of Propositions 3.15 and 3.16,
which are presented as Propositions 4.1 and 4.2, respectively.

We first highlight some key differences between Propositions 3.15 and 4.2 and their
N-transitive versions. In Proposition 4.1, we will construct an s-path, which consists of
“congruent” elementary self-supporting sets, around a d-path {(z;, ti)}ﬁlo with ¢,,, = 0.
Unlike in Proposition 3.15, where the construction terminates once the newly added
elementary self-supporting set is close enough to the boundary of B (z,7), the construc-
tion in Proposition 4.1 terminates when a newly added elementary self-supporting set
has been activated since the initial time. Using this, Proposition 4.2, which is the N/-
transitive version of Proposition 3.16, develops the probability for such an s-path being
successful.

Subsection 4.1.2 introduces the total lifetime of a successful s-path and explores its
essential properties. The simple Corollary 4.4 points out that each successful s-path
satisfying Proposition 4.1 has its total lifetime strictly greater than t. We conclude
this section with Proposition 4.5, which provides an upper bound on the conditional
density for the total lifetime. We point out that, although the definition of the total
lifetime does not rely on the N -transitive assumption, Proposition 4.5 is only valid for

N-transitive structure (S, ), and plays a crucial role in the proof of Theorem 2.
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4.1.1 Properties of N-transitive Structures

Recall that, for an N-transitive structure (S,N), there exist a constant R and a
family of self-supporting sets &, satisfying (1.5), with each A, A’ € & satisfying |A| =
|A’|. Throughout this chapter, we fix such a family & and let k = |A] for every A € &.

We begin with the A/-transitive version of Proposition 3.15. Recall that each suc-
cessful s-path 7 = {A4;}", is associated with an s-sequence {s;}!", and an r-sequence
{ri}™, given in Definition 3.12, and that r; denotes the last time, before s;, when A;

is not activated.

Proposition 4.1. Consider an N -transitive structure (S,N') and the majority vote
process {& >0 defined on (S,N'). Let {n:}+>0 denote the corresponding coupled process
with initial configuration no(xz) = (0,1), for every x € S. Suppose that i (x) = (0,1)
for some x € S and t > 0. Then, for some m € N, there exists an s-path T = {A;}1",
with x € Ay, that is successful at time t, and for which r.,, = 0, and r; > 0, for each

0<1<m-—1.

Proposition 4.1 is the N-transitive analog of Proposition 3.15. Hence, our strategy
for proving Proposition 4.1 is analogous to that of Proposition 3.15. Recall that, in
the proof of Proposition 3.15, we first identified a d-path o = {IL‘i,ti}?io, satisfying
Proposition 3.10, with (zg,t9) = (z,e(z,t)) and ¢, = 0. We next constructed an s-path
recursively “around” this d-path o. To adapt this strategy to the proof of Proposition
4.1, noting that the only extra requirement for this s-path in Proposition 4.1 is r; > 0
for every 0 < ¢ < m and r,, = 0, it will suffice for us to make a slight modification
regarding the terminating condition for our construction.

Recall that, in the proof of Proposition 3.15, the construction of the s-path {4;}",
terminates when we find an event point (z;,%;) € o, with x; ¢ B(x,r). In contrast, in
the proof of Proposition 4.1, since we now no longer require the s-path to be contained
in B(z,r), it will suffice for us to terminate our construction when finding an elementary
self-supporting set A,,, with r,, = 0. Other than this, the proof of Proposition 4.1 is
similar to that of Proposition 3.15. For readability, we defer the proof of Proposition
4.1 until the end of this chapter.

We next develop the N-transitive version of Proposition 3.16. Recall that, for every

self-supporting set A C S, eg(A, t) was introduced in (3.36). For an s-path 7 = {4;}1",,
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with m > 1, and arbitrary ¢ > 0, we set

R/ (1,t) = {r; > 0 for every 0 < i < m}. (4.1)

We note that, since 7;, 0 < ¢ < m, is only defined for an s-path that is successful at

time ¢, R'(7,t) is only well-defined for these s-paths. For this reason, we introduce
R(7,t) =R (1,t) N E(T, 1), (4.2)

where £(7,t) denotes the event that 7 is successful at time ¢. Then R(7,t) is well-defined

for every s-path 7 and every ¢t > 0.

Proposition 4.2. Consider an N -transitive structure (S,N') and an s-path = {A;}1",,

with m > 1. Then "
PR < (1) (43)

where ¢ = 2e0/(ke1), and k denotes the cardinality of every elementary self-supporting
set A;.

1+4+g¢

Our proof of Proposition 4.2 employs an inductive argument that is similar to that
of Proposition 3.16. The differences between the proofs of Propositions 3.16 and 4.2
are as follows. In Proposition 3.16, the probability in (3.60) is conditioned on G(z,,1t),
which enables us to apply Proposition 3.71. In contrast, in the proof of Proposition 4.2,
to apply Proposition 3.71, we need to show that R(7,t) implies {ep(A4;,s;) > 0} for
every 0 < < m.

Proof. We will prove (4.3) by an inductive argument: We first write the probability
P(R(7,t)) as a product (4.4), and next estimate each factor of this product by applying
Proposition 3.17.

Let 7; = {Ai}gzo for each 0 < j < m. As in the proof of Proposition 3.16, if R(7,t)
holds, then R(7;,t) holds for every 1 < j <. We can therefore write P(R(7,t)) as the

following product.

P(R(7,t)) = P(R(r0.1)) - | [ P(R(7, 1) | R(h1,1))- (4.4)
h=1

We next estimate each factor separately.
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We begin with P(R(7,t)): Since ro > 0 implies eg(Ao,t) > 0, Proposition 3.17

follows, and so we obtain

(Ag) o 1
< — < = — .
P(R(70,t)) < P(x; 1,ep(Ag,t) > 0) < ot2 11q (4.5)

where the last equation follows from the definition of q.

We next derive an upper bound on each factor of the product on the right-hand side
of (4.4). Conditioning on R(7,—1,t), Th—1 is successful at time ¢, and hence there exists
a sequence {s;}!') satisfying (3.12.a), (3.12.b) and (3.12.c). Moreover, the r-sequence
{ri}I=4 are also given by (3.40). Therefore, R(,,t) holds if and only if there exists
some sp, € (rp_1,8h—1), such that the following hold.

1. Ay, is activated at sy,
2. sp <1y, for every 0 <i < h —1 with A; N Ay, # 0.
3. ep(Ap, sp) > 0. (This is equivalent to ry > 0.)

For simplicity, we let H(s) denote the event that s < r; for every 0 < j < h — 1 such
that A, N Aj # 0. Recall that Z(rj_1, sp—1) denotes the event that there exists some
1-noise point (y,u) with y € Ay and u € (rp_1,s,-1). A little thought shows

P(R(Th, t) | 'R(Th,h t)) S P(I(T‘h,h Shfl) N 7‘[(8) ’ R(Thfl, t))

(4.6)
=+ P({X(Ah)(rhfl) = 1, SB(Ah, T'hfl) > 0} N H(Thfl) ‘ R(Thfl,t)).

(Since (4.6) follows from the same reasoning as (3.95), we omit its proof here.)
We next estimate the two terms on the right-hand side of (4.6). We can bound the
first term using the same approach as that of (3.96), and obtain

1
P(I(’I“h_l, Sh—l) N 7‘[(8) | R(Th_l,t)) < m (4.7)
We next bound the second term by applying Proposition 3.18. Since 75,1 < r; for all
J such that 4; N A; # 0, X%ﬁ% is independent of R(7,_1,t). It therefore follows from

(3.92) that

P({x“) (rh_1) = 1,ep(Ap, 7h—1) > 0} N H(rp—1) | R(Th_1, 1)) < 1iq (4.8)
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Combining (4.7) and (4.8), we obtain

2

PR(mh: 1) | R(Tn-1,1)) < 77

, forevery 1 <h<m. (4.9)

Since (4.9) provides an upper bound on each factor of the product on the right-
hand side of (4.4), (4.3) then follows from (4.5) and (4.9). This completes the proof of
Proposition 4.2. O

4.1.2 Total Lifetime and its Properties

This subsection introduces the total lifetime for a successful s-path 7 = {A4;}7",
which will serve as an important tool for the proof of Theorem 2. We develop an upper
bound on the conditional density of the total lifetime, in Proposition 4.5, which will

play a significant role in establishing the exponential rate of convergence of &.

Definition 4.3 (Total Lifetime). Consider an s-path 7 = {A;}7", that is successful at
time t. Let {s;}I", and {r;}!", denote its s-sequence and r-sequence. We define the
total lifetime of T at time t by

m

U(r,t) = (si —1i). (4.10)

1=0

Our next corollary is a direct consequence of the definition of the total lifetime.

Corollary 4.4. Let 7 = {A;}7", denote an s-path that is successful at time t, with
rm = 0. Then
U(r,t) >t (4.11)

Proof. Recall that, for an s-path 7 that is successful at time ¢, (3.12.b) implies that

s; > ri_1 for 1 < i < m. Therefore,

U(r,1) —80—m+z —n>t—m+znl ry) =t. (4.12)
=1

This completes the proof of Corollary 4.4. 0

Before stating Proposition 4.5, we will first recall some notation and previous results.

For a given N-transitive structure (S, ), there exists a collection of self-supporting sets
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&, satisfying (1.5), such that every A € & has the same cardinality. (We refer to each
A € & as an elementary self-supporting set.) We let k& denote the cardinality of A.

For given m > 1 and an s-path 7 = {4;}", recall that £(7,t), (which depends on
m,t and the sequence {A;}!"), denotes the event that 7 is successful at time ¢, and
that R(7,t), (which depends on m,t and the r-sequence {r;}!"), denotes the event that
T = {A;}", is successful at time ¢, and satisfies that r; > 0, for each 0 < i < m. For
every s-path 7 = {A;}™,, we set T(7) = {A;}",', denoting the s-sequence obtained by
removing Ag from 7.

Proposition 4.1 states that, conditioning on {n:(x) = (0,1)}, there exists an s-
path 7 = {A;}[", that is successful at time t, and satisfies 7; > 0, for every 0 <
i < m, and 7, = 0. Conditioning on £(7,t), the total lifetime U(7,t) is the sum
of K independent and exponentially distributed random variables, with K a random
integer independent of these exponentially distributed random variables, and whose
(conditional) distribution does not depend on ¢. Therefore, U(7,t) admits a conditional
density. Our next proposition, Proposition 4.5, gives an upper bound on the conditional
density of U(t,t), conditioned on E(7,t) N R(T(7),1).

Proposition 4.5. Consider an N -transitive structure (S,N') and the corresponding
magority vote process {&: }i>0. Let €9 and €1 denote the 0-noise and 1-noise intensities.
Let 7 = {A;}%, denote an s-path, with m > 1, and |A;| = k, for every 0 < i < m.
Then, for every u > 0, the following holds almost surely:

dP(U(r,t) € (0,u) lz i(T, HOAR(T(.Y) _ k(?:?’z;le_gslku/g

(4.13)

To prove the exponential convergence of &, we require a sharper estimate of P(n;(z) =
(0,1)) than what was established in the proof of Theorem 1 (for example, (3.64) and
(3.68)). For this, we will use Proposition 4.5, which relies on the assumption that each
elementary self-supporting set has the same cardinality. It enables us to establish a
sharper estimate for the event {U(7,t) > t} and hence the exponential convergence rate
of &. This is where the proof of Theorem 2 deviates from that of Theorem 1. We

conclude this section with the proof of Proposition 4.5.
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4.1.3 Proof of Proposition 4.5

Let 7 = {A;}", denote an s-path that is successful at time ¢, which satisfies r; > 0,
for every 0 < i <m — 1, and 7, = 0. Recall that, in the proof of Proposition 3.16, we
have already demonstrated that each s; — r; is the sum of at least one independent and
exponentially distributed random variables, with mean £1d. Suppose that each s; —r; is
the sum of K;, 0 <i < m, independent and exponentially distributed random variables.
Then, conditioning on £(7,t)NR(T(7),t), { K}, is a family of i.i.d. random variables,

each having a probability mass function
P(K; = ki | R(T(7),t)) = p" Y1 —p), fork;=1,2,---, (4.14)

where p = key/(ke; + 2¢p). Our next lemma gives the probability mass function of
Zyio K.

Lemma 4.6. Consider i.i.d. geometric distributed random variables X;, 1 < i < n,

each of which has the probability mass function

where g € (0,1) is a fized constant. Letting Y =Y ;" | X;, then'Y has probability mass

function
k—1

P(Y =k) = <n B 1> (1—q)"¢" ™, fork=nn+1,---. (4.16)

Proof. Since we can interpret the geometric distributed random variable as the number
of independent Bernoulli trials required to get one failure (with probability 1 — p), the
sum of n independent geometric distributed random variable can be interpreted as the
number of independent Bernoulli trials it takes to get the nth failure. When Y = k,
except for the k-th trial being a failure, there are n — 1 failures among the first £ — 1

trails, which produces the factor (ﬁj) O

Recall that, by Definition 4.3, U(r,t) = Y i ,(s; — r;) is the sum of (3 /" k;)
number of independent exponentially distributed random variables, each of which has
mean e1d. Conditioned on {K = k; : 0 < i < m}, U(7,t) is Gamma distributed, with
shape parameter (3" k;) and rate e1d. Let fy(s) denote the left-hand side of (4.13),
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the conditional density of U(r,t), then Lemma 4.6 implies that, for every u > 0,

oo

=% (5 ), (4.17)

K=mi1 N "
where fr(q,p) is the probability density function of the Gamma distribution with the
shape parameter « and the rate parameter 3 (see (3.102)), and the constant p on the
right-hand side of (4.17) is defined by p = e1d/(e1d + €3) = q¢/(1 + q).
We first substitute frx e q)(u) with (3.102), and p with p = ¢/(1 + ¢), and then

rewrite the summation in (4.17) as follows.

fu(u) =erde™=14( q )m+1(€1du)m

1+g¢ m!
0 (€1dU)K_(m+l) (418)
Z (14 q)K-m+)(K — (m + 1))

K=m+1
By (4.21), ¢ = 2e9/key > 3, and hence the last factor on the right-hand side of (4.18)
satisfies
o0 (erdu)K—(m+1)

—e1du/4
o T g IR Gy < C e foreveryu> 0 (419)
=m-+

Since ¢/(1+¢q) < 1, (4.18) and (4.19) imply (4.13). This completes the proof of Propo-
sition 4.5. O

4.2 Proof of Theorem 2 Assuming Proposition 4.1

This section presents the proof of Theorem 2 assuming Proposition 4.1. Recall that
{m}+>0 denotes the coupled majority vote process, with initial distribution ng(z) =
(0,1) for all x € S. Consider two jointly defined majority vote processes {ft(l)}tz(] and
{§§2)}t20 with arbitrary initial distributions. As a direct consequence of Proposition

2.9, for every z € S and t > 0,

PN (2) # &2 (2)) < P(mu(z) = (0,1)).

To prove (1.6), it suffices to prove its 7; analog — that there exist some constants C, a > 0
such that
P(m(z) = (0,1)) < Ce™,  for every z € S and t > 0. (4.20)
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We assume that ¢ and €1 satisfy
k‘&l 1
e < s
ke + 2¢9 24C

where k is the cardinality of every elementary self-supporting set, and Cj is the constant

(4.21)

introduced in Lemma 3.13. We also note that both & and Cj are determined solely by
(S, ), and do not rely on the choice of g9 and 1. For any arbitrary g € (0,1), one
can always take €; small enough such that (4.21) holds.

In the remainder of this section, we prove that, under the assumption (4.21), there
exist constants C, « > 0 such that (4.20) holds. Since (S, ) is N-transitive, P(n:(x) =
(0,1)) does not depend on the choice of z, and so it suffices to show (4.20) for any given
x.

In the remainder of this section, we will fix an arbitrary choice of . By Proposition
4.1, {m(x) = (0,1)} implies that there exists an s-path 7 = {A;}!", that is successful
at time ¢, with x € Ag, r,, = 0, and r; > 0 for every 0 < i < m — 1. Furthermore,
Corollary 4.4 implies that such an s-path 7 satisfies U(7,t) > t. Recall that, for an
s-path 7 = {A4;}", £(7,t) denotes the event that 7 is successful at time ¢ and satisfies
r; > 0 for every 0 < i < m. Recall that, for every s-path 7 = {A;}™, T(1) = {4;}7,".
It follows from Proposition 4.1 and Corollary 4.4 that

P(n:(z) = (0,1)) <ZIP’ (7, t) N {U(7,t) > t} "N R(T(7), 1)), (4.22)

where the summation in (4.22) is over all s-paths 7 = {4;}", with z € A,.
We set

ZIP’ (r,t) N{U(7,t) > t} N R(T(7),t)),

|7|=1
where the summation is over all s-paths 7 = {A4p}, with € Ap; and set
Ay =Y PE(T,t) N{U(r,t) > t} NR(T(7),1)),
|7|>1
where the summation is over all s-paths 7 = {4;}", with x € Ay and m > 1. We
estimate A1 and Ay separately.
We first consider the case where 7 consists of only one elementary self-supporting

set. Suppose that 7 = {Ag}. Then

P(E(r,t) N{U(1,t) >t} NR(T(7),t)) < P(Xfo =1 for every 0 < s < t). (4.23)
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Recall that, for every 0 < s < r, #(Ayp,s,r) denotes the event that e(y,r) > s and
(y,e(y,t)) € Xéo) for every y € Ap. A little thought shows that Z(Ay,s,r) implies
{xAo = 0}. Furthermore, since %(Ao,4,i + 1) and %(Ay,j,j + 1) are independent for
every i # j,

1t]-1
P(xi" = 1 for every 0 < s <¥) < [ P(#°(A,ii+ 1))
=0 (4.24)

< (1= (ol —e )F),
where the second inequality in (4.24) follows from (3.56). Setting
Cr=Co(1—(ef(1—e )™, a1 =—kIn(l—gf(1—e ),
it follows from (4.24) that

A=Y E(rt)n{U(rt) > t} NR(T(7),t) < Cre ", (4.25)
|T|=1
where the summation is taken over all 7 = {Ap} such that z € Ay.
We next bound each term in the summation in As in terms of the conditional density

of U(t,t) as follows:

PE(r,t)N{U(7,t) >t} NR(T(7),t)) <P(E(T(7),t) N R(T(7),1))
t

'\/oo dP(U(t,t) € (0,8) | E(1,t) N R(T(7),1) s (4.26)
¢ ds ’

where 7 = {4;}", denotes an s-path satisfying x € Ag and m > 1.

