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Abstract

Spin-torque induced switching of the free layer in magnetic tunnel junctions has been
a subject of significant research over the last decade. This focus is due to its potential
as a universal non-volatile memory element. Much of early spin-torque research focused
on understanding and quantifying the underlying mechanism of the switching process.
More recent research, however, has focused on optimizing and integrating spin-torque
based memory and logical elements into practical devices. While this research has shown
promising results, significant reductions in switching times and energy costs are needed
before such devices are competitive with existing commercial products.

For MTJs with pinned layer and free layer easy-axes parallel to one another, the
most efficient prescription has been shown both theoretically and experimentally to be
a DC current pulse roughly twice the critical current. Recent experimental research,
however, has shown MTJs with a second pinned layer — polarized perpendicular to the
free layer easy-axis, along the free layer easy-plane axis — can produce switching much
faster and more efficiently than similar co-linear devices. These devices take advantage
of the large initial angle between the free layer magnetization and the magnetization of
the perpendicular polarizer to produce a spin-torque orders of magnitude larger than
that of the parallel polarizing layer alone.

Unlike parallel spin-torque MTJs, where switching speed and efficiency is controlled
by the magnetic damping acting on the free layer, perpendicular MTJs are limited by
the GHz precessional frequency of the free layer magnetization about the effective field.
This precession causes the perpendicular spin-torque to self-cancel for currents below
a certain critical threshold, which greatly inhibits switching. This limitation can be
overcome by applying an AC spin-current with frequency near the free layer precessional
frequency, producing a resonant response in the free layer magnetization. Such AC
strategies have been shown theoretically to significantly reduce the switching energy
and critical current for certain device geometries, e.g. free layers with strong easy-plane
anisotropy. However, this improvement comes at the cost of longer switching times.

For MTJs with weak easy-plane anisotropy, purely AC spin-current methods are

ineffective, requiring currents well above the DC critical current to produce switching.
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This is a result of the magnetization spending more time at large azimuthal angles
through the switching process, where the spin-torque from the perpendicular pinned
layer is weak. In contrast, as the magnetization spends more time at large azimuthal
angles, the strength of the spin-torque from the parallel pinned layer gets larger when
DC currents are used. For some cases the strengths of the AC and DC ST may intersect,
allowing the AC ST to dominate for low energy orbits and the DC ST for high energy
orbits. For these devices, switching may be optimized by applying an initial AC spin-
current immediately followed by a DC current pulse.

In this thesis I present a theoretical description for spin-torque switching using
AC and DC spin-currents. This description builds from the standard Landau-Lifshitz-
Gilbert equation with Slonczewski spin-torque. By exploiting a separation in time-scales
between the fast precessional motion of the free layer magnetization about the effective
field and the slow drift of the free layer towards higher or lower energies that results
from ST and damping, I reduce the free layer switching dynamics to that of a one dimen-
sional system. Using this description I characterize certain current and frequency values
important to switching, such as the DC critical current and the AC upper bifurcation
frequency. Finally, using this description I show how to optimize the efficiency of AC,
DC, and combination AC/DC spin-current strategies to minimize the Joule heat loss
associated with switching. This leads to a well-defined range of spin-current polarization

and free layer anisotropy values where each spin-current strategy is optimal.
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Chapter 1

Introduction

Over the last quarter century, the field of spintronics, where the electron spin degree
of freedom is used to manipulate and probe ferromagnetic structures, has exploded
from a field of novel academic research to a billion-dollar industry and the backbone
of today’s non-volatile data storage industry. It has even garnered a Nobel Prize for
one of its earliest discoveries, giant magnetoresistance (GMR), which was awarded to
Albert Fert [1] and Peter Griinberg [2]. One of the most recent advancements in the
field of spintronics to show promise in practical applications is that of spin-transfer
torque where spin-polarized currents are used to manipulate the magnetic moments of
ferromagnetic structures.

First proposed in 1996 by both Slonczewski [3] and Berger [4], spin-transfer torque
(STT), or spin-torque (ST), occurs when a current of spin-polarized electrons travels
through a ferromagnetic material and deposits angular momentum via an exchange
interaction with the ferromagnet’s macroscopic magnetization. Due to the conserva-
tion of the total angular momentum in this interaction, the net change in the angular
momentum of the current flowing through the ferromagnetic layer must be equal and
opposite to the net change in angular momentum of the ferromagnetic layer. Since an-
gular momentum is proportional to magnetization, with a conversion factor given by the
gyromagnetic ratio, v, the absorption of the angular momentum results in a change in
the magnetization direction of the ferromagnet, i.e., a torque on the ferromagnet. The
existence of ST was confirmed experimentally shortly after Slonczewski and Berger’s

proposals [5, 6].
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Since its experimental confirmation, the study of ST has grown into a thriving field of
both experimental [7, 8, 9, 10, 11, 12] and theoretical research [13, 14, 15, 16, 17, 18, 19].
Over the last decade ST has shown tremendous practical potential as a data storage
technology via its ability to quickly read and write information into high density, non-
volatile memory structures by reversing the orientation of magnetic bits. It has also
shown promise in its ability to drive magnetic spin-torque oscillators (STO) at GHz
frequencies with narrow linewidths, which has a variety of uses [20, 21, 22, 23, 24, 25,
26, 27], as well as its ability to move magnetic domain walls, which may have uses in

magnetic data storage and logic devices [28, 29, 30, 31, 32, 33, 34].

Current

Figure 1.1: Schematic diagram of a magnetic tunnel junction (MTJ). Electrons run
clockwise through the device, first passing through the bottom “fixed” layer where they
become partially polarized in the —éy-direction. They then pass through the “free”
layer, where they impart some angular momentum. The MTJ has its easy-axis along

the éy-axis with the easy-plane normal to the €,-axis.

For data storage applications, ST is applied to magnetic nano-structures known as
magnetic tunnel junctions (MTJs). These MTJs typically consist of two thin magnetic
layers and one non-magnetic layer (e.g., a tunneling-transparent insulator or a metal)
that are sandwiched in a pillar between two ohmic contacts, Fig. 1.1. The two ferromag-

netic layers, hereafter referred to as the “free” and the “fixed” layers, differ significantly
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in their coercive fields, with the fixed layer being pinned along its preferred orientation
much more strongly than the free layer. The higher coercivity in the fixed layer can be
achieved through a number of means, such as increasing the thickness [35, 36], annealing
to an adjacent antiferromagnetic layer [37], picking a harder magnetic material [38, 39],
or using a synthetic antiferromagnet (SAF) structure where two adjacent ferromagnets
are aligned opposite one another via strong RKKY coupling [40, 41].

When an electric current, with electrons flowing in the &,-direction, passes through
the fixed layer in Fig. 1.1, it becomes spin-polarized along the direction of the fixed
layer’s magnetization [42, 43, 44]. When this transmitted spin-current encounters the
free layer it induces a ST on the free layer which tries to align the free and fixed layers’
magnetizations. Alternatively, by applying an electric current in the opposite direction,
i.e., with electrons flowing in the -&,-direction, the direction of this ST can is reverse.
Here the electrons reflected off the insulating barrier, which have a net spin-polarization
opposite the direction of the fixed layer’s magnetization, induce the ST on the free
layer. This ST tries to anti-align the free and fixed layers’ magnetization [45, 18]. These
applications of ST allow for a number of dynamic regimes.

One such regime involves using ST to switch the orientation of the free layer in a
MTJ from one stable state to another. This use of ST was confirmed shortly after its
theoretical prediction [46, 47] with much of the early research focusing on understand-
ing the effects of internal anisotropy [48, 49], temperature [50, 51, 52], and spin-current
strength [53, 54] on the switching dynamics. With the development of high tunneling
magnetoresistance MTJs [55] that have switching times in the sub-nanosecond regime
[56, 57], ST memory has become a very attractive candidate for universal non-volatile
memory. While development of ST memory has moved forward, recent research has
also focused on more exotic switching strategies [58, 59]. Some of these strategies in-
clude using high-frequency AC spin-currents to excite resonant spin modes to assist the
switching process [60, 61], as well as using spin-current polarized perpendicular to the
interface to increase energy efficiency and reduce switching times [62, 63, 64].

Much of the research into these novel switching current strategies has focussed on
experimental and micromagnetic simulations [65]. While these works have shown such

strategies may improve switching efficiency for AC pulses and other exotic strategies,
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a simple theoretical model for describing under what conditions these methods outper-
form their more generic counterparts has been lacking. In this thesis I present such a
theoretical model. This model is used to optimize the switching efficiency of MTJs with
arbitrary easy-plane and easy-axis anisotropy using purely DC and purely AC current
pulses, as well as currents consisting of an initial AC pulse followed immediately by a
DC pulse.

The structure of this thesis is as follows. In chapter 2 I present a macromagnetic
model used to describe the dynamics of the free layer’s magnetization throughout this
thesis. This model serves as the underpinning for both the theoretical methods used
as well as the numerical simulations shown thereafter. In chapter 3 I discuss switching
using DC spin-currents for MTJs with various free layer anisotropy and spin-current
polarizations. A time-scale separation and averaging technique is employed to reduce
the switching behavior to a one-dimensional description for the time evolution of the free
layer energy. This is then used to determine the optimal DC spin-current protocols for
inducing switching in M'TJ with arbitrary anisotropy and spin-polarization. In chapter
4 T discuss switching using AC spin-currents. Employing a time-scale separation and
averaging technique similar to the one presented in chapter 3 for DC spin-currents, the
free layer motion is reduced to a two-dimensional phase-space evolution for the free
layer energy and the relative phase between the free layer and the AC signal. Using this
description, spin-current strategies that minimize the switching energy are discussed
and calculated for MTJs of arbitrary anisotropy and spin-polarization. In chapter 5 the
AC and DC spin-current strategies discussed in the previous two chapters are combined
to optimize switching strategies where an AC spin-current is used to excite a resonant
response in the free layer, followed immediately by a DC current pulse that switches the
free layer the rest of the way. Finally, in chapter 6 I discuss the results from chapters 3,
4, and 5, including the limitations of the averaging techniques used, and how one might

incorporate the effects of thermal fluctuations into the theoretical description shown.



Chapter 2

Model

2.1 Introduction

In this chapter I review the dynamics of magnetic thin films via a macromagnetic formal-
ism. In other words, the free layer is treated as a single magnetic domain with uniform
magnetization M characterized by the saturation magnetization My and unit vector of
the magnetization m such that M = Mym. The model presented here forms the basis
for both the numerical simulations performed throughout this thesis and the theoretical
proceedings which are covered in the following chapters. The full dynamics of the free
layer presented here is broken up into four parts. Sections 2.2, 2.3, and 2.4 cover the

deterministic dynamics of the free layer, which is governed by three torques
M = ', +Tap + Tt (2.1)

These represent, respectively, the conservative Landau-Lifshitz torque, the dissipative
Gilbert damping torque, and the Slonczewski spin-torque terms. In Sec. 2.5 I discuss the
effects of noise coming from thermal fluctuations and non-equilibrium sources. Finally,
in Sec. 2.6 I provide a brief description of the various numerical simulation methods

used.



2.2 Conservative Landau-Lifshitz torque: I'y;,

For a single spin particle described by the Heisenberg spin operator S in an external
magnetic field Heyy, the exchange Hamiltonian is given by the Zeeman energy

Hex = _%Hext . 87 (2'2)

where up is the Bohr magneton and g is the appropriate dimensionless g-factor for the
particle. The time evolution of S is given by the Heisenberg equation of motion
gsS i
— = — [Hex, S] . 2.3
= = [Hox.S) (23)

Using the single spin commutation relation [Si, Sk] = i he*SE where i, j, and k are

the Cartesian indices and €% is the Levi-Civita permutation tensor, this reduces to
oS
a - S X Hext . (24)

From Eqn. (2.4) it is clear the magnitude of the spin is conserved (S-S = 0) thus the
spin precesses about the external field at a fixed angle from the external field direction.
For a magnetic material with magnetic moment M, related to the average spin
density per unit volume M = 24 (S), this dynamic was first proposed by Landau and

Lifshitz [66] as
M =Ty, = —YM x Heg , (2.5)

hereafter known as the Landau-Lifshitz (LL) torque. Here «y is the gyromagnetic ratio
and Hcg is the effective magnetic field given by the gradient of the magnetic energy
density F(M) with respect to the magnetization,

Hep = —VME(M). (2.6)

That Heg comes from the energy gradient means the motion of the magnetization
described by Eqn. (2.5) preserves the energy of the free layer (or a detailed derivation
see appendix A.2). This means under the effect of the LL torque the magnetization M
travels along closed contours of constant energy known as StonerWohlfarth (SW) orbits.

Figure 2.1 shows several SW orbits for two different anisotropy configurations.



Figure 2.1: Several SW orbits for free layers with uniaxial anisotropy, Hy = 0.5Mj
(left), and strong easy-plane anisotropy, Hy = 0.033Mg and H, = M (right). For both,
H.,; = 0. Blue contours represent low energy orbits(F < F},) and red contours represent

high energy orbits (E > E).

The energy density for the free layer in a MTJ can be written in terms of two shape

anisotropy energy terms and the Zeeman energy from an applied external field:

Bm) = 22 [ (1 (m- &) + H, (m &) ~ Ho -m] | (2.7)

Here Hqy is the applied external field, Hy is the strength of the easy-axis anisotropy
(chosen in the &y direction), and H, is the strength of the easy-plane anisotropy field
(chosen along the &, direction). These two shape anisotropy fields typically include con-
tributions from the crystalline anisotropy, which comes from the crystal structure of the
magnetic material used in the free layer, as well as anisotropy from the demagnetization
field. Appendix A.1 shows how to construct Hyx and H, from these two contributions.
The relative strengths of Hy and H, can very greatly and depend on the material used
and the shape of the free layer. The examples shown in Fig. 2.1 represent two of the
limiting cases which will be used as examples throughout this thesis, namely a free layer
with uniaxial anisotropy and one with strong easy-plane anisotropy. For simplicity, £

is referred to as the energy for the remainder of this thesis.
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The easy-axis anisotropy field in Eqn. (2.7) gives rise to two low-energy valleys,
illustrated in Fig. 2.1 as regions with blue SW orbits. These valleys are separated by an
energy barrier with height Ey, = HyM;/2. The minima of these valleys determine the
orientation of the two stable states for the magnetization. For free layers with easy-plane
anisotropy, these valleys are accompanied by two high-energy hills, illustrated in Fig.
2.1 as regions with red SW orbits. External fields Hey; are sometimes used to force the
magnetization to align in a specific direction or to allow one of the energy minima to
be lower than the other [53]. This balance can also be accomplished by using a SAF
with appropriately sized pinned and reference layers such that their respective dipole
fields cancel at the free layer [46]. As a result, the external field will be set equal to zero
(Heg = 0) in the examples shown throughout this thesis. The theoretical mechanisms

developed can still be easily applied to systems with applied external fields.

2.3 Dissipative Gilbert damping torque: I'qp

It has long been observed experimentally, for instance in hysteresis curve measurements,
that applying a sufficiently strong magnetic field to a magnetic material causes the mag-
netization to saturate along the direction of the applied field. This is contrary to the
simple precessional motion described by the LL torque in Eqn. (2.5), which conserves
the energy of the magnetization, and indicates the presence of dissipation in the dy-
namics of the magnetization. Many mechanisms have been predicted theoretically to
contribute to this observed damping, such as magnon-induced currents [67], magnon-
magnon scattering [68, 69], spin-orbit coupling [70], and spin-shot noise [71, 72]. The
simplest phenomenological way to incorporate these effects into the magnetization dy-
namics was suggested by Gilbert [73]:

Tap = — [M x M. (2.8)

M,

s

This Gilbert damping (GD) torque term in the equation of motion leads to the decay of
the LL precessions and aligns the magnetization along the effective magnetic field. The
strength of the Gilbert dissipation is proportional to the phenomenological dimensionless
damping constant «.. In modern nanomagnetic devices its value is typically taken to be as

small as a = 0.01 [5, 46, 50], allowing for dozens of precession cycles of the magnetization
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about the effective field prior to equilibration. A sample relaxation trajectory is shown
in Fig. 2.2.

Figure 2.2: Relaxation trajectory of the magnetization for a free layer under the effects
of Gilbert damping and the conservative LL torque. The magnetization is initially in a

state with Y > 0 and allowed to relax over several cycles.

