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Abstract

In statistical process control (SPC) problems, in-control values of parameters are
required by traditional approaches. However this requirement is not realistic. New
methods based on the change point model have been developed to avoid this require-
ment. The existing change-point methods are restricted to independent identically
distributed observations, ignoring the numerous settings in which process readings are
serially correlated. Furthermore, these frequentist methods are unable to make use of
prior imperfect information on the parameters. In my research, I propose a Bayesian
approach to the online SPC based on the change point model in an ARMA process.
This approach accommodates serially correlated data, and also provides a coherent way

of incorporating prior information on parameters.
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Chapter 1

Introduction

1.1 Introduction of SPC Problem

Statistical process control (SPC) is an important statistical method widely used nowa-
days in various fields. Its traditional application is in mass-manufacturing, where ab-
normal performance in product process can be detected or predicted automatically, and
thus waste and other undesired results can be avoided. Therefore, SPC is not only
about statistics, but also about competitiveness Oakland (2008). Other successful ap-
plications are also in areas as diverse as animal sciences, biomedical areas, finance, and

environmental monitoring.

SPC problems are usually statistically modeled as follows. A process being moni-
tored is described by random variables X7, Xo,... that are generated from a distrib-
ution f(z|@ = 0,), where 6, represents the values of parameters § when system works
normally. This f, is called the in-control value of . From time spot 7 > 0, there
might be change in @ from 6, to some other value §; # 6, and the system is called
out-of-control after time 7 as long as # does not come back to normal value §,,. At each
time n = 1,2, ..., a decision should be made on whether to give an out-of-control alarm,
based on the realization of X7, Xo,...X,,. If a process is declared out of control, further

investigation should be implemented to revise the system back to normal.

The classical tool of SPC is the control chart, such as Shewhart, cumulative sum
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(CUSUM), and exponentially weighted moving average (EWMA). They work in the
following way. At first, people carefully analyze phase I data, a historical data set with
fixed size, to extract adequate information of the parameters. Any possible change of
parameters should be investigated so that the reasons of change are fully understood.
Then the information gathered in phase I data is used to monitor the phase II data, an
endless data stream in which new observations come, and a decision of whether or not
to give an out-of-control alarm should be made after each observation. Each of these
control charts has two control limits, an upper control limits (UCL) and a lower control
limits (LCL) that depends on the values of parameters §. In most cases, true values
of @ are unknown, and a widely employed ”plug-in” method is usually applied here. It
uses estimates of parameters from phase I data as if they were the true values in the

control of phase II data.

Since the initial work on these control charts of independent normal data, various exten-
sions and improvements have been made so that more realistic and complicated models
can be considered. These extensive works mainly concentrate on two aspects. Firstly,
the stochastic structure should not be restricted to an independent joint distribution of
the sample, because increasingly autocorrelated data appear nowadays in industry and
if correlation among the data exists, some important indices will change when using
those traditional methods. For example, Harris and Ross (1991) discussed the impact
of autocorrelation on CUSUM and EWMA charts and demonstrated that the average
run lengths (number of observations before the first alarm) of these charts are sensitive

to the existence of autocorrelation.

Many methods have been developed to deal with autocorrelation. Alwan and Roberts
(1988) proposed a residual chart method, in which a parametric model is established and
residuals are estimated and analyzed by traditional control charts. Montgomery and
Mastrangelo (1991) proposed the EWMA as a solution for monitoring an autocorrelated
process. Vander Wiel (1996) studied the performance of the three traditional charts in
an ARIMA model, and showed that the CUSUM has the best behavior. Zhang (1998)
developed a residual chart method in which no modeling effort is required. Other liter-

ature about SPC in correlated process includes Koehler, Marks and O’Connell (2001) ,
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Shu, Apley and Tsung (2002), Knoth and Schmid (2002), Castagliola and Tsung (2005)
and Perry, Mercado and Pignatiello (2011).

The second aspect on which quality control papers focus is the pre-knowledge of in-
control values of parameters. Traditional control charts usually require the true value
or an accurate estimate of fp. However, in many scenarios this is unrealistic. Exact
in-control values of the process, even good estimates, may not be available at all. Un-
der some circumstances, for example, when phase I data are inadequate, or there is
even no phase I data, the information about parameters is absent or vague. About
this issue, some studies have been done with respect to the behavior of control lim-
its using estimated parameter values, such as Jones, Champ, and Rigdon (2001) and
Jones (2002). Some others proposed monitoring methods based on change point models.
Hawkins, Qiu, and Kang (2003) used the two sample t-test to detect a change point
in i.i.d normal process and developed an adaptive control limit sequence. Hawkins
and Zamba (2005) applied the likelihood ratio test to detect change of both variance
and mean in ii.d (independent and identically distributed) normal data. Zamba and
Hawkins (2006) studied quality control in multivariate normal sequence. Tsiamyrtzis
and Hawkins (2008) developed a Bayesian quality control scheme for short-run AR(1)
time series which allows multiple change points, and Zhou, Zou, Zhang and Wang (2009)
proposed a nonparametric chart by employing an EWMA control chart based on the
Mann-Whitney statistic.

1.2 Change Point Model

The change point model is one of the most important relevant tools in quality control
without detailed knowledge of the in-control status. The simplest change point model
assumes that we have independent observations X1, Xo, ..., X;,, where X; ~ f(z]0 = 6,)
fori < 7,and X; ~ f(z|@ = 0,) for i > 7. That is, a change of the parameter § happens
at time 7. Some further extensions might be made such that there are multiple change
points, autocorrelated in-control distribution, Markov change point structure, multiple

changing parameters, etc.
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Change point analysis may be traced back to Hinkley(1971), who did critical work
about the frequentist approach to detection of a change point in i.i.d normal sample. A
nonparametric approach is applied in Pettitt(1979). Andrews(1993) introduced Wald,
Lagrange multiplier and likelihood ratio tests. Lombard and Hart(1994) and Vogel-

sang(1998) both considered general time series with dependent errors.

The Bayesian approach is also widely discussed by numerous papers. Compared to
frequentist approaches, Bayesian method stands out in its capability of utilizing pre-
vious knowledge about all parameters in inference and prediction, especially when the
data set is small. The earliest Bayesian change point model can date back to Cher-
noff and Zacks(1964), in which an i.i.d normal sequence with a Bernoulli change point
is considered, and Gardner(1969) carefully discussed behavior of the change point in
the same case. Smith(1975) concentrated on change point detection in both Binomial
and Normal samples, and Booth and Smith(1982) further extended the work to some
simple cases in time series modeling and discussed Bayesian hypothesis tests. West
and Harrison(1986) embedded change point analysis in a dynamic Bayesian forecasting
framework. Naylor and Woodward(1993) examined Bayesian significance test based on
this model in actual data. McCulloch and Tsay(1993) extended Chernoff and Zacks to
the autoregressive model, and their work further generalized to ARFIMA by Ray and
Tsay(2001). Albert and Chib(1993) talked about a slightly different scenario in which a
change of model structure is described as a Markov chain on a state space. Chib(1998)
combined the state space change point model with Chernoff and Zacks’ early paper
to consider the situation with change point probability related to current state. Lai
and Xing(2011) studied multiple change points in exponential family. Other interesting
Bayesian change point models are described in Raftery and AkmanSource(1986), Wang
and Zivot(2000), and Son and Kim(2005).

From the literature review, most previous work focused on the shift of mean, not only
because it is of greatest interest, but also because it is the easiest case to start with. A
few other papers study the changes of variance, such as Inclan and Tiao(1994), Giordani
and Kohn(2006) and Davis, Lee and Rodriguez-Yam(2006). For general change, Dobi-
geon, Tourneret and Davy(2007) discussed the segmentation problem in AR(p) model,



which includes change of the whole autoregression structure.

1.3 Quality Control Based on Change Point Model

Bringing results from the change point model back to quality control scenario is straight-
forward, but the differences between change point detection in phase I and phase II data
generate some further problems. In the framework of the change point model, the data
set is often considered to have fixed size, but in phase II quality control, the data size

increases endlessly. Therefore a couple of questions arise.

The first question is: should we model the process with single or multiple change points?
Indeed, multiple change points fit reality better than single change point, but create an
almost unsolvable puzzle since the first change point work in Chernoff and Zacks (1964).
They first gave a general solution for multiple change points, but then turned to a sim-
ple case of AMOC (at most one change point) because of the resulting computational
nightmare: the likelihood function will contain 2" many terms if at each time there is
positive probability for the change point to appear. Therefore usually methods dealing
with exact estimation under multiple change point assumption only work for short-run
processes, like the work in Tsiamyrtzis (2005). About this issue, Barry and Harti-
gan(1992) somewhat solved this problem. Their partition model has some excellent
properties so that exact estimate of nearest change points and current parameter values
can be completed with time consumption in order O(n?), while approximated estimate

has O(n?) time consumption.

In the quality control case, however, AMOC is preferred for another reason. The reason
is that for phase II data with ongoing observations, a change point is very likely to be
detected soon after it occurs unless the change is small and so arguably unimportant.

Therefore in this thesis, we will focus on the AMOC case.

The second question arising from the difference between the fixed-sample change point

model and phase II quality control is the decision rule: when is the best time to give
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the alarm? For a fixed sample size, one can easily find reasonable model selection ap-
proaches, such as the odds ratio and Bayes factor. Suppose X1, Xo, ..., X,, have been
collected and the posterior distribution of the change point location is derived, then one

can compute the odds ratio
P(M;|X)
Mo(X) = ——"—
2 = B lx)
or the Bayes factor
P(M|X)  P(Mo)

100 = plx) P

where M represents the model with change point, while My is the model with no

change point. Then the alarm can be given if B; o(X) > C, (See Moreno, Casella and
Garcia-Ferrer (2004)) or Ajo(X) > C. These are reasonable schemes, but in phase II
data when new observations are coming in an endless stream, we need to adapt this rule

in order to fit the context of quality control.

Regarding this issue, Hawkins, Qiu, and Kang (2003) proposed a principle: If the
process is under control, the probability of giving an alarm conditioned on there being
no alarm before should be a constant. This is a nice property because in-control average
run length can be calculated and therefore the behavior of such a control chart is trace-
able. This criterion is also applied in Hawkins and Zamba (2005), where SPC with shift
in variance is studied, and Zamba and Hawkins (2005), in which a multivariate change
point model is considered. In all these three papers, parametric models are assumed
and used to define two-sample tests. Then control charts with tables of control limits

based on these test statistics are computed through simulation.

Another candidate decision rule is based on loss functions. Taking the mean change
of i.i.d normal process for example, a sensible loss function can be f(|d])I(t > 7) per
unit time, where ¢ is the current time, 7 is the time when change point happens, ¢ is the
shift of mean, and f(-) is a convex function defined on [0,00). The purpose of quality
control is to minimize the expected loss in the future. It can be proved that if f(-) is
a constant function, then the corresponding best decision is consistent with the odds

ratio approach.
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If the loss function and decision rule are complicated, however, this dynamic program-
ming problem will take exponential time to solve. In this thesis, we will propose a
straightforward and simpler decision rule. This rule can be easily implemented and has

a close connection with HQK and related papers.