Since the upper bound on the conditional density of the total lifetime U(7,t), which
was given in Proposition 4.5, is determined by the length of 7, we first sum over all
s-paths of the same length, then sum over all possible lengths. We claim that it follows
from (4.13) and (4.26) that

Ay < i e (2 " / h elkMe—?”W“ ds (4.27)
- 1 0 1 + q t m! ’

where C is defined in Lemma 3.13 and ¢ is defined in Proposition 4.2. To see (4.27),
we first note that Cg”“ is an upper bound on the number of all possible s-paths, with
Ap > z and having length m + 1; and the factor (2/(1 4 ¢))"™ follows from Proposition
3.16.
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We next estimate the right-hand side of (4.27) by applying the Fubini Theorem to

exchange the order of integration over s and summation over m. We then obtain

(2vC1k
A2 </ 2]{!61016 3e1ks/4 Z Mds, (4.28)

m!
m=1

where v = 2/(1 4 ¢) was introduced in (4.21). Since

Z 200161k‘5 < e20kers for all 5 > 0, (4.29)

m=1

substituting the upper bound given in (4.29) into (4.28), we obtain that

Ay < 2ke1Cy / e(T3/AFCkeLs g (4.30)
t

Since gp and ¢ are assumed to satisfy (4.21), 2vCy < 1/4. Therefore,
Ay < de7Fert/2, (4.31)

Combining (4.25) and (4.31), (4.20) follows from (4.22), which completes the proof
of Theorem 2. O

4.3 Proof of Proposition 4.1

In this section, we prove Proposition 4.1. We will adopt a similar strategy to that
of proving Proposition 3.15: We will first find a d-path o = {(z;,t;)}}%, satisfying
Proposition 3.10, and then construct an s-path around this d-path 7 = {A4;}",. The
s-path 7 will be constructed similarly to what was done in Section 3.4: A sequence
{k;}™ will be constructed, along with {A;}72,. When choosing A; given {4;}/Z}, we
will first choose a temporary A;, satisfying (3.12.a) and (3.12.b), then modify it if A,
does not satisfy (3.12.c).

We point out a key difference between Propositions 3.15 and 4.1. In Proposition
4.1, we require that r; > 0, for every 0 < ¢ < m — 1, and r,, = 0. This results in a
different terminating condition than that of Proposition 3.15. (When determining A;

given {Ai}i;é, if A; satisfies r; = 0, we will terminate the construction.)
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Construction of o

We first determine a d-path o. By Proposition 3.10, conditioning on {n;(z) = (0,1)},
there exists a d-path o = {(z;,#;)}M, that satisfies (3.9.a), (3.9.b), and (3.9.c), with
(zo,t0) = (z,e(x,t)) and tyy = 0. We next construct an s-path around this d-path o,

beginning with Ag.

Construction of A

We first take Ag > x to be any elementary self-supporting set, and set sg = t. We
claim that the s-path 79 = {Ap} is successful at time ¢. Since 7y being successful at time
t follows the same reasoning as in the proof of Proposition 3.15 (Section 3.5), we omit
its proof here.

Since 7y is successful at time ¢, rg is defined, by (3.40), as
ro = inf{u < t : Ap is activated during (u,t)}. (4.32)

If 1o = 0, we take 7 = 79 as the intended s-path. (This reflects a different terminating
condition, compared with that in the proof of Proposition 3.15.) It is straightforward
to verify that 7 satisfies Proposition 4.1.

If ro # 0, we set k_1 =0 and

ko = min{k € N: z;, ¢ Ao}. (4.33)

A little thought shows that such a kg always exists: If not, then zp € Ag, for every
0 <k < M. Since t); =0, it follows from Lemma 3.17 that Ag is activated during time
(0,t), contradicting the assumption that ro > 0.

Construction of A4,

We next determine A;. For simplicity, we set

Y= Tky, S=Ltk,-

Since y ¢ Ao, by (1.5), there exists some A’ € &, such that AgN A’ = (). Setting A; = A’

and s; = s, we claim that 71 = {4;}]_, is an s-path that is successful at time ¢. Since
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this follows from the same reasoning as that in the proof of Proposition 3.15, we omit
its proof here.

Since A; and s; are determined, r; is defined, by (3.40). We next determine if r;
satisfies the terminating condition: If r; = 0, we take 7 = 7 as the desired s-path. In
this case, since 71 is successful at time ¢ and satisfies r1 = 0 and r¢g > 0, 7 satisfies
Proposition 4.1.

If ry > 0, we set

k1 = min{k > ko : x5 ¢ A1} (4.34)

This completes the construction of Aj.

Construction of 4

Suppose that {Ai}é;(l) is an s-path that is successful at time ¢, and assume that
ri_1 > 0: If ;1 = 0, then r;_; satisfies the terminating condition, and hence 7;_1 =
{A; é;(l] is the intended s-path. Suppose that a sequence {kz}i;i1 is constructed, along
with {4; i;(l), and satisfies k_1 = 0, and

k; = mln{k: > ki_q1:xp ¢ 141'_1}7 for0<i<Il-—1. (435)

We summarize our strategy for choosing A; as follows. This approach is essentially
a variant of that in Section 3.5: We first select a temporary A;, in a manner similar
to how we choose A;. We then determine whether the s-path {4;}._, is successful at
time ¢, in particular, whether (3.12.c) is satisfied for j = I. If the s-path {4;}}_, is
successful at time ¢, we confirm A; as our choice. However, if the s-path {Ai}ézo is
not successful at time ¢ due to the violation of (3.12.c) (the way we choose A; ensures
(3.12.a) and (3.12.b)), we will “trim” the s-path {A;}!=} (possibly multiple times) until
the shortened sequence is successful at time ¢, and “uses” more sites in o.

We begin by describing how to select a temporary A;. Again, for simplicity, we
set y = xp,_, and s = t,_,. Since y ¢ A;_4, there exists some A’ € &, such that
A'MA;_; =0. We thenset A4j =A", s; =s=1ty,_,, and

k; = min{k > ki1 g ¢ Al}

It is straightforward to verify that 7, = {A4;}l_, is an s-path and satisfies conditions
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(3.12.a) and (3.12.b). Since this follows from the same reasoning as in Section 3.5, we
omit its proof here.

We next determine whether (3.12.c) holds for j = [. If A; and s; satisfy (3.12.c),
then we conclude that {A;}!_, is successful at time ¢, which completes this inductive
step of choosing A;.

However, if (3.12.c) does not hold for j = I, we will “trim” the sequence {A4;}\Z}
into a shorter s-path. Since this process of trimming is the same as that in Section 3.4,
we omit it here.

We will repeat this recursive construction of 7 until r,, = 0. Since (zps,tp) € 0
satisfies tp; = O for some finite M, such a construction ends after a finite number of

steps. This completes the proof of Proposition 4.1.

4.4 Applications of Theorem 2

In this section, we apply Theorem 2 to some examples that were discussed in Section
2.5. Our first corollary, Corollary 4.7, pertains to the MVP on Z, with NV (z) = {z —
2,z —1,z,x+ 1,2+ 2}. Recall that, in Section 3.1, we proved the ergodicity of such an
MVP when ¢y and ¢; satisfy g1 < 2¢(/69.

Corollary 4.7. Let S =Z and N(x) ={x — 2,z — 1,z,x + 1,2 + 2}, for each x € Z.
Consider the majority vote process {& }i>0 on (S, N), and let £y, €1 denote the 0-noise
and 1-noise intensities. For any given g € (0,1), if 1 satisfies

26()

then {&}i>0 is ergodic and converges exponentially quickly to its unique equilibrium v,

starting from any initial distribution. In particular, & is exponentially mizing in v.

Proof. Recall that, in Section 4.2, we proved that (4.21) implies that & is ergodic and
converges exponentially quickly to its unique equilibrium. To prove Corollary 4.7, it
suffices to verify (4.21) under the assumption (4.36).
Recall that, in Example 2.13, we proved that (S, N) is an N -transitive structure,
with R =2, k =3, and
&={C(x):zeZ},
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where C(z) = {z — 1,z,x + 1} for each x € Z. Then a little thought shows that
Cp = 11 satisfies (3.41). (4.21) follows directly from (4.36), which completes the proof
of Corollary 4.7. O

Our next corollary, Corollary 4.8, demonstrates the exponential convergence of the
UMVP {&:}i>0 on Z%. Recall that, in Corollary 3.19, we proved that & is ergodic when
g0 and ¢; satisfy (3.103).

Corollary 4.8. Consider the UMVP {&}i>0 on Z4%, and let e and €1 denote its 0-noise
and 1-noise intensities. For any given e € (0,1), if 1 satisfies

< =0
1= 94124134 — 1)’

(4.37)

then {&: }i>0 is ergodic, and converges exponentially quickly to its unique equilibrium v,

starting from any initial distribution. In particular, & is exponentially mizing in v.

Proof. We already proved, in Example 2.12, that (S, N) is N-transitive, with k = 2,
To prove Corollary 4.8, it suffices to verify (4.21) under the assumption (4.37).

Noting that in Corollary 3.19, we demonstrated that Cy = 13 satisfies (3.41). (4.21)
follows directly from (4.37), which completes the proof of Corollary 4.8. O

Our next two corollaries show the exponential convergence of the UMVP on the
hexagonal lattices and triangular lattices. Recall the UMVP {{;}+>0 on the hexagonal
lattice was introduced in Corollary 3.20, where S denotes the 2-dimensional hexagonal
lattice and each site x € S satisfies |N'(x)| = 3 (see Figure 3.3). In Corollary 3.20, we
proved that & is ergodic if 9 and &1 satisfy (3.106). In the next corollary, Corollary

4.9, we will establish its exponentially quick convergence to the unique equilibrium.

Corollary 4.9. Consider the UMVP {&:}i>0 on the hexagonal lattice, and let ey and

g1 denote the 0-noise and 1-noise intensities. For any given gy € (0,1), if €1 satisfies

e <y 0 (4.38)

(2439 — 1)

then {&}i>0 is ergodic and converges exponentially quickly to the unique equilibrium v

starting from any initial distribution. In particular, & is exponentially mizing in v.
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Proof. Recall that, in Corollary 3.20, we proved that (S, ) is a uniformly self-supporting
structure by taking & to be the collection of all “unit hexagons” and R = 3. A little
thought shows that, with the same choice of & and R, (S, ) is N-transitive. Moreover,
since Cy = 3% satisfies (3.41), (4.21) follows directly from (4.38). This completes the
proof of Corollary 4.9. O

Recall the UMVP {¢ }+>0 on the triangular lattice was introduced in Corollary 3.21,
where S denotes the triangular lattice and each site 2 € S satisfies |V ()| = 6 (see Figure
3.3). In Corollary 3.21, we proved that & is ergodic if g and e; satisfy (3.107). In the
next corollary, Corollary 4.10, we will establish its exponentially quick convergence to

the unique equilibrium.

Corollary 4.10. Consider the UMVP {&:}+>0 on the triangular lattice. Let e and &1

denote the 0-noise and 1-noise intensities. For any given £y € (0, 1), if €1 satisfies

2
R T (4.39)

(2463 — 1)

then & is ergodic and converges exponentially quickly to its unique equilibrium v, starting

from any initial distribution. In particular, & is exponentially mizing in v.

Proof. Recall that, in Corollary 3.21, we already proved that (S, ) is a uniformly self-
supporting structure by taking R = 3 and & to be the collection of all “unit trapezoids”
as in Figure 3.3. A little thought shows that (S, ) is an N-transitive structure with
the same choice of R and &. Since we demonstrated, in the proof of Corollary 3.21, that
Co = 63 satisfies (3.41), (4.21) follows directly from (4.39). This completes the proof of
Corollary 4.10. O



Chapter 5

Unoriented Majority Vote
Process on Low Dimensional
Trees

This chapter discusses the behavior of the unoriented majority vote process (UMVP)
defined on low-dimensional trees. Let T; denote the d-ary regular tree and recall that
the UMVP defined on Tg4, denoted by {&; }+>0, was introduced in Subsection 1.1.2. As
usual, let 9,1 € [0,1] denote the 0-noise and 1-noise intensities, and assume that
g0 +¢1 < 1. Bramson and Gray ([6]) studied the UMVP defined on T4, with d > 5,
and proved that & is non-ergodic and possesses uncountably many mutually singular
equilibria when eg + €7 is sufficiently small. In this chapter, we will address the non-
ergodicity of the remaining cases, namely the non-ergodicity of the UMVP on T3 and
T4, under the assumption that g + 1 is sufficiently small.

The chapter is structured as follows: In Section 5.1, we will show contrasting be-
havior of the UMVP on T4, under the assumptions that g9 + €1 is sufficiently large
and small. In Subsection 5.1.1, we will show that when g9 + 1 > 4/5, & is ergodic
and converges exponentially quickly to the unique equilibrium, starting from any initial
distribution.

The main part of Section 5.1 is dedicated to proving that & is non-ergodic and

possesses uncountably many mutually singular equilibria when eg + €1 is sufficiently

97
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small. In Subsection 5.1.2, we will state this non-ergodicity result (Theorem 6) and
provide an overview of its proof.

In Subsection 5.1.3, we will introduce the compatible configurations, which, when
used as the initial configuration of &, will lead to uncountably many mutually singular
equilibria.

In Subsection 5.1.4, we will introduce the dominating process on T4, denoted by
{6¢}+>0, in Definition 5.4. We will establish the ”domination property” of d;: Letting &
denote a copy of the UMVP whose initial configuration is compatible, then §; controls
the deviation of & from the initial configuration &y. This will be done in Lemma 5.5. We
will also show that the marginal density of d;(x) is uniformly (in both ¢ and x) bounded
— this will be done in Lemma 5.6. Subsection 5.1.4 concludes with a concentration
inequality, stated in Lemma 5.7. The subsequent Subsection 5.1.5 proves Lemma 5.6.

In Subsection 5.1.6, we will apply Lemmas 5.5, 5.6, and 5.7 to construct a family of
uncountably many equilibria of &, and prove that these equilibria are mutually singular
with each other. This approach is similar to the proof of Theorem 2 in [6].

In Section 5.2, we will discuss the behavior of the UMVP on T3. We will begin with
its behavior when gy + £; is large: When ¢g + 1 > 3/4, & is ergodic and converges
exponentially quickly to the unique equilibrium, starting from any initial distribution.

The main part of Section 5.2 will prove the non-ergodicity of the UMVP on Ts,
when €9 + £; is sufficiently small. In Subsection 5.2.1, we will state this non-ergodicity
result and provide an overview of the proof.

In Subsection 5.2.2, we will introduce the dominating process on Ts, denoted by
{6+ }+>0. This will be done in Definition 5.9. In Lemma 5.10, we will show that, for a
copy of the UMVP &, with all-zero or all-one initial configuration, P(&(x) # &o(x)) <
P(6¢(x) = 1), for every x € T3 and t > 0.

In Subsection 5.2.3, we will introduce the t-truss (Definition 5.11) and selection
(Definition 5.13), the former of which is a variant of the ¢truss introduced by Toom ([7]).
We will state some important properties of the selection and t-truss in Propositions 5.14
and 5.19.

In Subsection 5.2.4, we will prove the non-ergodicity of &, using Propositions 5.14
and 5.19. Section 5.2 concludes with the proof of Propositions 5.14 and 5.19: We will
prove Proposition 5.14 in Subsection 5.2.5, and Proposition 5.19 in Subsection 5.2.6.



99
5.1 UMVP on T,

This section investigates the ergodic behavior of the UMVP on Ty, which was intro-
duced in Subsection 1.1.2. Throughout this section, we let {&; }+>¢ denote the UMVP on
T4, and let €g,e1 € [0,1] denote the 0-noise and 1-noise intensities. Let (S,N') denote
the structure where S = Ty, and, for each z € S, N (z) = {y € T4 : y is adjacent to x}.
Recall that, in Example 2.17, we proved that such a structure (S, ') is not uniformly
self-supporting.

We will discuss the ergodic behavior of & under two assumptions — when ¢g + €1 is
sufficiently small, and when it is sufficiently large (but does not exceed 1). We begin

with the large noise regime of &;.

5.1.1 Ergodicity for Large ¢; + ¢

As discussed in Section 2.4, when the noise event occurs at a significantly higher
rate compared with the vote event, the corresponding majority vote process is ergodic.
Hence, for both g¢, g1 large, the ergodicity of & follows directly from Proposition 2.11.