In certain limits Eqn. (2.8) can also be written as the vector triple product
Tep = ——aM x [M x Heg] (2.9)
M

in order to move all time derivatives to the LHS of Eqn. (2.8). This formalism for the
damping torque is known as the Landau-Lifshitz damping torque, as it was first proposed
by Landau and Lifshitz in 1935 [66]. In this form, the damping torque clearly is always
perpendicular to the LL torque and thus the SW orbits of constant energy. For av < 1,
these two descriptions are equivalent so long as v — v/ (1 + az) is substituted in Egs.
(2.5) and (2.8) (for a detailed derivation see Appendix A). Throughout this thesis Eqn.
(2.9) is used to represent damping. To avoid confusion with the conservative LL torque,

the damping torque is still referred to as the Gilbert damping torque.
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2.4 Slonczewski spin-torque: I'gy

In 1996 both Slonczewski [3] and Berger [4] proposed a novel way of manipulating the
magnetization of nanoscale magnetic objects by passing a spin-polarized current through
the magnetic layer. The resulting effect has become known as spin-torque (ST, or spin-
transfer torque (STT), due to the spin-angular momentum that is transferred from the
spin-polarized current to the magnetic moment. A simple explanation for this effect is as
follows. Entering the free layer, spin-polarized electrons find themselves either aligned
(with the amplitude o cos#/2), or antialigned (with the amplitude o sin#/2) with the
free layer magnetization direction, where 6 is an angle between polarizations of the fixed
and free layers. In the latter case strong exchange interactions cause a rapid spin-flip
of the electron, transferring h angular momentum from the itinerant electron to the
macroscopic magnetization of the free layer.

The corresponding non-conservative term in the macroscopic equation of motion
takes the form

Tgr = ~L-7, [M x [my, x M]], (2.10)
M

which tends to align the magnetization along the spin-polarization of the electric cur-
rent. Here the spin-current is represented by the effective magnetic moment 7, = Zsmy,,
where my, is a unit vector pointing along the direction of the pinned layer magnetization
(see Fig. 1.1), and Z has units of magnetization and is proportional to the difference be-
tween the spin-up and spin-down electrons in the electrical current Zs o< (It — 1)) h/2e.
For simplicity, from this point forward fs will be referred to as the spin-current. The

magnitude of the spin-current can also be expressed in terms of the spin-conductances
RV

ST deMV

where G, are the partial conductances between the spin-polarized bands of the two

(G — G+ G —G__) (2.11)

ferromagnets [15, 74], V' is the voltage across the tunneling barrier, and V is the volume
of the free layer. This exchange of angular momentum can act to pump energy into
the system (negative damping) or pull energy out of the system (positive damping),
depending on the polarization of the spin-current in relation to the easy-axis of the free
layer.

The form of the ST given in Eqn. (2.11) is most appropriate when using the Gilbert
damping torque given in Eqn. (2.8). Converting to the LL formulism for the damping
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given by Eqn. (2.9) gives rise to an additional “field like” torque

T =vaZs M x my] , (2.12)

which acts like an applied external field pointed along the direction of the spin-current
polarization. Due to the leading factor of o in Eqn. (2.12) this torque typically is small
and can be ignored in certain limits.
An additional “field like” torque may result from non-equilibrium spin-accumulation
in the free layer
Irsr =7 BZs [M x my] (2.13)

which causes the free layer magnetization to precess about the direction of the spin-
current polarization my,. Here 3 represents the relative strength of the “field like” torque
compared to the ST. This spin-accumulation comes from the fact that the transverse
components of the spin-current persist with a characteristic relaxation length Az, which
may vary from only a few angstroms to several nanometers [75]. While some experimen-
tal [76] and theoretical works [77] have suggested the strength of this additional “field
like” torque can be comparable in strength to the ST given by Eqn. (2.10), most have
found g < 1 [74, 78, 79, 80]; thus it has been excluded from the remainder of this thesis.

2.5 Stochastic dynamics

The deterministic description of the previous sections is incomplete, especially for small
enough magnetic domains. The reason is the stochastic part of the magnetic torque. The
fact that noise must accompany Gilbert damping to satisfy the equilibrium fluctuation-
dissipation theorem (FDT) was first realized by W. F. Brown [81]. Brown introduced
the noise by adding a stochastic component to the effective magnetic field in Eqn. (2.5),
H.g — Heg + hyy (¢), where hyy, (¢) is an isotropic Gaussian random field. Its amplitude
may be uniquely determined from FDT and is given by

Oék’BT

h, i (H)he i (t)) = 2
(1) () = 25725

80t —1t), (2.14)

where T is the temperature of the free layer, V is the volume of the free layer, and
kg is the Boltzman constant. This thermal noise manifests as random fluctuation of

the magnetization away from the deterministic trajectory, as shown in Fig. 2.3. At low
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energies it acts to push the magnetization away from the easy-axis, giving the free layer
positive average initial energy and average initial deviation from the easy-axis. This

effect will be critical in some of the switching dynamics discussed in later chapters.

Heff

Figure 2.3: Relaxation trajectory for the magnetization of a free layer under the effects
of Gilbert damping, the conservative LL torque, and stochastic thermal noise. The

magnetization is initially in a state with ' > 0 and allowed to relax over several cycles.

Noise may also be introduced by the spin-current through shot noise [82] Z, —
T, + 5fsh where 5fsh(t) is isotropic Gaussian random component of the spin-current

with
(0Zsn,i (t)0Zsn (t")) = 2Dgn(0)5; j6(t — t'). (2.15)
While in the previous case the noise correlator was coordinate independent, here Dy,

depends on the angle 6 between the fixed and free layers. This noise correlator Dy is

calculated in Ref. [16] as

_ hZ(0) eV
Dgn(0) = ALY coth TR (2.16)

where V is the voltage bias between the fixed and free layers and Zg(6) is the spin-flip

current given by

_hV .o [0 5 (0
Isf(e) = m |:Gp Sin <2> +Gap COS <2>:| . (217)
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Here
Gp=Gt +G—; Gap=G4—+G_4, (2.18)

are the conductances for the electrons with spin parallel and antiparallel to the free
layer, respectively, and G, ,» are the partial conductances between the spin bands of the
two ferromagnets. Since the parallel conductance is always larger than the anti-parallel
conductance, G, > Gap, the spin-shot noise is strongest when the fixed and free layers
are anti-aligned.

Together, Egs. (2.14) and (2.15) describe the total noise affecting the free layer
h(t) = hy,(t) 4+ hg, (¢) with total correlator

akgT  hZ4(0) eV
D(8) = h 2.1
) =3 2y M\ 27 ) (2.19)

where hg,(t) = 5fsh(t). For MTJs operating below approximately 20K and for cur-
rents on the order of the minimum current needed to produce switching, the spin-shot
noise term in Eqn. (2.19) dominates [83]. However, as most practical applications of
spin-torque require room temperature conditions, where thermal noise dominates, only

thermal noise is considered hereafter.

2.6 Numerical simulations

Throughout this thesis numerical simulations are used to probe and verify the behavior
of the model described above under the influence of different spin-current strategies.
These numerical simulations were performed using fourth-order Runge-Kutta integra-
tion of Eqn. (2.1) with an adaptive time step to improve simulation speed while confining
numerical errors. Thermal noise was included via random number generators along with
an inverse Gaussian projection algorithm to produce the Gaussian distributions for each
of the three random fields, h;(t).

Single trajectory simulations (see Fig. 3.2) and some probability-vs-time simulations
(see Fig. 4.6) were run using C# with random numbers generated using a Mersenne-
Twister algorithm [84]. Two-dimensional switching probability simulations (see Fig. 4.4)
were performed using OpenCL via C++ with random numbers generated via a floating-
point XorShift algorithm [85].
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OpenCL is a programming language that allows numerical calculations to be dele-
gated to graphic processing units (GPU) such as those on a standard computer video
card. This approach allows for a high level of parallel calculations without the need for a
supercomputer, allowing for much higher resolution in the switching probabilities. This
approach can also lead to a significant reduction in computing time with a relatively

increase in overhead.



Chapter 3
DC spin-torque

3.1 Introduction

In this chapter I cover ST switching and Joule heat loss (JHL) minimization using DC
spin-currents. To begin, I present numerical simulations showing the effect of three differ-
ent spin-current polarizations: along the easy-axis, along the easy-plane axis, and along
the hard axis in the easy-plane. These simulations serve to build our intuition regarding
the effects of spin-polarization in DC spin-torque switching and provide justification for
certain approximations used hereafter. Next, I present a theoretical description of DC ST
switching that approximates Eqn. (2.1), hereafter known as the Landau-Lifshitz-Gilbert-
Slonczewski (LLGS) equation, reducing it to a one-dimensional equation of motion for
the energy of the free layer. This description is then applied to the task of minimizing

the energy loss to dissipation during the switching process, i.e., JHL.

15
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Figure 3.1: Cartoon of a collinearly configured MTJ (left) and a perpendicularly con-
figured MTJ (right).

3.2 Numerical simulations of DC switching

The effect of ST on the free layer of a MTJ depends strongly on the direction the spin-
current is polarized. Given that the free layer energy landscape is described in terms of
easy-axis €y, hard-axis ey, and easy-plane axis €,, it seems natural to look at the free
layer response to spin-currents polarized along these directions as well. In this section
I present simulations showing how the magnetization of the free layer responds to two
types of MTJ devices that have been studied experimentally and theoretically over the
last decade.

Historically, ST switching using DC spin-currents has been broken up into two types
of devices, each utilizing different spin-current polarizations to induce switching. The
first of these involves ST switching in MTJs with a single polarizing layer whose mag-
netization is aligned along the easy-axis of the free layer (see Fig. 3.1). The spin-current
polarization for these devices, using the notation from chapter 2, is m;, = €. This con-

figuration, hereafter known as the collinear configuration, is characterized by relatively
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slow switching times, typically on the order of several ns, and broad switching time
distributions that depend strongly on temperature.

Several switching trajectories are shown in Fig. 3.2 for collinear MTJs with strong
easy-plane anisotropy and with uniaxial anisotropy, i.e., no easy-plane anisotropy. Notice
in both cases, and for all spin-current strengths, the switching trajectories spend a
significant amount of time very close to the easy-axis direction before switching. This
incubation time comes from the fact that the strength of the ST on the free layer goes
to zero when the free layer magnetization and spin-current polarization are perfectly
collinear. This means at small angles thermal effects dominate the dynamics of the
free layer, thus the incubation time is the time needed for thermal noise to push the

magnetization to sufficiently large angles where the ST is strong enough to induce

switching.
H, = M, - Hy = 0.033M, H,=0- H,=0.5M,
1 v Vv 1
0.5 0.5
g 0 g 0
-0.5 -0.5
-1 -1
0 1 2 3 4 0 1 2 3 4
time (ns) time (ns)

Figure 3.2: Switching trajectories for collinear MTJ with Hy = 0.033Mg and H, = M
(Left) and with Hy = 0.5Ms and H, = 0 (right). Spin-currents from left to right in
each are Zy = 0.037My (blue), Zy = 0.018M; (black), and Zg = 0.015M; (red). Here
a = 0.015, T'= 300K, and m, = e,.

A variant on this type of device cants the magnetization of the polarizing layer away
from the free layer easy-axis direction. This canting increases the initial angle between

free layer magnetization and the spin-current polarization, which in turn increases the



18
strength of the ST. The spin-current polarization for such devices also includes a con-
tribution along the hard-axis of the free layer such that m, = n.éx +nyé, where 1y and
7y represent the fraction of the spin-current polarized along the easy-axis and hard-axis

directions, respectively.

H, = M, - Hj = 0.033]M H, =0-Hj=05M
1 1
0.5 0.5
g0 g 0
-0.5 -0.5
-1 -1}
0 1 2 3 4 0 1 2 3 4
time (ns) time (ns)

Figure 3.3: Switching trajectories for MTJs with a polarizing layer canted along the free
layer hard-axis in the easy-plane. (Left) Free layer with Hy = 0.033Mg and H, = M.
(Right) Free layer with Hy = 0.5M5 and H, = 0. Spin-currents from left to right in
each are Zy = 0.037Ms (blue), Zy = 0.018M; (black), and Zs = 0.015M; (red). Here
a = 0.015, T'= 300K, and m,, = &, + &,.

Simulations of switching trajectories for such devices are shown in Fig. 3.3 for both
of the free layer anisotropy configurations shown previously in Fig. 3.2. One may note
that in both examples the resulting switching trajectories look qualitatively similar to
those in Fig. 3.2 for the equivalent collinear MTJ. One may also note that the switching
times are notably shorter due to a marked shortening of the incubation time. This
shortening of the incubation time is the result of the ST from the hard-axis polarized
portion of the spin-current being strongest when the free layer magnetization is along
the easy-axis. However, as the free layer’s magnetization begins to switch the strength
of the hard-axis ST decreases. The overall impact of éy-polarized ST is further limited

by the precessional motion of the free layer about the easy-axis. Through half of each
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SW orbit the hard-axis ST pushes the free layer to higher energy orbits, and through
the other half it pulls the free layer to lower energy orbits. Provided the overall change
in free layer energy with each revolution is small, the hard-axis ST exactly cancels;
thus the overall switching speed and dynamics remain controlled by the strength of the
easy-axis ST.

The second type of DC ST device found in the literature adds an additional polariz-
ing layer to the MTJ mentioned previously that has its magnetization aligned along the
easy-plane direction of the free layer (see Fig. 3.1). This type of dual-polarizer MTJ was
first proposed by Kent et al [57]. Devices with this configuration, hereafter known as the
perpendicular configuration, exhibit switching times that are significantly faster than
those found in collinear devices (typically less than a ns) with narrow switching time
distributions [86, 87, 88, 89]. The spin-polarization for these devices can be expressed as
my, = 1x€x + 1,€&, where 7, and 7, are the fraction of the spin-current polarized along

the easy-axis and easy-plane directions, respectively.

H, = M, - H, = 0.033M, H,=0-H,=05M,

1 1
0.5 0.5
g 0 £ 0
-0.5 -0.5
-1 -1}

0 1 2 3 4 0 1 2 3 4

time (ns) time

Figure 3.4: Switching trajectories for perpendicular MTJ with Hy = 0.033M; and H, =
Ms (left) and with Hy = 0.5Ms and H, = 0 (right). Spin-currents from left to right
in each are Zg = 0.037M; (blue), Zs = 0.018M; (black), and Zs = 0.015M; (red). Here
a =0.015, T'= 300K, and m, = e, + &,.

Figure 3.4 shows several switching trajectories for the free layers of perpendicular
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MTJs. From Fig. 3.4 one may immediately notice the dramatic difference in the switch-
ing trajectories between the free layer with strong easy-plane anisotropy and the free
layer with uniaxial anisotropy. For the uniaxial free layer, the switching trajectories
look very similar those of the uniaxial free layer in Fig. 3.3. This is expected given the
symmetry of the uniaxial anisotropy free layer about the é, axis.

For the free layer with strong easy-plane anisotropy in 3.4 the results are starkly
different from those seen in any of the parallel devices shown in Figs. 3.2 and 3.3. Most
notably the the switching times are dramatically shorter from those of the collinear
devices using similar spin-current strengths. This increase in switching speed is under-
stood by noting the shape of the SW orbits in Fig. 2.1 for the free layers with strong
easy-plane anisotropy. Here the magnetization is strongly confined close to the easy-
plane throughout the switching process where the strength of the perpendicular ST is
strongest.

One may also note from Fig. 3.4 that for the lowest spin-current strength shown,
switching does not occur despite this same spin-current strength producing switching
in both collinear devices shown previously in Figs. 3.2 and 3.3. This abrupt change in
switching behavior is due to the precessional motion of the magnetization about the
easy-axis. Despite the strong ST on the free layer, the free layer magnetization still
precesses about the effective field. This precession causes the perpendicular ST to self-
cancel with each full revolution; thus the spin-current must be strong enough such that
switching takes place faster than half the precessional period. For the device simulated
in Fig. 3.4 this means ts, = 0.1ns, which is in good agreement with the simulated
trajectories shown.

It is important to note that in order to produce the two switching events for the
perpendicular MTJ with strong easy-plane anisotropy shown in Fig. 3.4, the spin-current
was turned off just after the magnetization crossed the saddle point into the other
potential well. Had the spin-current been left on for the duration of the simulations, as
was done in all of the other simulations shown in this section, the magnetization would
have been driven to an excited orbit about the easy-plane axis. In this way, ST switching
of MTJs with strong easy-plane anisotropy is strongly dependent on the pulse duration
[90]. This dependence on the current pulse duration is discussed in more detail in Sec.
3.6.
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3.3 Theoretical description: energy/angle coordinates

With a basic understanding of how spin-current polarization affect the switching behav-
ior of MTJ free layers, I now present a theoretical description for free layer dynamics
under the effect of ST. This description is used in the section that follows, where it
is applied directly to the problem of DC switching, and in chapters 4 and 5, where it
is applied to AC ST switching and switching using combined AC and DC spin-torque
pulses.

