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Numerical solution of problems with different time scales II.
by

Heinz-Otto Kreiss

1. Introduction

Consider the initial value problem for a system of differential equations

us=e¢ lAu+ Bu+ F, t>0,
(1.1)
U(O) = Up.

Here v = (u1.....un)’. F = F(t,e) = (Fi(t,¢),....Fa(t.e))T € C*(t,e) are vector
functions with n components and A = A(t,z) € C*(t.¢), B = B(t,c) € C(t,¢) are
n x n matrices which depend on t and a small parameter € for 0 < ¢ < gy << 1. We assume

also that A, B. F vary slowly as functions of ¢. To make this precise we define

Definition 1.1. A function f(t,¢) is said to vary slowly of order p if f and its derivatives
d7f/dt). j < p can be estimated independently of e. If such an estimate holds for any p.

then we say that the function varies slowly.

We are not interested in problems with rapidly growing solutions where the large

matrix is degenerate like

o l 0 1 + b11 b]g
=2 \0 0 0 by ) )"
Therefore. we make

Assumption 1.1. There is a slowly varying transformation S(t.¢) such that

12 sodnasta = (Ut )
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where A11, Ay are slowly varying and

A 0
(13) A11: s ')\]'21, j:1,2,...,m.

In this paper we are only interested in the highly oscillatory case and, therefore, we

make

Assumption 1.2. The eigenvalues of A;; are purely imaginary, i.e.,

Re)X; =0, j=1.2,....,m.

The real stiff case is treated in [2].
An important special case arises when A,, = 0. To achieve this goal one has to be
careful how one splits a given matrix into its large part %A and its small part B. An

example is

5
Il
T
N
o |

|

1
< bip big _. (L
—(%+1))+<621 622))u—.(€44+B)u.

The elements of %A are all large but the rows are almost linearly dependent. The eigen-
values of 1.4 are

2 ? ‘
/\1 —_——?4—0(1), )\22—5-1-0(5)

and, therefore, A, # 0. The remedy is to write the system in the form

1 1
(.~ = b1y b1o
= (00 A) ()
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There is one other situation we have to be aware of. Consider

1
(5 1)+ )

which could also be written as

_ 0 61_2 b1 bi2
() 1)

Both versions violate our assumption. Instead, we have to “rescale” the system by intro-

ducing new dependent variables

! !
€Ul = Uy, U = Usy.

Now (1.4) becomes

uly = (’i‘ (_01 (1)) + (b(l)l 5;;;)) u',
and our assumptions are satisfied. This behavior is very common when discretizing hyper-
bolic problems with different time scales.

The plan of our paper is as follows. In Section 2 we collect analytic results for the
solution of (1.1). In Section 3 we shall solve our problem by asymptotic expansions. In
this paper we are not interested in highly oscillatory solutions. Therefore, in Section 4 we
shall discuss methods to “initialize the data” such that the resulting solution varies only

on the slow time scale.

In Section 5 we will discuss the backward differentiation methods (BDF)
2 1 p1
(I - §k(gAn+1 + Bn+l))yn+l = Zajyn—] + an+l

i=0

and, in Section 6, apply them to hyperbolic partial differential equations.
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In many applications it is much easier to invert [ — %fA than I — %k(%A.—i- B).

Therefore, in the last two sections, we consider split methods

| 2k = —
(1.5) (I = g = Ani1)yns1 = ) ajyn_j + > Bi(Bu_jyn—; + Fa_,).

7=0 j=0
Our results indicate that the best methods are
1) The classic combination of Leap-frog and Crank-Nicolson.
2) A combination of the second order BDF method with an explicit second or third order
method of type (1.5).
In the literature one can find other splitting techniques like “Strang” and additative
splitting. In our opinion, they cannot compete with split multistep methods. (For details.

see [1]).
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2. Analytic results

We use Assumption 1.1 to introduce a new variable u; = S™'u into (1.1) and obtain

14, 0
(2.1) Uy = (( 0 4 ) + B(l)) uy + FO,
22

where

BW =5"'BS- 5715, FY =g571F
There is a slowly varying transformation I + €57 such that

-1 %All 0 (1)
(I+¢S1) 0 44 + B (I +¢eS5y)

= %(‘411 + ECS)) 0 =D
0 A22 +€C§;)

Here C](i) is diagonal. Therefore, uy = (I + &S7)7'u; satisfies
ugr = (D + eB@)uy + FP,
We can repeat the process and after p 4+ 1 transformations we obtain a system of the form

u'\ (1(An +eCn) ePCl u! LR
UII y o €p021 B22 + 5022 u” 2

Thus, except for terms of order P, we obtain the decoupled system

1
(2.2a) utI = —(A1n1 -I-ECll)uI +FI cy diagonal,
€

(2.2b) ull = (Byy + eCyo)u’’ + FI1.

We shall now derive an asymptotic expansion for the solutions of (2.2a). We want to

show that it consists of a slowly varying and a rapidly varying part.
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If we neglect ul, then u/ = —¢(A;; +€C11)~ ' F!. Therefore, we make the substitution
ul =epy +ul, oy = —(41 +eCiy)'F
and obtain
ul, = %(A11 +eCi)u! +eFl, Fl = ((A11 +eCH)”1F)t.

Thus. we have reduced the forcing to order O(¢). After p steps we obtain

p
(2.3) ul =) o +ul,

where

I _
Upy =

I(O =u! Zeja,o]

If the initial data are such that up(O) = O(e ). then up(t) = O(¢e?P) and has p derivatives

(A-ll +5C1] )’U.I + €pr],

oy | =

bounded independently of ¢. Otherwise, it is dominated by the rapidly varying part

(2.4) ul(t) = ot o (AnteCide ul(0).