Our next proposition, Proposition 5.1, moderately increases the region where we
can show the large noise regime holds for the UMVP on T4, which is stated in (5.1).
We claim that, for sufficiently large €9 + 1, & is ergodic and converges exponentially
quickly to its unique equilibrium. This behavior contrasts with that of & for sufficiently
small €9 4 €1, as detailed in Theorem 6. The proof of Proposition 5.1 adopts an idea
similar to that of Proposition 2.11, and is included here for completeness. The primary
difference between the proofs of Propositions 5.1 and 2.11 results from the symmetry
of T4, which reduces the proof of Proposition 5.1 to the computation of a differential

inequality.

Proposition 5.1. Consider the UMVP {&}i>0 on T4, and let 9 and €1 denote the

0-noise and 1-noise intensities. When eg,e1 € (0,1) satisfy
eo+e1 >4/5, (5.1)

& is ergodic and converges exponentially quickly to its unique equilibrium, starting from

any initial configuration.
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Proof. Let {n}+>0 denote the coupled process on (S,N), and assume that 7; has the
same 0-noise and 1-noise intensities as &, and also that ng(z) = (0,1) for every = €
S. By Proposition 2.9, to show &; is ergodic and converges to the unique equilibrium
exponentially quickly, it suffices to prove that, under the assumption (5.42), there exist

some a,r > 0 such that
P(n:(z) = (0,1)) < ae™ "™ for every x € T4 and ¢t > 0. (5.2)

Due to the space homogeneity of (S,N), P(n:(xz) = (0,1)) does not depend on the
choice of x. Set h(t) = P(mq(x) = (0,1)). Since {n:}+>0 is a Feller process, h(t) is

differentiable in ¢. Furthermore, we claim that
R'(t) < —(5e — 4)h(t), (5.3)

where € = ¢p 4 €1. Supposing (5.3) holds, and setting » = 5¢ — 4 and a = 1, (5.2) then
follows from Gronwall’s inequality. To show (5.2), it suffices to prove (5.3) for every
t>0.

We prove that (5.3) holds for every ¢t > 0: According to Proposition 2.6, for each
xz €Ty and t > 0,

P(n(x) = (1,0)) =0,

We therefore can assume that n(z) € {(0,0), (1,1),(0,1)}.

By (2.5.a) and (2.5.b), n:(x) changes from (0, 1) to (0,0) or (1,1) at least at rate ¢,
which produces the term —eh(t) on the right-hand side of (5.3).

On the other hand, n;(x) changes from (0,0) or (1,1) to (0,1) only when (z,t) is a
vote point and there exists some y € N (z) with m,—(y) = (0,1). Let 2(x,t) denote the

event
Q(z,t) = {3y € N(z) : m—(y) = (0,1)}.
Then
P(2(x,t) N {m(x) # (0,)}) < Y Pl (y) = (0,1)) = 4h(1), (5.4)

yeN (2)
where the last equation follows from [N (z)| = 4, for each = € T4. m(x) changes from
(0,0) or (1,1) to (0,1) at most at rate 4h(t). This leads to the term 4(1 — )h(t) to the
right-hand side of (5.3), which completes the proof of (5.3), and hence completes the
proof of Proposition 5.1. O
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5.1.2 Non-ergodicity for Small ¢; + ¢;

Bramson and Gray ([6]) demonstrated that when e1 + £2 is sufficiently small, the
majority vote process & on Ty, with d > 5, is non-ergodic and has uncountably many
mutually singular equilibria. Their proof is structured around the use of “tilings” and a
collection of auxiliary processes {d; }+>0. Building on their approach but with a different
“tiling”, our next theorem extends this result to T4. This non-ergodicity contrasts
with the behavior of the majority vote process defined on a uniformly self-supporting
structure, demonstrated in Theorems 1 and 2 (see Chapters 3 and 4): On Ty, regardless
of the value of €g + €1, as long as one of €y and ¢, is significantly smaller than the other,

the majority vote process will be ergodic.

Theorem 6. Consider the UMVP {&}1>0 on T4, and let g and €1 denote the 0-noise
and 1-noise intensities. When €g,e1 € [0, 1] satisfy

be <o (5.5)
€0 €1 127 .

& is non-ergodic and has uncountably many mutually singular equilibria.

We outline the proof of Theorem 6 as follows: In Subsection 5.1.3, we introduce
a family of uncountably many compatible configurations. To do so, we first introduce
the s-line, which is a preassigned doubly infinite sequence of adjacent vertices on Ty.
We next partition T4 into s-tiles according to this s-line. A configuration is defined
to be compatible if all sites from the same s-tile have the same opinion. When these
compatible configurations are used as initial configurations for &, they lead to a family
of uncountably many equilibria for &. To complete the proof of Theorem 6, it suffices
to demonstrate that these equilibria are mutually singular with respect to each other.

Subsection 5.1.4 introduces the dominating process on T4, denoted by {6;}+>0. We
state some properties of d; in the same section: Let & denote a copy of the UMVP, with
a compatible configuration. In Lemma 5.5, we show that, when jointly defined with
&, 0; controls the amount & deviates from the initial (compatible) configuration &y. In
Lemma 5.6, we establish a uniform upper bound on the marginal distribution of &;.

Subsection 5.1.5 proves Lemma 5.6, which completes the proof of Theorem 6. The
proof of Lemma 5.6 is structured around the differential inequality (5.25). We first show
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Figure 5.1: An example of an s-tiling with a given s-line {z; };cz

r—2 T—1 Zo L1 T2
— Il | o,,

Y1 Y2

| |
| |
| |
: :
| |
Yo | : Ys
| |
| |
| |

Here, U(zo) = {y1,y2}, U(y1) = {z1, 22,23}, and U(y2) = {w;y, we,w3}. Therefore, yo

and y; are not in the same s-tile; but y; and ys are in the same s-tile.

the marginal density of ; satisfies (5.25), and next prove (5.25), which implies (5.16)
by contradiction.

In Subsection 5.1.6, we apply Lemmas 5.5, 5.6, and a concentration inequality
(Lemma 5.7) to prove Theorem 6. By Lemma 5.5, to show the equilibria introduced by
different compatible configurations are mutually singular, it suffices to show (5.41) for
d¢. Given the independent structure of d;, and the uniform upper bound on its marginal

as in Lemma 5.6, Lemma 5.7 can be applied, which implies (5.41).

5.1.3 Compatible Configurations

This subsection introduces a family of uncountably many compatible configurations
on T4, which will be used in Subsection 5.1.6 to introduce uncountably many mutu-
ally singular equilibria. We first define the s-line, then use the s-line to introduce the
compatible configurations.

Let 0 = {z;}icz C T4 denote a fixed doubly infinite sequence of sites, such that z;
and z;;1 are adjacent, for every i € Z. We refer to 0 = {z;};cz as an s-line. Sites on

the s-line are s-sites, and the other sites are [-sites.
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Two l-sites x1,29 € T4 are in the same s-tile if there exists a finite path {y;}",
with y1 = =1, ¥, = x2, such that no more than one y;, for 1 < ¢ < m, is an s-site. We

write x1 ~ x2 if 21, 9 are in the same s-tile (see Figure 5.1). We claim that

“ ”

~ 7 is an equivalence relation. (5.6)

Proof of (5.6) . To show that “~” is an equivalence relation, it suffices to show that
“~” is reflexive, symmetric, and transitive.
First, “~” is reflexive since # ~ x, for each x € Ty. If {y;}]", is a path, so is

7

{Ym+1-i}%,. x ~ y implies y ~ x, which implies that “~” is symmetric.

We will next show “~7” is transitive. Suppose that x1 ~ 9, and x5 ~ x3, for some
x1, 22,23 € Ty. Let p1 = {v;};_; and pp = {w;};_, denote the paths connecting x; and
9, 2 and x3, respectively. Then p; and ps both contain at most one s-site.

We join p; and ps to form a new path. Since p; and py are paths, v; # vj, (w; # wj),
for every i # j. We claim that, for every y1,y2 € p1 N p2, and any path p’ connecting 1,
and 992, p’ C p1 Nps. To see this, note that Ty is a tree and hence has no cycle, the path
connecting y1, y2 is unique, and hence p’ C py. Similarly, p’ C po. Let po = p1 Npa. A
little thought shows that pg is a path, with 2o as one end. Let ' denote the other end,

and set
p=(p1—po) U{y'} U (p2 — po), (5.7)

where “LJ” denotes the non-intersecting union, and p; — pg, ¢ = 1,2, denotes the path
obtained by removing pg from p;, for i = 1,2. (It is straightforward to verify that p is
a path.)

We next show that p, introduced in (5.7), contains no more than one s-site. Since
p C (p1 Up2), if at least one of such p; and ps contains no s-site, p contains no more
than one s-site. Supposing that both p; and po contain exactly one s-site, we let s; and
so denote the s-site in p; and ps, respectively. To show p contains at most one s-site, it
suffices to show that s; = so.

Letting p, C p;, ¢ = 1,2, denote the path connecting s; and x9, then p/ contains
no other s-site besides s;. Since s; and sy are s-sites, there exists a path p” C {z;}icz
connecting s1 and so. If 81 # s9, then p”, p}, py, form a cycle, contradicting the fact that
T4 has no cycle. s; = so, implying that p contains at most one s-site. x; ~ x3, and

“wo”

hence “~” is transitive. This completes the proof of (5.6). O
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as s-tiles. It follows from

2

We will refer to the equivalence classes introduced by “~
the definition of “x ~ y” that every tile contains exactly one s-site x. Unless stated
otherwise, we will use x as the representative of its equivalence class, and let [z] denote
the s-tile containing x.

We introduce the compatible configuration on T4, which is the T4 analog of the

compatible configurations in [6].

Definition 5.2. For a given s-line {a;}icz, let [x] denote the equivalence class deter-

U

mined by “~”. A configuration { € Z is compatible if, for each x € T4, and every

y1, 92 € [7], C(y1) = ((y2)-

In other words, ( is compatible if opinions in the same s-tile are unanimous. When
the noise parameter ¢ = 0, for every compatible configuration ¢, the majority vote
process & with the initial configuration &y(x) = ((x) is “stable”, in the sense that
&(x) = ((x), for all t > 0 and = € Ty4. (This is due to the fact that every site in
has at least two neighbors with the same opinion.) For every doubly infinite sequence
a = {a;}Yicz € {0,1}%, we let () denote the compatible configuration, where ¢(x;) = a;,
for every i € Z. In the remainder of this section, we will fix an s-line {z;};cz and hence

determine the s-tiles.

5.1.4 Dominating Process

We introduce the dominating process on T4, denoted by {d:}+>0, by its graphical
construction.
We introduce a set-valued function U to “orient” T4. Recall that d(-,-) denotes the

graph distance on Tj.

Definition 5.3. For every x € T4, we define a set-valued function U : S — 25 as

follows.
(5.3.a) For every s-site x, we set U(z) = {y € N(x) : y is an l-site}.
(5.3.b) For every l-site y € [z], we set U(y) = {z € N(y) : d(z,x) > d(y,z)}.

It follows from Definition 5.3 that [U(z)| = 2, for every s-site x € Ty; and [U(y)| = 3,
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for every l-site y € T4. For future convenience, for every x € Ty, we write

Ux)=U), U@ = ] Uly), fori>2 (5.8)
yeui=1(x)

For every x € Ty, we define D(x), the descendent of x, by
D(x) = | JU'(2). (5.9)
i=1

We next define the dominating process {d;}+>0, by using its graphical construction.
The dominating process was initially introduced by Bramson and Gray ([6]), and our
dominating process is a variant of that in [6].

Recall that event points were introduced in Definition 2.1, and were assumed to
satisfy (2.1) and (2.2). As before, for each z € 5, X9 x and X denote the

0-noise, 1-noise and vote points at x.

Definition 5.4 (Dominating Process on Ty). A spin system {d:}+>0 is a dominating

process on Ty if it satisfies the continuation rule (2.5), and the following three rules:
(5.4.a) All-zero initial configuration: do(x) = 0 for every x € S.
(5.4.b) d-vote rule: If x is an I-site and (z,t) € X2, then
L, if Y yeu) ot— ()

5t(x) =140, if ZyEU(z) Ot~ (y)

di—(z),  otherwise.

Y

i

2
0, (5.10)

If x is an s-site, and (x,t) € XQ(CQ), then

Lo i Y eu@ufa) 0-(y) 2 1,
07 Zf Zyeu(m)u{x} 5t— (y> = O

(5.11)

(5.4.c) Noise rule: If (z,t) € x9u Xg(;l), then o¢(x) = 1.

We will refer to € = g9 + €1 as the noise parameter of the dominating process. An

immediate consequence of Definition 5.4 is that the transition rate of {d;}:>o satisfies
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(2.8). Therefore, ¢; is a monotone spin system. Since (2.8) can be verified directly by
(5.4.b) and (5.4.c), we omit its demonstration here.

Since the dominating process {d:}+>0 was defined by its graphical construction, d;
can be jointly defined with the UMVP on Ty, as long as the noise parameter of d;,
denoted by &, and the 0-noise and 1-noise intensities of the UMVP, denoted by g9 and
€1, satisfy ¢ = g9 + €1. Our next lemma, Lemma 5.5, illustrates the “dominating”

property of d;, when d; is jointly defined along with a copy of the UMVP.

Lemma 5.5. Let {&}>0 denote the UMVP on Ty, with & = ¢ = (%) for some a €
{0, 1}2. Let g and 1 denote its 0-noise and 1-noise intensities and set ¢ = €9 + €1.
Let {0t }+>0 denote the dominating process, with noise intensity €. Supposing that o; is

jointly defined with &, then
&(z) — ¢D(x)| < 6i(x), for every z € Ty and t > 0. (5.12)

Proof. We will prove (5.12) by applying Proposition 2.3, the graphical induction princi-
ple. Let A(z,t) denote the event that | (z) — ¢(®(z)| < 6;(z) holds for a given z € Ty
and t > 0. Let A(z,t—) denote the event that |&_(z) — (¥ (z)| < §;_(x), where &_ ()
and d;—(z) were introduced by (2.3). It follows from Proposition 2.3 that, to prove
(5.12), it suffices to show the following.

(5.5.a) A(x,0) holds for all z € Ty.

(5.5.b) For each x € Ty, if A(y,e(y,t)) holds for all y € N(z) U {z}, then A(z,t)
holds.

Since &;(x) = 0 for all x € Ty, (5.5.a) follows. To prove (5.12), it suffices to prove
(5.5.b).

In the remainder of this proof, we fix any x € T4 and suppose that, for each y €
N(z)U{z}, A(y,e(y,t)) holds. If (x,t) is not an event point, then A(z,t) follows from
A(z,e(z,t)) and the continuation rule (2.5).

We assume that (z,t) is an event point. Since A(y, e(y,t)) holds for all y € N(x) U
{z}, A(y,t—) holds for all such y due to the continuation rule. We next discuss different
scenarios of the event point (z,t).

If (x,t) is a noise point, then d;(z) = 1 by (5.4.c). Since the left-hand side of (5.12)
is no larger than 1, A(z,t) holds regardless of the value of &(z).
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We assume that (z,t) is a vote point and discuss the following two cases — when x
is an s-site and when z is an l-site. We note that if é;(x) = 1, (5.12) always holds. Tt
suffices to prove (5.12) when d0.(z) = 0.

Suppose that z is an s-site and §;(z) = 0. Let U(x) = {y1,y2}, then (5.11) implies
that d;—(y1) = 0t—(y2) = 0t—(z) = 0. Since A(y;,t—) holds, for i = 1,2, and A(x,t—)
holds,

§i—(y1) = &—(y2) = &—(2) = ((2).
It then follows from (2.2.c) that & (x) = ((x), hence (5.12) holds.
We now assume that x is an l-site and 6;(x) = 0. Considering U(z) = {y1,¥2, Y3},

there are only two possibilities according to (5.10):
L. 6 (y1) = 0r—(y2) = 0r—(y3) = 0.
2. At least two y € {y1,y2,y3} have 6&;—(y) =0, and §;—(z) =0

In the first case, since A(y;, t—) holds for i = 1,2, 3, &—(y;) = ((y;) for i =1,2,3. Since
Y1,Y2, Y3, and z are in the same s-tile, ((y;) = ((x) holds for i = 1,2, 3. Therefore,

§i—(y1) = &—(y2) = & (y3) = C(=). (5.13)

Since (z,t) is a vote point and (5.13), we obtain that &(x) = ((z), and hence (5.12)
holds.

In the second case, without loss of generality, we assume that d;—(y1) = 6—(y2) =
dt—(x) = 0. Since A(y;,t—) holds for ¢ = 1,2, and A(z,t—) holds,

&—(y1) = C(y1), &-—(y2) =C(y2), &-—(z)=((). (5.14)

Since y1,y2 and x are in the same s-tile, (5.14) implies that

§i—(y1) = &—(y2) = & () = ((2). (5.15)

A(z,t) follows from (x,t) being a vote point and (5.15). This completes the proof of
(5.5.b), and hence the proof of Lemma 5.5. O

Not only does §; control the deviation of & from its initial compatible configuration

¢(@ | but it also exhibits an independence structure, which & does not have: For every
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x,y € Ty, with D(z) N D(y) = 0, d:(x) and & (y) are independent. Consequently, for

each x € S and every n € N, {0¢(y) }yepn(z) is a family of independent Bernoulli random
variables.

Our next lemma states an upper bound on the marginal density of d;(x), for every

l-site x € T4 and ¢ > 0.

Lemma 5.6. Let §;(x) denote the dominating process, and € € (0,1) denote its noise

intensity. If e < 1/12, then, for every l-site x € Ty,
P(oi(x) =1) < 2e. (5.16)

We delay the proof of Lemma 5.6 until Subsection 5.1.5, and conclude this subsection

with a concentration inequality.

