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AN ADAPTIVE NEWTON ALGORITHM BASED ON NUMERICAL INVERSION:
REGULARIZATION AS POSTCONDITIONER

Abstract

We examine a class of approximate inversion processes, satisfying
estimates similar to those defined by finite element or truncated spectral approx-
imations; these are to be used as approximate right inverses for Newton iteration
methods. When viewed at the operator level, these approximations introduce a
defect, or "loss of derivatives,' of order one or more. Regularization is intro-
duced as a form of defect correction. A superlinearly convergent, approximate
Newton iteration is thereby obtained by using the numerical inversion adaptively,
i.e., with spectral or grid parameters correlated to the magnitude of the current
residual in an intermediate norm defined by the defect. This adaptive choice
makes possible ascribing an order to the convergent process, and this is identified
as essentially optimal, relative to complexity. The design of the algorithm
involves multi-parameter selection, thereby opening up interesting avenues for
numerical experimentation. This applies also to the regularization, which may
be carried out in the Fourier transform space, and is band-limited in the language
of Whittaker-Shannon sampling theory. The norms employed in the analysis are
of Holder space type; the iteration is an adaptation of Nash-Moser iteration; and,

the complexity studies use Vituskin's theory of information processing.



1. Introduction

This paper introduces a class of adaptive, approximate Newton methods,
based upon Nash-Moser iteration, and studies their computational complexity,
via the theory of information processing due to Vituskin. Approximate Newton
methods have long held a secure position in numerical analysis, where they have
typically been realized as outer iterations in sequential linearization schemes,
for the solution of finite dimensional nonlinear systems. Recently, it has been
realized (cf. Bank and Rose [1]) that application at the infinite dimensional,
frame-space level can prove to be an effective way of studying nonlinear elliptic
systems and other operator equations. In fact, épproximate Newton methods,
based upon approximate right inverses of Fréchet derivatives, can yield tradi-
tional quadratic convergence estimates, via the Kantorovich recurrence relations
(cf. Jerome [7]). The associated requirement, that the inverse approximation,
composed with the linearized map, approximates the identity in a manner directly
proportional to the currently computed residual, fails, however, for typical
right inverses defined by numerical computing procedures such as the finite
element method or truncated spectral expansions. The net result is a situation
analogous to the '"loss of derivatives'' phenomenon, overcome by regularization
in the superlinearly convergent, Nash-Moser iteration scheme. The regulariza-
tion speeds are tied to the superlinear convergence parameter, the acceleration

parameter, and the initial residual.

In order to focus the ideas more clearly, we recall the typical estimate,
for an approximation Un’ in solving the second order, uniformly elliptic, operator
boundary value problem, Lu = f on €2 in ]RN, where L has positive eigenvalues

0< >\1 < )\2 < ..., by truncated spectral expansions of order n:
|p%u-u )| 2 ¥ cxlel- 2)/2“ ]l o » O0<lal<2.

In particular, if Un = Tnf and u = Tf, we have

0 -l < el ,



which expresses a zero order approximation to the identity, by LTn, in terms of
reciprocal eigenvalues. For operator equations F(u) = 0, the superlinear con-
vergence of the approx1mate Newton iteration scheme {u } based upon operators
suchas T (u ) & [F'(u )] , requires, as in the case of quadratic convergence,
the estlmatlon of the operator, F‘(uk)Tn(uk) -1, as a function of the residual.

One way of achieving such an estimate is to modify the r.h. s. norm in (1.1) via

an estimate of the form, say,

n+1

(1.2 Jaz,-oil , < 0],
L

1 1
if feH . Since the H norm of f, rather than the L2 norm of f, appears on the
right hand side of (1.2), we speak of a '"loss of derivatives' of order one in this

/ v/

case. However, the parameter )\ , or X for a loss of derivatives of
order v, permits the deployment of an adaptlve computing strategy, in which the

