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1 Introduction

In this paper we establish a priori interior gradient estimates for fully non-

linear equations of the form
(1.1) F[D%*u] = f(k) = —1—¢(m,t,u, v,u), w = (1+|Dul?)!/?
w

where v = (Du/w,—1/w) denotes the downward directed unit normal on
the spatial graph S of the function u, kK = (K1, -, ky) is the n-tuple of
principal curvatures of S with respect to the upward unit normal vector,
Y € CYR"x Rt x R x S™ x R) is a prescribed function, and f is a smooth
symmetric function defined in an open convex symmetric cone I' C R™, with
vertex at the origin, and containing the positive cone I't = {k € R" :
each component «; > 0}. The equation is assumed to be parabolic, i.e. (see
[1])

(1.2) fiz-g—f>0inF,for1§i§n,
K-
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and

(1.3) Y. (z,u,t,v,7) > 0.

Equations of form (1.1) are naturelly related to the problem of the nor-
mal deformation of a hypersurface by a function of its curvatures. The cor-
responding elliptic equations have first been studied by Caffarelli, Nirenberg
and Spruck [1]-[3]. Following them, we call a function u admissible if, at
every point on the graph S = S; of u(-,t), k € T, for any t.

In order to obtain interior gradient bounds, we assume in addition there

exist constants cg,c; > 0 such that

(1.4) fizco+a Zfiv for all k € T with £; < 0,
and
(1.5) f is homogeneous of degree one.

The prescribed function ¢ is assumed to satisfy (1.3) and for some positive

constants M

(1.6) —Yu, Yr S M; Dy, |D3| < Muw,

and furthermore,
(1.7)  is concave with respect to 7, and ) > —M on {7 = 0}.

We can now state our main result of this paper. Let B; be the open unit
ball in R™ and T' > 0.

Theorem 1.1. Let u € C3(B; x (0,2T))NCY(B, x [0,2T)) be an admissible
solution of (1.1), and u(0,T) = ug, u < 0 on By x [0,2T). Then, under the
conditions (1.2)-(1.7),

(1.8) |Du(0,T)| < C

for some constant C' depending only on n, cq, ¢1, M, ug, T.
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An interior gradient estimate for any bounded solution of (1.1) follows
inmediately from Theorem 1.1.

Typical examples of functions f satisfying all the conditions of the the-
orem are f(k) = (6 (k))/*, where o*) is the k-th elementary symmetric

function

OiM(K):: 2: Kiy K -

i1 <ip < <ig
For (c(*))1/k the cone I' = T’ consists of that component of its positivity set
which contains I't; see [1], and the condition (1.4) is verified in [9].

Estimate (1.8) has been obtained by Evans and Spruck [4] for the mean
curvature evolution equation. In the stationary case, the corresponding es-
timates were proved by Korevaar [8] for Weingarten equations and by Li [9]
for more general nonlinear elliptic equations of prescribed curvatures. All of
the proofs of these results, including those of the present paper are based on
the original method of Korevaar [8].

In order to prove the theorem we will need to differentiate equation (1.1).
For technical convenience, we follow Trudinger [11] and do this on the graph
S of u. Thus in §2 we develop the necessary calculus on a hypersurface
that is relevant to prescribed curvature equations. Using this calculus, we
construct in §3 the necessary comparison functions and complete the proof
of Theorem 1.1. At the very end of the paper we make some final remarks
indicating how our assumptions may be somewhat relaxed or modified. In

particular, we recover the results of [9] in the stationary case.

2 Calculus on the hypersurface S

Following [5], we let
6=V—-v V)



denote the tangential gradient operator on S, where V is the gradient oper-
ator in R™"*!. Let ey,--+,e,; 1 denote the orthonormal coordinate frame of
R™*! and set

b; = €5+ 6, yi:e,-~v, 1<i<n+1.

It follows (for example from [10]) that the curvature matrix [6;7] is sym-
metric with eigenvalues kq,- -+, k,,0 on S, where kq,- -, k,, are the principal
curvatures of S.

We need to extend the‘symmetric function f to some open, symmetric
subset of R™*!. There is a canonical way to do this. By a local version (see
[7, p.108]) of a theorem of Glaeser [6], we can find a smooth function A which
satisfies

f(&) = h(eM(k),---,6M™(k)), for x € T.

On the other hand, the elementary symmetric functions ¢®, ... o) are

naturally defined on R™*!. Set
I'={xe R : (6W(),---,6™(X)) € R* is in the domain of h}.