In order for any spin-current pulse to switch the magnetization of a MTJ free layer,
the ST must first push the magnetization into an excited state, i.e., where £ > E}, =
%HXMS. In this process the ST is opposed by damping, which pulls the magnetization
to lower energy. Since the damping torque I'cp always points perpendicular to the
SW orbits of constant energy, a natural way of assessing the strength of the ST is to
decompose it into components parallel to the SW orbits and perpendicular to them.

To this end, the free layer magnetization can be written in terms of the locally
orthogonal coordinates E and ¢ such that M = M(E, ¢) [91]. Here F is nothing more
than the energy of the free layer given by Eqn. (2.7), and ¢ = 27x7/P(FE) is the time 7
into the SW orbit with energy E in the absence of spin-torque and damping, normalized
to 2m. Here P(E) is the energy-dependent precessional period of the magnetization about
the easy-axis in the absence of ST and damping. From Eqn. (2.5), 7 and P(F) are given
by

~ Dpp-dM P(E) = ]{ Iy -dM (3.1)

dr =
ITrL|? ITrL|?

Here the integral runs along the SW orbit with energy E. The parametrization M =
M(E, ¢) is given implicitly by the following relations:

(3.2)

where Q(E) = 27 /P(E) is the energy-dependent natural precessional frequency of the
free layer [92]. The first of these relations is a consequence of the LL equation (2.5)
and the choice of ¢, and the second can be checked, e.g., by going to the instantaneous
reference frame, where Hqg is directed along the z-axis. One may check that indeed

E and ¢ are orthogonal by noting O,M - 9gM = 0. It should be noted that this
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parameterization is not global and must instead be introduced separately for each of
the basins apparent in Fig. 2.1.

The equations of motion for the free layer magnetization in these new coordinates

are found using the following relations:

I, -M

E=VME M= —-Hy M; ¢ =Q(F) .
Lol

(3.3)
Substituting Eqn. (2.1) into Egs. (3.3) for M, the LLGS equation of motion for the

energy of the free layer becomes
E=—-aU(E,¢)+LV(E,¢). (3.4)

Here the fast LL precessional motion of the free layer drops out, as expected, and the
two remaining generalized forces on the RHS represent the effects of dissipation and ST,
respectively, on the energy of the free layer. They are given by

1

E.o) =
U( 7‘)0) 'YMS

1
INTIRE V(E,¢) = 57 TL x M] - my, (3.5)

S
The LLGS equation of motion for the angle ¢ upon this same substitution is

¢ =QE) +LW(E, p). (3.6)

Here W (E, ¢) represents the effect of the ST on the precessional motion of the free layer
about the effective field and is given by

FLL . mp

W(E,p) = yMQ(E) 5
ITLLl

(3.7)

To give a visual representation of how the examples in the previous section look
in this new coordinate system, Fig. 3.5 plots V(E, ) for a free layer with uniaxial
anisotropy with spin-current polarizations along each of the three basis directions at
both low and high energies. Notice the clear oscillatory, self-canceling nature of the ST
coming from the spin-currents polarized along the easy-plane and hard-axis directions.

Notice also the easy-axis ST is stronger at larger energies while the other two get weaker.
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Figure 3.5: V(E, ) in arbitrary units as a function of ¢ for a free layer with uniaxial
anisotropy (Hy = 0.5M and H, = 0) with spin-current polarizations, €. (black), &,

(blue), and €, (red). Here E = 0.1F}, (left) and F = 0.9F}, (right).

Figure 3.6 plots V(E, ¢) for a free layer with strong easy-plane anisotropy in the
same arbitrary units used in Fig. 3.5. Note that for low energies the easy-axis and hard-
axis ST are similar in strength to the uniaxial case shown in Fig. 3.5. However, the
easy-plane ST is significantly stronger. Furthermore, the strength of the easy-plane ST

grows with energy. This is in stark contrast to its behavior in the uniaxial case.
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Figure 3.6: V(E, ) in arbitrary units as a function of ¢ for free layer with strong
easy-plane anisotropy (Hy = 0.031M; and H, = M;) with spin-current polarizations €y

(black), &, (blue), and &, (red). Here E' = 0.1E}, (Left) and £ = 0.9E}, (right).

3.4 Theoretical description: time-scale separation

Setting aside for a moment ST switching using easy-plane é,-polarized spin-currents,
for all of the ST polarizations and anisotropy configurations covered in Secs. 3.2 and 3.3
the preceding two sections, switching takes place on time scales much longer than the
precessional period P(F) of the free layer. This means the free layer precesses many times
before switching; thus, the characteristic time scale for F is significantly longer than for
. This separation in time scales suggests the equations of motion given by Eqs. (3.4)
and (3.6) can be approximated by averaging each about . For this approximation to be
valid, the strength of the spin-current Zy must remain small enough for this time-scale
separation to remain true. In practice I have found this to be the case for spin-currents
on the same order as the critical current, i.e., the minimum current needed to produce
switching in the absence of thermal noise. For a more rigorous analysis of when this
p-averaging is appropriate see Sec. 6.3. While this strategy was shown to be useful in
the analysis of non-linear oscillators long ago [93], it was probably first applied in the
present context by Apalkov and Visscher [94] and further developed by Bertotti [95].

In this section I apply such a time-scale separation and averaging technique to the
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equations of motion derived in Sec. 3.3 for €, and €y-polarized spin-currents to obtain
an approximate equation of motion for the energy of the free layer. This approximation
is them used to describe DC ST switching. Specifically, I use it to show how the ST
can lead to steady-state precessional regimes and to calculate the critical current as a
function of the relative anisotropy strength and polarization. Lastly, I show how this
formalism leads to a simple form for the switching time that is qualitatively similar to

fitting equations used in experiment.

3.4.1 -averaged energy dynamics

Averaging Eqn. (3.4) with respect to ¢, the energy equation of motion is
E=—aU(E) +I,V4(E). (3.8)
Here the new (p-averaged generalized energy forces are given by

U(E) = @ fFLL -dM; Vi(E) = Mj,f"(E) 7{ [AM x M] - &, (3.9)

where each of the integrals runs along the SW orbit with energy F, and 7 = &, - my,,
represents the fraction of the spin-current polarized along the easy-axis éy-direction
[96]. Here also, the bar over the spin-current strength Zg and the ST energy force Vy is
used to denote that the spin-current being applied is of a DC nature (this notation is
used throughout the remainder of this thesis to denote DC spin-currents and y-averaged
variables associated with DC spin-currents). As expected, the €, and €, contributions
to the ST vanish upon averaging since both are periodic in ¢ with zero average. One
may also notice Eqn. (3.8) is entirely independent of ¢; thus, the switching behavior
has been reduced to a one-dimensional system. Fig. 3.7 compares a typical switching
trajectory with the ¢-averaged trajectory calculated using Eqn. (3.8). Note the good

agreement between them.
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Figure 3.7: Free layer energy F(t) vs. time, under the effect of a DC spin-current,
calculated via numerical integration of the LLGS equation (black,solid) and Eqn. (3.8)
(red,dashed). Here Hy = 0.5Ms, H, = 0, a = 0.015, T = 0, Zs = 0.02M;, and m,, =

ey +e;.

While it does not play into the dynamics results that follow, for completeness, it is
worth averaging the ¢ equation of motion given by Eqn. (3.6) about ¢ as well. This
gives

»=Q(F). (3.10)

Here the ST force on the precessional motion, W (E, ¢), vanishes regardless of the spin-
current polarization. This means, to good approximation, the precessional frequency
remains the same as the energy-dependent natural frequency of the free layer Q(F).
This will prove not to be the case in chapters 4 and 5 when describing the effects of AC

spin-current on the free layer.

3.4.2 Equilibrium condition and critical current

An important advantage to this approach for describing the free layer response to a DC
spin-current is that to evaluate Eqs. (3.8) and (3.10), along with their corresponding
forces, one does not need any information about dynamics, but rather only the form of

the static SW orbits and spin-current polarization vector my,. This is demonstrated in
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Fig. 3.8, which plots E as a function of energy for a free layer with strong easy-plane
anisotropy at several strengths of spin-current Z;. One can immediately see that for
certain values of Zs, switching will occur regardless of thermal noise (i.e., E is strictly
positive), while for other it will not (i.e.F is strictly negative). More interestingly, for a

small range of Z, values steady-state precessional motion may occur F(Eeq) = 0 [35, 10].

E/E,

Figure 3.8: Plots E vs. energy for various strengths of Zg for a free layer with Hy =
0.033M;g and H, = M. From top to bottom Zg = 0.012M; (dot-dashed), Zs = 0.009Mj
(solid), Zs = 0.006 My (dashed). For Zg = 0.009M; the equilibrium energy is marked by
Feq.

For free layer anisotropy configuration where steady-state precessions are possible,
the spin-current required to produce such an orbit can be thought of as a local critical
current Z.(E), i.e., the current needed to exactly cancel the local damping. This local
critical current is easily calculated from Eqn. (3.8) by setting the LHS equal to zero and

solving for Z,

T.(E) = ?/U((g)) . (3.11)

Figure 3.9 shows Z.(E) for the two limiting cases with uniaxial anisotropy and strong
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easy-plane anisotropy. Notice that for the free layer with strong easy-plane anisotropy
T, is nearly constant, while for the free layer with uniaxial anisotropy Z. changes sig-
nificantly with energy. The negative slope of Z.(F) in the uniaxial anisotropy free layer
indicates that Feq is an unstable equilibrium point, while the positive slope for the free
layer with strong easy-plane anisotropy indicates Eqq is a stable equilibrium point.

12 x1073 12 x1073

0.8 8——//

7./M,

0.4 4
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E/E, E/E,

Figure 3.9: Local critical spin-current Z.(E)/Ms as a function of energy for a free layer
with uniaxial anisotropy, Hx = 0.033M; and H, = 0 (left), and a free layer with strong
easy-plane anisotropy, Hy = 0.033M; and H, = Mj (right). Here o = 0.015.

Since the critical current is defined as the minimum spin-current needed to produce

a switch, i.e., overcome damping, it can be calculated from the local critical current as
Z. =max {Z.(E)|0 < E < Ep} . (3.12)

Figure 3.10 shows the critical current as a function of the anisotropy ratio h = H,/Hx
for m,, = éy. It is clear from Fig. 3.10 that the critical current follows two linear trends,
with an elbow near h = 5. These two lines correspond to the local critical currents
at energies £ = 0 and E = FEj and can be calculated exactly for any anisotropy
configuration, giving

7.(0) = aH 2, T.(Fy) = aH, Y+ (3.13)

- ’ X

21x T 1x
For a detailed derivation of these equations, see Appendix B.3. The first is exactly the
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critical current calculated in Ref. [48] for low-field switching and corresponds to the spin-
current needed to dislodge the magnetization from the energy minimum; the second is
the spin-current needed to push the magnetization over the energy barrier [97, 98]. The
abrupt change in the scaling of Z. is due to a first-order phase transition in the value
of the maximum local critical current. The equilibrium point between these two critical

current lines is h & 5.09 [98].

30

critical current

Figure 3.10: Critical current Z./aHy (black, triangles) as a function of h = H,/Hy,
calculated using Eqn. (3.12), along with Z.(0) (red) and Z.(E},) (blue) calculated from
Egs. (3.13).

3.4.3 Switching time

Equation (3.8) can also be used to calculate the deterministic switching time for a given
value of Z;. Using the relation dt = dE/E one finds

Eogp [P dE

tsw(Eo) = . =55 )
(Eb) e B g, IV(E)— aU(E)

(3.14)

where Ej is the initial energy of the free layer prior to turning on the spin-current and

E}, recall, is the height of the energy barrier. Using the local critical current Z. Eqn.
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(3.14) can be rewritten as

Ep dE
i) = [ e v (319

This means for cases where the local critical current remains roughly constant, Z.(E) ~
Z., such as for free layers with strong easy-plane anisotropy, the switching time goes as
tew OX (fs — jc)_l. This dependence of the switching time on the critical current is well
established in theoretical [94] and experimental literature [62, 99] for currents above the

critical current.

3.5 Joule heat minimization

With the theoretical description developed in the previous sections in hand, I now turn
to the underlying thrust of this thesis: optimizing the efficiency of ST switching. The
issue at hand is as follows: to make switching times progressively shorter, larger and
larger spin-current strengths are needed; see Eqn. (3.15). This leads to excessive Joule
heat losses oc [ dt fg (t). On the other hand, decreasing the spin-current leads to longer
switching times, which in turn may again increase heating due to the long time needed
to complete the switch. One may expect that there is an optimal spin-current protocol,

Zopt, which minimizes the heating losses.

To find such a strategy, I look for strategies that satisty dz J = 0, where

2

J(T.) = /0 " dtR(m(1)T. (1) (3.16)

is the total energy loss due to Joule heating and R(m) is a resistance that depends on
the direction of the magnetization relative to the direction of the reference layer m,,.

The form of this resistance is well approximated by
R(m) = Raye — AR(m ) mp) ) (3'17)

where Raye = (Rap + Rp)/2, AR = (Rap — Rp)/2, and Rp(4p) is the resistance of
the MTJ in the parallel(antiparallel) orientation [100]. In practice this resistance varies
little through the switching process [101, 102], both because the change in resistance
tends to be small (AR < Raye) and because the free layer tends to spend most of
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its time through the switching process at low energies where the angle between the
free layer magnetization and the reference layer is small. As a result, the JHL may
be approximated to good accuracy by taking R(M) = R through the entire switching
process. This gives for the total JHL

tpc _ 9
J = / #RT (). (3.18)
0

Equation (3.18) can also be written in terms of energy E by noting dt = dE/E',

_ By RZ,?
J(IS):/ dE———. (3.19)
Eo E

Here the integral is a path integral along the energy trajectory of the free layer and Ey
is the initial energy taken to be the thermal equilibrium energy.
Taking the partial derivative of Eqn. (3.19) with respect to Zs, using Eqn. (3.8), and

setting the result equal to zero gives:

B RTZg — —
oz/EO dE = (ZV(E) —22U(E)) , (3.20)

which Z¢ must satisfy to minimize the Joule heat loss. Here recall U and V are the
p-averaged damping and ST forces acting on the energy of the free layer and are given
by Egs. (3.9). The leading factor R here has been left in for completeness.

Of course it must be pointed out that depending on the assumed form for the
spin-current, i.e., how it behaves with time/energy, Eqn. (3.20) may be accompanied
by additional optimization equations. For example, if one were to try and minimize the
JHL using DC spin-current of the form Z(t) = Zs —G—T; t, an additional partial derivative
equation would be needed to optimize with respect to f;. The particular form of Eqn.
(3.20) is such that it is the optimization equation for square pulses, i.e., Zs held constant
for the duration of the pulse, and for the case where no restrictions are place on the
energy/time dependence of Zs. In the following sections I cover both of these cases,

starting with the case where no restrictions are placed on Zs.

3.5.1 Optimal DC spin-current protocol: analytic

Looking at Eqn. (3.20) one can image an infinite number of spin-current strategies that

may satisfy it. There is, however, one clear solution which makes the quantity inside
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the integral on the RHS exactly equal to zero regardless of the energy. One may indeed
check that

ot (E) = 2T(E) (3.21)

satisfies this condition when inserted into Eqn. (3.20). This solution is of particular
importance to the question of optimization because it represents the DC spin-current
strategy that gives the global minimum JHL for switching using a DC spin-current. That
this gives the global minimum JHL for a DC spin-current comes from the fact that it
remains the optimal protocol regardless of the upper and lower limits of integration.
This means that at every point along the switching process it minimizes the JHL.

One may immediately notice the optimal protocol is to apply a current that is exactly
twice the local critical current of the free layer throughout the switching process. Further
significance for this optimal protocol can be found by inserting Eqn. (3.21) into Eqn.

(3.8) for the spin-current. Doing so, the energy equation of motion takes the form
E=+aU(E). (3.22)

This is exactly the same as in Eqn. (3.4) without the external spin-current Zg, but with
the time being reversed. This means the optimal current protocol is such that it exactly
time-reverses the purely relaxational trajectory of an isolated system. Such a relaxation
trajectory must be thought of as starting at the energy maximum F, (i.e., the switching
point) and winding down towards the energy minimum at Ej.

