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1. Introduction

The study of diffusion of dopant in semiconductors leads to a pair of nonlinear diffusion
equations which is coupled in the highest order term. Following the model developed by
Zahari & Tuck [ZT] and Hearne [H| to describe the jumping of impurity atoms and host
atoms between neighbouring lattice planes in a crystal, one arrives at the set of equations

Oc_DCB<6c Bv)

E—Fa—m ’U%—Ca—x (11)

Oh _Dud(0h 00

ot v* Oz <vam hax> (12)
c+h+v=L (1.3)

in which ¢, h and v denote the densities of respectively the impurity atom s, the host atoms
and the vacancies in the lettice and L the density of the lattice sites. The coefficients D,
and Dj are the diffusivities of the impurity and host atoms and v* is the equilibrium
concentration of the vacancies. The variables ¢ and z denote time and distance in the
direction perpendicular to the lattice planes.

Because L is a constant, (1.3) can be used in (1.2) to eliminate h. In view of (1.1) we
eventually find the diffusion equation for v

Ov (1 Dh>6c 0%v

a5 )a = P

3 (1.4)

where D, = DpL/v* is the vacancy diffusivity. In many practical situations D < D, so
that the coefficient of d¢/0t can be taken to be positive. For a more detailed derivation of
these equations we refer to a recent review by King [K].

In this paper we discuss the infiltration of impurities into a semi-infinite slab of semi-
conductor in which initially there are no impurities (¢ = 0) and the concentration of the
vacancies is everywhere equal to its equilibrium value v*. Thus, we have

c(z,0)=0 and v(z,0)=0" for z > 0. (1.5)
Then, at ¢t = 0, the face of the semiconductor (z = 0) is exposed to the impurities at a

concentration c¢*, but the level of the vacancies is kept at the equilibrium value. This yields
the boundary conditions

c(0,t) =c¢* and v(0,t) =" for t > 0. (1.6)
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With these initial and boundary conditions, we wish to determine the evolution of the
concentration profiles of the impurities and the vacancies in the semiconductor as time
progresses.

By introducing the nondimensional variables

c v t T

c=—, 0=—, t=—= and T =

c* v* T D.T’

where T is a representative time scale, (1.1), (1.4), (1.5) and (1.6) reduce to the problem

Oc 0 < Oc av)

"a—t = _6—1: ’U% - CE:; (17)
v e 0%

o T 99 = oa2 (18)

¢(z,0)=0 and v(z,0)=1 for >0 (1.9)

c(0,t) =1 and v(0,t) =1 for t >0 (1.10)

in which we have dropped the tildes again and

v* D c*rD
_ Y e ad =S °_>
P=7TDp, 19 L( 1

are both positive numbers.

In view of the invariance properties of the problem it is natural to look for a solution
in self-similar form. Thus we set

o(2,t) = f(n) and v(z,t) = g(n),
where

n= \/{
Then substitution into (1.7) and (1.8) yields a coupled system of ordinary differential
equations for f and g¢:

(f'g— fg")' + %nf’ =0 (1.11)
9" + gng' + %nf’ =0, (1.12)
whilst the initial conditions (1.9) become
f(e0) =0 and g(o0)=1. (1.13)
Finally, the boundary conditions (1.10) yield for f and ¢
f(0)=1 and ¢(0)=1. (1.14)
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The object of this paper is to prove the existence of a solution (f, g) of the two point
boundary value problem (1.11) - (1.14) and to establish a few global qualitative properties
of the functions f(n) and g(n) as well as their asymptotic behaviour as n — oo.

To prove existence we shall use a shooting technique, replacing the conditions at
infinity by additional conditions at the origin:

f(0)=-a and ¢'(0)=-B, «B€eR. (1.15)

Plainly, for every pair (a, ) there exists a unique local solution of (1.11), (1.12), (1.14)
and (1.15). We shall show that it is possible to choose @ and f in such a way that the
resulting solution exists for all n > 0 and satisfies (1.13). This is done in Sections 2 and 3.

In the course of the proof of existence we shall find that f and g have the following
properties:

fl(ln) <0 for 0<n<oo (1.16)

and there exists a number 7 > 0 such that

<0 for 0<np<n
g'(n){ o= (1.17)

>0 for f<n<oo,

so that the qualititive behaviour of f and g is as sketched in Firure 1.