Lemma 5.7. Let X;, 1 < i < n, denote i.i.d. Bernoulli random variables. Assuming

EX; = u for every 1 < i < n, then, for every a > 0, the following holds:

P <1§:Xi > (1+oz)u> < <€a>w. (5.17)
nig T ~ (L a)tre

Proof. Since X; is a Bernoulli random variable, it has the moment generating function
Eeri = pet +1 — 73

Since X;, 1 <1¢ < n, are independent of each other, the moment generating function for

>, X can be written as the product
Eer 2% = (e + 1 — )", (5.18)
Applying Chebyshev’s inequality on the left-hand side of (5.17), we obtain

Ly (BEern)m Mper +1— p\"
P (n;XZ > (1 +a)u> S Ao < Y > : (5.19)

Taking A = log(1 + «) in (5.19), we obtain the desired bound in (5.17). This completes
the proof of Lemma 5.7. O
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5.1.5 Proof of Lemma 5.6

This subsection proves Lemma 5.6. A little thought shows that it follows from
Definition 5.4 and the symmetry of T4 that each §;(z), where z is an s-site, is identically
distributed. Therefore, P(d;(x) = 1) does not depend on the choice of the l-site x. We
set p(t) = P(é4(x) = 1). In this subsection, we will derive a differential equation that
p(t) satisfies, and apply a standard topological bootstrapping argument to prove (5.16).

We fix any l-site x € T4, and let U(x) = {y1, y2,y3}. On the one hand, it follows from
Definition 5.4 that d;(z) can change from 0 to 1 in two scenarios — either when (z, ) is
a noise point, by (5.4.c); or when (z,t) is a vote point and at least two y € {y1,y2,y3}
have é;—(y) =1, by (5.4.b).

Let H(x,t) denote the event that 0,(y;) = d:(y;) = 1, for some i # j € {1,2,3}.

Therefore, d;(x) changes from 0 to 1 at rate
eP(0i(z) = 0) + (1 — e)P({0,(x) = 0} N H(z,t)). (5.20)

On the other hand, by (5.4.b), d;(x) changes from 1 to 0 only when (z,t) is a vote
point, and d0;(y;) = 0 for ¢ = 1,2,3. Letting K(z,t) denote the event that d;(y1) =
d¢(y2) = 04 (y3) = 0, then §;(z) changes from 1 to 0 at rate

(1—e)P({6,(x) = 1} N K (. 1)). (5.21)

Combining (5.20) and (5.21), we obtain

d
Splt) = P(3u(x) = 0) + (1 = )P({6i(w) = 0} 1 H(z, 1)) 522)

— (1 =e)P{di(x) =1} N K(z,1)).
Since K (z,t) N H(x,t) =0,

P({0¢(x) = 0} N H(x,1)) — P({0¢(x) = 1} N K(x,1))
< P(H(z,t)) — P(6;(z) = 1).

(5.23)

Since 0¢(y;), ¢ = 1,2, 3, are independent and identically distributed,

P(H (x,t)) = 3(1 = p()p*(t) + p*(1). (5.24)
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Therefore, p(t) satisfies

P (t) < e(l—p(t) + (1 —)(3(L —p(t))p(t) + p*(t) — p(1))

(5.25)
=c—p(t) +3(1 —e)p*(t) — (1 —)p’(1).
We rewrite (5.25) as follows.
P(t)+p(t) <e+3(1—e)p*(t) — (1 —e)p’(1). (5.26)

We claim that p(t) < 2¢, for all t > 0: Since p(0) = 0 < 2¢ and p(t) is differentiable,
there exists some u > 0 such that p(t) < 2e¢ holds for every ¢ € [0,u]. To show (5.16),
it suffices to show that, for each given u > 0 such that p(t) < 2e for every t € [0, u], the
following holds:

p(t) < 2e for t € [0,ul. (5.27)

Since p(t) < 2¢ for ¢ € [0,u], it follows from (5.26) that
P () +p(t) <e+3(2)% < 2, (5.28)

where the last inequality follows from the assumption that ¢ < 1/12.
Suppose that (5.27) does not hold. Since p(t) is differentiable, there exists some
u’ € [0,u] such that p(u’) = 2¢. Setting

v =inf{u € [0,u] : p(u) = 2¢}, (5.29)

it follows from (5.28) that p’(v) < 0. This contradicts the monotonicity of {d;}i>o0.
(Recall we proved that J; is a monotone spin system. It follows from Proposition 2.4
that p/(t) > 0.) This completes the proof of (5.27). O

5.1.6 Proof of Theorem 6

In this subsection, we prove Theorem 6 by applying Lemmas 5.5, 5.6, and 5.7.
This proof is structured similarly to that of Theorem 2 in [6]: We first construct an
equilibrium p(@, for each given doubly infinite sequence a € {0,1}%. We next show
that, for every distinct a1, ap € {0,1}%, u(®) and p(®) are mutually singular. Since
{0,1}% is uncountable, & has uncountably many mutually singular equilibria.

As usual, we let {x;};cz denote the s-line, with z; € N(x;11) NN (z;_1) for every
i € Z. For every a € {0,1}2, let (¥ denote the compatible configuration, where
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C(z;) = as, for every i € Z. Let {€”},50 denote the UMVP on T, with its initial
configuration 5[()“) = ¢,

For each t > 0, letting pf denote the probability distribution of ft(a), we consider the

Cesaro averages:

1 t
o = t/ pDds, t > 0. (5.30)
0

Since the state space = is compact when equipped with the product topology, the space
of probability measures on Z is sequentially compact when equipped with the weaksx
topology. Hence, there exists a subsequence {t;}9°,, with lim;_,, t; = 0o, such that
p® = lim a®, (5.31)
1—00
where the limit in (5.31) is taken with respect to the weakx topology. By definition,
1@ is an equilibrium.
We next show that the equilibria 4¢ obtained from distinct compatible configurations
are mutually singular. Recall that U™, introduced in (5.8), satisfies
2.3 1, if x is an s-site,
U™ ()| = (5.32)
3", if z is an l-site.
For each s-site x, {6;(y)}yepn(») is a family of independent random variables. Since
{0¢(y) }yepn(x) is a family of independent Bernoulli random variables, we apply Lemma

5.7, with a = 1, and obtain that

1

Fla

> () > 2Bd(x) S(g)nmtu)

seU™(x)

(5.33)

Moreover, Lemma 5.6 implies that Ed;(z) < 2e. It therefore follows from (5.33)

that, for each s-site x

1 e\2"C
Pl a3 egn:( )5t(x) 24e| < (4) ’ (5.34)

where C':= Ed(z) < 2e.
For any given s-site z € T4 and every a € {0, 1}%, we consider the event

F(z,a) =K &€ limsup#_1 Z ¢ (y) —E(y)| <8y . (5.35)

n—00 2.3n SEL{"(:E)
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We claim that

W (F(z,a)) =1, for every s-site z, and every a € {0,1}%. (5.36)
To see (5.36), noting that for every A C D™(x), it follows from Lemma 5.5 that
u (€ Ely) # CD(y) for every y € A) SP(Si(y) =1:y € A). (537

It hence follows from (5.34) that

m | ge s > K -l >8] < (DT (5.39)

seU™ (x)

2301

Since C' = Ed;(y) does not depend on the choice of y (as long as y is an s-site), the right-
hand side of (5.38) is summable, for every ¢ > 0. The Borel-Cantelli Lemma implies
that

HE“) (F(x,a)) =1, for everyt> 0. (5.39)

Since u(®, which was defined by (5.31), is obtained by taking a subsequential limit

of the Cesaro averages of uga),

M(a)((F(Q;, a)) =1, for each s-site z € Ty. (5.40)

For distinct a,a’ € {0,1}%, there exists some i € Z, with a; # a}. Letting u(* and
u(“/) denote the equilibria obtained by taking a subsequential limit of ﬁga) and ,uia/),
then

W (F(21,0)) = @) (Flai, ) = 1. (5.41)
If ¢ < 1/12, then F(z;,a) N F(2;,a’) = 0, which implies that (%) and u(¢) are mutually
singular. Since the sequence space {0,1}% is uncountable, & has uncountably many

mutually singular equilibria. This completes the proof of Theorem 6. O

5.2 UMVP on Tjy

This section investigates the ergodic behavior of the UMVP on T3. Throughout
this section, let (S,N) denote the structure where S = T3, and, for each z € S,
N(z) = {y € T3 : y is adjacent to z}. Recall that, in Example 2.17, we proved that

such a structure (S, ) is not uniformly self-supporting.
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First, we briefly discuss the behavior of & when ey + €1 is large. Recall that, in
Section 2.4, we demonstrated that when the noise event occurs at a significantly higher
rate compared with the vote event, the corresponding majority vote process is ergodic.
In Proposition 5.1, we proved that, when g¢ + £ is large enough, the UMVP on Ty is
ergodic, and converges to its unique equilibrium, starting from any initial distribution.
Our next result, Proposition 5.8, shows that & also has this behavior when €y + €7 is
large. As in Section 5.1, Proposition 5.8 is primarily included to contrast with that of
the behavior of & when gg + €1 is sufficiently small. Since the proof of Proposition 5.8

is similar to that of Proposition 5.1, we omit its proof here.

Proposition 5.8. Consider the UMVP {&}i>0 on T3, and let 9 and €1 denote the

0-noise and 1-noise intensities. When €g,e1 € (0,1) satisfy
eo+e1 > 3/4, (5.42)

& is ergodic and converges exponentially quickly to the unique equilibrium, starting from

any initial configuration.

We note that different bounds in (5.1) and (5.42) arise from the different number of
sites in each N (z), for z € T3 and = € T4: Recall that, in the proof of Proposition 5.1,
the size |N(x)| is used to obtain the crucial inequality (5.4). Substituting 4h(z) with
3h(z) on the right-hand side of (5.4), the proof of Proposition 5.8 can be obtained from
that of Proposition 5.1.

5.2.1 Non-ergodicity for Small ¢; + ¢;

Our next theorem establishes the non-ergodicity of & when eg + €1 is sufficiently
small. As on T4, this behavior differs from that of the majority vote process on a

uniformly self-supporting structure.

Theorem 7. Consider the UMVP {&}1>0 on T3, and let g and €1 denote its 0-noise

and 1-noise intensities. When g and €1 satisfy

g0 +e1 < (5.43)

1
12107’

& is non-ergodic and admits at least two mutually singular equilibria.
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The non-ergodicity result in Theorem 7 is weaker than those of Ty, with d > 4,
namely, Theorem 6 and Theorem 1 in [6]. In the proofs of the latter two cases, one
disregards the influence of one or two sites from each N(x) to "orient” T,;. However,
in T3, each N (z) consists of only three sites, making it impossible to ignore any site’s
influence. Proving Theorem 7 requires a more delicate ”contour method”. To achieve
this, we will construct the t¢-truss, which is a variant of the truss introduced in [7].

The remainder of Section 5.2 is devoted to the proof of Theorem 7. We outline this
proof as follows: Since the UMVP on T3 is a monotone spin system, it follows from
Proposition 2.10 that, to prove Theorem 7, it suffices to show that, for every = € Ts,
limy oo P(§(z) = 1) < 1/2, where & is a copy of the UMVP on Ts, with the initial
configuration &y(y) = 0, for every y € Ts.

In Subsection 5.2.2, we introduce the dominating process on T3, denoted by {d; }+>0.
This process serves the same purpose on Tg as the dominating process of T4: &; controls
the deviation of & (with certain initial configurations) from its initial configuration &.
The dominating process reduces the proof of Theorem 7 to proving an inequality for
the marginal density of d;. However, the dynamics of the dominating process on Tg
differs from those of T4: Here, d; is a copy of the UMVP, jointly defined with &, but
has different 0-noise and 1-noise intensities. The use of §; remains the same as that of
T4: In Lemma 5.10, we prove that J§;, when jointly defined with a copy of the UMVP
& that has all-zero or all-one initial configuration, bounds the deviation of & from its
initial configuration &. As a direct consequence of Lemma 5.10 and Corollary 2.4, to
prove the non-ergodicity of &, it suffices to prove that lim;_, . P(6:(z)) < 1/2, for every
x € Ts, or (5.61).

Subsection 5.2.3 is where the proof of Theorem 7 differs most significantly from
that of Theorem 6. In Subsection 5.2.3, we introduce the t-truss and discuss some of
its properties. Unlike in the proof of Theorem 6, where the technique of s-tiling was
employed, the concept of the t-truss is unique to the proof of Theorem 7. In Proposition
5.19, we prove that, supposing d;(x) = 1 for some ¢ > 0 and z € T3, then there exists
a successful t-truss, rooted at x. To prove an upper bound on the marginal density
P(0;(xz) = 1), it suffices to derive an upper bound on the probability for each t-truss to
be successful, and then to sum over all possible t-truss. This approach is distinct from

the method used in proving Theorem 6.
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The proof of Theorem 7 will be structured around the use of the t-truss: In Subsec-

tion 5.2.4, we prove (5.61) assuming Propositions 5.14 and 5.19. Subsections 5.2.5 and

5.2.6 prove Proposition 5.14 and Proposition 5.19, respectively. This will complete the
proof of Theorem 7.

5.2.2 Dominating Process

This subsection introduces the dominating process on T3, denoted by {d:}+>0, and
state its “dominating” property in Lemma 5.10. Lemma 5.10 states that, for a copy &
of the UMVP on Tj that has all-zero or all-one initial configuration, d;, when jointly
defined with &;, controls the deviation of & from its initial configuration.

In the remainder of this section, we fix the choice of gy and ¢; that satisfies (5.43).
Recall that a realization of the Poisson clock X = {X;EO),XS), X;EQ)}xeg is a family of
event points, sampled from independent Poisson point processes (see Definition 2.1).
As before, a realization of the Poisson clock is assumed to satisfy (2.1) and (2.2).

We define the dominating process on T3 by its graphical construction.

Definition 5.9 (Dominating Process on Tj). Let {X§O),X§1),X§2)}xes denote a re-
alization of the Poisson clock. A process {0:}1>0 is a dominating process on Tz if it

satisfies the continuation rule (2.5) and the following three rules.
(5.9.a) 6-noise rule: For each (x,t) € x99y Xg(cl), or(x) = 1.
(5.9.b) Magjority vote rule: For each (z,t) € Xf), de(z) = M (&—, ).
(5.9.c) For each x € T3, dp(z) = 0.

Since the introduction of d; uses the same collection of event points of &, J; can
be jointly defined with &. Comparing Definition 5.9 with Definition 2.2 shows that d;
is a copy of the UMVP on T3, whose 0-noise intensity and 1-noise intensity are 0 and
go + €1, respectively, and having all-zero initial configuration.

Let {£7}50 and {€Y}15¢ denote the UMVP on Ts, with all-zero and all-one initial
configurations, respectively, i.e., 5(()0) (x) =1-— 5(()1)(.%) =0, for every x € T3. Our next
lemma, Lemma 5.10, illustrates the “domination property” of é;: When jointly defined

with §t(0) or ft(l), ¢ controls the deviation of §t(0) (é’gl)) from its initial all-zero (all-one)
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configuration. The proof of Lemma 5.10 uses the same approach as that of Lemma 5.5,

and is included for completeness. The reader should feel free to skip it.

Lemma 5.10. Let d; denote the dominating process that is jointly defined with 5150) and
t(l). Then, for each x € T3 and t > 0,

P& () = 1) SP(@u(w) = 1), P& (2) = 0) SP@i(a) =1).  (5.44)

Lemma 5.10 is a natural result of the monotonicity of the majority vote process:
Compared with fgo), d; follows the same majority vote rule (2.2.c), but has “one-sided”
noise. When jointly defined with §t(0), 0; only differs at noise points, in the sense that
the 0-noise points for ft(o) are the 1-noise points for §;. Cumulatively, we expect d; to

have more sites of opinion 1 than ﬁt(o) has.

Proof. We note that, due to symmetry, to prove Lemma 5.10, it suffices to show (5.44)
for one of 5,50) and ﬁfl). In the remainder of this subsection, our goal is to prove (5.44)
for §§O).

Since ¢, is jointly defined with 550) and 5151), to prove (5.44), it suffices to show

£t(0) () < 0¢(x), for every z € T3 and ¢t > 0. (5.45)

We will prove (5.45) by applying Proposition 2.3, the graphical induction principle.

Let A(z,t) denote the event that 550) (x) < é¢(x) holds, for a given x € T3 and ¢ > 0.
Let A(z,t—) denote the event that ff@ (x) < é;—(x) holds, for a given x € T3 and t > 0,
where f@ (x) and 6;—(x) were introduced by (2.3). It follows from Proposition 2.3 that,
to prove (5.45), it suffices to show the following:

(5.10.a) A(x,0) holds for all x € Ts.

(5.10.b) For each = € Ts, if A(y,e(y,t)) holds for all y € N (z) U {x}, then A(z,t)
holds.

Since d;(xz) = 0 for all x € Ts, (5.10.a) follows immediately. To prove (5.45) for all
x € T3 and ¢t > 0, it suffices to prove (5.10.b).

In the remainder of this proof, we fix any x € Ts. Supposing A(y, e(y,t)) holds for
all y € N(z) U {z}, then A(z,e(x,t)) holds. If (z,t) is not an event point, then the
continuation rule (2.5) implies (5.10.b) directly.
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We assume that (z,t) is an event point. Since A(y, e(y,t)) holds for every y € N (z)U
{z}, A(y, t—) holds for all such y by the continuation rule (2.5) and the assumption (2.1).