Placing Egs. (3.21) and (3.22) into Eqn. (3.19), the JHL associated with the optimal

DC switching protocol becomes

J(Zs) = aR EdeEQ(E). (3.23)
B0 V(E)

Since the volatility of a MTJ is directly related to the height of the energy barrier Ej,,
i.e.Hy, Eqn. (3.23) can be used to compare the optimal JHL for free layers with various
anisotropy configurations and equal values of Ey,. Figure 3.11 plots the JHL, calculated
numerically using Eqn. (3.23), for a wide range of H, values with fixed Hy. Clearly the
uniaxial case is optimal. This is in line with experimental results in Ref. [99] on free

layers with perpendicular magnetic anisotropy. Notice the JHL is essentially linear in
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H,. For a free layer with uniaxial anisotropy, U and V can be solved for exactly yielding

E,—F _ B, — B\ Y2
U(E) = 2vH E [ =22 ; Vi=2vE =2 . (3.24)
Ey, Ey

Plugging these into Eqn. (3.23) gives Jopt = aRELIn(Ey/Ey) /vMs. For a free layer
with strong easy-plane anisotropy, U and Vy can be approximated to leading order in

energy as

U(F)~~(2Hx + H,)E; Vix~y2E. (3.25)

Plugging these into Eqn. (3.23) gives Jopt ~ aREL(1 + h/2)In (Ey/Ey) /2vMs for the
JHL where h = H,/Hy. This suggests a general relation for the optimal JHL as a

function of free layer anisotropy

aREb h Eb
oot & — [1+=)In( — | . 2
Jort v M < +2> n<Eo> (3:26)

Figure 3.11 plots this relation along with numerical solutions to Eqn. (3.23). As one can
see, they are in good agreement. For detailed derivations of Eqgs. (3.24) and (3.25), see
Appendix B.2.
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Figure 3.11: Minimum JHL in arbitrary units vs. H,. Calculated numerically using Eqn.
(3.23) (black) and Eqn. (3.26) (red).

3.5.2 Practical solutions

The spin-current strategy discussed in the previous section for the global minimum JHL
using a DC spin-current is not always practical. For instance, for free layers with uniaxial
anisotropy, the local critical current Z.(E) goes to zero as the energy approaches the
energy barrier (see Fig. 3.10). This causes the associated switching time to diverge.
So while the switching strategy may indeed be energy efficient, it will take infinitely
long to complete. Furthermore, applying any energy dependent spin-current strategy
becomes problematic for practical devices which are subject to thermal fluctuations.
These thermal fluctuations ensure the free layer energy deviates from the deterministic
energy trajectory calculated using Eqn. (3.8). For these reasons, it is also important to
look at optimizing more realistic current pulse forms.

Here I consider the simplest spin-current strategy, a square current pulse, i.e., Zg
constant. Even for this simple spin-current pulse form, finding the optimal protocol

analytically is prohibitively difficult. As a result, is it significantly faster and easier
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to calculate the optimal protocol by solving Eqn. (3.20) numerically for Zs. To aid in
such numerical approaches, Eqn. (3.20) can be used to significantly narrow the range of
spin-current values that may satisfy it.

Immediately one may note that Zg must be large enough to ensure E(E) > 0
throughout the range of integration. This means the optimal current must be greater
than the critical current, Zopt > Zc, given by Eqn. (3.13). The range of possibly val-
ues for Zope can be narrowed further by noting that E? and V are entirely positive
over the range of integration. As a result, Eqn. (3.20) may only have solutions pro-
vided Zs — 2Z.(F) is not entirely positive or negative over the range of integration,
Fy < F < Ey,. This means the DC spin-current must be between twice the smallest and
twice largest DC local critical current. These conditions place upper and lower bounds

on the optimal DC spin-current such that
max {Tc,minafc} < fopt < 2T, (3.27)
where fc,min is the minimum local critical current given by
Zemin = 2min {Z.(E)|Ey < E < Ep} . (3.28)

For free layers with strong easy-plane anisotropy, these constraints result in a very
narrow range of possible values for the optimal spin-current such that fopt ~ 27.. So,
the optimal DC spin-current protocol for a square current pulse is to use a spin-current
approximately twice the critical current. This result is confirmed in the experimental
results of Refs. [62, 103]. This is shown in Fig. 3.12 which plots Joule heating as a
function of the spin-current strength for various switching probability levels for a free
layer with strong easy-plane anisotropy and 7" = 300K. At low switching probabilities
Topt < 27, due to large fluctuations dominating the early switching behavior. However,

at switching probabilities nearing 100% we see the predicted fopt ~ 27..
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Figure 3.12: Simulated JHL in arbitrary units vs. spin-current strength for various con-
fidence levels p. From top to bottom, p = 0.99, p = 0.5, p = 0.2. Here o = 0.015,
Hy =0.033M;, H, = M, and T' = 300K.

The optimal pulse time associated with this strategy depend on the desired switching
probability as well. For MTJs without hard-axis or easy-plane spin-current polarizations,
the distribution of the switching times strongly depends on the equilibrium thermal
distribution of initial energy o e £0/k8T and the deterministic switching time, Eqn.
(3.14). Since the distribution of initial energies is oc a~!In(E}/Ep), this means any
pulse of a finite duration achieves switching only with a certain probability p < 1. If
this probability, i.e., error tolerance, is specified such that 1 — p < 1, all realizations
with Ey > kT (1 — p) should undergo the switch. This dictates that the duration of the

optimal current pulse scales as

to By
to~ O [ ) 2
S “<kBT<1—p>> (3.29)

where tg = ('yMS)_l. This result is shown in Fig. 3.13 for higher switching probabili-
ties and is in good agreement with the simulated data. Similar probabilistic switching

behavior is seen in Refs. [53, 52].
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Figure 3.13: Simulated optimal switching time (crosses) and Eqn. (3.29)(black line) as a
function of the confidence level, p. Here o = 0.015, Hy, = 0.033Mg, H, = Mg, T = 300K,
and Z, = 27..

3.6 DC switching with easy-plane polarized spin-currents

The theoretical description developed in this chapter is a powerful tools for understand-
ing and optimizing ST switching using DC currents. However, as one may recall, in
using this description I have ignored ST switching in perpendicular MTJs with strong
easy-plane anisotropy. One may recall that for these MTJs, switching times were much
shorter than those of collinear MTJs (see Figs. 3.2 and 3.4), with switching times faster
less than the precessional period of the free layer. These perpendicular MTJs also ex-
hibited a strong dependence on the pulse time.

To explore the differences in switching behavior between perpendicular MTJs with
strong easy-plane anisotropy and collinear MTJ Fig. 3.14 plots simulated switching
probabilities as a function of spin-current strength and inverse pulse time. Note that
while both collinear MTJs exhibit two distinct regions of high and low switching prob-
ability, the perpendicular MTJ has several regions that alternate between high and low

switching probability. These alternating regions are seen experimentally in Ref. [87] and
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via micromagnetic simulations in Refs. [63, 104, 105]. The dramatic improvement in
switching speed for the perpendicularly configured MTJ eliminates the time-scale sep-
aration between ¢ and E. This means one may not average Egs. (3.4) and (3.6) about

; thus the theory developed in this chapter is inadequate for discussing and optimizing
this kind of DC ST switching.

0.04 Hy=0.033M;, H, = Mj; Hy = 0.033M;

0.02 " 0.002

spin-current

my, = éz‘l‘ éx
0.004 0.008 0.05 0.10 0.15 0.0005 0.0010
tpl 1/tp 1/t

Figure 3.14: Switching probability as a function of spin-current strength (in units of Mj)
and inverse pulse time (in units of vMj) for a free layer with strong easy-plane anisotropy
(left and center) and uniaxial anisotropy (right). Here a = 0.015 and 7' = 300K. Dashed

black lines represent critical current calculated using Eqn. (3.13).

As established in Sec. 3.5.1, for é.-polarized spin-currents, switching is most efficient
for free layers with uniaxial anisotropy. This means for €,-polarized spin-currents to be
useful, the energy loss from Joule heating must be comparable to that of DC uniaxial
free layers with equal energy barriers, i.e.equal values of Hy. Calculating the JHL for
the devices simulated in Fig. 3.14 using Eqn. (3.18), one finds this is indeed the case (see
Fig. 3.15). Notice that for the é,-polarized spin-current, the JHL is reduced by more
than an order of magnitude over the collinear MTJ with strong easy-plane anisotropy.
In fact, the JHL is improved such that it is nearly equal to that of the uniaxial free

layer with the same energy barrier E,.
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Figure 3.15: JHL as a function of spin-current strength for free layers anisotropy and
spin-polarization configurations: Hy = 0.033M;, H, = M;, and my, = & (left); Hy =
0.033Ms, H, = M;, and my, = & + &, (center); Hy = 0.033Ms, H, = 0, and m,, = &,
(right). Here o = 0.015 and T' = 300K. For all cases only switching probabilities above

95% were considered.

This improvement in ST efficiency is made all the more impressive when considering
the pulse times corresponding to the JHL values plotted in Fig. 3.15. As Fig. 3.16
shows, the optimal switching pulse time for the perpendicular MTJ with strong easy-
plane anisotropy is nearly two orders of magnitude faster than that of the collinear MTJ
with strong easy-plane anisotropy, and nearly three orders of magnitude faster than that
of the uniaxial free layer. From these results the €,-polarized DC spin-current is clearly
the best choice. In the following chapter I will discuss ways of improving the efficiency

of this method further by using AC spin-currents.
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Figure 3.16: Pulse times, in units of (yM;) ™!, as a function of spin-current strength cor-
responding to the JHL values shown in Fig. 3.15. Pulse times associated with minimum

JHL for each free layer configuration are marked with a circle.



Chapter 4
AC spin-torque

4.1 Introduction

In this chapter I explore the effects of AC spin-currents on the free layer magnetization
of a MTJ. In keeping with the format of the previous chapter I begin by presenting
simulations of a free layer under the effect of AC spin-currents with different spin-current
polarizations. From there I employ the same energy/angle change of variable presented in
chapter 3 to describe the AC response of the free layer. The resulting equations of motion
are then averaged with respect to the fast precessional angle, resulting in two equations
of motion which describe the system as a strongly non-linear oscillator. The switching
characteristics of AC spin-current strategies are explained using this description. Finally,
this description is used to minimize the JHL associated with switching using an AC spin-
current.

The desire to look at ST switching using AC spin-currents is motivated by the
results of section 3.6, where switching using DC perpendicular spin-currents was shown
to be inhibited by the precessional motion of the magnetization about the easy-axis.
One will recall these precessions cause the ST from the spin-current polarized along the
easy-plane axis to self-cancel as the magnetization orbits the effective field. One can
imagine that a properly applied AC spin-current could prevent this self-canceling and
allow the easy-plane polarized spin-torque to provide a net positive torque on the free
layer. Numerous experimental and numerical works over the last five years have shown

AC spin-currents can produce a resonant response in MTJ free layers [106, 107, 108,

41
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109, 110, 111]. Therefore, given the right phase difference between the AC signal and
the magnetic response, the AC spin-current may prevent this self-canceling and allow
switching to occur. Since this would remove the limit on the switching time present
in DC perpendicular switching, this may result in switching with lower currents and
JHL than in the DC case. This approach is further motivated by the experimental work
of [60], which shows an AC spin-current pulse followed by a DC pulse can facilitate
switching by inducing a resonant response in the free layer driving, it to a higher energy

state.

4.2 Numerical simulations of AC ST

In this section, I present numerical simulations showing how AC spin-currents may pro-
duce switching in free layers of M'TJs. These simulations were performed by numerically
integrating the LLGS Eqn. (2.1) from chapter 2 with respect to time. The spin-current
in these simulations is defined by the polarization vector my,, the strength of the spin-
current Zy, and the AC spin-current frequency w such that Zy(t) = Zs sin(wt)my,.

As will quickly become clear, the nature of AC spin-torque switching is significantly
more complex than its DC counterpart. For switching using AC spin-currents, not only
does the likelihood of switching depend strongly on the polarization m; and spin-current
strength Zg, but also it is strongly dependent on the duration of the spin-current pulse
and on the frequency of the AC signal. As a result of this added complexity, I first present
the free layer responses to various spin-current polarizations and driving frequencies in
the absence of switching before moving on to the switching dynamics.

Since the thrust of this thesis is about the optimization of ST switching, i.e., min-
imizing the JHL, I feel I must first provide some evidence that such AC spin-current
strategies may result in lower JHL than found in chapter 3 with DC spin-current strate-
gies. To this end, Fig. 4.1 plots the minimum JHL as a function of spin-current strength
Zs for the system with strong easy-plane anisotropy discussed in depth in chapter 3.
Notice, not only is the minimum JHL nearly a factor of two lower than it is for the
optimal DC strategy, but also that switching takes place at currents well below the
critical current of the DC approach. Such switching below the DC critical current is

observed in Ref. [112] for AC spin-currents superimposed onto a DC spin-current pulse.
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In order to ensure the AC results shown in Fig. 4.1 constituted a strategy that could be
applied to practical devices, only parameters resulting in switching probabilities above

99% were used to calculate the optimal JHL values at each current.

. DC'perpendicuIar ' ' n
4+ AC perpendicular

Joule heat lost

0 0005 00I 0015 002 0025
spin current

Figure 4.1: Simulated optimal Joule heat lost during switching process in arbitrary units
as a function of spin-current amplitude (Zs;/Ms) for DC (black squares) and AC (red
triangles) spin-current methods with my, = €, + €,. For AC simulations, frequencies
w/2m ranged from 0 — 0.03yM; with pulse times ¢, = n(27/w) where n ranged from
0.5 — 4 to find the optimal regime. For both AC and DC, cases only combinations of
spin-current Zg and AC frequency w that resulted in switching probabilities above 99%

were are displayed. Same parameters as in Fig. 4.4.

4.2.1 Free layer response: non-switching events

To illustrate how the free layer responds to an AC spin-current when switching does
not occur, numerical simulations of the LLGS Eqn. (2.1) were performed with Zs(t) =
Zssin(wt) for each of the three cardinal spin-current polarizations, i.e., polarized along
the free layer easy-axis, hard-axis, and easy-plane directions. As in chapter 3, each

polarization was applied to a free layer with uniaxial anisotropy as well as one with
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strong easy-plane anisotropy. The free layer energy as a function of time is shown in
Fig. 4.2 for these simulations. Simulations showing the effect of the AC spin-current
frequency w are discussed later in this section.

Upon inspection of Fig. 4.2 one may immediately notice that the éy-polarized (easy-
axis) AC spin-current produces no response in both free layer anisotropy configurations.
Here the oscillations of the spin-current cause the éy-polarized ST to self-cancel over
each period of oscillation. This self-canceling is similar to the self-canceling of the éy-
and é,-polarized DC STs in chapter 3. One may also recall from the previous chapter
that the ST from éy-polarized spin-currents is weakest when the free layer magnetization
is along the easy-axis. This means any gains or losses in free layer energy from the éy-
polarized portion of the spin-current will remain small so long as the free layer remains

near the energy minimum.

H, = M- Hy, = 0.033M; H,=0- H,=0.5M;
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Figure 4.2: Free layer energy vs. time under the influence of several AC spin-currents.
The spin-current polarizations shown in each are my, = &, (red), m, = &, (black), and
m,, = &, (blue). Free layer with Hy = 0.033M,, H, = M, and Z; = 0.004M; (left) and
with Hy = 0.5Mg, H, = 0, and Zg = 0.018 My (right). Here T'= 0 and w = Qy, i.e., the

zero-energy natural frequency of the free layer.

For spin-currents polarized along the €, and €, directions, the response quite strong.

For the uniaxial free layer, the é4,- and e,-polarized spin-currents produce identical
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free layer responses due to the rotational symmetry of the system about the easy-axis
&, direction. However, for the free layer with strong easy-plane anisotropy, the energy
response from the é,-polarized spin-current is significantly stronger. That the maximum
free layer energy during the é,-polarized AC pulse exceeds half the barrier height is made
more impressive by noting the strength of the spin-current used to produce it. Here the
strength of the spin-current is Zy = 0.004Ms, less than half the DC critical current
Z. ~ 0.009M; calculated in chapter 3 for the same anisotropy configuration. For the
free layer with uniaxial anisotropy, the strength of the spin-current Zg = 0.018 My is well
above the corresponding DC critical current value Z. = 0.075Mj; thus it appears AC
spin-currents are unlikely to improve the efficiency of free layers with weak easy-plane
anisotropy.

The shape of the energy trajectories plotted in Fig. 4.2 are also of interest. The
energy trajectories for the é,- and €,-polarized spin-currents look like those of a damped
oscillator, overshooting the equilibrium value before gradually decaying to it over several
oscillations. One will also notice there is practically no incubation time. The free layer
energy appears to rise almost linearly in time from its initial value, Ej.

The dependence of the free layer response on the frequency of the AC signal w can be
seen in Fig. 4.3 for the free layer with easy-plane anisotropy considered previously. Note
for the frequency just below the naturally frequency w = 0.88()y, the maximum energy
overshoot and the final equilibrium energy are significantly higher than in the case with
w = Qo; recall g is the zero-energy natural precessional frequency of the free layer
calculated using Eqn. (3.1). However, for the lowest AC frequency shown, w = 0.73€),
the maximum energy and equilibrium energy are dramatically reduced. These results
suggests an optimal frequency value exists somewhere in this range. The specific nature

of this frequency dependence is discussed in the theoretical section that follows.
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Figure 4.3: Free layer energy vs. time under the effect of AC spin-currents for three
different AC frequencies for free layer with Hy = 0.033M;, H, = Mg, Zy = 0.004M,

T =0,and m, = é,.