A *‘3

=M
Fig. 1. The functions f(n) and g(n).

Finally, in Section 4 we shall study the asymptotic behaviour of f(n) and ¢(n) as
n — oo. We shall show that there exists a constant P > 0 such that

fn) ~ Pp7le™ ™/t as g — oo

and that .
1+ O(ne™P" Yy if p<1

P
1__q776_7’2/4 f p=1 45 5o .



2. Preliminary results
We begin by analyzing the behaviour of the solution (f,¢) when (a, ) is chosen in
the set q
D={(a,f):a>0,0<8<—L_4a).
{(0,8):a> _ﬂ_l_l_qa}

For each (a, ) € D we denote the maximal interval of existence of (f,g) by [0, o(a, 8))
and we write

n*(a, B) =sup{n € (0,0): f >0 on (0,7)}.

Lemma 2.1. Let (a,8) € D. Then

(a) f'(n) <0 for 0 <n<n*

(b) if n* = oo, then ¢’ has a unique zero 7} in (0,00) and inf{g(n) : 0 <n < oo} > 0;
(c) if n* < oo, then

fn*)=0, f'(n*)<0 and ¢g>0on]0,n".

Proof. (a) Suppose for the sake of contradiction that there exists a point no € (0,7*)
such that

f'<0 on [0,m9) and f'(no) =0. (2.1)
We assert that ¢ > 0 on [0,79). Clearly ¢ > 0 near n = 0. Suppose that

m =sup{n <mno:¢g>0on[0,n)} < ne.
Then, by equation (1.12)
p q
g"(m) = —=5mg'(m) = 5mf'(m) > 0.

On the other hand, from equation (1.11) we deduce that

flm)g"(m) = %mf'(m) <0.
Since f(n;) > 0 this yields a contradiction and so indeed
g(n) >0 for 0<n <no. (2.2)
At n = no we have by (1.11)
fg" =f"¢g>0 since f">0 and g >0.

Hence, because f > 0,
g"(no) 2 0. (2.3)
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If we substitute this into (1.12) we obtain

g'(m0) 0. (2.4)

Now multiply (1.12) by ePn’ /4, This yields the equation

2 2
(g'(n)eP™ /%) = —%nf’(n)e’”’ /.,

Thus, since f' < 0 on [0,70),

(9'()e”™ %) >0 on (0,m0)

and hence , ,
g'(no)e?™/* > g'(n)e? * for 0 < n < no,

which means in view of (2.4) that
g'(n) <0 for 0<n<n,. (2.5)

On the other hand, if we subtract (1.12) from (1.11) we obtain
! [AY) 1 n p !
(f'g—f9") = -9" + 5-ng,
q 2q

which yields upon integration over (0, 7), together with the data at n = 0,
, 14+ 1 K
Fmam - g’ = o —av <o+ £ [Nwma o)
0

Because (a,f) € D and ¢' < 0 by (2.5), it follows that the right hand side of (2.6) is
negative for all 0 < n < ny. In particular, this implies that

fg'>flg=0 at n=n,,

and so, because f(ny) > 0,
g'(m0) > 0.

This contradicts (2.5) and so proves Part (a).

Remark. If n* < oo, then by Part (a), 0 < f(n) < 1 for 0 < n < n* and it is clear that
o > n*. On the other hand, if n* = oo, then of course o = 0o as well.

(b) Since f' < 0 on [0,00) by Part (a), it follows from the argument used to prove (2.2)
that

g(n) >0 forall n>0.
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We assert that ¢’ has a zero. Suppose to the contrary that

g'(n) <0 forall n>0.

Then
lim g¢(n) exists = g(o0) > 0.
n—00

(From (1.11) and (1.12) we deduce that

f">0 and ¢" >0 on (0,00).

Hence,
lim f'(n) exists =0
1—00

and
lim ¢'(n) exists = 0.
1—00

Thus

flg—fg' >0 as n— oo

and we can conclude from (2.6) that

1+¢

p [T,
0= —=2 —a+—/ tg'(t)dt.
2 ), (t)

q

(2.7)

Because by assumption ¢'(n) < 0 for all n > 0, (2.7) implies that 8 > l—i—qa and hence that

(a, B) ¢ D, a contradicition.
Thus, ¢’ has a first zero, that is

i=sup{n>0:¢' <0onl0,n)} < 0.