1
magnitude of the residual determines n. If we set h =X +{ , then the constant

in (1. 2) is of the form 7(h) = Ch, or, 7(h) = Ch if v> 1.
The iteration of the Nash-Moser implicit function theorem employs

regularization as a way of defining and estimating |u, - the usual residual

kel
domination of this quantity in estimation does not directly apply, because the

norm of the residual is "smoother' than the norm measuring the Newton incre-
ment, as a consequence of the loss of derivatives. This fact necessitates moni-
toring the residual in norms corresponding to the endpoints of a smoothness gauge,
with interpolation necessary for intermediate norms corresponding to the order

of derivative loss. The regularization may be thus viewed as a "catching up"
procedure: it is applied as a postconditioner to the numerical inversion. The
interpolation has a fundamental consequence: smooth norms of F ov must depend
linearly upon the corresponding smooth norm of v, under certain conditions on
lower norms of v. The corollary of this, aside from the restriction to smooth

nonlinear problems, is that the numerical analyst is encouraged to work in the

rings of Holder type spaces. The usual Sobolev norms of F ov have polynomial



growth in ||v||, corresponding to the order of smoothness inherent in the norm,
and are therefore unacceptable for estimation without some corresponding com-

pensation increasing the order still more.

We are led, then, to pose the following question. Should Hilbert space
projections, such as least squares, minimum energy and spectral projections, pro-
vide the basis for numerical computations analyzed in terms of pointwise norms?
The answer seems to be a guarded "yes.'" The studies of de Boor [2], Douglas,
Dupont, and Wahlbin [4], and Schatz and Wahlbin [_—12] reveal the stability, or near
stability, of L2 and H1 spline projections as measured in Loo norms. Even
spectral projection norms, which might grow logarithmically in LOO, can be
expected to be compensated by a loss of derivatives inequality analogous to (1. 2).

In order to maintain a discreet objectivity on these questions, however, we shall
simply assume the availability of two computing processes: (i) an approximate right
inverse, satisfying a ''loss of derivatives' property expressed through an inequality
involving a monotone, continuous function 7, with 7(0) = 0 (the parameter is adap-
tively proportional to the evaluation of 'r_1 at the current residual); and, (ii) a
-regularization procedure satisfying, in the Holder spaces, inequalities similar to
the Jackson and Bernstein inequalities of approximation theory. The latter are
known to be stafisfied by standard mollification. In practice, since mollification

is defined here by band-limited convolution, one can make use of the band-limited
discrete Fourier transform, relating convolutions and products. Also, the approx-
imate right inverse may be more amenable to spectral methods, since low degree

finite elements are excluded.

The plan of this paper is as follows. In Section 2 we describe the framework
and result, including a detailed analysis of the regularization, and we provide the
proof, in Section 3, for the convergence of the superlinear iterations. Superlinear
convergence is achieved by modification of hypotheses and proof given by Niren-
berg [10] for the result of Nash-Moser. The purpose of this paper is really to
raise questions: the author is not aware of any other studies in which numerical

processes have been characterized via such defects, and associated corrections.



Adaptive, regularizing computation, as a correlative, is the fundamental insight
we offer. Still, as presented, the algorithm offers much leeway for creative

choice, since multi-parameter selection is required.

In practice, this method can be used in conjunction with continuation (cf.
[7]) to guarantee the initial residual condition. This issue will be taken up in the
sequel to this paper. We make two comments on the computing scheme related
to the right inverse approximation: (i) at some crossover point, 7-1(residua1)$:,’
SMALL(h) may be too expensive a criterion to implement, and one may wish to
keep h "constant,' while ensuring linear convergence in this case; and, (ii) the
boundedness and approximation of the inversions would be expected to hold for
operator equations which are compact perturbations of the identity such that no
bifurcation can occur at or near the root. Self-adjointness and positive

definiteness are not necessary, however.

The final issue we address here in the Introduction is the computational
efficiency of the sequential linearization scheme we are presenting. Is the scheme
profligate, in the sense that computing accuracy, €, is achieved via wasteful pro-
cedures, as measured by the yardstick of linear tabulation? In the final section,
we answer this question, negatively, by sketching arguments based upon €-entropy,
information processing, and the Kolmogorov n-dimensional diameters. In fact,
the scheme is essentially optimal, with any deviations accounted for by use of
Hilbert space algorithms (i.e., Galerkin methods) in H6lder space. In this frame-
work, convergence and complexity are analyzed in tandem, and superlinear con-

vergence is not viewed as inferior to quadratic convergence.

