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" Abstract. This paper studies the complexity of computing (or approximating, or bounding) the vari-
ous inner and outer radii of a convex polytope in the space R® equipped with an £, norm or a polytopal
norm. The polytope P is assumed to be presented as the convex hull of finitely many points with rational
coordinates (V-presented) or as the intersection of finitely many closed halfspaces defined by linear in-
equalities with rational coefficients (H-presented). The inner j-radius of P is the radius of a largest j-ball
contained in P; it is P’s inradius when j = n and half of P’s diameter when j = 1. The outer j-radius
measures how well P can be approximated, in a minimax sense, by an (n — j)-flat; it is P’s circumradius
when j = n and half of P’s width when j = 1. The binary (Turing machine) model of computation is
employed. The primary concern is not with finding optimal algorithms, but with establishing polynomial-
time computability or NP-hardness. Special attention is paid to the case in which P is centrally symmetric.
When the dimension n is permitted to vary, the situation is roughly as follows: (a) for general J{-presented
polytopes in £, spaces with 1 < p < oo, all outer radius computations are NP-hard; (b) in the remaining
cases (including symmetric H-presented polytopes), some radius computations can be accomplished in
polynomial time and others are NP-hard. These results are obtained by using a variety of tools from the
geometry of convex bodies, from linear and nonlinear programming, and from the theory of computational
complexity. Applications of the results to various problems in Mathematical Programming, Computer
Science and other fields are included.
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Introduction and Basic Definitions.

This paper is concerned with the complexity of computing the various inner and
outer radii of polytopes. In particular, we establish polynomial-time computability or
NP-hardness of computing the diameter, the width, the inradius and the circumradius of
polytopes. Motivation for this work arises from various problems in Mathematical Pro-
gramming and Computer Science. Some of these applications are outlined in Section 6.

The present study uses the results on geometric and combinatorial properties of radii
given in [GK90a], and some complexity results of [BGKV90] for the related problem of
norm-maximization. Some perspective is added by results of [GHK90] on the algebraic
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tractability of radii. However, the present paper is self-contained in the sense that we will
refer to these preliminary results explicitly, rather than merely implicitly.

In view of the applications given in Section 6, our main interest is in dealing with
the various radii in the spaces R™ which are endowed with the Euclidean norm, with
the maximum norm, or with the ¢; norm. However, there has also been some interest
in polytope containment problems (cf. [EF82], [FO85]) which for symmetric polytopes
amount to finding inradii or circumradii in spaces that carry a norm whose unit ball is
itself a polytope. To cover all these cases we formulate our radii problems in the general
framework of Minkowski spaces.

Let M denote a Minkowski space — a normed finite-dimensional vector space over the
real field R. The dimension of M is denoted by n and the norm by || ||. The unit ball and
unit sphere of M are the sets B = {z : ||z]| < 1} and S = {z : ||z|| = 1} respectively. The
term polytope will mean an n-dimensional subset of M that is the convex hull of a finite
set of points or, equivalently, is the intersection of a finite collection of closed halfspaces.

The most important cases — for which the results of the present paper are almost
complete — are the Minkowski spaces with polytopal norms or with £, norms. A norm
is polytopal if the unit ball is a polytope. For z = (£;,...,&,) € R™, the £, norm ||z||, is
defined as follows for 1 < p < oo:

n 1/p
el = (2 |&-|P) (for 1<p<oo) el i= max [6i)
Note that the norms || ||; and | || are polytopal. The Minkowski space that is R™
endowed with an £, norm will be denoted by Ry, its unit ball and unit sphere by By and
S, respectively.

With each Minkowski space M there is an associated conjugate space M*. The points
of M* are the linear functionals on M, and the norm of a functional is the maximum of its
values on the unit ball B of M. The norm, unit ball and unit sphere of M* are denoted
by B* and S* respectively. As is customary, the norms in both M and M* are denoted by
I || when there is no danger of confusion. Of course, polytopes are defined for M* as for

M.
For each p € [0, 00], the number p € [0, 0] is defined by the condition that

1 1
-+ =
p P

=1.

Thus the spaces R} and R are conjugate to each other. The most important spaces of
this sort are the self-conjugate space Ry (Euclidean n-space) and the mutually conjugate
spaces R} and RY.

The usual bilinear form on M x M* is denoted by (, ), so that for z € M and y € M*,
(z,y) denotes the value of the functional y at the point z. Thus, in particular, if M = R}
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and M* = Rz, and (as we usually assume) if coordinates are given with respect to the
standard (dual) bases, then

<SC, y) = Z 5:‘775
=1

for each z = (£1,...,&x) EMand y = (1,...,72) € M™.
For X C M, the polar of X is the set X° C M* given by

X°={yeM :(z,y) <1lforallz € X}

Polars are defined in the same way for subsets of M*, and by identifying (M*)* with M in
the usual way, these polars are regarded as subsets of M.

Prefixes often indicate dimension. For example, the j-dimensional linear (resp. affine)
subspaces of M are called j-subspaces (resp. j-flats), and a j-ball of radius p in M is a set
of the form

(g+pB)NF={z€F:|z—q| <p}

for some j-flat F' in M and point q € F'.

For 1 < j < n, the inner j-radius r;j(P) of a polytope P C M is the maximum of the
radii of the j-balls contained in P.

The outer j-radius R;(P) of P measures how well P can be approximated, in a minimax
sense, by an (n — j)-flat. Specifically, R;(P) is the minimum of the positive numbers p
such that M contains an (n — j)-flat F' for which P C F + pB.

The numbers r,(P) and R, (P) are respectively the radius of a largest n-ball contained
in P and of a smallest n-ball containing P. They are called, respectively, the inradius and
the circumradius of P, and the center of each such ball is called an incenter (resp. a
circumcenter) of P. The number 2rq(P) is the diameter of P—the maximum distance
that is realized between two points of P. The number 2R;(P) is the width of P—the
smallest of the distances between pairs of parallel supporting hyperplanes of P.

‘Approximation theorists have computed the radii of particular bodies of special inter-
est, and have estimated the radii when precise computation proved to be too difficult (cf.
[Ti60], [Si70], [Pi85] and their references). The present study has a somewhat different
focus, related to the fact that motivation for the computation of polytope radii has arisen
more recently from problems in computer graphics, robotics, global optimization, and the
sensitivity analysis of linear programming (see Section 6). We are concerned here with the
intrinsic complexity of computing (or approximating or bounding) the various inner and
outer radii of an arbitrary polytope or of an arbitrary centrally symmetric polytope. These
are basic problems in computational geometry, and our approach is that of the theory of
computational complexity.

We are interested in the complexity of radius computations for both fixed dimension
and variable dimension, but our emphasis is on the latter. We employ the standard binary
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or Turing machine model of computation [GJ79], in which the size of the input is defined
as the length of the binary encoding needed to present the input data to a Turing machine
and the time-complezity of an algorithm is also defined in terms of the operation of a Turing
machine. For this model, each computation begins with a presentation of a polytope P
in terms of integers, and this is necessarily related to a coordinatization of the space. It
is essential to distinguish between polytopes that are V-presented and polytopes that are
H-presented.

A V-presentation of a polytope P C R™ consists of integers m and n with m >n > 1,
and an m-tuple vq,...,v,, of rational points of R" such that

P = conv{vy,...,om}.

Note that if the presentation is irredundant—i.e., if the convex hull is diminished when any
one of the m points v; is omitted—then the m points vy,...,v,, are precisely the vertices

of P.

An H-presentation of a polytope P consists of integers m and n with m >n > 1, a
rational m X n matrix A, and a rational m-vector b such that

P ={z eR": Az < b}.

Note that if the presentation is irredundant—i.e., the intersection

m

Nz =, 6n) 0 ) aijéy < Bil
i=1

=1

is enlarged when any one of the m halfspaces {z : Z?:l a;;€; < f;} is omitted—then the
m hyperplanes {z : E;-l:l a;;€; = PB;} are precisely the affine hulls of the facets of P.

As usual (see e.g. [GLS88]) the size of the input is defined as the number L of binary
digits necessary to encode all input data. We may assume without loss of generality that
for each of the relevant rational numbers v/é, the numerator 4 and the denominator §
are relatively prime. That is because when this assumption is not satisfied, the Euclidean
algorithm can be applied to produce (in polynomial time) a presentation of P that does
satisfy the assumption. (The Euclidean algorithm runs in polynomial time but not in
strongly polynomial time, so the assumption of relative primality of v and é would be a
genuine added restriction if we were aiming at strongly polynomial algorithms. See pp.
36-40 of [GLS88] for a discussion of this point in the context of Gaussian elimination.)

Asis well-known, each polytope P admits both a V-presentation and an H-presentation.
However, since P may have many more vertices than facets (or vice-versa), it may happen
that the minimum size for one sort of presentation is much larger than the minimum size
for the other sort. That is why the complexity results for V-presentations differ from
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those for H-presentations. However, some of our results do apply to both V-presented and
H-presented polytopes, and in those cases we refer simply to presented polytopes.

It is known (see [Kh80], [PS82] for the corresponding results stated for polytopes that
are presented by means of integer data) that if P is presented in either of the above
manners, then with respect to the Euclidean norm, R,(P) < 2*f—in fact, P C 2*/B5.
;From this it follows at once that

P C24L\/EBZ for 1 < p < oo.

Also, if int P # @ (as is implied by our condition that dim P = dim M), then with respect
to the Euclidean norm, r,(P) > 27*L, In fact, the ellipsoid method will produce, in time
bounded by a polynomial in the size of the input, a rational point ¢ such that ¢4+274/B% C
P, whence

q+ (2_4L/n)BZ cCP for 1 <p < 0.

These facts add perspective to our general assumption that P is bounded and has interior
points.

When precise computation of a polytope radius p turns out to be difficult, it is of
interest to estimate it by approximating it closely or bounding it above or below. This
involves, as an additional part of the input data, a positive rational number A, where A
is the bound to be tested or is the desired closeness of approximation. Of course, the
size of A is then part of the size of the input, which is L + size()\), with L as defined
earlier. The output desired for the approzimation problem is a rational number u such
that |u — p(P)| < A, and for lower-bounding (upper-bounding) it is a correct answer to the
question “Is p(P) > A?” (“Is p(P) < A?”). In the following, we will use the same symbol
L to denote the size of the input in all these different situations, and it is understood that
the bound X is part of L in case of approximation, lower-bounding or upper-bounding,.

It should be emphasized that the proofs of NP-hardness do not involve exotic polytopes.
In particular, parallelotopes and simplices suffice for the hardness results indicated in the
tables at the end of this section. The tables describe the situation for the four most
important radii and the three most important values of p.

Our section headings are as follows:

. Statements of Main Results;

. Computational Preliminaries;

. Radius Computations for Polytopal Norms;
Radius Computations in P or NP;
NP-Hardness of Radius Computations;
Some Applications of Radii;

Appendix.

.U‘PWNH

=3

In addition to providing detailed statements of our main results on the computational
complexity of the various radii, Section 1 contains an informal description of some of the
difficulties encountered in attempting to compute these radii.
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As a service to the reader, the Appendix provides an overview of the basic properties of
radii that are needed in establishing the computational results. Even though some of the
results have been well-known for a long time, we refer to [GK90a] as a convenient single
source for these and various related results.

The present paper belongs to a series that includes [GK89], [BGKV90], [GHK90],
[GK90a], [GK90Db], and other papers in preparation. Their purpose is to study the intrinsic
complexity of various computations involving fundamental geometric measures of convex
polytopes and other convex bodies, with emphasis on the case of variable dimension. This
direction of research might be called computational convezity, since in many contexts the

term computational geometry seems to imply that attention is to be restricted to a fixed
low dimension.

As basic references for the topics involved in this paper, we suggest [AHUT74] and [GJ79]
for computational complexity, [PS85] and [Ed87] for computational geometry , [Gr67] and
[Br83] for convex polytopes, and [Sc'87] for linear programming.

For a study of some related problems see [Me90].

The following tables provide a rapid indication of our main results for the four most
important radii ry, Ry, 7, R, and the three most important values of p (1, 2 and o).
The designations P, NPC and NPH indicate respectively polynomial-time computability,
NP-completeness, and NP-hardness. (For the listing of NPH, we do not know whether
the problem belongs to the class NP.) These results refer to the case of variable finite
dimension. As is described at the end of Section 1, the picture changes when the dimension

is fixed.

The reader should be warned that the tables are in some respects imprecise, and
are intended only to convey a rough impression of our main results. Detailed, precise
statements of all of our main results are provided in Section 1.

