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Abstract:

Lung cancer is one of the most common types of cancer and has the highest mortality rate.

Unfortunately, it is a long and difficult process for the physician to detect the presence of this

disease. He/she must search through three-dimensional medical images and look for possibly

cancerous, small structures that are roughly spherical. These structures are called pulmonary

nodules.

Due to the difficult and time consuming detection task faced by the physician, computer-

aided detection (CAD) has been the focus of many research efforts. Most of these works involve

segmenting the image into structures, extracting features from the structures, and classifying

the resulting feature vectors. Unfortunately, the first of these tasks, segmentation, is a difficult

problem and many times the origin for missed detections.

This work attempts to eliminate the structure segmentation step. Instead, features are

extracted from fixed size subwindows and sent to a classifier. Bypassing the segmentation step

allows for every location to be classified.

Feature extraction is accomplished by learning a complete basis for the subwindow on the

training set and using the inner product of the subwindow with each basis element. This ap-

proach is preferred over choosing features based on human interpretation, as the latter approach

will most likely result in valuable information being overlooked. The bases used are derived

from the singular value decomposition (SVD), a modification of the SVD, tensor decomposi-

tions, vectors reminiscent of the Haar wavelets, and the Fourier basis.

The features are sent to a number of different classifiers for comparison. The classifiers

include parametric methods such as likelihood classifiers and probabilistic clustering, as well as

non-parametric classifiers such as kernel support vector machines (SVM), classification trees,

and AdaBoost.

While different feature and classifiers bring about a wide range of results, the non-parametric

classifiers unsurprisingly produce much better detection and false positive rates. The best com-

bination on the test set yields 100% detection of the nodule subwindows, while only classifying

1% of the non-nodule windows as nodules. This is in comparison to previous CAD approaches

discussed in this thesis which achieve no better than 85% detection rates.
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Chapter 1

Introduction

1.1 Problem Statement

For women aged between 40 to 79 and men between 60 to 79, cancer is the leading

cause of death [3]. Among all age groups for both males and females, cancer is one of

the 5 leading causes of death, and lung cancer is one of the most common types. The

American Cancer Society reports that there were an estimated 215,020 new cases of lung

cancer in the United States in 2008, accounting for 15% of the estimated total 1,437,180

new cases of cancer. Lung cancer’s mortality rate is the highest of all the cancers; the

estimated 161,840 deaths due to lung cancer account for 29% of the estimated total

565,650 deaths due to cancer.

The difficulty of early detection for this disease is a main reason why lung cancer

has the highest mortality rate. Like most cancers, survival rate depends on how early

cancer is detected. For cases in stage I, ones in which the tumor has not spread to any

lymph nodes, the five year survival rate is about 70%. This is in contrast to a five year

survival rate of 1% for stage IV lung cancer, cases in which the tumor has spread to

the other lung or other parts of the body [4]. Unfortunately, in its early stages, there

are usually no symptoms. This makes early detection very difficult. Indeed, only 15%

of lung cancers are found when they are still localized [5].

While a biopsy is the only way to make a definitive diagnosis, there are other tests

that physicians commonly perform to help determine if lung cancer is present. The more

1
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Figure 1.1: Example of 4 slices of a Computed Tomography (CT) scan.

common of these tests are the positron emission tomography (PET) scan, magnetic

resonance imaging (MRI) scan, and computed tomography (CT) scan (figure 1.1) with

the latter two being the most detailed. Each of these 3D images are expensive to produce

and time consuming to analyze.

In a typical PET, MRI, or CT screen for lung cancer, the physician looks for pul-

monary nodules. These nodules are small round growths, less than three centimeters in

diameter, in the lungs. Nodules are not necessarily cancerous, but about 40% turn out

to be.

To make things more complicated, there are three classes of nodules: juxta-pleural,

juxta-vascular, and isolated. Juxta-pleural nodules are nodules which are attached to

the pleura, or wall, of the lung. Juxta-vascular nodules are nodules that are attached to

vessels in the lung. Finally, isolated nodules are neither attached to pleura or vessels.

Isolated nodules tend to be much more spherical, while juxta-pleural and juxta-vascular

can be stretched and may appear to be joined with the respective pleura or vessel.

Searching for a nodule is a long and tedious task for a physician. Figure 1.1 shows

4 slices of a CT scan of a lung. While there appears to be many round structures that

2
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Figure 1.2: Example of a nodule in a CT scan. Notice the structure begins to appear

in slice 2, gets larger, then diminishes after slice 5.

resemble nodules, there are no nodules in this image. Rather, the round structures are

cross-sections of blood vessels running through the lungs. Examples of some CT scan

subwindows that contain a blood vessel can be seen in figures 1.3 and 1.4.

Since the blood vessels look so similar to nodules when looking at a single slice, all

slices must be considered. This means, a physician must start at a small region at the

top of a lung, and traverse down the slices, looking for round structures that begin, get

bigger, diminish, and finally disappear, such as the nodule shown in figure 1.2. The

physician then continues to move to a separate region at the top of the lung and repeats

the process until all portions of the lung have been considered. The complete diagnosis

process takes the physician a large amount of time. With so much data to sort through,

the process is also subject to missed nodule detections.

For the reasons outlined above, a computer-aided system designed to identify lung

nodules is a very attractive idea. Eliminating human interpretation is not the primary

goal of such a system. Instead, the uses of such a system would include double checking

the physician’s diagnosis (for missed nodules), checking for lung nodules on patients

3
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Figure 1.3: First example of a vessel in a CT scan. Notice there is no apparent slice

where the structure begins or ends. Further, the diameter of the structure on each

slice seems about the same. This is evidence that the structure is a vessel running

perpendicular to the slices.

who had medical images taken for other reasons, aiding the physician in his/her search,

etc.

A computer-aided lung nodule detection system has several requirements. First, the

false negative rate must be extremely low. False negatives are nodules that are not

detected by the system. One missed nodule can be a matter of life and death, so a

system missing nodules is useless. Second, the false positive rate, the rate at which the

system reports a non-nodule structure as a nodule, must be relatively low. Directing the

attention of a physician to a large number of non-nodule structures will waste his/her

time, and will thus eliminate the value of a computer-aided system. Finally, a system

must run in a reasonable amount of time.
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Figure 1.4: Second example of a vessel in a CT scan. While it seems the structure

begins on slice 4 and ends on slice 6, the non-circular shape with similar width gives

evidence that this is a vessel that is running diagonally through the slices.

1.2 Current Approaches to Computer-Aided Lung Nodule

Detection

The vast majority of computer-aided lung nodule detection systems begin by first

segmenting the lung, and then segmenting anatomical structures and nodules in the

lung. Once these structures inside the lung are recorded, they are all treated as nod-

ules. The next step is false positive reduction, i.e. eliminating most of the anatomical

structures which are not nodules. A false positive reduction scheme usually consists of

extracting features from the structure and feeding them to a classifier.

Giger et al. [6] used basic fixed thresholding [7] to identify the lung, as well as

other structures inside the lung. The process is repeated several times with a different

threshold to make sure every structure is segmented properly. Structures from one such

threshold can be seen in figure 1.5. From each structure, nine features are computed.
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Figure 1.5: Segmentation of the lung by a fixed threshold [6]. The resulting structures

to be classified appear in white.

The features consisted of geometric and gray level values. The geometric values com-

puted are volume, sphericity, radius of the equivalent sphere, maximum compactness,

maximum circularity, and maximum eccentricity, and the gray level values computed

are mean intensity, standard deviation of the intensities, and the threshold at which the

structure first decreases below the upper volume bound. Each of these nine-dimensional

features is analyzed by a linear discriminant analysis (LDA) classifier [8]. Giger reported

a detection rate of 82% with an approximate 9% false positive rate. Ko et al. [9], uses

the same repeated fixed thresholding idea with similar results.

Gurcan et al. [10] use similar ideas. In this system, the lungs are first segmented

using a fixed gray level threshold. Then, rather than doing multiple fixed thresholds,

a weighted k-means clustering is performed on the voxel intensities. This segmentation

technique is a form of the iterative approach to finding a threshold developed by Ri-

dler and Calvard [11]. With the resulting structures, they perform a two-dimensional

false positive reduction step. This rule-based system attempts to throw out vascular

structures which have a long, skinny shape or are “V” shaped. Finally, an LDA classifi-

cation is performed, similar to the one used by Giger et al. Their results were recorded
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per slice. They reported an 84% detection rate, with a false positive rate of 1.74 false

positives per slice.

The above systems were developed on thick-section CT scans. Due to the large slice

thickness, most of the processing steps above were performed on the two-dimensional

section. Thus the above methods are considered two-dimensional. As the CT scan

technology has improved, thin-section CT images are now available. While this makes

diagnosis of smaller nodules feasible, which is a more difficult task [12], it also makes

possible the use of three-dimensional methods as there is more continuity from slice to

slice. Outlined below are some of the three-dimensional methods created for thin-section

CT scans.

Brown et al. [13] begin their approach by using a three-dimensional segmentation

of the lung. To do so, they implement a combination of attenuation thresholding,

region growing [7], and mathematical morphology [14]. These techniques are used in

accordance with an anatomical model. First the chest wall is segmented, then, in this

order, the mediastinum, lungs, lung opacities (nodules and vascular structures), and

nodules. From here, three-dimensional shape information is recorded for each candidate.

The shape information is processed in a scoring function. If this score is greater than a

predefined amount, the structure is presented to the user as a nodule. Brown’s paper

reported a 78% detection rate (22 correct out of 22 for nodules with diameter 3mm and

larger, 40 correct out of 57 for nodules with diameter less than 3mm). The false positive

rate was recorded per subject, 15 on average.

While using a fixed threshold to identify the lung region, Zhao [12] segments struc-

tures inside the lung using the local density maximum (LDM) algorithm. The LDM

algorithm combines structures identified using different thresholds. From the resulting

structures, features are extracted. Zhao’s work uses the following ratios as features: the

ratio of volume of the object to volume of the smallest bounding box, the ratio of the

projection length of the object along the z axis to the maximal projection length of the

object along the x or y axis, whichever is larger, and finally the ratio of the maximal

projection length of the object along x or y axis, whichever is larger, to the maximal
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projection length of the object along the x or y axis, whichever is smaller. These fea-

tures are designed to quantify how close the structure is to a perfect sphere, the shape

in which a nodule usually appears. A rule based on these three features classifies the

structure as a nodule to be reported, or a structure to be thrown out. The reported

results were similar to the above methods, an 84% detection rate. (However, the data

were computer generated.)

Many other works have been written on lung nodule detection, a few representations

are [15], [16], [17], and [18] . As with the methods above, each of these starts out with

a segmentation algorithm to locate structures, extracts features, and sends the features

to a classifier. While this process has proven to be valuable, there are two aspects that

may cause inaccurate results. First, the problem of segmenting out regions of interest

is a difficult one. Some regions of interest may be grouped together as one structure,

while some regions of interest may be completely missed during segmentation. That is,

a segmentation step brings up one possible cause for error. Second, the classification

step may hinder positive results as well. Classification relies on having a proper set of

features, as well as knowledge of the distribution of these feature vectors. This is a big

issue, and another cause for error in a computer aided diagnostics (CAD) system.

The work by Lee et al. [1] attempts to avoid the segmentation task. They reason

that nodules resemble the density function of a Gaussian distributed random variable.

A genetic algorithm thus searches through the image, matching their Gaussian template

to similar structures in the image. The templates used by Lee are illustrated in figure

1.6. As with other methods above, the number of false positives is very large. They

reported 258 false positives per case with their genetic algorithm. To overcome this

large number of false positives, they extract features from the structures reported from

the genetic algorithm, and feed them to a classifier. This step is quite similar to some of

the above methods’ feature extraction and classification processes. Using this reduction

step, the number of false positives are reduced from 258 per case to 30 per case. They

reported a detection rate of 72%.
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Figure 1.6: The different templates used by Lee et al. [1]

Figure 1.7: Features used in the Viola and Jones algorithm.

1.3 This Research

1.3.1 Motivation

This research is partly motivated by the work of Viola and Jones [19]. Viola and

Jones created a face detection system that detects and locates faces in various back-

grounds of two-dimensional images. Their method for rapid object detection uses a

boosted cascade of simple features. The algorithm is described below.

The algorithm relies on features reminiscent of Haar basis functions. There are three

types of features: two-rectangle, three-rectangle, and four-rectangle features. These are
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illustrated in figure 1.7. The feature value is computed as the difference between the

sum of the pixels in the black region and the sum of pixels in the white region. These

features can be scaled to hold a different number of pixels, as long as the scaling is

uniform.

Using a training set of images, a set of these features will be chosen using a variant

of AdaBoost [20], a boosting algorithm by Freund and Schapire. Details of AdaBoost

will be given in a later section. The training set of size N is a set of pairs (~xi, yi),

∀i ∈ {1, . . . , N}, where the ~xi is an image reshaped as a vector and yi is 1 if the image

contains an instance of the object of interest and 0 otherwise. A weak learning algorithm

selects a feature from the feature pool and trains a classifier based on the feature values

of the training set. This is accomplished by iterating through the features. For each

feature, the optimal values of a polarity, pj , and a threshold, θj , are selected so that the

following weak classifier,

hj(~xi) =







1 if pjfj(xi) < pjθj

0 else

performs the best on the training set. It is important to note that this set of features

is complete. This means that the image can be completely represented by translations

and scalings of the feature set in figure 1.7. Once the AdaBoost classifier is trained,

it is possible to search through new images for the object of interest. To do this, a

subwindow, the same size as the training set images, sweeps through the image. At

each location, the subwindow is classified by the AdaBoost classifier.

In the Viola and Jones framework, there is no image segmentation invoked on the

new image, only classification of subwindows. There is no human choice of features,

only a learning algorithm choosing from a complete set of features. The result is an

extremely robust system for the detection of objects in two-dimensional images.

1.3.2 Goal of this Research

The goal of this research is thus to eliminate the segmentation step, as well as the

traditional method for feature extraction, that has been primarily used in previous
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CAD algorithms. By eliminating the segmentation step, the possibility of skipping over

structures that were not properly segmented is avoided. The problems associated with

the particular segmentation algorithms (such as choice of threshold for thresholding,

confidence level for region-growing, etc) will not be issues holding the system back.

In the CAD approaches outlined above, the feature extraction step consists of ex-

tracting information from the segmented structures. The information is not complete, it

is simply the compilations of a few key quantities. These quantities are certainly useful,

but do not completely represent the image. For example, Giger did not consider the

intensities of adjacent pixels of each structure; perhaps these quantities are extremely

important in classifying structures as nodules or as other lung opacities. Also, Lee

chose only spherical features for detecting lung nodules. However, he overlooked the

possibility of other features that help identify juxta-pleural and juxta-vascular nodules.

One can continue to add features that help with the classification, but there will always

be doubt that every key quantity is represented in the feature extraction. By eliminat-

ing the need to segment structures, the extraction of features from such structures is

not necessary, and the chance of human error in choosing features from structures is

eliminated.

With this in mind, this thesis will do the following.

1. Outline the suggested approach.

2. Explain the different type of features that were tested.

3. Explain the different classification methods that were tested.

4. Report the results from experiments on the various combinations of the features

and classification methods.

5. Outline future directions for this research.
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1.4 Outline of Approach: Training and Classifying

In the work of Viola and Jones, only faces that fit inside a 24 pixel by 24 pixel

square box were considered. Although, this is not to say that they ignored faces bigger

and smaller than this size. Indeed, detecting different sized faces was made possible by

taking the final classifier and scaling it. For example, when looking for faces that fit

inside a 12 pixel by 12 pixel square box, the Haar-like features were scaled to half the

size and the location was the same relative to the size.

Lung nodules can be roughly anywhere from 3 mm to 30 mm in diameter. The

images used in this paper use voxels with approximate size .75 mm by .75 mm by 1.25

mm, where 1.25 mm is the slice thickness. (There are minor differences in voxel size

depending on the machine that captured the CT image; the experiments below assume

they are the same.). Thus, the difference between 3 mm and 30 mm is more than 21

slices. This makes scaling the features to detect different sized objects a necessity.

Training only needs to be done on one size. Therefore, in this work, a 12 × 12 × 6

voxel box will be used. This yields a size of about 9 mm × 9 mm × 7.5 mm, which is

close to the dimensions of a cube. This is convenient since most nodules are roughly

spherical; they will fit nicely in a cube shaped box.

Once a classifier is trained, classification proceeds as follows. A fixed sized subwin-

dow starts in the top-upper-left corner and sweeps through the image to the bottom-

lower-right corner. At each location, the classifier classifies the window as either having

a nodule candidate, or not. Then, the size of the subwindow is changed, and the process

repeats.

As mentioned above, once the feature pool is chosen, the features used by the clas-

sifier will be chosen by a machine learning algorithm. This will yield a set of features

that best captures the difference between nodule and non-nodule windows.

1.4.1 Training the Features and Classifier

Training requires a good training set. In the end, the classifier will classify X , the

set of all 12×12×6 subwindows, so the training set must consist of a set of pairs (~xi, yi),
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∀i ∈ {1, . . . , N}, where each ~xi is an 12× 12× 6 image and yi is 1 if the image contains

a nodule and 0 otherwise. Since features will be automatically learned from this set, it

is very important that this set represents X well. The subwindows are 12 · 12 · 6 = 864-

dimensional. This means the training set must be quite large in order to learn how

to classify 864-dimensional images. Further, it is important that the training data are

randomly chosen from all parts of the lung. Doing so will make sure that the training

data are an accurate approximation of the statistical distribution of all subwindows

which are 12 × 12 × 6.