Suppose it has a second zero. Then at that zero ¢" < 0. However, because f' < 0 it follows

from (1.12) that at every zero of ¢/,

"

q
= — = > 0,
g znf
so that we have a contradiction. Thus

g'>0 on (7,00).

(c) Suppose n* < co. We assert that

f(n*)=0.

Suppose to the contrary that
f(n*) > 0.
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Then n* = ¢ and this can only be so if
9(n*) = 0.
Again it follows from equation (1.12) that
g'(n)<0 for 0<n<n*
and so, by (1.11) and (1.12),
f">0 and ¢">0 on (0,7%).

Thus, because f" > 0,
f'(n) >—a for 0<n<np*

and because ¢g" > 0,
lim ¢'(n) exists = ¢'(n*).
n—n*
It follows that
liminf(f'g — fg') > liminf(—fg")
n—* n—7*
=|g'(n*)|liminf f
n—n*
> 0.

On the other hand, because < ﬂq_—qa and ¢’ < 0, it follows from (2.6) that

*

n
lim inf(f'g — ’<£/ tg'(t)dt < 0.
im inf(f'g fg)_zq i g'(t)dt <0
Because (2.8) and (2.9) are contradictory it follows that

g(n*)>0

(2.8)

(2.9)

(2.10)

and so we can continue (f, g) beyond n*, i.e. n* < 0. ;From this contradiction we conclude

that
f(n*)=0.

(2.11)

Plainly, f'(n*) < 0 and so to complete the proof of Part (c), we only have to rule out

that f'(n*) = 0. However, if f'(n*) = 0, then the pair of functions (f,g) defined by

Fm) =0, §(n) =p(n), ne€l0,00),
where p is the solution of the problem
o' +2np =0, p(n*) =g(n"), P'(n*)=g'r"),

7
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would be a solution of (1.11) and (1.12). By uniquenesss (f,g) = (f,9) on [0,00). Because
f(0) = 1 # f(0), we have reached a contradiction. Therefore we may conclude that

f'(n*) <0.
This completes the proof of Lemma 2.1.

In the next three lemmas we further explore the case when n* = oc.

Lemma 2.2. Let (a,f) € D and n* = co. Then

0 < f(n) <min{l,¢(n)} forall n>0.

Proof. Since n* = oo and f' < 0 on [0,00) by Lemma 2.1(a) it follows that
0< f(n)<1 forall n>0.

Thus it remains to show that f < g.
Because f' <0, (1.11) yields

(f'g—fg') >0 on (0,00). (2.13)
If we integrate (2.13) over (n, 7)), where 7j is the unique zero of ¢', we obtain
flg—fg' <0 for 0<n<7.
Because ¢g' > 0 on (7}, 00), we also have
flg—fg' <0 for ﬁSn<oo.l

Hence, since f > 0 and g > 0 on [0, 00),

f_l g_, on o0
<L o [o,c0)
f(n)<—;%g(n>=g(n) for all 1> 0.

Lemma 2.3. Let (o, ) € D and n* = co. Then

(a) lim g(n) exists = g(o0);
n—00

(b) g'(n) =0(e™™"") as n— oo
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for some constant k > 0, and

(c) g9(n) = g(c0) + O(n~'e ") as n — co.

Proof. (a) We use (1.12) to eliminate f’ and f" from (1.11). This yields the equation

g =0. (2.14)

2

m Iﬁ_l "
g +{ ; (+f)}g+4

Setting y = ¢''/g', which is well defined on the interval (7, 00) where ¢’ > 0, then turns
(2.14) into a Riccati-type equation for y:

2

y’+y2+{p2—77 (1+qf)}y+—=0, n > 1. (2.15)

Observe that by (1.12), ¢"(7) > 0. Hence y > 0 in a right neighbourhood of n = 7.
We shall show however that y cannot remain positive for all n > 7. For if y(n) > 0 for all
n > 7, then by (2.15), y'(n) < 0 for n large enough so that
lim y(n) exists =7 > 0.
17— 00
It immediately follows from (2.15) that ¥ cannot be positive. If ¥ = 0 then