If (z,t) is a noise point, then §;(z) = 1 by (5.9.a). Since the left-hand side of (5.45)
is no larger than 1, A(x,t) holds regardless of the value of 550) (). To prove (5.45), it
suffices to prove (5.45) when (z,t) is a vote point.

Assuming that (z,t) is a vote point, since (5.45) always holds when d;(z) = 1, to
prove (5.45), it suffices to prove (5.45) when §;(z) = 0. Let N(z) = {y1,y2,y3}. Since
we have assumed that d;(x) = 0, at least two y € {y1, y2,ys} satisfy §;—(y) = 0. Without
loss of generality, we suppose that d;—(y1) = 6—(y2) = 0.

Since we have assumed that A(y;,t—) and A(ys, t—) hold, it follows from 0, (y1) =
dt—(y2) = 0 that fﬁ) (y1) = 59 (y2) = 0. Therefore, when (z,t) is a vote point, §§O) (z) =
0, and hence A(z,t) holds. This proves (5.10.b), and hence completes the proof of
Lemma 5.10. O

5.2.3 Terminology: t-truss and Successful t-truss

This subsection introduces the t-truss, which will serve as the most important tool
to control the marginal density P(d;(z) = 1). Our t-truss is a variant of the truss,
which was introduced by Toom ([7]). Recall that we have fixed a realization of the
Poisson clock X = {XJ(;O),XS),X;EQ)}QCGS, and X is assumed to satisfy (2.1) and (2.2).

We introduce the t-truss as follows.

Definition and properties of t-truss

For each (z,t) € X, we set
W(z,t) = {(y.e(y,1)) : y € N(2)}, (5.46)

where e(x,t) was introduced in (2.4). In other words, W(x,t) is the collection of the

latest event points at each y € N (x) before time t. For each (z,t) € X, we set

V(x,t) ={(y,s) € X : (x,t) e W(y,s),s >t, and

(5.47)
(XL uxPuXP)n({y} x (t,5) = 0},
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Figure 5.2: Examples of W(x,t), Y(z,t) and Z(z,t)

t 4 | | | | I
| I ? I I
? | | | b
| | | & i
?
s o T
| | o} | i
I e T S
| | | | I
I R Q _ _ 1l _ _ 4 _ _
i o A R R
tS N
v v S N S S
I ? I I I
| | | | o)
! ! ! ! 1 >
Z1 Z9 Z3 Z4 T Y1 Y2 z1 29

On the left, z,y1,¥y2,ys3,21,22,23,24 € T3 are displayed. On the right, a realiza-
tion of the Poisson clock X on T3 is shown, where each circle represents an event
point. By definition (5.46), W(y1,t1) = {(x,t3), (21,t4), (22,t2)}. Hence, by defini-
tion (5.47), (y1,t1) € Y(x,t3) N Y(z1,ts) N Y(22,t2). By definition (5.48), Z(x,t3) =
{(21,t4), (22, t2) }, 2(21,ta) = {(,3), (22, t2) }, and Z(22,t2) = {(=,13), (21, t1) }.

and
Z(z,t) ={(z,w) € X : z # z, and
(z,w) € W(y, s) for some (y,s) € Y(x,t)}.

(5.48)

It follows from (5.47) and (5.48) that (z,w) € Z(x,t) implies that (x,t) € Z(z,w).
Figure 5.2 presents an example of W(x,t), Y(x,t), and Z(z,t), for a given realization
of the Poisson clock.

We introduce the t-truss. Recall that a tree is a connected (undirected) graph with

no cycle.

Definition 5.11 (t-truss). For a realization of the Poisson clock X satisfying 2.1 and
2.2, letT = (V(T), E(T)) denote a finite graph on X, with V(T) C X. Let (x,t) € V(T)
denote a vertex of T such that t > s, for every (y,s) € V(T). (Such an (x,t) always
exists by 2.1.) We say T is a t-truss if it satisfies the following.

(5.11.a) T is a tree.
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(5.11.b) FEach (y,s) € V(T) is incident with at most 4 edges.

(5.11.c) For every (y,s) € V(T), letting o = {(vs, si)}_, denote the path connecting
(z,t) and (y,s), with (yo,s0) = (x,t), and (yr,sy) = (y,$), then, for every
1<,

(Yi, si) € W(Yi-1,8i-1) U Z(Yi-1, Si-1)- (5.49)

Using the realization of the Poisson clock X shown in Figure 5.2, we present examples
of graphs on X that are t-trusses and those that are not. These examples are presented
in Figure 5.3.

Our next lemma estimates the number of all possible t-trusses with [ edges.

Lemma 5.12. For a fized choice of the Poisson clock X satisfying 2.1 and 2.2, let N(I)

denote the number of all possible t-trusses with | edges. Then
N(l) <1021, (5.50)

Proof. Since T is a tree, there exists a closed path 7 = {(y;, 8:)}?L,, with (o, s0) =
(y2r, s2r) = (x,t), such that each edge e € F(T') appears exactly twice in 7. Therefore,
the number of possible t-trusses is no more than the number of such paths.
A little thought shows it follows form (5.49) that, for every (y;—1,si—1) and (y;, s;),
with (yi—1,si—1) € W(y;, si), there exists some j < i such that (y;,s;) € W(y;—1,sj-1)-
We estimate the number of such paths: Supposing that {(y;, si)}f;ol is determined

for some k > 1, then, there are only three possibilities when choosing (yx, sk):
1. (yk, sk) € W(yk—1,8k—1): There are at most 3 such event points.
2. (yk, Sk) € Z(yg—1, Sk—1): There are at most 6 such event points.

3. (yk, sk) such that (yr_1,sx-1) € W(yx, sk): A little thought shows that (yg, sk)
has been traversed by the path {(yi, s;)}*=}. Tt therefore follows from (5.49) that

such a (yg, sg) is unique.

Since the last vertex of the path o, (yg, s9;), coincides with (z,t), the number of all

possible paths is bounded by 10%~1. This completes the proof of Lemma 5.12. O
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Figure 5.3: Examples of graphs that are not t-trusses.

Let z,vy1, o, y3, 21, 22, 23, 24 € T3 denote the vertices that were displayed in Figure 5.2.
The graph displayed in (a) is a t-truss, while those displayed in (b), (c¢), and (d) are
not: In (b), the edge connecting (z2,t2) and (22,?5) violates (5.11.c). In (c), the edge
connecting (z1,t4) and (zo,t5) violates (5.11.c). The graph displayed in (d) (bottom-

right) is not a tree.
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Selections and successful t-truss

We introduce the selection on X: Recall that, for each x € T3 and an event point
(x,t) € xPuxPux®, W(z,t) was introduced in (5.46).

Definition 5.13 (selection). We fiz a realization of the Poisson clock X satisfying
(2.1) and (2.2). A selection V is a set-valued function V : X — B(X), satisfying
V(y,s) C W(x,t), such that, for each (z,t) € X, |[V(x,t)| =0 or 2.

In practice, when a Poisson clock X is fixed, for a given (x,t) € X with & (x) =

V(z,t) will be set as a subset of W(z, t), such that each (y, s) € V(z,t) satisfies 0(y)

9

1
1.

We introduce the following notation: For each A C X, we set

V() = (J V,s), (5.51)

(y,s)€A
We also set VO(z,t) = {(z,t)}, V(z,t) = V(x,t), and
Vi(z,t) = VW (x,t), forj=23,---. (5.52)

Let V*°(x,t) denote the union
V2 (x,t) = Vi(x,1). (5.53)
j=0

Recall {d;}+>0 denotes the dominating process on Ty. Our next proposition, Propo-
sition 5.14, shows that, for each event point (z,t) satisfying d;(z) = 1, there exists a

selection V, such that every (y, s) € V> satisfies d5(y) = 1.

Proposition 5.14. Let X denote any realization of the Poisson clock satisfying (2.1)
and (2.2). Supposing that 6¢(x) = 1 for some (x,t) € X, then there exists a selection
Vi), satisfying the following:

(5.14.0) V37 (@, 1)] < oo.

(5.14.b) For each y € T3 and every noise point (y,s) € Vo (z,t),
V(m,t) (ya S) = 0.

(5.14.c) For every (y,s) € V&‘f’t), ds(y) = 1.
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For readability, we leave the proof of Proposition 5.14 until the end of this section.

In the remainder of this subsection, we fix any (x,t) € X with §;(z) = 1, and

let V4 denote a selection satisfying (5.14.a), (5.14.b) and (5.14.c). (Proposition 5.14

ensures the existence of such a selection V.) For simplicity, we abbreviate V, ;) and
V(x,t) as V and V°, respectively.

We introduce a binary relation “~” on V*° as follows. For every (y, s) € V*°, we set

(y,8) ~ (y,5). For every (y1,51), (y2,52) € V> satisfying
{(y1,51), (y2,82)} € V(y, s) for some (y, s) € V>, (5.54)

and
V=(y1,51) NV (y2, 52) # 0, (5.55)

we set (y1,51) ~ (yo2,s2). For every (y1,s1), (y2,52) € V> where (y1,$1) ~ (y2,S2) is

not defined, we set (y1,s1) ~ (y2, s2) if there exists a sequence {(z;,7;)}i; € V> such

that (y17 Sl) ~ (217T1)7 (y2752) ~ (ZU,7TU)7 and
(23, 7i) ~ (241, 7i41) for every i satisfying ¢ > 1 and 1 +1 < r. (5.56)

We claim that “~” is an equivalent relation on V*°.

b

To see this, it follows from its definition that “~” is reflexive and symmetric. More-

”

over, (5.56) implies that “~” is transitive. Therefore, “~” is an equivalence relation.

We next introduce the equivalence class introduced by “~7”.

Definition 5.15. Let V denote a selection satisfying Proposition 5.14, and V™ =
V(x,t), which was defined in (5.53). For each (y,s) € V™, let [(y,s)] denote the

equivalence class of (y, s).

We note that the class [(x,t)] contains only one event point (x,t). If (y,s) € V>
is a noise point, it follows from (5.14.b) that [(y, s)] consists of exactly one event point
(y, ).

We next introduce two types of edges on V*>°: arrows and forks. Recall that Z(y, s)
was defined in (5.48).

Definition 5.16 (arrows). Given a selection V, we consider an edge e =
((y1, 1), (y2, 52)) with (yi,si) € V*° and s1 < s3. We say e is an arrow if (y1,s1) €
V(y2782)-
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Figure 5.4: Examples of arrows and forks.
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On the left, x, y1,y2, Y3, 21, 22, 23, 24 € T3 are displayed. On the right, a realization of the
Poisson clock X on T3 is shown, where each circle represents an event point. We define
a selection on X as follows: V(z,t0) = {(y1,t2), (y2,t1)}, V(y1,t2) = {(21,t4), (22,%3)},
and, for every event point (y,s) € X that is neither (z,ty) nor (y1,t2), V(y,s) = 0. It
follows from Definition 5.13 that V is a selection on X. The edge connecting (z,ty) and

(y2,t1) is an arrow since yo2 € N'(x). The edge connecting (z1,t4) and (22, t3) is a fork.
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Figure 5.5: An example of a successful t-truss
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Using the same selection V defined in Figure 5.4, we introduce a t-truss T =
(V(T), E(T)) as follows: V(T) = {(z,t0), (y2,t1), (y1,t2), (22,t3), (21, t4)}, and E(T) =
{e1,e2,e3,e4}, where e; = ((x,tp), (y2,t1)), e2 = ((y1,t2), (22,t3)) are two arrows, and
es = ((y2,t1), (y1,t2)), ea = ((z1,t4), (22,t3)) are two forks. A little thought shows that

T is successful if event points (y2,%1), (22,t3) and (z1,t4) are noise points.

Definition 5.17 (forks). Given a selection V, an edge e = ((y1,51), (y2,52)) with
(Yi,8:) €V 1i=1,21s a fork if (y1,51) # (y2,82) and (y1,51) € Z(y2, 52)-

Figure 5.4 presents an example of an arrow and fork.

We next introduce the successful t-truss. Recall the t-truss was introduced in Defini-
tion 5.11. Given a selection V satisfying Proposition 5.14, an event point (y,s) € V(T)
is a leaf if V(y,s) = 0.

Definition 5.18. Given a selection V and a t-truss T = (V(T'), E(T)) on V>°. We say
T is a successful t-truss with V if T satisfies the following.

1. E(T) consists of arrows and forks only.
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2. Every leaf (y,s) € V(T) is a noise point, i.e.,

(y,s) € XZSO) N ngl), for each (y,s) € V(T) with V(y,s) = 0. (5.57)

Using the same realization of the Poisson clock, we draw the diagram of a successful
t-truss in Figure 5.5.
We conclude this subsection with Proposition 5.19, which demonstrates that the

event {d;(z) = 1} implies the existence of at least one successful t-truss.

Proposition 5.19. Consider a selection V satisfying (5.14.a), (5.14.b) and (5.14.c).
Supposing 6;(x) = 1, for some x € Ty and t > 0, then there exists a successful t-truss T
such that

a(T)+ f(T) < 4n(T), (5.58)

where a(T), f(T) denote the number of arrows and forks in E(T), and n(T) denotes

the number of leaves in V (T').

For readability, the proof of Proposition 5.19 is delayed until Subsection 5.2.6.

5.2.4 Proof of Theorem 7 Assuming Propositions 5.14 and 5.19

This subsection proves Theorem 7: the UMVP on Tj is non-ergodic when eg + €71 is
sufficiently small, assuming Propositions 5.14 and 5.19.

Let {fgo)}tzo and {fgl)}tzo denote the UMVP on T3, with all-zero and all-one initial
configurations. Since the majority vote process is a monotone spin system, by Corollary
2.4, to show that & is non-ergodic, it suffices to show that 5,5(0) and ffl) have distinct

limiting distributions. For this, it suffices to show

tl_i)m }P’(gfo) (x) =1) < 1/2, for every x € Ts; (5.59)
and
Jim P (z) = 0) < 1/2, for every z € Ts. (5.60)

To prove (5.59) and (5.60), by (5.44), it suffices to show

1
tlim P(o(z) =1) < 2 for every = € Ts. (5.61)
—00
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We use the t-truss, which was introduced in Subsection 5.2.3, to prove (5.61). Sup-

posing d;(z) = 1 for some x € T3 and ¢ > 0, Proposition 5.14 implies the existence of a
selection satisfying (5.14.a), (5.14.b) and (5.14.c).

Let V denote such a selection, and ©,, denote the collection of t-trusses on V*°(z,t)

with n leaves. It follows from Proposition 5.19 that there exist some N € N, and a

successful t-truss T' € O, satisfying (5.58). Therefore,

P (z) =1) < Z Z P(T is successful with V) < Z |Op]e™. (5.62)
n=1T€O, n=1
Since E(T') consists of arrows and forks only, and satisfies (5.58), if follows from
Lemma 5.12 that
10, < 108" — 1. (5.63)

Since € = gg+¢1 < (12-107) 71, the desired bound (5.61) follows from (5.62) and (5.63).
This completes the proof of Theorem 7. O

5.2.5 Proof of Proposition 5.14

This subsection proves Proposition 5.14. We will construct a selection V satisfying
(5.14.b) and (5.14.c), and show that |[V*°(xz,t)| is almost surely finite. We begin with a

simple observation.

Lemma 5.20. For a given y € T3 and (y, s) € Xf), with 05(y) = 1, there exist at least
two y1,y2 € N(x), such that ey, (Y1) = de(ys,s)(y2) = 1.

Proof. Since (y,s) € XZSQ) satisfies d5(y) = 1, it follows from (2.2.c) that there are
at least two distinct y1,y2 € N(y), with ds—(y1) = ds—(y2) = 1. If follows from the
continuation rule (2.5) that de(y, (Y1) = e(ys,s)(¥2) = 1. This demonstrates 5.20. [

We will construct V by repeatedly applying Lemma 5.20. We begin with (z,t). We

set

0 if (z,t) € XV ux{V,
V(z,t) = (5.64)

{(y1,e(y1,1)), (y2,€e(y2,t))} otherwise,

where y1,y2 € N(z) satisfy de(y, (Y1) = de(yo,t)(y2) = 1. (The existence of such y; and
y2 is implied by Lemma 5.20.)
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If (x,t) is a noise point, then V*°(z,t) = {(x,t)}, which satisfies (5.14.a), (5.14.b),
and (5.14.c).
Suppose that V(y, s) is defined for every (y,s) € U{;&Vi(x,t) and satisfies (5.14.b)
and (5.14.c). For every (y,s) € V/(x,t), we set

0 if (y,s) € Xé,o) U ngl),

V(y,s) = (5.65)

{(y1,e(W1: ), (va,e(yz, 5))}  otherwise,
where y1,y5 € N(y) and satisfy de(yr o)(¥1) = Jeyy,s)(45) = 1. (The existence of such
Y1, Y2 is implied by Lemma 5.20.) It is straightforward to verify that (5.14.b) and (5.14.c)
hold for (y.,e(y},s)), i =1,2.