RD H-polytopes V-polytopes
general symmetric general symmetric
Diameter rf NPC NPC P P
Inradius r2 P P NPH NPC
Width R? NPC P NPC NPC
Circumradius R? NPC NPC P P
R? H-polytopes V-polytopes
general symmetric general symmetric
Diameter 1 NPC NPC P P
Inradius Tn P P P P
Width R,y P P P P
Circumradius R, NPC NPC P P




R™ H-polytopes V-polytopes
~ general symmetric general symmetric
Diameter 1 P P P P
Inradius T P P NPC NPC
Width R, NPC P NPC NPC
Circumradius R, P P P P

The tables provide only a rough indication of results. They are imprecise in the following
respects: (i) the diameter and width are actually equal to 2r; and 2R; respectively; (ii)
the results for £, involve the square of the radius rather than the radius itself; (iii) some
of the P entries are based on polynomial-time approximability rather than polynomial-time
computability; (iv) the designations NPC and NPH do not refer to computability per se, but
to the appropriately related decision problems involving the establishment of lower or upper
bounds for the radii in question.

1. Statement of Main Results.

Before stating our main results, we want to mention three possible sources of difficulty
in computing a given inner or outer radius of a polytope. One source is the possible
algebraic complexity of the desired number itself. This particular difficulty is in a sense an
artifact of our model of computation, and it vanishes if we ask for approximation (rather
than precise computation) in the Turing machine model. For example, there is an obvious
algorithm for “computing” the diameter of a V-polytope in an £, space—simply compute
distances between vertices, and take the maximum number thus obtained. However, for
the binary model of computation it must be required that p is an integer (or co), and what
is really output is the p*! power of the diameter rather than the diameter itself. A crucial
fact is that the p*! power of the diameter is rational. Now suppose that p is an integer and
P is a presented polytope in an £, space. Suppose also that p # 2 and p is the circumradius
of P, or that p = 2 and p is the inradius of P. Then, as is shown in [GHK90], there is
no rational polynomial ¢ such that ¢(p) is guaranteed, under the specified circumstances,
to be a rational number. This does not entirely rule out the possibility that the number
p can in some indirect way be determined by a Turing machine, but it does make it more
difficult to frame an appropriate definition of such determination. (In some cases it would

suffice to augment the Turing machine by an “oracle” that computes norms of rational
vectors.)

Another difficulty in computing (or even approximating) radii arises from the fact that
the optimizing positions of the relevant flat (and, for inner radii, of a point in that flat)
may not be sufficiently strongly related to the facial structure of the polytope. This is
the case for the outer 2-radii of polytopes in Euclidean 3-space, as D. Larman (private
communication) has shown that there are infinitely many smallest cylinders that contain
a regular simplex. Also, there are 3-polytopes with arbitrarily many vertices that do not
have a unique minimum containing cylinder [GK90a]. Further, [GK90a] shows that there
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is no “Helly-type” characterization of optimal cylinders, for there are 3-polytopes with
arbitrarily many vertices which have the property that when any vertex is omitted the
convex hull of the remaining vertices has smaller radius R; than the polytope itself.

Finally, even when there must be a strong geometric relationship of the optimizing flat
to the polytope, there may be too many positions of the flat that satisfy this relationship
and hence are candidates for being the optimizing position. This is the classically difficult
situation of trying to optimize a function that has, in addition to its global optimum,

many local optima that are not global optima. For some examples of this phenomenon,
see [GK90a).

Each of our complexity results involves the following ingredients:

a collection M of Minkowski spaces;
a manner W of presenting polytopes (where W is V or H);
for each M € M, a measurement up that is applicable to polytopes in M.

Typically, pum(P) is a power of the inner or outer j-radius of P, where 1 < j < dimM and
where, when the collection M is infinite, there are some restrictions on the rate at which
jJ orn —j grows as dimM — oo.

The following conventions serve to clarify or simplify certain statements:
we speak of computation in £, spaces or in an £, space to refer to computation in
the spaces R} where p is fixed but the dimension n is variable;

we speak of computation in fized Ry to indicate that both p and the dimension n
are

fixed;

for each real a, ™ := «; thus the p*! power of o has its usual meaning when
p € [1,00[, and when p = oo it merely means the number a.

Note that for polytopes in £, spaces, some of the results below involve p** powers and
others involve p*! powers.

1.1 MEMBERSHIP IN P. For polytopes in ¢, spaces, each of the following can be com-
puted in polynomial time:

the p*t power of the diameter —
of a V-polytope when p € N U oo;
of an H-polytope when p = oo;
the p*! power of the circumradius —
of a symmetric V-polytope when p € N U oo;
of a V-polytope when p € {1,2,00};
of an H-polytope when p = oo;



the p" power of the width —
of a symmetric H-polytope when p € N U oo;
of an H-polytope when p = 1;
of a V-polytope when p = 1;

the p* power of the inradius —

of a symmetric H-polytope whenp € N U oo;
of an H-polytope when p € {1,00};
of a V-polytope when p = 1.

The statement about diameters is obvious, but the other results appear to be new in
the form stated. It is interesting that all of the powers mentioned in Theorem 1.1 are
rational-—obvious for diameters but perhaps not entirely so in the other cases.

1.2 APPROXIMATING THE INRADIUS AND THE CIRCUMRADIUS.

There are polynomial-time algorithms that do the following for polytopes in £, spaces:
for V-polytopes, when p € N U {00}, approximate the circumradius;
for H-polytopes, when p € NU {00}, approximate the inradius.

1.3 MEMBERSHIP IN NP. For presented polytopes in £, spaces, each of the following
problems belongs to the class NP —
when p is an integer or oo:

lower-bounding the p*® power of the diameter;
upper-bounding the p*" power of the width;
when p € {1,2, 00},

lower-bounding the p** power of the circumradius;

when p € {1,000},

upper-bounding the p** power of the inradius.

In the other cases, we do not know whether the corresponding circumradius or inradius
problem is in NP.

1.4 QUESTION ABOUT THE INRADIUS AND THE CIRCUMRADIUS. For presented poly-
topes in £, spaces, which of the following problems belongs to the class NP:
when 3 < p < oo,

lower-bounding the p** power of the circumradius?

when 2 < p < oo,

upper-bounding the p** power of the inradius?
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Some additional remarks and results concerning the “algebraic intractability” of these
radii and some related questions are contained in Section 4.

In proving the NP-hardness of certain radius computations, we proceed by transforma-
tion from two problems that are known to be NP-hard, MAXNORM, and PARTITION.
For each fixed p € N, MAXNORM, is the problem of lower-bounding the function || ||}
(the p*! power of the £, norm) on an H-presented parallelotope centered at the origin in
R™. The NP-hardness of this problem is proved in [BGKV90] by means of a sequence of
transformations from the problem NOT-ALL-EQUAL-3SAT of [Sc78]. PARTITION is the
well-known problem from the list of [Ka'72|, proved to be NP-hard by a transformation
from the 3-SATISFIABILITY of [Co71] by way of 3-dimensional matching,.

1.5 NP-HARDNESS FOR RADII WITH LOwW INDICES. For each fixed p € N and each
fixed 7 € N, each of the following problems is NP-hard for H-presented parallelotopes in

£, spaces:

lower-bounding r;(P)?;

upper-bounding R, y1—;(P)?P.
For each fixed p € N and each fixed j € N, each of the following problems is NP-hard for
V-presented cross-polytopes in £, spaces:

upper-bounding R;(P)?;

lower-bounding ry41—;(P)P.

For p € {2,00} and each fixed j € N the following problem is NP-hard in ¢, spaces:

upper-bounding RJP (P) for presented simplices.

1.6 NP-HARDNESS FOR RADIT WITH HIGH INDICES. For each fixed p € N, and fixed
B,v € N with 3 < v, each of the following problems is NP-hard for H-presented parallelo-

topes in the spaces R)"™:

lower-bounding r g, (P)P;

upper-bounding Rg,(P)?.
For each fixed p € N, and fixed ,7 € N with 8 < v, each of the following problems is
NP-hard for V-presented cross-polytopes in the spaces Ry™:

upper-bounding Rgn(P)?;

lower-bounding rg,(P)?.

In fact, Theorems 5.7 and 5.10 contain slightly stronger results.

Our results for the circumradius solve problems proposed in [Ka'’89]. The main prob-
lem that remains open is to determine the computational complexity of the width for
H-polytopes in £, spaces when p € N'\ {1,2}.
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1.7 QUESTION ABOUT THE WIDTH. For p € N but p > 3, what is the computational
complexity of upper-bounding R;(P) for H-presented polytopes in £, spaces?

Some remarks on this problem appear in Section 5.

Theorems 1.1 — 1.3 and 1.5 — 1.6 apply to polytopes in £, spaces of unrestricted dimen-
sion. There is also interest in the existence of polynomial-time algorithms for polytopes
in R} for a fixed dimension n. For fixed n, the conversion between V-presentations and
H-presentations can be accomplished in polynomial time, so in this case the conclusions of
Theorems 1.1 and 1.3 apply without specifying the manner of presentation. Hence, for the
most part the following theorem is a corollary to Theorem 1.1. In addition, the symmetry
restriction can be removed in the case of the width.

1.8 MEMBERSHIP IN P FOR FIXED DIMENSION. For presented polytopes in fixed Ry,
each of the following can be computed in polynomial time:

the p** power of the diameter —

when p € N U oo;

th

the p*" power of the circumradius —

when p € N U oo and the polytopes are symmetric;
when p € {1,2,00};

the pt* power of the width —
whenp € NU oo;
the p** power of the inradius —

when p € NU co and the polytopes are symmetric;
when p € {1,00}.

For presented polytopes in fixed Ry there are polynomial-time algorithms that do the
following:

when p € NU {00}, approximate the circumradius;

when p € NU {00}, approximate the inradius.

For low-dimensional spaces, there are algorithms more efficient than the ones presented
here. However, since our emphasis lies only on deciding polynomial time computability
or NP-hardness we do not go into details here. The interested reader might want to look
at [Ed87], [HT85], [PS85], [KD82], [Me83] and at the literature cited in these books and
papers.

All of the preceding statements have dealt with the P- or NP-computability, or the
NP-hardness, of various radii in spaces of arbitrary (though sometimes fixed) dimension.
From the viewpoint of applications, there is particular interest in the complexity of radius
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computations in R, R” and especially R} for n = 2 and n = 3. The principal open
question along these lines is the following;:

1.9 QUESTION ABOUT INNER AND OUTER 2-RADII IN 3-SPACE. What is the com-
plexity of computing ro( P) and Ry(P) for polytopes P in R3?

The answer to this question is unclear even when P is a 3-simplex (tetrahedron).
[GK90a] contains some results that are related to Problem 1.9, and the relationship of
R,(P) to robotics is discussed in Section 6.

2. Computational Preliminaries.

In studying the complexity of computing radii, we make frequent use of the fact ([Kh80],
[Ka84]) that there is a polynomial-time algorithm for linear programming (both for op-
timization and for feasibility tests). One of the consequences of this is that, whether we
are dealing with V-polytopes or H-polytopes, it may be assumed that the presentation is
irredundant.

2.1 REMOVING REDUNDANCY. When a polytope is V-presented or H-presented, an
irredundant presentation of the same sort can be obtained in polynomial time.

Proof. When a polytope P is given by means of a V-presentation,
P = conv{v,...,vm}, with v; = (vi1,...,vin),

the following algorithm uses a number of linear feasibility tests to produce an irredundant
V-presentation P = conv{v; :1 € K}.

begin
K« {1,...,m}
for k£ < 1 until m do
begin
if there exist coefficients 4; > 0 such that

Yiek\(ry Vi =land vk =3 gy vivi; for 1<j<n
then K « K\ {k}

end
end.

When a polytope P is given by means of an H-presentation,

P= ﬂ{m : Zaijﬁj < Bi},
i=1 =1



the following algorithm solves a number of linear programs to produce an irredundant
H-presentation

P={z:) aij& < B}

i€EK Jj=1

begin
K« {1,...,m};
for k «— 1 until m do
begin
compute the maximum 6 of 3°7_; a;é;
over the intersection [; ¢ ({7 : Yoy @ijéi < Bik;
if 6y < By then K — K\ {k}
end ‘
end.

a0

Symmetric polytopes play a special role in our study. In this connection, it should
be noted that from either sort of presentation of a polytope P, it is possible to decide in
polynomial time whether P is symmetric and, if so, to find its center of symmetry.

2.2 FINDING THE CENTER. There are algorithms which, when applied to a presented
polytope P, determine in polynomial time whether P is symmetric, and find its center of
symmetry if it has one.