Once the training set, (~xi, yi), ∀i ∈ {1, . . . , N}, is compiled, feature vectors can be

computed. Choices of the types of features used will be discussed in a later section, but

are learned from this data set. Regardless of the feature, there will be a function, Φ,

that transforms each ~xi into the M -dimensional feature vector ~zi.

The choice of classifier will also be discussed in a later section. Regardless of the

choice, the classifier will be trained on, not (~xi, yi), ∀i ∈ {1, . . . , N}, but (~zi, yi), ∀i ∈

{1, . . . , N}. The result is a classifier h : X ′ → {0, 1}, where X ′ = Φ(X ).

1.4.2 Classifying Subwindows

After training is complete, it is possible to classify new images. Sweeping through

the three-dimensional image, as discussed above, yields a set of 12× 12× 6 subwindows

available to be classified. The process is as follows:

For each subwindow ~x:

1. Compute ~z = Φ(~x).

2. Compute y = h(~z).

3. Label window as a nodule if y = 1 or a non-nodule if y = 0.

Figures 1.8 and 1.9 illustrate the difference in the conceptual designs of this approach

and the typical CAD approach for detecting lung nodules.
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Figure 1.8: The flow chart for detecting lung

nodules in a typical CAD system.

Figure 1.9: The flow chart for the lung nod-

ule detection scheme suggested in this pa-

per.

1.5 A Note on Features and Classification

1.5.1 Learning Features

In this work, features are learned rather than individually chosen based on human

interpretation as mentioned above. In order to do this, one must start with a set of

features that is complete. The information included in a complete set of features is the

same as the information included in the original data itself. Using such a feature set

guarantees no information will be mistakenly omitted.

Several complete feature sets will be analyzed in this paper. These include bases from

matrix decomposition methods, a Fourier basis, and Haar-like features. The features

will be discussed in detail in chapter 2.

When choosing what type of features to use, it is natural to look at the distribution of

the data in feature space. There will be a distribution of feature vectors corresponding

to subwindows with nodules present, and a separate distribution of feature vectors

corresponding to subwindows without a nodule. While performance depends on the

type of classifier used, distributions that appear far apart are generally easier to classify.

Features that tend to separate these two distributions are usually a better choice than
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features that do not.

Figure 1.10 shows one choice of a two-dimensional feature vector extracted from the

data. A distinct separation of the two distributions is obvious, and a linear classifier

will have an easy time separating them. These features are thus a good choice for

discriminating between the two classes of subwindows – nodules and non-nodules. This

is in contrast to the features used in figure 1.11. These two features yield no separation

of the two classes. A linear classifier would certainly not be able to separate the two

distributions, and there is little hope that a nonlinear classifier would do much better.

Of course, the dimension of the feature vectors will usually be greater than four, making

it difficult to analyze how the two classes are distributed.

1.5.2 Classifying

Once the features have been learned from the data, a classifier can be chosen. There

are two types of classifiers, parametric and non-parametric. In this work, both are

considered.

Parametric classifiers make the assumption that the data come from statistical distri-

butions. These classifiers have the ability to perform much better than non-parametric

classifiers if the assumptions on the distributions are correct. If these assumptions are

incorrect, these methods can perform very poorly. Examples of parametric classifiers

include likelihood methods and Probabilistic D-Clustering, which will be explained later.

Non-parametric classifiers make no assumptions on how the data are distributed.

These methods are usually much more robust than parametric methods, performing

better on data whose distribution is unknown. Examples of non-parametric classifiers

include support vector machines, AdaBoost, and classification trees.
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Figure 1.10: Example of a two-dimensional feature vector extracted from the data that

brings about a good separation. Classifiers should have an easy time separating the two

distributions.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

x 10
4

−6000

−4000

−2000

0

2000

4000

6000

8000  

 

Noise
Nodules

Figure 1.11: Example of a two-dimensional feature vector extracted from the data that

brings about a poor separation. Separating the two distributions will be extremely

difficult and probably impossible.
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Chapter 2

Features

This work experiments with several types of features. In each case, features are

chosen from a large pool of features in such a way that the two classes, nodules and

non-nodules, will be as close to separable in the feature space as possible. The features

explained below are a basis of vectors from a singular value decomposition (SVD),

vectors from a modification of the SVD, vectors from a tensor decomposition, Haar-like

features, and lower Fourier modes.

In every case, the features are complete. In other words, there is just as much

information given in the set of all feature values as there is in the subwindow itself. (In

order to make implementation practical, it may be necessary to use only a subset of

these features to train the classifier.)

2.1 Left Singular Vectors

One way to represent N observations of P -dimensional training data, {~xi}
N
i=1, is to

create a matrix, X, whose columns are the vectors ~xi. That is,

X =









| | · · · |

x1 x2 · · · xN

| | · · · |









This motivates the use of matrix decomposition methods to analyze the data.
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2.1.1 Background on the Singular Value Decomposition

The singular value decomposition (SVD) is a very useful decomposition for matri-

ces. It decomposes any real P ×N matrix X into the product UΣV T. Each matrix has

special properties [21]:

- U is P × P matrix whose columns form an orthonormal basis for R
P

- V is N ×N matrix whose columns form an orthonormal basis for R
N

- Σ is an P ×N diagonal matrix with nonnegative real numbers on the diagonal.

It is useful to order the diagonal elements of Σ, called the singular values, in non-

increasing fashion. These are labeled σi, so that σ1 ≥ σ2 ≥ σr, where r is the rank of

X. There are exactly r nonzero singular values in Σ. The columns of U , labeled ~ui, are

called the left singular vectors, and the columns of V , labeled ~vi, are called the right

singular vectors.

The SVD exists for every matrix regardless of dimensions and rank. In addition to

existence, the SVD is unique in that the singular values, σi, are uniquely determined.

Further, for each distinct σi, the left and right singular vectors ~ui and ~vi are uniquely

determined.

While there are many interpretations of the SVD, the following motivates its use in

extracting features from the training data. This interpretation involves viewing X as

the following sum of r rank-one matrices.

X =

r
∑

i=1

σi~ui~v
T
i (2.1)

To see why this is useful, look at each term in the above sum:

σi~ui~v
T
i = σi









| | |

~uivi1 ~uivi2 · · · ~uiviN

| | |








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When all of these terms are added together, the matrix looks like the following.

X = UΣV T =









| | |
∑r

j=1 σjvj1~uj
∑r

j=1 σjvj2~uj · · ·
∑r

j=1 σjvj2~uj

| | |









That is, every column in X is a weighted sum of the vectors ~ui. This is not surprising

considering the fact that {ui}
P
i=1 is a basis for R

P . However, the following theorem,

proven in [21], yields valuable information about the usefulness of each rank-one term

in the sum (2.1).

Theorem 1. For any integer r′ with 0 < r′ < r, define

Xr′ =

r′
∑

i=1

σi~ui~v
T

i

Then,

||X −Xr′ ||2 = inf

A ∈ R
P×N

rank(A) ≤ r′

||X −A||2

In other words, Xr′ is the best rank-r′ approximation to X in the sense of the matrix

2-norm.

This means, the best, rank-one approximation of X, in the 2-norm sense, is

σ1~u1~v
T
1 =









| | |

σ1~u1v11 σ1~u1v12 · · · σ1~u1v1N

| | |









The best rank-two approximation of X, in the 2-norm sense, is

σ1~u1~v
T
1 +σ2~u2~v

T
2 =









| | |

σ1~u1v11 + σ2~u2v21 σ1~u1v12 + σ2~u2v22 · · · σ1~u1v1N + σ2~u2v2N

| | |









and so on.
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Using this idea, the basis {~ui}
P
i=1 can be used to extract a set of features from the

columns of X. Since Theorem 1 guarantees that the best rank-r′ approximation to X

uses linear combinations of ~u1, ~u2, ..., ~ur′ , the coefficients of these first r′ basis elements

will be used as the best r′ features.

To find out how these coefficients are determined, suppose X∗ is the best rank-r′

approximation to X, with 0 < r′ < r. Then, from the SVD, there exists {σi}
r′
i=1, {~u}

r′
i=1,

and {~v}r′
i=1 so that

X∗ =
r′
∑

i=1

σi~ui~v
T
i

This can be written in matrix form as

X∗ = U∗Σ∗V ∗T

where

U∗ =









| | |

~u1 ~u2 · · · ~ur′

| | |









V ∗ =









| | |

~v1 ~v2 · · · ~vr′

| | |









Σ∗ =

















σ1 0 · · · 0

0 σ2
. . .

...
...

. . .
. . . 0

0 · · · 0 σr′

















So

X∗ =









| | |
∑r′

j=1 σjvj1~uj
∑r′

j=1 σjvj2~uj · · ·
∑r′

j=1 σjvj2~uj

| | |









(2.2)

Both sides of equation (2.2) can be multiplied on the left by U∗T to yield

U∗TX∗ = Σ∗V ∗T
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So, we have

Σ∗V ∗T = U∗TX∗ =

















~uT
1 ~x1 ~uT

1 ~x2 · · · ~uT
1 ~xN

~uT
2 ~x1 ~uT

2 ~x2 · · · ~uT
2 ~xN

...
...

. . .
...

~uT
r′~x1 ~uT

r′~x2 · · · ~uT
r′~xN

















(2.3)

and also

Σ∗V ∗T =

















σ1v11 σ1v12 · · · σ1v1N

σ2v21 σ2v22 · · · σ2v2N

...
...

. . .
...

σr′vr′1 σr′vr′2 · · · σr′vr′N

















(2.4)

From mth column of the matrix in equation (2.2), the coefficient of ~ui is σivim. Equating

equations (2.3) and (2.4), yields the fact that the coefficient of ~ui in the mth column of

(2.2) is ~uT
i ~xm. Again, since {~u}r′

i=1 spans the column space of X∗, it is not surprising

that the coefficient of ~ui in the mth column of X∗ is the inner product of ~ui with the

mth column of X, ~xi.

2.1.2 Application to Lung Nodule Detection

Now consider the task at hand, separating subwindows which contain nodules from

the ones that do not contain nodules. The set of all subwindows containing nodules have

a white spherical blob in the center. The set of all subwindows which do not contain

nodules should have an average subwindow which looks like low intensity noise. Indeed,

the two mean subwindows from the data set used in this paper reflect this reasoning

and are shown in figures 2.1 and 2.2.

With this in mind, one method to learn features for classification using the SVD is

to learn the basis for U on the positive subwindows. The first few left singular vectors

should describe the nodules well, and thus should create a clear separation between

subwindows containing nodules and subwindows not containing nodules. The first left

singular vectors are shown in figures 2.3 and 2.4. The results of this approach will be

given in chapter 4.
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Figure 2.1: The average subwindow from the set of subwindows in the training set with

nodules present.
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Figure 2.2: The average subwindow from the set of subwindows in the training set with

no nodules present. This set does include subwindows with vessels present, but their

random locations prevent them from being visible in the mean subwindow.
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Figure 2.3: The first basis vector found by the SVD of the matrix with columns made

up of only subwindows containing nodules. Since the vector has norm 1, it has been

shifted and rescaled to resemble the intensities of a normal subwindow (1 to 256). This

should be compared to the mean subwindow from figure 2.1.
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Figure 2.4: The second basis vector found by the SVD of the matrix with columns made

up of only subwindows containing nodules. Again, it has been shifted and rescaled.

2.1.3 Relation to Principal Component Analysis

This method of learning features is very similar to a popular approach called prin-

cipal component analysis (PCA). PCA determines the independent linear combinations
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of vector elements that create the largest empirical variance of the resulting data. In

this way, possibly correlated, high-dimensional variables are transformed into uncorre-

lated low-dimensional variables. In the same way that the first basis element of the

SVD explains the data the best, the first linear combination, called the first principal

component, captures as much variability as possible. The second captures as much of

the remaining variability as possible, and so on.

Suppose the mean has been subtracted from the columns of the data matrix, X, so

that the set of all columns has zero mean. Let ~w contain the desired linear combination

of the variables in the columns of X. Since the empirical variance of a zero-mean sample

of M observations in the columns of matrix Y is given by 1
M−1Y Y

T , it is clear that ~w

solves the following problem.

max
||~w||2=1

~wTXXT ~w (2.5)

Again, let the SVD of X be UΣV T . This yields

(2.5) = max
||~w||2=1

~wTUΣV TV ΣTUT ~w

= max
||~w||2=1

~wTUΣ2UT ~w

= max
||~w||2=1

||ΣUT ~w||22

= max
||~w||2=1
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∣

∣

∣

∣
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∣
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∣
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
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∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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Since {~ui}
M
i=1 is an orthonormal set, σ1 ≥ σ2 ≥ ... ≥ σr > 0, ~w = ~u1 maximizes this

expression. Similarly, the vector that captures the remaining variability is ~w = ~u2, and

so on.

While this is almost identical to the SVD approach described above, there is a slight

difference. The SVD approach above did not subtract the mean of the samples {~xi}
N
i=1.

Consider the first component found by the SVD of the matrix with columns made up

of only subwindows containing nodules shown in figure 2.3. Since the mean explains
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every subwindow quite well, it is no surprise that the most influential basis element is

virtually identical to the mean, which was shown in figure 2.1.

2.1.4 A Note on the Use of PCA in this Paper

PCA is a very convenient way to reduce dimension of data. In most of the feature

extraction techniques described in this paper, feature vectors have dimension larger

than three. This makes visualizing the data difficult, as it is only possible to see three

dimensions at a time. Thus PCA can be used to reduce many dimensions to two or

three for visualization purposes, and is commonly used in this paper to see if there is any

separation in feature space. While separated clusters of data in reduced space indicate

separation in high-dimensional space, non-separated clusters in reduced space does not

necessarily indicate that the two sets of data are not separable in high-dimensional

space. This should be considered when looking at plots of data in reduced space.

2.2 Modification of the SVD and Fisher’s Discriminant

The SVD method to extract features explained above works well in describing the

subwindows that contain nodules. The group of subwindows that do not contain nodules

should have similar feature values. These feature values should be different from those

of the group of subwindows that contain nodules. However, by not training the features

on the non-nodule subwindows in addition to the subwindows with nodules present, all

the information contained in the data set is not utilized. Using the entire training set

may bring about better features, and thus better performance.

Consider the goal of PCA. PCA aims to find a linear combination of the variables to

maximize the variance in the resulting set of linear combinations. The reason that both

classes of subwindows, nodules and non-nodules, cannot be used is that this method

views that data as only one class. The goal of PCA is accomplished regardless of how

the two classes are separated in the resulting principal component space.

Instead of maximizing the variance of a single class, the goal should be to bring about

maximum separation between the two classes. Call ~w the desired principal component,
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X1 the matrix with the N1 nodule subwindows as its columns, X2 the matrix with

the N2 non-nodule subwindows as its columns, and ~xµi
the mean of the columns of

Xi. One way to accomplish this goal is to maximize the separation of the two means.

Mathematically, this is

max
||~w||=1

∣

∣

∣

∣~wT ~xµ1
− ~wT ~xµ2

)
∣

∣

∣

∣

2

2

which is identical to

max
||~w||=1

∣

∣

∣

∣~wT (~xµ1
− ~xµ2

)
∣

∣

∣

∣

2

2

However, separating the means does not help much if the variances of the respective

classes are large. Thus the cost function should be modified to make sure the variances

of the two classes are small. Let the variance of the set of nodule subwindows be called

S2
X1

and the variance of the set of non-nodule subwindows be called S2
X2

. i.e.

S2
Xi

=
1

Ni − 1

Ni
∑

j=1

(~x
(i)
j − ~xµi

)(~x
(i)
j − ~xµi

)T

where ~x
(i)
j is the jth column of Xi. Then the new optimization problem should be the

following.

max
||~w||=1

∣

∣

∣

∣~wT (~xµ1
− ~xµ2

)
∣

∣

∣

∣

2

2
−

1

N1 − 1

N1
∑

j=1

(~wT ~x
(1)
j − ~wT ~xµ1

)2−
1

N2 − 1

N2
∑

j=1

(~wT~x
(2)
j − ~wT ~xµ2

)2

This can be rewritten as

max
||~w||=1

∣

∣

∣

∣~wT (~xµ1
− ~xµ2

)
∣

∣

∣

∣

2

2
−

1

N1 − 1

N1
∑

j=1

~wT (~x
(1)
j − ~xµ1

)(~x
(1)
j − ~xµ1

)T ~w

−
1

N2 − 1

N2
∑

j=1

~wT (~x
(2)
j − ~xµ2

)(~x
(2)
j − ~xµ2

)T ~w

which can be factored into the following.
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max
||~w||=1

∣

∣

∣

∣~wT (~xµ1
− ~xµ2

)
∣

∣

∣

∣

2

2
− ~wT





1

N1 − 1

N1
∑

j=1

(~x
(1)
j − ~xµ1

)(~x
(1)
j − ~xµ1

)T



 ~w

−~wT





1

N1 − 1

N1
∑

j=1

(~x
(2)
j − ~xµ1

)(~x
(2)
j − ~xµ1

)T



 ~w (2.6)

After identifying the covariance matrices, S2
X1

and S2
X2

, (2.6) becomes

max
||~w||=1

∣

∣

∣

∣~wT (~xµ1
− ~xµ2

)
∣

∣

∣

∣

2

2
− ~wTS2

X1
~w − ~wTS2

X2
~w

which can be written as

max
||~w||=1

~wT
(

(~xµ1
− ~xµ2

)(~xµ1
− ~xµ2

)T
)

~w − ~wTS2
X1
~w − ~wTS2

X2
~w

Factoring out ~w twice yields

max
||~w||=1

~wT
(

(~xµ1
− ~xµ2

)(~xµ1
− ~xµ2

)T − S2
X1

− S2
X2

)

~w

This is equivalent to

max
||~w||=1

~wTH ~w (2.7)

where

H = (~xµ1
− ~xµ2

)(~xµ1
− ~xµ2

)T − S2
X1

− S2
X2

The matrix H is the sum of symmetric matrices, so is also symmetric. Thus H
1

2 is

well-defined and this yields the following equivalent problem

(2.7) ⇐⇒ max
||~w||=1

∣

∣

∣

∣

∣

∣
H

1

2 ~w
∣

∣

∣

∣

∣

∣

2

2

This is clearly optimized by taking ~w to be the eigenvector corresponding to the largest

eigenvalue of H1/2 = UΛUT , which is the same as the eigenvector corresponding to the
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largest eigenvalue of H = UΛ2UT . Further, the next best uncorrelated ~w is given by the

eigenvector corresponding to the second largest eigenvalue, and so on. This means, to

find the linear combination that best separates the classes and minimizes their respective

variances, all one has to do is compute the SVD of H and take the left singular vectors,

with the corresponding singular values giving the importance of the respective vector.