In the remainder of the proof, we show that |V*°(z,t)| is almost surely finite. As-
suming (z,t) is a vote point (otherwise, V>*(z,t) = {(z,t)}), for every vote point
(y,s) € V¥(x,1), it follows from (5.65) that there exists some (y1,s1) € V*°(x,t), with
y € N(y1). Consider a sequence of event points {(y;, s;) }1™, with (yo,s0) = (2,t), and
for each 1 <i < m, y; € N(yi-1), si = e(y;,8i—1). Since s;_1 — s; = si—1 — e(y;, Si—1),
1 < i < m, are independently and exponentially distributed, their sum is Gamma

distributed. It therefore follows from

Z Si—1 — 2(81;1 — Si), (566)

that, for any given ¢t > 0,

P(Y (sio1 —s1) <) < VF(’(Z;? =t Z ;J' (5.67)

=1

Supposing that |[V>°(x,t)| = oo, we claim that, for each L > 0, there exists a sequence
of event points {(y;, s;)}i", with (yo,s0) = (z,t), m > L, and for each 1 < i < m,
yi € N(yi—1), si = e(y;,si—1). To see this, note that if the maximum length of such a
sequence is m’ < oo, then |[V*>°(z,t)| < 2™ +1 which contradicts the assumption that
V> (a, )] = oo

For each L > 0, it follows from (5.66) and (5.67) that

m

PV (x, )] = 00) < P(S (121 — 1) ¢! Z

=1

! (5.68)
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where m = | L] denoting the largest integer that does not exceed L. Taking the limit
L — oo on both sides of (5.68), we obtain that P(|]V*°(x,t)| = oo) = 0. This completes
the proof of Proposition 5.14. O

5.2.6 Demonstration of Proposition 5.19

In this section, we prove Proposition 5.19. Proposition 5.14 implies that, condition-
ing on {0;(x) = 1}, there exists some selection V(, ;) satisfying (5.14.a), (5.14.b) and
(5.14.c). In this proof, we fix an (z,t) € X such that §;(z) = 1, and also a selection
V(a,t), satisfying (5.14.a), (5.14.b) and (5.14.c). For readability, we abbreviate V(, ;) and
V>(x,t) as V and V*°, respectively.

For every (y1,s1), (y2,s2) € V>, it follows from (2.1) that s; # so. We therefore
write V° = {(y;, si)}, such that (yo, so) = (,t), and, for every 1 <i < M, 5,1 > s;.

We construct a successful t-truss T'= (V(T'), E(T)) on YV recursively, such that T'
satisfies Proposition 5.19. Recall that arrows and forks were introduced in Definitions
5.16 and 5.17. The construction of T' will be done recursively: Throughout the con-
struction, S; and V;, 1 < i < M, will denote sets of event points, 4;, 1 < i < M, will
denote sets of arrows, F;, 1 < i < M, will denote sets of forks, and A;, 1 <i < M, will
denote sets of integers (indexes). We will construct each of S;, V;, A;, F;, and A;, for
1 <i< M, then use Sys, Vs, Apr, and Fiy to construct a t-truss 7', and prove that T
is successful.

We let e(i, j) denote the following edge:
6(27]) = ((yivsi)a(ijsj))7 f0r0§2<j§]€

Construction of Vi, Ay, Fy, 51, A1

Recall that [(y1,s1)] denotes the equivalence class of (y1, $1), induced by the binary
relation “~". Let |[(y1,s1)]| denote the cardinality of the equivalence class [(y1,s1)]-
(Since V*° is almost surely finite, so is [(y1, s1)].) There are two possibilities: |[(y1, s1)]| =
1, o [[(n,s0)ll > 1.

If |[(y1, s1)]| = 1, then we set

Vi = {(yo,50), (y1,51)}, A1 ={e(0,1)}. (5.69)
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Since (y1, s1) € V(yo, So), it follows from Definition 5.16 that the edge (0, 1) is an arrow.
We also set S; = Fy = (), and Ay = {0,1}. This completes the construction of of V3,
Aq, F1, 51, and A;.

If [(y1,81)] > 1, we set Vi = Vo, Ay = F1 =0, S1={(y1,1)}, and Ay = {0,1}.

In both cases, every (y, s) € V; is incident with at most one arrow from A;. Consid-
ering a graph 11 = (V(T1), E(11)), where V(T1) = S1 U Vi, and E(11) = A U Fi, then
T7 admits no cycle.

We will construct Vi, Ak, Fj, Sk, given {V o 0, {S i 0, {A

the following way:

o and {E;}F 5 in

Recurswe construction of Vi, Ay, Fi, Sk, Ay given {V;}'=J, {A; Y24, {FY),
{SiYizas A

Suppose that {V;}5= 1}, {S;}424, and {A;}7=4 are constructed to satisfy that, for each
1<i<k—-1,

each (y,s) € V; is incident with at most two arrows ay,as € A; (5.70)
and also that
each (y,s) € S; is incident with at most one arrow from A;. (5.71)

We set
A1 ={0<i<k—1:(y;8i) € Vg1 USk_1}.

We consider the graph Ty = (V(Tk—1), E(Tk—1)), where V(Tj_1) = Vx_1 U Sk_1, and
E(Ty—1) = Ax_1 U Fy_1, and we assume that Tj_; admits no cycle. We will construct
Viey Ak, Fi, Sk in a way such that (5.70) and (5.71) are satisfied for i = k, and the graph
Ty = (Vi U Sk, Ag U Fy) admits no cycle.

Setting W = [(yk, sk)], then there are two possibilities of W — |W| > 1 or [W| = 1.
If W] > 1, then we set Ay = Ag_1, F, = F_1, Vkx = Vi—1 and Sy = Sk_1. (5.70) and
(5.71) are still satisfied for ¢ = k. Considering the graph T}, = (V(T}), E(T})), where
V(Ty) = Vi USp = Vi1 U St = V(Tio1), and E(Ty) = Ay U Fj, = Ap U Fy_y =
E(Tk_1), then T} admits no cycle.

We now assume |W| =1 and set Vi, = Vi1 U {(yg, sk)}. We will “add” an arrow or

a fork in T according to the following steps.
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Step 1 If there exists some ¢ € A;_; such that e(7, k) is a fork, then we set

Fy = Fr_1 U{e(i,k)}, (5.72)
and skip the next two steps.

Step 2 If there exists some i € A1 such that e(i, k) is an arrow, then we set
A = A1 U {e(i, k)} (573)
If multiple such ¢ exist, we set ¢ equal to the largest and skip the next step.

Step 3 If, for every i € Ag_1, the edge e(i, k) is not a fork or arrow, then we set
Vi = Vi_1.

Let j < k — 1 denote the largest integer such that

(Yks s) € V(Y55 85)- (5.74)

We note that such a j always exists by the definition of V*°. Letting (yp, sp)
denote the other event point in V(y;,s;), then there are two possibilities
of h and k: If h < k, then |[(yn,sn)]| > 1. (Otherwise, (yn,sn) € Vi_1,
contradicting the assumption that every e(i, k) is not a fork or an arrow.)
We set Sy = Sk—1 U {(Yn,sn)}. The maximality of j ensures that e(h, k) is a
fork. We also set

A=A, F,=F,_1U {e(h, k‘)} (5.75)

If h > k, we set

Sk =Sk-1U{(y;,hy)}, Ak =Ar1U{e(j, k)}, (5.76)

and Fj, = Fj_1. Since (yg, sx) € V(yj, 55), e(4, k) is an arrow. This completes
Step 3.

We have defined Vi, Ag, F), and S through these three steps. Let Ty, = (V(Tk), E(T}))
denote the graph where V(T}) = V;, U Sk, and E(Ty) = A U F,. We will demonstrate
that T} has no cycle, and that Vi, Sk and Ay satisfy (5.70) and (5.71).
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Compared with Tj_1, T} has at most two extra event points in V(7") and one extra
edge that is incident with the extra event point(s). Therefore, T admits no cycle.

We verify that Vi, Sy and Ay, satisfy (5.70) and (5.71). Since exactly one of Ay and
Fy, differs from Ag_1 and Fj_1, we discuss these two possibilities: If Fj, # Fj_1, then
(5.70) and (5.71) hold for ¢ = k.

If A1 # Ay, then

A = Ag-1 U {e(i, k) },

for some 0 < i < k. If (yi,8;) € Sg—1, then we claim (y;, s;) is incident to exactly one

arrow e(i, k): If not, it follows from (5.73) that there is some j < k, with

(yj, Sj) S V(yl, Si), 6(i,j) € Ak—l' (577)

In this case, the maximality of (5.73) implies that e(7, k) is a fork, satisfying the condition
in Step 1. This contradicts the assumption Fy_1 # Fj.

If (yi, ;) € Vi—1, a little thought shows that (y;, s;) is incident to exactly one arrow
e(i, k). In both cases, Vi, Sk and Ay satisfy (5.70) and (5.71). This completes the

construction of Vi, Ai, Fj and Sk.

Construction of T'

We repeat the construction of Vi, Ay, Fi, Sk, for 1 < k < M. Using Vas, Anr, Fur,
and Sy, we construct a t-truss 71" as follows.
We set
V=VyUSy, E=AyUFuy.

If the graph T = (V, E) is connected, then we take T'= T as the desired t-truss.

We consider the following sets if 7" is not connected.

AWV=) ={((y,5), (v, 5) : (¢v/,¢") € V(y.9)},

and
FOV*®) = {(y,s),,s) € V>°:((y,s),(y,s")) is a fork}.

In other words, A(V>°) and F(V>°) are the set of all possible arrows and forks on V*°.
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We set

Eo = {((y:9), (¢, ") € AV™) : (v, 8), (v/", ")) € F(V™)

. "o / " (5.78)
with (y”,s") € V(y,s) and s’ < s"}.

In other words, if there exist event points (y, s), (v, s’) and (y”, s”), such that V(y, s) =
{(&/,s), (", s")} (with &' < "), and the edge ((¢/,5), (y",s”)) is a fork, then e =
((y,9),(y',5")) € Eo.

Setting

Vi=y®, B = (A(VOO) U F(VOO)) N EE,

then a little thought shows that (V’, E') is connected, and E C E', as a direct result of
the maximality of (5.73).

Let T = (V(T), E(T)) denote the minimal connected subgraph of (V’, E'), such that
V CV(T) and E C E(T). A little thought shows that every leave of T is a noise point.

We claim that T is a t-truss: Since T is the minimal connected subgraph of (V/, E'),
and (V', E') does not admit any cycle, T' is a tree. Since E' C (A(V*>®) U F(V>°)), T
satisfies (5.11.c). To show T is a t-truss, it suffices to show that T satisfies (5.11.b). To
see this, since each (y, s) € V) is incident with at most 2 arrows, and each (y, s) € Sus
is incident with at most 1 arrows, then each (y,s) € V(T) is incident with at most
2 arrows. On the other hand, it follows from Definition 5.17 that each event point is
incident with at most 2 forks. Therefore, T satisfies (5.11.b).

Setting T = T, since we already proved that every leave of T is a noise point, it
follows that T is a successful t-truss. To show T satisfies Proposition 5.19, it suffices to
prove (5.58) for T

Proof of (5.58)

In the remainder of this subsection, we prove that 7" satisfies (5.58). It follows from
the construction of each Vi, 1 < k < M, that Vi includes all event points (y, s) € V>
with [[y, s]| = 1. Since all noise points (y,s) € V> satisty |[y, s]| = 1, Vs, and hence
V(T) contains all noise points in V>°.

Consider the graph Gy = (V(Gy), E(Gy)) where V(Go) = V*°, and E(Gp) = A(V>®).

Letting dy(+,-) denote the graph distance on Gy, we define

u(y, s) = do((y, s), (yo,s0)), for each (y,s) € V=, (5.79)
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and
B(r)={(y,s) e V°NT :u(y,s) =r}, foreachreN. (5.80)
In addition, we set B(0) = {(yo,80)}. By the minimality of T, each arrow a =
((y,8),(v',s")) € E(T), with s > ¢, satisfies (y,s) € B(n) and (¢/,s") € B(n + 1)
for some n. Letting a,, denote the number of such arrows, and [/,, denote the number of

noise points in B(n), we claim
|B(n+1)| > 2(ap—1 — 1), foreachneN. (5.81)

To see (5.81), consider aj,az € E(T) N A(V>®), with a1 = ((21,71), (21,7})) and
as = ((z2,712), (25,75)), such that (z1,71), (22,72) € B(n—1) and (2],7), (z4,75) € B(n).
Since T is a minimal connected subgraph of (V', E'), (2],7]) # (25, 7%). (Otherwise, the
path connecting (yo, so) and (z],7]), and the path connecting (yo, so) and (24, %) form
a cycle.) (5.81) follows from the observation that all leaves of 7" are noise points.

Since V*° is almost surely finite, only finitely many B(n) are non-empty. Summing

over both sides of (5.81) from n = 2 to infinity, we obtain that

> B(i)] = 2(a —1). (5.82)
=2

On the other hand, since T is a tree,
> IBG)| = V(T)| = [B(0)| - [B(1)| < a+ f. (5.83)
i=2

Hence, it follows from (5.82) and (5.83) that
a<20+f. (5.84)

Definition 5.17 states that, if a fork exists between (v/,s'), (y",s") € V(T), then
Ve(>y', Y NVYe(y”, s") = 0. Since T is a tree, and all its leaves are noise points, f <.
(5.58) follows from (5.84) and f < (. This completes the proof of Proposition 5.19. [



Chapter 6

Oriented Majority Vote Process
on Z¢

Recall that the oriented majority vote process with nearest-neighbor interactions
(OMVP) was introduced in Subsection 1.1.2. In this chapter, we will discuss the be-
havior of the OMVP on Z4, with d > 4. As usual, we let {&}i>0 denote the OMVP,
and g, &1 € [0,1] denote the 0-noise and 1-noise intensities. The goal of this chapter is
to demonstrate the contrasting behavior of &, when the noise intensity €9 + 1 is small
and when it is large: When ¢g + €71 is large, & will be ergodic and converge exponen-
tially fast to its unique equilibrium, starting from any initial distribution. Conversely,
when € 4 ¢ is sufficiently small, & is non-ergodic and has uncountably many mutually
singular equilibria.

This chapter is structured as follows. In Section 6.1, we will review the basic setting
of the OMVP on Z¢, and examine its behavior when o + ¢; is large. As before, the
ergodicity of & under large g + €1 is established through a standard argument and is
included primarily to contrast with the behavior when £y + £ is sufficiently small.

The main part of Chapter 6 is dedicated to proving that & is non-ergodic and
possesses uncountably many mutually singular equilibria when eg + €1 is sufficiently
small. In Section 6.2, we will state Theorem 8: When g + €7 is small enough to satisfy
(6.3), & is non-ergodic and has uncountably many mutually singular equilibria. In the

same section, we will provide an overview of the proof of Theorem 8.

134
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In Section 6.3, we will introduce the dominating process on Z%, denoted by {&; }¢>0,
which serves as the Z% analog of the dominating process on Ty. We will relate §; with
& through Propositions 6.4 and 6.5. In the same section, we will introduce a family
of uncountably many compatible configurations, which will lead to mutually singular
equilibria of the OMVP. (This will be proved in Section 6.5.) We will prove Proposition
6.4 in Subsection 6.3.2, and Proposition 6.5 in Section 6.4. We will conclude this chapter
with the proof of Theorem 8 in Section 6.5.

6.1 Definitions and Large Noise Regime

Recall the OMVP on a directed graph G = (V, E) was introduced in Section 1.3.
Let V=2%and E = {e = (z,v+e;) : € Z% 1 < i < d}, where e; denotes the ith
vector in the standard basis. Each edge e = (x,z + e;) € F is assumed to be directed

from z to x + e;. For every x € Z¢, we set
Ox)={x+e; :1<i<d}. (6.1)

In other words, O(x) consists of all vertices that are incident with an edge directed from
x. The OMVP on Z¢, denoted by {&}i>0, is defined as the majority vote process on
(S,N), where S = Z%, and N (z) = O(x), for each z € Z%.

Our next Proposition, Proposition 6.1, shows that when g9 4 €; is large enough,
the OMVP on Z¢ will be ergodic, and converge to the unique equilibrium exponentially
fast, starting from any initial distribution. Since the proof of Proposition 6.1 uses the
same technique as that of Propositions 5.1 and 5.8, we omit its proof here. Recall we

assumed that €y + &1 < 1, so that the rates of all events are nonnegative.

Proposition 6.1. Consider the OMVP {&}i>0 on Z2, with d > 2. Let gg and e1 denote
the 0-noise and 1-noise intensities. When gg,e1 € [0,1] satisfy

1

>1——
€0t €1 dr1

(6.2)

& is ergodic and converges exponentially quickly to the unique equilibrium, starting from

any initial distribution.

The bound in (6.2) is consistent with the bounds given in (5.1) and (5.42), noting
that [N (2)| = d for every z € Z% Recall that, in the proof of Proposition 5.1, [N (z)]
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is used to obtain the crucial inequality (5.4). Substituting 4h(x) by dh(z) on the right-
hand side of (5.4), the proof of Proposition 6.1 can be obtained directly from that of
Proposition 5.1.

6.2 Non-ergodicity for Small ¢y + ¢4

In the remainder of this chapter, we examine the behavior of the OMVP when g¢+¢1
is small. Gray ([23]) demonstrated that the OMVP on Z? is non-ergodic when ¢q +¢7 is
sufficiently small. Using a similar approach, the non-ergodicity of the OMVP on Z3 can
be obtained under the same assumptions. Our next theorem, Theorem 8, establishes
the non-ergodicity of & when ¢y + £1 is sufficiently small. As on Ty, with d > 3, this
behavior contrasts with that of the majority vote process on a uniformly self-supporting

structure.

Theorem 8. Consider the OMVP {&}i>0 on 7%, with d > 4. Let €9 and &1 denote the

0-noise and 1-noise intensities. Supposing €g,€1 satisfy
g0 461 < (10(250+2d)/4(d _ 1)7/4)7250d’ (63)
then & is non-ergodic and has uncountably many mutually singular equilibria.