Proof. Suppose first that P is given by means of an irredundant V-presentation. Using
the square of the ¢, norm, find two vertices v; and v at maximum distance, and let
w = %(vj + vg). If P is symmetric, then w must be the center of symmetry (see A.6).
Hence the polytope P is symmetric if and only if it is true for each vertex v; that the point
2w — v; 1s also in the list of vertices.

Now consider the case of an irredundant H-presentation, Az < b. Each of the inequal-
ities a;z < b; (where the a;’s are the row-vectors of A) defines a halfspace whose bounding
hyperplane is the affine hull of a facet of P. For each i, solve the linear programming
problem of minimizing a;x over P, denote the minimum by +; and set ¢ = (v1,...,Ym)-
Then P is symmetric if and only if the linear system Az = %(b + ¢) has a solution. If the
solution exists, it is unique and is the center of symmetry. []

The following well-known facts are used in some proofs of membership in the class NP.

2.3 GUESSING A VERTEX. Suppose that P is an H-presented polytope in R", defined
by a system Az < b of linear inequalities. For each set I consisting of n indicesin 1,...,m,
it can be determined in polynomial time whether the system of equations

a;z = f; (1€l
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has a unique solution v. Each such v can be tested in polynomial time for membership in
P, and P’s vertex-set consists precisely of the unique solutions v that pass this test.

2.4 GUESSING A FACET-INDUCING INEQUALITY. Suppose that P is a V-presented
polytope in R™, given as conv{vi,...,vm}. Foreach set I consisting ofn indicesinl,...,m,
it can be determined in polynomial time whether the points of {v; : ¢ € I} are affinely
independent. If this is the case a rational normal vector z € (R™)* and a rational “right-
hand side” B can be computed in polynomial time (such that (v;,z) = f for i € I) and
it can be tested in polynomial time whether all points vy,...,v,, satisfy the inequality
(v,2) < B.

If the pair (z, ) passes this test it gives a facet-inducing inequality of P.

For each fixed dimension n, Theorems 2.3 and 2.4 provide the basis for polynomial-
time algorithms that converts an H-presentation of an n-polytope P into a V-presentation
of P and vice versa. Much better algorithms are available for that purpose, but this one
is adequate for our present needs. Note, however, that when the dimension is unrestricted
and a conversion from a V-presentation to an H-presentation (or vice-versa) is needed, the
size of the output is not in general bounded by any polynomial in the size of the input.

Indeed,
(k - Linfnw J) s (k - Linjlz)/z J)

is the maximum number of vertices of n-polytopes with k facets and also the maximum
number of facets of n-polytopes with k vertices [Mc70]. Thus it is not surprising that the
complexity of some radius computations depends on the manner in which the polytope
is presented. For studies of the computational complexity of passing from one sort of
polytope presentation to the other, see [Dy83], [Sw85] and [Se87].

In some cases when computing certain radii is difficult it is still possible to approximate
or to bound them. The following discusses the close relationship between bounding and
approximation of polytope radii.

2.5 FROM BOUNDING TO APPROXIMATION. Suppose that p and j are positive integers,
and let p denote the inner j-radius r; or the outer j-radius R;, defined for each polytope
P in a space R withn > j. Let the term “W-polytope” mean either V-presented polytope
or H-presented polytope. If there is a polynomial-time algorithm for upper-bounding
or for lower-bounding p on W-polytopes, then there is a polynomial-time algorithm for
approximating p on these polytopes.

Proof. We want to construct an algorithm that finds, for each W-polytope P and
each positive rational A, a rational number g with |g — p(P)| < A, and such that the
algorithm’s running time is bounded by a polynomial in the size of (P, ). Note first
that from either sort of presentation of P, the same sort of presentation of the polytope
@ = (1/X)P can be obtained in polynomial time; and since P C 2*//nB7 it is true that
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p(Q) < (1/))2*L\/n. Hence by combining the procedure for lower-bounding or upper-
bounding p with an appropriate number of bisections of intervals, we can compute in
polynomial time an integer 7 with 7 < p(Q) < 7+ 1 (r < p(Q) < 7 + 1, respectively ).
The rational number p = 3A(27 + 1) is then a desired approximation of p(P). [

2.6 FROM APPROXIMATION TO BOUNDING. With notation and hypotheses as in 2.5,

suppose in addition that there are strictly increasing polynomials ¢ and ¢ on [0, 00| for
which the following is true —

for each 'W-presentation of size L of a polytope P in R} there is a polynomial q
that satisfies the following conditions:

the degree of q is at most ¢(L);

q’s coefficients are integers of absolute value at most ¥(2L);

p(P) is the only positive root of q.

If there is a polynomial algorithm for approximating p on W-polytopes, there is also a
polynomial algorithm for lower-bounding and upper-bounding p on these polytopes.

Proof. It is assumed that p and j are fixed positive integers, p = r; or p = R;, and

W =7V or W= H. For each positive integer 3, let P denote the set of all W-polytopes of
size L < f situated in spaces R} with n > ;.

Let a € Q, and let ay,a; € Z such that @« = a;/ay. Further, let ¢(§) = Zf:(] 7€
and suppose that ¢(a) # 0 but ¢(&) = 0. With ¢(¢) = ¢(é + «) and & = & — a, we have

t(0) # 0 and t(&;) = 0. If |£;] < 1 then
k L )
o ‘fl
2 (20

k k
Gy Y ( >|7h||a" I < 1€ — afay [#Pp(2L )26+,

i=1 h=:

)~ 1(0)] =

Now, set
rg = 2099 (28)26(A)+1,

This implies that

whenever P € Pg and p(P) is not a rational of size at most §, the number p(P)
differs from the nearest such rational by more than 1/75.
Now use the approximation algorithm to find in polynomial time a rational number
p such that |p — p(P)| < ﬁ. Then, for a prospective bound A for the upper-bounding
problem we proceed as follows: For A < pu — 1/275 we report “no”, while for A € [u —
1/274, 1+ 1/275) we have p(P) = X and hence report “yes”; and for A > p+1/275 we also
report “yes”. This solves the problem of upper-bounding p correctly in polynomial time.

The same arguments apply also to the case of lower-bounding. []

15



3. Radius Computations for Polytopal Norms.

If the norm in the Minkowski space M is unrestricted the use of certain methods (similar
to those provided by A.11 and A.12) for computing or bounding the radii of a polytope
P C M is rather limited. However, such methods are applicable when M’s unit ball B is
itself a polytope. It is assumed in the present section that B is given irredundantly in the
form

(Bver) B = CODV{ql,...,Qk}

or the form

k
(Bhyp) B= ﬂ{x eM: (z,y;) <1},

1=1

and that the polytope P C M is given irredundantly in the form
(Pver) P = conv{vl,...,vm}

or the form

(Puyp) P = n{x EM: (z,a;) < Bi}.

i=1

Of course, B is symmetric, though some of the results hold even for asymmetric unit balls.
When P is assumed to be symmetric, that is indicated by writing (symPye,) or (symPhyp).
It is also assumed, where convenient, that bases for M and M* are specified and points of
these spaces are given by means of their coordinates with respect to the bases.

In this section only, our model of computation is infinite-precision real arithmetic, but
because we use only polytopal calculations the methods turn out to be applicable to the

Turing machine model as well. As the term is used here, a polytopal calculation is any of
the following;:

(i) forming the sum, difference, product or quotient of two real numbers; deciding
whether a given real number is nonnegative;

(i1) multiplying a point of M by a real scalar; forming the sum or difference of two
points of M; evaluating a linear functional at a point of M;

(ii1) testing the consistency of a finite system of linear inequalities,
(z,0i) < i (1 <i<m),

where the 4;’s are real numbers and the ¢;’s are linear functionals on M; maximizing

a linear functional ¢¢(2) subject to the inequalities (when the maximum is known
to exist).
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The level of a polytopal calculation is defined to be 1 in case (i), n (= dim M) in case
(ii), and mn in case (iii). These crude measures suffice for our purposes because we are
concerned only with polynomial-time computability. With respect to each of the situa-
tions (Byer;Pver), (BversPhyp)s (Bhyp,Pver), and (Buyp,Phyp), the term efficient polytopal
algorithm means a sequence of polytopal calculations, the sum of whose levels is bounded
by a fixed polynomial in k,m and n.

3.1 POLYTOPAL ALGORITHMS FOR THE DIAMETER. There is an efficient polytopal al-
gorithm that computes P’s diameter in the situations (Byer, Pver ), (Bhyp, Pver); (Bhyp, Phyp)-

Proof. Suppose first that (Byyp) holds. Then the diameter of P is given by
2r1(P) = max{éy,..., 6k},
where §; = maxy zep(u — ,y;). For (Bhyp,Pver), observe that

6; = max Vp — Vi, Y
I h,ie{l,...,m}( i-Y3)

and hence the main step in computing P’s diameter is O(km?) evaluations of linear func-
tionals on M. The sum of the levels of the necessary polytopal calculations is O(km?n).

For (Bpyp,Pnyp), observe that the “hyp” representation of P in M yields a similar
representation (using 2m linear inequalities) of P x P in M x M. Since

0; = Y50 =\ Y57 )s
J (u’glggxp(w i) — (=, v;))

the main step in computing P’s diameter is the solution of k linear programs over P x P.
The sum of the levels is O(kmn). (The fact that the sum of the levels for (Bpyp,Phyp) is

asymptotically smaller than for (Bpnyp,Pver) is an artifact of our crude definition of level,
and has no significance for practical computation.)

Now suppose that (Byer,Pver) holds, and let
W ={wy,...,w,} ={vp —v; : 1 < h,i <m}.
Then
2r1(P) =min{A > 0: W C \B}.
Since B = conv{qy,...,qx}, the diameter of P is the inverse of the solution of the problem

of maximizing u subject to the constraints
k

> omijgi=pmwi  (1<i<r)

k
ZT,‘]'ZI (1S’LS’I‘)
J=1

T,‘jZO (1SZS7‘,1S]SI€)

Here we have (n + 1)r < (n + 1)m? equality constraints and kr < km? nonnegativity
constraints for kr variables, so the total level of the polytopal calculations is O(k?m*n). {1
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3.2 POLYTOPAL ALGORITHMS FOR THE WIDTH. There is an efficient polytopal algo-
rithm that computes P’s width in the situations (Byer, Pyer ), (Bver, Phyp)s (Bhyp, SymPhyp)-

Proof. With D = 1(P — P), (Pye) yields (Dyer) by means of polytopal calculations
the sum of whose levels is O(m?n), and (symPhyp) is (Dnyp). Using polarity, (Bver),
(Buyp), (Dver), and (Dpyp) are equivalent respectively to (B ), (Bier), (Diyp), and (D).

ver hyp ver

Since R;(P) = R;(D) = 1/r;(D°) by A.2 and A.3, the entries (Bhyp,Pryp), (BnypsPver),
and (Byer,Pver) in Theorem 3.1 justify the respective entries (Byer,Pver), (Bver,symPhyp),
and (Bpyp,5ymPpyp) in Theorem 3.2. There remains the consideration of (Byer,Pnyp) for
asymmetric P.

Now suppose that (Bver,Phyp) holds, and recall from A.5 that
2R,(P) = rsnelg I,(P),

where [,(P) is the length of the longest segment in P that is parallel to the line Rs. This
implies that the following three statements are equivalent:

(i) 2Ri(P) 2 X
(i1) for each z € M with ||z|| < A there exists ¢ € P such that z + z € P;
(iii) AB is contained in the set of all z € M for which the system

(m’ai) < min{ﬂh Bi — (z’ai” (1 <1< m)

admits a solution z.

The set of all such z is easily seen to be convex (in fact, it is a polytope), and hence
when B = conv{q,...,qr} the conditions are equivalent to the following:

(iv) for 1 < j <k, the system

(z,a;) <min{B;, B; — Mgi,a:)} (1 <4 <m)

1s consistent.

Hence the width is the solution to the following linear program

max A
(zj,a:) < B; (1<:<m;1<5<k)
(zj,ai) + Mgirai) < B (1<:<m; 1< <k).

This linear program can be solved by polytopal calculations the sum of whose levels is

O(k*mn). [
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3.3 POLYTOPAL ALGORITHMS FOR THE INRADIUS. There is an efficient polytopal al-
gorithm that computes P’s inradius in the situations (Byer, Pver), (Bvers Phyp), (Buyps Phyp)-

Proof. For (Byer, Pver) the inradius r,(P) is the solution of the following linear pro-
gram:
max p

Zr,-,-vj—pq,'—0=0 1<i<k)

i=1

ET,'j:l (1S2Sk‘)
Jj=1

T; >0 (1<i<k,1<j<m).
Thus 7, (P) can be computed by means of polytopal calculations the sum of whose levels
is O(k?m?n?). Notice that in an optimal solution c is the center of an insphere.

