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Abstract

Understanding wall roughness e�ects on 
ows is important in engineering applica-

tions. The objective of this dissertation is to increase understanding of roughness e�ects

on transitional and turbulent boundary layers. The rough-wall 
ow is studied by per-

forming direct numerical simulations (DNS) of the Navier-Stokes equations and global

linear stability analyses.

DNS of turbulent channel 
ow with a random-rough bottom wall is performed at

friction Reynolds number Re� = 400 and 600. The rough surface corresponds to the

experiments of Flack et al. [1]. The computed skin friction coe�cients and the rough-

ness functions show good agreement with experimental results. The double-averaging

methodology is used to investigate mean velocity, Reynolds stresses, dispersive 
ux,

and mean momentum balance. The roll-up of the shear layer on the roughness crests is

identi�ed as a primary contributor to the wall-normal momentum transfer. The mean-

square pressure 
uctuations are increased within the inner layer and a phenomenological

explanation is suggested by examining the dominant source terms in the pressure Pois-

son equation. The rapid term shows that high pressure 
uctuations observed in front

of and above the roughness elements are mainly due to the attached shear layer formed

above the protrusions. The slow term makes a relatively smaller contribution, and is

primarily increased in the troughs and in front of the roughness elements, corresponding

to the occurrence of quasi-streamwise vortices and secondary vortical structures. The

mean wall shear on the rough surface is highly correlated with the roughness height,

and depends on the local roughness topography. Events with comparable magnitudes

of the streamwise and spanwise wall-shear stress occur more frequently, corresponding

to a more isotropic vorticity �eld in the roughness layer.

The boundary layer transition due to an isolated roughness element is studied using

global stability analysis and DNS. The large ratio of element height to displacement

boundary layer thickness (h=��) is considered to model a trip at an early location in the

boundary layer. The cubical trip geometries with two aspect ratios (�) are investigated.

Both steady base 
ows and time-averaged mean 
ows are able to capture the frequencies

of the primary vortical structures and mode shapes. Global stability results highlight
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that although the varicose instability is dominant for large h=��, sinuous instability

becomes more pronounced as Reh increases for the thin geometry (� = 0:5), due to

increased spanwise shear in the near-wake region. Wavemaker results indicate that

� a�ects the convective nature of the shear layer more than the type of instability.

DNS results show that di�erent instability mechanisms lead to di�erent development

and evolution of vortical structures in the transition process. For � = 1, the varicose

instability is associated with the periodic shedding of hairpin vortices, and its stronger

spatial transient growth indicated by wavemaker results aids the formation of hairpin

vortices farther downstream. In contrast, for � = 0:5, the interplay between varicose

and sinuous instabilities results in a broader-banded energy spectrum and leads to the

sinuous wiggling of hairpin vortices in the near wake when Reh is su�ciently high. A

sinuous mode with a lower frequency captured by dynamic mode decomposition (DMD)

analysis, and associated with the ‘wiggling’ of streaks persists far downstream and

promotes transition to turbulence. A new regime map is developed to classify and

predict instability mechanisms based on Re
1=2
hh and d=�� using a logistic regression model.

Although the mean skin friction demonstrates di�erent evolution for the two geometries,

both of the two geometries e�ciently trip the 
ow to turbulence at Reh = 1100. An

earlier location of a fully-developed turbulent state is established for � = 1 at x � 110h.

The in
uence of roughness spacing on boundary layer transition over distributed

roughness elements is studied using direct numerical simulation and global stability anal-

ysis, and compared to the isolated roughness element. Small spanwise spacing �z = 2:5h

inhibits the formation of counter-rotating vortices (CVP), as a result, the hairpin vor-

tices are not generated and the downstream shear layer is steady. For �z = 5h, the CVP

and hairpin vortices are induced by the �rst row of roughness, perturbing the down-

stream shear layer and causing transition. Although the periodicity of the primary

hairpin vortices seems to be independent on the streamwise spacing, the distributed

roughness leads to lower critical Reh for instability to occur and more signi�cant break-

down of boundary layer compared to the isolated roughness. When the streamwise

spacing is comparable to the region of 
ow separation (�x = 5h), the high-momentum