Then I is a symmetric open subset of R**!. Now define a smooth symmetric

function f on I by
.f()‘) = h(a(l)()‘)7 e 70(n)()‘))a for A € f
We note that I' x {0} C T, and

f(k,0) = f(x), for k € T.
It is obvious that at a point (k,0) € I' x {0}
fi(k,0) = fi(k) for1 < i< n.

Let G denote the function on the linear space of real (n + 1) X (n + 1)

symmetric matrices given by

G(A) = f(/\h ) /\n+l)v
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where Ay, - -+, A\pq1 are the eigenvalues of the symmetric matrix A. Equation

(1.1) may then be written in the form
1
(2.9) G(#v) = =,

To proceed further we note that if €, -, €,41 form another orthonormal

coordinate frame of R**! and if we set

then
I/i = (el- . é]')ﬂj, 5, = (61' . éj)gj,
(S,'I/j = (ei . ék)(ej . él)gkl;l,
and
(2.10) G([61) = G (57 e:  En)e; - ),
where 8G
G4y — — (A,
G(4) = Ga-(4), A= [Ag)
In particular, if we choose at a fixed point on the graph S, €,,; = —v (which
implies gnﬂ = 0) and &;,---, €, such that the matrix [Skﬁl] = [K1, ", Kn, 0]

is diagonal, then as pointed out in [3],
(2.11) G'i([6x5"]) is diagonal and = f; when 1 < i = Jj <n.

We also note that

=0, 1<i<n, tl=_1;
v'=—¢€; €py1, 1 <1< n+1.

It is now not hard to see that from the above follow the formulae

(2.12) Gyis; =0



(2.13) GY(6;—v'v) =) fi
(2.14) GY67 =Y fiki
(2.15) GUs V80 = fikl.
We also record for later reference the formulae
(2.16) me“y’ + GMIM =N fiepyr - €)° > 0;
and
@17) G = 3 filens  &)(ea - €i)a < %Z £
which also follow easily.

Now differentiate (2.9) on S with respect to é, using the commutator
formula [10]
(5i6j — 5J6, = (I/i(SjI/ — l/j&'l/) . 5,
to obtain
(2.18) G868, + vGsEEVE = l&/) — %;b&w.
w w
Here we have used the formula (2.12).
Noting that »"*' = —1/w, the (n+1)-component of (2.18) yields
N 9
(219) G”&'éj‘ll) - EG”(SZ‘U)(S]'U) —w Zfilc? = w5n+11,b - ¢5n+1w.

We compute

1 1 1 1
(220) 5n+1’l/) = —l/a'lbg;a + (1 - _2)1/)1; + _2¢u"5iw + _1/)th-
w w w w
Set
. 1
= G"6;6; - E’J’uf&' + $bnt1

and

L=1L- gGij(Sjw&.
w
From (2.19), (2.20) and (1.6) we derive the important formula

(2.21) Lw — hrw, > —2Muw.



3 The proof of Theorem 1.1
Following Korevaar [8] we define

(3.22) n(z,t) = g($(z,1); g(¢) = ¥ —1,
with the constant K > 0 to be determined and, as in [4]

u(z,t)

+
_ o2
o) = (e 11— 1eP))
Let v = wn. Then, where ¢ > 0:
Lv — ¢,v; = w(Ln — $,m) + n(Lw — 1 w,).

Thus from (2.21),

(3.23) Lv — v, > w(Ln — . — 2Mn).
We have
(3.24) Ln=g'Lé+ g"G6:46;¢,
whereas

Lo = LL t L|z|?

We compute

5i|$|2 _ 2x; — 21u’1/°‘:ca, 1 <i<n
20"y, i=n4+1,

and,for 1 <:<n+1

52‘5'|:E|2 — 2(5,‘]‘ - l/iI/j) — QVQ:L'O,(S,-I/j — 21/j5i(l/a$a)> 1 S] < n,
! —20%2o 6™ — 2"t (v, j=n+1.

We also note that

. , 1
bu = El/’, 1<i<n, bppu=1+ EV"“;



1 : o1
5i5ju = -’LE&I/J + VJ(Si(E)-
It follows, by means of (2.12)-(2.14), that

1 1 11
Lu=— > fiki+(1— DY et = g

Liz|* = 2Y fi—2v%za(d fiki— %¢)

-2 (lGin+lyi + Gn+1n+l) _ gma(¢ya _ l/a’l/),,il/i).
w

w

Thus, utilizing (1.5), (1.6) and (2.16) one obtains

1 M
L¢22—uO¢—4(Zfi+M+E(—)).

Now plug this into (3.24) and use (1.6) and (1.7) to obtain

(3.25) Ln — . > g"GY6:08;¢ — 49'(D" fi + Co),

with Co = (1 4 5= + 7)M.