For the two remaining cases we use the fact that by A.12, r,(P) is the solution of the
linear program
max p

(zya;) +pllail|* < B (1<i<m)
which can be solved by means of polytopal calculations the sum of whose levels is O(mn)

provided we know the norms |la;||*,...,||am|*. Under the assumption (Bye),

* — .
||CL|| - 1??3}{k(a’q'>’

and under the assumption (Byyp), ||a]|* is the solution of the linear program
max (a, z)
(z,y) <1 (L<i<h).
Thus the total level of polytopal calculations is O(kmn). []
3.4 POLYTOPAL ALGORITHMS FOR THE CIRCUMRADIUS. There is an efficient poly-
topal algorithm that computes P’s circumradius in the situations (Byyp, Pver), (Bhyp, Phyp)-

Furthermore, in the situation (Byer, Pyer) there is an efficient polytopal algorithm that up-
per bounds P’s circumradius.

Proof. Suppose first that (Byer, Pyer) holds, and consider an arbitrary A > 0. Then
R,(P) < X if and only if the following linear system is consistent:

Zrij/\qj—i-c:vi (1<i<m)



In the case of consistency, ¢ becomes the center of a ball of radius A that contains P. The
total level of the polytopal calculations is O(m?2k2n?).
Now consider the case of (Bhyp,Pver). The circumradius of P is the solution of the

following linear program, which can be solved with the aid of polytopal calculations of
total level O(kmn):

min p
p+(cvyi>2<vj,yi) (1SZSk31$]Sm)

Finally, in the case of (Bpyp, Phyp), for 1 < ¢ < k let §; denote the solution of the linear
program
max (z, y;)
(aj,z) <B;  (1<j<m).
Then R,(P) is the solution of the linear program
min p
pt{yic) 26 (1<i<k)
In this case, the total level of the polytopal calculations is O(kmn). [

In closing this section, we mention once more that the results given here are closely
related to the parts of Theorem 1.5 that deal with ¢; or £, spaces. In fact, the assumptions
(Bver) and (Bpyp) correspond to the use of the 1-norm and the co-norm respectively. This
will be used in Section 4.

Let us further remark that the results here are best possible in the sense that the
situations that are not listed in Theorems 3.1 — 3.4 contain instances of NP-hard problems.

4. Radius Computations in P and NP.

We begin with some remarks concerning the algebraic tractability of certain radii of
rational polytopes in £, spaces. Attention is confined to the case in which p or p is a
positive integer or co. We focus on the following question, which is intimately related to
computational aspects of the radii:

For which p and for which radii p = r; or p = R; does there ezist a nonconstant
rational polynomial ¢ such that the number q(p(P)) is rational whenever P is a rational
polytope (or a symmetric rational polytope) in an £, space?

It seems the answer is “Not many!”, at least when P is permitted to be asymmetric. For
each p,a € N let ry(p; ) denote the inradius of the triangle conv{(0,0),(1,0),(0,a)} and
let Ry(p; ) denote the circumradius of the triangle conv{(—1,0),(0,a),(1,0)}, both radii
being measured in the Minkowski plane Rf,. It is proved in [GHK90] that each nonconstant
rational polynomial ¢ has the following two properties:

for each p > 3, ¢(R2(p; «)) is irrational for infinitely many «;

¢(r2(2; @)) is irrational for all but finitely many «.
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Hence the circumradii and inradii in question are in a sense computationally intractable,
so far as precise computation (even of an implicit nature) in the binary model is concerned.
It is conjectured in [GHK90] that in the result for inradii, r2(2, a) may be replaced with
ro(p; @) for p > 2. The intractability of circumradii and inradii extends to higher dimen-
sions.

On the other hand, there are a few pairs (p, p) for which the powers p? or p? must be
rational, thus providing very simple rationalizing polynomials. The pairs that we know
about are described in A.13, and the sizes of the radii in question are all bounded by at
most 16pn*L or 16pn*L. These bounds are used later when it is shown that the radii in
question can be computed precisely by approximation followed by suitable rounding.

Now let us turn to Theorem 1.1. For a V-polytope P, an irredundant V-presentation
can be produced in polynomial time and this yields P’s vertex-set. Since P’s diameter
is attained as the distance between two vertices (A.6), 1.1’s assertion about the diameter
of a V-polytope is obvious. In view of A.3, this also implies 1.1’s statement about the
circumradius of a symmetric V-polytope.

In view of A.2, Theorem 1.1’s statements about the width and inradius of symmetric
H-polytopes follow by polarity. For ¢; spaces and ¢, spaces, the assertions of Theorem 1.1
follow from Theorems 3.1 — 3.4 — for the circumradius in €y, spaces, with the additional
aid of Theorem 2.5 and A.13. Thus the only part of Theorem 1.1 that remains to be

established is its assertion about the circumradius of an asymmetric V-polytope in an ¢,
space.

4.1 USING THE ELLIPSOID METHOD TO APPROXIMATE THE CIRCUMRADIUS IN £, SPACES.
For a finite subset W of an £, space, the circumradius can be approximated in polynomial
time by means of the ellipsoid algorithm.

Proof. For w € W and z € Ry, let ¢, (2) = ||z — w||, and set ®(z) = sup,,cpy pu(z).
By A.11, @ is a convex contraction. The ellipsoid method, in the form originally suggested
[Sh'85] for the minimization of convex functions, can be applied to the function ®? for
an arbitrary integer p > 1. However, we have seen already that the circumradius can
be computed in polynomial time in ¢; spaces, so for technical simplicity we assume in
the following that p > 2. Since ®” is continuous and piecewise differentiable, to find the
subgradient of ®? at a point « it suffices to find a w with ¢,(z) = ®(z) and then take the

gradient of P at z. Let 6 € N. We want to approximate R,(P)? up to an error at most
1/6.

ELLIPSOID-ALGORITHM FOR @7,
Initialize: 9= 0,By = I, po = 287 ko = %, ke = [4n?(6pL + log(6)].
Iteration: For k =0,..., ks

determine a w such that ®(zr) = pu(zk)
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set v' = By Vih, (zk), v = v'/||[v']]2,

Try1 = Tp — KpBrv

Bis1 = By (I,, - [1 - (g—;})l/ 2} va)

., \1/2
Kk41 = K (#) .
prt+1 = min{px, ¥4, (zx)}.

The iteration of the algorithm is well defined since By is nondegenerate and v # 0.
The first statement follows from the fact that the orthogonal complement of lin{v} is the

eigenspace of the matrix
I, — (1— n—l)va
n+1

with eigenvalue 1 and v is an eigenvector with eigenvalue y/(n — 1)/(n + 1). Hence, the
determinant is nonzero. The second statement can be verified as follows. Since v' =
BIV? (2x) we have v = 0 if and only if VP (zx) = 0 which, in turn, is equivalent to
zr = w. By the choice of ¢,,, this means R,(P) = ®(zx) = 0, which is a contradiction.

Since the method converges linearly and not too slowly, we obtain the desired approxi-
mation. More precisely, using the results of [Sh'85] (see also [Ak84]) we obtain (with some
calculation)

8L ——=
Pk, <a2™%e ;‘%’

where « is a uniform bound for the Euclidean norm of all gradients that may occur.
Since P C 2*EBY and Vi, (z) = p||z — w“Z:} we obtain readily o < 2(6?~1L and hence
Pk, < 1/6.

Let us finally point out that in our binary model of computation the normalization step
requires rounding. This can, however, be done in such a way that the complexity of each

step of the algorithm is polynomial and the rate of the convergence remains essentially the
same (see [Lo'86], [GLS88]). O

4.2 USING THE ELLIPSOID METHOD TO COMPUTE THE CIRCUMRADIUS IN {5 SPACES.
For a finite subset W of an ¢, space, the circumradius can be computed in polynomial time
by means of the ellipsoid algorithm.

Proof. Using the approach given in the proof of Theorem 4.1, the main thing that
remains to be shown is that when we stop the regular iteration after a certain (polynomial)
number of steps, we can then obtain the exact solution by rounding. But this follows from
A.13’s result that the size of the square of P’s circumradius (as measured for the binary
model of computation) is bounded by a polynomial in the size of the input. [J
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That completes the proof of Theorem 1.1 and also of the first part of Theorem 1.2.
Note that, because of the algebraic intractability established in [GHK90], for p > 3 the
result of Theorem 4.1 cannot be sharpened from “approximating” to “computing” as was
done in Theorem 4.2 for the Euclidean case.

Next we deal with the inradius.

4.3 APPROXIMATING THE INRADIUS. In £, spaces for p € NU {cc}, the p*! power of
the inradius of an H-polytope can be approximated in polynomial time.

Proof. Let P = {z : a1z < B1,...,ame < Bm}. By A.12, r,(P) is the solution of the
linear program
max £

a,-x+.£||ai||5§ﬁ,- (i=1,...,m).
Assume, without loss of generality, that ||a;[z > 1 for all ¢. In order to obtain an ap-
proximative algorithm in the binary model of computation, we approximate the norms of

the a;’s and then solve the perturbed linear program. Denote by ay,...,a,, the rationals
obtained from ||ay|l3,...,|lam||7, respectively, by rounding to k binary digits.

Furthermore, let p be the solution of the perturbed linear program

max &
ai$+€ai5ﬁi (i:17'--vm)'

Observe that for every z € Pand 1 =1,...,m
o< (B-2) - (- )
i a laillz  llaillz
1 1
()
ai  |lailp

< 22L—k

Hence,
p+ 2878 < rp(P) < p.

With k = 8L + [log(6)] the perturbed linear program gives the insphere radius up to an
additive error 1/6. ]

That completes the proof of Theorem 1.2, and we turn next to the proof of Theorem
1.3.

4.4 MEMBERSHIP IN NP. For each p € NU{oo}, each of the following problems belongs
to the class NP:

th

lower-bounding the p‘" power of the diameter of a presented polytope in an £,

space;

upper-bounding the p‘" power of the width of a presented polytope in an ¢5 space.
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Proof. The diameter of a V-presented polytope does not require further consideration,
for we have seen that its p'! power can be computed in polynomial time. Each of the
remaining problems requires a suitable guessing algorithm and a checking algorithm whose
running time is bounded by a polynomial in the size of the original input.

To lower-bound r{(P)? for an H-presented P, guess pairs {v,w} of vertices of P (see
Theorem 2.3) and note that by A.6, r1(P)? > X if and only if ||v — w||} > 2P for some

{v,w}.

To upper-bound R;(P)? for a V-presented n-polytope
P = conv {vy,...,vm} C R3,

set W = {3(vi —v;) : 1 < ¢,j < m} and note that by A.3, the symmetric polytope
Q = 3(P — P) = conv(W) has the same width as P.
Since ) = —@Q, the polar

Qo:{$6R3:<x,u)>SlforalleW}

is a symmetric H-presented polytope in Ry. Hence by A.2,

Ri(P) = Ry(Q) = 1/r1(Q°)-

Then apply the method of the preceding paragraph to Q°, noting that Ry(P)? < X if and
only if r1(P)? > A

When an asymmetric P is H-presented, the method of the preceding paragraph does
not apply explicitly, because a polynomial-time symmetrization is not available. However,
it is possible to proceed by guessing vertices in a way that will now be described. This
method can also be applied directly to a V-presented polytope.

Let G consist of all ordered 2n-tuples of vertices of P. When the guessing algorithm
has produced a member

G = (Ul,...,’vgn) € 9,
proceed as follows:

(a) let Ag be the nxn matrix whose i*! row lists the coordinates of the vector v; —vi4n;

(b) for each z = (&1,...,&n), let pg(x) denote the determinant of the following matrix:
&1
Ag |,
€n
1 ... 1
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(c) for the linear functional ¢, compute the coefficient of each of the £;’s as the value
of an n X n determinant formed from the row of 1’s and n — 1 of Ag’s rows;
(d) compute |¢g||} for the functional pg € Ry = (R3)*;

(e) by means of linear programming (when P is H-presented) or straightforward evalu-
ation at vertices (when P is V-presented), compute the minimum and the maximum
of pg on P.