Since the solutions of (2.2b) are slowly varying we have sketched a proof of (for more

details. see[4],[5] and [6])
Theorem 2.1. The solution of (1.1) can be written as
U =1us+ ur.
Here ug is slowly and up is rapidly varying. Any initial data u(0) can be split into
u(0) = us(0) + ur(0).

ug(0) generates the slowly varying and up(0) the rapidly varying part. In particular, us(t)

is determined by (2.2b) and (2.3) with ull, = 0. Also, us is a smooth function of €.
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3. Numerical solution by asymptotic expansion

To use asymptotic expansions to solve (1.1) we need to calculate the transformation
(1.3) efficiently. Techniques to do so are described in [5]. We assume that we have executed

this transformation and that the equations are given in the form

(3.1a) ul = e (A1 + eBi)u’ + Bigu!l + FI,

(31b) ’LL{I = (AQQ -+ BQQ)UII + B21UI + FII.

For slowly varying solutions, we can, to first approximation, neglect u,I . Therefore, we solve
(A + 6311)7’[)5 + 63121/)({1 +eF! = 0,

(3.2) o1 = (A2z + By v’ + Boyp{ + F'/,

o' (0) = u""(0).

The remainder
Uy =u— g

1s a solution of

“{t =e (A -I-SBH)U,{ + Bwu{f — 1/’(])1»
(33) U{{ = (A22 + €B22)u{f + -B21u‘1[7

ulf(0) = 0.
Now we solve

(A + €B11)¢1] + 63121/)111 — 5_11l’({t =0,
(3.4) Tl = (Agg + Bog)9piT + Byl
$17(0) = 0.

(Observe that ¢{, = O(¢) and, therefore, ¥¥ = O(1).) Then

uy = uy — €2ty



1s a solution of

ué, =e YA + eBu)ué + Blguéj - 521/)1]t,
(3.9) ugtj = (A22 + 5B22)u51 + Bglug,
ulf(0) =0

The reduction process can be continued. After p steps we obtain

p—1
u=9® fw, PP =y, +6Z€j¢j,
i=1

where, except for terms of order O(eP*1), w solves
w! _ %(An +eB11) Bia w! (D11 Dy, w!

s (o) () (2 2
w!(0) = u!(0) — (¥P(0))". w!(0)=0.

If w!(0) = 0, then w = 0 and we have solved our problem, which, in this case, has no

fast part. If w!(0) # 0. then we have to separate the scales further. We make a variable

substitution of type

and obtain
P4 0 S . I -S D1 Dy, I S @
“erlo o) T\o I Dy Doy J\0O T)Y

<D11—5D21 D12—5D22) (I S
- 0 I)“’
Dy, Dy,

(Du —S5D;1 Dy1S—5Dy; + Dyp — 5D215)

w.

Doy DS + Doy

= Dy — SDy, 0 i)
(3.7) e (( Do, Dy S + Dzz) + O(eP™) ) w.

! (0) = w!(0), w''(0)=0,
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if we choose S such that
St = D11S — SD22 + D12 — SDy S + O(ePt)
(3.8) . |
= E(AH +€B11)S — S(Agz + Baz) + Bia — SByy S + O(ePth).
(3.8) is satisfied if we use p + 1 steps of the iteration
€S£j) = AllS(Hl’ + 5312 + eBllS(j) — ES(j)(AQQ + Bzz) — ES(j)les(j)

S(l) = —5.'41_11 B12'

Now we neglect the term O(¢P*!) in (3.7) and make the substitution

(T 0\
w = T I'UJ.

In the same way as above, neglecting terms of order O(cP*1!), we obtain

Wy = D1y = SD»n 0 o
! 0 Dy S+ Dyy )
(3.9) _ ( <(An +eBn) — SBy 0 5
0 Ass + By + B1 S

ﬁvI(O) = w(0), 151]('0) = Tw!(0).

if we choose T such that

Ty = —=T(Dyy — SDay) + Doy + (D91 S + Dy)T + O(ePH)
(3.10)

1
= _T(E(All + eB11) — SB21) + Ba1 + (Ba1S + Az + BT + O(eP™1).
Again, we can determine T' by iteration starting with

(3.11) TW = eBy AT

1 . . . =11
As before, the system for w can be solved by analytic techniques. To determine w =~ we

can use a standard multistep or Runge-Kutta type method.
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Except for terms of order O(eP*!) we have separated the scales. The slow and the
fast parts of the solution of (3.9) are obtained by choosing 13](0) = 0 and u:J”(O) = 0,

respectively. Since

w,

(I S\(I 0\:_(I+ST S
w=io 1)\ 1)*7 T I

we have, therefore,

U]S — (d’(])) )I + u’_IC; + O(€P+l) — (,L/)(P))] + Slf)]] + O(€P+])’
(3.12)

Wi = ()T 4l 4 O(ertty = () o'l ot

ul = wh 4+ 0Pty = (I + ST)J?I + O(ePth).
(3.13)

W = ol £ Ot = T + O(ert),

Observe that S = O(¢), T = O(¢). ﬁ'” = O(¢) and, therefore,

b= (@) +0(), uy = @) +ee’ +0()

where

P! = (A + Bao)o'!. ¢'(0) = By Afu!(0).
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4. Initialization

If the solution of our problem varies also on the fast scale, then we must either separate
the scales as explained in the previous section or use a standard explicit multistep or
Runge-Kutta method directly with a timestep k << ¢.