2

limsupy'(n) < — liminf

2.16
n—oo pn—0o0 9(77) ( )

Since ¢’ > 0 on (7j,00) it follows from (2.6) that ¢' is uniformly bounded on [#,c0).
This implies that n2/g(n) — oo as n — oo and hence, by (2.16) that y'(n) — —oco and
y(n) — —oo as n — oo. This contradict the positivity of y.
Thus, y(n;) = 0 for some n; > 7 and, since by (2.15) y’ < 0 when y = 0, it follows
that y(n) < 0 for all n > ;. Remembering that ¢’ > 0 we conclude that ¢" < 0 on (n;, ).
We now write (2.6) for n > n; as

1, p/" ) 14+¢ p [™,
g+ = [ tdt)dt<a-—2B- = tg'()dt.
. (n) 2 )., (t) p 2 ), (t)

Because ¢ < 0 for n > n; it follows that
g n>n

1 n
g'(n) (— + L tdt) < constant for n >,
q 29 Jy

and hence that
0<g'(n)<Cn? for n>mny,



where C' is some positive constant. Thus g' € L!(n1,00) and so g(n) tends to a finite limit
as 7 — oo.

To prove Part (b) we shall show that there exist constants M > 0 and 7 > 5y, such
that

y(n) < —Mn for all 75 > 7. (2.17)
Remembering that y = ¢” /¢’ and that ¢’ > 0, this implies that
g 1 _
log ,Eng < —zMn* =) (2.18)

from which the assertion follows.
To prove (2.17) we introduce the function

h(n) = y(n) + Mn

and we show that h < 0 on (7, 00) for some 7 > 0. Observe that if A > 0 and n > 7y, then
because y < 0,

B(n) < —poi— e )+(2 +—;— ("))M n+ M
e 4p(?7 ) “50 >M
. 5(,700) . (2.19)
if we choose v 495900) (p+ 19(2;)‘1. (2.20)

Set n2 = 1 + 1/8Mg(o0)/p. Then, if h(n2) < 0, it follows from (2.19) that ~ < 0 on
(n2,00), so that we can take 7j = 7,. On the other hand, if h(1;) > 0 then by (2.19), h
must eventually vanish at some 7j > 1, and remain negative for all n > 7.

Finally, Part (c) is an immediate consequence of Part (b).

We conclude with corresponding estimates for f.

Lemma 2.4. Let (o, 3) € D and n* = co. Then

(a) 77li_r)r;of(n) exists = f(o0) > 0;
(b) f'(m)=0(e™™") as 5 oo,

where the constant k has been introduced in Lemma 2.3, and
() f(n) = f(c0) +O(n™'e™™) as 1 — oco.
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Proof. (a) By Lemma 2.1(a), f is decreasing and by the definition of n*, f is bounded
below by zero. Therefore f(n) tends to a nonnegative limit as 1 tends to infinity.

(b) Using (1.12) we write f' in terms of ¢’ and ¢":
P, 2
fl(n)=—-=g - —g .
(n) = —9'(n) e C)
Thus, since f' < 0 on (0,00) and ¢" < 0 on (1, 0)

' b, 2 "
=< + =
|f'(n)] L (n) pd (m)
< %g'(n) for n>mn.

The desired asymptotic estimate now follows from Lemma 2.3(b).

(c) The estimate for f(n) as n — oo follows at once from Part (b).

3. The shooting

With Lemmas 2.1-2.4 in place we are now ready to carry out the shooting argument
leading to the existence of a solution. We introduce the sets

A= {(a,f) €D n" < oo},
B={(a,B) € D:n* =00 and f(oo) > 0}.

Note that the set B is well defined because by Lemma 2.4, if n* = oo then f(co) exists.
Plainly

ANB=4. (3.1)

In the following two lemmas we shall show that .A and B are nonempty.