2. Framework, Postconditioning Iteration, and Convergence

We denote by Ca(K) the real Holder spaces. Here a is a real, nonnegative
number, and K is a compact, convex subset with interior points in ]RN. The
norm “ “0 in CO(K) is the usual supremum norm in the space of continuous
functions, and, for a > 0, the norm ﬂ "a is the sum of the norm in C[aJ(K) with

the Holder norm of order a -[a]; the quantity [a] denotes the largest integer



strictly less than a. The inequality, || "a > |- “k’ for k integral and k<a,
will be used. The deeper, fundamental properties of these spaces which we make

use of are the following (cf. Hormander [6, Appendix AJ).

(I) Functional substitution is essentially of linear growth:
a a
(2.1) "¢a)w"a<:cm;nnLQ,%ywv-WJnﬁa+"v-wﬂnﬁy+1)

for any fixed v, a> 1, 1<v<a and {a: || < m]. Here, the subscript indicates
the appropriate space, and (I) is in Ca on a fixed compact, convex set containing

the range of the vector Dav.

a
(I) There exists a smoothing St: C 0(K) - aQO Ca(K) for a, >0 fixed and t> 1:
(2.2a) |Stv-v"a0—-—>0 , ast—>wo ;
p-T P
(2.2b) lStv"p < Crpt ||v||r , aO grgp ;
(2.2¢) IS v —v“ < C t—(p—r) ||v|| a_ <rg<p
) t r > rp p > 0" %

(III) Norm interpolation is possible:

(2.3) vl < ctar, ) VEIVE
1 2

0<qgl, 0<r g

=(1- +
1 r=(1 q)r1 qr

2’ 2

Note: The constants in (2.1), (2.2), and (2. 3) may be taken independent of

a, r, p, rl, and r2 if these numbers are bounded from above.

Remark 2.1. The operators St may be defined as follows, independently of ao.
Choose ye€ Cgo(]RN) such that ¢ = 1 in a neighborhood of the origin. Set ¢ = (Z,

where v denotes the inverse Fourier transform. Set ¢t(x) = tN¢(tx), t>1. For
a

2 fixed, and veC 0(K), with support in K, define, for x€eK,



(2.9 Stv(x) = v*¢t(X) = V(x—y)¢t(y)dy

]RN

a0
For veC (K), the reduction to the previous case is achieved by a partition of

unity of KO. A major problem, of course, in the implementation of the method
to follow, is the efficient construction of the smoothing operators St' The con-
struction of (2.4) requires that v be smoothly extendible outside of K, either

as zero, or by some reflection principle, so that the integral is convergent.
Otherwise, the partition of unity is theoretically required. In practice, one
would multiply v by a function w in Cgo(KO), similar to ¢ as defined below. By

using the Fourier transform, A, one has from (2. 4) .
A n
(2. 5a) S v(x) = ?r(x)yst(x) = VRUx/Y) .

Clearly, the smoothing can proceed in the transform space. Here the maps { C}

are defined for rapidly decreasing functions w by

(2.5b) W) = wipe X Vay . W =en wiy)e® Vay .

RN RN

Moreover, an acceptable choice of ¢ is:
1, |x| < 7/4,

(2.6) Uux) = l—exp{———l——z——}, /4 <|x|< T/2 ,
(tan|x])" -1
0, |x|>n/2.

In the language I\?f sampling theory, Stv is band limited; the support of
N\
8,V is restricted to t TT [-7/2, 7/2]. Such functions can be reconstructed from
1
their values at fractional multi-integer mesh points. Indeed, if g is band limited,

N
with support in W TT [-7, 7], then the Whittaker-Shannon sampling identity, or,
1

cardinal series, holds (cf. Butzer [3] and Triebel [13]):



N sina(x /W—j )
B k
(2.7 glx) = Zg‘J/W) k ! ﬂ(xk/W-jk)

for x = (xl, . ,xN), and j = (jl’ R jN) an arbitrary multi-integer. The
reader will also note that (/\ is band-limited if v has support in K. Thus, by
appropriate choices of W, both Stv and C can be computed from (2.7), thereby

facilitating the calculation of (2. 4).