4.2.2 AC ST switching

With this basic understanding of how the polarization and frequency of an AC spin-
current affects the energy of the free layer, we now turn our attention to simulations of
AC spin-current induced switching. Given the poor response of the uniaxial free layer to
all of the AC spin-current polarizations, for the rest of this I will discuss only switching
behavior for free layers with strong easy-plane anisotropy and spin-currents polarized
along the easy-plane é,-direction. Specifically, I will focus on simulations of the free
layer with H, = M, Hy = 0.033M;, and m, = &« + €,. Here I have included &y in
the spin-current polarization to reflect the impact of the MTJ reference layer on the

switching dynamics.
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Figure 4.4: Switching probability of perpendicular MTJ as a function of AC spin-current
amplitude (Zs/M;) and applied frequency w (in units of yMs) with pulse times ¢, =
n2w /w. Here H, = Mg, Hy = 0.033Ms, a = 0.015, and T = 300K.
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Figure 4.4 shows simulated switching probabilities as a function of spin-current
strength Zs and AC frequency w for various pulse times t, for the free layer men-
tioned in the previous paragraph. For each frequency shown, the corresponding pulse
times are t,) = n(2m/w) where n varies from 0.5 — 3.0 in half-integer steps with each
figure corresponding to a specific value of n. Notice for n = 0.5 the switching probability
looks qualitatively similar to the DC perpendicular switching probability in Fig. 3.14
with alternating high and low switching probability regions, each being roughly linear
in 1/t,. This makes sense, as the spin-current pulse for n = 0.5 is effectively DC. That
the spin-current has to ramp up and then down in strength over the pulse duration
explains the higher critical current compared to the square pulse used in Fig. 3.14.
For n = 1 notice the rightmost high switching probability bands extends down
allowing the free layer to switch at currents below the DC critical current, Z, >~ 0.01 Mg
(see Fig. 3.14). This reduction in critical current continues for n > 1 until a V-shaped
switching region emerges for n = 3. Qualitatively similar switching behavior is observed

in the experimental works of Ref. Chenll and [113].
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Figure 4.5: Composite switching probability created by overlaying the highest switching
probabilities in Fig. 4.4.

The lakes of low switching probability at each value of n are a unique feature in
AC ST switching. Figure 4.5 overlays each of the switching probability maps shown in
Fig. 4.4 into a single figure to show the maximum switching probability achieved by
each combination of Zy and w. Note that upon doing so the lakes vanish. This means
the lakes of low switching probabilities shown in Fig. 4.5 correspond to islands of high
switching probabilities at different pulse times. This behavior is illustrated more clearly
in Fig. 4.6, which plots the switching probability as a function of time for a single
combination of Z; and w. Indeed, the switching probability does oscillate between high
and low values with a period on order of the initial switching time. With each successive
oscillation, the switching probability moves closer towards 50%. Similar behavior is

observed via micromagnetic simulations in Ref. [114] where AC spin-currents produce
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hopping between meta-stable states.
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Figure 4.6: Switching probability as a function of pulse time for w/27w = 0.024yM; and
Zs = 0.015Mj5. All other parameters are the same as in Fig. 4.4.

4.3 Theoretical description: energy/angle coordinates

Just as in DC ST switching, in order for an AC spin-current to produce a switch the ST
must first overcome damping. Therefore, it is again convenient to describe the dynamics
of the free layer in terms of the energy angle pair, E and ¢, presented in chapter 3 and
defined implicitly by Egs. (3.2). One may recall, the equations of motion for these new

coordinates are

E = —aU(E, ) + Lsin(wt)V(E, ) ;

® = Q(E) + Issin(wt) W (E, ¢), (4.1)
cf. Egs. (3.4) and (3.6) with the AC spin-current Zssin(wt) substituted in place of

the DC spin-current Zg. Here recall Q(E) is the energy-dependent natural precessional

frequency of the free layer about the easy-axis, and the generalized forces U, V', and W
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correspond to the effects of damping on E and the effects of ST on E and ¢, respectively,
and are given by Eqs. (3.5) and Eqn. (3.7), respectively. The strengths of the generalized
forces listed in Egs. (4.1) behave identically to those shown in section 3.3 (see Figs. 3.5
and 3.6).

From Sec. 4.2 we know the free layer tends to resonate with the spin-current for
frequencies close to the natural frequency of the free layer and for spin-currents polarized
in part along the &, or €, directions. This means the AC signal and the free layer angles
can be linked by the relative phase between them, ¢(t) = ¢(t) — wt. The time evolution
for this phase is found by differentiating with respect to time, yielding (;5 = P —w.
Substituting Eqn. (4.1) into this expression for ¢ gives the full equation of motion for
the phase

¢ =Q(E) — w+ Lsin(wt)W(E, ¢). (4.2)

Using Eqn. (4.2) along with the relation sin(wt) = sin(¢ — ¢) = sin ¢ cos ¢ — cos @ sin ¢,
the explicit time dependence of Egs. (4.1) and (4.2) can be removed completely.

4.4 Theoretical description: p-averaged equations of mo-

tion

So long as the free layer remains in resonance with the AC spin-current, the free layer
angle ¢ will precess near the resonance frequency. This means ¢ —w < ¢ as ¢ ~ w
and thus the phase is a slow variable relative to the free layer angle, ¢ < ¢. From the
simulations presented in section 4.2, the energy F is also a slow variable relative to ¢;
thus the time-scale separation present in chapter 3 when dealing with DC spin-currents

is applicable here [91]. Performing this averaging on Egs. (4.1) and (4.2) gives

E=—aU(E) + ZYN/y(E) cos ¢ — IV, (E) sin ¢ ;
= Q(E) —w—i—fsfﬂ\//'y(E) sin ¢ — ZW,(E) cos ¢ . (4.3)

The two new g-averaged generalized energy forces in Eqs. (4.3) are

T(B) = gt f 1AM x M) &y sing
V,(E) =1, ;(f} 7§ [dM x M] - &, cos ¢, (4.4)
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and the two new phase p-averaged generalized forces are

— OXE) [ dM-é,

Wy (E) = —yM; ;

y( ) YMsTy o INTIE Cos
— O(E) [dM-é,

J(E) = —y M, ing. 4.
WAE) = <M, f Tt sing (4.5)

Here the tilde over the spin-current and the generalized forces is used to indicate that
they result from an AC spin-current. To obtain the specific form of Egs. (4.4) and
(4.5), ¢ = 0 was chosen along the é,-axis. Notice that had ¢ been chosen such that
¢ = ¢ —wt £ 7 or had ¢ = 0 been chosen along the —é,-axis, the phase dependencies
of the é, and &, forces in Eqn. (4.5) would be reversed. This means the differences in
the free layer response to an €,- or e,-polarized spin-torque depend only on the energy
dependencies of V and W calculated in Egs. (4.4) and (4.5).

10
0.06
S S
I =
0.03 5
0 0
0 05 1 0 05 1
E/E, E/E,

Figure 4.7: Generalized p-averaged ST forces V (Left) and W (right) in arbitrary units
as functions of energy for m, = &, (blue) and my, = &, (red) polarized spin-currents.
Here Hy = 0.033Mg and H, = Mj.

With the ¢ dependence separated from the €, and €, energy and phase forces, the
strengths of each can be observed as functions of energy, just as was done for the DC
forces. Figure 4.7 plots these generalized forces as functions of energy for a free layer
with strong easy-plane anisotropy. As expected from the simulations in Sec. 4.2 the net
energy force from the é,-polarized AC spin-current is significantly stronger than that

from éy-polarized AC spin-current. Due to this dramatic difference in strength, for the
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rest of this chapter I will only discuss spin-currents polarized along the é,-axis. However,
the formalisms that follow can easily be applied to a ey-polarized AC spin-current as
well.

A typical parametric trajectory, E(t) versus ¢(t), is shown in Fig. 4.8 for a subcritical
spin-current, along with a simulated trajectory using the same parameters. Note the
excellent agreement between the simulated trajectory and the trajectory found using
Eqgs. (4.3). From Fig. 4.8, the damped-oscillator-like motion of the energy observed in the
numerical simulations of Sec. 4.2 is made clear: for AC spin-currents, the relative phase
between the angle swept out by the free layer and the AC signal acts as a momentum

conjugate to the coordinate E, i.e., the energy [91, 115].

0.8

0.6}

0.4¢

E/Eb

0.2f

Figure 4.8: Simulated energy E vs. phase ¢ (black, solid) calculated from numerical
integration of the LLG Eqn. (2.1) and via Eqn. (4.3) (red, dashed). Here Zy = 0.004]M
and w/2m = 0.028yMjy. Other parameters are the same as in Fig. 4.4.

While the dynamics of the free layer under the effect of an AC spin-current appears
well described by Eqn. (4.3), there are still many interesting features of the switching
probability plots in Sec. 4.2 that have yet to be explained. These features, namely the
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strong frequency and current dependencies of the switching probability, are discussed

in the following two sections and will prove critical to the task of optimizing the JHL
for AC ST switching.

4.4.1 Ciritical frequency

Understanding the abrupt decrease in switching probability at certain combinations of
fs and w is of critical importance to the viability of AC spin-torque strategies. The
simulations shown in Fig. 4.3 have already provided some evidence for the cause of the
left-hand boundary of this region. Here recall, for AC frequencies just below the zero-
energy natural frequency of the free layer, {0y, the size of the energy overshoot increases.
However, for too small of frequencies the energy overshoot is substantially diminished.
This result implies the existence of a critical AC frequency below which switching using
an AC spin-current will not occur.

To gain understanding for how this energy overshoot depends on the AC frequency
one may note that in the absence of damping, o = 0, the trajectories given by Egs.

(4.3) possess an integral of motion and can thus be described as lines of constant value

for some function H(E, ¢) [91]. Indeed, one can verify that the following function
E
H(E, ¢) = / dE'J(E') [w —Q(E') + I, W(E') cos ¢] , (4.6)
0

is conserved by the equations of motion Eqs. (4.3), when o = 0. Here J(E) is a solution

of the following linear homogeneous differential equation:

V(E) 4T (E) _ J(E) (V[N/(E) - dV(E)) . (4.7)

dE dE

Setting £ = 0 in Eqn. (4.6) gives H = 0; thus for a free layer with small initial energy
FEy < Ey, under the effect of an AC ST, the magnetization should closely follow the
H = 0 contour for the initial part of its trajectory. Figure 4.9 shows one such H =
0 trajectory, along with the simulated trajectory from the LLGS equation (2.1) and
the corresponding g-averaged trajectory calculated using Egs. (4.3). Indeed, even with
damping the magnetization closely follows the H = 0 line for a good portion of its initial

upward trajectory.
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Figure 4.9: Free layer energy E vs. phase ¢ under the effect of an AC spin-current
calculated via numerical integration of the LLGS equation(black,solid), Eqn. (4.3)
(red,dashed), and # = 0 trajectory (blue,solid) from Eqn. (4.6). Here Zy = 0.04Mj,

w = o, and T = 0 with other parameters the same as in Fig. 3.2.

This means for small damping the dependence of the phase on the energy can be

approximated using the H = 0 trajectory as

T cos(¢p(E)) = Fo(E) — Fu(E,w), (4.8)
where
_ h dETENE) ) o AT w
Fao(E) = BT (B T(E) Fu(E, )_foEdE,j(E,)mE,). (4.9)

Substituting Eqn. (4.8) into E in Eqn. (4.3) removes all ¢ dependence from the AC
energy trajectory and reduces free layer switching to a one dimensional problem as, was

the case for DC spin-currents.
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0 /2 TT 3m/2 2T

Figure 4.10: Several contours of constant H (black,thin), including H = 0 (blue,thick)
and separatrix contour (red,thick) calculated via Eqn. (4.6) for AC frequencies a) w =
0.99 and b) w = 0.7€. Stable fixed points are marked as A, B, and C. Unstable
fixed point is marked as S. Here Hy = 0.5M, H, = 0, a = 0.015, m,, = &, + &,, and

Zs = 0.04 M.

The dependence of the energy overshoot on the frequency can now be seen clearly
by observing how these H = 0 trajectories change while varying w. Figure 4.10 plots
several lines of constant H, calculated from Eqn. (4.6), for a free layer with uniaxial

anisotropy and AC signal frequencies w = 0.9y and w = 0.7 . Note the difference in
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the H = 0 trajectories (blue) as well as the appearance of a separatrix trajectory (red)
for w = 0.7€. For small initial energies this separatrix prevents the magnetization
from reaching the upper ‘H = 0 trajectory, confining it to the lower H = 0 orbit and
equilibrium point C. This new equilibrium point is completely out of phase with the
spin-current when compared to equilibrium point A, which had ¢.q = 7. This change
in phase causes the ST force on the phase to switch from positive to negative, which
forces the magnetization to lower energy where Q(F) is strong enough to compensate
for the added strength of w and W(E)

E/Eb

Figure 4.11: Equilibrium energy as a function of frequency w in units of yM;g found via
simulation of the LLS equation (red,triangles) and calculated numerically using Eqn.

(4.10). Same parameters as in Fig. 3.2.

Varying the AC frequency from w = 0.9 to w = 0.7y one sees these two regimes
are separated by a bifurcation frequency. Above this bifurcation frequency the system
has a single fixed point and below it two stable fixed points exist, separated by a

separatrix. Similar results are found experimentally and via macromagnetic simulations
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in Ref. [116]. This bifurcation frequency can be seen clearly in Fig. 4.11, where the

equilibrium energy has been calculated by numerically solving

72 = <01U(E)>2 + <°JLQ(E)>2 . (4.10)
V(E) W(E)

Equation (4.10) is found by setting the LHS of Egs. (4.3) to zero, and separating out
the phase dependencies. Figure 4.11 also shows F¢q calculated via simulations of the
LLGS equation, with temperature 7" = 0, by adiabatically varying the frequency with
time. From the simulations we see two jump frequencies at wy; and wo where the energy
abruptly jumps between the upper and lower equilibrium branches. Such hysteretic
behavior is seen experimentally in Refs. [117]. Since the initial energy is near zero for any
switching process, for w < wy the trajectory will overshoot and then relax to the lower
equilibrium energy branch (point C in Fig. 4.10) while for w > wy the trajectory will
overshoot and then relax to the upper equilibrium energy branch (point A in Fig. 4.10).
This means w9 acts as a sort of critical frequency for the switching process. Plotting the
simulated wy at various levels of spin-current strength fs one finds excellent agreements

with the left-hand boundary of the high switching probability region (see Fig. 4.12).
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Figure 4.12: Critical frequency w = wo (dashed) atop of the switching probability as a
function of spin-current (is /M) and driving frequency w (in units of yMs) for AC pulse
duration t,) = 3(27/w).

4.4.2 Critical current

The right-hand boundary of the high switching probability region can also be found
using the H = 0 trajectories derived in Sec. 4.4.1. Since switching can only occur when
the energy overshoot exceeds Ey,, the H = 0 trajectory of the free layer, for a given w
and i’s, must exceed Fj, as well. For AC frequencies greater than the critical frequency
wo, the maximum of each H = 0 trajectory occurs at ¢ = 7 (see Fig. 4.10). Setting

¢ = 7 in Eqn. (4.8) and solving for Z; gives, for the AC critical current,
I, > Fo(E,w) — Fo(E). (4.11)

To calculate the AC critical current the effects of damping must be taken into account.
This can be done by integrating the generalized damping force over the H = 0 trajectory

and scaling Z; in order to compensate. Placing Eqn. (4.8) into Equ. (4.3) and solving
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for fs gives a lower bounds for the AC critical current,
9 1/2
= alU (Eb) 2
Lw = [ (S22 ) + (Fam) - RuBrw) | (4.12)
( Va(Eb) )
An example of this critical current is shown in Fig 4.13 along with simulated results.
One can see the AC critical current line is indeed close to the boundary of the observed

high probability switching region.

0.012}
I=
Qo
5
(&)
< 0.009
S
)]

0.006}

0.01 0.02 0.03 0.0
W21

Figure 4.13: Critical frequency w = ws (dashed) and critical current (dot-dashed) lines
atop of the switching probability as a function of spin-current (Zy/M;) and driving
frequency w (in units of yMjs) for the pulse duration ¢, = 3(27/w).

4.5 Joule heat minimization

With a full understanding of the switching behavior of free layers affected by AC spin-
currents we can finally proceed to the key portion of this chapter: optimizing the JHL of

switching using an AC spin-current. One may recall, when optimizing DC ST switching
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the relevant parameters were the strength of the spin-current and the duration of the
pulse. For AC spin-currents these must be optimized as well with the addition of the
AC signal frequency. The JHL associated with switching using an AC spin-current can
be approximated by

5 ~
b RI2

J(Z) = dE—==
Eo 2F

: (4.13)

c.f. from Eqn. (3.19). Here E is given by Eqn. (4.3) and the factor of two in the de-
nominator comes from averaging that power dissipated over the driving frequency, i.e.,
(sin? @) /21 = 1/2.