1.4 Contribution and Organization of This Thesis

In summary, this thesis contributes to the SPC problem in the following aspects:

1. Proposes a general time series model (ARMA) which allows autocorrelation and

correlation among noise terms.

2. Investigates a change of every parameter, providing a more flexible framework for

the change point model and the SPC based on it.

3. Proposes a Bayesian approach which allows the utilization of informative yet in-

complete knowledge about in control and out of control parameters.

4. Investigates the influence of hyperparameters on the behavior of this Bayesian
SPC method.

The following chapters are organized as follows. Chapter 2 gives the set up of
models and notation, as well as theoretical results. Chapter 3 discusses the decision
rule. Chapter 4 gives a comparison and connection between our Bayesian approach
and some other important methods. Chapter 5 shows simulation results of run length
behavior. Chapter 6 talks about some computational issues. Chapter 7 gives a real
example and analyzes it using the Bayesian SPC approach. Chapter 8 talks about the

future work.



Chapter 2

Bayesian Change Point Model in
Phase I Data

2.1 Change Point Model

Consider a stationary and invertible ARM A(p, ¢) model:
(1= ¢B)X; = (14> 0;B))e, (2.1)
i=1 j=1

where
B'X, = X,_;

is the backward operator, and &;’s are i.i.d A'(u,02). Possible change points may ex-
ist on any parameter, including the stationary mean u, variance o2 and regression or
moving average coefficient ¢ = (¢1, @2, ..., ¢p)" or 8 = (01,0, ...,0,)". Because we only
consider change point models under the scenario of stochastic process control, we as-

sume at most one change point.

Under this circumstance, the ARM A(p, ¢) model with at most one change point can be

formulated as:



p q
(1 - Zﬁf)liBi)Xt = (1 + ZHUBj)et fort<T
=1 j=1
p ) q '
(1= 62B)Xe = (14 0;B7)e; fort>T (2.2)
=1 j=1

where ¢; i.i.d ~ N(u1,0?) for t < T and &; i.i.d ~ N(ug,03) for t > T. In this for-
mulation, there are two sets of parameters on the left and right of the change point T
(ks Oky D1y Ok), k = 1,2. If we do not allow some of them to change, for example, if the

variance remains the same after T', we can set o1 = oy accordingly.

A matrix expression for the change point model is more concise and clear. For a

fixed number of observations X7, Xo, ..., X;, with n > max(p, q), let Xg = (Xi, ..., X;),

Eg = (Ei7 ...,e’;‘j)/,

—brp 0 —Ok2 —Op1 1 o 0 --- 0 0 0
0 —¢rp -+ —r2 —0p,1 1 0 --- 0 0 0
@k: . . .
0 0 T | PSP Y
and
Orq Opa 01 1 O 0 0
0 9kq Oro 01 1 0 0 0 0 0
O =
0 0 o e e e e e 0 Oy e Ok O 1

with & = 1,2. As for the sizes, ®; is T x (T'+p), P2is (n —T) x (n —T + p), ©1 is
Tx(T+q),and O2is (n —T) x (n =T+ q).

Now (2.2) can be expressed as
o, X", =0,

qbX%—i—l—p = @26%_,'_1_(1 (23)

In fact, in this formulation we need to assume knowledge about X (lp = (X_p, ..., Xo)'

and s(lq = (e_q .- €0)-
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2.2 Likelihood Function

Now we derive the posterior distribution of the parameter set (ug, o, @, Ox). Firstly
we need to write down the likelihood function. For an ARM A(p, q) with change point

model formulated as (2.3), the likelihood function is:

L(X V|1, pr2, 01,02, @1, o, 01,02, T)

1.z 1 _
(;) 2 eXp[—ﬁ(q)lX?p — O1117) (©:10)) 7 (@1 XL, — O1117))]
i i
1 n-r 1 n / /\—1 n
(—5) 7 expl=5 5 (P2 X7y = O2pi21n-1)(0202) (22X 711 — O2pi21n-1)]
5 5

(2.4)
If our assumption of prehistory knowledge is s‘lq = 0, the likelihood function (2.4) can

be written as

1.z 1 _
L(X7Y|p1, p2, 01,02, @1, ¢9,01,02,T) x (g) 2 eXP[—ﬁH@T "o X1 — ply|f3]
1 1
1 n—"T 1 _
(=) exp[—55105 ' P2 Xy, — paly|f3] (2.5)
o5 205

where ©7 and O} are the right-most square submatrices of ©; and ©s:

1 0 0 -~ 0 0
by 1 0 -~ 0 0
op=|
0 o e . 0 qu coe By O 1

and the sizes are T' x T and (n —T') x (n — T'), respectively.

2.3 Prior Distribution

A natural choice of prior distribution is the conjugate prior distribution. However, this
scheme is not realistic in that (1) The inverse of ©* has a very complicated form even

if ¢ =1, and (2) we require stationarity and invertibility of this time series. Therefore,
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we adopt a quasi-conjugate prior distribution, which leaves the ARM A coefficients ¢
and @ apart while concentrating on ¢ and . For example, if the change may occur in
any parameter and the model is characterized as in (2.2) and (2.3), the choice of joint
prior distribution for (u, o) will be
7'12 bl 1 T22 bg

2 +2 2
eXP(_T‘%(Ml—/ﬂO) —;%)(;%)% GXP(—@(M—MO) —U?)
(2.6)

Detailed choices of prior distribution in different cases will be discussed in the following

1
(@1, 01, 2, 02) X (;)MH
1

sections.

The choice of prior distribution for ¢ and € is more complicated. We are restricting our

discussion to stationary and invertible process. Therefore, all roots for equations:
1-) ¢z =0 and 1+ 6;2'=0
i=1 i=1

should be outside the unit ball. In most literature, this restriction is denoted by (¢, 8) €
C)p x Cy, where C), and C; are subsets of RP and R? which enable the unit ball condition
to hold. Generally when n > 3 the structure of such subsets is very complicated.
However, from Barndorff-Nielsen and Schou(1973), there is a one-to-one differentiable
correspondence between ¢ and the partial autocorrelation function r = (r1,...,7p) of
the ARM A(p, q) process. Therefore, the condition of stationarity and invertibility is
equivalent to |r;| < 1 for i = 1,2,...,p. Notes from Piccolo(1982) and Monahan(1984)

also gave a closed form recursive formula for such a transformation:

Gin=0¢; i=1,...,n

ik — Pl kPh—ik
1— o7y

r; = gzﬁm- 1= 1, )

Gik—1 =

and for the inverse transformation:
¢i,i =T 1= 1, N

ik = Pik—1 + SrOp—in— i1=1,... k=1, k=1,..n
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¢i:¢i,n /izlu"‘an

and an explicit expression for the Jacobian of d¢/dr:

(37]

p
lZ
J=]Ja-rHEEITIA + ) (2.7)
=1 J=1

Setting up a prior distribution on C), is the same as assigning a prior distribution on r.

It is reasonable to choose an i.i.d transformed beta distribution as a start, i.e.

p

m(r) o [T+ )™ (1 = ;)P (2.8)

=1

Similarly, for 8, the unit root rule can be written as:

which has similar form as for ¢, so we can use an analogous scheme to sample 6.

Some special cases own their simple prior distributions for ¢ and 6. For example,

for ARM A(1,1) sequence, the prior distribution can be set up with

($,6) oc (1+¢)*(1 =) (1 +6)(1 - 6)° (2.9)

which is essentially a scaled beta distribution: (¢ + 1)/2 ~ Beta(a,3) and (0 +1)/2 ~
Beta(v,d). In the future, we will directly denote ¢ ~ Beta(a, ) and 6 ~ Beta(v,J),
without special clarification. In ARM A(2,2) sequence, the prior distribution can be set

up with
1(,6) o (14 62)° (1= 62)* (1= T2y (14 2%
(4027 (1= B (1= (1

For higher order ARM A model, we can first sample r;’s from (2.8), transform to ¢ and
0, and then apply a Monte Carlo method to evaluate the posterior distribution.

The prior distribution of 1" can have several different forms. A natural choice is the
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discrete uniform distribution, i.e. P(T' = j)=1/n, j =1,2,...,n. Another choice is the

geometric distribution, i.e.

1—po)~t 1<j<n—1

P(T = ) = po( p:l)zl <<
(1 —po) J=n

This prior distribution guarantees that as n increases, each time spot less than n has

fixed mass. In chapter 3, we will discuss the choice of 7(7T") in the context of Phase II

process control.

2.4 Posterior Distribution

We will discuss the posterior distribution under several change point cases: the change
of mean p, change of variance o and change of time series coefficients (¢,8). There
are two states (change or no change) for each category, so we have 23 — 1 = 7 different

cases.

Change of All Parameters

The choice of prior distribution is:

1 72 b
m(p1, 01, @1, 01, i, 02, P, 02, T) o () 2 exp(— 5 (11 — p110)* — *12)
o7 207 o7
1 ’7'2 b2
'(ﬁ)aﬁz exp(_722 (p2 — M20)2 - *2) (1,01, ¢, 02)7(T)
o3 205 03

Combining this prior with the likelihood function, we have the joint posterior distribu-

tion
f(M1701’ ¢1> 01,,“’27 02, ¢27 023T|X711) 08 L(X?“Llnuﬂa 01,02, ¢17 ¢25 ola 023T)

'71'(/,(,1, 01, d)lv 017”270—% ¢27 927T)

We will be interested in the marginal distribution of 7. So we have

f(@1,01, 05,02, T|XT) :/ f(ur, 01, @1, 01, 12,02, o, 02, T| X7 )dprdodpsdos
H1,01,42,02

[ epl g 01 e X Ll e (a0 )
1 —
H1,01,02,02 ot 201 ? of 207 ot



1 n—T -1 1 7—2 b2
(—) 2 ——||@5T D X T 1 @242 oxp(— 2 — 2_ =
(Ug) exp[ 20_% I 2 2A T41—p — H2Ln— TH ]( 2 ) xp( 20_% (p2 — pi20) U%)

(1,01, Po, 02)m(T)dp1dordpizdos

_1 T n—"T
(@1, 01, b3, 02)m(T)(T +77)"2(n — T +73)" 2F( + a1)( + az)
- + 2. 2
1, .- 2 92 (SLT + T12,U,10)2 _T_ gl 2 92 (Sl,T + 73 IU'QO) _n=T
‘[§(SQ,T+7'1 pio+2b1— T+ 72 )z [§(S2+,T+7—2 p20+2b2— n—T+72 )]z
(2.10)
where

Sip=17607" "o xT, Syr = o7 e X7 |7
Sip =100y '@ Xy, Sip =105 0 X[

and T'(z) = [ t* ! exp(—t)dt is the gamma function.

The marginal posterior distribution of T can be derived from:
raxy - | F(b1.01. . 02, T| X ) dep, 0156
d)lvel 7¢2702

and this can be evaluated by numerical methods which will be discussed at the end of

this chapter.

2.4.1 Same o, Change of i, ¢ and 6

In this case, 02 does not change, i.e. 01 = 02 = 0, and there is change of x and (¢, ).