In the case of periodic functions, Fourier series transforms can be used.
In this case, incidentally, results of Grosse [5] become applicable; reconstruction
via B-splines is possible. In the Fourier series case, one alters the Newton
construction to follow by using a smoothing S depending on a discrete parameter

£>1, instead of the continuous parameter f{. S may be defined, for K = TT[—d d]

by
N d/4
(2.8a) 8, v(x) = (1/2d) ﬂ ¢l(x—y)v(y)dy , X€K ,
-d/?
where, for j = (]1""’]N)’
N -1
(2. 8b) b () = 1N E a o™iy (1 E 2
] 3 j j =1 k

Simple computations show that the discrete analogs of (2. 2) hold and that
N -1
N A 2
(2.9) S, v(£j) = v(£j) \1+ i
L k
k=1
A
with ng(j') =0 if j' # £j. Here ~ is defined by
d
A, N N -imj-y/d
(2.10) wi) = (/20 | TT w(y) e dy
-d



We emphasize that this smoothing presupposes 2d-periodicity in each variable.
Such periodicity can be artificially effected by a partition of unity, or multiplica-

tion by we CSO(K) .

Definition 2.1. For a_ and m fixed nonnegative real numbers, m an integer,

a0+cr 0 a0+m+o
set X =C (K), Y0 =C (K) for each ¢ > 0. Let
(I)(D ) =F:B 0CY0 —>X0 be a differential mapping of order m, from
B’O = {veYO lv- VO" n} to X, which satisfies the following conditions.

(i) F is continuously Llpschitz (Fréchet) differentiable on an open set U con-

taining BT), 0:

(2.11a) [eo -F]y o <omfvew]y L ovwes
0’0 0 ’

(2.11b) [Foly <™. veB

0 n,0

(ii) There exist numerical inversion operators with loss of derivatives. Specifi-

cally, there is a constant v> 1 and a family Th(v) : X’Y%Y of linear mappings

0.'
dpending on parameters h and v, and a continuous monotone increasing function

T? [O, b] — [0, o0), 7(0) =0, such that (cf. the analog (1.2)), for all w GX’Y’

(2.12) " ['FI(V)Th(V) _I]W“XO < 7(h) "w”X’Y , for all VEBLYCY‘Y

(iii) F: Bn Oﬂ Y %’X is a well-defined map for 0 L o < s and s sufficiently

large (cf. (2. 19c)). ThlS includes the assumption that F = Q(Da), with (I) as in

(2.1) for a = a0+ s.

(iv) The maps {Th(v)} are uniformly bounded in h and v from X(I to Yo—’Y for

Y<o<s:
(2.13) [T w], < mlwly
a-Y o

Note that h and v are restricted by he[O,b] and veB1 ¥



Remark 2.2. In this remark we discuss the approximate Newton method with
postconditioning. We also discuss the fundamental parameters. We begin with
uO, the initial iterate. For ease of notation, since computations proceed with
reference to U, we identify u, with the center Yo of Bn,O' More generally,

uO will be the center of the closed balls Bc O'C Yo of radius ¢c. We assume

)

_ A
(2.14) u €Y . £, =Flu)eX_, ||f0)|XO\<p ,

where p>0 and 1 <X <s. We select a superlinear convergence parameter, 3,

satisfying 1 < B < 2. In terms of these quantities, we require

(2.15) el < mot5 /P
S

We select an acceleration parameter, 6> 1, and define the smoothing speeds by

(2.16) t =p , k>1 .

We assume inductively that Uy eYsﬁB1 v has been defined for k> 1. Then

uk is defined by Newton/ postconditio_ning iteration:

(2.17) u -u = -St T (u ) .

h "k

)F(u
K o KLk

1

Here, the parameter h, is subject to specification (cf. (2.21) below), so that

k
’T(h.k) is of the order of F(uk_l). The iteration :s required to converge in Y”

for specified u > 1. The relations among v, s, A, B, 8, and u are given in
Definition 2.2 to follow. For ease of estimation, we assume that M is chosen so

that M> 1 and

(2.18) M > sup(3C(aO+ s,vY,m,F, uo), Cr,p’ C(q,rl,r2)> s

where the constants appear in (2.1), (2.2), and (2.3). The supremem is under-

stood to be taken over r, rl, r2, p< s+a0+m and 0 {qg 1.