In many applications one is not interested in the fast scale. Often, the energy contained
in the fast scale solution is small and might also be introduced through observational errors.
Therefore, one initializes the data, i.e., one changes the the initial data such that the

resulting solution varies only on the slow scale. There are different method to accomplish

this.

1) Separation of scales. We use the technique shown in the previous section to obtain
initialized data u%(0), u7(0). The easiest way is to use
uly(0) = 93 (0) & —e A (Brou' (0) + F(0)),
(4.1)
uj(0) = g’ (0) = u''(0).
If the fast scale is only introduced through observational errors, we commit an error of

order O(e?). If the fast scale is “real”, then we should use a more accurate initialization.

Neglecting terms of order O(g?), we obtain

u}(0) = ¥g(0),
(4.2)
u11(0) = pl7(0) +6" (0) = w1 (0) + eByy AT u’(0).

The term By A7} u!(0) represents the effect of the fast scale on the slow scale solution.
2) The bounded derivative principle. We determine the initial data such that p time

derivatives of the solution are bounded independently of ¢ at t = 0. Typically p = 2. and

then it is equivalent with (4.1). For details, see [5].
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3) Richardson eztrapolation. Let k > 0 denote a timestep which defines gridpoints t, =

vk, v=0,1,2,... and gridfunctions y, = y(vk). We approximate (1.1) by

(= E A)y(tnsn) = (T4 kBYy(ta) + kF(t2),
(4.3) c

Here A = A(t,41,¢), B = B(tn,e) + kBM(t,,¢, k) are smooth functions of all variables.

Remark: In actual applications we use B = B. We have added BV to simplify the

discussion below.

Our aim is to prove
Theorem 4.1. Let us = us(t,¢) be the smooth part of the solution of (1.1). For any
integer p > 0, the solution y = y(t,,k,€) of (4.3) can be expanded into a series
(4.4) Y(tn koe) = us(tn. k.e) + kE 4+ O(PT 4 P4 (e/B)M).
Here kE stands for a Taylor expansion

(4.5) kE = key(tn,e) + - + kPey(tn,e).

where €;(t.c) are smooth functions of all variables. Therefore, for all n with (e/k)" <<

kP*1. we can use Richardson extrapolation to calculate ug accurately to order O(kP).

The proof consists of a number of steps.
a) We use the transformation (1.2) to make a change of variables y,41 = Spi17nt1-
Then we obtain an approximation of the same type for (2.1). Therefore, we can assume

that A already has the blockdiagonal form (1.2).
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b) Corresponding to the previous section, we can construct a particular slowly varying
solution such that we can neglect the forcing F' in (4.3). We solve
‘41199(1)(%4—1 +eBr1pp(ta) + 53129961(tn) +eFi(t,) =0,
(4.6) (I — kAz)od! (tas1) = (I + kBaz)eg (tn) + kBa1og(tn) + F (),
el (0) = u'1(0).
(4.6) is a regular approximation of (3.2). Therefore, standard techniques show that there

1s a solution of the form

(4.7) @0 = o + kEy + O(kPT1),

where kE; represents a Taylor expansion of tvpe (4.5). The remainder
Y1 =Y — %o

1s a solution of
k N .
(I - :;‘411,)!/1](fn+1) =+ kBll)yll(tn ) + kB12y111(tn) — (S‘Qé(tn—}-l - *P(])(tn))»
(4.8)  (1- kAo )yl (tnsr) = (I + A‘B22)y1H(tn) + kB2ly]I(tn)v

yi1(0) =0,

which 1s an approximation of (3.3). Observing that
Po(tns1) — Po(tn) = oy + kEy + O(kPH1),
we repeat the construction and obtain
©1 =1 + kEy + O(kPT1),

This process can be continued and, therefore, we have proved
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Lemma 4.1. Corresponding to the procedure in the previous section, we can construct a
solution
0P = v L LE + O(kP+1)
such that, neglecting terms of order O(eP*?! 4 kP+1),
v=7y — c,o(p)

solves the homogeneous system (4.8) which we write as

(I—24) "I+ kBi)  k(I-%4,)7'B,
l’(tn+1) = v(tn)
)

k(I — kAg) ™! By, (I — kAg2)™ (I + kByo

_. Ci1 Ci2 o(t,)
"\ Cy1 (o e
We now introduce a transformation

v(t,) = <é SIn ) 0(ty)
and obtain
~ _ I _S'n+1 C']l C'l2 I S’n ~
1(t'n+l)— (O I ) <Cv21 C22> (0 I>v(tn)

_ Ciy _Sn—}-lCZ] C]2—5n+1022 I S, B(t,)
Coy Cyy "

_ <C11 _5n+lC21 C12 ) )f’(t )
Co Crp + Cyy S, nr

We choose S'n such that
612 =: Cll‘gn - §n+1C215n +Cyp — Sn+1022
= (C11 = I)Sn + C12 = Sn41(Caz = I) + (Su — Sng1) + Sn41Cn1 S,

= O(kPT?).
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We multiply the last equation by (I — fAll). Since

B,’j = Bi]' + kB(l)

1y 0
k k o .
Cih—1= E(I_ EAI]) (A1 +€B11),
k .
(4.9) Cio = k(I - EAII)_IBIQ»

Cy2 — I = k(A2 + B22) + szn»

Cy = kByy + k2B,
we obtain
(A11 +eB11)Sy +eBia — (e — kA11)Sni1 (A2 + Bao + kézz)
S S

(4.10) + (el — k:hl‘)—nilz1 + (e — 1‘74411)‘§’n+1(B21 + kB2l)gn

— O(L_:]\.P+1 + kp+2 )

(4.10) is a O(k) approximation of (3.8). By iteration, we obtain

Lemma 4.2. There is a transformation
S =S+ ekE + Okt

such that. neglecting terms of order O(kP+1).