(f) if

<A

— Y

(maxzep ¢G(z) — mingep <pc(:c)>”
lecllp

report that (2R;(P))? < A

Note that for each guess G, all of the prescribed computations can be accomplished in
polynomial time. Hence the proof of membership in NP is completed by observing that
by A.5, the actual width of P is equal to the maximum of the quotients whose p*! powers
appear on the left side of (f). [

The previous results take care of the first two statements of Theorem 1.3. The rest of
1.3’s assertions is contained in the following theorem.

4.5 MORE ON MEMBERSHIP IN NP. For presented polytopes in £, spaces, each of the
following problems belongs to the class NP:

lower-bounding the p'* power of the circumradius when p € {1,2, 00};

upper-bounding the inradius when p € {1, 00}.

Proof. Since the circumradius of V-presented polytopes in ¢, spaces can actually be
computed in polynomial time for p = 1,2, co, we only have to deal with H-presented poly-
topes to prove the first statement. To lower-bound R,(P)P for an H-presented polytope
P C R}, guess (n + 1)-tuples {vo,...,v,} of vertices of P. By A.9, R,(P)? > X if and
only if Rn({vo,...,vn})? > A for some guess. And by Theorem 1.1, R,({vo,...,vn})P can
be computed in polynomial time for each guess.

For the inradius, by Theorem 1.1, the only remaining case is that of a V-polytope P in
RZ,. Here, we can apply Theorem 2.4 n + 1 times; i.e., we guess n + 1 facet-hyperplanes of
P. Then we use the Helly-type characterization of the inradius given in A.10, and Theorem
1.1’s result concerning the inradius of H-presented polytopes. [J

The asymmetry of the results in Theorems 4.4 and 4.5 appears to be related to the
algebraic natures of circumradii and inradii. Even though 4.1 and 4.3 show that we can
approximate suitable powers of both inradius and circumradius in polynomial time, it is
not clear that the additional assumptions in Theorem 2.6 are satisfied. Hence, it is not
clear whether, in general £, spaces, the problems of upper-bounding a suitable power of
the inradius or of lower-bounding a suitable power of the circumradius belong to the clas

NP.
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In [GHK90] it is shown that certain circumradii and certain inradii are in a sense
computationally intractable for the binary model of computation employed here. The
specific results were mentioned at the beginning of this section. However, many other
questions about the algebraic tractability of radii are of interest from a geometric viewpoint
and — as we have seen — are also of some importance for computational issues.

4.6 PROBLEM: COMPUTATIONAL TRACTABILITY OF INRADII. Let p be a fixed integer
greater than 2. Does there exist a rational polynomial q such that ¢(rn(P)) is rational
whenever P is a rational polytope in Ry ?

In [GK90a] it is shown that the diameter and the width of rational polytopes are
computationally tractable. It is not clear what happens with the “intermediate” radii.

4.7 PROBLEM: COMPUTATIONAL TRACTABILITY OF INTERMEDIATE RADII. For which
triples (p,n, j) does there exist a rational polynomial q such that ¢(r;(P)) is rational when-
ever P is a rational polytope in R} ? For which triples (p,n,j) does there exist a rational
polynomial q such that q(R;(P)) is rational whenever P is a rational polytope in R} 7

In Problems 4.6 and 4.7, a q that is strictly increasing on [0, co[ would be of special
interest, because it would facilitate the comparison of radii between different polytopes.

Now suppose that p is a positive integer and P is a rational H-presented polytope in
RZ. Then, by A.12, ro(P) is the maximum of € subject to the constraints

(z,a;) + ||ai||[p < Bi for 1=1,...,m,

where the a;’s and §;’s are the parameters of the H-presentation of P. The maximum is
attained at a vertex of the relevant (n + 1)-polytope, and hence there are indices — say,

for notational convenience, 1,...,n + 1 — such that v is the solution of the system
ar  |lallp B
: . z\ _ :
(&)
An41 ”an+1 ”p Br+1

Then by Cramer’s rule the inradius is equal to the quotient

ay B ax “alup

An+1 ,Bn+l An41 “an+1|lp
Here the numerator is an integer (bounded by 27) and the denominator is of the form

n+1

> aillaill,
=1

where the numbers «; and |[|a;||} are integers. Hence, the following problem is of interest

for the task of deciding whether upper bounding (suitable powers) of the inradius is in the
class NP.
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4.8 PROBLEM: UPPER BOUNDING OF SUMS OF NORMS. Does the following problem
belong to the class NP?

Instance: Positive integers n, m; integer vectors s, ..., sm in Ry; a positive integer

A
Question: Is Y i Isillp < A?

Problem 4.8 is open even for the special case m = n, which, as we have seen, is relevant
to the algebraic nature of the inradius. The problem of deciding whether upper bounding
the inradius is in NP is intimately related to the question of whether, for arbitrary rational
polytopes P € R2, the quantity r,(P) is an algebraic number of a degree that is polynomial
in n (cf. Theorem 2.6).

4.9 PROBLEM: ALGEBRAIC NATURE OF RADII. For p € NU {co} or p € NU {00},
are all inner and outer radii of rational polytopes algebraic numbers? For those radii that
are algebraic numbers, what is their degree?

We close this section with the proof of Theorem 1.8. Most of its statements follow im-
mediately from Theorems 1.1 and 1.2, which we have already proved. The only remaining
case is that of the width for asymmetric polytopes.

4.10 RADIUS COMPUTATIONS IN FIXED DIMENSION. Forp € NU {0}, R?(P) can be
computed in polynomial time for presented polytopes P in fixed R}.

Proof. We can use the part of the proof of Theorem 4.4 which showed that upper
bounding R?(P) for (asymmetric) H-polytopes P in R} is in NP. Just observe that for
fixed n we can replace the guessing algorithm by a deterministic polynomial-time algorithm
that computes all 2n-tuples of vertices of P. ]

5. NP-Hard Radius Computations.

This section contains two basic NP-hardness results and derives others from them.
Here are the two basic results:

For each fixed p € N, lower bounding the p*! power of the circumradius of a full-
dimensional H-parallelotope in an ¢, space is NP-hard.

At least for p = 2 and p = oo, upper-bounding the 7" power of the width of a
presented full-dimensional simplex in an £, space is NP-hard.

There is no need to specify whether the simplex is V-presented or H-presented, because
either sort of presentation of a simplex can be derived from the other in polynomial time.

A result equivalent to the first one has already been proved in [BGKV90]. And for p =
2, the second result can be derived from the first one by means of a geometric construction
outlined in [GK89]. Alternatively, it can also be derived from 3-SAT by a transformation
given in [AK90] — again via geometric constructions of [GK89]. However, here we provide
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a detailed proof of the second result by a different argument that works in £, spaces as
well as in ¢, spaces. Since we know already that in ¢; spaces the width of an arbitrary
presented polytope can be computed in polynomial time, this argument settles the problem
in the three most important £, spaces. Furthermore, the proof given below seems to have
a better chance of being extended to additional values of p.

5.1 HARDNESS OF CERTAIN RADII OF SYMMETRIC POLYTOPES. If p € N then each
of the following problems is NP-complete for symmetric polytopes in £, spaces:

lower-bounding r1(P)P for an H-polytope P;
lower-bounding R,(P)? for an H-polytope P.

If p € N then each of the following problems is NP-complete for symmetric polytopes in
¢, spaces:

upper-bounding Ry (P)? for a V-polytope P;
upper-bounding r,(P)? for a V-polytope P.

The NP-hardness persists even when the symmetric H-polytopes are required to be paral-
lelotopes and the symmetric V-polytopes are required to be cross-polytopes.

Proof. The paper [BGKV90] establishes the NP-completeness of the problem of lower-
bounding the maximum of the function || ||} on a full-dimensional parallelotope P cen-
tered at the origin in an £, space. By A.1, the maximum of | ||F on P is equal to R,(P)?,
and by A.3, R,(P) = r1(P). That takes care of the first two claims in Theorem 5.1.

Now consider a V-presentation of a full-dimensional cross-polytope @ centered at the
origin in R}. This may be interpreted also as an H-presentation of the polar polytope
P =Q° C R5, and P is a full-dimensional parallelotope centered at the origin. To
complete the proof, use the fact that by A.2, Ri(Q) = 1/r1(P) and r,(Q) = 1/R,(P). O

Now we want to show that upper-bounding the width of certain simplices is NP-hard.
First we need a result that plays an intermediate role in the reduction from the known
NP-hard problem, PARTITION, and then a computation of widths for certain simplices.

5.2 RATIONAL POWER SUMS. For each fixed positive integer p, the following problem
1s NP-complete:

Instance: Sequence y,...,7, of positive rational pt* powers.

Question: With 7 = Y__, 7;, does there exist I C {1,...,r} such that
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Proof. Membership in NP is obvious. The proof of NP-hardness is by reduction from

PARTITION. Consider an arbitrary instance o4,...,0, of PARTITION, let
m = max{4pr,oy,...,0,}, a=mPtl  b=mP,

and consider the following sequence of positive rational p‘" powers:

)67 6 o

The largest gap in this sequence is

(a>p a—1\? < pa?™! pm®*=1) _p_1
N < — — =L <
b b b? m(p?) m ~ 4r

Hence, using binary search, it is easy to produce 7,...,7, in the sequence such that

. 1
o, =T; +2; with |Z,'|§—.
8r

Thus when

T T
o= E o; and T:g Tiy

el 1=1

.
o7l < Jail <
i=1

Now consider an arbitrary subset I of {1,...,r}. If 37, ;0 = 0/2 then

1t 1s true that

00| =

T 1 1 1
E_ZTi __"“_"*'__Zo'z Z(al Tz _+0+§ Z
el 1€l 1€l
And if
T 1
TR
el
then
Z_ZU. IE_Z+Z_ZT.+Z(7. ) _+ +1 1
2 i€l I 2 2 2 €] l i€l l 7= 16 8 2

Since o and ) _;.; o; are both integers, it follows that
o
o=
el
That completes the reduction and the proof. [

The following result appears in a more detailed form as Theorem 4.1 of [GK90a].
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5.3 WIDTH OF CERTAIN SIMPLICES. With {eo,...,e,} denoting the standard bases
for R"*!, suppose that n = (19, ...,ns) is a sequence of positive numbers and let v; = ;’%ei
for each t. Let

S(n) = conv{vg,...,v,},

an n-simplex in R**! whose k-faces for 0 < k < n are precisely the sets of the form
Fr = conv{v; : i € I}

with I C {0,...,n} and |I| = k+ 1. For1 < p < oo, let wy(n) denote the width of
S(n) with respect to its own affine hull in the normed space Ry*'. Then wp(n) is equal to
the minimum, over all pairs (I,J) of complementary proper subsets of {0,...,n}, of the
quantities by(I, J) defined as follows:

1 1
b(I,J) = ! + 1 : boo(I,J):max{ };

b)
maXier i MaXjeJn;j DierMi Z:jeJ nj

for1 < p < oo,

1 1 1/p
b(I,J) = — 4+ _ .
(5.7) ((Eiel’?f)p_l (Ejejn;")p—1>

Note that the minimum of the numbers b;(I, J) is easily computed. That is to be
expected, for we have already seen that in ¢; spaces, polytope widths can be computed in
polynomial time.

5.4 UPPER-BOUNDING SIMPLEX WIDTH IN A HYPERPLANE. Let eg,...,e, be the
standard basis for the space R™*1, and for each sequence (y, ..., (, of positive reals let

T(loy-.-,Cn) = conv{(ie; : 0 <z < n}.

Then the following problem is NP-complete for p = 2 and p = oo:

Instance: Positive integers n and A, a sequence (g, ...,(, of positive integers;

Question: Is A an upper bound for the p*" power of the width of the n-simplex
T(Coy--.,Cn) relative to its own affine hull in the spaces R;'H?

Proof. If, instead of being integers, the (;’s and ) are merely rational, with ¢; = a;/f;
and A = §/e for positive integers «;, B;,6 and €, and if p = BBy - - - Bne, then

width of T((o,...,(n) <A < width of T(uCo,. .., uln) < pA.

Hence the rational version of this simplex width problem is polynomially equivalent to the

the integer version, and we can establish the NP-completeness of the latter by dealing with
the former.
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Suppose, then, that (p,...,(n, and A are positive rationals, and let 7; = % Then the
simplex Fy of Theorem 5.3 is the same as T((o,...,(,). Hence the Pt power of the width

of T({o,...,(n) is less than or equal to A if and only if there are complementary proper
subsets I and J of N such that

1 1
max{i,i}gz\ for p = oo, —+ — <A forp=2,
or oyj ar aJj

where

U[ZIZE:U?.

1€l
Thus the desired membership in the class NP is evident.