We summarize the proof of Theorem 8 as follows. Our strategy is similar to that
for proving Theorem 6: We will introduce a family of uncountably many compatible
configurations, with each compatible configuration leading to an equilibrium for &. A
family of dominating processes will be introduced to show that these equilibria are
mutually singular with respect to each other.

In Section 6.3, we will introduce a family of uncountably many compatible config-
urations, which is the Z?¢ analog of Definition 5.2. We will partition Z? into d — 1
dimensional hyperplane {4;};cz. A configuration is defined to be compatible if, for each
i € Z, all sites from A; have the same opinion. When these compatible configurations
are used as initial configurations for &, they lead to a family of uncountably many
equilibria. To complete the proof of Theorem 8, it suffices to demonstrate that these
equilibria are mutually singular with respect to each other.

In Subsection 6.3.1, we will introduce the dominating process on Z%, the Z¢ analog

of Definition 5.4. We let {d;}+>¢ denote this process and state some of its properties.
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In Corollary 6.3, we will prove that, for given s,¢ > 0, &(x) and Js(y) are independent
if x,y are not on the same hyperplane A;. In Proposition 6.4, we will prove that, when
jointly defined with &, §; controls the amount & deviates from the initial compatible
configuration &. Proposition 6.4 is the Z% analog of Lemma 5.5, and will be proved
in Subsection 6.3.2. In Proposition 6.5, we will establish a uniform upper bound on
the marginal density of §;. Although Proposition 6.5 is the Z¢ analog of Lemma 5.6,
proving it requires significantly different techniques, which will be detailed in Section
6.4.

Section 6.4 is where the proof of Theorem 8 differs most significantly from that
of Theorem 6. We will project the dominating process §; onto distinct hyperplanes
{A;}icz. For each projected process &, we will prove that 5 is a continuous-time spin
systems associated with a shrinker operator. This enables us to apply estimates from
[23] and [24], which will imply Proposition 6.5, after some work.

Section 6.5 will prove Theorem 8. We will introduce an uncountable subset A C
{0,1}% and use each a € A to introduce a compatible configuration (*. Each ¢ will
lead to an equilibrium ,u(“), and we will prove that these equilibria ,u(“), for a € A, are
mutually singular with respect to each other. To achieve this, we will apply Propositions

6.7 and 6.5. This will complete the proof of Theorem 8.

6.3 Compatible Configuration and Dominating Process

This section introduces the compatible configurations and dominating process. We
also discuss some important properties of the dominating process. We outline this
section as follows: In Subsection 6.3.1, we introduce the dominating process {d;}+>0
on Z% We next state some of its properties in Corollary 6.3, Proposition 6.4, and
Proposition 6.5. Subsection 6.3.2 proves Proposition 6.4. (The proof of Proposition 6.5
will be given in Section 6.4.)

For each 1 < j < d, we define a projection 7; : 7% — 7 by setting
mj(x) = x;, for each x = (x1, 22, - ,x4) € Z%.
For each m € Z, we let A,, denote the d — 1 dimensional hyperplane

Ay = {z € 2% : mg(z) = m}.
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For each doubly infinite sequence a € {0,1}%, where a = {am }mez, we introduce a

compatible configuration (%) € . by setting
¢ (z) = Ury(x), for each z € il

In other words, we partition Z? into infinitely many d — 1 dimensional hyperplanes and
assign a unanimous opinion to each hyperplane according to the sequence a € {0, 1}Z.

We next introduce the dominating process on Z¢.

6.3.1 Dominating Process and its Properties

As on Ty, the dominating process on Z¢ is defined so as to create some independence
by ignoring the potential influence from & (r + e4) to &(x). To compensate for this
change, at each vote point (z,t), d;(x) slightly favors the opinion 1 over 0.

We will define the dominating process {5t(€)}t20 by its graphical construction. Recall
that event points U,czq (Xéo) uxMu X;EQ)) are sampled from a family of independent
Poisson point processes, given in Definition 2.1. As usual, we will refer to both a 0-noise

point and 1-noise point as a noise point. For every x € Z%, we set
Ux)={z+e:1<i<d-1}. (6.4)
In other words, for each = = (z1,x2,- -+ ,74) € Z%, U(z) = O(x) — {z + ey}

Definition 6.2 (Dominating Process on Z%). Consider S = Z and a constant e € (0, 1).
A process {6;}i>0, with the state space . = {0,1}°, is a dominating process on Z% if it

satisfies the continuation rule (2.5) and the following three rules.
(6.2.a) All-zero initial configuration: do(z) = 0 for every x € Z.

(6.2.b) d-vote rule: If (x,t) is a vote point, then

5y(x) = L i Yyeu@ugey 0-() 2 (d=1)/2, 65)

0 if Eyeu(x)u{a:} o—(y) < (d—1)/2.

(6.2.c) Noise rule: If (z,t) is a noise point, then d;(x) = 1.
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We will refer to € = g + €1 as the noise parameter of §;. Let & denote a copy of the
UMVP on Z%, with the same 0-noise and 1-noise intensities as &;. Since the graphical
construction of J; is determined by the collection of event points UxeS(ngo) UXél) UX. 3(52)),
d¢ can be jointly defined with &;.
Since we assumed that ¢; satisfies the continuation rule (2.5), {d:}+>0 is an rcll
process. Let §;— € . denote the configuration where, for every z € Z¢,

limg ~ 0s(x)  if £ > 0,

() = (6.6)

0 ift=0.
An immediate result of Definition 6.2 is the independence of the dominating process

between different hyperplanes A,, and A,,,. We write this result as our next corollary.

Corollary 6.3. Let {:}+>0 denote the dominating process on 7. For x,y € Z¢ with
ma(x) # ma(y), and s,t >0, 6:(x) and d5(y) are independent.

Proof. Tt follows from (6.2.b) and (6.2.c) that d;(z) is determined by the initial config-

uration dg and event points U.c4_ (Xgo) U Xél) U X§2)). Since dp(z) = 0, and

()

U &@Qux®ux®) |nl U xPux®ux®)| =0,

zEA zEA

mq(x) ma(y)

0¢(x) and d5(y) are independent, for every ¢,s > 0. This completes the proof of Corollary
6.3. O]

For each sequence a € {0, 1}, let {&@}Qo denote the OMVP on Z¢, with the initial
configuration f(ga) = (@, In Proposition 6.4, we will show that, when jointly defined
with {{t(a)}tzg, the dominating process {0;}+>0 bounds the deviation of §t(a) from its

compatible initial configuration (@),

Proposition 6.4. For a given sequence a € {0,1}%, we let {fga)}xzo denote a copy
of the OMVP on Z%, with d > 4, and assume that £t(a) has the initial configuration
(()a) (z) = ¢(x), for all z € Z4. Consider the dominating process {6;}r>0 that is jointly
defined with fl‘@. We claim the following holds almost surely:

67 (@) = ¢*(@)] < dulw),  for each x € 2, and t > 0. (6.7)
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Since the graphical construction of §; and &; are defined using the same set of event
points Ugcezd(X;gO) U Xg(;l) U X;E«z)), Proposition 2.3 applies. Therefore, we can prove
Proposition 6.4 using the graphical induction principle. For readability, the proof of
Proposition 6.4 is delayed until Subsection 6.3.2. The proof of Proposition 6.4 uses the
same approach as that of Lemma 5.5, and is only included for completeness.
We conclude this subsection with a uniform upper bound on the marginal density of
6¢(x), stated in Proposition 6.5. Although Proposition 6.5 is the Z¢ analog of Lemma

5.6, proving it requires significantly different techniques.

Proposition 6.5. Let {6;}1>0 denote the dominating process on Z¢, and let ¢ denote

the noise intensity. If € satisfies
c < (10(250+2d)/4(d _ 1)7/4)—250d7 (68)

then, for each x € Z* and t > 0,

1

(6.9)

The proof of Proposition 6.5 is divided into three parts: Recall that, for each m € Z,
Am = {z = ()L, € Z? : x4 = m} denotes the d — 1 dimensional hyperplane. To
prove Proposition 6.5, we will first project §; onto hyperplanes A,,, for each m € Z.
By Corollary 6.3, for each = € A,,, the projected process St(a:) has the same marginal
density as that of §;(z). We will show that d; is a continuous-time spin system associated
with a Toom operator T' (see (18.3.1) of [23]). We will prove that the corresponding
Toom operator T is a shrinker. Lastly, we will show that (6.9) is a consequence of
Theorem 18.3.1 of [23] and Theorem 1 of [24]. The proof of Proposition 6.5 will be
delayed until Section 6.4.

6.3.2 Proof of Proposition 6.4

This subsection proves Proposition 6.4 by applying the graphical induction principle
(Proposition 2.3). The proof of Proposition 6.4 uses the same technique as that of
Lemma 5.5 and is included only for completeness. Hence, the reader should feel free to
skip it.

To prove Proposition 6.4, it suffices to prove (6.7) for a copy of the OMVP {éa)}tzo,

with the initial configuration 5(()[1) = ¢(@_ Due to symmetry, we can assume that a; = 0
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for all ¢ € Z. (Otherwise one can swap the roles of 0 and 1 in this proof.) Since a has
been fixed, we abbreviate ét(a) as &, in the remainder of this subsection.

We let A(z,t) denote the event that (6.7) holds for a given x € Z¢ and t > 0, and
let A(x,t—) denote the event that (6.7) holds for &_(x) and &;—(x). Proposition 2.3
states that to prove (6.7) for all z € Z¢ and t > 0, it suffices to prove the following:

(6.4.a) A(z,0) holds for all z € Z¢.

(6.4.b) For each = € Z4, if A(y, e(y,t)) holds for all y € N (x) U {z}, then A(z,t)
holds.

Since (6.4.a) follows directly from the assumption that y(z) = 0, to prove (6.7), it
suffices to prove (6.4.b).

In the remainder of this proof, we fix any = € Z¢, and assume that A(y, e(y, t)) holds,
for all y € N(z) U {z}. Since A(y,e(y,t)) holds for all y € N(x) U {z}, A(z,e(z,t))
holds. If (z,t) is not an event point, (6.7) follows from the continuation rule (2.5).

We assume that (z,t) is an event point. Since A(y,e(y,t)) holds for every y €
N(z)U{z}, A(y,t—) holds for every such y due to the continuation rule (2.5). We next
discuss three possibilities of (x,t): when (x,t) is a 0-noise point, 1-noise point, or vote
point.

If (z,t) is either a 0O-noise point or l-noise point, §;(x) = 1 by (6.2.c). Since the
left-hand side of (6.7) is no greater than 1, A(x,t) holds, regardless of the value of &(x).

We now consider the possibility that (x,t) is a vote point. Since d;(x) = 1 ensures
(6.7), we also assume &(x) = 0.

Setting

yi=x+e;, forl<i<d,

then U(x) = {y1,y2, - ,¥a—1} by (6.4). Since &:(x) = 0, (6.5) implies that at most
d/2 — 1 number of y € U(z) U {z} satisfies 6;—(y) = 1. We further divide this into the

following 2 cases, according to the parity of d.

When d = 2k, for some k > 2

Since d is even, by (6.5), there are at most k — 1 number of y € U(z) U {x} satisfying
d;—(y) = 1. Then there are two possibilities, depending on whether §;_(z) = 1: If



142
dt—(z) = 1, then at most k — 2 number of y € U(z) has §;—(y) = 1. Therefore,
s <1+ ) Gy <k-1 (6.10)
yeN (z) yeU (x)
Since A(y;,t—) holds, for 1 <4 < d, at most k — 1 number of y € N (z) has &_(y) = 1.
It therefore follows from (6.10) that
Z &—(y) < Z 6—(y) <k —1
yeN (z) yeN (z)
Then (2.6) and (2.2.c) implies that &(x) = 0, and hence (6.7) holds for (x,t).
If 0;—(xz) = 0, then at most k — 1 values of y € U(x) have §;_(y) = 1, and hence
Yy <i+ Y by <k (6.11)
yeN () yeU ()
Since it was assumed that A(z, t—) holds and d;(z) = 0, one must have d;_(z) = 0. Since
A(y;, t—) holds for 1 < i < d, at most k — 1 number of y € N (z) satisfy &_(y) = 1.
Therefore, (6.11) implies
Z &—(y) < Z o (y) < k.
yeN (z) yeN (z)
Since &—(x) = 0, it follows from (2.6) and (2.2.c) that &(x) = 0, which implies (6.7).
This completes the proof of (6.7) for d even.

When d = 2k + 1 for some k > 2

Assuming d is odd, then at most & — 1 number of y € U(z) U {x} satisfy §;—(y) = 1.
Since A(y,t—) holds for every y € N (z) U {z},
Yooaw<s Y s <k
yeN (z)u{x} yeN (z)u{z}
Therefore, regardless of the value of {_(x), the following always holds:
Z &—(y) < k.
yeN (x)
It therefore follows from (2.6) and (2.2.c) that & (z) = 0, which implies that (6.7) holds
for (x,t). This completes the proof of (6.7) when d is odd, and hence the proof of
Proposition 6.4.
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6.4 Proof of Proposition 6.5

This section proves Proposition 6.5. We outline our proof as follows: We will project
the dominating process &; onto hyperplanes A,, = {z = (2;)L, € Z¢ : 14 = m}, for each
m € Z. It follows from Corollary 6.3 that these projected processes are independent
of each other. Letting 6; denote a given projected process, we will show that & is a
continuous-time spin system associated with a shrinker operator (defined in Definitions
6.7 and 6.9). This enables us to apply estimates in [23] and establish an upper bound
on P(St(x) = 1) in terms of the generic population process, which was introduced by
Bramson and Gray ([24]). This will be done in Lemma 6.12. (The generic population
process, for our purposes, can be considered as a generalization of the majority vote
process that has one-sided noise.) We will employ it to establish a uniform upper bound
on P(;(x) = 1): In Proposition 6.13, we will apply estimates in [24] to establish an upper
bound on the marginal density of the associated generic population process. Lastly, we

will apply Lemma 6.12 and Proposition 6.13 to complete the proof of Proposition 6.5.

6.4.1 Terminology: Projected Dominating Process, Spin System As-

sociated with a Toom operator

This subsection is dedicated to introducing terminology. We will introduce the
projected dominating process, denoted by &, which has the same marginal distribution
as of §; (Corollary 6.3). We will also review the concept of the (continuous-time) spin

system associated with a Toom operator, initially introduced by Gray ([23]).

Projected Dominating Process

By Corollary 6.3, the probability measure of J; is a product measure on the produce
space [[,,cz{0, 1}, where A,, = {z = (2;)%, : x4 = m}, for each m € Z. For us, it
will be more convenient to view {d;} as a composition of (infinitely many) independent

particle systems on A,,, for m € Z. For each m € Z, we introduce
P28V 5 7% (w1, 29, 2g1) = (@1, @2, -+, Tg_1,m). (6.12)

Let (5§m) (x) = 6:(P,,(x)), for each € Z41, and yt(m) denote the probability measure
(on Z4=1Y of 5£m). Letting v, denote the probability measure of d;, then Corollary 6.3
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implies that 14 is the product measure of yt(m), for m € Z:

v = H I/t(m). (6.13)

meZ
To prove (6.9), it suffices to prove the following 5§m) analog:
]P’(é,gm) () =1) <1079 for every m € Z. (6.14)

Due to symmetry, 6§m) is identically distributed, for each m € Z. To prove (6.14),
it suffices to prove (6.14) for m = 0. In the remainder of this proof, we abbreviate (5;0)
as oy, for every t > 0.

We next show that &; is a spin system associated with a Toom operator T, for which
the concept was initially introduced in Section 18.3 of [23]. To align with their notations,

we introduce the following terminology.

Spin Systems Associated with a Toom Operator

We introduce the Toom operator. For simplicity, for given A C Z4! and = € 741,

we let A + x denote the translation of A by =z, i.e.,
A+z={y+z:ycA}

Definition 6.6 (Toom operator). An operator T : PB(Z41) — P(ZI1) is a Toom

operator if it satisfies the following:
(6.6.a) Monotonicity: if A C B C Z97!, then T(A) C T(B).
(6.6.b) Translation-invariance: T(A + x) = T(A) + z, for every x € Z4 1.

(6.6.c) Neighborhood N: There exists some finite N C Z%' such that, for every
r€Z4 1 and A C Z97Y, x € T(A) holds if and only if v € T(AN (N + x))
holds.

(6.6.d) Two traps: T(D) =0 and T(Z4~1) = 74-1.

Conditions (6.6.a), (6.6.b), and (6.6.d) are relatively straightforward to understand,
while (6.6.c) can be viewed as an analog of the finite range condition discussed in Section
2.4.
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Recall that a spin system is an interacting particle system whose state space . =

{0,1}%. For a given spin system {& }i>o, its birth rates {b;(€)}sesccr and death rates
{d.(&)}2resccs are introduced to satisfy the following: For every t,h > 0 and z € S,

P(&in(z) =11 &(x) = 0) = by (§)h + o(h),

and
P(&+n(z) = 0] &(z) = 1) = da(&)h + o(h).

For each & € {0,1}°, let A(¢) C S denote the “occupied sites” in &, i.e.,

A§) ={yeS:&(y) =1} (6.15)
We introduce the following;:

Definition 6.7 (Spin system associated with a Toom operator). Consider a spin system
{6t }+>0 and a Toom operator T'. Letting {b,(0)}zesscs and {dz(0)}rcsse.r denote the
birth and death rates of d¢, we say & is a spin system associated with a Toom operator
T if there exists a constant € € [0,1] such that, for each x € S and § € {0,1}°, b(9)
and dg(9) satisfy

1 if © € T(A(9)),

bz (9) = (6.16)
€ otherwise;
and
0 if x € T(A(6)),
d.(6) = / (400) (6.17)
1—¢ otherwise.