Lemma 3.1. There exists a positive number o« such that

DNn{a>a}C A

Proof. The proof relies on a scaling argument. Set t = an. Then (1.11) and (1.12)
become

1
f'9 = f9" = —55tf’ (3.2)
1
g" = —ﬁt(qf' + pg'), (3.3)

11



where primes now denote differentiation with respect to ¢. The initial values become

f0)=1, ¢(0) =1, f(0)=-1, ¢'(0)=—B/ec. (34)

It is evident that the initial value problem (3.2)-(3.4) is a regular perturbation of the
problem

f'g—fg"=0 (3.5)
g"=0 (3.6)
f(O) = ]-a g(O) = 1v fl(O) = _17 g’(O) = _9’ (37)

where 0 < 8 < 1/2. The solution (fo, go) of (3.5)-(3.7) is given by
fo(t) =1- t, go(t) =1-6t

Note that fo vanishes at ¢ = 1 and that go > 1 —6 > 1/2 on [0,1]. Thus, for large values
of a the function f(t) in the solution (f,g) of (3.2)-(3.4) vanishes near t = 1 so that for
those values of a, (a, 3) € A.

Lemma 3.2. There exists a positive number ag such that

Dn{a<ay} CB.

Proof. If @ = 8 = 0, the solution of (1.11), (1.12), (1.14) and (1.15) is given by
(f,9) = (1,1). Thus, for small values of a and 8 we may expect the corresponding
solution (f, g) to be close to (1,1), at least on bounded intervals. We shall show that this
is indeed the case here, even uniformly on the entire half line [0, 00). Plainly this implies
that for sufficiently small values of a and g, (o, 3) € B.

For convenience we set

f(m)=14wu(n) and g(n) =1+v(n). (3.8)

Then after some rearrangement we obtain from (1.11) and (1.12) the following equations
for u and v.

w Nl+qtqu , npt+pu ,
AT, ¢t 0
v"+gqu'+gpv'=0.

We can write these equations compactly with w(n) = col(u(n),v(n)) as
w' + gF(w)w' =0, (3.9)

where

F(w) = A+ p(w) (3.10)
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in which

A:(1+q g) and p(w)=0(|w|]) as w—0

q

and |- | denotes the Euclidian norm in R2. For every p > 0 and ¢ > 0 the eigenvalues \;
and Ay of A are real, positive and distinct; we shall assume A; to be the smaller one.

Wit the transformation

t="1-, y(t)=w'(n) and r(t) = p(w(n))

we can reduce (3.9), (3.10) to the familiar form
v + {4 +r()}y =0,

which is equivalent woth the integral equation

t
V() = A (0) — [ Ay (s) ds.
0
By standard theory there exists a constant X' > 0 such that
le=A%| < K|¢le™™! for all ¢ € R
Thus, if we choose constants p € (0,A1) and 6 > 0 such that

AL —p
K

lp(w)é] < || forall ¢ € R? if |w|<é,

then we obtain, using Gronwall’s Lemma,

lw'(n)] < KJw'(0)]e™""/*  as long as |w(n)| < 6.

This yields upon integration over (0,7)
n
()] < V2{|w(0)| +K|w'(o)|/ e g},
0

still as long as |w(n)| < §. By choosing w(0) and w'(0) so small that

w(0)] + 21{\/§|w'(0)| < %

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

this can be ensured for all n > 0. In fact, here w(0) = 0. Thus, for sufficiently small values
of w'(0) = —col(a, B) the solution (f, g) exists for all n > 0 so that n* = oo, and f(o0) > 0.
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Lemma 3.3. The sets A and B are open in D.

Proof. The fact that A is open in D follows at once from Lemma 2.1(c) and the
continuous dependence of (f,g) on («, 8) on bounded intervals.

To prove that B is open in D, let (@, 8) € B and let (f,7) denote the corresponding
solution of (1.11), (1.12), (1.14) and (1.15).

As in the proof of Lemma 3.2, we use vector notation, writing ¢ = col(f,g) and
¢ = col(f,7). The equations (1.11) and (1.12) then become