The likelihood function becomes:

L(X?WLM% g, ¢17 ¢27 017 027T)

1 n 1 *— *—
x (5)F expl— 5 (107 01X, — ngl§ + 105 X, — ol 1l3)

The choice of prior distribution is:

72 72 b

712(”1 - N10)2 - 2% 5 92 (M? - NZO) - ;)W(T)

1
Tr(lu’lv M2, 027 T) 8 (?)a+2 eXp(_QO’

i.e.

2 2
o ~ IG(a,b), lo® ~ N (o, 2) p2lo® ~ N(pzo, 2) p L polo’®
T Ty
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The posterior distribution is given by:

f(¢17 017 ¢2a 027 T‘X?) X 7T(T)7T(¢1, ela ¢27 02)(T+7_12)_% (n_T—i_TQQ)_%

(SiT + 7§ k10)?
T+ 7'12

(ST + 3120)?
n—T+@

1 - _n_
'[5(52,7“*‘712#%0— + S5 + T3 30 — )+0727" (2.11)

where
Sy =1707710 X7 Sy =107 e XL |7

+  _ q/ *—1 n + *—1 n 2
SI,T_lnfTG)Z ‘I’QXTHv S2,T—||@2 ‘I)2XT+1||

The marginal posterior distribution for 7' can be evaluated by numerical integration.

2.4.2 Same i, Change of 0, ¢ and 0

In this case, p does not change, i.e. p; = p2 = p, and there is change of o and (¢, 0).

The likelihood function becomes:

1. ¢ 1 .
L(X?‘M7 01,02, ¢17 ¢27 917 927T) X (?) 2 exp[_ﬁH@l 1(I)1XTP - /j’lTH%]
1 1
1 a1 1 *—1 2
'((T%) 2 eXP[—T‘%H@z (PQX%—O—I—]) — ply7|[3]
The choice of prior distribution is:
1 b1 2 = po)?
m(p, 01,03, T) o (=) Hewp(—— ) (=) wp(—ﬁ)exp[( 552 1m(T)
01 01 03 2 o

i.e.
O‘%NIG(al,bl), O'%NIG(CLQ,bQ), ,uNN(,uo,ag), ,LLJ_U%,O'%

The posterior distribution:

T
T n—"T_1 . T
f(M,¢1,¢2,91,92,T|X)o<1“(a1+§)1“(a2+ 5 )(§§:y|@1 1@1X:Cp—u1THg+b1) (a1+1)
i—1
1 *—1 n 2 7(a2+ﬂ) 1 2
(5”62 Qo X 1—p — Hln—7|[3 + b2) 2 exp[—z—Q(lu — 10)?]
00
(1) (1,61, Py, 62) (2.12)

The marginal posterior distribution for 7' can be evaluated by numerical integration.
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2.4.3 Same p and o, Change of ¢ and 0

In this case, p and o do not change, and there is change of (¢,0). The likelihood

function becomes:

L(X?|/~L>O—7 ¢11¢2>917927T)
1. » 1 *— *—
oc (—3)% exp[—5 5 (1l03 ' XT, - |3+ (|05 0o Xy, — pl7|[3)]

The choice of prior distribution is:

1., 72 b
(0, T) oc (—5) " exp(—5 5 (1 = po)* = —5)m(T)
o o o
i.e.
2 2 o’
g NIG(avb)a ,LL‘O' NN(/“Oaﬁ)

The posterior distribution is given by:

(ST + S +72up)?
241

F(1,01, 09,02, T|XT) o [Sy + S +72u3 — 7(T)m(¢py, 01, Py, 02)

(2.13)
Where S;, Sf, S5, S5 are defined the same as above. f(T|X7) can be evaluated
through Monte Carlo method.
2.4.4 Same ¢ and 60

This case is similar to the sections 2.4.1, 2.4.2 and 2.4.3, except that ¢ = ¢y = ¢,

01 =02=0,and S|, S5, SfT and S;T are defined as
Sip=1p0""1eXT Sy =0 eXT |
Sip= L, 7O 1 OXT, Syr = JShi > < Y1E

Change of 1 and o

The prior distribution is:

1 7’2 b1
m(p, 01, p2,02,T) (*Q)MJr2 eXP(—f2 12 (1 — Mlo)2 - *2)
o9 oy 09
7’2 b2

1 az+2 2 2
(— ——= — — S )m(T
(U%) eXp( 20% (N2 NQO) 0'% )W( )
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The posterior distribution is given by:

_1 1T
f(#.0,TIX7) o< (¢, O)m(T)(T + )2 (n = T+ 75) 20(5 + @)l (—5— + a2)
- + 2 2
1, .- 9 9 (SI,T + 7'12:“10)2 B TP R 2 9 (Sl,T + T5H20)” | a1
'[Q(SZ,T"H-l pio+2b1— T+ 72 )] 2 a1[§(52,T+72 pa0+2bz— n—T+72 |
(2.14)

as in 2.4.1.
Same ¢ and Change of u
In this case, 01 = 09 = o, and the choice of prior distribution is:

1 T2 72 b

2 +2 1 2 2 2
m(pr, pi2, 0%, T) o (ﬁ)a eXP(—T‘Q(M — H10)” — T‘Q(M — H20)” — p)W(T)

The posterior distribution is given by:

F(6.0,T|X7) o w(b, O)m(T)(T+72) "2 (n—T+73) "2

(ST.p + Tit10)°
T + 72

(SIT + 7'22/~L20)2
n—T+@

1, _n_
-[5(5277,—1-7'12/@0— —i-S;tT—I—TQngO— )+b727% (2.15)

as in 2.4.2.

Same ;1 and Change of ¢
In this case, u1 = p2 = p, and the choice of prior distribution is:

M]W(T)

1
2 2
w(p, 07,05, T) x
(m,01,03,T) (02 20(2]

b
ea:p(—a—z) exp|
2

The posterior distribution:

T
T n—T 1 . T
F (1. 0.T1X) o (¢, ) ()T (ar+5)T (a5 =) (5 D_ 1107 @1 X7 —pidr| Fb1) =+
2 2 2 p
=1
(O @ X 1 — Lyl b2) " T expl- (0 — o)) (2.16)
9 172 2 T1—p — Hln-TI[2 2 exp 20(2) = o .

as in 2.4.3.
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2.5 Numerical Integration

In Chapter 2.4, we face the problem of integrating
rarixy - | [(61.01. .02, T X7 )deby d01dry0
¢17917¢’2792

or similar posterior distribution functions. For cases when analytical integration is im-
possible, we can apply numerical integration methods. To evaluate a one-dimensional
integration with a finite range of integration variable, we can sum up the value of f
in finite integration points applying quadrature rules, such as rectangle, trapezoidal, or
Newton-Cotes rule. For example, an AR(1) model without change of ¢ (but p and o
have possible changes) should apply this finite summation method because this is uni-
variate case with —1 < ¢ < 1. To evaluate an integration with higher dimension, Monte
Carlo integration (Hammersley and Handscomb (1964)) is a better tool, because if we
still use the one-dimensional method and Fubini Theorem to evaluate multi-dimensional
integration, the number of integration points needed is exponentially high, and we en-

counter the so called ”curse of dimensionality”.

The Monte Carlo integration works as follows. Suppose we would like to integrate
f(x)p(x), where & = (x1, ..., ) € R™, and suppose random vector X ~ p(x), where
p(x) is a known distribution. Then

A f(x)p(x)de = E,(f(x))
If we can sample from distribution p(x) and obtain a sample {X j}é\le, the definite
integral can be approximated by

- N

f@)p(@yde ~ 3 F(X;)

The variance of the Monte Carlo integration estimate is

1 & 1
Var[N; F(X5)] = 7 Var[f (X))
Therefore, if

o7 = Varlf(Xn)]:= | f@)p@)de—[] f@p)de]’ <oo
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Then the v/ N-convergence is guaranteed:

N
% Z f(X5) — - f(x)p(x)dx = Op(N‘1/2)
j=1

Compared to method with uniform integration points, Monte Carlo integration is de-
sired in that for high dimensional integration, the convergence rate is not related to the

dimension d, and thus we can avoid the curse of dimensionality.

An improvement of Monte Carlo integration is Quasi-Monte Carlo integration, which
differs from Monte Carlo integration only in the way the random sample is generated.
Monte Carlo integration uses i.i.d samples, while Quasi-Monte Carlo integration uses
low-discrepancy random numbers. An example is the Halton sequence: For instance if
we would like to sample N points uniformly from [0,1]¢, we can express an integer n

(1 <n < N) by bs-ary (1 < s < d) representation:

kn

n= Z a;(n)b,

1=0

Then we choose the nth random number to be

g(n) = (gl(n)7 ""gd(n))

where
kn

gs(n) = Zai(n)bs_i_l fors=1,...,d
=0

Any other random vector sequence can be therefore generated by a transformation from

this Halton sequence.

Another improvement is importance sampling. The idea is that if we would like to
evaluate the integral of f(z) by a Monte Carlo method, we want to sample more points
from the region where f(z) is more volatile, and to sample fewer points from the region

where f(x) is more smooth. To show this, suppose we approximate

o) k@)
[ @iz~ [ T g@)ie ~ 5,05
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where g(x) is a pdf. Then

- 1
Var(Ey) = NVCLT(

If g(x) = h(z)/ [ h(x)dz, Var(E,) = 0. However, this is unrealistic, since we no longer
need the Monte Carlo method if we can set up ¢ in this way. Nevertheless, we can still

use a g which can make h/g smoother than h itself to reduce the variance.



Chapter 3

Phase II Data and Decision Rule

3.1 Phase II Data

In SPC problems, phase II data form an endless sequence where analysis is conducted as
the data set size increases. In this scenario, a decision (alarm or no alarm) is made each
time a new observation is available, such that a reasonable loss function is minimized.
This loss function must take into account the type I error, that an alarm is given when
process is in control, and the type II error, that an alarm fails to be given when the

process is out of control.

From the argument in chapter 2, we see that in phase II data, the assumption of at
most one change point is reasonable. Therefore, we directly model this scenario so that
only one change will occur to the sequence. This change can be change of mean (u),
variance (02), or coefficients of ARM A model (¢ and 8). However, only one time T

exists in the whole sequence such that some parameters change at time 7.

The Bayesian phase II SPC problem is modeled as follows:

1. The parameters p;, 0, @;, and 6; (j = 1,2), are generated from their correspond-

ing prior distribution.

2. The change point T is generated from a prior distribution 7(7") on positive integer

set N.

21
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3. For n =1,2, ..., observations X1, Xo, ... are obtained from an ARM A(p, q) model
characterized in chapter 2.1. After X, is observed, a decision D,, € {0,1} is made
based on observations (X1, Xs, ..., X,,). Here 1 represents alarm decision, and 0

represents no alarm decision.

4. If no alarm is given, the process will keep going. A new observation is read and a
decision problem for time spot n + 1 comes. If an alarm is given, the process will

stop and deep investigation is conducted.

Numerous choices for 7(T") are legitimate, as long as they satisfy > 77 7(T) < oo.
Among them the geometric(p) distribution is a very natural one, since it is equivalent
to a time-homogeneous Markov Chain model, in which there are two states: 0 (in

control) and 1 (out of control), and the transition matrix is

1—
p— pp
0 1

This formulation assumes a memoryless change point pattern, i.e., the risk rate is con-
stant as T increases. A more complicated choice is the discrete Weibull distribution,
where

ﬂ-(T) = (1 _p>(T_l)ﬁ - (1 _p)Tﬁv T = 17 27 ceey ﬁ > 1
This distribution describes the wear-out effect in that the risk rate

o) _(-pTV -a-p™ (1 )T -T2y

2 m(i) (1—p)T="

is increasing as T' grows.