Varying Eqn. (4.13) with respect to the AC spin-current strength 7, and frequency
w, paying close attention to the energy dependence of sin ¢ (calculated using Eqn. (4.8)

with H = 0), gives the following optimization equations

Be T . I, V(E
o= dE = 2E+L() ; (4.14a)
2 Eo E2 sin ¢
R [Ev .%3 ~
0=3 /E B (]-"W(E) V(E) cot ¢) , (4.14b)

which correspond to aiJ =0 and J,,J = 0, respectively. It should again be pointed out
here that, as was the caée for DC spin-currents, there may be more or fewer optimization
equations depending on the assumed forms of fs and w. The two optimization equa-
tions listed in Eqn. (4.14) are applicable when 7, and w have no assumed energy /time
dependencies and when 7, and w are assumed to be constant throughout the switching
process.

In the following two sections I discuss solutions to Eqn. (4.14) for both of these
cases. First, I will cover the energy-dependent case, where fs and w are allowed to vary
freely in energy/time. This case has an analytic solution similar to that found for DC
switching in Sec. 3.5.1. Second, I will cover the case where 7, and w are held constant.

The optimal protocols for this case are solved numerically.

4.5.1 Optimal AC spin-current protocol: analytic

As in the DC optimization case one can imagine infinite AC spin-current strategies

that may satisfy Eqgs. (4.14), each of which will represent at best a local minimum in
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an otherwise infinite parameter space. The spin-current protocol that gives the global
minimum JHL for AC spin-current strategies is found by solving Egs. (4.14) without
placing any restrictions on the energy/time dependence of Z~,'s and w. Amazingly, such a
solution exists. One may indeed verify that the following functions for 7, and w satisfy
Egs. (4.14):

~ aU(E)

Zopt(E) =2 V(E) ) wopt(E) = Q(E) (415)

The optimal AC frequency protocol from Eqs. (4.15) clearly is to drive the spin-
current at the natural precessional-frequency of the free layer through the entire switch-
ing trajectory. Substituting Q(F) for w in the equation of motion for ¢, Eqn. (4.3)

gives
¢ =—TW(E)coso. (4.16)

By inspection one can see Eqn. (4.16) has one stable equilibrium point at ¢ = 37/2
and one unstable equilibrium point at ¢ = 7/2. This means, by keeping the AC signal
frequency at the natural frequency of the free layer, the magnetization and the AC signal
become phase-locked. For small initial energies Fy < E}, this phase-locking happens
rapidly as W 1/VE for E < Ej,.
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Figure 4.14: Local critical current fC(E) associated with the optimal AC frequency
Wopt = Q(E) as a function of free layer energy (blue) along with the equivalent DC local
critical current(red). Here Hy = 0.033M;, H, = M, and o = 0.015.

This phase-locking between the magnetization and the AC signal has a profound
effect on the efficiency of the AC ST. Placing w = Q(E) into the AC energy equation
of motion, Eqn. (4.3) gives

E=—aU(E)+ZIV(E); (4.17)

thus, wept = Q(F) also maximizes the ability of the AC ST to push the free layer to
higher energy. Note this also gives the AC energy equation of motion the same form
as the DC energy equation of motion. This means when w = Q(F) there exists an AC
local critical current Zo(E) = aU(E)/V(E) exactly equivalent to the local DC critical
current found in chapter 3. An example of this local critical current is shown in Fig.
4.14. Note T, at its largest value is almost a quarter of the lowest local critical current
using a DC spin-current. One may also notice that the optimal AC spin-current strength
is precisely twice this local critical current

To(B) =20(B);  Z(B) = LE) (4.15)
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just as in the DC case. Inserting fopt and wepy into the energy equation of motion given
by Eqn. (4.17) one finds

E=+aU(E). (4.19)

Once again this means the optimal spin-current protocol exactly time-reverses the purely
relaxational trajectory of the free layer magnetization from initial energy Ey, to the energy

minimum Ey.

4.5.2 Practical solutions

The spin-current protocol given in the previous section for the global minimum JHL us-
ing an AC/DC spin-current strategy provides us with valuable insight into how the free
layer should behave near optimal switching conditions. However, applying this strategy
is not practical for many reasons. Chief amongst these is its strong dependence on the
energy trajectory of the free layer. For ST devices at room temperature, thermal noise
prevents knowing the exact trajectory for each switch. Theoretically these thermal fluc-
tuations could be overcome by adjusting the spin-current in real time. However, as most
practical applications of ST switching require switching times in the nanosecond and
sub-nanosecond regimes, any such self-adjusting system would be well beyond the lim-
its of current technology. Even without thermal fluctuations, producing an AC current
that matches the optimal spin-current protocol given by Egs. (4.14) would likely prove
prohibitively difficult.

For these reason I now discuss practical solutions to Egs. (4.14) that give local
minima for the JHL. The simplest, most practical restriction one can place on the form
of the spin-current parameters 7, and w, is to require each be held constant for the
duration of the AC pulse, as was done for the simulations presented in section 4.2. This
requires Eqs. (4.14) be solved numerically, and thus it is useful to place limitations on
the range where the optimal values of each parameter may be found.

To limit the range for the optimal frequency wqpt, one may notice each of the terms
in Eqn. (4.14b), save cos ¢, is either entirely positive or entirely negative over the range
of integration. Thus, any frequency that satisfies Eqn. (4.14b) must produce an H = 0
trajectory such that cos(¢g) is neither entirely positive or entirely negative over the

range of integration. An example of such a trajectory is shown in Fig. 4.10. Substituting
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Egs. (4.9) into Eqn. (4.8) with ¢ = 37/2 gives the necessary, but not sufficient, condition

0= /E dEJ (w — Q(E)) (4.20)

Ey

which wope must satisfy. Since Q(E) monotonically decreases with increasing energy,
this puts an upper bounds on the optimal frequency of wopt < €29. The range of possible
values for wepy can be restricted further by recalling for frequencies above the upper
bifurcation frequency ws, switching is prohibited by the formation of a separatrix tra-
jectory that confines the free layer energy to oscillate about the lower equilibrium energy

(see Fig. 4.10). Combining these upper and lower bounds on the optimal frequency gives
w2 < Wopt < QO . (4.21)

Limits on the optimal AC spin-current strength fopt may be obtained similarly by
observing that only the numerator in Eqn. (4.14a), 2E4c(E) + ZV (E)/sin ¢, can be
both positive and negative in the range of integration. This means the numerator must
be zero somewhere in the range Fy < EF < Fj. An upper limit on the optimal AC
spin-current fopt < Imax(E) may be found by setting the numerator of Eqn. (4.14a)

equal to zero and solving for 7, with E = E},. Doing so gives

Toase) = () (To() +2(8))) (1.2)

where Z(w) is the AC critical current for constant w given by Eqn. (4.12) and Z.(E) is
the AC local critical current when w = (E), as given by Eqn. (4.18). Since the optimal
protocol should be such that £ > 0 through the entire switching process, ic(w) acts
as a lower limit on the optimal AC spin-current strength as well. Combining these two

constraints, the optimal AC spin-current strength must fall in the range

Te(w) < Zopt < Zmax(w) (4.23)



Chapter 5

AC/DC spin-torque

In this chapter I discuss AC/DC spin-current strategies using the formalisms and the-
oretical methods developed in chapters 3 and 4. I again begin by presenting numerical
simulations of ST switching using AC/DC spin-current pulses. From there I present a
theoretical description of free layer dynamics and switching using strategies that draw
heavily from the theoretical findings in the previous two chapters. Finally, I conclude this
chapter by showing how AC/DC spin-current strategies can be optimized to minimize

the JHL from switching.

5.1 Introduction

In chapter 4 it was shown that by applying an AC spin-current polarized along the
easy-plane axis, the critical current and switching energy could be significantly reduced
in MTJs with a free layer exhibiting strong easy-plane anisotropy. However as Fig. 4.2
illustrates, for free layers with weak easy-plane anisotropy, DC spin-current strategies
remain superior due to the large AC spin-currents required to produce switching. This
result is disappointing since free layers with weak easy-plane anisotropy have lower
DC critical currents when compared those with strong easy-plane anisotropy of equal
stability, i.e., equal energy barrier height F}, = %HX]WS (see Eqn. (3.13) and Fig. 3.10).
This seems to force a choice between fast switching times, i.e., AC spin-current switching
in free layers with strong easy-plane anisotropy, and high efficiency, i.e., DC spin-current

switching in free layers with weak easy-plane anisotropy.

66
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Thankfully, this is not the end of the story. While AC spin-currents are less efficient
than DC spin-currents at producing switching in free layers with weak easy-plane, they
can very efficiently push the free layer to energies below the height of the energy barrier.
This is because at low energies the ST from spin-currents polarized along the hard-axis
é, and easy-plane &, directions remain significantly stronger than the ST from spin-
currents polarized along the easy-axis €, direction. This tradeoff suggests an alternative
means of magnetic switching in M'TJs with weak easy-plane anisotropy. Instead of using
a purely AC or DC spin-current, an AC pulse may be used to push the magnetization
to a higher energy state where a DC spin-current can then be used to switch the mag-
netization the rest of the way. Such an AC/DC current pulse strategy is considered
experimentally in Ref. [60] and via micromagnetic simulations in Ref. [118] where AC
external fields provided the initial resonant response. In both cases, the AC pulse is

shown to markedly improve the efficiency of the switching process.

5.2 Numerical simulations of AC/DC ST

To make the trade-off between AC and DC spin-currents more apparent, in this section
I present numerical simulations of the LLGS equation directly comparing the effects of
AC, DC, and AC/DC spin-current strategies. Here the AC spin-current pulses are of the
form Z4(t) = is sin(wt) with pulse duration tpoc where Z~,'S is the strength of the AC spin-
current and w is the AC signal frequency. The DC spin-current pulses are of the form
T,(t) = T, with pulse duration tpc where Zg is the strength of the DC spin-current, and
the AC/DC spin-current pulses consist of an AC pulse followed immediately by a DC
pulse, with total pulse time t;,) = taoc +tpc. In all the cases presented here, simulations
were performed on the free layer with uniaxial anisotropy shown in chapters 3 and 4 with
H, = 0.5Mg and H, = 0. Each of the applied spin-currents had a polarization vector
m, = & + €, to maximize the strength of the ST from the AC and DC spin-current
pulses.

The trade-off in strength between AC and DC spin-currents can easily be seen in
the energy response of the free layer to each current strategy. Figure 5.1 shows such
energy responses as a function of time for AC, DC, and combined AC/DC spin-current

pulses. Notice the spin-current strength is strong enough to produce switching when
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applied via a DC current pulse. Notice also that while the AC pulse does not produce
switching on its own, it produces a much stronger initial response than the DC spin-
current. The AC/DC pulse shown in Fig. 5.1 capitalizes on this tradeoff by switching
from AC to DC just as the free layer reaches the maximum AC overshoot. In this
example, the combined AC/DC current strategy cuts the switching time nearly in half

without needing to change the strength of the spin-current or the polarization.
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Figure 5.1: Free layer energy E as a function of time for DC (black), AC (red), and
AC/DC (blue) spin-current pulses. In all cases Hy = 0.5Ms, H, = 0M;, a = 0.015,
Zs = 0.015M;, and m;, = & + &,. For the AC pulse and the AC portion of the AC/DC

pulse, w = Q.

It is evident from Fig. 5.1 that adding the AC pulse to the beginning of the spin-
current pulse dramatically reduced the switching time as well as the JHL. However,
this is one specific example. For this to truly be a superior strategy the minimum JHL
for the combined AC/DC spin-current strategy must be below that of the purely DC
strategy. To show this is indeed the case, Fig. 5.1 plots the minimum JHL calculated
over a broad range of spin-current strengths for both a purely DC spin-current strategy
and a combined AC/DC strategy. For simplicity, the strength of the AC and DC pulses
of the AC/DC spin-current pulse were taken to be equal, Zs = 7, = T, for each trial.

The energy loss due to Joule heating for each attempt was calculated by integrating
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the power over the duration of the current pulse J = fotpl dtRZ2(t) as in chapters 3 and
4. Expressing the total JHL in terms of the JHL from the AC and DC portions of the

spin-current pulse gives

tac . tp1 o
J—/ dtRIszsinz(wt)—i—/ dtRT; . (5.1)
0

tac
Figure 5.2 shows the parameter set resulting in the least JHL, with switching probability
above 99.5%, for each spin-current amplitude Zs. Notice the optimal energy loss using
this AC/DC method is almost a third of the purely DC method for the same device, and
the optimal current is roughly half. Notice also that the critical current appears to be
roughly equal between the DC and AC/DC strategies. The experimental results of Ref.
[60] showed as much as a 40% reduction in JHL for a free layer with strong easy-plane
anisotropy with the spin-current polarized approximately 30° between the easy-axis and
the hard axis direction. A smaller reduction in JHL, 7 — 8%, was observed in Ref. [118]

using micromagnetic simulations.
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Figure 5.2: Simulated optimal JHL in arbitrary units as a function of spin-current ampli-
tude (Zs/Ms) for DC (black squares) and AC/DC (red triangles) spin-current strategies.

Other parameters are the same as in Fig. 3.2.
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5.3 Joule heat minimization

The theoretical descriptions for the free layer response to AC and DC spin-currents
found in chapters 3 and 4, respectively, may also be applied to the AC/DC pulses
considered in this chapter. Since the AC pulse comes first, the free layer energy at the
start of the AC pulse is near the energy minimum; thus the AC trajectory will closely
follow the H = 0 trajectory. This means the AC response will not depend strongly on
the initial phase between the AC signal and the angle of the magnetization. Since the
DC response is also ignorant of the phase in this approximation (and angle ¢), no special
considerations are needed when applying the gp-averaged AC energy and phase equations
of motion or the y-averaged DC energy equation of motion. A similar independence on
the phase of the free layer is seen in Ref. [118] via micromagnetic simulations where AC
external fields are applied to excite the free layer prior to a DC spin-current pulse. This
phase-independence of the AC/DC spin-current strategies allows us to move directly
to the task of determining the optimal protocol that minimizes the JHL during each
switch.

Before attempting to optimize the switching protocol with respect to JHL, one must
first express the energy dissipated in terms of the AC/DC spin-current parameters. This
is done by placing Egs. (4.13) and (3.19) for the JHL from switching using AC and DC
spin-currents, respectively, into Eqn. (5.1), which gives

E F2 E 7 2

~ c RT: b RT,

J(ZS):/ d = +/ dE———. (5.2)
Eo FE FE

Here E. is the energy of the free layer when the spin-current is switched from AC to DC,
R is a constant proportional to the resistance of the MTJ and E is the energy “velocity”
of the free layer under the effect of the AC or DC spin-currents, given by Egs. (5.3) and
(5.4), respectively. For the convenience of the reader, recall the p-averaged AC equations

of motion are

E = —aU(E) —I,V,(E)sin ¢
¢ =QE) —w—TW,(E)cos ¢, (5.3)

c.f. Egs. (4.3), and the DC ¢-averaged energy equation of motion is

E=—aU(E)+I,V,(E), (5.4)
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c.f. Eqn. (3.8). Here U and V are given by Egs. (3.9), V, is given by Eqn. (4.4), and
W, is given by Eqn. (4.5).

Using FE. in place of toc and tpc acts to eliminate one of the spin-current parameters
and is centered on the observation that the total pulse time ¢, should be just long enough
to produce a switch; thus tpc = tp1 —tac is entirely dependent on ¢Ac and the remaining
spin-current parameters. To convert from E. back into the relevant pulse times one may

employ the relations

E. E
cdF b dE
tac = / —; tpc = 5.5
v L o B (5.5)

where again each of the integrals represents a path integral over the AC or DC energy
trajectories.