Definition 2.2. The relations satisfied by the exponents and parameters are

presented here. We require:



(2.19a) 1<B<2, 1<06, 1LyYy<u<a<s,

(2.19b) x> max{2B'y(2 —B)-l s B(’y+uB)} + A0(2 —B)_l s

(2.190) s 3 max{6m6- n x+ev(3—1)'1}+ 5 max{(6 —1)'1,(3—1)-1} ,

for arbitrary x>0, s_> 0. The number p is required to satisfy

0 0

(2.20a) p>e

(2.20b) Mg’p_>t0 < 1/4,
(2. 200) w0 12
(2. 20d) M4p"(>‘_57) <nj2,
(2. 20e) prenB > e1/3 .

The numbers hk are selected so that

(2.21) 7(h) < M5l|F(uk_1)ll . k=1,..

X
v

Theorem 2.1. Suppose the hypotheses of Definitions 2.1 and 2. 2 are satisfied,

and that the initial iterate U, EBn 0 ﬂYS satisfies (2. 14) and (2.15). Then the
Newton iterates {uk}, defined by the adaptive, postconditioning procedure (2.17),
converge to a root u of F in BTJ Or]Bl " The superlinear convergence in Y0 is

described by the estimate

k-1
a4 -(-PnB k-1
(2.22) “u—-uk“Y <M p B s
0
for k = 1,2,... . The superlinear convergence in Y“ is described by
k-1
- B
P 0 k-1
(2.23) uu—uk“Y <Mp /B ,
o
for k=1,2,...

10



Remark 2.3. The choices
(2.24) =116, B=1.4, p=v, X = —v, s= —4«,

satisfy (2.19a,b,c), for )LO =.1 and sO = .0167.

These are not the best choices, but do reflect realistic magnitudes for the para-

meters. Some independent experimental calculations suggest that 6 = 1. 1435,
A =3.2952, s ="7.9702 and B = 1.2446, for u = v = 1, might serve as first

approximations for these parameters if the decrease of A and s is preferred to

the increase of f.

3. Proof of the Superlinear Convergence

This section is devoted entirely to a proof of Theorem 2.1. The

verification proceeds by induction on k.

Proof of Theorem 2.1: We establish the following statements recursively for

k>0:

(3. 1a) [Pl <™ .
0
k1
e (s8-8
(3. 1b) [rw]y < Mo :
S
(3. 1c) ra). < M -(u-ByB*
' Klilx ™
%
kt+2
_ 1 (s-MB
(3.1d) Y1~ uk"YS S gf g
k+2
(3. 1le) u -u " < p(S—X)B
k+1 0 YS ’
4 - -pyBS
(3.19) |uk+1 - uk"YO <~ Mp S
(3. 1p) luk+1 - uOﬂYO <n o,
K
. -AOB
(3. 1h) lopyy - uknY(5 < Mp , Y<ogH

11



N
o
N
r

(3.11) et - “O“Y(5 <1 i

Suppose, then, that (3.1la-i) hold for k < j, where j > 0 is an arbitrary

fixed integer. To verify (3.1a), for k = j, we write, for j> 0,

(3.22)  F(u) = -[F'(uj_l)Thj(uj_l)-I]F(uj_l) +R(u_),u)

+ F' -

F'(u, ) 1 St.]Th.(uj_l)F(uj_l)
J J

where

(3.2b) R(u, .,u) = F(u) -F(u, ) -F'(u, Nu,-u, ).
-1 j i-1 J"l( i il
Now an application of (2.12), with 7(h) selected according to (2.21), yields

5
R
and (2. 11a) gives
1

||R(uj_1,uj)nxo = | [F(u,_y+ elu-a, ) - F'(uj_l)](uj—uj_l)druxo

2
1“Y

< M"uj - uj_ .

Finally, applications of (2.11b), of (2.2c), with r = a0+m and p=s-v+ aO+ m,
and of (2.13), with o = s, yield

“F'(uj_l) i -stj]'rhj(uj_l) F(uj_l)“XO < M|k 'Stj]Thj(“j—l) Flo, ) "Yo

zt'-(s-’Y)
J

M

N

IITh.(uj Sy ) “Y
j s-Y

/)

3 -(s-7)
<Mt 57y "F(uj—l)llxs

12



We now estimate, separately, by use of the induction hypotheses.
Applications of (3. 1c) to the first of the three derived inequalities, of (3.1f) to the
second, and of (3. 1b) to the third, all with k = j-1 according to the induction
hypotheses, give