. Ci1 — Sn41C 0 .
(4.11) v(z‘.,~,+1):( i C'91+1 Y 022_'_0215,”)1’(1‘.”).

As in the previous section, we transform (4.11) to blockdiagonal form by a substitution

B(tn) = (7{ ?)f%tn).

We obtain

~ _ Cll - §n+lC21 0 . It
O(tnt1) = ( o Cyy + Cy S, ) o(tn),
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where, by (4.9),

021 = _Tn+l(cll — Sn+1021) +Co1 + CZ2Tn + Cyy SnTn
= Tpniy1(I —C11) 4+ Coy + (Coz — I)Tn — (Tngr — Tn)

+ Tn+1gn+1021 + CZlgnTn

k- k - . =
=z n+1(d — EAII)_](_AII + eBy1) + kByy + k*By;
r = - fZA:‘n _Tn
+ (k(A2 + Bag) + k*Bogy) T, — %

+ A’Tn,+1gn+1(321 + kB?.l) + k(le + kB21)§nTn-
We choose T such that Cy; = O(kP12). We divide the above relation by k. Observing that
%(I — fAn )71 = (eI — kA,;)”! and, neglecting all terms of order O(k), we obtain

- ~n+1(£I — kA1) (A1 +eBir) 4 Bay + (Agn + B22)Tn+l

4.13 = -
( ) Tn+l

~T, - .
+ —l\_ + Tn+15n+1B2] + BQ] SnTn = O(kp+l )
The last relation is a first order accurate approximation of (3.10). We solve it by iteration.

starting with

T = Byy(Ay 4+ €B1y) el — kAy) =T + O(k).
We have proved

Lemma 4.3. There is a transformation
T =T+ kE+O(kPT?)

such that , neglecting terms of order O(kP*1),

x _{Ci1 = Sp41Cn1 0o =
Bitnir) = ( 0 Ca2 + C21 5, ) 8(tn)-
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Since

IC11 = Sng1Car| = O(e/k + ke),

the first components 51(tn) decay rapidly. Also,
Coz + Co1Sn =T + k(Agg + Bay + B21S) + O(k?)

and. therefore. by (3.9), there is an expansion

Thus. we have proved Theorem 4.1.
The results in this section show that we can always initialize the data effectively and.

therefore, we shall in the following sections only consider slowly varying solutions.

Remark: One could use Richardson extrapolation not only to initialize the data, i.e., use
it for a limited number of timesteps. but as a numerical method for all times. However.

there are stability problems. especially when A, B do not commute.
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5. Backward differentiation methods
Let k > 0 denote the time step which defines gridpoints ¢, = vk and gridfunctions
y, = y(vk). We are interested in the backward differentiation formulas
1 =
(5.1) (I = ka-1(ZA+ B))yns1 = Zajyn_j + ka1 Fot.
=
Here A, B are evaluated at t,4; = (n + 1)k. Let u be a slowly varying solution of (1.1).

Taylor expansion gives us

. +
(02) un_]-:un_*_l—(]-l—l)Lun_H—I-(] ) n+]+"' .
Therefore.
1 Lk
Liu]= (I —ka_i(=A11 + B11))unt1 — Za'jun_j — ka_1Fni1
& ],:0
p—1 1
(5.3) =(1- Zaj)unﬂ + k{ Z 7+1) a] u"+1 — a'_l(;A + Blup4q — a_an_H}
7=0 7=0

, d'u,,
T ———

P p—1 . 1
(+1
+ Z K (Z% ’ I dt! n+1
]:

=2

where
drtiy dPt?u dPt3u
(p+1) _ . .2
R = v + ke, v + O(k v )
with
(-1
YT ) G+, v=1,2

We choose

P— p—1 p—1
(54) Y a;=1, G+Dej=a_;. Y ((+Da;=0, 1=23,...p
= 0

j= j=0



Then
(5.5) Llu] = kPH1RO+D

and (5.1) is accurate of order p for slowly varying solutions. The methods are the usual

BDF methods and the coefficients can be found in [3].

To obtain useful error estimates the method needs to be stable. For the stability inves-
tigation we assume that A, B are constant matrices. In the same way as for the continuous
problem, we can separate the slow and the fast scales by transformation. Therefore, we
need to investigate stability only for the decoupled systems (2.2a) and (2.2b). The stabil-
ity question is governed by the stability region of the method when applied to the scalar

differential equation
(5.6) y' = Ay

with constant coefficients. We want to use our results also for the solution of hyperbolic
partial differential equations, i.e., we want to apply it to systems of ordinary differential
equations obtained by discretizing the space operators. As we have shown in [7], a desirable

property of the multistep method is that it is locally stable, defined by

Definition 5.1. A multistep method is called locally stable if the stability region € in the

complex p = kA plane contains a halfdisc

lul = [kA| < R, Rek) <0.

See Figure 1.
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For p = 1 the scheme (5.1) represents the implicit Euler method which is A-stable
and therefore also locally stable. The same is true for p = 2.

We shall discuss the stability region for the other values of p in a neighborhood of

p = 0. The solutions of the difference approximation (5.1) are of the form
(5.7) Yn = K" Yo,
where k satisfies
p—1
(5.8) (1—a_ Ak)e? =) ajrP 771 =0,
=0
The basic characteristic equation
p—1
(59) Kp—za’jl'{p_]_l =0
=0
has exactly one root x = 1 while all other roots satisfy
|f{j|<1, 7=2,3,....p.