Suppose now that p = co and set A = 2(3_1_ n;)~'. Then the width of (o, ..., (xn) is
less than or equal to A if and only if there is a pair (I, J) of proper complementary subsets

of N such that ) )
Z’?i > " and Z’?j > T
el J€J

Since N
PUEDIEDIE %
€1 J€J 1=0

the above conditions can only be satisfied with equality, hence the NP-hardness follows by
reduction from PARTITION.

Now suppose that p = 2. It follows that p = 2 and o7 = ) _,; n2. With y = oy and
Y = '}Y’ the following three conditions are equivalent:

1 1 24
Lilon ww<aly-on  |Loof < MY
ar agyj 2 2

When ¢ = iyl—z%, the last inequality becomes

Y 1
z < —,
|2 0’]|_4

Hence the claimed NP-hardness follows by reduction from the NP-hardness of RATIONAL
POWER SUMS. [

As it stands, Theorem 5.4 does not establish the NP-hardness of the problem of upper-
bounding the width of a presented polytope. As subsets of R™*!, the n-simplices of the
theorem have integral vertices but they are not polytopes in our special sense because they
are not full-dimensional. Of course, each of the n-simplices has nonempty interior relative
to its own n-dimensional affine hull E. And even though this n-dimensional subspace E
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depends on the choice of (ko,...,ky), it is true when p = 2 that E is always isometric
to the space R}. However, it may happen that no integral simplex in R} is similar to
the simplex T'(ko,...,kn) (see [GK90a] for a brief discussion of this), and hence it may
be impossible to use simplices of precisely the latter form to establish the NP-hardness of
upper-bounding the width of a presented polytope in an £3-space. This difficulty will now
be overcome by an extension of the above construction.

5.5 UPPER-BOUNDING SIMPLEX WIDTH IS NP-HARD. The following problem is NP-
hard for p =2 and p = oco:

Instance: A positive integer n; a V- or an H-presented simplex T in R}}; a positive
integer A.

Question: Is A an upper bound for the p‘* power of the width of T?

Proof. We prove the first assertion by transforming the problem in Theorem 5.4 to
our given problem. So, let — almost as before — ey,..., e, be an orthonormal basis for the
space Ry, let (1,...,(n € Nand set T =T((1,...,C(n) = conv{(ie; : 1 <i <n}. Compute
an integer vector z orthogonal to aff(T') with all coordinates negative and of size bounded
by a polynomial in L. Then set

T' =287l L T and C = conv(T UT").
Furthermore, let a € T' of size bounded by a polynomial in L and set
S = conv({a} UT).

Observe, first, that
width of T in aff(T) = 2R;(C).

This follows from A.8 together with the fact that
width of T in aff(T') < 2R,(T) < 2max{(1,...,(n}.

Now let s* € (R7)* be any unit vector for which the breadth function is minimum for S, i.e.
be«(S) = 2Ry(S). Let Hy and H_ be the corresponding supporting hyperplanes and let
S+ = SN Hy. Clearly, none of these sets is equal to {a}. By A.8 there are points s+ € Sy
such that the segment conv{s;,s_} is of length 2R;(S). Now consider the 2-dimensional
plane E = aff{a,sy,s_}, which intersects S in the triangle D = conv{a,sy,s_}. The
height ¢ of D at s_ (which is equal to 2R;(S)) is minimum when a —s_ € Rz. In this case,
the height (o is given by (o = a8/, where a denotes the length of TN E, 8 = 268"4L||z|]2
and + is the length of the hypotenuse of D. Note that « is an upper bound on the width
of C. Hence, since
a < Ry(T) < 2max{(y,..., ()} < 2°F,
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we have
a? o a?
a—(La-(Q=all-|/l-=|<all-—y/l-—)<—

2tL —64n'L
S SeemiL = 2 -
Thus

Ry (C) —27%"'L < R (S) < Ry(C).
Further, by A.13, the size of the square of the width of T in aff(T) is bounded by 32n*L,

whence

Ri(T)S A = Ri(S) <A

and the problem of Theorem 5.4 is transformed to our present problem.

To deal with the width of full-dimensional simplices when p = oo, we bypass Theorem
5.4 and describe a direct transformation from PARTITION. Suppose that n;,...,n, are
positive integers, and let v = .1, ;. With

1 .

w:zei and v;=—e¢; for 1<:1<n

- ni

1=1
let

S = conv{vy,...,v,, —pw},

where p is a positive integer still to be specified. Then S is a rationally presented n-simplex
in R™, and the origin is interior to S. Set

_ _ 100G -1
592+ 10y — 4
To establish the transformation of PARTITION to the problem of upper-bounding the

width of simplices in ¢ spaces, we will show that for an appropriate choice of u, the
following two statements are equivalent:

there is a subset I of the set N = {1,...,n} such that
S =2
i€l ! 27,

in the space R2, R;(S) < p.

For each proper subset I of N there is a unique triple (@1, as,3r) that satisfies the
following conditions

@7 is a linear functional on RZ,, with ||¢r|l1 = 1;

agr and By are real numbers, with a; > —fy;

o1(—pw) = ar;

or(v;) =ayforall i € I, and ¢r(vj) = —fr for all j & I.
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Since ||pr|l1 = 1, the ¢-breadth of S is equal to ay + Br.
Now let us focus on a fixed choice of I, and temporarily suppress the subscript I. Since

a and —pf are respectively the maximum and the minimum of ¢ on S, and since the origin
belongs to S, it is clear that @ > 0> —f. Let ¢ = 3.1 | ¢;€;. Then

p; =an; foralltel and p; =—Pn; forallj gl

Set

a:Zm and T:an

i€l Jjer

(for p = oo, the o1 and o ; of Theorem 5.4). The condition that ||¢||; = 1 may be written
as

ca+T1p=1.
Also,

p(—pw) = —pp(w) = —p [ Y i+ > @i | = —p(ac - Br),

i€l i€l
and with ¢(—pw) = a this yields

(14 po)a—purp =0.
Solving the two linear equations for @ and 3, we obtain

14 po

@
d = .
an g (14 2uo)r

o= ——
14 2uc

Using the fact that o + 7 = «, we see that a + 8 < p if and only if

(1+ ) < (14 2p0)(y —0)p.
This inequality may be rewritten as

2<7p—1—m 7 o

1
(-31) Bt

and with the value for p specified earlier this becomes

1\ _1_ o
o— = - - —.
27) =5 24
Now set p = 37, so that the right side of the last inequality is positive for each ¢, and the
inequality is satisfied when o = v/2.
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Conversely, if
o

2p

(S N

1 2
N <

o= 241 <
0’_—
57

t
hen 1

5&
and since o and « are both integers this implies that o = 37.

Now recalling the description of width provided by A.8, we see that the width of S is
at most p if and only if either there is a

proper subset I of {1,...,n} for which o1 = %’y, or the distance between the remaining
pair of candidate parallel hyperplanes is at most p. That remaining distance is equal to
§ + €, where these numbers are associated with a linear functional ¢ = Y ., ¢€; such
that |||y = 1, p(—pw) = 8, and ¢(v;) = —e for all 2. The last condition implies that
p; = —en; for all 7, whence ey = 1. And

§ = p(—pw) = —pp(w) = —p > @i = p,
=1

so 8§+ €= pu+1/v > p and the proof is complete. [

The proof of Theorem 5.4, for p = 2 and p = oo, relies partly on the fact that for these
values of p the numbers b,(I, J)? of 5.3 are algebraically tractable. We do not know how
to extend the analysis to other values of p.

In Theorems 5.1 and 5.5, the dimension n is arbitrary but the index of the radius in
question is fixed at 1 or at n. Now we want to extend the hardness results to cases in which
the radius index is permitted to vary between 1 and n. It is possible to prove a theorem in
which p is also permitted to vary, but we choose to keep p fixed because we do not know
of a situation in which it seems natural to vary p. However, it does seem natural, for fixed
B,7 € N with # <, to consider the minimax approximation of polytopes in R}" by affine
subspaces of dimension An, and that is one of the cases covered by the results below.

We begin by utilizing the results of Theorem 5.1. In the following proofs, a crucial
property of the norm || ||, is that when R™ is canonically embedded in R"**, the canonical
projection of R"t* onto R™ is a linear transformation of norm 1.

As an aid in considering radii of variable indices, we require some calculations that
relate certain radii of a symmetric H-polytope P C R} to those of the product of P by a

suitable cube. The following result is used only for the case in which P is a parallelotope,
and then of course the product is also a parallelotope.

5.6 COMPUTATIONAL LEMMA. Suppose that the n-polytope P C R} is symmetric
about the origin and admits an H-presentation of size L. For k,a € N, let M™ = R™ x {0},
MF = {0}" x RF,

ct = {0}" x [-1,1]F c M" @ M* = RHF,
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and
Q(P,k,a) = P x {0} + aC* C RZT*.

Then the polytope Q(P, k,a) is symmetric about the origin and admits an H-presentation
of size L + 2k(1 + log([a])). If P is a parallelotope then so is Q(P, k, a).
For each k and a,

ri(P)? =ri(Q(P, k,a))? — oPk,

and for a > ri(P) (in particular, for a > \/n24L),
ri(P) = ri4x(Q(P k, ).
If e >0 and a > \/n2tL (1 + ﬁfi) then

Rn(Q(P,k,@)) < Rn(P) < Rn(Q(Pk,a)) +e.

Proof. 1t is obvious that the polytope Q(P,k,a) is symmetric when P is symmetric
and is a parallelotope when P is a parallelotope. For the statement about presentation
size, it suffices to observe that if P = {z € R® : Az < b} and e = (1,...,1)T € R¥, then
Q(P, k, o) may be regarded as the set of all pairs (z,y) € R™ x R satisfying the inequalities

Ar < b
—ae <y < ae.
Since p is fixed, let us denote the norm || ||, simply by || ||, and let B® and B"**

denote the unit balls of M™ and R™"*F respectively. Then of course B = B"** nM".

We turn now to the statements about inner radii. The fact that
ri(P)? = ri(Q(P, k,a))f — ka?

follows at once from the definition of the norm and the way in which P and C¥ are
embedded in R***, To prove the other assertion about inner radii, let 2y € P such that
| o ||= r1(P). Obviously, [~zo,z0] + «C* C Q(P, k,a). Now suppose that o > r;(P),
which by P’s symmetry is equivalent to requiring that P C aB™. Since the vector sum
S = Rzo+M?* is a (k+1)-dimensional subspace of R®*** and SN(ry(P)B"**) C Q(P,k, ),
it follows that

r1(P) < ri4x(Q(P k,a)).

Note that by an observation in the introduction, P C \/n2*FB", and hence this reasoning
applies to all a > \/n2*F.

Now let L'** be any (1 + k)-dimensional subspace of R"** such that
L' ey (Q(P K, )BT C Q(Pk, ),
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and let L = L*** N M™. Then
LNri4x(Q(P,k,a))B"* C Q(P,k,a)NnM" = P,

which implies that
r1(P) 2 rdimL 2 r1+k(Q(P, k, a)).

This completes the proof of the lemma’s assertion about inner radii.

We turn now to the outer radii, where the first inequality is easy. Since P C R, (P)B"
we have Q(P, k,a) C Rn,(P)B"+M* C R,(P)B"t*+M* and thus R,(Q(P, k,a)) < R,(P).

It remains to show that R,(P) < Rn(Q(P,k,a))+ €, and for this purpose it is con-
venient to set up some notation. Let S be any k dimensional subspace of R"t* with
SNM™ = {0}. Let N be a k x (n+ k) matrix and let D be an (n+ k) x k£ matrix such that
M™ is the nullspace of N and S is the column space of D. Moreover, let 7 : R*** — Rtk
denote the parallel projection along S onto M™. Then, for every point z € R"** we have

m(z) = z—s, where s,=D(ND) !Nz,

To make the calculations easier let us choose

!
N =(0,I) and D = (D ),
I

where (for any j € N) I; denotes the j x j identity matrix. In these special representations

we get
I, -D' 0 D
w(z)—Pz—(O 0 )z and sz—<0 Ik>.

Using the above notation, we can now prove the remaining statement of Lemma 5.6—
namely, that R,(P) < R,(Q(P,k,a)) + €. Let J be any k-dimensional subspace of R"t*
such that Q(P,k,a) C R.(Q(P, k,a))B" ¥ + J. Since the width of C*, taken in MF, is at
least 2« it is easy to show that J NM™ = {0}. Let us abbreviate R,(Q(P, k,a)) by R. To

derive the inequality observe that for z = N € RB™** we have
Y
[ m(z) | =l Pz||=[lz=D'y <= |+ ]| D'y |< R+ | D'y ||.