One modification that might be considered is to revert the prior above, i.e, instead

)T—l

of use n(T) =pr =p(1 —p ,weuse pr = p(1 —p)"T=1 for 1 <T <n-—1, and

pn = (1 — p)"! stays the same. This is to take into account the fact that at time n,
we are more inclined to believe that there is a change point undetected more recently
than long ago. If we are not willing to incline the weight of prior, we can instead use
pr = [1—(1—p)"~1]/(n—1), which is corresponding to an discrete uniform distribution

over the first n — 1 time spots.
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3.2 Loss Function and Bayesian Decision Rule

The first approach of a Bayesian decision rule is based on a loss function. In fact, we

can obtain the odds ratio and Bayes factor of comparing the models:
MO T >n

My: T <n

for each n. Here My represents the case that there is no change point, or the process is
in control, and M; represents the case that there is one change point, or the process is
out of control. A traditional way of decision making, under each fixed n, is to give an
alarm if A\ o(X7) > C, where A is the odds defined in chapter 1, and C' is a constant

determined by the user. This method works best if the loss function is defined as

Li D=1,M= M,
L(D,M): LQ DZO,M:Ml

0  otherwise

where M denotes the model and D denotes the decision. L; and Lo are two positive

loss constants. In this case, the best decision rule D* satisfies:

LiP(My|X?) D=1

D* = argmin E(L(D, M )| XT) =
D LyP(Mi|X?) D=0

and therefore D* = D if and only if L1 P(My|X7T) < Lo P(M1|X7), ie, A o(XT) >
Li/Lo.

In phase II statistical process control, however, this may not be the best decision rule,
because the loss function is not defined in the same way as when the data size is fixed.
Different from a fixed sample, a phase II sequence is an on-going sequence, and there-
fore makes the loss function dynamic: the loss function in step n depends on the loss
functions thereafter. For example, suppose at step n we make a decision of not giving
the alarm and keeping monitoring, then there are two possible status in step n+ 1: the
decision made at n is right or wrong, two status for the process, in- or out-of-control,
and thus two loss functions. This approach was considered by Naylor and Woodward

(1992). They pointed out that although this method is correct theoretically, it does not
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work practically since the number of cases needing to be taken care of is exponentially

large.

A compromise version of this approach is to simplify the future loss expression. Let
us consider a scenario in real application, that losses include the defective products and
false alarm. If an alarm is made, the loss would be the cost of check Cj plus the poten-
tial cost for repair C4 should there be a change point occurring before. If the alarm is
not made, the loss would be the cost generated from defective products Cy, which may
also include prospective loss in the future if the control system fails to give alarm under

out-of-control status. The loss function at time n can be expressed as:

Co+ CiI(M,y) if D(XT)
Cul(M)) it D(XT)

L.(D(XY)) = { (1)

The best decision D*(X7) will minimize the expected loss in the future:

DH(XT) min  E[L,(D(XT))]

T D(xDe(01)

It is easy to see that

E[Ln(D(XT))|XT] = { Co + CiPr(Mi|XT) if DIXT)

1
CdPI‘(Ml‘X?) if D(X?) 0

and D(XT) = 1 is the best decision if and only if Cy + C1Pr(M;1|XT) < CqPr(M;|XT),

i.e.

Pr(Mi|XY) Co
Pr(Mo|X7?) ~ Cq—C1 — Co

Ao(XT) =
In real application, we have

_ Zra JOXY G
ZTZn f(T|X711) Cq—C1—Cy

This decision rule actually to monitor the process until A1 o exceeds a constant threshold.

ALo(XT)

3.3 Discriminant Analysis

Another approach emerges from the perspective of discriminant analysis. In a multi-

class classification problem, if a classification rule is generated from training data
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set, the traditional discriminant analysis will assign a new observation Y to class
ceC={1,2,...,C} when ¢ provides the maximum likelihood L(c|Y"). In the Bayesian
framework, if there exists a well defined prior distribution 7 on the class set C, the

discriminant analysis will assign observation Y to class ¢ which maximizes the posterior

m(c)L(c]Y).

In the framework of Bayesian phase II SPC problem, we view the change point T
as a fixed time spot preselected from a prior distribution 7(7'). Under this circum-
stance, there are n classes in C = {1,2,...,n}. The Y here is gradually revealed by new
observations of X. At time n, the classification rule is based on a maximum posterior

distribution of T over C.

Finally, the decision rule of signaling is as follows. At time n, if the assigned class
is after n, no alarm is given and a new observation is read. If the assigned class is before

n, an alarm is given, i.e.
0 If7T*>n
Dn(X7) =
1 IfT* <n

where

T = TIX"
arglngaSXNf( | XT)

In the rest chapters of this thesis, we will focus on the decision rule based on discrim-
inant analysis. This is not only because this method does not require another round
of calibration or simulation study of the preselected threshold, but also because the
behavior of the SPC method will be essentially an extension of multiple classical SPC

methods developed before. We will show this in the following chapter.



Chapter 4

Comparison and Connection with
Other Methodologies

Several classical control charts in SPC are mentioned in Chapter 1. Among them,
CUSUM, HQK and Hawkins and Zamba are most representative and most relevant to
the method used in our Bayesian SPC in time series model. In this chapter, we give
a brief introduction to these three SPC methods and discuss their connection with our

new method.

4.1 CUSUM

CUSUM is a famous control chart proposed by E. S. Page in the 1950’s. Originally
this method dealt with an i.i.d normal sequence in that it takes the record of a value S
defined as:

So=0, and S,+1 =max(0,S,+ X, — kp)

where k, is a reference value defined by the user. The alarm is given at time n if
Sp > Cq, where C,, is a threshold used to adjust average run length (ARL). Essentially,

the idea of CUSUM is to give alarm at time n as soon as n satisfies:

26
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where ¢, is a constant tuning parameter, fj is the in control distribution, and f; is the

out of control distribution. This equation is essentially the same as:

H§:1 fo(ws) H¢T=t+1 f1(X5)
HzTZI fO(Xi)

t AT ,
ITis fol%i’) I;CL(:;; h(X) > Co for some 0 <t <n (4.1)
i=1JO\A4

In our Bayesian SPC methodology, if the stochastic process is i.i.d normal, and we

< Cq forevery 0 <t <T, T <n

and

know the real means and variances before and after the change point, i.e, the prior
distribution for (ui, pe, 0’%, J%) concentrates at a point, and for each time n when we
have n observations, p; = 1/(n — 1+ ¢,) for 0 < ¢t < n and p, = ¢o/(n — 1 + ¢4), the

posterior distributions for change point T are:

T n
FTIXY) ocpr [ ] foles) [T Ai(X0)

i=1 i=T+1
where fo and f; are density functions for N(u1,0?) and N(uz2,03). The SPC will give

alarm at time n if
F(TIXT) < f(nlX7Y)
ie.
T n n
pr[]fo@) J] f(X) <pa]] fole:) (4.2)
i=1 i=T+1 =1
which is actually the same as the CUSUM formula (4.1)).

Therefore, under the normality assumption, our Bayesian SPC method is an exten-
sion of the CUSUM under the ARMA model and Bayesian framework, and the CUSUM
is a special case when we know the in control and out of control parameters, while the
prior of pr is specially selected so that it is flat over every possible change point, and

the ratio of pp/p, is constant.

4.2 HQK

Compared to the CUSUM scheme, HQK handled the case completely in the other end:

no information at all is available for in control and out of control parameters. This
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paper proposed a method that utilizes the two sample t-test statistic:

Tn—-T) X —-X*
n VT,n/(n_2)

tT,n =

where X~ = Y"1 X;/T, Xt =Y" 1, Xi/(n — T), and

T n
Vi =Y (Xi—=X7)+ ) (X;—X1)?
=1 i=T+1

The stopping rule in HQK consists of a control limit sequence h,, , computed through
simulation to maintain a constant rejection rate under in control status, i.e, alarm is
given as soon as tr, > hpo for some 7" < n. In fact, the square of ¢ statistic is an

F-statistic:

Vn - VTn
thn=Frn=—""F7—"=
L =T T Ve [(n = 2)
where
1< . Tn—T), o o
== (X - X)) =V, X~ - X)?
Vo= )" = Ve + ——( )

i=1
for every T and n, so the stopping rule can be rewritten as

hn,a
vV - n—2

)~ (4.3)

In our Bayesian framework, if we only consider a mean change in i.i.d scenario, the

posterior distribution of the change point T is

Voo N
f(T)X7) br 2T’n’n’72’b > for T < n and f(n|X7) _ Pnlunb n’T;’b >
\/(T+71)(n_T+7'2) (”+7'1)(7'2)

where

(St + i 110)° (ST + 3 120)?

n—T—l—7‘22

VT,n,n,Tz,b = (SiT + 7—12#?0 - + S;T + 7—22/1’30 - ) +2b
(Sin + 73 110)°

n+T12

Vb = (Sin + 7_12'“%0 - ) +2b

According to our stopping rule, an alarm is given as soon as:

f(rX71) > f(n|XT)  for some T
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i.e.
VT,”:leT2’b < p%(n + 7—12)7—22 )1/(n+2a) (44)
Virmy  — 0a(T+1)(n—T+75)
It is not hard to see that

lim Vinrimb=Vrn a.s
71—0,70—0,—0

lim V,,=V, a.s
71 —0,6—0
Therefore in a special case where a = b = 71 = 0, we can pick up a 7 that is very close
to 0 so the left hand side is arbitrarily close to that of HQK, and right hand side can

be adjusted through pr and p, so that it is exactly the same as that of HQK.

In summary, we can find a setting in our Bayesian SPC scheme so that it is close
to HQK.

4.3 Hawkins and Zamba: Shift of Variance

Hawkins and Zamba (2005) proposed a method to detect the shift of variance, assuming

an i.i.d normal sequence with unknown p and o, and a change point model:
" N(u,02) 1<t<T
t ~Y
N(pg,03) T<t<n
They assume potential changes of mean and variance, but only care about the change
of o, i.e, the hypothesis test of the likelihood ratio test is:

H():O'l:UQ H120'17é02

Hawkins and Zamba (2005) used the likelihood ratio test statistic:

V/(n —2) V/(n - 2)
Vor/(T — 1) Vin/(n—T —1)

where V,, = > | (X; — X)2,

Grn = [(T —1)log( )+ (n =T — 1) log( /¢

C=1+[k-1)" 4+ n-k-1)"-(n-2)1/3

m m
1
Viym = | E (X; — p— E X;)?  for every k and m.
i=k+1 i=k+1
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A tuning parameter h, . is set up such that the alarm is given as soon as Gr, > hy o
for some 2 <T <n—2.

Hawkins and Zamba’s approach essentially considers change for both the mean and
variance, since they use the separate sample means for both left and right segments.
However, only variance change will be detected. Later in chapter 5, we will see that
only a mean change in i.i.d standard normal sequence will not trigger reaction of this
method at all.