uid hardly moves downward into the cavities and the wake 
ow has little impact on the

following roughness elements. The leading unstable varicose mode is associated with

the central low-speed streaks along the aligned roughness elements, and its frequency
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is close to the shedding frequency of hairpin vortices in the isolated case. For larger

streamwise spacing (�x = 10h), two distinct modes are obtained from global stability

analysis. The �rst mode shows varicose symmetry, corresponding to the primary hairpin

vortex shedding induced by the �rst-row roughness. The high-speed streaks formed in

the longitudinal grooves are also found to be unstable and interacting with the varicose

mode. The second mode is a sinuous mode with lower frequency, induced as the wake


ow of the �rst-row roughness runs onto the second row. It extracts most energy from

the spanwise shear between the high- and low-speed streaks.
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Chapter 1

Introduction

1.1 Motivation and background

Wall roughness has important e�ects on boundary layer 
ows. A boundary layer forms

when a 
uid 
ows past a surface, owing to the \no-slip" condition. Boundary layers

occur in many natural and engineering 
ows. Even though boundary layers are very

thin, their physics controls many important 
ow properties, such as drag, heating and

mixing. An illustration of boundary layer 
ows over rough surfaces is shown in �gure 1.1.

Roughness geometries on the surface can modify the 
ow properties and cause laminar-

turbulent transition. While boundary layers past perfectly smooth surfaces are relatively

well-understood, including roughness can signi�cantly in
uence boundary layer physics

and the understanding of roughness e�ects is still not well-understood. Many processes

such as erosion, pitting [12] and bio-fouling [13] produce random and complex surface

topographies, which increase the friction drag and decrease the e�ciency of engineering

systems. An example of bio-fouling on marine and ship vessels is shown in �gure 1.2.

Understanding the e�ects of such random roughness geometry is therefore important.

Raupach et al. [14] and Jim�enez [15] have summarized the e�ects of roughness

on turbulent boundary layers. They describe the o�set of the mean velocity pro�le,

the enhancement of turbulent intensities, and the modi�cation of 
ow structures. The

roughness function � U+ = � Uu� =� , where � U is the di�erence in mean velocity

between smooth and rough walls in the logarithmic layer,u� is the average friction

velocity and � is the kinematic viscosity of the 
uid. Based on experiments by Nikuradse

1
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Figure 1.1: A graphic illustrating boundary layer 
ows over a rough surface (Photo
credit: Kedivar et al. [4]).

Figure 1.2: Marine and ship bio-fouling (Photo credit: Safety4sea.com and south-
atlantic-research.org).



3

[16] for sand-grain roughness, three 
ow regimes are de�ned for rough-wall 
ows by

expressing � U+ as a function of k+ , the roughness scale in viscous units. Whenk+

is small, � U+ is nearly zero, i.e., the 
ow is hydraulically smooth. In this regime,

the viscosity damps out the perturbations caused by the roughness. The 
ow becomes

transitionally rough as k+ increases, where the skin friction has contributions from both

viscous drag and form drag. Ask+ further increases, the roughness function reaches a

linear asymptote, and the 
ow is considered fully rough. Flack and Schultz [17] note

that the transitionally rough regime is the least understood, and the parameter ranges

that determine the transitionally rough regime remain unknown for most roughness

types.

When laminar boundary layers form over rough surfaces, the 
ow �eld can be greatly

modi�ed by surface roughness, and transition to turbulence can occur. The under-

standing of roughness-induced transition is important since it leads to an increase of

friction drag and a�ects the performance in aeronautical or naval applications. The

three-dimensional (3-D) surface roughness can be generally categorized into isolated

and distributed roughness elements, both of which are commonly involved in engineer-

ing applications. While the isolated roughness element represents a single protuberance

or a trip on the surface, it can also be considered as a foundational model to be extended

to distributed surface roughness.