Equation (5.2) can now be used to determine the optimization equations for AC/DC
spin-current strategies by varying Eqn. (5.2) with respect to each of the remaining spin-
current parameters. These parameters are: the AC spin-current strength 7., the AC
spin-current frequency w, the DC spin-current strength Z,, and the energy E. where the
spin-current changes from an AC pulse to a DC pulse. Taking these derivatives, paying

careful attention to the dependence of ¢(E) on w and 7, gives

R (B T (. . TLVJ(E)\
0=5 ) <2E S ) : (5.6a)
E. 72
R/ dEI FulB) Vi(E) cot6) : (5.6b)
o=n [ dE;(I V.(B) - 20U(B)): (5.6¢)
AP
0=R (I.S - ZQ) . (5.64)
B 2m),

Here recall the generalized y-averaged AC and DC forces are given by Egs. (4.4) and
Eqs. (3.9), respectively; F,, is given by Eqn. (4.9); and ¢(F) is given by the H = 0
trajectory found using Eqn. (4.8). In the following sections I discuss analytical and

numerical solutions to Egs. (5.6).
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5.3.1 Optimal AC/DC spin-current protocol: analytic

Upon inspection of Egs. (5.6) one may immediately notice that, other than the limits of
integration, the first two optimization equations, Egs. (5.6a) and (5.6b), are identical to
Eqs. (4.14) for optimizing the JHL of and AC spin-current. One may also note that the
third equation, Eqn. (5.6¢), is identical to the DC optimization equation, Eqn. (3.20),
with Fy replaced by E.. This means the energy-dependent solutions for three of the

optimization equations are already known and given by

Ion(E) = 2 { T(E)sin(9(E)) : B < B | 5
(E) . E.<E

with

~ E / —
IC(E)zag((g, I(E) = /E dE’QSEE,), IC(E):aVU ((E];), (5.8)

c.f. Egs. (4.15) and Eqn. (3.21), respectively. This leaves only the optimal value for E,
that needs to be calculated using Eqn. (5.6d).

One may of course correctly point out there is no guarantee that a solution to Eqn.
(5.6d) exists given the specific solutions listed in Eqn. (5.7). This apparent contradiction
is mitigated by the fact that the AC and DC protocols given by Egs. (5.7) are also
the optimal protocols of the purely AC and DC spin-current strategies respectively.
This means if Eqn. (5.6d) does not have a solution, the optimal AC/DC protocol is
to use either a purely AC or purely DC spin-current pulse. It is important here to
note that, regardless of the outcome, when calculating E. the optimal spin-current
protocol causes the magnetization to follow the time-revered relaxation trajectory from
the energy barrier to the energy minimum in the absence of spin-torque and damping.

For cases where Eqn. (5.6d) has a solution, our intuition tells us the optimal protocol
should be such that the AC pulse is used until the efficiency of the DC pulse surpasses
it; thus E. should be the energy where the efficiencies of the AC and DC pulses equal.
This efficiency criteria is exactly the physical interpretation of Eqn. (5.6d). Moving the
AC terms in Eqn. (5.6d) to the LHS and inverting, keeping the factors of resistance R

on each side, gives

R S (5.9)
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The terms on each side are clearly the instantaneous efficiencies of the AC and DC
spin-current methods, respectively, i.e., the rate of work done increasing the energy of
the free layer divided by power dissipated in doing so. An example of this is shown in
Fig. 5.3.
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Figure 5.3: Spin-current efficiency calculated via Eqn. (5.9) for AC (red,dashed) and
DC(black,solid) spin-currents. Here H, = Mg, Hy = 0.5M;, o = 0.015, I, = I, =
0.04Mg, and w = Q.

Whether the optimal AC/DC protocol uses a purely AC, DC, or combined AC/DC
protocol naturally depends on the spin-current polarization and the free layer anisotropy.
From the specific cases simulated and discussed so far in this thesis, we have seen cases
where purely DC spin-currents are optimal (such as when my, = &), where purely AC
spin-currents are optimal (such as for free layers with strong easy-plane anisotropy and
strong ST along the easy-plane direction), and where AC/DC spin-currents are optimal.
These, however, are but a small subset of the possible MTJ anisotropy configurations.
Figure 5.4 shows E. calculated numerically for a wide range of spin-current polarization
and anisotropy configurations using the AC and DC spin-current protocols given by
Eqs. (4.15) and (3.21). As expected, for strong easy-plane anisotropy and for strong

spin-polarization along the easy-plane direction, purely AC spin-current protocols are
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optimal, while for very weak spin-polarization along the easy-plane direction, purely
DC spin-current protocols are optimal. This gives a large range of spin-polarizations
and anisotropy configurations where AC/DC spin-currents may show improvement over

purely AC or DC ones.
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Figure 5.4: Free layer energy E. (color) where the spin-current should be changed from
AC to DC in order to minimize the JHL as a function of the relative anisotropy strengths
H,/Hy and the spin-polarization ratio 7,/nx. Here white indicates the optimal protocol
uses only AC spin-current and black indicates the optimal protocol uses only DC spin-
current. Optimal AC and DC spin-current protocols are given by Egs. (4.15) and (3.21).
E. is calculated using Eqn. (5.9).

5.3.2 Practical solutions

Equations (5.6) can also be used to calculate optimal protocols numerically for any
anisotropy and pinned layer configuration, given some assumed form for the energy de-
pendence of each parameter. Figure 5.5 shows such a solution for the uniaxial anisotropy
case discussed earlier in this chapter and shown in Fig. 5.2. Note the excellent agreement

between the numerical and simulated results.
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Figure 5.5: Optimal JHL calculated numerically using Eqs. (5.6) as a function of

spin-current strength (Zs/Ms) along with simulated values for DC (black squares) and
AC/DC (red triangles) spin-current strategies, same as in Fig. 5.2.

The AC and DC pulse times, tac and tpc, for these protocols are shown in Fig.
5.6 along with the simulated values. Recall, for these simulations Zs, fs, and w were
held constant for the duration of each pulse and the strengths of the AC and DC spin-
currents were taken to be equal, Zy = fs. The first of these restrictions defines how Zs,

7., and w behave under integration, while the second combines Egs. (5.6a) and (5.6¢).
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Figure 5.6: Simulated AC (left) and DC (right) pulse times (black squares) in units of
(yMs)~! that give the minimum JHL as a function of spin-current strength (Zs/Ms).

Red dashed lines represent optimal pulse times calculated numerically using Egs. (5.6)

at each spin-current strength. Same parameters as Fig. 5.5.
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For general solutions to Eqgs. (5.6) where the parameters are held constant for the

duration of each respective pulse, the set of constraints used to confine the AC and
DC practical solutions may be employed to limit the range of each optimal value with
Ey, — E. in the AC case and Fy — E. in the DC case. Performing these substitutions

constrains on the optimal parameters as follows: the optimal DC spin-current strength
must lie in the range

max {imin(Ec)j’c(EC)} < Top < 2T0(E) . (5.10)

Here

/

Z.(E;) = max {Z.(E),|E. < E < Ep} ;

Tmin(Ec) = 2min {Z(E)|E. < E < Ep} (5.11)

where TC(EC) is the critical current for a free layer with initial energy FE., and Z.(E) is

the local critical current given by Eqn. (3.12). Similarly, the optimal AC spin-current
strength must lie in the range

fC(E‘Ca w) < fopt < fmaLx(Ejm UJ) s (5.12)
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where the upper and lower bounds are given by

L(Bw) = (2205 + (Fa(E) —fw(Ec,w)>2)1/2 ;

To(Berw) = (2Z(ew) (BelBew) + TulB0) ) (5.13)

and Z(E) is the AC critical current when w = Q(E), given by Eqn. (4.18). Lastly, the

optimal AC signal frequency must lie in the range
w2 < Wopt < Qo , (5.14)

where Qp = ©(0) is the natural frequency of the free layer and ws is the upper bifurcation

frequency.



Chapter 6

Discussion

In this chapter I discuss the results presented in chapters 3, 4, and 5 and present
additional material that can be used to address some of the limitations and observations
of the approach taken.

The key result of this thesis is that the optimal trajectory in all three cases is
the time-reversed purely relaxational trajectory of the free layer magnetization in the
absence of spin-torque. This is a direct consequence of the optimal spin-current strength
being exactly twice the local critical current needed to perfectly cancel damping. As it
turns out, this result is not strongly dependent on the approximations used throughout
this thesis to calculate the optimal current protocols but is instead dependent on the
exponential dependencies of the power dissipated, P oc Z'P, where np has been taken
to be 2, i.e., Joule heating, and of the work done, F x I?W . which has been taken to
be 1. I discuss this in more detail in section 6.1.

Another important aspect to the optimization results shown is the dependence on
thermal noise. The optimal switching protocols presented here are based on the assump-
tion that thermal effects play a minor role in the switching process. This certainly is
not always the case. Clearly, random fluctuation can reduce the effectiveness of cer-
tain switching strategies, e.g., AC spin-current strategies shown in chapter 4 were much
more sensitive to thermal effects than the DC or AC/DC strategies shown in chapters
3 and 5. In section 6.2, tools for addressing this are presented by deriving Langevin
equations of motion along with Fokker-Planck (FP) equations for the time evolution of

the probability density for both AC and DC spin-current strategies.
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Finally, in section 6.3 I discuss in more detail the p-averaging procedure employed
throughout this thesis and derive criteria for when it is not applicable. This is essential
for establishing the validity of the optimal spin-current strategies presented throughout

this thesis.

6.1 Optimization

That the energy-dependent optimal spin-current protocols from the previous three chap-
ters cause the magnetization to follow the time-reverse relaxation trajectory should not
come as a surprise. This feature is a direct result of the fact that the rate of work done
by the spin-current on the free layer is proportional to spin-current, FE « T, for currents
large enough to overcome damping and that the power dissipated by Joule heating is
proportional to the spin-current squared, P o Z2. For instance, consider the fictitious

system with work and power relations
E = —aU(E,p) +I"VV(E, ¢),
P x I"" (6.1)

where np > nw > 0. Treating the free layer as a heat engine, the instantaneous efficiency

of the spin-current is

— —OZU(E, (10) + IS”WV(Ea 90)
Q(E) - Isnp :

For Z, < 7. the efficiency is @ < 0, and for Zg — 0o, Q — 0. This means the maximum

(6.2)

value of the efficiency can be found by solving 97, = 0, which gives
E:<"W>amEmy (6.3)
np — Nw
One can easily verify that nw = 1 and np = 2 produces the desired result. This generic
result means, so long as the power dissipated by the spin-current and the rate of work
done by the spin-current on the free layer scale with constant exponents, the optimal
spin-current pulse strategy will reproduce the time-reversed relaxation trajectory with
time re-scaled as t — tnw/ (np — nw). This result may have applications in thermally
assisted magnetic reversal in perpendicular anisotropy materials where Joule heating
from the applied current can weaken the free layer anisotropy, thus degrading the po-

tential barrier during the switch [119].
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6.2 Effects of thermal noise during switching

Stochastic effects on the switching process, such as thermal noise, can be included into
the energy/angle representation for the LLGS equation presented in chapters 3 and 4
by including the random field h, characterized by Eqn. (2.19), into the effective field.
When rewritten in terms of the energy and angle equations of motion as discussed in

Sec. 3.3, the resulting stochastic equations of motion with multiplicative noise are

E= —aU(E,p) + LV (E,¢) +gp(F, ) -h(t);
o =QE)+IW(E,p) +8,(E,p) - ht), (6.4)

where the noise-multiplying vectors are given by

MXFLL

. (6.5)
Toef

ge =TLL; g, = QE)

Using Eqgs. (6.4), a Fokker-Planck equation can be obtained for the probability den-
sity P(E, ¢, t) that the magnetization will be at the point M(E, ) at time ¢ using

Stratonovich regularization [120]

P = —0p|(~alU + L.V + ki)P - DO (|gs|"P) |

=0, |(Q+ W + k)P - D, (|es|*P) | (6.6)
where the dependencies on E and ¢ are understood. Here the orthogonality relation
gE - 8, = 0 has been used, and the diffusion coefficient D = akpT’/yMV is determined

by the equilibrium correlator of the stochastic magnetic field, Eqn. (2.14). The “false”

forces kg and k, are
kg = D(0p — 0pInQ) |gp|*; ko = DO, |g,|* (6.7)

calculated using k, = D) (0,8,) - 8 [120, 82], where p,v = E, . Substituting Eqgs.
(6.7) into Eqn. (6.6) the Fokker-Planck equation simplifies to

P == 0p(~al + L.V — Doy n Q)P — P

~a, [ (Q+TW)P — Dwa@ﬂ , (6.8)

where the two diffusion coefficients are D, (E,¢) = D |gu|2.
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For DC spin-currents, in the limit where £ < ¢ one expects that on the fast time-
scale of the precession period P the distribution nearly equilibrates in the angular
direction and then evolves slowly along the energy direction. This implies that at long

times ¢ > P one has
P=—0g [(—aU Y IV, — Dpdpln Q)P — DEaEP] , (6.9)
where U and V are the p-averaged generalized forces given by Eqgs. (3.9) and D is given
by
D [*" QE
Dp = — \gE|2dg0:DL j{I‘LL-dM:fyMSDU(E). (6.10)
2m Jo 2m
Similarly for AC spin-currents in this regime, the FP equation becomes
P =—0p [(~aU + T,(Vy cos ¢ — Vi) + D n ) P — DpdpP|
— Oy [(Q—w+IS(Wysingb—WZCOS¢))P—D¢8¢P] ) (6.11)
where U is the p-averaged generalized force given by Eqn. (3.9) and V and W are the

p-averaged generalized ST forces given by Eqgs. (4.4) and (4.5). Here P = P(FE, ¢,t) and
D, is given by

O3 (E) ?{I‘LL -dM

D [ :
Dy=— [ lgy|"dp =MD :
] ' 0 ¥ S I }FLL‘4

(6.12)

When Zs = 0 notice the equilibrium fluctuation dissipation theorem dictates D =
akpT /MsyV; thus, Dp = akgTU(E)/V. As a result of this remarkable relation, the
equilibrium stationary solution of the 1D FP Eqn. (6.9) takes the universal form
2m [_EV—k‘BTan(E)] _ P(E) ox [ EV} ’

P(E) = exp kpT 7 " kgT

(6.13)

where Z is a normalization factor [92, 95]. The very last term here is, of course, the
Boltzmann exponent.

For additional information regarding this and other such FP approaches to ST dy-
namics in the presence of stochastic noise, see Refs. [81, 94, 83, 121, 92, 97, 122, 98].

6.3 Limitations on gp-averaging technique

The averaging technique used throughout this thesis to eliminate the ¢ dependence

of the free layer dynamics has limitations on when its application is acceptable. For
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example, for switching time close to the free layer precessional period this technique
cannot be used since the free layer covers a large range of energy over a single precessional
period. This approximation can also fail for cases where strong oscillatory spin-torque
terms are present. For these cases higher order, ¢-dependent, terms must be included
in the equations of motion in order to accurately model the dynamics of the free layer.

To deal with these cases, one can treat the p-averaged equations of motion for energy
E and ¢ as the first terms in a Fourier series for the LLGS equation in terms of the

angular variable ¢:

eE =cfo(E)+ Y " (faE)e™ + fn(E)e™?) ;
n=1

& =90(E) + ) " (ga(B)e™ + gun(E)e ") . (6.14)
n=1

Here € is an indexing factor used to indicate the assumed relative strengths of each term
in the expansion with the understanding that ¢ <« 1. Each term in this expansion is
calculated using the standard Fourier transformation
fu(E) = ;ﬂ%dgoEem‘p, gn(E) = % j{dwpem. (6.15)
The p-averaged equations of motion given by Egs. (3.8) and (4.3) are encompassed in
the terms fo and gg; thus the remaining terms contain information on the dynamics
ignored in this approximation.
So long as the assumed relative strengths for each term in their Fourier expansion,
given in powers of the indexing factor €, are correct, these extra factors can be ignored

to good accuracy. Of course, this is not always the case. To quantify the impact of these

dropped terms, one may consider solutions to Eqgs. (6.14) of the form
E=FEy+¢cE +e°Ey+ - +eVEy;
p=po+epr+eipa+--+eon. (6.16)

So long as eF; < Ejy through the switching process, the approximation remains valid.