0 20-pMB Y 4 —p(s—mB (s 0P’
) A-PWB" " pe(s ‘Y)Bp(s 2B

3.3 [rw] x < M M

When the inequalities

2(X-B’Y)>>\B+>x0 , e(s—v)—(s—x)>x+s0 ,

which follow from (2.19b) and (2. 19¢) respectively, are applied to (3. 3), we obtain
A j -s j
9 "0 - 4 0 -x
(3.4 [ral, < 2% %o emte %
X
0
This yields (3.1a), with k = j, upon use of (2.20b) and (2.20c). Notice that p > 1

was used in deriving (3.4). Also, the case j = 0 in (3. 1la) is immediate from the

hypothesis (2. 14).

Inequality (3. 1b), for k = j > 0, follows from the induction hypothesis:

(S-k)Bj+1
- . i =a + = i i
“uj u0||Ys<p , and from (2. 1), with a aO s, v0 uO, if account is

taken of the induction hypothesis: “uj—uou <1, and of (2.18). Again, note that

Y
Y
p > 1. Inequality (3.1b), for j = 0, is immediate from the hypothesis (2. 15).

To establish (3. 1c), for k = j > 0, we begin with the interpolation inequality
(2.3), taking q =7v/s, r. =a_, and r, = a_+s, and obtain

1~ %0 2~ %
1-1 :
(3.5) HF(uj)“ x, <M “F(“j)“ X, s nF(uj)ﬂ ;Y(/SS

Applying the estimates for the residual which we have just derived, i.e., (3.1a,b)

for k = j, we obtain from (3.5) the estimate

13



-)\B](l
nF(uj)“X \<M2p ( -1)

v \
-B (- B’Y*‘( )([3 1))

BJ‘”-('Y/S)

2 - (BB’
M p

I\

since p,M > 1. This is just (3.1c) for k = j.

For (3.1d), we use the definition (2. 17) in conjunction with (2. 2b), for

0+ m+s, and r = a0+ m+s-v. When this :s coupled with (2.13), for ¢ = s,
we obtain

p=a

““j+1 ) uj“YS < M2(tj+1)Y"F(uj)“X

and this, in turn, is estimated by (2.16) and (3. 1b), for k = j. Altogether, we

have

+1 i+1
“uj+1'uj“Y <M 3”973] (s08 ’
S

3 5 (S-X)Bj+2
and the right hand side of this expression is bounded by M p p , upon
use of the inequality
s-1+67 < (s-0B - Sy
The latter follows from (2.19c). If we now apply (2.20c), we obtain (3.1d), with
k=j>0.

We now verify (3. le) for k = j > 0. Indeed, we have

"“j+1 - “o“YS < ﬂ“j+1 Y Z"

1 (s 08" wam

(3.6)

VAN

N |

upon use of (3.1d) and the induction hypothesis. The second sum is estimated, via
the lower sums, by the elementary technique of dominating it by the integral

I(j+1), where

14



b

+1
Wy = L\ pWE dx

V]

1

An evident comparison of areas yields

1 : (s-x)BkJ'1
(3.7) I(j+1) > 5 ;p ,

since the function

+1
i) = fSNE

is (strictly) increasing on [1, j+1] . In order to estimate I(j+1), we compute

i) = (s et L (s M) g

so that, for 1 {xg jt+l,
(3.8) f(x) < f'(x)/(l32(s -\) fnp lnB)

If (3. 9) is integrated over the interval [1, j+1] , we have
j+1 jtl

f(x)dx £
1 1

j+2
(3.9) I(j+1) = lp(s-x)B

N |

f1(x)dx < %f(j+ 1) =

N |-

Here we have used the inequality (cf. (2.20a))

(3.10) Bz(s - fmpmpB > 1

which follows the observation that B t—éBz.ZnB/(B—l) increases from 1 on [1,2].
Combining (3.6), (3.7), and (3.9) gives (3. le) for k = j.

The verification of (3. 1f) reduces to the inequality
(3.11) “u -u " < M2 “F(u )“
i+l YO j X’Y ’

as is seen by comparison of (3. 1c) and (3.1f). However, if we begin with (2.17),

15



and apply (2.2b), with r = p = a_+m, and (2.13), with ¢ = v, we obtain (3. 11).