Boundary layer tripping is an important part of model-scale studies, where the trip

causes transition to turbulence of a boundary layer that would otherwise have remained

laminar or transitional, and therefore been less representative of the boundary layers

likely to be seen at full-scale Reynolds numbers. A trip that is suitable at low Reynolds

number, meaning that it yields a turbulent boundary layer without imposing itself in

the outer layer, might over-trip the 
ow at higher Reynolds number where the bound-

ary layer is thinner. Trip location and trip geometry are known to a�ect the evolution

of skin-friction coe�cient [18, 19]. The choice of trip geometry and location can be

challenging since di�erent trip geometries can trigger di�erent modes of perturbations

that translate into di�erent evolutions of the boundary layer to a turbulent state. Un-

derstanding the trip e�ects on the transition process is therefore important.
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1.2 Review of past work

1.2.1 Turbulent 
ow over realistic rough surfaces

In turbulent boundary layers, the roughness scale is an important parameter and dif-

ferent de�nitions exist, such as the average roughness heightk+
a , the peak-to-valley

roughness heightk+
t , and the equivalent sand-grain roughness heightk+

s . According

to Nikuradse [16], k+
s is determined by �tting a roughness height to match the mea-

sured pressure drop in experiments. Jim�enez [15] and Flack and Schultz [17] suggest

that k+
s can provide good collapse of �U+ in the fully rough regime for various types

of roughness. Correlations to predict the frictional drag for rough surfaces are sum-

marized by Flack and Schultz [17], who also propose a new correlation to predictks

in the fully rough regime. However, data of � U+ in the transitionally rough regime

shows considerable scatter for di�erent roughness types. Barros et al. [20] measured

the skin friction for systematically-controlled random rough surfaces and concluded that

the understanding of the frictional drag in the transitionally rough regime is poor.

Surface roughness can be categorized as being regular or irregular/random. Many

experimental and computational studies [21, 22, 23, 24] have examined the e�ects of reg-

ular roughness involving ribbed, cubed, or spherical elements. Recently, more attention

has been paid to irregular rough surfaces [25, 26, 27, 28, 29]. The e�ects of irregu-

lar roughness on velocity pro�les, turbulent intensities, turbulent kinetic energy, and

two-point correlations, have been examined. Flack et al. [30] and Wu and Christensen

[31] found that for small roughness heights (relative to the boundary layer thickness

or channel half-height), \outer-layer similarity" [32] holds and turbulent statistics in

the outer layer are not directly a�ected by the roughness. The near-wall region where

the roughness e�ects on the mean 
ow are signi�cant is termed \roughness sublayer".

Busse et al. [33] investigatedRe dependence of the near-wall 
ow in the vicinity of,

and within the rough surfaces. They characterized the near-wall 
ow by estimating

the thickness of the roughness sublayer and examining the probability distribution of

the reverse 
ow. Jelly and Busse [34] studied the dependence of the near-wall 
ow on

higher-order surface parameters, such as skewness, by evaluating the in
uence on the

roughness function.

Rough surfaces produce statistically inhomogeneous 
ow �elds in the roughness
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sublayer on the length-scale of the roughness. The multiple length scales present in

random rough surfaces can cause the inhomogeneity to be quite complex. The \double-

averaging" (DA) decomposition, �rst introduced by Raupach and Shaw [35] to examine

the \wake production" term within vegetation canopies, is used to describe this spatial

inhomogeneity in the time-averaged 
ow �eld. Section 4.1 describes the DA decom-

position as used in the present work. While standard Reynolds-averaging yields the

Reynolds stress, the DA decomposition yields a \dispersive stress" which represents the

contribution of spatially correlated time-averaged 
ow to momentum transport. Dis-

persive stresses for regular roughness were studied by Cheng and Castro [36], Coceal et

al. [37] and Bailey and Stoll [38]. The ratio of maximum dispersive stress to Reynolds

stress was found by Forooghi et al. [39] to be highly dependent on the skewness and

e�ective slope, for irregular rough surfaces. Yuan and Jouybari [40] note the e�ects of

large surface scales on the dispersive stress from their DNS. Jelly and Busse [41] examine

the Reynolds number dependence of the dispersive stresses for irregular near-Gaussian

rough surfaces.