This can even be improved by weighing the importance of each term in H. Define

H(λ, ξ) = (~xµ1
− ~xµ2

)(~xµ1
− ~xµ2

)T − λS2
X1

− ξS2
X2

(2.8)

Then, replace H in equation (2.7) with H(λ, ξ). The parameters λ and ξ control the

importance of the three terms in H. There is no need for a third parameter since it only

would rescale the entire expression. The best choice of the parameters can be learned

using a cross-validation scheme. Cross-validation will be discussed in chapter 4.

In figures 2.5 and 2.6, the top two vectors have been reconstructed as a subwindow.

Figures 2.7 and 2.8 show the greater separation obtained by the modified SVD method

in the space of the first two respective features. Results of classification in the two

feature spaces will be compared in chapter 4.

2.2.1 The Related Fisher’s Linear Discriminant

The method explained above is very similar to a traditional approach to maximize

distance between classes and minimize variance within classes called Fisher’s Linear

Discriminant. Define Fisher’s Linear Discriminant as

SFisher =
~wT ΣB ~w

~wT ΣW ~w

where

ΣB = (~xµ1
− ~xµ2

)(~xµ1
− ~xµ2

)T

and

ΣW = S2
X1

+ S2
X2

are the between class covariance and within class covariance, respectively. Then Fisher’s

method chooses ~w with ||~w|| = 1 as to maximize Fisher’s Linear Discriminant. Max-

imizing the discriminant effectively maximizes the between class variance (numerator)
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Figure 2.5: .

The first vector chosen by the modified SVD method discussed above.
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Figure 2.6: The second vector chosen by the modified SVD method discussed above.

29



−7000 −6000 −5000 −4000 −3000 −2000 −1000

−2000
0
2000
4000

−3500

−3000

−2500

−2000

−1500

−1000

−500

0

500

 

 

Noise
Nodules

Figure 2.7: The first two features from the SVD of the nodule subwindows matrix.
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Figure 2.8: The first two features from the modified SVD of the nodule subwindows

matrix.
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while minimizing the within class variances (denominator).

Since ||~w|| = 1 is a compact set, SFisher achieves its supremum over this set. Call

the maximum M . Then the desired ~w satisfies

M =
~wT ΣB ~w

~wT ΣW ~w

Multiplying by the denominator on both sides yields

~wT ΣB ~w = M ~wT ΣW ~w

which, after a factorization, becomes

~wT (ΣB −MΣW )~w = 0

Since M is the largest value such that this equality holds, the matrix (ΣB −MΣW ) is

necessarily non-positive definite. This means that ~w satisfies

argmax
||~w||=1

~wT (ΣB −MΣW )~w

which uses the same objective function given by equation (2.8) with fixed weights on

the covariance matrices. That is, cross-validation on the parameters in equation (2.8)

should yield a performance that is at least as good as the traditional Fisher’s method.

2.3 Tensor Decompositions

With the SVD performing quite well, perhaps a generalization from two-dimensional

matrix decompositions to three-dimensional tensor decompositions would work even

better. A tensor is a multidimensional array. It is worth looking into tensor methods

since a stack of 12 × 12 × 6 subwindows can be considered a four-dimensional array.

First, some notation and preliminary tools should be introduced. A tensor will be

denoted by a cursive bold capital letter. Suppose X is a three-way tensor. Then xi,j,k

denotes element (i, j, k) of the tensor, where i denotes the ith element in the first mode,

j denotes the jth element in the second mode, etc. A colon will be used to denote all
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Figure 2.9: All the fibers for a three-way tensor.

the entries in the respective mode, e.g. if the second mode has J elements in it,

xi,:,k =

















xi,1,k

xi,2,k

...

xi,J,k

















This xi,:,k is called a fiber. Fibers are a higher order analogue of a matrix row or column.

Figure 2.9 shows all the fibers for a three-way tensor.

The inner product of two similar sized, P -way tensors, 〈X ,Y〉 , is defined as

〈X ,Y〉 =

I1
∑

i1=1

I2
∑

i2=1

· · ·

IP
∑

iP =1

xi1,i2,··· ,iP yi1,i2,··· ,iP

A P -way tensor, X , is rank one if it can be written as an outer product of P -vectors.

i.e,

X = ~a1 ◦ ~a2 ◦ · · · ◦ ~aP (2.9)

Here, “◦” represents the vector outer product. For example, in the outer product (2.9),

element (i1, i2, ..., iP ) is as follows.

xi1,i2,...,iP = a1,i1a2,i2 · · · aP,iP

where ai,j represents the jth entry of vector ~ai

The p-mode product of a tensor X ∈ R
I1×I2×···×IP with a matrix U ∈ R

J×Ip is

denoted X ×p U . It has dimensions I1 × I2 × · · · × Ip−1 × J × Ip+1 × · · · × IP . The

formula for each element is as follows.
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(X ×p U)i1,i2,...,ip−1,j,ip+1,...,iP =

Ip
∑

ip=1

xi1,i2,...,iPuj,ip

The CP decomposition was studied by several authors. The name “CP” was coined

by Kolda and Bader [22], who combined the names CANDECOMP and PARAFAC,

two independent developments of the CP decomposition. This decomposition factorizes

a tensor, X ∈ R
I1×I2×···×IP , into a sum of rank-one tensors.

X ≈

R
∑

j=1

~a
(1)
j ◦ ~a

(2)
j ◦ · · · ◦ ~a

(P )
j

where ~a
(i)
j ∈ R

Ii ∀i. Each of these rank-one tensors that make up the summands are

I1 × I2 × · · · × IP P -way tensors. Figure 2.10 illustrates a three-way rank-one tensor.

The rank of a tensor, X ∈ R
I1×I2×···×IP , is defined as the smallest number of rank-

one tensors whose sum is X . The rank of X is denoted rank(X ). More precisely,

rank(X ) = min{R | X =

R
∑

j=1

~a
(1)
j ◦ ~a

(2)
j ◦ · · · ◦ ~a

(P )
j , where ~a

(i)
j ∈ R

Ii ∀i}

An exact CP decomposition, X =
∑R

j=1~a
(1)
j ◦ ~a

(2)
j ◦ · · · ◦ ~a

(P )
j , with R = rank(X ) is

called the rank decomposition.

The Tucker decomposition is another method of decomposing tensors [23]. Like

the CP decomposition, this method decomposes a tensor into a core tensor multiplied

Figure 2.10: A three-way rank-one tensor. It is the outer product of three vectors. i.e.

~a ◦~b ◦ ~c
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Figure 2.11: Tuckers decomposition on a three-way tensor. Placement of the factor

matrices represents the mode in which the respective matrix is multiplied. [22]

by a two-dimensional matrix along each mode. For example, in the three-way case,

X ∈ R
I×J×K,

X ≈ G ×1 A×2 B ×3 C

where A ∈ R
I×Q, B ∈ R

J×R, and C ∈ R
K×S. G is called the core tensor and the three

matrices A, B, and C are the factor matrices. With the Tucker decomposition, the

factor matrices are usually orthogonal. (This is not true with the CP decomposition.)

The Tucker decomposition is illustrated in figure 2.11 for the three-way case. The P-way

products can be expanded as the sum of outer products.

X =

I1
∑

i1=1

I2
∑

i2=1

· · ·

IP
∑

iP =1

Gi1,i2,...,iP~a
(1)
i1

◦ ~a
(2)
i2

◦ · · · ◦ ~a
(P )
iP 1 (2.10)

The Tucker decomposition is a higher-order principle component analysis. The

columns of the factor matrices can be thought of as principle components in each mode.

The core tensor shows the level of interaction between the different components.

As remarked earlier, a set of N , 12×12×6 subwindows can be written as a four-way

tensor having dimensions 12×12×6×N . It can also be written using formula (2.10) as

a sum of outer products. The following illustrates this for a four-way tensor with core
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matrix G and orthogonal factor matrices A,B,C, and D.

X = G ×1 A×2 B ×3 C ×4 D (2.11)

X =
I
∑

i=1

J
∑

j=1

K
∑

k=1

L
∑

l=1

Gi,j,k,l~ai ◦~bj ◦ ~ck ◦ ~dl (2.12)

where ~ai is the ith column of matrix A, and similarly for B, C, and D. Grouping the

first few factors in the summand yields

X =

I
∑

i=1

J
∑

j=1

K
∑

k=1

L
∑

l=1

Gi,j,k,l(~ai ◦~bj ◦ ~ck) ◦ ~dl (2.13)

This should be compared with equation (2.2), where the SVD of a matrix is rewritten

with each column being represented by a linear combination of the basis elements,

{~ui}
R
i=1. Equations (2.12) and (2.13) are similarly viewed as a linear combination of the

following three-way tensor basis elements in each mode.

{~ai ◦~bj ◦ ~ck | ∀i = 1, 2, ..., I, j = 1, 2, ..., J, k = 1, 2, ...,K}

The coefficient of basis element (i, j, k) for the qth element of X is

L
∑

l=1

Gi,j,k,ldq,l

which is the entry located at (i, j, k, q) in the tensor G ×4 D.

The matrix G ×4 D can be found quite easily, given the following property of the

P -way product for properly sized matrices A1 and A2.

X ×i A1 ×i A2 = X ×i (A2A1)

Since A is orthogonal, equation (2.11) yields

X ×1 A
T = G ×1 A×2 B ×3 C ×4 D ×1 A

T

= G ×1 (ATA) ×2 B ×3 C ×4 D

= G ×1 I ×2 B ×3 C ×4 D

35



= G ×2 B ×3 C ×4 D

So X ×1 A
T = G ×2 B ×3 C ×4 D. Similarly,

X ×1 A
T ×2 B

T ×3 C
T = G ×4 D

Thus the coefficient of basis element ~ai ◦~bj ◦ ~ck for the qth element of X is the entry

located at (i, j, k, q) in the tensor

X ×1 A
T ×2 B

T ×3 C
T

Now, the same idea to extract features with the SVD can be applied with the Tucker

decomposition. First a classifier can be trained on some or all of the basis elements

{~ai ◦~bj ◦~ck | ∀i = 1, 2, ..., I, j = 1, 2, ..., J, k = 1, 2, ...,K}, using the feature values from

the tensor X ×1 A
T ×2 B

T ×3 C
T . (Each fixed index in mode-four corresponds to one

training case.) Then, classifying a three-way tensor, Y , is accomplished by computing

Y ×1 A
T ×2 B

T ×3 C
T

and feeding this tensor to a classifier.

With the SVD, the singular values represent the importance of the corresponding ba-

sis element in representing the training data. With the Tucker decomposition, however,

there is no such property. In fact, the core tensor is usually not even super diagonal.

(A super diagonal tensor is one such that every tensor element, xi1,i2,...,iP , is zero except

possibly when i1 = i+ 2 = · · · = iP .) Because of this, there is no easy way to order the

basis elements by importance. The basis elements, ~a1 ◦~b1 ◦ ~c1, ~a2 ◦~b1 ◦ ~c1, ~a1 ◦~b2 ◦ ~c1,

and ~a1 ◦~b1 ◦ ~c2 can be seen in figures 2.12, 2.13, 2.14, and 2.15.

2.4 Haar-like Features

These features are a generalization and modification of the Haar basis functions.

They are again inspired by the work of Viola and Jones. After a brief introduction

to the Haar wavelets, Viola and Jones’ two-dimensional features are described. The

features can then be generalized to three dimensions.
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Figure 2.12: The basis tensor ~a1 ◦~b1 ◦ ~c1.
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Figure 2.13: The basis tensor ~a2 ◦~b1 ◦ ~c1.
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Figure 2.14: The basis tensor ~a1 ◦~b2 ◦ ~c1.
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Figure 2.15: The basis tensor ~a1 ◦~b1 ◦ ~c2.
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Figure 2.16: Features used in the algorithm.

The Haar system is one of the simplest examples of a wavelet [24]. Let

ψ(t) =















1 if 0 ≤ t < 1/2

−1 if 1/2 ≤ t < 1

0 else

Without going into too much detail, the set of functions

Ψ = {2n/2ψ(2nt− k) ∀ non-negative integer n and 0 ≤ k < 2n} ∪ 1

is a complete orthonormal system for the set of functions defined on the unit interval.

That is, scalings and translations of ψ(t), along with the constant 1, yield a basis

for functions on a unit interval. Since this basis is orthonormal, the inner product of

the function with each basis element yields the coefficient of that basis element in the

expansion. A graph of ψ(t) is shown in figure 2.17.

Inspired by ψ(t), the Haar mother wavelet, Viola and Jones used three types of two-

dimensional features: two-rectangle, three-rectangle, and four-rectangle features. These

are illustrated in figure 2.16. The feature value is computed as the difference between

the sum of the intensities under the black pixels and the sum of the intensities under the

white pixels. These features can be scaled to hold a different number of pixels, as long
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Figure 2.17: The Haar mother wavelet.

Figure 2.18: The left shows a valid feature while the right shows an invalid feature due

to the bottom left region being a different size than the top left.

as the scaling is uniform. Figure 2.18 illustrates a non-uniform scaling resulting in an

invalid feature, which is not used. Features with different feature type, size, orientation,

or location will be considered distinct features.

Viola and Jones described a very efficient method of computing feature values using
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an intermediate representation called the integral image. The integral image is the

matrix of values which, at position (r, s), are the sum of the pixels above and to the left

of (r, s), inclusively. Using this representation, a two, three, and four-rectangle feature

value can be computed in six, eight, and nine array references, respectively.

The following process uses the integral image to calculate the sum of the pixel

intensities in a rectangle. Call the integral image ii, so that ii(r, s) is the sum of the

pixel intensities above and to the left of pixel (r, s). Consider the shaded rectangle

in figure 2.19 as an example. Then, ii(x1, y1) is the sum of the pixel intensities in

the shaded rectangle and in regions 1, 2 and 3. However, the latter three regions are

undesired. To remove their influence, ii(x2, y2), which sums the intensities in regions 1

and 2, is subtracted and ii(x3, y3), which sums the intensities in regions 1 and 3, is also

subtracted. Now, region 1 has been included once, but subtracted twice. Since region

1 should have no influence, ii(x4, y4) must be added once. Finally, the sum of the pixel

intensities in the gray rectangle is given by

ii(x1, y1) − ii(x2, y2) − ii(x3, y3) + ii(x4, y4)

The integral image can be computed with just one pass over the image using the fol-

lowing pair of recurrences:







s(x, y) = s(x, y − 1) + i(x, y)

ii(x, y) = ii(x− 1, y) + s(x, y)

where s is the cumulative row sum, ii is the integral image, i is the original image, and

any of these functions is zero when evaluated at a negative index.

All of these ideas can be generalized to three dimensions. First, feature types need

to be created to fit in 12 × 12 × 6 voxel subwindows. There are many choices for these

features. For example, figures 2.20 and 2.21 shows two feature types such that, when

all the orientations are placed in every location of the window, provide a complete basis

without scaling. Each particular orientation of this 2×2×2 voxel feature can be placed

in 11 · 11 · 5 = 605 locations. As there are 8 orientations of the feature in figure 2.20

and 12 orientations of the feature in figure 2.21, there are 20 · 605 = 12, 100 distinct
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Figure 2.19: The shaded rectangle is computed from the integral image with only 4

array references.

feature values just using these two types. There are many more feature types of this size,

each which can be placed in 605 locations and oriented up to 20 different ways. When

features of different sizes are considered, such as the two-dimensional case of Viola and

Jones, the number of distinct feature values gets extremely large.

Most likely, with such a large number of distinct feature values, it is computationally

infeasible to compute every single feature to send to a classifier. However, that does

not mean a certain number of these features must be thrown out before training. It

also does not mean that all feature values can be used. It all depends on the classifier

chosen.

Some classifiers will choose the best combination of every feature, inherently using

ever feature at least once. However, some classifiers, such as AdaBoost, choose features

until a desired accuracy is achieved. Further, other classifiers can be trained to use a

sparse set of the features by penalizing the number of features used; these are called

shrinkage methods.

The integral image can also be generalized to three dimensions. Let iii, denote the

three-dimensional integral image. Then, iii(r, s, t) is the sum of all intensities to the
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Figure 2.20: Example of a three-

dimensional Haar-like feature, which

can be placed in multiple locations in the

subwindow. All intensities of voxels in the

close lower left white box are summed and

subtracted from the sum of intensities in

the gray areas.