¢ +5G(9)¢ =0, (3.16)
where
1+4qf pf
G(¢) = ( g g ) .
q p
Write _
f(n) = f(o0) +u(n) and g(n) =7(co) +v(n).
Then
G(¢) = A+ p(w),
where —_ —
1+qf pf
A= 7 g and p(w) =O0(Jw|) as w — 0,
q p

and w = col(u,v). It is readily verified that the eigenvalues A; and Ay of A are real,
positive and distinct. The smallest one will be denoted by A;.
We now proceed as in the proof of Lemma 3.2 to obtain the estimate

lw'(n)| < K|w'(no)|e " ~1)/%  aslong as |w(n)| < 6, (3.17)

where K, 1 and § are positive constants defined as in (3.11) and (3.12) and 7, is a positive
number to be chosen later. Integration over (no,n) then yields as in (3.14)

o(m)] < V3{w(no)] + Klw'(no)| [ eH* =1/ g}, (3.18)

as long as |w(n)| < 8. This can be achieved by choosing w(no) and w'(no) so, small that

2K 6
+ —w'(no)] < —=-
w(r0) == (7o)

V2

This, in turn can be ensured by choosing 7o sufficiently large and then («, 8) sufficiently
close to (@, 3). Thus, if we choose in addition é < f(oo) we have shown that (o, ) € B
when (a, () is sufficiently close to (@, ).
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Corollary 3.4. The limits f(oco) and g(oo) depend continuously on (a,f) in D\ A.

We are now ready to conclude the existence proof by means of a topological argument
due to McLeod & Serrin [McLS], which states that the properties of the sets A and B
ensure the existence of a continuum C C D which joins the rays

6 ={(a,): >0, B =0}

by ={(a,8):a>0, B = liqa},

and has no points with A and B in common, that is

CN(AUB)=0.

Lemma 3.5. Let (a,) € C. Then
f'(n) <0 forall n>0 and f(oco0)=0.
Proof. Because (a,f3) ¢ A, n* = oo and hence, by Lemma 2.1(a), f'(n) < 0 for all

n > 0. This implies by Lemma 2.4(a) that f(oco) exists and is nonnegative. If f(oo) were
positive then (a,3) € B which we know is not true. Therefore f(oo) = 0.

In the following two lemmas we consider the limit g(co) on the two rays £; and £,

when («, 8) € C.
Lemma 3.6. There exists a point (&,0) € C such that

g(oco0) > 1.

Proof. We have shown in Lemmas 3.1 and 3.2 that there exist numbers 0 < ay <
a1 < oo such that

LNn{a<ag}CB and ¢4 N{a>a1} CA

Hence, because the restrictions of A and B to ¢; are both open there must be a point (@, 0)
on ¢; which belongs to C.
;From equation (1.12) we deduce that ¢'(n) > 0 for all » > 0 and hence that g(co) > 1.

Lemma 3.7. There exists a point (&, &/2) € C such that

g(o0) < 1.

Proof. The fact that there exists a point (&, &/2) on ¢, which belongs to C follows
exactly as in the proof of Lemma 3.6.
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;From (2.6) we obtain when 8 = ta

fimg(n) = f(mg'(n) = %g’(n) + 5% / ntg'(t)dt.

0

This yields after an integration by parts,

1 n
Finatn) = {5 + 5o’ + & (no(m) — [ a(0)dt). (3:21)
q q 0
Suppose that
n=sup{n>0:¢g<1on(0,n)} < oo.
Then ¢'(7) > 0 and it follows from (3.21) that

f'(m) > o.

Since f'(n) < 0 for all n > 0 we have a contradiction. Thus g(n) < 1 for all p > 0 and
g(o0) < 1.

Because we are looking for a pair (a, 3) € C such that g(co) = 1, the proof is completed
if g(o0) is continuous on C. This is proved in the following lemma.

Lemma 3.8. The limit g(o0) is a continuous function of (a, 3) on C.

Proof. By Corollary 3.4 g(c0) is a continuous function of (a, ) in D\ A. Because C
is a continuum in D \ A the result follows.

Thus, we have found that there exists a pair (a*,3*) € C so that the corresponding
solution (f*, g*) has the required behaviour (1.13) at infinity: f(oo) = 0 by Lemma 3.5
because (a*, 3*) lies in C and g(c0) = 1 because by Lemmas 3.6, 3.7 and 3.8 we can choose
(a, B) in C so as to ensure this. This completes the proof of the existence of a solution of

the problem (1.11) - (1.14).