Therefore. in a neighborhood of 1 = 0 we need only consider solutions of (5.8) which are

of the form
(5.10) k= e 4 Py

Introducing (5.10) into (5.8) gives us
p—1
(1= am M) + kPTIr)P = " aj(eM 4+ kT =1 =,

J=0

Thus, we obtain the linearized equation

p—1
(5.11) <p(1 —a_ AP =N P elpmI DM (p 1)) kPl = —R
3=0



where
p—1
R =(1—-a_ k) - Zaje(p—J—l),\k_

=0
By (5.6) and (5.3), truncation error analysis shows that

p—1
R(npjll) = L[e’\t] = ((1 — a1 Ak)eMr — }: aje(p_]_l))\k>e("+l_p)’\k
=0

— R . e(n+l—p)/\k_

Therefore, from (5.11) we obtain, using Taylor expansion and (5.4),
(5.12) (a_y +dork + O((AR)H)T = e APH 4 d)APP2 R + O(NP 3R,

Here dy. d; are real constants which can easily be calculated. The last relation finally gives

us Ak
k=e 4 kPHlr

c1 + d] Ak

— Ak )\kp+1
AR o

+ O((Ak)P+3)

=t M 4 ar (AP 4 ar (M) + O((Ak)PH?),

We now assume that Ak = tu is purely imaginary. Then

(5.13) MP:{1+%A—U%ﬂM“1+OWM“) if p = 1(2).
1—2(ay — ap)(—1)"F |ulP*? + O(|ulr*3) i p = 0(2).
Thus. an interval on the imaginary axis belongs to € if
(—1)%a, <0 for p=1(2),
(5.13a)

i

(_1)1’_12-_(&1 —az)>0 for p=0(2).
In this case the method is locally stable. Simple calculations show that the method
is not locally stable for p = 3,4 but it is locally stable for p = 5,6. See, for example, [3].
For p = 3,4,5.6 we shall discuss another property of the stability region. Assume

that

p+1
r)

<

(5.14) Me=ip—Tp!, 1=2] ], ([z] largest integer < z),
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where 7 > 0 is a constant which we choose later. In this case (5.13) becomes

(5.15) ]t = {1—2(T—a1( 1)) 1 4 O(ur+?)

1-— 2(7‘ + (a1 — (12)(—1)”;

if p=1(2),
JuPt? 4+ O(uPt3) i p=0(2).

Thus, the stability region 2 always contains a region Q¢ N Qq, Q1 N Qq, where

(5.16)
Q : {|\k| < R,

Qo : {Re Ak <0, |Re k| > 7|Im Ak|', 1=2]

p+1

u

I

provided R > 0 is sufficiently small and 7 sufficiently large. (7 = 0 for p = 5,6.)

The usual calculations show that, for sufficiently large 7, the whole region Q, € Q. In

Table 5.1 the minimum values of 7 are calculated.

0.3 190

Table 5.1

It shows that. for p = 6, 7 has to be very large and the method is not useful.

We want to express the relation (5.16) also in another way. We assume that A+ B is

blockdiagonal and consider the slow part

(5.17) (I — k(A2 + Bay)) yn+l

We shall prove

ch

Theorem 5.1. Consider (5.17) for sufficiently small k(|Aaz| + |Bas]

(5.17) by changing A,y + Bay to Ay + Boy — U(k(|*422‘ + |B22'))1L I =

provided o is sufficiently large.

). We can stabilize

2((p + 1)/2].
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Proof. The eigenvalues Ak are changed to Ak — o (k(|A2| + |B22|))l. Observing that

[Im Ak| < k(|A22] + |B22|) the theorem follows from (5.16).
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6. Applications

Consider the scalar wave equation

wy = awz, 0<z <27,
(6.1)
u)(:c,O):f,

with periodic initial and boundary conditions. We discretize space by introducing grid-
points z, = vh, v = 0,£1,42,...; h = 27/N, and gridfunctions uy(t) = u(z,,t) and
approximate (6.1) by the dissipative approximation

ut = aDou — ah,BDiDQ_u, U= Uy,
(6.2)
u(0) = f.

Here Dy.D,.D_ are the usual centered, forward and backward difference operators, re-

spectively. After Fourier transform (6.2) becomes

(6.3) Uy = (a'zsmwh _ 1o sin* ﬂ){, =: Q.

For time integration we choose the BDF methods. For p = 1,2, the approximations are
unconditionally stable. For p = 3,4, we have to choose the timestep k and the dissipative

coefficient ¢ such that @ belongs to the stability region. By (4.16) and Table 5.1, we need

that
160 . 4 wh rk* sin? wh 4
Ar—h— sin - > —h4—a ,
for all wh, i.e.,
k ka kla|
. - > (=) > S0y,
(6.4) ah_r( h) or o > 7lal( h )

Thus, the amount of dissipation becomes rather large if we want to beat the speed of

propagation, i.e., choose the timestep k such that kfa|/h >> 1.
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For p = 5,6, we can also choose 7 such that (6.4) holds. For p = 6, we need to choose
7 very large and, therefore, the method is not useful. Since for p = 5,6, the schemes are

locally stable. we can use 7 = 0, but then
(6.5) jaz] < R

The restriction (6.5) is more severe than the stability restriction for a good explicit
method and. therefore, we shall not pursue this possibility further.

Now consider a hyperbolic system

wy = Aw,, 0<x <27,

(6.6)
w(z,0) = 1,
and approximate it by
(6.7) uy = ADyu — och®*D . D_u.
Let aj.....a, denote the eigenvalues of A. By (6.4) we need to choose
k max; |a;|\3

. > e J 17 .