Figure 2.21: Another example of a three-

dimensional Haar-like feature. All intensi-

ties of voxels in the close left white boxes

are summed and subtracted from the sum

of intensities in the gray areas.

left of r, above s, and all slices above t. In other words,

iii(r, s, t) =

r
∑

r′=1

s
∑

s′=1

t
∑

t′=1

i(r′, s′, t′)

The three-dimensional integral image also be computed with one pass through the image

using the following set of recurrences.















s(x, y, z) = s(x, y − 1, z) + i(x, y, z)

ii(x, y, z) = ii(x − 1, y, z) + s(x, y, z)

iii(x, y, z) = iii(x, y, z − 1) + ii(x, y, z)

This can save a large number of computations. Consider the feature in figure 2.20.

Assuming this is a 6×6×4 voxel feature, 6·6·4 = 144 array references must be computed

without the integral image. With the availability of the integral image, this computation

can be computed in 15 array references (which is the sum of the 8 references for the
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large cube plus the 8 references for the small black cube minus the corner common to

both, which only needs to be referenced twice).

In this work, only features of size 4 × 4 × 2 voxels were computed at different loca-

tions and orientations in a 12 × 12 × 6 subwindow. The choice for these features was

twofold. First, implementation, while fairly straight forward, is very involved. Feature

type and orientation must be hard coded into the system, although location can be

done automatically. However, using 10 feature types, each having up to 20 different

orientations, yields up to 200 combinations of type and orientation. Using different

sizes in a 12 × 12 × 6 subwindow could multiply this by a factor of 50, yielding up to

10, 000 features to be hard coded in. (This does not include distinct locations within the

subwindow.) Second, the nodules that were used in this study were all approximately

4 × 4 × 2 voxels large. Larger features would likely fail to capture the details of the

discrepancy between nodule and non-nodule subwindows. Assuming the classifier does

not use every feature, ignoring larger and smaller features is a poor decision. However,

this work is meant to look into the performance of this type of feature, and this subset

should yield some understanding. The performance will be reviewed in chapter 4.

2.5 Lower Fourier Modes

The last feature extraction technique explored in this paper is lower Fourier modes.

Consider the image in figures 2.22 and 2.23. Figure 2.22 shows all of the nodule sub-

windows, reshaped as row vectors. In these rows, there is a noticeable low frequency

component in each row. This is a result of a nodule in the center of the subwindow.

Figure 2.23 displays the same idea with the non-nodule subwindows. These rows do not

display any common low frequency components.

In three dimensions the low frequency components are also visible. In figure 2.24,

looking in each of the three dimensions of the example subwindow shows that these low

frequency components are present in nodules, while they would not be in a non-nodule

window. This motivates the use of a Fourier decomposition of the subwindows, using

the Fourier coefficients as feature vectors.
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Figure 2.22: Each nodule subwindow is reshaped as a row vector using first the slice,

then the column, then the row. Each row of the above figure is a separate instance of

a nodule subwindow.

Suppose the subwindow, f∗, is a continuous function of (x, y, z) ∈ [−π, π]× [−π, π]×

[−π, π]. Then the formula for the decomposition of f∗ is

f∗(x, y, z) =
∞
∑

ℓ1=0

∞
∑

ℓ2=0

∞
∑

ℓ3=0

a∗ℓ1,ℓ2,ℓ3b
X
ℓ1(x)b

Y
ℓ2(y)b

Z
ℓ3(z)

where

1. bWt (w) =







cos( t
2w) if t is even

sin( t+1
2 w) if t is odd

for t = 0, 1, 2, ...

2. a∗ℓ1,ℓ2,ℓ3
= 1

(2π)3

∫ π
−π

∫ π
−π

∫ π
−π f

∗(x, y, z)bXℓ1(x)b
Y
ℓ2

(y)bZℓ3(z) dx dy dz

However, the real subwindow, f , is an approximation of a continuous function of

(x, y, z) ∈ [.5, 12.5]× [.5, 12.5]× [.5, 6.5]. Thus the above is modified using the midpoint

rule to yield the following formula for f .

f(x, y, z) =

∞
∑

ℓ1=0

∞
∑

ℓ2=0

∞
∑

ℓ3=0

aℓ1,ℓ2,ℓ3c
I
ℓ1(x)c

J
ℓ2(y)c

K
ℓ3(z)
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Figure 2.23: The same type of plot as in figure 2.22, but this time with the non-nodule

subwindows. The first 152 rows correspond to subwindows without nodules or ves-

sels, while the remaining rows correspond to subwindows with only vascular structures

present.
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Figure 2.24: Example of a nodule in a CT scan.

where

cWt (w) =







cos( t
2

(w−mW )π
sW

) if t is even

sin( t+1
2

(w−mW )π
sW

) if t is odd

for t = 0, 1, 2, ..., mW and sW being the midpoint and length of the interval for which

variable w is defined, respectively. The coefficients can be determinted by the following

approximation.

aℓ1,ℓ2,ℓ3 ≈
1

12 · 12 · 6

12
∑

i=1

12
∑

j=1

6
∑

k=1

f(i, j, k)cIℓ1(i)c
J
ℓ2(j)c

K
ℓ3(k)

Since some of the low-frequency components are large for nodule subwindows and

small for non-nodule windows, it is not necessary to use the high frequency components

in the feature extraction. Indeed, only the first few values of ℓs are needed to capture

the low frequency element of nodules for each s = 1, 2, 3. Figure 2.25 shows some of

these coefficients from nodule and non-nodule subwindows in reduced dimension.
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Figure 2.25: Lower Fourier modes show good separation of nodule and non-nodule

subwindows after reducing dimension.

The plot in figure 2.25 was created with the following triplets of (ℓ1, ℓ2, ℓ3).

- (0, 0, 0)

- (0, 0, r), (0, r, 0), and (r, 0, 0) for r = 1, 2, 3, 4

- (0, r, s), (r, 0, s), and (r, s, 0) for r = 1, 2 and s = 1, 2

- (q, r, s), for q = 1, 2, r = 1, 2, and s = 1, 2

Including all second order Fourier components, i.e. (q, r, s), for q, r, s = 0, 1, 2, 3, 4

would yield an improvement of the detail captured from the subwindow. However, this

set has 53 = 125 elements, as opposed to the 33 elements used above. For simplicity,

the second order components will not be considered. Regardless, these features yield

very good results, which can be seen in chapter 4.
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Chapter 3

Classification Methods

3.1 Preliminaries

3.1.1 Cross-Validation

There is a common issue involved with all the classification methods about to be

discussed, and that is validation. With such high-dimensional data, it is important to

utilize all the data available. That is, it is a poor choice to simply divide the data into a

training set and a testing set. Thus, in this paper, a cross-validation scheme will be used

in order to utilize as much of the data as possible. The leave-one-out cross-validation

scheme is illustrated in Cross-Validation 1 for the set {(~xi, yi)}
N
i=1, where ~xi is a

feature vector and yi is the corresponding label, 1 for nodule and 0 for non-nodule.

Algorithm: Cross-Validation 1 (3.1)

1. Input N labeled examples {(~xi, yi)}
N
i=1

2. For j = 1 to N do

a. Train a classifier h on {(~xi, yi)}
N
i=1 \ {(~xj , yj)}

b. Calculate h(~xj)

3. Output the confusion matrix
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Classified as 0 Classified as 1

Class 0 · ·

Class 1 · ·

Table 3.1: The form of the confusion matrix

(The confusion matrix will be discussed shortly.) Leave-one-out cross-validation allows

every sample to be classified without a biased classifier. This means that the classifiers

were trained on a set that does not include the sample to be tested.

Besides being a useful way to validate how a feature set and classifier perform, there

is another use for cross-validation. Sometimes there are parameters involved in the

model. For example, AdaBoost uses the parameter T to limit the number of features

used, the SVD can be limited on the number of basis vectors to be used, there are two

parameters needed to weigh the covariance matrices in the modification of the SVD to

extract features, and etc. Cross-validation works very well for deciding these parameters.

The algorithm for learning parameters is essentially the same. However, sometimes

performance cannot just be measured by a confusion matrix. Many times, a cost func-

tion needs to be chosen. A cost function is a function that states how costly an error

is. The larger the cost, the worse the performance is. Here are a few examples of cost

functions:

- Number of misclassifications on the data set (for discrete labels)

- Weighted sum of misclassifications, e.g.

2 · (# of false negatives) + 1 · (# of false positives) (for discrete labels)

- Sum of squared errors (for continuous labels)

Denote the cost function by C(·). Then the following modification of Cross-

Validation 1 uses a cost function to learn a parameter.
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Algorithm: Cross-Validation 2 (3.2)

1. Input N labeled examples {(~xi, yi)}
N
i=1 and possible parameter values {λj}

J
j=1

2. For j = 1 to J do

a. Train a classifier h on {(~xi, yi)}
N
i=1 \ {(~xj , yj)}, using parameter λj

b. Calculate h(~xj)

c. Calculate the cost C(λj)

3. Choose λ = argmin
λj

C(λj)

In the case of learning more than one parameter, λ(1), λ(2),..., and λ(M), choosing

the best value from the mesh

{λ
(1)
j1

}J1

j1=1 × {λ
(21)
j2

}J2

j2=1 × · · · × {λ
(M)
jM

}JM

jM =1

works well. Cross-Validation 2 would thus be modified to choose the argument min-

imizer of C(λ
(1)
j1
, λ

(2)
j2
, ..., λ

(M)
jM

).

If cross-validation is to be used to learn a parameter, the parameter will depend on

all the samples. Since the classifier depends on the parameter(s), this means that the

results reported in the confusion matrix are slightly biased. This can be resolved by

modifying Cross-Validation 2. In step 2a, a nested cross-validation can be used to

learn this parameter. That way, the parameter will be chosen according to every sample

but ~xj, and the classifier used in step 2b will not depend on this sample.

While leave-one-out cross-validation is a useful way to estimate how a classifier

performs, it may be much too computationally intensive to use on a large data set. For

example, on a data set with 600 samples, the classifier will have to be trained 600 times

on 599 samples each. While the number of training iterations goes up, the complexity

of each classifier also increases, and the run-time quickly becomes impractical. This is

the case for the data set used in this paper.
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Instead of leaving one sample out and training on the rest of the samples, a quick

method to obtain unbiased results is to leave one subset out and train on the rest of

the samples. This is the approach that is used in chapter 4 of this thesis. The training

set is divided up into M subsets. Then for each i = 1, 2, ...,M , a classifier is trained on

every subset but the ith subset, and then tested on the ith subset. For example, on a

data set with 600 (randomly ordered) samples and M = 6, six classifiers will be trained

on 500 samples each. This method makes validation much less time consuming, while

not sacrificing too much accuracy. For the results in chapter 4, M is chosen to be five.

3.1.2 The Confusion Matrix

Since making the mistake of classifying a nodule subwindow as a non-nodule subwin-

dow is much more costly than making the mistake of classifying a non-nodule subwindow

as a nodule subwindow, the total number of errors is not a suitable quantity to analyze

the performance of a system. In the cross-validation system above, results are reported

in the confusion matrix:

Classified as 0 Classified as 1

Class 0 a00 a01

Class 1 a10 a11

where the element aij is the number of total samples from class i that are classified

to class j. Note that row i adds up to the total number of samples from class i, and all

the entries in the confusion matrix add up to the total number of samples in the data

set.

This matrix explains the results in full. The off-diagonal elements can be added to

yield the number of errors. The diagonal elements can be added to get the number of

correct classifications. The detection rate can be found by calculating a00

a00+a01
, the false

positive rate can be found by calculating a10

a10+a11
, and etc.
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Figure 3.1: The attentional cascade to speed up classification.

3.1.3 Attentional Cascade

In Viola and Jones’ face detection work [19], they describe a method to speed up

classifications. This method, the attentional cascade of classifiers, can be applied to

many of the feature types and classifiers described in this paper.

The attentional cascade is an idea based on the following insight. Smaller, more

efficient classifiers can be constructed that reject many of the negative subwindows while

detecting nearly all of the positive subwindows. These classifiers will have a large false

positive rate, however, the detected positive subwindows and false detections are passed

on sequentially to larger classifiers that yield a better false positive rate. While these

larger classifiers will be less efficient, they will be only be needed on a much smaller

number of subwindows. A diagram representing the attentional cascade is shown in

figure 3.1.

While most classifiers can be used for the larger classifiers which are evaluated later

on in the process, only certain classifiers can be used for the smaller classifiers evaluated

first. Viola and Jones used AdaBoost for these classifiers. Trees also work well. These
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classifiers will be discussed later, with an explanation of how they fit into the attentional

cascade.

This attentional cascade is especially useful when using features such as the SVD,

Fourier modes, and tensor decompositions. To extract these features, every pixel in the

subwindow must be used. If a more efficient classifier can first eliminate 60% of the

negative subwindows, as Viola and Jones were able to do in the two-dimensional face

detection problem, it will not be necessary to extract these costly features on over half

of the subwindows. This would be a very relevant savings in run time.

3.2 Parametric Methods

Parametric methods have the ability to perform extremely well given knowledge of

the distribution from which the cases were sampled. In order to use parametric methods,

the distribution of the extracted features from chapter 2 must be known. With such

noisy data, it is a stretch to assume that any of these distributions are known. However,

in some cases, such assumptions may bring about a useful classifier.

3.2.1 Likelihood Methods

Optimal Classifiers

Suppose the distribution of extracted features from nodule subwindows and non-

nodule subwindows are known. Then the following classifier, known as the Optimal

Bayes Classifier, performs the best in the sense of minimizing the probability of an er-

ror [8]. Define the following values, with subscript 1 denoting nodule subwindows and

0 denoting non-nodule subwindows.

P (ωi): the prior probability that an arbitrary subwindow belongs to class i

P (ωi|~x): the posterior probability that a specific feature vector, ~x, comes from class i.

P (~x): the probability distribution of all feature vectors.

P (~x|ωi): the probability distribution of all feature vectors belonging to class i.
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Since these functions are all assumed to be known, the best classifier to minimize

the probability of an error in deciding which class observation ~x belongs to is

argmax
i

P (ωi|~x) (3.3)

It is computed using Bayes Rule:

P (A|B) =
P (B|A)P (A)

P (B)

Using Bayes rule, the following holds.

argmax
i

P (ωi|~x) = argmax
i

P (~x|ωi)P (ωi)

P (~x)

Since P (~x) is the same regardless of class, this can be written as

arg max
i
P (~x|ωi)P (ωi) (3.4)

The classifier (3.4) performs the best possible in terms of minimizing the probability

of an error. However, for this problem, this is not a good solution. For one, it assumes

all the probabilities involved are known when in reality they are not. There is also a

larger issue. Consider the prior probabilities P (ωi). This is the probability that, given a

feature vector from an arbitrary subwindow, the subwindow is from class i. For nodule

subwindows, where i = 0, this probability will be extremely low, since nodules make up

such a near zero percentage of the whole image. This fact causes P (~x|ω0)P (ω0) to be

extremely small, even if P (~x|ω0) is close to one. This causes the classifier to choose the

non-nodule class virtually all the time.

The problem just discussed is not a flaw in the classifier, it is a flaw in the choice of

loss function. A loss function is a cost function that states how costly each decision is,

e.g. deciding on class 0 when class 1 is correct, deciding class 1 when class 1 is correct,

etc. The classifier above minimizes the probability of an error, and thus weights all

types of errors the same. If the same loss is incurred for making a mistake on a nodule

subwindow as it is for making a mistake on a non-nodule subwindow, a classifier that

classifies a subwindow as a non-nodule will be near perfect since there is an extremely
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small number of nodule subwindows. It will make a mistake on every nodule subwindow,

but that happens so few times that the cumulative loss will remain small.

The solution to this problem is to adjust the loss function to yield a more suitable

classifier. Suppose ~x is sent to a classifier. The classifier can make two decisions, call

these δ1 for deciding ~x corresponds to a nodule and δ0 for deciding ~x corresponds to a

non-nodule. Define the loss function as

L(δi|~x ∈ ωj) =















α if ~x is mistakenly classified as a non-nodule subwindow

(1 − α) if ~x is mistakenly classified as a nodule subwindow

0 else

Here there is no cost for classifying a sample correctly.

The classifier should be chosen to minimize the expected loss, which is called risk.

The risk for making decision δi about observation ~x, is thus defined as

R(δi|~x) = L(δi|ω1−i)P (ω1−i|~x)

Thus the optimal classifier, according to this loss function, is

argmin
δi

R(δi|~x)

In other words, decide ω1 if

L(δ1|ω0)P (ω0|~x) ≤ L(δ0|ω1)P (ω1|~x) (3.5)

Now, if L(δ1|ω0) = L(δ2|ω1), i.e. each error is weighted the same, this rule is exactly

the same as the rule (3.3), the decision that minimizes the probability of an error. Since

making the mistake of classifying a nodule subwindow as a non-nodule subwindow is

much more costly than making the mistake of classifying a non-nodule subwindow as a

nodule subwindow, the following needs to hold.

L(δ1|ω0) > L(δ0|ω1)

Applying Bayes rule to (3.5) and dividing by L(δ0|ω1)P (ω1)P (~x|ω0) on both sides

yields the following rule:
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Decide ω1 if
P (ω0)L(δ1|ω0)

P (ω1)L(δ0|ω1)
≤
P (~x|ω1)

P (~x|ω0)

This rule is an ideal classifier for the classification task at hand for any given loss

function.

While this works perfectly in theory, it is usually impossible to know what the true

values of the P (ωi)’s are, what the loss function should be, and what the distribution

P (~x|ωi) is. However, since the classifier is of the form:

C(~x) =











1 if
P (~x|ω1)

P (~x|ω0)
≥ c

0 else

(3.6)

it is not necessary to choose the prior probabilities and loss function explicitly. Rather,

it is appropriate to find only a constant c so that a desired performance is achieved.

This can be accomplished by a cross-validation scheme.