0
Inequality (3. 1g) is verified similarly to (3. le), by making use of the decreasing

function

o(x) = p—(x—Bv)Bx ,

0Lxgj -
With this substitution, the estimate
J j

k
-4 _ ;_ BB -( 87
(3.12) M Huj+1-u0"Y0 g - p <p + g(x)dx

i
+ [ -Bympmp] ™ (-g'(x)) dx
0

- -Bv)
p

N

/N

{1+ [ -Bv o @nB]_l}p'O\ -Bv

2y~ M-BY

N

s

upon use of (2.20a,d) and (2. 19b).

We next prove (3.1h). We begin with an interpolation inequality similar

to (3.5), for 6 satisfying v« 6 L u:

s 8/s

“uj+1 —Y “Ya < M“uj+1 ) uqu “uj+1 - Y “Ys ,

0

and estimate the right hand side terms by (3. 1f) and (3.1d). This gives

5 ~-Bn-2) - BAs (8
“uj+1 - uj“Yé < Mp

If the inequality,

(a/s)<Bzx -2+BY >0,

is applied to the preceding inequality, we obtain

16



2, o oW
“uj+1 - Iy < w0 9 ¢ M 0
6

where we have used (2.19b). This establishes (3.1h), with k = j > 0.

It remains to establish (3.1i). By an estimate similar to (3. 12) we obtain

-5 j AP - A -1 ™
W sl < 2 e e rpgmemale

and inequality (3. 1i) follows from (2. 20b,e).

We now prove that {uk} is a Cauchy sequence in Y_ and in YIJ’ satisfying

0
the estimates

(3.13a)

k-1
M/*p-(k—Bv)B /Bk-l

2

"uk+m ) uk"YO <

(3.13b)

>

WA
“uk+m—uk"Y“ <m’p /Bk 1

for k,m > 1. An application of (3. 1f) and (3. 1h) gives

k+rm-1 i
PR -(\-BVB
““k+m' “kﬂYO <M ]:Zk: p e
and
k+m-1 j
2B
[gem oy <™ 20"
v =k

Estimation of these sums by improper integrals gives

(00)

X
(3. 14a) p-(x—Bv)B dx

2

“uk+m ~ Y ]IYO <
k-1

and

17



5 0
(3.14b) "uk+m - u "Y LM p dx
H k-1
0 —6BX
Both integrals are of the form S P dx, 6> XO’ which can be estimated as
k-1
f00) . 1 (00}
-8B k-1 B d ., -68%
(3.15) p dx £ [B 6!an£nB] [-dx (-p )]dx
k-1 k-1

k-1

<[ ompng] o T e

Here we have used (2. 20e).

The estimates (3. 13a,b) follow from (3. 14a,b) and (3. 15). Since {uk}

is a Cauchy sequence in Y_ and Y/J’ and since the injection YH—>Y is con-

0 0

tinuous, it follows that there is an element ue BT) OnBl i such that uk—>u

in both topologies. Inequalities (2.22) and (2. 23) follow from (3. 13a,b) by letting
m —> . The fact that u is a root, i.e., F(u) = 0, follows routinely from (3. 1a)

and the continuity of F on BT) 0" i\

4. Computational Complexity and Summary/Conclusions

The new insights, furnished by this paper, are related to both: (i) formation
of algorithms; and, (ii) analysis of algorithms. Concerning (i), we offer a new

adaptive, Newton iteration of the form

(4.1) u -u = -St Th (uk

YF(u, )
K D -1 k-1

in order to solve the equation F(u) = 0 approximately. The operators Th (uk—l)
k

k—l)’ and are typical numerical inversions defined

by finite element or spectral approximations. The parameter hk is chosen so

are approximate inverses of F'(u

18



that —r(hk), which measures the extent to which F‘(uk_l)'l‘h ( ) approximates

u
K k-1

the identity (cf. (2.12)), is of the order of the X'},—norm of the residual F(u, ).