In our Bayesian model considering change of both mean and variance, if the prior set
up is a; = ag = 1 and by = by = 71 = 7o = 0, the model for change of both mean and

variance has posterior distribution:

T-1 ~T—1, Tl _n-T-1
F(TIX) o prT 2 (n = T) "2 D(— =)D (=

and

1 _n-1
f(n]X) ocpnn*%I’(n

The alarm is given as soon as f(7'|X) > f(n|X) for some T' < n, i.e.

vl piT(n—T)[T(%54))?
Vo 'V T8 T pRa D (5 (==

which is the same as

Va Vi
(7 = )log(g22) + (n = T = log( )] > log(y e oo

ie

Vo/(n —2) Vo/(n —2)
T—1Dlog(" "2 y L (n—T—1)lo C(T,n
paT(n = D)CCFHPAT - ) —T — "1
pn[L(F5HT(2=51) (n — 2)n=2]2V,
We define the right hand side of (4.5) to be B, 7. At n = 100, we have the comparison
of By 1y, with hq p:

> log(

)/C(T,n) (4.5)
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assuming pr = p(1—p)" T~ for 1 < T <n,pp, = (1-p)" !, p=a=0.01 and V,, ~ n.

Moreover, if we can freely select pr and p,,, for every n, we can find proper pr and p,

such that the Bayesian SPC methodology is close to the Hawkins and Zamba method,

assuming V,, = Op(n).

In summary, in some special settings of the prior information, especially those assuming

plat prior for some parameters of interest, and some special settings of the 7(7T"), the

Bayesian SPC method can have a decision rule close to the CUSUM, HQK and Hawkins

and Zamba method.



Chapter 5

Simulation Study

5.1 Conditional Alarm Rate

In this section, we will consider five models of most interest:
1. The model assuming i.i.d normal sequence with mean change only.
2. The model assuming i.i.d normal sequence with variance change only.

3. The model assuming i.i.d normal sequence with mean and/or variance change

only.

4. The model assuming AR(1) sequence with change of mean, variance or autore-

gression coefficient.

5. The model assuming ARM A(1,1) sequence with change of mean, variance, au-

toregression coefficient or moving average coefficient.

Our simulation will focus on two aspects. The first one is the conditional alarm
rate. Hawkin, Qiu and Kang (2003) suggests a reasonable way of selecting the control
limit sequence h,, . This sequence is selected so that the conditional probability of false
alarm (in the healthy process without any change point, the probability of an alarm,
given that there is no alarm given before, also referred as hazard or alarm rate in HQK)
is a specified constant «. In this section, we will investigate the behavior of conditional

rejection probability under the five basic models.

32
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Another measure that people often focus on in SPC problems is average run length
(ARL). ARL can be used to measure the behavior of an SPC method. In most cases, it
is desirable to have a large in control ARL and a short out of control ARL. Moreover, it
is necessary to know the mechanism with which ARL can be adjusted by the hyperpara-
meters. In the following simulations, we will also show how those hyperparameters can
affect ARL, and we will compare the ARL curves of different models versus magnitude

of change.

5.1.1 I.I.D Normal Sequence

The i.i.d normal sequence is the simplest scenario in this thesis. In the notation in

chapter 2, an i.i.d normal sequence has p = ¢ =0, and ¢ = 0 = 0.

Change of Mean Only
According to chapter 2.4.5, the choice of prior distribution is:

1 72 72 b
(1, p2, UQ,T) X (72)@+2 GXP(—%(M - Mm)2 - 722(#2 - M20)2 - ﬁ)W(T)
o 20 20 o
ie. ) )
2 2 g 2 9
o ~1G(a,b), p1|lo” ~ N(uo, Tg)a p2lo® ~ N (pz0, 7_2)
i 2

Therefore the 71 and 79 are the accuracy of our prior estimate of puy and ps. We have

an explicit analytical expression for the posterior distribution of 7"
1 1
F(TIXT) ocpr(T +78)"2(n =T +73)72

(Sy + 7H10)?
T + 7}

(Sfr,T + T3 h20)°

b=z ¢
n—T+7'22 )+ 0]

(52_,T + 7'12M%0 - + S;:T + 722H%0 -

where
T T n n
SiT:ZXiv SiT:ZX?v SIT: Z Xi, S;T: Z 29
i=1 i=1 i=T+1 i=T+1

We carry out the following simulation study:

1. Generate an i.i.d standard normal sequence {X;}3%9.



. Set up new prior distribution for T: pr = p(1 —p

34

. Set up prior information: @ = 3 and b = 2, i.e. 02 ~ IG(3,2). This is a prior with

E(0?)=1and Var(c?) =2. 1o =po0=0. 11 =7 = L.

. Read in the first observation X;. n = 1.

. If n <300, read in the next observation X,,+1. n increases by 1.

)*=T where p = 0.01. p, =

S ok = (1 —p)" L. Then calculate f(T|X1, ..., X»).

I f(n] X, .l X)) > f(T)1 X, ., Xy) forany T'=1,2,...,n — 1, go to step 4. Else

give alarm, take record of the current n, and go to step 1.

The above procedure is repeated for 10,000 times. The Figure 5.1/ shows the conditional

probability which shows the estimated alarm rate given that there is no alarm before.

It is worth noting that the estimated conditional probability has increasing variance

as n increases. Therefore we use kernel smooth to reduce its variance, especially for

large n. From this graph, we can observe a roughly constant rejection rate for n < 300,

and a slight fluctuation for 0 < n < 100. Specifically, it takes the process several steps

(for this particular example, 10 steps) to reach its stable rejection rate.

Change of Variance

Account to Chapter 2.4.5, The choice of prior distribution is

ie.

1 b, 1 (b — po)?
m(p, 07,03, T) o< (=5 )" eap(——=) (=) eap(— =) exp] 572 ]-pr
o1 01 03 2 99

O'%NIG(al,bl), U%N[G(ag,bg), /J,NN(,U,(),U%), ,U,_LU%,O'%

The posterior distribution is:

T n—T. 1< -
f(pu, T|X) o< prT'(ar + E)P(GQ + )(5 (X; — p)? + bl)f(aﬁi)
i=1
1 - 2 _(a2+ﬂ) 1 9
o

=141
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Figure 5.1: Conditional rejection rate for mean change only model
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and f(T|X) can be evaluated through Monte Carlo integration.

Settings of prior and model information are as follows:

1.

. Set up new prior distribution for 7: pr = p(1 — p)

Generate an i.i.d standard normal sequence {X;}329.

2

. Set up prior information: a; = az = 3 and by = by = 2, i.e. 03,07 ~ IG(3,2).

o =0 and o9 = 5.

. Read in the first observation X;. n = 1.

. If n <300, read in the next observation X, 1. n increases by 1.

=T where p = 0.015. p, =

Sore, ok = (1 —p)" 1. Then calculate f(T|X1, ..., X»).

If f(n|Xy,...,X,) > f(T)X4,...,X,) forany T'=1,2,...,n — 1, go to step 4. Else

give alarm, take record of the current n, and go to step 1.

This procedure is repeated for 5,000 times. The Figure 5.2 shows the conditional prob-

ability which shows the estimated conditional probability of alarm given that there is
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no alarm before. From this graph we observe an increase rejection rate, which is differ-
ent from the previous model, and the number of warm up steps is also more than the

previous model.

Figure 5.2: Conditional rejection rate for variance change only model
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According to chapter 2, the choice of prior is:

1 T2 by
m(p1, 0%, p2, 03, T) o (=) 2 exp(— =15 (1 — p10)* — =)
oy 207 o7
1\ aot2 7'22 2 b
'(7) eXP(—fg (p2 — p20)” — ﬁ)W(T)
o5 205 o5

i.e.

2

2
o
o7 ~ IG(a1,b1), o3 ~1G(az,bs), mlot ~ N(uo, T%), pi2los ~ N(ps0, T%)
1 2

g

and the posterior distribution of T is explicitly available:

FT1X) o pr(T -+ )30 = T 73) 3T + )



— + 2, 2
1, - 9 9 (517T+712,U10)2 AN 9 9 (Sl,T + T5H20)" _ar
'[5(52,T+7'1 pio+2b1— T+ )z [5(52,T+7'2 pa0+2b2— n—T +72 |
specifically:

(Sin + TiH10)?
n+ 72

n 1, N gii—a
F(nlX) o< pu(nr) 72 (73) 72T (G an)T(az) [ (S, 77 o +261 - ) E Ty

The settings of prior and model information are as follows:

1. pr = p(1 — p)" T, where p = 0.01. When first n observations are available,

Pn = penPk=(1—p)

n—1

2. a1:a2:3,bl:b2:2,u10:u2020,and7'1:7'2:1.

The procedure is repeated 10,000 times. The Figure 5.3/ shows the conditional proba-
bility which shows the estimated conditional probability of alarm given that there is no

alarm before.

This graphs demonstrates similar pattern as the mean change only model: the rejection
rate is stable between 0 < n < 300, and there is a small fluctuation for 0 < n < 100. It

also takes a few steps for the process to reach the stable rejection rate of 0.002.

5.1.2 AR(1) Model

An AR(1) model with change point at 7' can be written as:

Y, 1+ X, n<T
Y, =
¢V 1+ X, n>T

and
X, ~ { N(p,03) n<T

N(:u% G%) n>T
i.e, we allow change of any parameter. We use Y,, to represent the AR(1) sequence so
that X,, can be consistently used to denote i.i.d random variables. According to Chapter
2.4, the choice of prior is
2
a1+2 1 by )

1
W(Ml? U%v M2, U%a T) X (72) eXp(_ 2 (,LLl - /’LIO)Q -2
o7 207 o



Figure 5.3: Conditional rejection rate for mean and variance change only model
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while ¢y ~ Beta(aq, 31) and ¢y ~ Beta(as, 2) are independent. The posterior distrib-

ution of T is:

_1 1T n—"T
F(é1,00, TIY) o pr(T +78) "2 (n = T+ 75) 20 (5 + @)l (—5— + a2)
1, (S + 7o) 1 (Si 7 + T3 4120)?

'[5(52,T+712/L%0+2b1_ T+ 12 ) [i(S;T"‘TgM%O‘FQb?_ n—T+72
where

T T

Sip =S (Yi—d1Yir), Syp=> (Yi—é1Yin)
i=2 =2
Str= Y (Yi—éaYi1), Sip= > (Yi—doYi1)?
i=T+1 i=T+1

and

f(TY) A) , F(91, 02, TIY)(1+ 1) (1= 61)7 (1 + §2)*2 (1 — h2)™d1dgso

_n

n—T
2



39
For this 2-dimensional integration, we can evaluate the integration by Monte Carlo

simulation:
N

f(TY) =~ Z f(915, ¢2;, TNY)

j=1
where (¢1;, ¢2;) are samples from Beta(o, 31) X Beta(og, #2). The sample size N is
set to be 100 in our simulation.

We carry out the following simulation study:
1. Generate an AR(1) sequence with length=300, x =0, 0 =1 and ¢ = 0.5.