(6.8) U_ijgix|aj|( h )

If all the a; are of the same order of magnitude, this is not a severe restriction. However.
for problems with different time scales, they are of different orders of magnitude. Then

(6.7) 1s useless because the dissipation becomes too large. We can replace (6.7) by
Uy = ADou — O'A4h3D+D_u.
We transform the system to diagonal form and obtain

u; = aDou — 0a*h®*DyD_u., a= aj.
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Our condition (6.8) now becomes

(6.9) o> (2.

(6.9) is satisfactory. However, it is expensive to calculate the dissipation term. This is
particularly true for problems in more than one space dimension. Therefore, we believe
that only the first and second order BDF methods are useful to solve hyperbolic partial

differential equations with different time scales.
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7. Examples of semi-implicit methods
In many applications it is much easier to calculate (I —a fA)_1 than (I—ka_;(1A+
B))~!. We can still use the backward differentiation formulas but we solve them by itera-
tion.
e
(7.1) (I-a_, éAnH)yg_tll] = ajyn; + a_1kBapyl,, 40 =o.
j=0
(For simplicity only, we assume that F' = 0.)
Now assume that A = —A*, B = —B* are skew-Hermitean. Without restriction we
can also assume that A is blockdiagonal.
We want to investigate how many iterations we need to make such that the resulting
method is stable. As we have seen in the previous section, only the first and second order
BDF methods are useful for our purposes. We consider the second order method. Since

there are no stability problems with the large part, we need only consider

2k 1
(I_ "3_ 4)3/5—:11] - 3yﬂ - gyn 1 + 3]”By£z]—]|—17 y[O] = 0

Here we have deleted the index 22. We stop after s iterations and obtain

s—1

4 1
n —I——4 -1 BI——A - —Yn_
Yn+1 ( ]:ZO ( ) )(3 39 1)
2k 2%k . 2k 2k 4 1
:I——A'II— BI———A. I—-(=B(I-=A — Sy
( 7 ( (1= (FBU=-F ™)) Gun - 59n-1)
A ; 4 1
= —(ZZB)s ks+1 8 - o
= (I-5(4+B)” ( (5 B) + O [BI(IBI+ 141) ) (v — Svns)
The worst stability situation occurs when A = —B. Then, to first approximation,
4 1
Yn+1 — ( —('— )( Yn — —yn—l)-

3
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Clearly, the approximation is not stable for s = 1,2. For s > 2, we can write the approxi-

mation as

1

. 4
(I - EC)yn41 = §yn - gyn—h

where

2k 2%
KC = S (A+B)+ (5 B) + O(K*!|BI*(1B] +]4)).

The approximation is stable if C + C* > 0. For s > 3 and k(|A| + |B|) sufficiently small,
we can. corresponding to the previous section, always stabilize the method by changing
44+ Bto A+ B—okil. Here 0 = const. (|A*| +|B*|). If s = 4, we do not need the extra
stabilization if B is nonsingular. The disadvantage of the method is that we need to invert
the operator I — %’5.4 at least three times.

Another approach is to split the operator and use a mixed implicit-explicit approxima-
tion. The classic method is a combination of the Leap-frog and Crank-Nicholson methods.

k

3

k ;
Ant1)Yns1 =1 + gAn—l)yn—l + 2kByn.

—
-1
V]

—

(I

It has been used for a long time and is second order accurate for slowly varying solutions
and stable if A + A* < 0, B = —B*, |Bk| < 1. As in the previous section, one needs a
small timestep to calculate the solutions on the fast scale.

Let us discuss the behavior of the method with respect to the fast scale when k£ >> ¢.
Without restriction we can assume that A already has the blockdiagonal form (1.3). Then,

neglecting terms of order O(¢), the equation for the fast scale becomes

k _ k
yhy =T - —€—A11) "I+ gAu)yi—l,



and, therefore, for £ >> ¢,

(7.3) ?;/1]1+1 =~ —9111—1-

Thus. the fast scale behaves like a +1-wave and will not be rapidly damped.

If we have initialized the data properly, then the fast scale solution is not present
and waves are not excited. However, if the initialization has not been done carefully or if
fast waves are generated by, for example, rough data, then we will have difficulties. The
remedy is to use time filters (see, for example, [8]) or use the Richardson extrapolation of
Section 4 to re-initialize the solution periodically. To avoid this problem altogether one
often uses a combination of the backward Euler and Leap-frog methods. Again, assuming

that A4 is blockdiagonal, the scheme is given by

2k v
(7.4a) (I - ?‘411)y,€+1 = yflz-1 + 2k(B1lyrI1. + Bl?gij)ﬂ
(7.4b) (I —2kAz)ylly =yl + 2k(Boiyl + Baoyll).

As in Section 4, we can derive an asymptotic expansion and obtain, for y!,

(7.5a) Y = G4+ p(tn).

@e(tns1) = —eAf] Brayll + O(€?),

2k N _
(I- ?All)y111+1 =g

Now the rapidly varying part is decaying quickly. Introducing (7.5a) into (7.4b), neglecting

terms of order O(ke?), gives us

(7.5b) (I = 2kAg)yll | = (I +2keBoa)yll | + 2k(Ba1jl + Baoyl?),
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where

Bay = —Bz1A1_11312-

Now we will discuss the accuracy and the stability of (7.5b) for slowly varying solutions
(yl = 0). If Ay # 0, then (7.5b) is only a first order approximation of (1.1). Also, we

cannot expect it to be stable. To show this we apply it to a scalar problem:
Ay =1a, By =0, Bjy=1b,

1.e..