4. Asymptotic behaviour

In this section we sharpen the asymptotic estimates obtained in Lemmas 2.3 and 2.4
for any solution (f,g) of (1.11) - (1.14):

f(m) = O(n~'e™™") as 7= oo (41)
gn) =1+ O(n_le_'mz) as 1 — oo. (4.2)

Here k is some positive constant which, according to (2.18) is given by « = M/2, M in
turn being given by (2.20). Since g(oco) = 1 and 0 < g(1j) < 1 it follows that 0 < k <
p/{4(1 +29)}.
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The main result of this section is contained in the following theorem.

Theorem 4.1. Let (f,g) be a solution of Problem (1.11)-(1.14). Then there exists a
constant P > 0 such that as n — oo

_ —n2
f(n) ~Pn~te™m /4

and

1+O(ne_”"2/4) if p<l1

Pg  —wja _

a(n) ~ 1——4-776 if p=1
P

1—-—L /4 i p>1.
p—1

Proof. To establish the asymptotic behaviour of f(n) as n — oo we write equation
(1.11) as

" +a(n)f" = b(n), (4.3)
where
__n _ f(mg"(n)

It follows from the asymptotic estimates in Lemma 2.3 and 2.4, together with the differ-
ential eqautions, that

a(n) = g + O(e_'”’z) as 1n — 0o (4.5)

and \
b(n) = O(e™*"") as n — oo (4.6)

Solving equation (4.3) for f' we obtain

n
fl(n) — e—A(ﬂ) (—Ol +/ eA(S)b(S) dS), (47)
0
where "
A(n) = / a(s)ds.
0
Note that
2 n
n 1 1
Alm) =7 +3 /0 <g(S) >S °
2 2
— nz + K+ O(n_le_'”’ ) as n — oo, (4.8)
where

K = %/0 (ﬁ—l)sd&
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Clearly, in view of (4.2), the integral converges.

It follows from (4.6) and (4.8) that
eAMp(n) = 0(6(1_8")"2/4) as 1 — oo. (4.9)

Therefore, if 8x > 1, the integral in (4.7) converges and we may conclude that

f'(n)=0(e" ) as 17— co. (4.10)
On the other hand, if 8« < 1, and the integral in (4.7) diverges, we deduce that
Fi(n)=0(e™2") as n— oo
and

f(n) = 0(77_16_2'"'2) as 17 — 0o, (4.11)

an improvement over (4.1). Using (4.11) rather than (4.1) to estimate b(n), we obtain
instead of (4.6)

b(n) = 0(6_3'”72) as n — 00 (4.12)
and instead of (4.9)

eAMp(n) = O(eM1207°/4) a5 5 - 0. (4.13)

If 12k > 1, (4.10) follows. If 12k < 1 we can repeat the above argument until after the nt"
iteration 4(n + 2)k > 1 and (4.10) follows. If at some stage in the process 4(n +2)x = 1,
it is clear that one further iteration yields (4.10).

We can now refine (4.10) by returning to (4.7). Note that by Lemma 2.1, f'(n) < 0
so that by (4.7)

n
/ eADp(s)ds < a forall 5> 0.
0

Because ¢"(n) < 0 and so b(n) < 0 for large values of n, the integral is decreasing for large
n so that

/ AWp(s) ds < a (4.14)
0

as well. Thus, because the integral in (4.14) is convergent by (4.10), we may conclude from
(4.8) and (4.14) that there exists a constant P > 0 such that

f'(n) ~ _§6—772/4 as 17 — oo. (4.15)

and consequently
f(n) ~ P77_le_"2/4 as 1n — oo. (4.16)
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For the asymptotic behaviour of g(n) we turn to equation (1.12). Solving it for g’ we
obtain

o) = el (-p -4 [Tertips)as). (4.17)

0
We now distinguish three cases: p< 1, p=1and p > 1.
- When p < 1 the integral in (4.17) exists and so

J'(n) = O(e'p”2/4) as n — oo. (4.18a)

- When p = 1 the integral in (4.17) is O(n?) as n — oo and we find using I’'Hopital’s rule
that

P
g'(n) ~ ?6‘77726—’72/4 as 1 — oo. (4.18b)
- When p > 1 the integral in (4.17) is O(e®=D7°/4) as 5 — oo and we find that

Pq _n2
! ~——2 e/t 4 — 0. 4.18¢c

The required estimates for ¢g(n) now follow once we integrate (4.18a-c) over (n,00). This
completes the proof.
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