Dealing with an Unknown Distribution

The previous section outlines an approach when the distributions, P (~x|ωi), are

known. However, many of the types of features discussed above have unknown dis-

tributions. Even using a multivariate normal distribution is a horrible approximation

for many of the sets of feature vectors.

The classifier in equation (3.6) can be viewed as a threshold on a ratio of likelihoods.

Each conditional probability, P (~x|ωi), is the likelihood that ~x ∈ ωi. If one of P (~x|ωi) is

unknown but the classes are relatively separable in feature space, it is still possible to

use the likelihood of the other to obtain a good classifier.

Equation (3.6) can be rewritten as

C(~x) =







1 if P (~x|ω1) ≥ cP (~x|ω0)

0 else

Now suppose the distribution of ~x under ω0 is unknown, but the distribution of ~x under

ω1 is known, an assumption that comes in play with features from the SVD. Since
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P (~x|ω0) is unknown, replace it with a constant. Then (3.6) becomes

C(~x) =







1 if P (~x|ω1) ≥ c′

0 else

which can be interpreted as thresholding the likelihood of the known distribution. Once

again the c′ should be learned using cross-validation to yield the best performance.

3.2.2 Probabilistic D-Clustering

Clustering is the problem of finding K clusters and a rule assigning each sample in

a data set to a cluster. The rule is called the clustering criterion.

A clustering criterion can be a metric. This type of clustering is called distance

clustering or d-clustering. Each cluster has a center, and each data point is assigned to

the center it is closest to with respect to that metric. Such clustering algorithms usually

iterate between updating the center of each cluster and reassigning the samples to their

cluster.

A clustering criterion can also be based on the probability that a sample is a member

of each cluster. This type of clustering is called probabilistic clustering. For each sample,

there is a probability that it belongs to each cluster. The sample is assigned to the cluster

which is the most probable.

Ben-Israel et al. describe a method to use a relationship between probability and

distances to cluster a data set [25].

Details of this Method

The key to this clustering is a relationship between the distance metric and the

probabilities. The authors experiment with more than one relationship, although the

best results came from the following.

pk(~x)d(~x,~ck) = D(~x), a constant, depending on ~x (not on k) (3.7)

where pk(~x) is the probability that ~x is a member of the kth cluster, Ck, d(~x1, ~x2) is the

distance between ~x1 and ~x2, and ~ck is the center of cluster Ck. The function D(~x) is
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called the joint distance function (JDF). When dealing with a set of points, X = {~xi}
N
i=1,

the JDF is defined as

D(X) =

N
∑

i=1

D(~xi)

In addition, the authors report that good results were attained by the following rela-

tionship.

pk(~x)ed(~x,~ck) = D(~x), a constant, depending on ~x (not on k) (3.8)

Here, details will be discussed for the relationship (3.7). Further, the case K = 2 will

be used. This is because there are only two classes of subwindows in the problem at

hand. Details for the relationship (3.8) and other K values are similar.

First, the equation

D(~x) = pk(~x)d(~x,~ck)

implies

pk(~x) =
D(~x)

d(~x,~ck)

Since the probabilities add to one over all values of k, the following relationship holds.

1 =
K
∑

k=1

pk(~x) = D(~x)
K
∑

k=1

1

d(~x,~ck)

This can be rewritten as

1 = D(~x)

∑K
k=1

∏

j 6=k d(~x,~cj)
∏K

k=1 d(~x,~ck)

which means

D(~x) =

∏K
k=1 d(~x,~ck)

∑K
k=1

∏

j 6=k d(~x,~cj)

Thus the JDF gives a measure of the total distance from ~x to the cluster centers. This

relationship also yields:

pt(~x)d(~x,~ct) = D(~x) =

∏K
k=1 d(~x,~ck)

∑K
k=1

∏

j 6=k d(~x,~cj)

which implies

pt(~x) =

∏

k 6=t d(~x,~ck)
∑K

k=1

∏

j 6=k d(~x,~cj)
(3.9)
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That is, each probability, pk(~x), can be written in terms of the distances to the cluster

centers.

Putting this aside for the moment, consider the extremal problem for two clusters,

which is the following:

Minimize: d(~x,~c1)p
2
1 + d(~x,~c2)p

2
2

Subject to: p1 + p2 = 1

p1, p2 ≥ 0

(3.10)

The Lagrangian of this problem is

L(p1, p2, λ) = d(~x,~c1)p
2
1 + d(~x,~c2)p

2
2 − λ(p1 + p2 − 1)

Then, setting the partial derivatives of L(p1, p2, λ) with respect to p1 and p2 equal to

zero yields

2pid(~x,~ci) − λ = 0

This can be written as

pid(~x,~ci) =
λ

2

which implies that the following relationship holds.

p1d(~x,~c1) = p2d(~x,~c2) (3.11)

This relationship is the same as principle (3.7). Again setting D(~x) = pid(~x,~ci) and

plugging this into the objective function in (3.16) yields the problem

Minimize: D(~x)p1 +D(~x)p2 (3.12)

Subject to: p1 + p2 = 1 (3.13)

pid(~x,~ci) = λ/2 (3.14)

p1, p2 ≥ 0 (3.15)

which is clearly optimized by the p1 and p2 which satisfies equation (3.11), as well as

the sum to one constraint. This has already been solved in equation (3.9). Thus the
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optimal value of the extremal problem is the JDF and it is achieved by the probabilities

in equation (3.9).

When dealing with set of points, X = {~xi}
N
i=1, the extremal problem is

Minimize:

N
∑

i=1

d(~xi,~c1)p1(~xi)
2 + d(~xi,~c2)p2(~xi)

2

Subject to: p1(~xi) + p2(~xi) = 1

p1, p2 ≥ 0

(3.16)

This problem is easily solved by noting that it separates into N problems like (3.16).

The optimal value turns out to be the JDF,

D(X) =
N
∑

i=1

∏K
k=1 d(~xi,~ck)

∑K
k=1

∏

j 6=k d(~xi,~cj)

which is realized by the same probabilities, i.e. (3.9).

Since this is a clustering problem, the real goal is to find the best centers for K

clusters with respect to the metric and probabilities. To do this, the extremal problem

is solved viewing the centers as the variable. While the same relationship, described in

equation (3.11), holds, dealing with the centers requires a fixed distance function. That

is, the clustering algorithm relies on the metric used. Consider the elliptical distance

function defined separately for each cluster

dk(~x, ~y) =
(

(~x− ~y)TQk(~x− ~y)
)1/2

where Qk is positive-definite. The objective function is

f(~c1,~c2) =
N
∑

i=1

(

(~xi − ~c1)
TQk(~xi − ~c1)

)1/2
p1(~xi)

2 +
(

(~xi − ~c2)
TQk(~xi − ~c2)

)1/2
p2(~xi)

2

(3.17)

Thus

▽~ck
f(~c1,~c2) = −Qk

N
∑

i=1

~xi − ~ck
dk(~xi,~ck)

pk(~xi)
2

Setting this gradient equal to zero yields the following equation

0 = −Qk

N
∑

i=1

~xi − ~ck
dk(~xi,~ck)

pk(~xi)
2
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since Qk is positive definite, it is invertible and thus the following holds

0 =

N
∑

i=1

~xi − ~ck
dk(~xi,~ck)

pk(~xi)
2

Multiplying through and grouping the ~xi terms yields.

N
∑

i=1

(

pk(~xi)
2

dk(~xi,~ck)

)

~xi =

(

N
∑

i=1

pk(~xi)
2

dk(~xi,~ck)

)

~ck

Letting

uk,i =
pk(~xi)

2

dk(~xi,~ck)

simplifies this expression to

N
∑

i=1

uk,i~xi =





N
∑

j=1

uk,j



~ck

which yields a formula for the centers ~ck:

~ck =
N
∑

i=1

uk,i~xi
∑N

i=1 uk,i

(3.18)

Finally, these ideas are implemented in the following algorithm.

Algorithm: Probabilistic D-Clustering [25]

1. Input data X, two guesses ~c1 and ~c2, and stopping criterion ǫ.

2. Compute distances dk(~xi,~ck)

3. Update centers ~c+k using (3.18)

4. While ||~c+1 − ~c1|| + ||~c+2 − ~c2|| ≥ ǫ do

a. Replace old centers, ~ck = ~c+k

b. Compute distances dk(~xi,~ck)

c. Update centers ~c+k using (3.18)

62



5. Output the final centers ~c+k

It may be necessary to update the metric at each iteration. For example, the Maha-

lanobis distance is defined as

d(~x,~ck) =
(

(~x− ~ck)
T Σ−1

k (~x− ~ck)
)1/2

where Σk is the covariance matrix of the k-th cluster. If this distance is used, Σk should

be updated at each iteration.

This algorithm will decrease the objective function (3.17) at each iteration, and the

algorithm will converge [25].

Application of this Method

This clustering problem is an unsupervised learning problem, i.e the algorithm does

not use labels to learn parameters in the model. That is, centers are learned from the

raw data. With relation (3.11) holding, a choice of the distance function completely

determines the probability function, as in (3.9). That is, if the goal is to separate two

certain distributions with labels, the distance function must be chosen very carefully.

3.3 Non-parametric

3.3.1 Support Vector Machines

One of the most popular classification methods is Support Vector Machines (SVM).

This non-parametric approach was developed by Vapnik [26]. It seeks the hyperplane

that maximizes the distance between each class and the hyperplane.

Details of this Method

Suppose a data set X consists of samples X−1, which makeup class negative one,

and X1, which makeup class one. Further, suppose these classes are separable, meaning

there exists a hyperplane that completely separates the two classes. Define the margin
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Figure 3.2: The margin is illustrated [2].

for a hyperplane as sum of the minimum distances from each set to the hyperplane.

The margin is illustrated in figure 3.2.

Now, suppose X = {~xi}
N
i=1, yi = −1 for ~xi ∈ X−1, and yi = 1 for ~xi ∈ X1. Consider

all hyperplanes ~w · ~x+ b = 0 with normal ~w. When looking for the hyperplane with the

largest margin, it is sufficient to suppose all training data satisfies the following:

~w · ~xi + b ≥ 1 for each xi ∈ X1

~w · ~xi + b ≤ −1 for each xi ∈ X−1

which can be written as the single inequality

(~w · ~xi + b)yi ≥ 1 (3.19)

Without loss of generality, we can assume that there is at least one xi in both X−1 and

X1 that yield equality in equation (3.19). (This is possible by simply rescaling ~w and

b.) With this assumption, it is possible to calculate the margin.

The margin is the perpendicular distance between the two parallel lines ~w · ~x+ (b−

1) = 0 and ~w · ~x+ (b+ 1) = 0. First, however, the perpendicular distance from a line

~w · ~x+ c = 0 (3.20)

to the origin is calculated.
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The line perpendicular to ~w · ~x+ c = 0 that goes through the origin is given by

(w2,−w1) · ~x = 0

where ~w = (w1, w2). Writing ~x = (x1, x2) yields

x2 =
w2x1

w1
(3.21)

Now plug equation (3.21) into equation (3.20) to find the point of intersection.

w1x1 + w2
w2x1

w1
+ c = 0

which implies

x1 =
−cw2

||~w||2

Similarly, one can find that

x2 =
−cw1

||~w||2

That is, the perpendicular distance from (3.20) to the origin is given by

√

x2
1 + x2

2 =

√

(

−cw1

||~w||2

)2

+

(

−cw2

||~w||2

)2

=
|c|

||~w||2

√

w2
1 + w2

2

=
|c|

||~w||

So, the distance from the origin to ~w · ~x+ (b− 1) = 0 is

|b− 1|

||~w||

and the distance from the origin to ~w · ~x+ (b+ 1) = 0 is

|b+ 1|

||~w||

This makes the margin
∣

∣

∣

∣

|b+ 1|

||~w||
−

|b− 1|

||~w||

∣

∣

∣

∣

=

∣

∣

∣

∣

|b+ 1| − |b− 1|

||~w||

∣

∣

∣

∣

=
2

||~w||
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Thus maximizing the margin is equivalent to minimizing ||~w|| while observing the con-

straints mentioned above. Finally, this is posed as the following minimization problem

Minimize:
1

2
||~w||2

Subject to: (~w · ~xi + b)yi ≥ 1

(3.22)

The exponent appears on ||~w|| to make the minimization problem much easier to

solve as it makes the functional differentiable. This problem is easy to solve, however

it is not extremely useful as most classification tasks involve non-separable classes.

It is possible to make this into a classification scheme for non-separable data. This

is done by introducing the non-negative slack variables {ξi}
N
i=1 so that

~w · ~xi + b ≥ 1 − ξi for each xi ∈ X1

~w · ~xi + b ≤ −1 + ξi for each xi ∈ X−1

which can be combined into the equation

(~w · ~xi + b)yi ≥ 1 − ξi (3.23)

These slack variables are zero for points on the correct side of the margin, and

otherwise represent the perpendicular distance from the margin to the point. (The real

distance is ξi

||~w||). An example of this is given in figure 3.3. In this figure, there is only

one non-zero slack variable.

Since the hyperplane is still given by (~w · ~xi + b) = 0, the classifier makes a mistake

only when ξi ≥ 1. This means that
∑N

i=1 ξi is an upper bound on the number of training

errors. Thus an objective function such as

1

2
||~w||2 + c

N
∑

i=1

ξi

is a good way of maximizing the margin while keeping training errors low. The constant

c is a tuning parameter that can be raised for a higher penalty on errors and lowered

for more importance on a large margin.
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Figure 3.3: The slack variable, ξ, is illustrated [2].

The minimization problem now takes the form

Minimize:
1

2
||~w||2 + c

N
∑

i=1

ξi

Subject to: (~w · ~xi + b)yi ≥ 1 − ξi

ξi ≥ 0 ∀i = 1, 2, ..., N

(3.24)

To solve this problem, the Lagrangian is formulated. (The “P” subscript denotes

the primal problem.)

LP =
1

2
||~w||2 + c

N
∑

i=1

ξi −
N
∑

i=1

αi (yi(~xi · ~w + b) − 1 + ξi) −
N
∑

i=1

µiξi

where the αi and µi’s are the positive Lagrange multipliers.

Now, instead of solving the primal problem of minimizing LP with respect to ~w, ~ξ

and b while requiring ▽αi,µi
LP = 0 for each αi, µi ≥ 0, it is sufficient to solve the dual

problem of maximizing LP subject to the constraints that ▽~w,~ξ,bLP = 0 while αi, µi ≥ 0

for each i = 1, 2, ..., N .

The KKT conditions can now be applied.
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Since ▽wi
LP = 0,

0 = ▽wi
LP

= wi −
N
∑

j=1

αjyj(~xj)i

which yields

~w =
N
∑

j=1

αjyj~xj (3.25)

Since ▽bLP = 0,

0 = ▽bLP

=

N
∑

i=1

αiyi

which yields
N
∑

i=1

αiyi = 0 (3.26)

Since ▽ξi
LP = 0,

0 = ▽ξi
LP

= C − αi − µi

which yields

αi = C − µi (3.27)
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Using equations (3.25) – (3.27), the complete KKT conditions are listed below.

wi −

N
∑

j=1

αjyj(~xj)i = 0 (3.28)

N
∑

i=1

αiyi = 0 (3.29)

c− αi − µi = 0 (3.30)

(~w · ~xi + b)yi − 1 + ξi ≥ 0 (3.31)

ξi ≥ 0 (3.32)

αi ≥ 0 (3.33)

µi ≥ 0 (3.34)

αi (yi(~w · ~xi + b) − 1 + ξi) = 0 (3.35)

µiξi = 0 (3.36)

Further, note that equation (3.30) as well as the requirement αi, µi ≥ 0 for every i yields

0 ≤ αi ≤ c (3.37)

However, it is much easier to solve the dual problem. This problem, based on the primal

problem (3.24), is

Maximize: inf
~w,~ξ,b

LP

Subject to: αi, µi ≥ 0 ∀i = 1, 2, ..., N

(3.38)
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From equation (3.25) - (3.27), which must hold at the infemum, LP can be rewritten as

LP =
1

2
||

N
∑

j=1

αjyj~xj ||
2 + c

N
∑

i=1

ξi −

N
∑

i=1

αi



yi(~xi ·





N
∑

j=1

αjyj~xj



+ b) − 1 + ξi



−

N
∑

i=1

µiξi

=
1

2

N
∑

i=1

N
∑

j=1

αiαjyiyj~xi · ~xj + c
N
∑

i=1

ξi −
N
∑

i=1

N
∑

j=1

αiαjyiyj~xi · ~xj

− b

N
∑

i=1

αiyi −

N
∑

i=1

αi(−1 + ξi) −

N
∑

i=1

µiξi

= −
1

2

N
∑

i=1

N
∑

j=1

αiαjyiyj~xi · ~xj + c

N
∑

i=1

ξi −

N
∑

i=1

αi(−1 + ξi) −

N
∑

i=1

µiξi

= −
1

2

N
∑

i=1

N
∑

j=1

αiαjyiyj~xi · ~xj +

N
∑

i=1

ξi(c− αi − µi) +

N
∑

i=1

αi

LD
△
= −

1

2

N
∑

i=1

N
∑

j=1

αiαjyiyj~xi · ~xj +

N
∑

i=1

αi

Further, note that equation (3.27) as well as the requirement αi, µi ≥ 0 for every i yields

0 ≤ αi ≤ c. Thus the dual problem is

Maximize: −
1

2

N
∑

i=1

N
∑

j=1

αiαjyiyj~xi · ~xj +
N
∑

i=1

αi

Subject to: 0 ≤ αi ≤ c

N
∑

i=1

αiyi = 0

(3.39)

which can easily be solved using numerical optimization.