2. pr = p(1 — p)» T, where p = 0.01. When first n observations are available,

Pn= 7, pr = (1—p)" L.
The test is carried with hyperparameters:

1. a1 = ay = 3 and by = by = 2, i.e. 03,03 i.i.d ~ IG(3,2). This is a prior with
E(O'JQ-) =1 and Var(o?-) =1,7=1,2.

2. po=p20=0 mn=1=1

3. a1 =ag=1and 31 = (B =1, i.e. ¢1,¢2 i.i.d ~Unif(—1,1)

4. Monte Carlo sample size N = 100.

The procedure is repeated 5,000 times. The Figure!5.4/shows the conditional probability
which shows the estimated conditional probability of alarm given that there is no alarm

before.

This graph demonstrates similar pattern as mean and variance change only model:
A stable rejection rate around 0.008 for 0 < n < 150, a rocketing rejection rate after

n > 200, and a few steps at beginning for the rejection rate to reach this level.

5.1.3 ARMA(1,1) Model
Under an ARMA(1,1) model,

v - { $1Yn1+Xn+01Xp 1 n<T

oY 1+ X, +602X, 1 n>T
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Figure 5.4: Conditional rejection rate for AR(1) model
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where Y,, are observations, ¢ € (—1,1) and 6§ € (—1,1) guarantee the stationarity and

invertibility, and

X N(:uhaf) n<T
" N(pg,03) n>T

In the ARMA(1,1) model, we need to assume initial values, for example, here we
assume Y; = X and the inductive equation starts to work from n = 2. Then it is easy

to solve the X,, by:

Yi n=1
Xn=9 Y-V 1 -1 X1 1<n<T (5.1)
Yo=Y 1—0Xp 1 n>T

According to the previous result, the choice of prior distribution is:
w11, 0%, 61,01, 13, 02, 2, 02) o (1= d1)* (14 1) (1 — )2 (1 + o)™

(1= 00)7 (14 61)° (1 — 62)72(1 + 62)™

(2 exp(= Ty — mo)? — 2yt exp(— T s — pan)? — 2
o? 203 02" 03 203 o3
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The posterior distribution of T is:

T T
F(é1,01, 69,09, TY) o pr(T +73) 2 (n = T + 13)"20(= + a1)T( + as)

2 2

1 (STr+7r0)* _x 1 (ST 4+ 73u20)% v
(S 2 2 2b: — ) —5—a1 [ S+ 2, 2 by — ) —5=
[2( 9,7t Ti Hipt201 T+ 72 )] [2( 9.7 TT3 Mo t+202 n—T+72 )l
where

T T n n
Str=2_Xi Spr=2 XI Sip= ) X Sjp= ) X}
i=2 i=2 i=T+1 i=T+1
and the X;’s are solved inductively in (5.1). If ¢ and 6 are unknown, we can handle the

integration by Monte Carlo simulation.

We carry out the following simulation study:

1. Generate an ARM A(1,1) sequence with length=300, u = 0, 0 = 1, ¢ = 0 and
6 =0.

2. pr = p(1 — p)" T, where p = 0.02. When first n observations are available,
Pn =37 p,pr = (1—p)"" "

The hyperparameters are all the same as AR case except 71 = d; = 79 = do = 1. The
Figure [5.5 shows the conditional rejection rate when applying this ARMA(1,1) model
to test an i.i.d standard normal sequence. This graph demonstrates similar pattern as
AR(1) model: A stable rejection rate around 0.01 for 0 < n < 120, and a few (about

20) steps at beginning for the rejection rate to reach this level.

5.2 Average Run Length

Average Run Length (ARL) is an important index of the behavior of a quality control
method. Two types of ARL are usually studied: in control ARL (IC ARL) and out of
control ARL (OOC ARL). In control ARL is defined as the expected number of obser-
vations until an alarm is given, provided that the sequence is in control all the time.
Out of control ARL is defined as the expected number of observations from a change
point to the alarm. The in control ARL measures the type I error, while out of control

ARL measures the type II error. In practice, people anticipate long in control ARL and
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Figure 5.5: Conditional rejection rate for ARMA(1,1) model
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short out of control ARL.

As were mentioned in chapter 2, we can have 7 change point models for general ARM A(p, q)
model. For some particular cases, such as the i.i.d or simple AR(1) case, various change
point models are available. However, most of them are very alike each other, different
in only a few details. Therefore in this section, we will mainly consider five methods:

w change only (M model) with i.i.d model assumption, o change only (S model) with
i.i.d model assumption, p and o change only (MS model) with i.i.d model assumption,
w, o and ¢ change only (MSP model) with AR(1) model assumption, and change of all
parameters (MSPT model) with ARM A(1,1) model assumption.

5.2.1 In Control ARL

Because of the invariance of our method, without loss of generality, we only consider the
special case in which in control status is the standard normal distribution. Since there
are many hyperparameters, we focus on the study of the marginal relationship between

ARL and p under different accuracy levels of the setting of hyperparameters.
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M model:
In the mean change only model, we first plot the in control average run length versus
different settings of p, under the baseline setting: 19 = oo =0, 1 =7 =1, a = 3,
b =2, as shown in Figure [5.6.

Notice that the x-axis is 1/p instead of p. From the graph we can see an almost perfect

Figure 5.6: Plot of in control ARL vs 1/p for M model
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linear relationship with little curvature exists between the average run length and the

reciprocal of p.

Recall that in the mean change only model, 7 and 79 represent the accuracy of the
prior information for p; and pe. Small 71 and 75 indicate the lack of precise information
of u1 and po and large 71 and 79 show our strong belief of their ranges of value. In the
following study, we examine how 71, 79 and p jointly affect in control average run length.
We carry out simulation study with the mean-change-only model on i.i.d sequence, with
other settings remaining the same as baseline except that 71 goes through (0.5,1,2), 1o
goes through (0.5,1,2) and p goes through (40,70, 100). The numbers outside parenthe-
sis are average run lengths, while the numbers in the parenthesis are the corresponding

standard errors.



Table 5.1: ARL for different p, 71 and 75 in M model

m | 1/p| 12=05 =1 Ty =2
40 | 97(1.9)  86.3 (1.5) 79.3 (1.2)
05| 70 | 187 (3.8) 175.8 (3.1) 166 (2.5)
100 | 290.6 (5.8) 280.5 (4.9) 276 (3.6)
40 | 1024 (2) 97 (1.6)  90.1 (1.2)
1 | 70 | 204.2 (3.9) 200.6 (3.2) 190 (2.4)
100 | 318.4 (5.9)  304.3 (5)  299.5 (3.9)
40 | 118.8 (2.1) 1147 (1.7) 112 (1.2)
2 | 70 | 2322 (42) 225.1 (3.6) 225.9 (2.6)
100 | 349.1 (6.5) 349.4 (5.4) 344.4 (4.1)