Thus it suffices to show that || D'y ||< e. Obviously,

m(ac) = aPc = —aD'c € ©(RB"**) forall ¢= (S) e ct.
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0

This means, in particular, whenever z = ( o
rY

z) € RB™t* and hence (

) € RB"** with

) € aC*, that

there exists a vector z = <

Ly B

%D'y — & - D'y.
Thus we have
, R . . '~ R . s
IDvl= e -pai< iz 0.

Now let B denote the maximum of || D'y || taken over all those vectors y. Then

ﬁ(l—ﬁ)sﬁz, e g< 2

a @ a— R

Since, furthermore, R < 1/n2*L, the desired assertion follows from our choice of a. []

5.7 HARDNESS OF r; IN THE SPACES R}'. Suppose that A is a polynomial-time
algorithm that accepts as input an arbitrary n € N, and for each n outputs a pair
A(n) = (j,m) € N x N such that m — j > n — 1. Then the following problem is NP-
hard for each p € N:

Instance: A positive integer n, a pair (j,m) = A(n), an H-presentation of a paral-
lelotope P in R}, a rational A.

Question: Is rj(P)P > A?

Proof. In view of Theorem 5.1, we may show that the problem is NP-hard by transform-
ing to it the problem of lower-bounding the inner 1-radius of an H-presented parallelotope
in R}. Consider an instance of the latter problem with parallelotope P. Run the algorithm
A to produce A(n) = (j, m), and then set

t=(m-j)—(n-1)20, P =Q(Bt,1).

Then r1(P)? = ri(P')? —t by Lemma 5.6. By the observation in the Introduction, the
circumradius of P is at most \/n2*L, whence the same is true of r;(P) and it follows that
the number

§=t+n32rL,

is an upper bound for ry(P')?. Hence for a > 6%, it follows with the aid of Lemma 5.6
(applied for k = j — 1) that

ri(P") =rj(Q(P',j — 1,a))".

Hence r1(P)? > X if and only if rj(Q(P',5 — 1,a)? > A+ tP. That completes the transfor-
mation and the proof. []

The following two results are probably the most interesting corollaries of Theorem 5.7.
They are both concerned with spaces of variable dimension.
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5.8 HARDNESS OF r; AND R; IN THE SPACES R} . For each fixed j € N, each of the
following problems is NP-hard in £, spaces:

for fixed p € N, lower bounding the p'* power of the inner j-radius of an H-
presented
parallelotope;

for fixed p € N, upper bounding the p** power of the outer j-radius of a V-presented
cross-polytope.

Proof. For each n € N, let A(n) = (j,7 +n—1). Then apply Theorem 5.7 to deal with
the inner j-radius. For the outer j-radius, use polarity and A.3 as in the proof of Theorem
51. 0

5.9 HARDNESS OF rgn, AND Rg, IN THE SPACES R)". For fixed 3,7 € N with § <7,
each of the following problems is NP-hard:

for fixed p € N, lower-bounding the p'* power of the inner fn-radius of an H-
presented
parallelotope in the spaces R}";

for fixed p € N, upper-bounding the p'" power of the outer fn-radius of a V-
presented
cross-polytope in the spaces R}™.

Proof. For each n € N, let A(n) = (fn,yn). Then apply Theorem 5.7, polarity, and
A3. 0

Theorem 5.7 led to NP-hardness results for inner radii of H-presented polytopes and
— by polarity — for outer radii of V-presented polytopes. The next theorem is analogous to
5.7 and deals with outer radii of H-presented polytopes.

5.10 HARDNESS OF R; IN THE SPACES R}'. Suppose that A is a polynomial-time
algorithm that accepts as input an arbitrary n € N, and for each n outputs a pair A(n) =
(j,m) € N x N such that m > j > n. Then the following problem is NP-hard for each
p €N:

Instance: A positive integer n, a pair (j,m) = A(n), an H-presentation of a paral-

lelotope P in R},

Question: Is R;j(P)P < A?

a positive rational ).

Proof. In view of Theorem 5.1, we may show that the problem is NP-hard by trans-
forming to it the problem of upper-bounding the outer n-radius of an H-presented paral-
lelotope in Rj}. Consider an instance of the latter problem with a parallelotope P. Run
the algorithm A to produce A(n) = (j,m), and then set

t=j-n>0, P =Q(Pt1).
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Then r1(P)? = r(P')? —t by Lemma 5.6, whence by A.3, R,(P)? = R;(P')? —t. By
A.13, R;(P') is of size at most 16pj*L. Now, set

*o4 L
k=m—j, e<2738pi'L o= [\/3‘2“ (1 + —\/’_f—)] , P"=Q(P'k,a).

By Lemma 5.6 we have

1

R(P"Y < Ry(P'Y < (Ry(P")+e)" < Ri(P"Y +e(2/j2' Y < Ry(P"Y + gy

and hence

Rj(P')p <A — R}.(P")p <A
This implies the assertion just as in the proof of 5.7. ]

Again, the following two results are probably the most interesting corollaries of Theo-
rem 5.10.

5.11 HARDNESS OF R; AND r; IN THE SPACES R}. For each fixed j € NU {0}, each
of the following problems is NP-hard in £, spaces:

for fixed p € N, upper bounding the p*! power of the outer (n — j)-radius of an H-
presented parallelotope;
for fixed p € N, lower bounding the p*" power of the inner (n — j)-radius of a V-
presented
cross-polytope.

Proof. For each n € N, let A(n) = (n,j + n). Then apply Theorem 5.10 to deal with
the outer n — j-radius. For the inner n — j-radius, use polarity and A.3 as in the proof of

Theorem 5.7. ]

5.12 HARDNESS OF Rgn, AND rg, IN THE SPACES R}". For fixed 8,7 € N with 8 < v,
each of the following problems is NP-hard:

for fixed p € N, upper-bounding the p' power of the outer fn-radius of an H-
presented parallelotope in the spaces R}™;

for fixed p € N, lower-bounding the p'" power of the inner fn-radius of a V-
presented

cross-polytope in the spaces RJ".

Proof. For each n € N, let A(n) = (fn,yn). Then apply Theorem 5.6, polarity, and
A3. [

Observe that the statements of Theorems 5.8 and 5.9 are best possible, since the
inradius problem, the “right end of the spectrum,” becomes “easy” even for arbitrary H-
presented polytopes (see Theorem 4.3). Theorems 5.11 and 5.12, however, can be extended.
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Of course, for parallelotopes the width, the “left end of the spectrum,” can be computed
quite easily, but — as shown in Theorem 5.5 — at least for p € {2, 00} the width problem 1s
NP-hard for simplices.

This gives rise to some additional NP-hardness results. First, we need again a compu-
tational lemma.

5.13 COMPUTATIONAL LEMMA. For p € N U {oo}, let P be a polytope in Ry that
admits an H-presentation of size L, and suppose %rn(P)Bz C P. Fork € N, let M™ =
R™ x {0}*, MF = {0}" x R¥, and

Sk = {0}™ x conv{ens1,-..senpr} CM® OMF = R;H'k,
where eq,..., e, denotes the standard basis of R"t* and for o € Q, a > 0 set
T(P, k,a) = conv(P x {0}*, aSx) C RpTX.

Then the polytope T(P, k,a) admits an H-presentation of size bounded by a polynomial
in L, k and the size of a. If P is a simplex then so is T(P, k,a) — in this case P and
T(P,k,a) admit V-presentations of sizes which are bounded by a polynomial in L or a
polynomial in L, k and the size of «, respectively. For a < %rn(P) we have

R](P) = R1+k(T(P, k‘, Ot))

Proof. Observe, first, that T'(P, k, a) is the set of all points (z,y) with z € R}, y € H;”;
that satisfy the following system of linear inequalities.

Az <b

k
aZTienH —y=0
i=1

>0 (1<i<k).

This, together with the fact that for simplices either kind of presentation can be converted
into the other in polynomial time, takes care of the statements about the sizes of P and
T(P, k, ).

Let F' be a hyperplane in M™ such that P C F + R,(P)B}. Since 37n(P)B2 C P we
have )

aSkC2

1
aBITF C 57«,,(13)8;,“”c C (F x {0}%) + Ry(P)B}t*
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and hence
T(P,k,a) = conv(P x {0}*,Sx) C (F x {0}*) + Ry(P)B}**.

This implies Ry4x(T(P,k,a)) < Ry(P).

Now let G be an (n —1)-flat in M™*¥ such that T(P, k,a) C G+ Ri+x(T(P, k, a))Bngk.
Let ¢ € G and set

S =g+0,1] ([(g + Ri+x(T(P, k,@))Bp**) Nbd (G + Ry4x(T(P, k,a))By**)] — g) .

Then S is of dimension k + 1, is symmetric about g, and is connected. Hence, M"N S # 0.
Now, let Hy, Hy be parallel (n+ k —1)-flats that support the set G+ Ry1(T(P, k, a))B;“"k
at two points s1,s, of M® N S that are symmetric about g. Then

P CT(Pk,a)NM" C (G + Ri1(T(P, k,a))B;,""k) NM"™ C conv(H; NM"™, Hy N M™).

Since the distance of H; N"M™ and H, NM™" is equal to ||s1 — s2||p = 2R14x(T(P, k, a)) we
have Ry4x(T(P,k,a)) > Ry (P). O

5.14 HARDNESS OF R; IN THE SPACES R}. For each fixed p € {2, 00} and each fixed
j € N, the problem of upper bounding the p'"
simplex is NP-hard in £, spaces.

power of the outer j-radius of a presented

Proof. We prove the assertion by reducing the problem of upper bounding the 7" power
of the width of presented simplices to the problem of upper bounding the p** power of the
outer j-radius. The NP-hardness of the latter then follows from Theorem 5.5. Let (P, A) be
an instance of the former problem. By the observation in the Introduction, a rational point
q with ¢ + 2_4L|BZ C P can be computed in polynomial time. Since, further, the width is
invariant under translations we can assume without loss of generality that P satisfies the
requirements of Lemma 5.13. Hence, by applying Lemma 5.13 to P with k¥ = j — 1 and
a = 279 we obtain in time that is bounded by a polynomial in L an equivalent instance

(T(P,k,a),A) of the latter problem. (Observe that, here, k is a constant and « is of size
O(L).) O

6. Some Applications of Radii.

Since the subsections of this section make little contact with each other, each has its
own subheading.

6.A Global Optimization. In many iterative algorithms for optimizing a function
over a feasible region C, a lower bound on C’s inradius serves to guarantee the numerical
stability of the algorithm. As we have seen in Theorem 4.3, the inradius of an H-presented
polytope can be approximated in polynomial time.
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For practical purposes it is often relevant to have some additional information when
the inradius is small. It would be useful to know a hyperplane H such that C C H + ¢B",
with small e. But this is the problem of approximating the width 2R;(C) of C' and finding
a corresponding hyperplane.

As we have seen in Theorem 5.5 the problem of computing R;(C)? in R} is NP-
complete even for simplices. However, the width can be approximated by polynomial time
algorithms (even in a much more general situation, where C' is a convex body that is given
only by some “oracles”) with an error of order n®, where « is an arbitrary real greater
then 7 [GK90b]. A weaker version of this result and some related theorems can be found

in [GLS88].

6.B Sensitivity Analysis of Linear Programs. In the Introduction, we mentioned
the relevance of certain polytope radii to the sensitivity analysis of linear programs. The
basic problem of linear programming asks for the maximization of a linear objective func-
tion over an H-presented feasible region P. Sensitivity analysis is concerned with the way
in which small changes in the constraints may affect feasibility or the optimum value. As
the following theorem shows, the width and the inradius of P provide information con-
cerning the effect on feasibility of varying the right-hand side b. It follows from (a) and
(b) below that if the representation has been normalized (by rescaling A and b) in such
a way that ||a;||* = 1 for all 7, then without destroying feasibility, any single constraint
halfspace can be moved (parallel to itself) by any distance not exceeding 2R, (P), or all the
constraint halfspaces can be moved (parallel to themselves), by distances not exceeding

ra(P).