Once this problem has been solved, the vector ~w is given by equation (3.28) and b

is given by equation (3.35) by using an i such that αi 6= 0.

Kernel SVM

Up until now, a linear SVM classifier has been explained. However, what makes

SVM so popular is the ability to make it nonlinear without too much trouble.
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There are two ways to look at a nonlinear classifier. First, the separating surface is

not a plane. Classification trees are one example of this, where rectangular boxes are

used to divide the feature space. Another example is likelihood methods, where the

decision boundary is usually a curved line.

The second way to look at a nonlinear classifier is by a transformation of the fea-

ture space. By transforming the feature space, a linear classifier could be used in the

transformed feature space. This same linear classifier would be nonlinear in the origi-

nal feature space. Mathematically, suppose the transformation is given by Φ. Then a

linear SVM classifier is trained on the positive set, {Φ(~xi)| ∀i such that yi = 1} and

the negative set, {Φ(~xi)| ∀i such that yi = −1}.

The latter approach is extremely easy to implement without much change to the

above framework. Consider problem (3.39). Solving this problem is all that is needed

to solve the linear SVM problem. However, the only place the data, {~xi}
N
i=‘, shows up

is in the cost function as the dot product, ~xi · ~xj , for every i, j = 1, 2, ...N . To train on

the transformed feature space, simply change this dot product to an evaluation of the

kernel, K(~xi, ~xj), where

K(~xi, ~xj) = Φ(~xi) · Φ(~xj) (3.40)

This has been called the kernel trick. It can be used in most classification methods in

which the data shows up strictly as inner products.

Why is this useful? After all, any classification scheme can be made nonlinear by

using {Φ(~xi)}
N
i=1 instead of {~xi}

N
i=1. The answer depends on the transformation Φ. The

range of Φ can have any dimension, even infinity. Indeed, one of the most popular

kernels is

K(~xi, ~xj) = e−||~xi−~xj ||2/(2σ2)

This kernel is a valid kernel [2], i.e. there is a function Φ such that equation (3.40)

holds [27]. However, Φ maps the feature space X to a space of infinite-dimensional, but

finite length (in the L2 norm sense), vectors. That is, it would be impossible to compute

{Φ(~xi)}
N
i=1 explicitly.

The difficulty in computing {Φ(~xi)}
N
i=1 also yields some trouble in classifying new
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data points. In the linear case, equations (3.28) and (3.35) can be used to find ~w and

b. However, if {Φ(~xi)}
N
i=1 is being used instead of {~xi}

N
i=1, this may not be possible.

This turns out to be no trouble at all, since the hyperplane is defined as

(~w · Φ(~x) + b) = 0

By equation (3.28), ~w =
∑N

i=1 αiyiΦ(~xi) so this hyperplane becomes

0 = ~w · Φ(~x) + b

=

(

N
∑

i=1

αiyiΦ(~xi)

)

· Φ(~x) + b

=

N
∑

i=1

αiyi (Φ(~xi) · Φ(~x)) + b

=
N
∑

i=1

αiyiK(~xi, ~x) + b

This makes the classifier, call it h,

h(~x) =







1 if
∑N

i=1 αiyiK(~xi, ~x) + b ≥ 0

−1 else

Application of this Method

The other methods discussed above are not linear classifiers. Support vector ma-

chines are applicable with all of the feature extraction techniques described above, but

care must be taken to analyze the feature space and choose a kernel that transforms

the data properly. This can be hard to do, as the feature space for these subwindows is

difficult to visualize. Although it requires a bit of faith that a data set represents the

distribution properly, the success of a kernel for an SVM classifier can be measured by

the confusion matrix.

One thing to keep in mind is that the feature extraction methods used in this work

are designed to separate the data. Thus in many cases like SVD features, Fisher dis-

criminant features, Fourier modes, a linear SVM classifier will suffice. SVM may be less

applicable with features such as the Haar-like features due to the fact that it does not

choose the best features to use, and most likely will use every feature value instead.
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3.3.2 Classification Trees

Tree-based methods partition a P -dimensional feature space into P -dimensional rect-

angles. For classification trees, each of these rectangles corresponds to a class.

Details of this Method

Suppose the data set consists of N feature vectors, ~f1, ~f2, ..., ~fN , taken from the

feature space F , with labels {yi}
N
i=1. Training a tree involves making splits in the

feature space, with each split corresponding to only one feature. To make a split, there

are two arguments needed, the index, i, denoting which feature used, and the threshold,

θ. Given a range in feature space, R, one split would have the form

~f ∈







R1 if fi1 < θ1

R2 else

As an example, region R1 can be split again so that, for ~f in R1,

~f ∈







R1,1 if fi2 < θ2

R1,2 else

These splits can be represented in a binary tree. A tree for the example above is shown

in figure 3.4. Each spot where the tree splits is called an interior node and each location

where the tree ends is called a terminal node.

Once the space has been partitioned into M regions, R1, R2, ..., RM , it is easy to

classify the regions. Let

qm,k =
1

Nm

∑

~fi∈Rm

I(yi = k)

where I(·) is the indicator function, in other words, qm,k is the proportion of class k

observations in region Rm. Then every ~f ∈ Rm is classified as

k(m) = argmax
k

qm,k

Thus the final classifier takes the form

h(~f) =

M
∑

m=1

k(m)I(~f ∈ Rm)
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Figure 3.4: An example of a tree corresponding to the partitions mentioned earlier.

When a feature vector ~f satisfies the criteria at a node, it moves to the left, otherwise

it moves to the right.

Of course, making the splits is non-trivial. The algorithm needs to do this auto-

matically. First, however, a criterion to be minimized must be chosen. This criterion

is called the impurity measure and there are a few different choices that can be made.

For a region Rm of a tree T , the following are different impurity measures, Qm(T ), that

can be used [28].

- Misclassification error: 1
Nm

∑

~fi∈Rm
I(yi 6= k(m)) = 1 − qm,k(m)

- Gini index:
∑

k 6=k′ qm,kqm,k′

- Cross-entropy:
∑K

k=1 qm,k log qm,k

After the impurity measure is chosen, the algorithm looks for the optimal splitting

variables and thresholds to minimize Q(T ) =
∑M

m=1NmQm(T ). However, this is usually

computationally infeasible. Instead, greedy algorithms are used.

Starting with all of the data, F , take a splitting index j and a threshold θ. Define
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the sides of the hyperplane fj = θ as follows.

R1(j, θ) = {~f |fj ≤ θ}

R2(j, θ) = {~f |fj > θ}

Also let T be the tree obtained by making this split. Then choose j and θ as

argmin
j,θ

Q(T )

The result of the previous problem is the best split according to the chosen impurity

measure. Using this split, partition the data into the two resulting regions. The above

process is then run recursively on each of the regions.

One problem remains. What should the size of the final tree be? A small tree might

not be able to capture all the detail of the distribution. However, a large tree will clearly

overfit the training data.

A widely used solution to this problem is to use a strategy called tree pruning. The

first step in such a process is to grow a large tree, T0. Then change one interior node

to a terminal node resulting in a tree T1, choosing the interior node so that the change

brings about the smallest difference in the total impurity. This difference is

Dj1,j2 = Q(T0) −Q(T1)

This process is repeated until the tree consists of one interior node and two terminal

nodes, yielding a sequence T0, T1, ..., TS .

To decide which tree is the best of T0, T1, ..., TS , the following criterion is used [28].

Cα(T ) =

|T |
∑

m=1

NmQm(T ) + α|T |

where |T | denotes the number of terminal nodes in the tree T , and α >= 0 is a tuning

parameter. Letting α = 0 yields the usual impurity measure for the tree. Such a choice

of α will always use the largest tree T0, since adding more levels cannot increase the

impurity. A strictly positive α will manage the tradeoff between tree size and goodness

of fit. Large α will result in smaller trees and less overfitting but less goodness of fit,

while small α values will yield the opposite. Choosing a suitable α can be accomplished

by the cross-validation scheme in Cross-Validation 2.
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Application of this Method

Like AdaBoost, discussed in the next section, the features that perform the best on

the data set are the first ones chosen. This makes classification trees very useful with

the overcomplete Haar-like feature set, as well as using the whole subwindows as the

feature vectors. Regardless, they can be used with any feature type.

Use in the Attentional Cascade

Classification trees are also useful to create small and efficient classifiers for use in the

attentional cascade. Each node represents one feature value. Using features such as the

Haar-like features or simply the voxel intensity values will allow a simple classification

tree to eliminate many of the negative windows without analyzing every voxel in the

subwindow.

In the next section, a trick explained by Viola and Jones will be described which

allows the AdaBoost classifier to be modified to meet a predefined detection rate. This

same trick can be used on classification trees as well. Each interior node has a threshold

associated to it. The threshold in the last interior node of each branch of a tree can

be modified so that every subwindow containing a nodule is associated to a region that

is labeled as a nodule. This will yield a detection rate of 100%, while substantially

decreasing the number of negative subwindows.

3.3.3 AdaBoost

A strong learning algorithm is an algorithm that, given ǫ, δ > 0, outputs a hypothesis

with an error at most ǫ, (1 − δ)100% of the time. On the other hand, a weak learning

algorithm satisfies the same conditions but for only each ǫt = 1
2−γt where γt > 0 is either

a constant or decreases at a rate inversely proportional to the number of parameters in

the model. AdaBoost is an algorithm invented by Freud and Schapire [20] to “boost”,

or combine, a number of weak classifiers into one, strong classifier.
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Details of this Method

Previous boosting algorithms required prior knowledge of the performance of the

weak learner. However, AdaBoost adapts to the errors of the weak learner. The origi-

nal algorithm is given by the steps below [20].

Algorithm:AdaBoost

1. Input N labeled examples < (x1, y1), . . . , (xN , yN ) >, distribution D over the N

examples, weak learning algorithm WeakLearn, and integer T specifying number

of iterations.

2. Initialize the weight vector wt,1 = D(i) for i = 1, . . . , N .

3. For t = 1, 2, . . . , T , do

a. Set

pt =
wt

∑N
i=1 wt,i

b. Call WeakLearn, providing it with the distribution pt, get back a hypothesis

ht : X → {0, 1}.

c. Calculate the error of ht, ǫt =
∑N

i=1 pt,i|ht(xi) − yi|.

d. Set βt =
ǫt

1 − ǫt
.

e. Set the new weights vector to be wt+1,i = wt,iβ
1−|ht(xi)−yi|
t .

4. Output the hypothesis

h(x) =







1 if −
∑T

t=1 log βtht(x) ≥ −1
2

∑T
t=1 log βt

0 otherwise
(3.41)

Let S = {i;h(xi) 6= yi}. Now a result that bounds the error

ǫ = Pri∈D(h(xi) 6= yi) =
∑

i∈S

w1,i

which is the probability of an error, will be proven. First, however, the following two

lemmas are introduced.
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Lemma 1. If 0 ≤ x and 0 ≤ y ≤ 1, then

xy ≤ 1 − (1 − x)y (3.42)

Proof. Let f(t) = xt for fixed x ≥ 0. Then

f ′′(t) = (log x)2(xt) ≥ 0

This means that xt is a convex function of t and thus the inequality,

xyt1+(1−y)t2 ≤ yxt
1 + (1 − y)xt

2

holds for y ∈ [0, 1]. Choosing t1 = 1 and t2 = 0 yields the result.

Lemma 2. After T rounds, the strong classifier, h, makes a mistake on instance i only

if
T
∏

t=1

β
−|ht(xi)−yi|
t ≥ (

T
∏

t=1

βt)
− 1

2 (3.43)

Proof. From the final step in the algorithm above, the final hypothesis is

h(x) =







1 if −
∑T

t=1 log βtht(x) ≥ −1
2

∑T
t=1 log βt

0 else

This is the same as

h(x) =







1 if log
∏T

t=1 β
−ht(x)
t ≥ log

∏T
t=1 β

− 1

2

t

0 else

which can be rewritten as

h(x) =







1 if
∏T

t=1 β
−ht(x)
t ≥

∏T
t=1 β

− 1

2

t

0 else

Showing that (3.43) holds when the final classifier makes a mistake will prove our claim.

Case 1: yi = 0 but h(xi) = 1:

Since h(xi) = 1,
T
∏

t=1

β
−ht(xi)
t ≥

T
∏

t=1

β
− 1

2

t

78



However, yi = 0 and ht(xi) ≥ 0, so

T
∏

t=1

β
−|ht(x)−yi|
t ≥

T
∏

t=1

β
− 1

2

t

Case 2: yi = 1 but h(xi) = 0:

Now, h(xi) = 0, so
T
∏

t=1

β
−ht(xi)
t <

T
∏

t=1

β
− 1

2

t

Since yi = 1, this can be written as

T
∏

t=1

β
−1+|ht(xi)−yi|
t <

T
∏

t=1

β
− 1

2

t

Multiplying by
∏T

t=1 βt on both sides yields

T
∏

t=1

β
|ht(xi)−yi|
t <

T
∏

t=1

β
1

2

t

or
T
∏

t=1

β
−|ht(xi)−yi|
t >

T
∏

t=1

β
− 1

2

t

Theorem 2. ǫ ≤ 2T
∏T

t=1

√

ǫt(1 − ǫt)

Proof. First,

N
∑

i

wT+1,i =

N
∑

i

wT,iβ
1−|ht(xi)−yi|
t

≤

N
∑

i

wT,i(1 − (1 − βt)(1 − |ht(xi) − yi|)) by Lemma 3.42

= (

N
∑

i

wT,i) − (1 − βt)(

N
∑

i

(wT,i − wT,i|ht(xi) − yi|))

= (

N
∑

i

wT,i) − (1 − βt)(

N
∑

i

wT,i)(

N
∑

i

(
wT,i

∑N
i wT,i

−
wT,i

∑N
i wT,i

|ht(xi) − yi|)

= (

N
∑

i

wT,i) − (1 − βt)(

N
∑

i

wT,i)(1 − ǫt)
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Where the last equality holds because ǫt =
∑N

i=1 w
t
i |ht(xi)−yi| with the weights already

normalized. This yields

N
∑

i

wT+1,i ≤ (

N
∑

i

wT,i)(1 − (1 − βt)(1 − ǫt))

Iterating this process,

N
∑

i

wT+1,i ≤
T
∏

t=1

(1 − (1 − ǫt)(1 − βt)) (3.44)

On the other hand, for each instance, i,

wT+1,i = wT,i β
1−|hT (xi)−yi|
T

= wT−1,i β
1−|hT−1(xi)−yi|
T−1 β

1−|hT (xi)−yi|
T

=
...

= w1,i

T
∏

t=1

β
1−|ht(xi)−yi|
t

Thus,

wT+1,i = D(i)
T
∏

t=1

β
1−|ht(xi)−yi|
t (3.45)

Recall that S is the set of indices where the strong classifier makes an error. Thus the

following holds

N
∑

i=1

wT+1,i ≥
∑

i∈S

wT+1,i

=
∑

i∈S

D(i)

T
∏

t=1

β
1−|ht(xi)−yi|
t by (3.45)

≥ (
∑

i∈S

D(i)) (

T
∏

t=1

βt)
1

2 by (3.43)

= ǫ (
T
∏

t=1

βt)
1

2
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Now bounding ǫ,

ǫ ≤

∑N
i=1 wT+1,i
∏T

t=1(βt)
1

2

≤

∏T
t=1(1 − (1 − ǫt)(1 − βt))

∏T
t=1(βt)

1

2

So,

ǫ ≤
T
∏

t=1

(1 − (1 − ǫt)(1 − βt))

(βt)
1

2

(3.46)

Further, βt = ǫt

1−ǫt
, so

ǫ ≤
T
∏

t=1

(1 − (1 − ǫt)(1 − ǫt

1−ǫt
))

( ǫt

1−ǫt
)

1

2

=
T
∏

t=1

1 − 1 + ǫt + ǫt

1−ǫt
−

ǫ2t
1−ǫt

( ǫt

1−ǫt
)

1

2

=
T
∏

t=1

(1 − ǫt)
1

2 (ǫ
1

2

t +
ǫ

1

2

t

1 − ǫt
−

ǫ
3

2

t

1 − ǫt
)

=

T
∏

t=1

√

ǫt (1 − ǫt)
1 − ǫt + 1 − ǫt

1 − ǫt

=

T
∏

t=1

2
√

ǫt (1 − ǫt)

= 2T
T
∏

t=1

√

ǫt (1 − ǫt)

In fact, from (3.46) one can see where the choice of βt comes from. Looking for the

sharpest bound possible, the right hand side of (3.46) is minimized with respect to βt.

This yields the aforementioned choice, βt = ǫt

1−ǫt
.

In addition to giving a bound on the error, this theorem says more. It says that the

final error depends on the error of each of the weak hypotheses. This is in contrast to

previous bounds on errors of boosting algorithms, which only depended on the error of

the weakest hypothesis. Considering the many distributions that a weak learner can be

based upon, this is a very relevant advantage to the practical applications of boosting.
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Application of this Method

AdaBoost can be used with any of the feature extraction methods used above. It

is particularly useful with the Haar-like features, since it will choose the features that

perform the best. It is also possible to fix either the number of features used, or the

desired error rate. This, as well as the non-parametric nature of AdaBoost, make this

a very suitable classifier for most data sets.

Even more useful is the ability to weigh examples in the data set. Since it is much

more important to detect all the nodule examples, and less important to prevent false

detections, the weighting should be larger for nodules and less for non-nodules. i.e.

D(i) > D(j)

for i corresponding to nodule subwindows and j corresponding to non-nodule subwin-

dows.

The weak learner can be any classifier that performs with better than 50% accuracy.