ARL vs 1/p for taul=0.5

— tau2=0.5
--- tau2=1
~~~~~ tau2=2

50 60 70
1/p

80 90 100

ARL vs 1/p for taul=2

Figure 5.7: Plot of in control ARL vs 1/p for M model
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We plot this table in three graphs corresponding to different 7 values for a better view

in Figure [5.7.

From the table and the graphs, we see that

1. The linear relationship between in control ARL and 1/p is strong for all 71 and 7

combinations. It is hard to observe any curvature from the graphs.

2. In control average run length is positively related to 71, the precision of prior
distribution of in control mean p; and negatively related to 7o, the precision of
the prior distribution of out of control mean po. It is worth noting that we set up
oo = 0 before. If 75 is large, the method tends to believe that there is a change
point and after that, the mean of sequence is somewhere close to 0. If instead we
set up peo # 0, the relationship between average run length and 7 will become

positive.

3. We can see that the standard error of ARL estimates increases with 1/p and 7

and decreases with 5.

MS model:
In the mean and variance change only model, the plot of in control average run length
versus different settings of p, under the baseline setting: w19 = pug0 =0, 71 = 72 = 1,

a1 = as = 3, by = by = 2 is shown in Figure [5.8.
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Figure 5.8: Plot of in control ARL vs 1/p for MS model

Plot of ARL vs 1/p, under baseline settings
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We observe a linear relationship with little curvature. The table and the plot of in
control ARL with different p, 7 and 7 combinations is in Table 5.2l and Figure 5.9
We have similar observations:

1. The linear trend between average run length and 1/p is strong with little curvature.

2. The average run length is positively related to 1/p and 71, and negatively related

to 7.

3. The standard error of our ARL estimates increases with 1/p and 71, and negatively

related to 7.
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Table 5.2: ARL for different p, 7 and 75 in MS model

1 | 1/p| 12=05 =1 Ty =2
40 | 91.2 (1.8) 804 (1.5) 71 (1.2)
05| 70 | 181.7 (3.5)  168.6 (3)  150.9 (2.4)
100 | 277.1 (5.4) 264.4 (4.6) 238.9 (3.8)
40 | 100.2 (1.9) 91.4 (1.6) 82.7 (1.2)
1 | 70 | 192.2 (3.8) 173.4 (3.2) 174.6 (2.5)
100 | 208.1 (5.8) 288.6 (4.9) 268.7 (4)
40 | 118.1 (2.1) 103.9 (1.8) 100.4 (1.4)
2 | 70 | 216.8 (4.2) 204.7 (3.5) 200.2 (2.8)
100 | 330.2 (6.3) 311.2 (5.6) 307.8 (4.4)

Figure 5.9: Plot of in control ARL vs 1/p for MS model

ARL vs 1/p for taul=0.5
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S model:

In the variance change only model, the plot of in control average run length versus dif-
ferent settings of p, under the baseline setting: pg =0, 00 =5, a1 = a2 =3, b1 = by =2
is in Figure [5.10.

From this graph, we still observe a strong linear relationship between ARL and 1/p.

Figure 5.10: Plot of in control ARL vs 1/p for S model

Plot of ARL vs 1/p, under baseline settings
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To examine how precision of prior distribution will affect average run length, we select
pairs of a1 and a9 from 2.5, 3 and 4. Here we guarantee that by = a; —1 and by = as — 1
so that the mean of prior distribution for 0 and o3 will always be 1, and the standard
deviation of their prior distribution change in 2, 1 and 0.5. The table of in control ARL
and its plot are shown in Table [5.3/ and Figure 5.11.



Table 5.3: ARL for different p, a; and as in S model

ap | 1/p| a2 =25 as =3 as =4
20 | 44.7 (0.4) 465 (0.4)  48.2 (0.4)
25| 40 | 91.7 (0.9) 984 (0.9) 103.1 (0.9)
60 | 143.9 (1.6) 150.7 (1.6) 159.9 (1.5)
20 | 45.5 (0.4) 444 (0.3) 488 (0.3)
3040 | 96(0.9) 949 (0.9) 106.2 (0.9)
60 | 139.1 (1.5) 145.7 (1.6) 159.8 (1.6)
20 | 46.8 (0.3) 47.2 (0.3) 50 (0.3)
4 | 40 | 955 (0.9) 101.3 (0.9) 106.9 (0.9)
60 | 147.6 (1.5) 154.2 (1.5) 163.8 (1.5)

Figure 5.11: Plot of in control ARL vs 1/p for S model

ARL vs 1/p for al=2.5

ARL vs 1/p for al=3
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We have observations:

1. The linear relationship between ARL and 1/p is strong with little curvature.
2. The ARL is positively related to 1/p, a1, and as.

3. The standard error of our ARL estimate is positively related to 1/p, but has little

relationship with a1 and as.

MSP model:

In the MSP model, the plot of in control average run length versus different settings of
p, under the baseline setting: a1 =3, b1 =2, a9 =3, bo =2, u19o =0, oo =0, 1, = 1,
m=1a =1, as =1, #; =1, and fo =1 is shown in graph [5.12

Figure 5.12: Plot of in control ARL vs 1/p for MSP model
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Because of the simulation error, we apply kernel smooth to obtain a better view. From
this graph, we can still observe a linear relationship between ARL and 1/p. To examine
how precision of prior distribution for ¢ will affect average run length, we select pairs of
a1 and ag from 1, 6 and 24. Here we guarantee that §; = a1 and 85 = g so that the

mean of prior distribution for ¢1 and ¢o will always be 0, and the standard deviation
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of their prior distribution change in 0.28, 0.14 and 0.07. The table of ARL and its plot
are shown in Table 5.4 and Figure [5.13l

We have the following observations:

1. The ARL has a roughly linear relationship with 1/p, with a little bit curvature.

2. The ARL is positively related to 1/p and a1, and negatively related to ag. Here
a1 and ag can be regarded as precision, because the variance of our prior of ¢ is

proportional to 1/(2a + 1).

3. The standard error of our ARL estimate is positively related to 1/p and a;, and

negatively related to aw.
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Table 5.4: ARL for different p, a; and s in MSP model

ar | 1/p og =1 oy =6 oy = 24

1] 20 | 322(0.6) 28.8(0.5) 27.8 (0.4)
1| 40 | 78.2(1.6) 681 (1.3)  57.6 (1)

160 | 982(2) 1043 (2) 928 (L7)
6 | 20 | 44.2(08) 386 (0.7) 35.2 (0.6)
6 | 40 | 97.9 (2.1) 822 (15) 80.7 (1.4)
6 | 60 | 163 (3.3) 136.6 (2.6) 1218 (2.2)
24 | 20 | 445 (0.9) 384 (0.7) 38 (0.6)

24 | 40 | 102.3 (2.1) 99.7 (1.8)  88.4 (1.6)
24 | 60 | 190.8 (4.2) 153.5(3) 147.6 (2.6)

Figure 5.13: Plot of in control ARL vs 1/p for M model
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MSPT model:

In the MSPT model, the plot of in control average run length versus different settings
of p, under the baseline setting: p = 0.02, a1 = 3, by = 2, ag = 3, by = 2, pu1g = 0,
po=0,mn=1Ln=La=1La=1=105k=1,n=17%=1764§=10=1,

is shown in Figure [5.14.

Figure 5.14: Plot of in control ARL vs 1/p for MSPT model

plot of ARL vs 1/p, under baseline settings
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Because of the simulation error, we apply kernel smooth to obtain a better view. From
this graph, we can still observe a linear relationship between ARL and 1/p. To examine
how precision of prior distribution for 6 will affect average run length, we select pairs
of 71 and 72 from 1, 6 and 24. Here we also guarantee that 1 = v, and §o = v5. The
ARL table and its plot are shown in Table 5.5/ and Figure [5.15.



Table 5.5: ARL for different p, v1 and 72 in MSPT model

Ml|l/p| m=1 Yo =6 yo =24
20 | 35.5(0.7) 327 (0.7)  36.3 (0.7)
1| 40 | 824 (1.6) 77 (1.7) 96 (2)

60 | 111.1 (2.7) 123.5 (2.6) 132.1 (3)

20 | 31.2 (0.6) 37.8 (0.7) 37.6 (0.7)
6 | 40 | 83.1(1.9) 723 (1.6) 84.2(L7)
60 |143.3 (3.1) 114.2 (2.5) 112.7 (2.4)
20 | 32.8 (0.6) 33.8(0.6) 32.9 (0.6)
24 | 40 | 69.2 (1.7) 716 (1.3) 77 (1.6)

60 | 130.7 (3.1) 140.3 (2.9) 153.3 (3.1)

Figure 5.15: Plot of in control ARL vs 1/p for MSPT model
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We have the following observations:
1. The ARL has a roughly linear relationship with 1/p, with a little bit curvature.

2. The ARL is positively related to 1/p, but it is hard to see its relationship with 7,
and s.

3. The standard error of our ARL estimate is positively related to 1/p.

5.2.2 Out of Control ARL

Another interesting feature of the different SPC methods is the behavior of out-of-control
average run length (OOC-ARL). In this section, we compare the OOC-ARL of all five
methods. Each method is tested under four circumstances: i.i.d standard normal se-

quence with a jump of mean, a jump of variance, a jump of ¢ and a jump of 6 at T' = 15.

The baseline settings of the five methods are:

e M model: p=0.024,a=3,0=2, p190=0, oo =0, 1 =1, 2 = 1.

S model: p = 0.024, a]; = 3, bl = 2, as = 3, bQ = 2, Hmio = 07 H20 = 0, T = 1,

7’2:1.
e MS model: p=0.025, a1 =3, b1 =2, a2 =3, ba =2, ug =0, o9 = 5.

e MSP model: p:0.02, a1:3, b1:2, CL2:3, b2:2, /1,1020, MQQZO, 7'1:1,
T2:1,041:1,012:1,51:1,52:1.

e MSPT model: p:0.0Q, a1:3, b1:2, CL2:3, 62:2, Mlozo, ,MQ():O, lel,
7_2:170‘1:17a2:17ﬂ1:1762:1771:15’72:1a61:1a52:1-

An important purpose of selecting these baseline settings is to obtain a similar in-control

average run length, so that comparison of OOC-ARL is meaningful.

In addition to the four models we developed in this thesis, we also compare the OOC-
ARL curves with those in HQK (Hawkins, Qiu and Kang (2003)) and HZ (Hawkins
and Zamba (2005)). Again, the HQK is intended to detect a mean change and HZ is
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designed to detect change of variance.

Jump of Mean
The study is designed as follows: an i.i.d standard normal sequence is generated for
T < 15. Starting from T = 15, there is a jump of p from 0 to &, where i € [0,2), with

an increment of 0.1.

Figure 5.16: Out of control ARL vs different after-jump value of p
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The Figure [5.16/ shows the best OOC-ARL behavior coming from M model, MS model
and HQK model. MSP model does a little worse, S model gives a much slower reaction
of change, and HZ method does not have reaction on mean change.

These finds are according to our intuition about the properties of all these models: M
model, MS model, and MSP model are expected to detect a jump of u. However, since
the more complicated model allows for a wider variety of shifts, such as o and ¢, it is
to be expected that it will be less effective than a model specifically designed for the
shift of u.
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Although the S model is not designed to react to a jump of mean, it has lower ARL as
the mean changes. This is because we set up the prior distribution so that this method
knows the true mean is somewhere around 0 (po = 0, 09 = 5). As mean change in-

creases, the method will find more outliers, which result in a smaller ARL.

HQK method also has good performance here, while HZ method acts as expected:

it should not detect any mean change, since it is based on a two sample F statistic.

Finally, it is worth noting that M model and MS model have almost the same ARL
behavior. While the M model performs a little better, there is only a slight performance

penalty for expanding to to allow for variance changes as well.

Jump of Variance
The study is designed as follows: an i.i.d standard normal sequence is generated for
T < 15. Starting from T = 15, there is a jump of o from 1 to &, where ¢ € [0,2), with

an increment of 0.1.

From Figure 5.17/ we observe a bias of most OOC-ARL curves: when variance is a
little bit less than 1, the OOC-ARL is even longer than the in-control ARL. However,
the M model and HQK model are the most severe ones. When variance decreases, there
will be less outliers, and thus less alarms given by the two methods. This is another
proof of the similarity between these two models. For the other models, we cannot tell
too much difference among them, but when variance decreases, HZ model has a slightly

better performance than other models.

Jump of ¢
The study is designed as follows: an i.i.d standard normal sequence is generated for
T < 15. Starting from T = 15, there is a jump of ¢ from 0 to ¢, where ¢ € (—=1,1), with

an increment of 0.1. Here we rescale the innovation to make sure the marginal mean
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Figure 5.17: Out of control ARL vs different after-jump value of o
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and variance are the same before and after the jump, i.e,

Y. = X for k<n

Y = @Yi 1 + Xp\/1— ¢?

and

From the Figure 5.18 we find some interesting features. First of all, the HQK model
performs terribly when ¢ reduce to a negative value, and both M model and MS model
show strong bias from the in-control scenario (¢ = 0). However, when ¢ jumps to pos-
itive value, these three methods have better performance than the other methods. In
fact, when ¢ jumps to a positive value, the sequence becomes more positively autocor-
related, making the sample mean in a short period of time more deviated from 0. The
ARL hence tends to be smaller when ¢ increases. However, if ¢ jumps to a negative
value, the sequence becomes more negatively autocorrelated, making the sample mean

in every short period of time more stable and closer to 0. In the extreme case, when ¢
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Figure 5.18: Out of control ARL vs different after-jump value of ¢
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gets close to -1, OOC-ARL for HQK will be close to infinity.

The MS model is able to detect the change if ¢ jumps to a large negative value. The
decrease of ARL for very negative ¢ results from the increase of sample variance in a
short period of time after the jump, but if the qg is not small enough, the performance

is poor.

From the graph, the S model reacts to the change of ¢ symmetrically, because an
increase or decrease of ¢ will cause a decrease or increase of sample variance in a short
period of time in our scenario (recall that we rescaled the AR(1) sequence). The MSP
model and MSPT model are better than S model when ¢ jumps to positive value and
worse than S model when ¢ jumps to small negative value, because these two models
still consider a change of p, making their performances somewhere between S model

and M/MS model.

Jump of 6

The study is designed as follows: an i.i.d standard normal sequence is generated for



60