(1 - Qika‘)yn-l—l = Yn-1+ 27kbyn

We construct solutions of the form
Yn = Rn Yo,

where x are the solutions of the characteristic equation

(1 — 2ika)k?® — 2ikbk —1 =0,

1.e..
1
i = ———(kbe — 2ika — k?b?
K 1_2ika(kbz:t\/1 ika — k2b?)
1 , , k202 k2q2 N
_m—(zkbi(l—zka— 5Ty Ok ))).
Therefore,
1
k2| = T (1 + k%2(bF a)? — k%b% + k2a2) + O(k*)
1 ¥ 2k%ab + 2k2a? ‘
= k).
1+ 4k2%2a2 +O+)

If ab # 0 and |b| > |a|, then there is a ko such that || > 1 for 0 < k < ko. Thus, the

method is not locally stable.
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Remark: One can prove the following theorem which is important for reaction-diffusion

equations.

Theorem 7.1. Assume that A;; = A%, < 0, Byy = B, <0, Byy = —B3,. Then the

method (7.5b) is stable if k(|Bay| + €|Bsal) < 1.

If A, = 0, then the method is, formally, still first order, but since £By, is of order
O(e). the error is of order O(ek + k?). By assumption, ¢ << k and, therefore, it is a second
order method.

In order to investigate the stability problems of (7.5b) we consider the scalar equation
(7.6) Ynt1 = (14 2keb)yn_1 + 2kibyn, b= by +1iby, by, by real.
The characteristic equation now becomes
k2 — 2kibk — (1 4 2keb) = 0.

Therefore. for 1 — k202 >> |keb|,

k= kibt \/1 — k2b2 4+ 2keb

keb
1 1212 21.2
—Mb:i:( 1—k2%b +—%‘1—k2b2 + O(e“k )),
1.e..

k|2 = (kb4 keby)? + 1 — k2% + 2keb;, + O(ck* + 2k?)

= 14 2k2ebby + 2keby + O(ek? + £212).
Thus, neglecting terms of order O(ek?* + £2k?),

|| <1 if by < —k|bbyl.

(See Theorem 7.1.) If b; = 0, and |bb,| # 0, then there is growth. However, |k|? =
1+ k*O(¢e) and, therefore, the amplification is weak and does not destroy the calculations

in time intervals of length O(1/¢). Similar results hold for systems.
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8. General multistep methods

In this section we consider general approximations of the form

r—1 g—1
k
(81) (I — Q1 gAn+l)yn+l = Zajyn—j + kZﬂjBn—jyn—j-
i=0 =0

(For simplicity only, we assume that F' = 0.) We are interested in methods which are
accurate of order p and we first look at the case when B = 0. We determine the coefficients

a; such that

r—1
i dun+l
Un+1 a—q dt _Za]u'n—]
1 iz
]‘:P+1 d”+]un+1 kp-i-? d”+2un+1

- 3
T VT T B A P I T + O™,

for all smooth functions. Using Taylor expansion, this leads to the linear equations

r—1 r—1 r—1
(8.2) Yaj=1 Y (j+la;=a_1. Y (j+Da;=0, 1=23,...,p.
j=0 j=0 j=0
Also.
r—1
(8.3) o =—(=1)"Y (i +1)"a;.
=0

If we set r = p we recover the BDF formulas (4.2).
Now assume that we have chosen a; such that (8.2) holds. We will apply the method

for the case that A = 0. We want to choose the §; such that the resulting method

r—1 qg—1
(84) Yn+1 :Eajyn—j‘l'kZﬂjBn—jyn—j
=0 =0

is accurate of order s with p < s < ¢. In this case By = dy/dt and, therefore, we have to

choose 3; such that. for all functions u,

r—1 g-—1
. dup_; .
(80) Up41 — ]=E O(ljun_j — k]E=0 B] p - (’)(k +1).



Using (8.2), we have,

Unt1 — Za]un —j kZﬁ]dun ]

dn L(=1)k du, 0\ du,
= ka_l_djti _z—p+1 ' (]Z::O(] +1)'C¥j> dt1+J;l (z:: ) =

1.0 971
Z( 5 2T Linis o),

Therefore. (8.5) is satisfied if

g1 g—1
Z’Bj:a_h Z(J+1)l_lﬂ]: 3 1:27"'7p~,
(8.6) = i=0
' = g—1
72 G+D'e;=> G+, I=p+1,....s.
J=0 j=0

If the conditions (8.3),(8.6) are satisfied, then we obtain, for smooth functions,

L r—1 g—1
L[u] = (I — O EAH-H )un_H - Za']-un_j —k ZﬂjBn_]‘un_]'
J=0 =0
(8.7) du,, 1
: =ka_; (Tﬂ - (‘gAn+1 + Bn+1)un+1)
+ A7P+IR£IP_:-1]) + kp+2R££:-12) + O(kars)’
where
(8.5) g = cdv  dio d7(Bu)

Jldr T (v— 1) dtrl

Corresponding to (8.3),

g—1
(8.9) dy = —(-1)"Y (j+1)"B;