Due to this flexibility, decision stumps are a very popular approach and the one used

in this thesis. While the performance of each decision stump is marginal, they can be

trained to have an error rate that is under 50%. Further, they are extremely fast to

evaluate, which makes these weak classifiers very attractive. Let

~f = (f1, f2, ..., fK)T

Then a decision stump g consists of an index k, a threshold θ, and a polarity p and

takes the following form.

g(~f) =







1 if p fk ≥ p θ

0 else

where the result of 1 corresponds to deciding the subwindow is a non-nodule and 0

corresponds to deciding the subwindow is a nodule. A decision stump can be viewed as

a classification tree with one parent and two child nodes.
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Use in the Attentional Cascade

As mentioned earlier, Viola and Jones used a series of AdaBoost classifiers in their at-

tentional cascade [19], and suggest a method to use a very small number of features while

maintaining a detection rate of close to 100%. They reported that a two-dimensional

Haar-like feature AdaBoost classifier was trained to use only two features and still detect

100% of the faces with a false positive rate of 40%.

The AdaBoost classifier does not do this on its own. Instead, after the two-feature

classifier was trained, the threshold in equation (3.41) is lowered to yield a 100% detec-

tion rate. This threshold,

θ = −
1

2

T
∑

t=1

log βt

can be modified to be the smallest feature value so that the detection rate is 100%.
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Chapter 4

Analysis on Sample Data Set

4.1 Data

Acquiring expert annotated data is a very important step to developing a CAD

system. It is imperative that the training set captures the complete distribution of

both nodule and non-nodule subwindows. Since the dimension of the subwindow is

12 · 12 · 6 = 864, the training set should have an extremely large number of samples.

Given a thoracic CT scan, it is easy to generate an extremely large number of non-

nodule subwindows. However, generating unique nodule subwindows is a much more

difficult task since there are usually only at most a handful of nodules for each CT scan.

This is a problem that cannot be overcome easily, as there are few public databases of

thoracic CT scans available.

The database used in this work is the result of a collaboration between the Inter-

national Early Lung Cancer Action Program (I-ELCAP) and the Vision and Image

Analysis Group (VIA). Their Public Lung Image Database [29] consists of 50 low-dose

documented whole-lung CT scans. These images have an approximate 1.25 mm slice

thickness with resolution of about .75 mm × .75 mm on each slice. Nodules in the

images have been detected and recorded by radiologists. The database can be accessed

at http://www.via.cornell.edu/databases/lungdb.html.

For the ease of experimentation, only nodules fitting inside a 12× 12× 6 subwindow

will be considered. As mentioned earlier, it is necessary to resize the subwindow and
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then modify the classifier accordingly, in order to detect smaller and larger nodules.

However, using a fixed size will still allow for a good estimate of performance, since the

rates should be similar across different sized subwindows. The goal of this section is

to report on the accuracy of the methods described in the earlier section, regardless of

runtime. Hence tools to speed up algorithms, such as the integral image and attentional

cascade, will not be implemented in these experiments.

The sample data set just described is used in this section to compare the results

from each pair of feature extraction techniques and classification methods. For initial

comparisons, the confusion matrix will be given for each pair. As mentioned above, the

confusion matrix yields the detection rate, false positive rate, and false negative rate.

When cross-validation needs to be used to learn parameters, the complete training

set is randomly divided up into 5, approximately equally sized, sets. As explained

above, a classifier will be trained on every combination of 4 subsets, leaving the 5th for

validation in the form of a confusion matrix. The confusion matrices are then summed

into one confusion matrix.

In each case where it is necessary, cross-validation is again used to estimate an opti-

mal value of the parameter. The parameters are chosen as to minimize the loss function,

which is the sum of number of false positives with a weighted sum of the number of

false negatives. The training set consists of nodule and non-nodule subwindows with a

ratio of approximately 3.5 non-nodule subwindows for every nodule subwindow. For the

initial experimentation, a weight of 7 is used for every false negative. Since a weighting

of 3.5 would penalize both types of errors the same, 7 penalizes false negatives twice as

much as false positives. Since the original data set was split up into training and testing

sets, the parameters must be learned on only the training set. Thus the training set is

split up again, to yield a nested training and testing set for cross-validation to learn the

parameters. A diagram illustrating the overall idea is shown in figure 4.1.
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Figure 4.1: Illustration of how each iteration of cross-validation is partitioned.

4.2 The Classifiers and Implementations Used

There were approximately five classifiers described above: likelihood methods, Prob-

abilistic D-Clustering, SVM, classification trees, and AdaBoost. Unfortunately, the sta-

tistical distributions of the two classes, nodules and non-nodules, in each feature space

are unknown. This prevents the use of Probabilistic D-Clustering for this problem.

While likelihood methods also require knowledge of the distribution, a multivariate

normal distribution assumption leads to some respectable results. However, it will

be clear that likelihood methods are outperformed by other non-parametric classifiers.

Likelihood methods and Probabilistic D-Clustering algorithms could be revisited at a

later time, when more knowledge of the statistical distributions are known.

There are many implementations of SVM and classification trees available. Since

MATLAB was used for all experiments, the MATLAB implementations of SVM and

classification trees were used. Documentation of these algorithms can be found on the

MathWorks website.

The implementation of AdaBoost used was the RealAdaBoost function created by

Alexander Vezhnevets [30]. The weak learners are classification trees, but in this work

they are chosen to be decision stumps which are explained above.
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Figure 4.2: A plot of the singular values from the set of all nodule subwindows. The

x-axis gives the index of the singular value.

4.3 SVD Feature Results

The singular value decomposition on the nodule subwindows gives a complete basis

for all of the 12×12×6 subwindows. The basis elements are ordered by the importance

relative to the nodule subwindows. So before beginning, an important question to

answer is how many singular vectors should be used. As explained above, the singular

values give an idea of the importance of each singular vector. Thus, looking at these

values should help give a rough idea how many singular vectors should be used. The

plot of the singular values for the complete training set is shown in figures 4.2 and 4.3.

From figure 4.3, it looks like only the first 6 singular values are somewhat useful in

describing nodules, while the others explain noise.

While this observation gives some insight into the importance of each singular vector,

it is not necessary to base the classifiers on it. Rather, the number of singular vectors

used can be viewed as a tuning parameter to be learned by cross-validation. The number

of singular values is a tuning parameter for every classifier. In addition, the classifier
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Figure 4.3: A plot of the first 25 singular values as shown in figure 4.2

based on likelihood requires a threshold to be learned.

4.3.1 Likelihood

As mentioned earlier, the inner product between the singular vectors and non-nodule

subwindows are expected to be very small since these windows will not look much like

nodule subwindows. Thus this classification method makes the assumption that the non-

nodule subwindows are distributed according to a multivariate normal distribution. A

classifier is thus found by learning a threshold on the likelihood that each sample fits

the distribution.

Let the mean and covariance of this multivariate distribution be denoted by ~µ and

Σ, respectively. Then the likelihood of a P -dimensional sample, ~x, is

P (~x) =
1

(2π)P/2det(Σ)1/2
exp

(

−
1

2
(~x− ~µ)T Σ−1(~x− ~µ)

)

With threshold c on the likelihood, the classifier, which outputs 1 when deciding a
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nodule and 0 otherwise, is thus

C(~x) =







1 if P (~x) < c

0 else

But P (~x) < c implies the following.

1

(2π)P/2det(Σ)1/2
exp

(

−
1

2
(~x− ~µ)T Σ−1(~x− ~µ)

)

< c

exp

(

−
1

2
(~x− ~µ)T Σ−1(~x− ~µ)

)

< c1

−
1

2
(~x− ~µ)T Σ−1(~x− ~µ) < c2

(~x− ~µ)T Σ−1(~x− ~µ) > c3

Since c is still arbitrary, this simplifies the classifier to

C(~x) =







1 if (~x− ~µ)T Σ−1(~x− ~µ) > c

0 else

the parameter c is learned by cross-validation as mentioned at the beginning of this

chapter.

The confusion matrix for this approach on the data set is as follows.

SVD/Likelihood

Classified as Nodule Classified as Non-nodule

Nodules 162 8

Non-nodules 161 355

which corresponds to a 95.3% detection rate but a 31.2% false positive rate. The

method selected around 5 singular vectors, which is consistent with the above discus-

sion on singular vectors. The false positive rate is very large, which may suggest that

the multivariate normality assumption incorrect.

For multivariate normal distributed data {~xi}, the statistic

Di = (~xi − ~µ)T Σ−1(~xi − ~µ)
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Figure 4.4: The Q-Q plot of Di vs. the χ2
P quantiles. A linear Q-Q plot implies the

data are multivariate normal distributed and vice versa. However, this plot is definitely

not linear.

should be χ2
P distributed, where P is the degrees of freedom which is equal to the

dimension of the data [31]. That is, the Q-Q plot of Di against the corresponding χ2
P

quantiles should be roughly linear. Figure 4.4 shows this plot. It looks like the Q-Q

plot is not linear and thus data are not normally distributed. This means the likelihood

classifier above has problems, which explains the large false positive rate.

4.3.2 SVM

Linear SVM was applied to the data set with cross-validation to learn the number

of singular vectors. The confusion matrix is below.
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SVD/SVM (Linear)

Classified as Nodule Classified as Non-nodule

Nodules 141 29

Non-nodules 19 497

That is, an 82.9% detection rate and only a 3.7% false positive rate.

Using kernel SVM is a good idea since a linear hyperplane is not necessarily a good

assumption. A polynomial kernel would allow for a more flexible classifier. The order p

polynomial kernel is defined as [2]

k(~x, ~y) = (~x · ~y + 1)p

The results from a polynomial kernel SVM are as follows, with p = 3.

SVD/SVM (Polynomial Kernel)

Classified as Nodule Classified as Non-nodule

Nodules 165 5

Non-nodules 25 491

This is a 97.1% detection rate and a 4.8% false positive rate.

Finally, the Gaussian kernel is one of the most popular choices. It is a radial basis

function (RBF) that is based on the distance to the centers, which, in the SVM case,

are the support vectors. It is defined as follows.

k(~x, ~y) = exp

(

−
||~x− ~y||2

2σ2

)

Using a value of σ2 = 1 produces the following results on the data set.

SVD/SVM (RBF Kernel)

Classified as Nodule Classified as Non-nodule

Nodules 162 8

Non-nodules 18 498

This corresponds to a 95.3% detection rate and only a 3.5% false positive rate.
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4.3.3 Classification Tree

The classification trees were trained using the MATLAB “treefit” function. The

results are as follows.

SVD/Classification Tree

Classified as Nodule Classified as Non-nodule

Nodules 158 12

Non-nodules 29 487

This is a 92.9% detection rate and only a 5.6% false positive rate.

4.3.4 AdaBoost

AdaBoost was used on the data set with cross-validation again used to learn the

number of singular vectors. The number of weak classifiers used was arbitrarily limited

at 500. The confusion matrix is below.

SVD/AdaBoost

Classified as Nodule Classified as Non-nodule

Nodules 163 7

Non-nodules 14 502

These results correspond to a 95.9% detection rate and only a 2.7% false positive rate.

4.3.5 Summary of SVD Methods

Below is a summary of the SVD methods, ordered by appearance.
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SVD Methods

Classifier Detection False Positive Average Number

Rate (%) Rate (%) of Vectors Used

Likelihood 95.3 31.2 5

SVM (Linear Kernel) 82.9 3.7 17

SVM (Polynomial Kernel) 97.1 4.8 8

SVM (R.B.F. Kernel) 95.3 3.5 5

Classification Tree 92.9 5.6 6

AdaBoost 95.9 2.7 14

4.4 Modified SVD Feature Results

As explained above, the modified SVD chooses feature vectors to separate the two

classes by decomposing the matrix, H, into left singular vectors, singular values, and

right singular vectors. In this experiment, H is defined as follows.

H = λ(~xµ1
− ~xµ2

)(~xµ1
− ~xµ2

)T − ξS2
X1

− (51)S2
X2

(4.1)

where λ and ξ are tuning parameters chosen from the set {1, 26, 51, 76, 101}, which

weight the importance of the various terms.

Like the SVD, the set of vectors given by the modified SVD on the data set gives a

complete basis for all of the 12 × 12 × 6 subwindows. This time, the basis elements are

ordered by the importance relative to the separation of the nodule subwindows group

and the non-nodule subwindows group. Again, the number of singular values used is

a tuning parameter. The plot of the singular values for the complete training set for

λ, ξ = 51 is shown in figures 4.5 and 4.6. This shows that, again, only about the first

six singular vectors are very important.

4.4.1 Likelihood

Before training a classifier based on likelihood with normality assumptions, consider

again the Q-Q plot in figure 4.7. This is the analog of figure 4.4, on the modified SVD
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Figure 4.5: A plot of the singular values of the decomposition of H. The x-axis gives

the index of the singular value.
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Figure 4.6: A plot of the first 30 singular values as shown in figure 4.5
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Figure 4.7: The Q-Q plot for the non-nodule

class based on multivariate normality. The

curve does not look linear, indicating nor-

mality was a bad assumption.

0 20 40 60 80 100 120
0

2

4

6

8

10

12

Figure 4.8: The Q-Q plot for the nodule

class based on multivariate normality. Since

the curve look roughly linear, a likelihood

classifier may yield good results.

features. Again, this plot is for samples in the non-nodules class. Again, this does not

look very linear, which probably means the classifier will not be optimal. Indeed, this

intuition is reflected in the confusion matrix below.

Modified SVD/Likelihood on Non-nodules

Classified as Nodule Classified as Non-nodule

Nodules 162 8

Non-nodules 89 427

This is a 95.3% detection rate and a 17.2% false positive rate, which is quite poor.

Now consider the Q-Q plot for the nodules class in figure 4.8. This plot looks roughly

linear, which could mean that a classifier based on likelihood that a sample is derived

from the nodule distribution will perform well. Unfortunately, an implementation of

this likelihood classifier returned very poor results. This is most likely due to one of

two things. First, the data are probably not normal for most of singular vectors chosen.

Second, the covariance matrices require a large amount of data to train. When using

the nodule class, there are many less subwindows that can be used for training which

results in a singular covariance matrix. This yields big problems when trying to invert

the covariance matrix for use in the likelihood function.
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4.4.2 SVM

An SVM classifier will now be trained on the Modified SVD feature space. The

following confusion matrix gives the results for a linear kernel.

Modified SVD/SVM (Linear)

Classified as Nodule Classified as Non-nodule

Nodules 141 29

Non-nodules 22 494

That is a 94.0% detection rate and only a 4.3% false positive rate. While these re-

sults are satisfactory, a nonlinear kernel will allow for more flexibility. The following

results correspond to nonlinear kernels.

Modified SVD/SVM (Polynomial Kernel)

Classified as Nodule Classified as Non-nodule

Nodules 165 5

Non-nodules 40 476

Thus a polynomial kernel yields a 97.1% detection rate and a 7.8% false positive rate.

Modified SVD/SVM (RBF Kernel)

Classified as Nodule Classified as Non-nodule

Nodules 165 5

Non-nodules 15 501

This corresponds to a 97.1% detection rate and only a 2.9% false positive rate.

4.4.3 Classification Tree

Now a classification tree is trained on this feature space.
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Modified SVD/Classification Tree

Classified as Nodule Classified as Non-nodule

Nodules 159 11

Non-nodules 14 502

This is a 93.5% detection rate and only a 2.7% false positive rate. That is, classifi-

cation trees do a great job eliminating false positives.

4.4.4 AdaBoost

With classification trees working well, an AdaBoost classifier should also yield good

results.

Modified SVD/AdaBoost

Classified as Nodule Classified as Non-nodule

Nodules 163 7

Non-nodules 15 501

These results correspond to a 95.9% detection rate and only a 2.9% false positive rate.

4.4.5 Summary of Modified SVD Methods

Below is a summary of the modified SVD methods, ordered by appearance.
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Modified SVD Methods

Classifier Detection False Positive Average Number

Rate (%) Rate (%) of Vectors Used

Likelihood 95.3 17.2 2

SVM (Linear Kernel) 94.0 4.3 18∗

SVM (Polynomial Kernel) 97.1 7.8 18∗

SVM (R.B.F. Kernel) 97.1 2.9 4

Classification Tree 93.5 2.7 8

AdaBoost 95.9 2.9 13

(Superscript “ * ” denotes a classifier in which the number of vectors used was not a

tuning parameter. In these cases, cross-validation became too time consuming as the

empirical M.S.E. was reduced with each vector added.)

4.5 Tensor Decomposition Results

The tensor decomposition methods are quite similar to the SVD, but a little less

straight forward. First, the Tucker decomposition is used. This was chosen due to

the fact that it is regarded as a higher order SVD, a convenient analog to the two-

dimensional SVD. Furthermore, the Tucker decomposition has proven to be very useful

in image compression [32]. The N-way toolbox for MATLAB, created by Andersson and

Bro [33] was used.

There is one difference when adapting the methods used in the previous sections

to tensor decomposition features. When using tensor decomposition features, there

is no good way to choose the basis functions. With the SVD, the singular values

ordered importance and the number of basis elements used could be trained as a tuning

parameter. As mentioned above, the core matrix of the Tucker decomposition does not

give any insight into the importance of each basis element. This means there is no simple

tuning parameter to be trained with cross-validation, and thus cross-validation is not

needed. This is not necessarily a bad thing, however as described above, the previous
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Figure 4.9: The Q-Q plot for the features extracted from the tensor decomposition of

the non-nodules subwindows. The trend is nonlinear, hence the density most likely not

normal.

tuning parameters were trained according to a certain loss function. This gives some

flexibility to the classifier to cater to the loss function. With no parameters to train

according to a loss function, the results will be optimized according to the internal loss

function of the classifiers (hinge loss for SVM, exponential loss for AdaBoost, etc..). This

same reasoning applies to Fourier modes, where there are also no tuning parameters.