T < 15. Starting from T' = 15, there is a jump of 6 from 0 to 6, where qg € (—1,1), with
an increment of 0.1. As in the previous case, we also rescale the innovation to make

sure the marginal mean and variance are the same before and after the jump, i.e,
Y. = X}, for k<n

and

X+ 0Xe

V1+ 62

Yi

Figure 5.19: Out of control ARL vs different after-jump value of ¢
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From Figure [5.19 we have several interesting discoveries from this graph. The models
that focus on mean change (M model, MS model and HQK method) have good perfor-
mance when 6 jumps to positive values. The reason is similar to the case with jump
of ¢: if # jumps to positive value, the autocorrelation becomes 8 > 0, so that sample
mean in a short period of time will dramatically deviate from in control level. However,
these models perform terribly when 6 jumps to negative value, because in those cases

the sequence has negative autocorrelation, and thus the sample mean after change point
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tends to be more stable.

Our S model has a slight reaction to the change of 6, due to the change of sample
variance in a short period of time after the jump. This effect is similar to that in the
case with jump of o. The HZ model performs better than S model when € jumps to

positive value, but worse than S model when 6 jumps to negative value.

Our MSP model has little reaction to change point if # jumps to positive value, and
performs even worse when # jumps to negative value. As for the MSPT model, it has
the best performance when 6 jumps to negative value, and it has a symmetric ARL
curve, except a little bias for —0.2 < 6 < 0. Therefore if we lack the information of the

jump direction of 8, the MSPT will be the most ideal choice.



Chapter 6

Algorithm and Practical

Problems

6.1 Time and Space Complexity

Suppose we have a phase II sequence X1, Xo, ..., and the model we apply does not require
Monte Carlo integration, such as those in 2.4.5 with known ¢ and 6. Then every time
when there is a new observation X, the naive algorithm has time complexity O(n?)
and space complexity O(1), since for each T'= 1,2, ..., n, we have to compute Sty Sors
Sff 7, and S; 7, which takes 2n steps to sum up. This can be improved to an algorithm
with O(n) time complexity and O(n) space complexity by keeping records of the sums.
Let S;Tvn and S;{Tm denote the sums at n observations, where 7 = 1,2. Then

Sirni1 = Si1n

+ _ o+ J
Sirni1 = Sira + Xon

or ST,

where S’ T

iTn is 0 if not defined before. We update and take record of the sums

after each new observation.
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6.2 Problem of Underflow

If the numerical integration is not needed, we always suggest using the log-posterior dis-
tribution, i.e. log(f(7]X)) instead of f(T'|X) itself. This is because f(7'|X) can have
small positive numbers very easily, and therefore cause an underflow. For example,
exp(—4000) is common in our method but this number is simply 0 in double type. If we
just compare log-values, this problem can be avoided. However, if numerical integration
is needed, we have to sum up a series of f(T|X) evaluated at different samples. The
series of f might all be very small. In this case, we can still compare the log of the sum,

using the following method.

Suppose we have sequence Aj, Ag, ..., Ay with very small positive values like exp(—4000),

and a; = log(4;), i =1,..., N are easier to store in computer. Then we have

N N N N
log(Y  Ai) =1log(>_ exp(ai)) = loglexp(ag) Y _ exp(a; —ao)] = ag+log[y _ exp(a;—ao)]
=1 =1

i=1 i=1
where

ap = max a;
1<i<N

and the last summation will not cause the underflow problem, since all the components

are positive and the maximum of them is 1.

6.3 Calibration of Hyperparameters

The Bayesian SPC method works well if a relevant and informative prior can be used.
Usually people form prior distributions from two sources: subjective belief and objective
experience. If subjective belief is applied, qualitative features of in control and out-of-
control status, mean and variance of each parameter, as well as the in control and out
of control ARL can be used as reasonable guidelines. For example, we can set p = 0.05
if we think the process generally runs out of control in about 20 time units, and we can
set a1 = B1 = 3 and ag = (B = 0.3 if we think the in control correlation is weak and

out of control correlation is strong.

If phase I data is available, we can find the settings for hyperparameters by fitting
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them from the phase I data. For example, if we assume a model with all parameters
changed before and after the change point, we can fit maximum likelihood estimators

({11, fi2, 01, G2, (Aﬁl, (}‘)2, 0, 92) from the likelihood function as in Chapter 2.4.1:

L(Xﬂ:ul?:u’?v 01,02, ¢17 ¢27 01, 027T)

and the hyperparameters, such as p19, poo, 71, T2, a1, a2, b1, bs can be selected so that
the moments (usually first and second moments are enough) of the priors coincide with

those estimated parameters. Finally, p can be used to adjust the in-control ARL.

Another method of finding hyperparameters setting from phase I data is to integrate

out parameter set
(,UJ17 H2,01,02, ¢1a ¢2’ 017 027 T)

with respect to their prior distribution in the likelihood function, and get a ”hyper”
likelihood function that only consists of hyperparameters. Then find the fitted hyper-
parameters through an maximization procedure. This approach is natural, but it is not
easy to implement. Neither the integration nor the maximization is trivial. If close form

“hyper” likelihood function is not available, this approach is not desired method.

In the next chapter, we will demonstrate the procedure to select prior information

and calibrate hyperparameters in a real example.



Chapter 7

A Real Example of Application of
Bayesian SPC Method

There is currently a wide interest in the topic of climate change and global warming,
thought to have started some time after World War II. The increasing emit of green
house gas is believed to dramatically raise the world average temperature, and therefore
change the climate. For example, the warmer atmosphere can evaporate more water

and bring the world more storms and precipitation.

We demonstrate our procedure using 130 years’ annual rainfall data from 1849 to 1979
in Fortaleza, Brazil (Hipel and McLeod, 1994). The first 50 years precede the more
recent increase in atmospheric carbon dioxide, and so should provide good prior infor-
mation about the rainfall patterns in the absence of any changes. The plot of this time

series is in Figure [7.1l

We assume there is no change of underlying model for the first 50 years. The plots of

autocorrelation function and partial autocorrelation function suggest an M A(1) model:
X,=¢ep+0e,_1+v

where ¢, are i.i.d with N (0, 0?). Fitting this model by minimizing the conditional sum
of squared residuals gives estimates 6 = 0.29 with standard error 0.14. For the selection

of prior distribution of in control 6, we assume 7(6) o (1 + 6)7(1 — )%, where 7,5 > 0
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Figure 7.1: Rain Fall Data for Fortaleza (mm), 1849-1979
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and this is essentially Beta(y,d). The corresponding Beta distribution can be set up so
that its mean equals (1 + 6)/2 = 0.645 and standard deviation equals se(d)/2 = 0.07.

We can solve v and § by
T~ 0.645
v+6

~d
(Y+0)?(y+4d+1)
and we get v = 30.24 and ¢ = 16.65.

=0.07%

We also have 7 = 1468.53 with standard error 83.80, and 02 = 465.72 = 216874

In our own model we use
Xn = (En + ,UJ) + 0(571—1 + ,U)

So u = ﬁlay. We can substitute 8 for 6 and get p ~ N(1138.63,64.97%). Us-
ing our notation in chapter 2, the prior for g can be set up to pug = 1138.63 and
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T = 465.70/64.97 = 7.17, recall that the prior for p given ¢ is a normal distribution,

with precision 7.

Under the frequentist model and the normal assumption, the o2 follows a Gamma
distribution, but we need to fit a inverse Gamma distribution, and the Gamma distrib-

2 as parameter. However, we can use a bootstrap sample of 02 to estimate

ution has o
its first and second moments and match them with inverse Gamma parameters. In this

example, we get a = 21.50 and b = 4342304.

All the hyperparameters we estimated above are for the in-control parameters. For
the out-of-control parameters, or the right side of the change point, we have no idea
where will they change. A reasonable idea is to replicate them, i.e, v9 = 71 = 30.24,
as = a1 = 21.50, etc. However, if we are more confident that there will be a change of
any parameters, but are still not sure about the direction of the change, we can simply
raise the variance of that prior distribution. For example, we can set up 7o = 71 /10 if
we believe that u is going to change. We can also set up as = a1/5 and by = b1 /5 if we

believe that o is going to change.

Finally, the user should decide p based on the knowledge about precipitation. For
example, we might assume p = 0.02 for an average of 50 years of the first occurrence of

the next change point of annual rainfall in Fortaleza.

We carry out the following SPC on the phase II data (rain fall data for Fortaleza
after 1900), applying the following setting of hyperparameters: pijg = oo = 1138.627,
71 = 7.17 = 107, a1 = 21.50 = 10as, by = 4342304 = 10ba, 71 = v2 = 30.24, and
01 = 99 = 16.65. We also set up p = 0.02.

This SPC method does not detect any change of any parameter we are considering.
We also apply the ARMA(1,1) (MSPT) and AR(1) (MSP) models, using the same
approach to determine those hyperparameters. Neither of them gives any alarm till the

end of the rainfall sequence.
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Finally, we apply the M model and MS model for detection of mean or variance change.
The result of these tests are shown in Figure [7.2. For the MS model, the process gives
an alarm at year 1974, indicating a change point occurring at year 1972, while the M
model gives an alarm at 1974, but indicating a change point at 1962. In fact, if we run
more steps after the alarm is given, these two methods agree on a change point at 1962

from then on.

Figure 7.2: Result of Bayesian SPC on Fortaleza Rainfall Data
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From the graph, we can observe a shift of mean away from the original mean of around
1500. However, there is a disagreement between the models assuming i.i.d sequence and
the models considering autocorrelation. An explanation for this discrepancy is that the
marginal mean did shift, but the models considering autocorrelation treat it as normal

phenomenon under the influence of autocorrelation.
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In this graph, we also include the annual rainfall data for several years after 1979, from
Manly (2009) and some online data from Fortaleza Aeroporto weather station. There is
a reversion of the average rainfall during the late 1970s and early 1980s, and the positive
shift of average precipitation during 1960s looks like a temporary change, implying that

there is no long lasting fundamental change of the average rainfall in Fortaleza till 1980s.



Chapter 8

Future Work

One important extension of our current work is to the multivariate case. The most
study on multivariate SPC is to monitor the change of mean vector. Suppose there is
a multivariate normal sequence (X1, X2, X3,...), where X; is a p x 1 random vector
following a multivariate normal distribution N(u, ¥). After time 7', the mean p jumps

from pg to py.

Multivariate SPC monitoring mean chagne has long been studied since the first re-
lated paper, Hotelling (1947). The popular methods include Hotelling’s T? chart,
the MEWMA (Multivariate exponentially-weighted moving average) chart, and the
MCUSUM (Multivariate Cumulative Sum) chart. In some recent important works re-
garding unknown or vague information about mean vector and jump direction, Zamba
and Hawkins (2006) proposed a hq p chart similar to that in Hawkins, Qiu and Kang
(2003), based on the Hotelling’s T2 statistic. This method is useful when prior informa-
tion of in-control and out-of-control mean is completely unknown. Liu and Qiu (2011)
incorporated prior information into the posterior mean of the direction of changing vec-

tor.

Embedding the Bayesian framework of our thesis into multivariate case is not very
straightforward, but instead bearing some critical issues. First issue is how many pa-
rameters, and thus how many degrees of freedom should we set up. Apparently, if we

assume an arbitrary structure of 3, p(p + 1)/2 parameters for ¥ have to be estimated.
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For simplicity, one can first assume diagonal structure of ¥ =diag(o?, 03, ...,ag), or
even ¥ = ¢2I,. In fact, following this set up, the marginal posterior distribution of the
change point T" will be similar to what we derived in this thesis. One can even derive

the variance and mean-variance change only model based on this assumption.

If the independent assumption for each individual vector X; is released, theoretical
work and computation might be much harder. One should carefully consider how to set
up the prior information of ¥ in a reasonable way so that 3 is always ensured to be
positive definite, and the rest derivation of posterior distribution is workable theoret-
ically and computationally. Probably some medium-strong assumption should still be

made on the correlation structure of X;.

An even challenging part of our extension is the Bayesian multivariate SPC on au-

tocorrelated sequence, say multivariate ARM A(1, 1) model:
X, =®X,;, 1 +0O¢g

where ® is a p X p matrix making the sequence X stationary, and © is a p X p ma-
trix making the sequence invertible. The biggest issue, like discussed above, would be
dimensionality of ® and @©. If no structure assumption is made, there will be p? para-
meters to fit. The possible solution might be as that for the 3: to assume a structure,

but leave the scale as unknown parameter.
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