J=0

Thus, for slowly varying solutions, the error is at most O(kP+!).
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As we have seen in the previous sections, the most interesting methods are obtained

whenr =p=2and s = ¢ =2,3,4,5,6. In this case

AU T __1
0—1—31 00—3, a1 = 3’
We have calculated the 3; in Table 8.1.
q Bo B B2 Bs B4 Bs
2 1.3333 —0.6667
3 1.7778 —1.5556 0.4444
4 2.1667 —2.7222 1.6111 —0.3889
> 2.5241 —4.1519 3.7556 —1.8185 0.3574
6 2.8602 —5.8324 7.1167 —5.1796 2.0380 —0.3361
Table 8.1
We will now discuss the stability of
2 k 4 1 =
(8.10) (I = 3 ANns1 = gtn = SUno +kB;ﬂjun_j-

We assume that A, B are constant matrices.
If A = 0. then the stability question is reduced to the usual scalar problem, i.e., the
behavior of the roots of the characteristic equation
g—1

K= (aj+ AkB)RTI 71 =0, a;=0forj>1.

j=0
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Since the basic characteristic equation (Ak = 0) is the same as for the BDF methods, we

need only consider the perturbation
k= e 4 pPTlr,

For 7, |k|? we obtain relations of type (5.12) and (5.13), respectively. For ¢ = 3,4, the
methods are locally stable and (5.13a) holds. For ¢ = 2,5,6, they are not locally stable.
In Figure 2 we have calculated part of the stability region.

Now let A # 0. Without restriction we can assume that A has the blockdiagonal form

(1.3). Then the first components (ag = 4/3, a; = —1/3, a; = 0 for j > 1) of the system

satisfy
2k s = I
(8.11) (L= S An)har = O (o] + kB Blyn-; )
& ]:0

As in the previous section, neglecting terms of order O(e?), the solution of (8.11) is

g—1
(8.124) yhyr =Y BAL Byl + i,
7=0
2k
(8.12b) (I - ?411 yn+l Za]yi—j'

(8.12b) is the second order BDF method which is unconditionally stable. Neglecting terms

of order O(¢), we obtain, for the other components,

2% -1

(8.13) (I = S An)inty = Y (o] + kB Ban)uy’ ;.
j=0

If Ay = 0, the above stability results apply. If Ay, # 0 and A;; does not commute
with B,y, we cannot reduce the stability question to a scalar equation. Instead, we must

consider solutions of (8.13) which are of the form

(8.14) Yn = K"Yo, Yo vector,



— 85—

where
k=e* 4+ (NPT, yo = uo + (Ak)2yy,
and u = e*uq is the corresponding solution of
Uy = (Agz + Ba2)u,
l.e.,
(8.15) (Agga + Bao)u, = Auy.
Let

»—n

2k = .
(/\I\)SR ((I— ?A22 Nk Z a,I_;{_kﬂjB22)6)\(q—J—l)k)u0
7=0

Introducing (8.14) into (8.13) and deleting the index 22, we obtain, using (8.2) and (8.6).

B 2k kv ga3
0= (= Z AN+ (Ak)°r)7)
g—1
= (Yo (eI + k3 BYEM + (ARPT)7717 ) (g + (AR)y)
j=0
~ q_]
= RYPTIR+ O (0= Y ajla—j—1)
j=0
g—1
+ Mgl =)= S aslg =G+ D)g =1 (G + 1)) uo
7=0
q—1
P (GakA+EB Y Bi(a— 5~ 1)
1=0
g—1
+ ()2 ()\Lq-i— N@R MY ajlg-j—1) - A?A?Za](q—]—n)
7=0
2 !
- ()\k)QkGA(l +Agk) + B Bi(14 Mk(g = — 1)) )us + OOM)’
j=0

.2 2

+ 2ORP (14 Aghyn — SOR) K1+ Agh)(A + Blys + OOk
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Therefore, (8.15) gives us,

T(l —(qg— 1))\k)u0 + %(1 + Agk)(M — (A + B))y

(8.16) 5
=R+ O(k*).

We can express R in terms of the truncation error. By (8.7), replacing %A,H_] by A and
B,._j by B we obtain, using (8.15),
()\k)?)ﬁ{ — L[eAtuO]e—)\(n+l—q)k

(PR e o

_ ()\k)3 ok 1 ()\k)‘l 1
(8.17) = —3!—6 1 (Csf-l- 3d2XB>uo + T(C4I+4d3xB>uO
(/\k)g Aok 1
= TC g ((Cg+3d2)[—3d2xA>U0

)\k 4 1 r
+ _(.4—') ((C4 + 4d3).[ — 4d3xA>u0 + O(k5 )

We now make
Assumption 8.1. A = —A*, B = —B* are skew-Hermitean.

Normalizing the eigenvector ug such that |ug| = 1, we obtain, from (8.16) and (8.17),

1 1
T = (Mk)* (a1 + az(uo, XAUO)) + (Ak)* (b1 + b2 (u, XAUO)) + O(k®).

Here the real constants a;, b;, j = 1,2, can easily be calculated from the previous ex-
pressions. Therefore, |x|? is of the form (5.13) and, corresponding to Theorem 5.1, we

have

Theorem 8.1. For sufficiently small k(|Az2| + |B22|), the methods

2 k g
(I = 3= A)yntr =D _(a;] + kB B)yn-

J=0

v
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are stabilized if we replace B by B — o (k(]Asa| + |B22|))4I, provided o is sufficiently large.

Since. for ¢ = 3 and A = 0, the method is locally stable, we can use o = 0 if
(do, l/\Azgtlo) is sufficiently small. As an example, we have considered the differential
equation

y' = (iglc| + ¢)y, c=a tica, c1,02 real, ¢; <0,

and approximated it by the combination of second order BDF with the third order explicit

method

2% k ,
(8.18) (1= glehyn+r = S (oI + kBjc)yn—;-

j=0

In Figure 3 we have calculated part of the stability region for different values of g.
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