4.5.1 Likelihood

Looking at the Q-Q plot in figure 4.9, it is clear that the class of non-nodule sub-

windows in the feature space is not normal. Thus the likelihood classifier will not be

implemented in this section.

4.5.2 SVM

As mentioned earlier, SVM is a non-parametric approach and might be able to clas-

sify this feature space. The following results are for SVM classifiers.
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Tensor Features/SVM (Linear)

Classified as Nodule Classified as Non-nodule

Nodules 144 26

Non-nodules 59 457

Thus a linear kernel yields an 84.7% detection rate and an 11.4% false positive rate.

Tensor Features/SVM (Polynomial)

Classified as Nodule Classified as Non-nodule

Nodules 81 89

Non-nodules 70 446

These results show that a polynomial kernel is a poor choice. The detection rate is

47.6% with a 13.6% false positive rate.

Tensor Features/SVM (RBF)

Classified as Nodule Classified as Non-nodule

Nodules 4 166

Non-nodules 0 516

Clearly an RBF kernel is no better than a polynomial kernel for this feature space.

For SVM classifiers operating in the tensor decomposition feature space, it is best to

stick with a linear kernel. Since the feature space for tensor decompositions is generally

higher than the SVD and modified SVD, other kernels may perform better with more

training data.

4.5.3 Classification Tree

A classification tree was also trained on this feature space.
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Tensor Features/Tree

Classified as Nodule Classified as Non-nodule

Nodules 151 19

Non-nodules 32 484

This is an 88.9% detection rate and a 6.2% false positive rate.

4.5.4 AdaBoost

With classification trees yielding marginal results, the AdaBoost classifier may show

an improvement. The results using this classifier are below.

Tensor Features/AdaBoost

Classified as Nodule Classified as Non-nodule

Nodules 162 8

Non-nodules 9 507

This is a 95.3% detection rate and a very low 1.7% false positive rate.

4.5.5 Summary of Tensor Decomposition Methods

Below is a summary of the tensor decomposition methods, ordered by appearance.

Fourier Modes Methods

Classifier Detection False Positive

Rate (%) Rate (%)

SVM (Linear Kernel) 84.7 11.4

SVM (Polynomial Kernel) 47.6 13.6

Classification Tree 88.9 6.2

AdaBoost 95.3 1.7
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Figure 4.10: The Q-Q plot for the non-

nodule class based on multivariate normal-

ity. The curve does not look linear, indicat-

ing normality is a bad assumption.
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Figure 4.11: The Q-Q plot for the nodule

class based on multivariate normality. Since

the curve look roughly linear, a likelihood

classifier may yield good results.

4.6 Fourier Modes

4.6.1 Likelihood

First, consider the Q-Q plot for the non-nodules class in figure 4.10 and for the

nodules class in 4.11. The Q-Q plot for the nodule class looks roughly linear. This

means that the normality assumption could be a good assumption, and a likelihood

classifier may yield good results.

First, a look at the confusion matrix for the classifier based on the non-nodules class

reaffirms the discussion above; the results are poor.

Fourier Modes/Likelihood on Non-nodules

Classified as Nodule Classified as Non-nodule

Nodules 163 7

Non-nodules 363 153

This matrix shows a 95.8% detection rate and a 70.3% false positive rate.

Now the confusion matrix for the classifier based on the nodules class.
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Fourier Modes/Likelihood on Nodules

Classified as Nodule Classified as Non-nodule

Nodules 51 119

Non-nodules 24 492

This is a 30% detection rate and a 4.6% false positive rate. Clearly a likelihood classifier

is not a good choice.

4.6.2 SVM

Now an SVM classifier is trained to classify this feature space.

Fourier Modes/SVM (Linear)

Classified as Nodule Classified as Non-nodule

Nodules 147 23

Non-nodules 27 489

That is, an 86.5% detection rate and a 5.2% false positive rate for a linear kernel.

The following results show the performance of a nonlinear SVM classifier.

Fourier Modes/SVM (Polynomial Kernel)

Classified as Nodule Classified as Non-nodule

Nodules 169 1

Non-nodules 49 467

Thus a polynomial kernel yields a 99.4% detection rate and a 9.5% false positive rate.

Fourier Modes/SVM (RBF Kernel)

Classified as Nodule Classified as Non-nodule

Nodules 42 128

Non-nodules 0 516

This corresponds to an unacceptable 32% detection rate with a 0% false positive rate.
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That is, a RBF kernel does not work well on this feature space.

4.6.3 Classification Tree

A classification tree will now be used to classify the feature space. The results are

below.

Fourier Modes/Classification Tree

Classified as Nodule Classified as Non-nodule

Nodules 150 20

Non-nodules 20 496

This is a 88.2% detection rate and only a 3.9% false positive rate.

4.6.4 AdaBoost

Now, the results of an AdaBoost classifier are presented.

Fourier Modes/AdaBoost

Classified as Nodule Classified as Non-nodule

Nodules 170 0

Non-nodules 5 511

Thus AdaBoost yields a perfect detection rate and only a 1% false positive rate.

4.6.5 Summary of Fourier Modes Methods

Below is a summary of the Fourier modes methods, ordered by appearance.
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Fourier Modes Methods

Classifier Detection False Positive

Rate (%) Rate (%)

Likelihood (Non-nodule) 95.8 70.3

Likelihood (Nodule) 30.0 4.6

SVM (Linear Kernel) 86.5 5.2

SVM (Polynomial Kernel) 99.4 9.5

SVM (R.B.F. Kernel) 32.0 0.0

Classification Tree 88.2 3.9

AdaBoost 100.0 1.0

4.7 Haar-Like Feature Results

As described above, only features of size 4× 4× 2 are used. Despite this limitation,

about 9,720 features are present in each subwindow due to the 9 · 9 · 5 = 405 distinct

locations in each subwindow. Since the dimension of the feature space is so large,

only two classification schemes will be used for the Haar-like features, AdaBoost and

classification trees. These classifiers are chosen because they only choose a small subset

of the features. This is in contrast to, for example, SVM, where linear combinations of

all the features are considered.

As one might expect, both the classification tree and AdaBoost end up choosing the

same feature first. This feature can be visualized in figure 4.12. On the right side, red

and blue indicate subtracting and adding the voxels intensity from the feature value,

respectively. The feature type is all blue except for one red corner. It is difficult to see,

but the red area is close to the very center of the subwindow, thus almost directly over

where a nodule would be. Perhaps one would expect that the top and bottom corner

should be red, instead of only the top. Such a feature would probably be chosen with a

larger, more complete training set.
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Figure 4.12: The first feature chosen by both AdaBoost and the classification tree. On

the left is a top view of the subwindow to see where the feature is placed. On the right,

the feature is overlayed onto a spherical yellow blob in the center of the subwindow.

Here, the blue indicates the voxel’s intensity will be added into the feature value and

red indicates the voxel’s intensity will be subtracted. (Since this is hard to see, figure

4.13 below may give a more clear picture of the yellow nodule.)

4.7.1 Classification Tree

While the parent node of the tree can be seen in figure 4.12, the first two children

can be seen in figures 4.13 and 4.14. It is important to note that nodules are different

sizes and not always perfectly centered in subwindows. Thus, for example, even though

it does not look like the feature in figure 4.13 touches the nodule, it will overlap with

many of the actual nodules.
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Figure 4.13: The left child node directly under the node based on the feature in figure

4.12.

Figure 4.14: The right child node directly under the node based on the feature in figure

4.12.
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Figure 4.15: The second feature chosen by AdaBoost, where the first feature is shown

in figure 4.12. Note that the image on the right has been rotated upside down for better

visualization.

Haar-Like Features/Classification Tree

Classified as Nodule Classified as Non-nodule

Nodules 153 17

Non-nodules 17 499

This is a 90.0% detection rate and a 3.3% false positive rate.

4.7.2 AdaBoost

The second feature chosen by AdaBoost can be seen if figure 4.15. Intuitively, the

red area is in the center of the subwindow.

Haar-Like Features/AdaBoost

Classified as Nodule Classified as Non-nodule

Nodules 164 6

Non-nodules 12 504
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This is a 96.5% detection rate and a 2.3% false positive rate.

4.7.3 Summary of Haar-Like Feature Methods

Below is a summary of the Haar-like features methods, ordered by appearance.

Haar-Like Feature Methods

Classifier Detection False Positive

Rate (%) Rate (%)

Classification Trees 90.0 3.3

AdaBoost 96.5 2.3

4.8 Summary of the Best Performing Methods

A summary of the best performing methods will be organized by false positive rate

for detection rates above 90% and false positive rates below 5%. This summary is given

in table 4.1

The first thing that one might notice from this table is that the AdaBoost classifier

almost always outperforms the other classifiers that were considered. This speaks to

the flexibility of the AdaBoost classifier to partition the feature space properly. Classi-

fication trees partition the feature space in a similar way, but are more susceptible to

overfitting, which explains this classifiers role in table 4.1. The SVM classifier performs

satisfactorily in some instances. However, in the necessary step of choosing the kernel,

much of the flexibility of the classifier is lost as the kernel determines how the feature

space is partitioned.

Another immediate observation is the existence of each of the following feature

extractions outlined in this paper in table 4.1. This supports the claim that these

feature spaces are roughly separable, and shows that there is large amount of potential

for these feature extraction methods to be utilized in this problem.

Finally, as expected, the parametric methods discussed in this paper do not appear

in this summary of best performing methods. These feature spaces are too complicated
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Best Performing Methods by False Positive Rate

Feature/Classifier Detection False Positive

Rate (%) Rate (%)

Fourier Modes / AdaBoost 100.0 1.0

Tensor Features / AdaBoost 95.3 1.7

Haar-Like Features / AdaBoost 96.5 2.3

SVD / AdaBoost 95.9 2.7

Modified SVD / Classification Trees 93.5 2.7

Modified SVD / SVM (R.B.F. Kernel) 97.1 2.9

Modified SVD / AdaBoost 95.9 2.9

Haar-Like Features / Classification Trees 90.0 3.3

SVD / SVM (R.B.F. Kernel) 95.3 3.5

Modified SVD / SVM (Linear Kernel) 94.0 4.3

SVD / SVM (Polynomial Kernel) 97.1 4.8

Table 4.1: Summary of results

to explain with a statistical distribution without an in depth statistical analysis.
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Chapter 5

Discussion

5.1 A Summary of the System

This work concentrates on a method for computer aided detection (CAD) of lung

nodules. Detecting nodules is a very time consuming task for physicians. Such a CAD

system has great potential as an aid for physicians or a second reader.

Previous CAD systems have been developed for this task, but there is much room

for improvement. Most previous systems rely on segmentation of all structures in the

lung, extracting features from these structures, and feeding to a classifier. However,

problems with the segmentation algorithm, failure to explain the entire structure with

the ad-hoc extracted features, and other issues result in undesirable detection rates.

This thesis attempts to eliminate the above problems.

The CAD algorithm in this thesis avoids the segmentation step by sweeping a three-

dimensional subwindow throughout the entire image. At each location, the subwindow

is directly classified as either containing a nodule or not containing a nodule. There is

no segmentation step necessary.

To extract features from subwindows, rather than hand pick features to extract

in an ad-hoc manner, this thesis describes several methods for learning a basis on the

subwindow in such a way that the subwindows for nodules and non-nodules are separated

in the feature space. By doing so, no information is lost in feature extraction, as it may

be when hand picking features from structures. Several methods for doing this feature
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extraction were experimented with in this work, including the SVD, a modification of

the SVD, tensor decompositions, Haar-like features, and Fourier modes.

5.2 Interpretation of the Results

The experimental results show several interesting things. They show that the con-

sidered feature spaces do a good job of separating the two classes of subwindows. Also,

it is clear that parametric classifiers will not work without a better understanding of

the complicated distributions in feature space. Finally, the results show that the sub-

window approach has potential to yield great performance on the problem of detection

lung nodules.

5.2.1 Success in Feature Extraction

This thesis experimented with the following methods to extract features: the SVD, a

modification of the SVD, tensor decompositions, Haar-like features, and Fourier modes.

These feature spaces were all able to be roughly separated by classifiers into the two

classes, nodules and non-nodules, well enough to obtain desirable detection and false

positive rates.

The comparable results over all of these feature spaces reflect their ability to preserve

most of the information included in the original subwindows. This shows that, while

there is room for improvement in some of the feature extractions, it may be the classifier

that is the limiting factor. A better understanding of these feature spaces may lead to

better classifier and thus better results.

5.2.2 Poor Performance with Parametric Methods

Two parametric classifiers were studied in this thesis, an ordinary likelihood classifier

and Probabilistic D-Clustering. Likelihood classifiers use likelihood to choose which

class an observation belongs to and Probabilistic D-Clustering uses distance to the class

centers to choose a class label.
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The clustering algorithm relies on a distance function which determines the distri-

bution of the data. Since this choice is somewhat arbitrary, the assumed distribution

and actual distribution are very different. This problem caused the method to fail to

converge to the class centers, making it useless as a classifier.

The likelihood method is simple; the likelihood that an observation is in each class is

computed and the class with the highest likelihood is chosen as the conclusion. However,

to compute likelihood, the statistical distribution must be known. In the case of this

lung nodule detection problem, the distribution is not known. Many times, a normal

approximation works well. However, such approximations used in this thesis produce

undesirable results. It is clear that parametric methods will not be useful until there is

a better understanding of each of the feature spaces.

5.2.3 Potential of Subwindow Approach

Paired with a suitable classifier, each feature extraction method succeeded in ob-

taining above a 95% detection rate with under a 3% false positive rate. This is in

comparison to detection rates of under 85% for previous methods mentioned in this

thesis. (The false positive rate is not immediately comparable.) Clearly this approach

has great potential in automated lung nodule detection.

5.3 Future Directions

The methods discussed in this thesis produce good results. However, there is much

room for improvement. This leads to the following areas of future research.

5.3.1 Statistical Analysis

When a statistical distribution is known, the best classifier will always be parametric.

However, the distribution of each class in each of these feature spaces is not known. For

this reason, the non-parametric classifiers outperform the parametric classifiers in the

experimental results. However, there is potential to improve the accuracy of detection by
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better understanding the statistical distributions of the classes, and use this information

to construct a parametric classifier.

5.3.2 Training Data

As mentioned earlier, training data is very important. The database used in this

paper only contained 50 CT images from 50 different subjects. Each subject has a

number of nodules ranging from about one to thirty.

This database gives a good amount of data, but not nearly enough considering

how many pixels are in one subwindow, 864. While a sufficient number of non-nodule

subwindows can be extracted from this database for training, there are only about 80

nodule subwindows that can be used. This is simply not enough data to understand

the class of nodule subwindows. More data would also allow for a better understanding

of the statistical distributions as discussed above.

5.3.3 Improving the Haar-Like Feature Approach

Using only Haar-like features of size 4 × 4 × 2, an AdaBoost classifier was able

to detect 96.5% of the nodule subwindows with only a 2.3% false positive rate. This

was one of the best methods used in this paper in terms of the results. However, the

implementation used was very limited in both feature size and feature type.

By implementing every combination of size, orientation, and type, the feature and

classifier pair of Haar-like features and AdaBoost could outperform the other methods.

The experiment above only chooses features from a pool of about 9, 720 distinct features.

This is a large number of features, but only a small percentage of the features of all

different sizes, orientations, and types. Including all of these Haar-like features yields

the possibility of improving results while not increasing the runtime of the detection

process.
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5.3.4 Tuning Parameters and Classifiers

The goal of this research was to investigate the subwindow approach to lung nodule

detection. However, there is room to improve each of the implementations in this

paper. Tuning parameters, such as number of singular vectors to use, rank of tensor

decomposition, and weights on the terms in the modification of the SVD, could be better

learned by a cross-validation with a finer mesh than the one used in this research.

There is some additional work that can be done in choosing the classifiers. AdaBoost

and classification trees require the user to specify the level of complexity. This too could

be achieved with a cross-validation scheme. Also, there are many kernels that can be

used with an SVM classifier, not just linear, polynomial, and radial basis functions.

An in depth comparison of kernels could yield a much better classifier in many of the

feature spaces discussed above.

5.3.5 Nodules on Walls

As mentioned previously, the methods discussed above only apply to isolated and

juxta-vascular nodules. Juxta-pleural nodules are not considered. For a complete lung

nodule detection system, a system would have to be developed to handle this class of

nodules.

5.3.6 Complete System

Finally, it is difficult to completely understand the benefits and shortfalls of this

system at this time. For such a study, a complete lung nodule detection system would

have to be developed. This is because subwindows overlap, and neighboring subwindows

contain information about each other.

For example, suppose you have a chain of subwindows identified as nodules running

from the top slice of the lung to the bottom slice of the lung. This chain of subwindows

is most likely a blood vessel that has continually been identified as a nodule in each

of the subwindows. However, using the proximity of the subwindows in this chain, a

conclusion could be made that they are, in fact, identifying parts of a blood vessel.
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On the other hand, suppose you have a group of six subwindows identified as nodules

which are clustered in a small area. This group most likely corresponds to a nodule that

the overlapping subwindows all classified correctly. Thus more confidence should be put

on these classifications, while a single isolated subwindow identified as a nodule without

any neighboring subwindows identified as nodules gives evidence that there is not really

a nodule present.

Such a system would increase the detection rates produced by the above experiments

and decrease the false positive rates. It would also produce false positive rates on a per

case basis, allowing a fair comparison between this method and many other methods in

the literature.
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