Past work has largely focused on the mean 
ow and the scaling of velocity 
uctu-

ations over rough surfaces. Less is known about how roughness a�ects pressure and

wall-shear stress 
uctuations, both of which are closely related to form and frictional

drag, sound radiation, and structural vibration. Since pressure satis�es a global Poisson

equation, arguments based on the local length and velocity scales that work well for ve-

locity, do not work very well for pressure 
uctuations. Chang et al. [42] investigated the

contributions of velocity-�eld sources to the 
uctuating wall pressure in smooth channel


ow by computing partial pressures. Panton et al. [7] studied pressure 
uctuations us-

ing DNS data sets atRe� ranging from 180� 5200 and observed a contribution from the

low-wavenumber range to the wall pressure 
uctuations forRe� > 1000. Anantharamu

and Mahesh [43] analyzed the sources of wall-pressure in a smooth wall turbulent chan-

nel 
ow at Re� = 180, and 400. Using spectral POD, they identi�ed the features of the

wall-pressure sources responsible for the linear and pre-multiplied frequency peaks in the

power spectrum. Their analysis revealed the importance of bu�er layer sources to the

high frequency/wavenumber region of the pre-multiplied spectrum, at their Reynolds

numbers. For rough-wall 
ows, Bhaganagar et al. [44] performed DNS for periodic

roughness elements and found that the pressure statistics are altered signi�cantly in the
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inner region of the channel. Meyers et al. [45] studied the wall-pressure spectrum over

rough walls experimentally and suggested that di�erent scalings were needed to collapse

di�erent frequencies.

Studies in smooth wall 
ows show that wall-shear stress 
uctuations are correlated

with turbulence structures in the boundary layer. Smooth-wall experiments by Khoo et

al. [46] note the close similarity between the probability distribution function (p.d.f) of

wall-shear stress and streamwise velocity 
uctuations. The DNS of Abe et al. [47] found

that positive and negative- dominant � yx correspond to high- and low-speed regions

in the very large-scale motions in the outer layer. •Orl•u and Schlatter [48] note that

footprints of the near-wall streaks are visible in� yx as regions of higher and lower shear.

Diaz-Daniel et al. [49] examined the angle� � between the instantaneous wall-shear

stress and the streamwise direction, and found that events with� � much higher than 90�

were extremely unlikely to occur, indicating that negative � yx is generally accompanied

by high values of � yz . Similar studies on rough-wall 
ows are limited. Roughness is

expected to a�ect the near-wall motions and therefore, the wall shear stress.

1.2.2 Boundary layer transition due to roughness

Isolated roughness

Isolated, three-dimensional (3-D) roughness elements immersed in boundary layer over a


at plate can be considered as a foundational model in this regard. The e�ects of isolated

roughness on transition have been investigated experimentally by Gregory and Walker

[50]. The main 
ow pattern is observed to be horseshoe vortices that wrap around the

roughness element, and whose legs trail downstream and give birth to the streamwise

vortices farther downstream. Baker [51] has experimentally studied the vortex system

around an isolated cylindrical roughness element, and shown the dependency of the

horseshoe system dynamics onReD = UeD=� and D=� � (where Ue is the boundary

layer edge velocity, D is the cylinder diameter, � is the kinetic viscosity of the 
uid

and � � is the displacement boundary layer thickness). The streamwise vortices induced

by the 3-D roughness elements create longitudinal streaks downstream that are lifted

upwards [52, 53]. The stability properties of the streamwise streaks play important

roles in the trip-induced transition. The streamwise longitudinal streaks are related to



7

disturbance transient growth, which can cause transition downstream of the roughness

[54, 55].

Both symmetric (termed `varicose') and anti-symmetric (termed `sinuous') streak

instabilities have been detected and are of importance in transitional and turbulent

boundary layers. The varicose type is associated with horseshoe vortices that originate

from a normal in
ectional instability in the streamwise velocity pro�le [56, 57, 58]. The

sinuous streak instability is associated with a base state with a spanwise in
ection and

contributes to the regeneration of near-wall turbulence [59, 58]. Local stability analysis

has been used to investigate the streamwise streaks past a single roughness element

[60, 61]. Asai et al. [57] observed that wider streaks more easily undergo varicose

breakdown while narrower streaks are more likely to undergo the sinuous breakdown.