6.1 WIDTH, INRADIUS AND SENSITIVITY ANALYSIS. Consider an H-presented poly-
tope P = {z € R™ : Az < b}, where A is an m X n matrix [a;;] and b = (B,...,0m). For
1 <4 <m, let ||a;||* denote the norm of the i'" row of A interpreted as a linear functional
on M. For each e = (e1,...,6,)T € R™, let P, = {x € R® : Az < b — e}, the result of
perturbing the right-hand side b by an amount e. Then P, is nonempty if either of the
following conditions is satisfied:

(a) ex =0 for all k # i, and

2R, (P)
I TP
[levil
(b) for1 <7 <m,
€ < —r"(P)-
[l

Furthermore, the system

Ar <b, Az <b-— Aq

is feasible for all ¢ € R™ with ||q|| < « if and only if « < 2R,(P).
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Proof. For (a), note that if feasibility is destroyed then P lies between two hyperplanes
whose distance apart is less than 2R, (P), contradicting the definition of width. For (b),
note that P contains a ball of radius r,(P), and if each constraint halfspace is moved by an
amount less than this radius then the center of the ball will still lie in all the halfspaces. For
the last statement, note that if ||¢|| < 2R;(P) then by A.5, the translate P + ¢ intersects
P. This says that there exists ¢ € P such that A(z + ¢) < b, whence Az <b— Aq. [

Theorem 6.1 speaks only of feasibility, but it can also be applied to analyze the sen-
sitivity to changes in the right-hand side b of the maximum over P of a linear objective
function y. Suppose, for example, that

A =

<#=rgslny)

and the question is how much the :*! component of b can be varied without forcing the
maximum to be less than A. Then useful information can be obtained by applying 6.1(a)
to the polytope obtained by intersecting P with the halfspace {z : (z,—y) < —A}.

6.C Orthogonal Minimax Regression. The most familiar form of regression in-
volves a real-valued function g of n causal variables (i.e. dom g C R"), ¢’s graph

G = {(z,9(z)) : 2 € domg} C R,

and the observation of a finite number of points of G — say z; = (z1,9(z1)),...,2k =
(zk,9(zk)). In atypical situation, the observer wants to find an affine function f : R* — R
that best represents ¢ in the sense that some measure of the deviation of f’s graph

F ={(z, f(z)):z € R*} c R"!!

from G is as small as possible. In least squares regression, the deviation is measured by
Ele |f(z;) — g(z;)|?, the sum of the squares of the “vertical distances” of the observed
points z; from F. While least squares regression is by far the most common, there are also
situations that call for minimaz regression — taking max; |f(z;) — g(z;)| as the measure

of deviation (see [AD81], [PD83]).

Now suppose that causal relationships are obscure, so that each observed point z; €
R™*! is regarded merely as representing some (not necessarily functional) relationship (still
denoted by G) among the n + 1 coordinates. If it is then desired to approximate G by
an affine relation, hence by a hyperplane H in R™*!, the observer may choose to em-
ploy orthogonal least squares regression. Then the deviation of H from G is measured by
Zle dist(z;, H)?, the sum of the squares of the Euclidean distances ( or “orthogonal dis-
tances”) of the observed points z; from H. A useful alternative in some cases is orthogonal
minimaz regression, in which max; dist(z;, H) measures the deviation. The hyperplanes H
for which the orthogonal minimax deviation is minimum are precisely those that lie midway
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between two parallel supporting hyperplanes H_ and Hy of the set P = conv{zy,...,2x}
such that the distance between H_ and Hj is the width of P. Hence finding H implies
determining the width of the set of observed points.

As we have seen, width determination is NP-hard for V-presented polytopes and for
asymmetric H-presented polytopes in Euclidean spaces of unrestricted dimension. How-
ever, width determination in the Euclidean plane is involved in the applications to computer
vision and chromosome classification described in subsections 6.F and 6.G. It would be of
interest, for the case of unrestricted dimension, to find conditions (significantly weaker than
central symmetry which is sufficient for H-presented polytopes) under which the width of
a polytope in R} can be computed in polynomial time.

6.D Collision Avoidance. Knowing the outer radii of a polytope in Euclidean 3-
space would be useful in dealing with collision-avoidance problems in robotics. Consider,
for example, the case of a symmetric body C with center c¢. Let ¢ and p denote respectively
the outer 2-radius and the outer 3-radius of C, so that ¢ < p. Suppose that we want to
move the center ¢ from a starting position s to a terminal position ¢ in such a way that
during the motion, C does not collide with a given fixed obstacle Z. For the route to
be followed by ¢, we could use any path W from s to t such that Z is disjoint from the
p-neighborhood of W. In moving the center ¢ along such a path, arbitrary rotations of
C' about ¢ can be permitted, for they will not cause C to collide with Z. However, if we
can suitably restrict the rotations of C as ¢ is moved, and if p is much greater than v
(as will be the case when C is long but narrow), we may be able to find a much shorter
admissible path from s to ¢ by using information about . For let L be a line through
¢ such that C C L + ¢¥B, and suppose that s = vg,v1,...,vx = t is a sequence of points
such that the obstacle Z is disjoint from the p-neighborhood of the set {vg,...,vr—1} and
from the 3-neighborhood of the set U:.c:l[v,-_l,vi]. Then C can be moved from s to t in
the following manner, without colliding with Z:

with ¢ fixed at vg, rotate C' about ¢ to align L with the segment [vg,v];
slide ¢ along the segment from vy to vy, maintaining the alignment of L;

with ¢ fixed at vy, rotate C' about ¢ to align L with the segment [vy,vs];

slide ¢ along the segment from v;_; to v, maintaining the alignment of L.

Now consider a body C' in Euclidean 3-space, and for each positive A let R(C, A) denote
the radius of the smallest circular cylinder of length A through which C can be passed. For
each \ that exceeds C’s diameter §, R(C, ) is equal to the outer 2-radius of C'. However,
when \ < § it may happen that R(C,A) < R(C,§). In particular, R(C,0) is the radius of
the smallest circle through which C can be passed, and the inequality R(C,0) < Ry(C) is
established by [Zi19] and [St82] for certain bodies C. The problem of computing R(P,0)
for a 3-polytope P is of interest, but appears to be difficult.
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6.E Smallest Covering Cone. The following problem, involving circumspheres, ap-
pears to be of interest for all n. For n = 3 it arose from an investigation of multiple
airborne target tracking with a ground based radar [GEL65).

In RZ, let X be a fixed finite set and @ a point sufficiently remote from X so that
all of X lies in some open halfspace whose bounding hyperplane passes through a.
Find the right circular cone C' with apex a of minimum vertex angle containing on
or in it all the points of X.

We may assume without loss of generality that a is the origin. Let Y = S} N [0, co[X, the
set of all points of S§ that lie on rays from a through X. As is observed in [GEL65], the
desired cone C' is asymptotically (i.e. for dist(a,Y) — o0) the set [0, 00[B, where B is the
smallest ball containing Y.

6.F Computer Graphics, Computer Vision. In this subsection we give a short
account (more intuitive than rigorous) of some applications of the width problem in com-
puter graphics and computer vision. The approach described appears in [KD82], and
additional information on related methods and shape analysis techniques can be found in

[Pa77).

One of the basic procedures in Computer Vision is the approximation of digitalized
curves by polygons in order to preprocess images for shape analysis. In the easiest case
each image is represented by an m x n 0-1-matrix and the goal is to approximate a “region”
given by the 1 entries by a polygon. The conflicting objectives are, on the one hand, to
find a polygon with as few edges as possible and, on the other hand, to maintain as much
information as necessary to be able to perform the subsequent shape analysis.

Let us in the following assume that each “region” is connected; i.e., we approximate
it with just one polygon. The first step is usually to compute the contour line of the
“region”, thus obtaining an ordered curve which contains the “boundary information” of
the 0-1-matrix.

The next step associates with the contour line the point set that is obtained by asso-
ciating with every 1 entry of the matrix the center of the corresponding pixel. This yields
an ordered (according to the corresponding position on the contour line) point set .S in
the plane. The task is, now, to approximate this point set by a polygonal curve. [KD82]
give an efficient algorithm for this purpose. A crucial iterative step of this algorithm is to
approximate a subset S’ of S by a line. But this is nothing else than computing R;(S")
and a corresponding line F such that S’ C F + R;(S")B?.

6.G Chromosome Classification. Computing the width of a convex polygon is
involved in a procedure for banded chromosome classification proposed in [PG89]. The
procedure involves measurements with respect to the axis A of a chromosome C, and the
first step in finding A consists of defining C'’s orientation. The orientation is represented by
a line L that provides a best minimax approximation of C or, equivalently, of C’s convex
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hull. After L has been found, the smallest rectangle R that contains C and has sides parallel
and perpendicular to L is determined. In effect, R is regarded as a first approximation of C
and R’s axis RN L is regarded as a first approximation of A. Quoting from [PG89]: “Most
chromosomes are not exactly straight, but there is generally no diagnostic significance in
how bent they are ... so we aim to extract features that are invariant to chromosome
bending. In order to do this, feature measurements are ... related to the longitudinally
medial axis of the chromosome about which the chromatids are symmetrical. We also
require the orientation and polarity of chromosomes so that they may be displayed with
proper orientation in the karyogram.” [To define the orientation] “we use the orientation

of the minimum width enclosing rectangle. ... It can be shown that this rectangle is
parallel to the chord” [i.e., edge] “of the convex hull, which is used elsewhere in the MRC
system ... and so must be computed anyway. Obtaining the orientation in this way is

computationally very fast, though ... it is not invariably optimum as judged by a human
observer (though we know of no consistantly superior method).”

Appendix: Results on Radii used here.

The following results are all used in the present paper. They are formulated for poly-
topes P, even though they hold in greater generality, since this is the case in which they
are needed here. The general statements, the proofs and additional results are contained
in [GK90a).

In the following P always denotes a polytope in some Minkowski space M; n denotes
the dimension of M and j is an integer with 1 < j < n.

A.1: If P is symmetric about the origin then P contains a j-ball of radius rj(P) centered
at the origin; and there is an (n — j)-subspace F' of M such that P C F' + R;(P)B.

A.2: If P is symmetric about the origin then rj(P)R;(P°) =1 and R;(P)r;(P°) = 1.
A.3: r(P) < R,(P) and r,(P) < R,(P), with equality if P is symmetric.
A.4: Let s € S and s* € S*, let [,(P) denote the length of the longest segment in P that

is parallel to the line Rs, and let by« (P) = max.ep(c,s*) —minep(c,s*). f Q = %(P —P),
then I;(P) = 1,(Q) and bs+(P) = be« (Q).

A.5: 2r1(P) = max,es ls(P) = max,«es+ by (P),
2R;(P) = minses ls(P) = ming»es+ be«(P).

A.6: There is a diametral pair {v,w} that consists of extreme points of P, and if P = —P
it may be chosen so that w = —v. When the unit ball B of M is rotund, each diametral
pair in P consists of exposed points of P, and if, in addition, P = —P, then each point of
a diametral pair is the negative of the other.

A.7: If P is symmetric about the origin then P admits parallel supporting hyperplanes
H_ and H, such that: (a) the distance between H_ and H is equal to the width of P;
(b) there are antipodal smooth points —q and ¢ of P such that —¢ € H_ and ¢ € H. If
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the ball B is smooth, every pair of hyperplanes that satisfies (a) must satisfy (b) as well.

A.8: Let H_ and H, be parallel supporting hyperplanes of P whose distance is equal to
the width of P. Let P~ = PNH_ and Py = PNH;. Then dim P_ +dim Py > n—1, with
dim P_ = dim P,y = n — 1 when P is symmetric. Further, let H denote the hyperplane
that is parallel to and equidistant from H_ and H;. Suppose that ¢ € H and s € S are
such that ¢ £ R;(P)s € Hy. Then the sets P* = Py F R;(P)s are subsets of H that
are not strictly separated in H, and when the ball B is smooth they are not even weakly
separated in H.

A.9: Let V € M be finite and let P = conv{v : v € V'}. Then

R,(P)= sup Ry(conv{vg,...,vn}).

V0,ye.e Un €

A.10: Let Y € M* be finite, let 8, € Rfor y € ¥ and let P = conv{z : (z,y) <
By for all y € Y'}. Then

A.11: Suppose that W is a finite subset of M. For each w € W and = € M, let ¢, (z) =
|z — wl||, and then set ®(z) = sup,ew Pw(r). The function ® is a convex contraction
whose global minimum is the circumradius of the set W.

A.12: Let P={z: a1z < B1,...,am < Bm}. Then the inradius of P is the solution of
the optimization problem:

sup £
a;z + £||a;||* < B (1=1,...,m).

A. 13: Let P be a presented polytope in R} of size L. Then the size of the following
numbers is bounded by 16pn*L or 16pn®L respectively:

r1(P)? for p € NU {oo} Ry (P)? for p € NU {0}
R,(P)? for p e NU {o0}, P symmetric R,(P)? for p € {1,2,00}
ro(P)P for p € {1,00} ra(P)P for p € NU {0}, P symmetric
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