Intuitively, the dynamics of a spin system ¢§; associated with a Toom operator T
consist of two parts: At rate g, §;(z) is updated to 1. At rate 1 — ¢, 0;(z) is updated to
lif x € T(A(6—)), and to 0 if x ¢ T(A(d;—)). These dynamics resemble those of the
dominating process (and hence the projected dominating process): the §-noise rule and
d-vote rule in 6.2.

For each x € Z%~!, we define U(z) by

Uz)={z+e:1<i<d—1}.

We claim the following:
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Lemma 6.8. For each m € Z, we let 5§m denote the projected dominating process on

741, Then 5§m) s a spin system associated with the Toom operator T, where

. 1
T(A) = {:L' eZ%: [U(z)N A > (12} ., for each A C 7471, (6.18)

Proof. Due to the symmetry of Z?~!, to prove Lemma 6.8, it suffices to prove it for
m = 0. For simplicity, we set §; = Slgm), for each t > 0. Let {b;(6)}ses,5e.» and
{d+(9)}zessc» denote the birth and death rates of §;. To show J; is a spin system
associated with a Toom operator T', we will first show that 71" is a Toom operator, next
show the birth and death rates of J; satisfy (6.16) and (6.17).

By Definition 6.6, to show that 7" is a Toom operator, it suffices to show that T
satisfies (6.6.a), (6.6.b), (6.6.c) and (6.6.d).

We verify that T satisfies (6.6.a). For each x € Z?~! and any given A C B C Z47 1,
if [U(x)N A| > (d—1)/2, then |U(x) N B| > (d — 1)/2. Tt follows from (6.18) that
T(A) C T(B), which shows that T satisfies (6.6.a).

Since U(z) = U(0) + x, for each x € Z4~1, T satisfies (6.6.b). Taking N = U(0), it
is straightforward to verify that T satisfies (6.6.c). If A = @, then U(z) N A = 0, for
each z € Z4 1. If A= 7%, U(x)N A =279, for each z € Z*!. By (6.18), T satisfies
(6.6.d). Therefore, T" defined in (6.18) is a Toom operator.

We show that for each z € Z! and § € . = {0,1}%"", b,(8) and d,(0) satisfy
(6.16) and (6.17). We consider the following two possibilities: x € T(A(J)) and x ¢
T(A(9)). If x € T(A(4)) and 6(x) = 0, it follows from (6.2.b) and (6.2.c) that either
a vote event or a noise event will change the value of d(x). Therefore, b,(9) = 1. If
x € T(A(6)) and 6(x) = 1, it follows from (6.2.b) and (6.2.c) that neither a vote event
nor a noise event can change the value of §(x). And hence d,(d) = 0.

If z ¢ T(A(S)) and §(z) = 0, it follows from (6.2.b) and (6.2.c) that only a noise
event can change the value of §(x), and hence b,(d) =¢. If v ¢ T(A(d)) and d(z) =1, it
follows from (6.2.b) and (6.2.c) that only a vote event can change the value of §(z), and
hence d;(d) = 1 —e. This completes the proof that b;(d), d;(J), and T' satisfy (6.16)
and (6.17), and hence the proof of Lemma 6.8. O
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6.4.2 Shrinker

In this subsection, we will introduce the shrinker, a special class of Toom operators,
and show that the Toom operator T" introduced by (6.18) is a shrinker.
For vectors v, w € R?!, we define the half-space H (v, w) by

Hv,w) = {z e R :< 2 —w,v >< 0},

where < -,- > denotes the usual Euclidean inner product. We let H(v,w) denote the
“lattice half-space” by
H(v,w) = H(v,w) N 241,

For each v € R4 — {0} and a given Toom operator T, we introduce the speed

coefficient a(v) (which depends on T and v), by

a(v) =sup{a € R:0 € T(H(v,—av))}. (6.19)

In Figure 6.1, we consider the Toom operator corresponding to the discrete-time
OMVP on Z2: Let T" : Z?> — 7Z? denote the operator where, for each A C Z2,

T'(A)={ycZ?:y+e €A, fori=172}

(6.20)
U{ye A:{y+e,y+e}tnNA#0D}

As one can see from diagrams (a) and (b), 7" has speed coefficients a(e;) = 0 and
al(—e; —eg) =1/2.
We next introduce the shrinker, initially introduced by Gray ([23]).

Definition 6.9 (shrinker). A Toom operator is a shrinker if there is some V C R4™!
such that o is nonnegative on V, and H(V,al) = R¥1, where
H(V,oI) = | H(v, a(v)v). (6.21)
veV
The terminology “shrinker” is intended to suggest how T affects a set of vacant sites:
Supposing that only a finite number of vacant sites exist in a configuration 6 € {0, 1}de1
and letting A(9) denote the set of occupied sites in ¢, then (6.21) implies that there
exist some n € N and A C Z?~1, such that A C A(9),

T71(A) C T'(A), foreach1<i<n,
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Figure 6.1: An example of a shrinker

(b)

In (a): The half-space H(ei, —ae;) and lattice half-space H(e1, —ae;) are displayed,
assuming @ < 0. As one can see, if a < 0, then 0 € H(e1,—ae;), |H(e1,—aei) N
{e1,e2}| = 1, and hence 0 € T'(H(e1,—ae1). On the contrary, if a > 0, then 0 ¢
H(er, —aey), |H(e1, —aer) N{e1,ea}| < 1, and hence 0 ¢ T'(H (e1, —aey)). By (6.19),
ale;) = 0. In (b): Letting v .= —(e; + e2), the half-space H(v,—av) and lattice
half-space H(v, —av) are displayed, assuming a < 1/2. As in (a), one can show that
0 € T"(H(v,—av)) if a < 1/2, and that 0 ¢ T'(H(v,—av)) otherwise. By (6.19),
alv)=1/2.
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and T"(A) = Z41. In other words, the set of vacant sites “shrinks” every time after
applying T'. For example, the Toom operator introduced by (6.20) is a shrinker, since
V = {e1,e2, —(e1 + e2)} satisfies Definition 6.9.

We claim that the operator 7" defined by (6.18) is a shrinker.

Proposition 6.10. The Toom operator T introduced by (6.18) is a shrinker.

Proof. We will prove Proposition 6.10 by constructing some V C R?! such that
H(V,al) = R, Letting e; denote the ith standard vector of R41 for 1 <i<d—1,

we set
d—1

V={e:1<i<d—1}U{v=-> e} (6.22)
=1

By Definition 6.9, to show Claim 6.10, it suffices to show H(V,al) = R1,

We claim the following.

Lemma 6.11. Consider the Toom operator T introduced in (6.18) and, for each v €
R4~ et a(v) denote the speed coefficient as in (6.19). We claim the following:

ale;)) =a(—e;) =0, foreveryl <i<d-—1 (6.23)

Proof. Due to the symmetry of the operator T, to show (6.23), it suffices to show (6.23)
for i = 1.
For every a < 0 and 2 < ¢ < d — 1, since < e; + aej,e; >= a < 0, one must have

e; € H(e1,—aep). Therefore,

|Z/{(O) N H(el, fae1)| > d— 2.

It hence follows from (6.18) that 0 € T'(H(e1, —aey)).
On the other hand, for every ¢ > 0 and 2 < ¢ < d—1, since < e; +aej,e; >=a > 0,

one must have e; ¢ H(e;,—ae;), and hence

|U(0) N H(e1, —aeq)| < 1.

By definition (6.18), 0 ¢ T'(H (e1, —aeq)). It therefore follows from (6.19) that a(e;) =
a(—e1) = 0. This completes the proof of (6.23). O
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We next evaluate a(v) using the same approach as the proof of Lemma 6.11. For

every a < 1/(d — 1), a little thought shows that

lUO)NH(v,—av)| =d—1.
It follows from (6.18) that 0 € T'(H (v, —av)). On the other hand, for every a > 1/(d—1),
a little thought shows that

|U(0) N H(v,—av)| = 0.

It therefore follows from (6.18) that 0 ¢ T'(H (v, —av)). Consequently, a(v) = 1/(d—1).
Combining this with (6.23), it is straight forward to verify that

H(V,al) =R, (6.24)

This completes the proof of Proposition 6.10. 0

6.4.3 Demonstration of (6.14)

This subsection is dedicated to demonstrating (6.14). Recall we proved that o is a
continuous-time spin system associated with a shrinker T, defined by (6.18). Applying
estimates in the proof of Theorem 18.3.1 of [23], namely (18.4.1), (18.4.5), and (18.4.6),
one can demonstrate Lemma 6.12. Recall the projected dominating process 0; was
introduced by (6.12).

Lemma 6.12. Let {St}tzo denote the projected dominating process on Z%~', and let e
denote the noise parameter ofgt. Letting J denote a constant satisfying J < (1/5)1/2504_1,

then, for each x € 791 and t > 0,
P(si(x) =1) < J 20D L P2 € (), (6.25)

where Cj; € R denotes the generic population process introduced in [24], with the
following parameters: The occupation rate o = 1/(d — 1), which is set equal to the
mazximum speed coefficient on V', where V was defined by (6.22). The interaction rate

B(J) = —500(d — 1)2J2, the constant 0(J) = —1/(33(.J)), and the error rate £(.J) =
J—240(d—1)
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We summarize here the proof of Lemma 6.12: In [23], Gray compared a spin system

(in our application, St) with a discrete-time auxiliary process that was denoted by ;.

(This n; is unrelated to the coupled process introduced in Definition 2.5.) Using the
graphical inductive principle, Gray showed that

oi(x) < my(z), foreach z € Z¥ ' andte N,

The discrete-time auxiliary process 7, consists of two parts, (; € R4 and H; C Z4 1,
where (; is precisely the generic population process introduced in [24], and H; is an
“error process” that controls the deviation of n; from ¢;. For each z € Z%! and ¢t > 0,
since

P(0¢(z) =1) < P(ne(x) = 1) S P(x € Hy) + P(x € ¢),
to bound P(85;(x) = 1), it suffices to develop upper bounds on P(z € H;) and P(z € ().
Gray proved that, when J < (1/g)1/250"""

P(z € Hy) < J~2%=D " for each z € 29 and t > 0. (6.26)

This implies (6.25).
To derive an upper bound on P(x € (j;), we apply estimates from [24], namely

(2-10), (2-21), (2-24) and (2-26). We combine these estimates into the next proposition.

Proposition 6.13. Let (; denote the generic population process satisfying Lemma 6.12.
For each x € Z4 1, t >0, and J > 0,

P(z € () <limsupz (£,.0) + > z2(L,J), (6.27)
l—o0 =1
where
21(0,J) = O+ J1oe+ad=2d o eqch € N and J > 0, (6.28)
and
29(,J) = C§2J_24, for each £ € N and J > 0, (6.29)

with constants Cy,Cy determined by d solely, satisfying Co < 102°d?.

We summarize the proof of Proposition 6.13: In [24], Bramson and Gray used a

“renormalization argument” to derive an upper bound on P(z € (;). Let Ct(g) denote the
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generic population process, with parameters

Y4

o =a/2' =1/@2(d-1)), O = ()’

) (6.30)
5O = —500(d — 1)J%2¢, 6O =1/ (3 L 104226420 (g _ 1)3f/2) :
They proved that, for every k € N and ¢t > 0,
l k
G UL N, (6.31)
where, for every ¢ € N, Nt(g) is an “error set”, satisfying
(@)22d+1c(l)(d+ 1)]
(Z) < € : d—1 >
Pz € Nj/) < - D)@z for each x € Z* and t > 0. (6.32)
They also proved that, for every £ € N, z € Z ! and t > 0,
(0 9(1+3)(d+1) 3O |d+10(D) ( 4 1)1
O, € |8 (d+1)!
where C is a constant defined by
CO = (247 . 518 .102(d — 1)7JH%*, for each ¢ € N. (6.34)
It follows from (6.31) that, for each € Z4~! and ¢ > 0,
P(z € () < limsupP(z € ¢1)) + Y P(x € NY). (6.35)
l—o0

=0

Substituting P(z € ¢'9) and P(z € N'Y) by (6.33) and (6.32), (6.27) follows directly
from (6.30) and (6.34). This completes the proof of Proposition 6.13.
We now prove (6.14) by applying Lemma 6.12 and Proposition 6.13.

Proof of (6.14). Taking
.] — 10(250+2d)/4(d _ 1)7/47 (636)

since ¢ satisfies (6.8), eJ?°°(4=1) < 1. It therefore follows from Lemma 6.12 and Propo-
sition 6.13 that, for each z € Z%! and ¢t > 0,

P(5(x) = 1) <J~240d=1) | Jim sup C§42+d£)J10£2+4d—2£d

£—o00

o (6.37)
+y cs I,
=1
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Substituting J by (6.36), a further simple estimate of (6.37) gives that, for each
xeZ%and t > 0,

P(3;(z) = 1) < J~1200=1) < 1077500, (6.38)

This completes the proof of (6.14). O

6.5 Demonstration of Theorem 8

This section proves Theorem 8. The structure of this proof is similar to that of Theo-
rem 6 (Section 5.1) and Theorem 2 of [6]: We will introduce an appropriate uncountable
subset A C {0,1}%. Recall that, for each a € {0,1}%, the compatible configuration ¢ (a)
was introduced in Subsection 6.3.1. Let 55(1) denote the OMVP on Z¢, with ¢(@ as the
initial configuration. For each a € {0,1}%, we will use §t(a) to introduce an equilibrium
u(“). We will show that these equilibria u(“), for a € A, are mutually singular with re-
spect to each other. For this, we will apply Propositions 6.7 and 6.5. This will complete
the proof of Theorem 8.

We introduce an equivalence relation “~” on the sequence space L = {0,1}? as
follows: For a,b € L, we set a ~ b if a, b differ by at most finitely many terms. It is easy

to see that “~” defines an equivalence relation on L. We claim the following;:

Claim 6.14. Letting A denote the collection of equivalence class induced by “~7, A\ is

uncountable.

Proof. We introduce a map: f: L = {0,1}* — [0,1] as follows.
fla) = Z 2% foreachae€ L.
i=1

For every a,b € L with a ~ b, a little thought shows f(a) — f(b) € Q.

13

We introduce another relation “~qg” on [0,1] as follows: For every z,y € [0,1],

b

x ~gyif x —y € Q. It is well known that “~q” is an equivalence relation since Q is

a group. Moreover, the equivalence relation

~@” has uncountably many equivalence
classes. (Each class contains at most countably many real numbers, and [0, 1] is un-
countable.) Since f is subjective, and, for each a,b € L, a ~ b implies f(a) ~q f(b), A

is uncountable. This completes the proof of the claim. O
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In the remainder of the proof of Theorem 8, we will select a representative a from

each equivalence class in A, use each (@) to introduce an equilibrium for & and show
these equilibria are mutually singular with respect to each other.

For each equivalence class in A, we choose an arbitrary element to be its representa-

tive. Let A denote the collection of such representatives. Recall that {{ga)}tzo denotes

the OMVP, with the initial configuration gé‘” (z) = ¢@(z), for all z € Z%. For each

a € A, we let uf denote the probability measure of £§a), and consider the following

a 1 ¢ a
,u,g)::t/,ug)ds.
0

Letting P denote the space of probability measures on . = {0,1}°, since . is com-

Cesaro averages:

pact under the product topology, P is sequentially compact, under the weaks* topology.

Therefore, a subsequential limit ;() exists, such that

~(a)

(a) fy, , for some subsequence t,, T oco.

= iy
It is well-known that ;(%) is an equilibrium for &,.

We show that subsequential limits x(®), u(®), obtained from distinct a,b € A, are
mutually singular. Consider distinct a,b € A, where a = {ay}nez and b = {b, }nez-
Since a, b differ at infinitely many terms, there exists a subsequence {k;}°, C Z, such

that ay, # by, for every i € N. Setting y; = kjeq, for i € N, we consider the event

n—oo

fwwz{fefﬂhmwpiEIWM@»—awﬂs24¢”m}- (6.39)
=1

We claim that x(¥(F(a)) = 1.
Proposition 6.4 implies that, for every t > 0,
(€16 (i) = &ly)| = 1) < P(3uly) = 1)- (6.40)
Applying (6.40) for each 1 < i < n, we obtain

pu(F(@) <P (i S 6 <2 10750°> . (6.41)

i=1
Corollary 6.3 and Proposition 6.5 imply that {0.(y;)}32, is a family of independent

Bernoulli random variables satisfying

Ed (y;) = P(6:(y;) = 1) < 107 7%,
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It therefore follows from Lemma 5.7 that

1 <& _ nC
P <n;5t(yi) >4-10 7500) < (Z) , (6.42)

where C' = Ed,(y;) is a constant that does not depend on y;. Since the right-hand side

of (6.42) is summable for every fixed ¢, the Borel-Cantelli Lemma applies, and hence

uga) (F(a)) =1, foreveryt > 0. (6.43)

Since p(@ is obtained by taking a subsequential limit of the Cesaro averages of ,uga),

p®(F(a)) = 1. Similarly, u® (F(b)) = 1. Since a and b differ at infinitely many terms,
F(a) N F(b) =0, and hence 1 and x®) are mutually singular.
Setting
0 ={u@:aeAl, (6.44)

O is therefore a set of uncountably many mutually singular equilibria. This completes

the proof of Theorem 8.
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