Concerning the first term of the righthand side of (3.25), one calculates

i 2 2 2 b in
G600 = TgGJ5i|~”3| 6;lx] __uoTG 16|z |?

1 l int+l, 1 n+1n+1

+_4u0(wG v'+ G ).

It follows therefore from (2.16) and (2.17) that
(3.26) Gsig6,6 > —= 3 filewsr - &) — —— 3" f,
D ¥ = 411,(2) \Yn+ ) UQw 1

On the other hand, the non-negative function v vanishes on the parabolic

boundary
831 X [072T)UF1 X {t = 0}



Thus it achieves its maximum value at some point (zo,t5) € By x (0,2T].
Now at the point Q = (zg,u(zo,tg)) € S = Sy,:

bv = wo;n + nd;w = 0,

and hence, if €, -+, €,41 are chosen at point () as before,
(3.27) g'6ip = —v6v™t = —v > (e;- €;)(entr - €5)K;
Jj=1

In view of (2.10) and (2.11), one thus obtains
5 :
y v
(3.28) G6:6;¢ = W) Y fiki(en1 - €)%

We show next, using condition (1.4), that (3.26) and (3.28) imply at point

Q
(3.29) GY6:06;¢ > 32 (co +eay fi)

provided that

4
(3.30) w > 2 + 16ug max {1, —ﬁ} = C.
(5]
First of all, we observe that since
1 1 2t
617, = —1-—=)— " o
e 2ug w2) Twy v
1 1 4 1.
> —(1-—)——(1—- =)}
- 2u0( wz) w( w2)2
1 1
> —(1-—=
- 4u0( w2)

when w > 1 + 16ug, the (n+1)-component of (3.27) gives

n ! 1
3.31 —v €n = 4’6, >3 1~
( ) ; +1° =gbnp10 2 4uO( wg)
But
e . . 1
Z(en+1 €)?=1—(eng1Eng1)?=1- —
— w



so it follows from (3.31) that, at the point @ € S

!

(3.32) min ki < ——2— = —p < 0.

1<ikn - 4U0'U
Now assume first there exists some j such that

(3.33) kj < —p and Kj(ent - )" < —%-

Then (3.29) follows directly from (3.28) and (1.4). Secondly, if (3.33) does

not hold, we claim there exists some j such that

1
(3.34) k; <0 and (eny1- €)% > ym

For otherwise we would have
S kilent1-€)? = D Kilent1- &)+ D kilentr - &)?

Kk;<0 Ki<—p —u<k; <0
> —

But this contradicts (3.31) when w > 2 and so (3.34) must hold. Now we
can use (1.4), (3.26) and (3.30) to obtain (3.29).

We can now employ the maximum principle for second order parabolic

equations to conclude that
(335) w S Ol at (.To, to).

For when the constant K in (3.22) is chosen sufficiently large, say when

(3.36) K > 128nu? - max {l, Co + M}

Co C1

(Co as in (3.25)) it follows from (3.23), (3.25) and (3.29) that

(3.37) Lo — 4,0, >0
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holds in some neighborhood of (g, o), contradicting the maximum principle.

Finally, from v(0,T") < v(zg,to) follows the a priori bound:

(2o, t0) 2K _
< _— < = .

The proof of Theorem 1.1 is complete.

We conclude with some remarks.
Remarks.l. From (3.36) we see the a priori bound in Theorem 1.1 is of
the form C = O(eA%T™") for some constant A independent of ug and T
Compare with that of [8].
2. Without essential change of the proof, one can obtain local estimates for
the gradiet independent of T' near {t = 0} provided one knows an estimate
for the gradient on {t = 0}. Moreover, the condition ¥, < M in (1.6) can be
released in this case.

3. It is clear from the proof that the condition (1.5) can be replaced by
(3.39) —M < f(k) =3 fini <M

with respect to the admissible solution u, i.e. it holds as k varies on the
subset of I' consisting of the n-tuple of principal curvatures of the (spatial)
graph of w.

The first inequality in (3.39) is trivially implied by the assumptions that

(3.40) f is concave

and that

(3.41) liminf f(x) > —M.
k—0
kel

The second inequality in (3.39) obviously holds if the prescribed function v is
bounded above and Y f;x; is bounded below, which is in turn implied by the

concavity of f and a condition in [1]. Compare with the relevant conditions

of [8] and those of [9].
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