k-1

The choice ¥ =1, a_ =0, in which case X‘Y = Cl(K), requires evaluation of

0
difference quotients of the residual. The function 7 is typically of the form

(4.2) 7(h) = Ch' , #h) = c(ab’n’

for some integer r. Here h may be interpreted as a finite element grid para-

-1
meter, or, n /N

, in a spectral method in IRN with n terms. Fortunately, C
in (4. 2) can be large with respect to the fundamental constant M (cf. (2.21)), or,
alternatively, the constraint on the size of h can be relaxed. As the computations

proceed, one might wish to avoid the computation of “F(u for the adaptive

k-l)“X
criterion. Alternatively, one can require, in place of (2.21),

k-1
(4.3) 7(h) < M7 WAVR

2

as suggested by (3.1c). This will also lead to the convergence estimates of
Theorem 2.1, as is transparent from the proof. Although use of (4. 3) is not as
natural as that of (2.21), it has the merit of disengaging the computations from

the norm structure. The operator St is a mollification operator, and can be
computed in the Fourier transform splglce, by use of band-limited, continuous
Fourier transforms (cf. (2.5) and (2.6) and the Whittaker-Shannon sampling identity
(2.7)) or by use of Fourier series (cf. (2.9)). In both cases, as a prior adjunct

to computation, smooth extension outside the domain K is necessary to ensure

the proper application of the theory, perhaps achieved by a compact support
function such as (2.6). The smoothing speeds t are defined in terms of the fun-

k
damental parameters in (2. 16).

Concerning (ii), we have proved that the algorithm, constructed in (i), is

superlinearly convergent in Y0 and in Y , where distinct numbers, p1 = p_(X-B'Y)
2, H gl ghel
and Pe =P characterize the respective order Py s Py Since, typically,

19



k-1

(4.4) vl = O(p[f )= e g w oy

0 Y
we may also speak of 7 as describing the "big O" order of convergence of this
recursive process. Here f 2 g means f and g are of the same order. Some-
what curiously, a larger value of ¥ enhances the order; this seems puzzling until
one realizes that ) increases with v, and the initial residual must satisfy (2.14).
In fact, the convergence process is best interpreted in terms of computational

complexity as follows. Set

k-1
(4. 5) € = €k — p‘()\'B'Y)B

If the e-entropy, H€(BT) On B1 _>), of the intersection of the ball of radius n in

Y0 with the ball of radius 1 in Y (both centered at uO) is computed in Y., one

OJ
finds (cf. Lorentz [9] for the basic result)
~ N/

(4.6) H_

The solution u lies in this intersection, and the €-entropy estimates the logarithm
of the minimal number, N€, of sets, of diameter not exceeding 2€, which cover
the intersection. Heuristically, the error estimate (2.22) locates u and uk in one.
of these scaled covering sets. For compact subsets of Holder space, such as the
above intersection, the e€-entropy serves as a lower bound for n, the minimal
number of parameters (dimension) required for a linear computing process, to
represent an arbitrary element of the compact set to within the error € (cf.
VituSkin [14] and Lorentz [9]). The integer n is juxtaposed in the literature with

the Kolmogorov widths, often written drl (for elaboration, cf. Jerome [8]). A

slightly extended interpretation of vituskin's result, applied to the present context,

is:
(4.7) n > Ce_N/Y<=dn <€
However,
-1
(4. 8) h ~ 7 (€

20



by (4.4), and, typically,

(4.9) "

2

where n is the dimension of the range of a numerical, linear inversion map.

If, for simplicity, we treat the case r = 0 of (4.2), so that

(4.10) mh) % h',

we see that

. h-N o (61/7)—N =.€-N/'y

When this result is compared to (4.7), we grasp a remarkable conclusion: the
adaptive sequential linearization procedure is optimal from the standpoint of
computational complexity. Of course, we have neglected the complexity calcula-
tions introduced by the regularization, but this does not directly affect the judg-
ment concerning the linear inversion, per se.

We remind the reader of the rather disappointing fact that, if finite elements

s+a0+m-‘y
are employed, they must be quite smooth: C , in fact (cf. (2.13)). The

choice of a_ in defining X0 and Ycr can be integral. Since loss of derivatives

o

of order ¥ 1 is required, we do not use, in any direct way, the Schauder theory
hypothesis, requiring the Holder indices to be fractional for isomorphism. The
use of smooth finite element spaces would typically accompany estimates of the
form (4.2), with r = 0; a fairly extensive literature has developed on the topic

(e.g., Nitsche [11]).
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