Expanding each term in Egs. (6.14) about (Ep, ¢o) and grouping in powers of & gives

fn(E)eiTw = fn(EO +eBi 4+ 6NEN)ein(goo+€<p1+...+€N¢N)
= fu(Eo)e™ " + e (ing1 fu(En) + E1f}(Eo)) + O (7). (6.17)
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and

gn(E)eimo =gn(Eo+ceE1 +---+ 5NEN)ein(¢o+g¢1+...+6NwN)
= gn(Ep)e"™# + €™ (ing1gn(Eo) + E19,(Eo)) + O (¢2) . (6.18)

Substituting Eqn. (6.16) and Egs. (6.17) and (6.18) into Eqs. (6.14) the first two terms

for the energy equation of motion are

'+ By = fo(Eo),
62 : El = Elf(l)(Eo) + f1 (Eo)eigo() + fq (Eo)e_i(’ao s (619)

and the first two terms for the angular equation of motion are

e’ 1 o = go(En),
81 : gbl = Elg(,)(Eo) + g1 (Eo)eiwo + g-l(Eo)e_wO . (620)

The €° term in Eqn. (6.20) and the ! term in Eqn. (6.19) are the p-averaged equations
of motion given by Egs. (3.8) and (4.3). The differential equations for the remaining
terms with higher powers of € can be solved using the solutions to lower-order terms.
One may notice the equation of motion for F; has the form of a forced oscillator.
Taking the solution for Ey and g as known, F; can be shown to oscillate with a

magnitude of

P = AE) (6.21)

R(E) + f2(E)

where the indexing factor € has been dropped to allow for direct comparison with Ej.

|E

Therefore, for DC spin-currents go(E) = Q(F) and for AC spin-currents gy = w, so long
as go > f{, Eqn. (6.21) simplifies to

Bl =158 22 (6.22)

Recall for large energies Q(E) — 0; thus E; diverges unless either f{ is large or | f1(E)]|
goes to zero equally fast. Figure 6.1 plots Ey for DC spin-currents polarized equally along
the easy-axis and easy-plane directions in free layers with uniaxial and strong easy-plane

anisotropy. Notice for the free layer with strong easy-plane anisotropy Fj is close to Ey
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throughout the entire energy range. This means for 7y = 7, the p-averaging technique
is not applicable for free layers with strong easy-plane anisotropy, as was observed to
be the case in Fig. 3.4. Alternatively, for free layers with uniaxial anisotropy, F1 < Ey
throughout the energy range; thus the approximation works well as supported by the

analytic and simulated results from the previous three chapters.

1.2 1.2
_E0 _E0
0.8 0.8
o o
4 o6 Y o6
L L
0.4 0.4
0.2 0.2
0 0
0 0.5 1 0 0.5 1
E/Eb E/Eb

Figure 6.1: Ey (black) and Fj (red) calculated numerically using Eqn. (6.21) for DC
spin-current with 1y = 7, and Zsy = 27, for a free layer with strong easy-plane anisotropy,
Hy = 0.033M; and Hy = M, (left) and for free layer with uniaxial anisotropy, Hy =
0.5Mj (right).

Figure 6.2 plots E for AC spin-currents polarized equally along the easy-axis and
easy-plane directions in free layers with uniaxial and strong easy-plane anisotropy. Here
both the uniaxial and strong easy-plane free layers have E; < Ejy; thus the motion of
the free layer is well approximated by the g-averaged equations of motion as evident
by the analytic and simulated results from the previous three chapters. One may notice
though that for both free layers shown in Fig. 6.2, F; near the energy barrier can be on
order of Ey, — Ejy; thus the oscillations of the free layer may exceed the energy barrier,
causing the switch happen either earlier or later than expected depending on the phase

of the E4 oscillations.
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Figure 6.2: Ey (black) and E; (red) calculated numerically using Eqn. (6.21) for AC
spin-current with 7, = n, and Zs = 27, for free layer with strong easy-plane anisotropy,
Hy = 0.033M; and Hy = Mg, (left) and for free layer with uniaxial anisotropy, Hy =
0.5M; (right).



Chapter 7

Conclusion

In conclusion, I have explored the dynamics and optimization of spin-torque switching in
MTJs. The theoretical descriptions presented here serve as powerful tools for analyzing
the effects of spin-current polarization and free layer anisotropy on the switching process.

In terms of the dynamics: for DC spin-currents this analysis accurately reproduces
the switching trajectory and behavior of the free layer energy. It also provides a simple
means for calculating the critical current in free layers with arbitrary anisotropy. For AC
spin-currents this analysis shown how the transient motion of the free layer behaves like
a damped harmonic oscillator with the energy and relative phase acting like coordinate
and momentum. It also provides a means of calculating the critical current and explains
the frequency dependence of the equilibrium energy and transient motion in terms of a
critical frequency that corresponds to the upper bifurcation frequency of the free layer.

In terms of minimizing the JHL from switching, the key result is that the optimal
energy trajectory of the free layer is exactly the time-reversed relaxation trajectory of
the free layer in the absence of ST from the energy barrier to the thermal equilibrium
energy. For DC spin-currents, this is achieved by applying a current exactly twice the
local critical current needed to exactly cancel the damping. For AC spin-currents, this
is achieved by applying an AC signal with frequency that exactly matches the free layer
energy-dependent natural frequency in the absence of ST. This causes the free layer to
become phase-locked with the AC signal such that it maximizes the strength of the ST.
The optimal current strength is then exactly twice the AC local critical current. For

combine AC and DC spin-current pulses, the results of Fig. 5.4 clearly show there may
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be large gains in efficiency to be found by using AC spin-currents early in the switching

process.
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Appendix A

LLGS equation

A.1 Energy equation

This appendix shows how to represent the standard ferromagnetic energy equation in

the form used in Eqn. (2.7). The energy of any free layer is typically written as
1 1
E(M) = —2 H M (m éy)” + SMN-M-—M - Heg
1 1
= —§HkMsm§ + §M§ (N + Nyym? + Npym?) — M - Hey (A1)

where m; = m - é;, N = & - N - & are the diagonal elements of the demagnetization
matrix, and Hy is the uniaxial crystaline anisotropy with easy-axis chosen along the

ey-axis. Making the substitutions N,, = Nyy + H, and Ny = Nyy — H]. gives
1
E(m) = 2 M, [H,m? + Nyy — (Hx + H) m — Heyq - m] . (A.2)
Letting Hy = H, + Hy and dropping the constant energy term Nyny/Q gives Eqn.

(2.7).

A.2 Conservation of M,

The conservation of the magnetization magnitude under via the LLGS Eqn. (2.1) is

shown here. Taking the scalar product M - m gives

. a . 1,
MM = M [M x He] + M- [MxM} 7255 M [M X [my, x M} (A3)

S

97



98

The first two terms vanish upon permutation of the scalar triple product leaving

Is I
M-m=vy—M:-Mx[mp, xM]]=y—M: [mng—M(mp‘M)]

M M
=vZs(mp,- M —m, - M) =0; (A.4)

thus the LLGS equation preserves M.

A.3 Landau-Lifshitz damping

This appendix shows a more detailed derivation of the LLGS equation presented in
chapter 2. The full LLGS equation is

M:—V[MXHQH]‘F%[MXM}—I—’V%[MX[meMH. (A.5)

Taking the cross product of M x M gives
M x M = —yM x [M x Heg] — aMM + yZ, M [M x m,] . (A.6)
Substituting this back into Eqn. (A.5) gives

. Zs
(14 a?)M = — 7 [M x Heg] —Q%M x [M x Hegt] 472 [M x [my, x M]

S S

+vaZs M x my)] . (A.7)

Substituting 7" = /(1 + a?) gives the form of the LLGS equation discussed in chapter
2 and used in the numerical simulations throughout this thesis. The second “field like”
torque term takes the same form as the effective field, and thus the LL torque can be

written as
FLL = =7 [M X [Heff — aIsmp]] . (AS)

For aZ; <« H.g this “field like” term can be ignored.



Appendix B

Energy/angle equations

This appendix puts the energy/angle equations of motion from chapter 3 into a more
transparent context. It also provides a more detailed calculation of the approximate

values for the effective forces shown in chapter 4.

B.1 Full equations

The energy density of the free layer from Eqn. (2.7) can be expressed in spherical

coordinates
M, H. M, .
E= -5 (Hysin? 0 + H,sin § cos® 1) = — sin? 0 (1 + hcos® ) , (B.1)

where 6 is the polar angle relative to the easy-axis and 1 is the azimuthal angle about

the easy-axis measured from the €, axis. The effective field in these coordinates is
Heg = —Hysinf <cos 0A(Y)H — B(w)zﬂ) , (B.2)
where the shorthand
A(p) =14 hcos® v B(v)) = hcossin, (B.3)

is used, with h = H,/Hy, and where

., |E/Ey s — A(Y) — E/Ey
sinf = A@) ==+ A@W) , (B.4)
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from Eqn. (B.1) and Ey, = M Hy/2.
In this notation, the conservative LL torque given by Eqn. (2.5) is

Tpp, = —M x Hog = v M, Hy sin 0 (B(w)é + A(t)) cos 91[1) . (B.5)

The infinitesimal magnetic “distance” covered by the magnetization as it precesses about

the SW orbit with energy F is

2
M =M, /sin® 6dy? + 62 = dyp My [sin 0 + (;ﬁ)

Tl —ay, (5.6

:'yHXA(w) cos 6

with a corresponding integration vector

' 'L
dM = dM = ———————dv. B.7
Tyl ~vHA(1)) cos v (B.7)

Using Egs. (B.5) and (B.7), the angle variable ¢ can be calculated as

o [V dy’
P = 355 |, ST ()

From this, the period of the SW orbit with energy E in the absence of ST and damping
is

_ [Ty-dM d
P(E) = 7{ T2 J vHA(Y)cos ' (B.9)

Note, for SW orbits with E' < Ey, and 6 > 7/2 the magnetization precesses in the —1)
direction; thus the negative sign from the cosf term is canceled by the change change
in the limits of integration, i.e., [0, 27| — [27,0].

The p-averaged generalized forces are now calculated for SW orbits with £ < FEj,
(for SW orbits with E' > Ejy,, spherical coordinates relative to the easy-plane axis should
be used instead). The generalized damping force acting on the energy, given by Eqn.
(3.9), takes the form

UE) = Msfl)(E)j{[dM x Heg] - M
2B B2(¢) + A%(¢)) cos? 6
- P(E) jq{ A2(1)) cos 6

dip. (B.10)
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The generalized DC ST force acting on the energy, given by Eqn. 3.9, can be calculated

similarly
Vi(E) = Mszfx(E) }1{ [M x dM] - &, = Hi%i?) 7{ AC?QZ)
- prgfm’ B4y
as can the generalized AC ST force acting on the energy, given by Eqn. (4.4),
V,(E) = ij(E)f[dM % M] - &, cos ¢
— s (1en- ) favtenrese, (B.12)

The generalized forces acting on the angle ¢ may now be calculated as well. The
generalized precessional force from the LL torque, given by Eqn. (3.1), is

2

QF)= ——— B.13
() = oo (B.13)
where P(FE) is the precessional period given by Eqn. (B.9). Finally, the generalized AC

ST force acting on ¢, given by Eqn. (4.5), is

— 27r77Z'yM dM - &,
WZ(E) - - % |I‘LL‘2

sin ¢

27r77z f Iip-e, .
— Sin
HXPQ(E) A(w) cosf T2 07

_ 27, by 1/2 d@ZJ sin Ysin
- yH2P%(E) VA@) B2(¢) + A%(¢) cos? 6

- (B.14)

B.2 Approximations

The energy density for the free layer given by Eqn. (2.7), written in spherical coordinates

and expanded to second order in 6 for § < 1, gives
E ~ E,0*A(Y), (B.15)

where A(1)) is given by Eqn. (B.3). Expanding the period to second order in 6 and using
Eqn. (B.15) gives

~ dy) 0>\ 2« E h+2
P(E) ~ f AW <1 * 2> S HNIEh (1 "5 4h+4> | (B.16)
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The corresponding frequency is therefore

2m E h+2
Q) ———— (11— ———] . B.17
)~ e (e a) (10
Ignoring the term of order O(62), the angle ¢ may be expressed as
o /w dy’ o < tan 1 >
~ = tan , B.18
#Y) P(E) Jo vHxA(Y') VIi+h (B.18)
where 9 is the standard polar angle about the easy-axis. This gives
1 1+h
sin p & msinw; Cos p ~ AZZJ)COS@Z). (B.19)

For the y-averaged generalized forces, the damping force acting on the energy U(FE)

expanded to second order in 6 is given by

2B [ A2() + B2(y)
P(E)?g iy W

_ iy \/1+ Eﬂ{fﬁ +B2(¢)

U(E) =~

dip (B.20)

= 'ny(Q +h)E
The generalized DC ST force acting on the energy is
Vi(E) ~ 2nE. (B.21)
The generalized AC ST force acting on the energy expanded to leading order in 6 is

~ M 1
VZ(E)%n (h+ )y{@coswcoswdw

P(E)
77z'YH Msnz (1+h)? [E ]{cos
By
BTy L = (B.22)
b

Finally, the generalized AC ST force acting on the phase ¢, expanded to first order in
-1 is

W (B) ~ 27, By 1/2 dy sin ) sin ¢
T N H2P2(E) \E VA@) BX() + A2 (y)

L+ h) (B sin®
= "o <E) f WA (B0 + 2W0)

:7<1+h—\/1+7h>2z\/%. (B.23)
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B.3 Upper and lower critical current

The local critical current Z.(F) is given by Eqn. (3.11). For the lower critical current
when E < E}, the generalized ¢-averaged damping and DC ST are

U(E) =~Hx(2+ h)E; Vi(E) =2nE. (B.24)

Plugging these into Eqn. (3.11) for the DC critical spin-current, the energy dependence

vanishes; thus

2+h
Z.(0) = aHy : B.2
(0) = b (5.25)
For the upper critical current when E ~ Ejy,, the generalized p-averaged damping is
given by
2E j{BQ +A2 )COSQHdw
) cos 6
- 2E %BQ +A2 ) A(w)dw
— A(Y))
8E
\f (B.26)
- P(E)’
The @p-averaged DC ST force is
— 4 E
= il (B.27)

Vi = ;
HP(E)WWh+1
c.f. Eqn. (B.11). Plugging these into Eqn. (3.11) gives

T.(By) = o 2Hxv B+ D) (B.28)

TTx



Appendix C

Glossary and acronyms

Care has been taken in this thesis to minimize the use of jargon and acronyms, but
this cannot always be achieved. This appendix contains a table of acronyms and their

meanings.

C.1 Glossary

e Critical Current (Z.) — Minimum spin-current needed to switch the free layer.
Defined by Eqn. (3.13) for DC spin-currents and by Eqn. (4.12) for AC spin-

currents.

e Easy-Axis Field (Hy) — Effective magnetic field along the easy-axis direction

resulting from crystaline anisotropy and the demagnetizing field.
e Easy-Axis Vector (&) — Unit vector parallel to the easy-axis direction.

e Easy-Plane Field (H,) — Effective magnetic field normal to the easy-plane re-

sulting from crystaline anisotropy and the demagnetizing field.
e Easy-Plane Vector (€,) — Unit vector perpendicular to the easy-plane.

o Effective Magnetic Field (H.g) — Net effective field acting on the free layer.
Defined by Eqn. (2.6).

e Energy Density (E) — Magnetostatic energy density of the free layer. Defined
by Eqn. (2.7).
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External Field (Hcy) — Applied external field acting on the free layer.

Gilbert Damping Constant («) — Phenomenological dimensionless constant

proportional to the rate of energy loss by the free layer.

Gilbert Damping Torque (I'gp) — Dissipative torque acting on the free layer
magnetization. Defined by Egs. (2.8) and by (2.9) when o < 1.

Gyromagnetic Ratio () — Conversion factor between angular momentum and

magnetic moment.
Hard-Axis Vector (é,) — Unit vector parallel to the hard-axis in the easy-plane.

Joule Heat Loss (JH L) — Energy dissipated via Joule heating during the switch-

ing process.

Local Critical Current (Z.(E)) — Spin-current needed to exactly cancel effect
of damping. Defined by Eqn. (3.11) for DC spin-currents and by Eqn. (4.18) for

AC spin-currents.

Landau-Lifshitz Torque (I'r;,) — Conservative torque acting on the free layer

magnetization. Defined by Egs. (2.5).

Magnetization Vector (M) — Vector describing the magnetization of the free

layer.

Polarization Vector (mj) — Unit vector pointing along the direction of the

spin-current polarization.
Saturation Magnetization (M) — Magnitude of the free layer magnetization.

Spin-Conductance (G, ,/) — Conductance of electrons with spin o via the ¢

conduction channel.

Spin-Current Vector (fb) — Effective magnetization of the spin-current. Pro-

portional to the current density and the spin-polarization constant.

Spin-Current Strength (Z;) — Effective magnetic moment of the spin-current.
Proportional to the current density and the spin-polarization constant. Defined
by Eqn. (2.11).
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e Spin-Torque (I'st) — Torque on the free layer resulting from the transfer of

angular momentum from a spin-current to the free layer. Defined by Eqn. (2.10).

e Stochastic Field (h(t)) — Magnetic field with random strength and Gaussian
distribution. Defined by correlator given by Eqn. (2.19).

e Switching Time (t5,) — Time required to reverse the magnetization of the free

layer for a given current pulse protocol.

C.2 Acronyms

Table C.1: Acronyms

Acronym Meaning

AC Alternating Current

DC Direct Current

JHL Joule Heat Loss

LHS Left Hand Side

LLGS Landau-Lifshitz-Gilbert-Slonczewski Equation
MTJ Magnetic Tunnel Junction
RHS Right Hand Side

SAF Synthetic Antiferromagnet
ST Spin-Torque

STO Spin-Torque Oscillator

SV Spin-Valve

SW Stoner Wohlfarth