De Tullio et al. [62] conducted bi-global stability analysis to investigate transition

induced by a sharp-edged isolated roughness element in a supersonic boundary layer

and suggest that the varicose mode is associated with the entire 3-D shear layer while

the sinuous mode is a consequence of the lateral streaks. While local stability analysis

can reconstruct both direct and adjoint modes at low computational cost, the results

are less accurate when the 
ow is less parallel [63]. Siconol� et al. [64] proposed a

correction to local stability analysis to improve the prediction of the globally unstable

modes.

With large-scale linear algebra computations being possible, global linear stability

theory [65] may be performed for and is useful for non-parallel 
ows such as roughness

wakes, and is therefore a promising tool to roughness-induced transition. Loiseau et

al. [8] used global stability theory to investigate the dependence of instability types on

aspect ratios � = d=h (where d is the roughness width andh is the roughness height)

for h=� � = 1 :45 and suggest that varicose instability is observed for wider roughness

elements (� > 1) and sinuous instability is observed for thinner roughness elements

(� � 1). Puckert and Rist [66] conducted experiments corresponding to Loiseau et al.

[8]. They reported experimental observation of sinuous oscillations and found that for

thin roughness elements (� = 1), the sinuous mode competes with the varicose mode

and becomes dominant in the supercritical regime. Citro et al. [9] presented the direct

and adjoint global eigenmodes for boundary layer 
ows past a hemispherical roughness

element, and found that the critical Reynolds number is constant when the ratio of the
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roughness height and the displacement boundary layer thicknessh=� � is less than 1:5.

Kurz and Kloker [67] used DNS and global stability analysis to investigate the e�ects

of discrete surface roughness with various roughness height (1:3 < h=� � � 2:0) and

background disturbance on a swept-wing boundary layer. Their results suggest that

larger elements are able to trip turbulence by either a convective or a global instability

in the near-wake region. Bucci et al. [10] highlighted that the roughness Reynolds

number Reh = Ueh=� and aspect ratio might not be the only important parameters

for 
ow characteristics, h=� � also plays a crucial role in the onset and symmetry of the

primary global instability.

Past studies have mostly focused on relatively smallh=� � . Less is known for the

case when the roughness height is comparable to the local boundary layer thickness,

which is considered in this paper. A largeh=� � is a simple model to represent a typical

large protuberance on the surface. Also for realistic rough surfaces where multiple

length scales are present, it is known that the large asperities make the most signi�cant

contribution to the form drag and enhanced pressure 
uctuations in a turbulent channel


ow [68]. In the context of trips, a large h=� � is related to moving trip location upstream.

While an upstream trip is desirable to obtain a turbulent boundary layer over a large

portion of the body, it is also harder to achieve since the local Reynolds number is

smaller. The present study complements past work to provide insight relevant to how

moving a trip closer to the leading edge a�ects the transition.

Distributed roughness

Compared to the isolated roughness element, distributed roughness elements may bring

in 
ow features not present in the isolated case. Fewer studies exist on how 3-D dis-

tributed roughness elements a�ect the stability properties and 
ow structures in a tran-

sitional boundary layer.

Past studies of transition over distributed surface roughness have mainly focused on

the e�ects of roughness height. Corke et al. [69] studied the e�ects of distributed rough-

ness on transition and suggested that transition is most likely to be triggered by the

few highest peaks. For roughness with small amplitudes, transition is induced through

a linear ampli�cation of temporal disturbance growth followed by secondary instabili-

ties and breakdown to turbulence [53]. In contrast, large-amplitude roughness creates
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local separations, leading to strong 3-D disturbances that can develop into turbulence

directly. This is so-called "bypass" transition which means that the linear instability

processes such as Tollmien-Schlichting waves are bypassed. Vadlamani et al. [70] con-

ducted numerical investigation on transition of a subsonic boundary layer over sinusoidal

roughness elements with di�erent height. They suggested that secondary instabilities

on the streaks promote transition to turbulence for roughness elements that are inside

the boundary layer, and the instability wavelengths seem to be governed by the �xed

streamwise and spanwise spacings between roughness elements. von Deyn et al. [71]

investigated the in
uence of distributed roughness and freestream turbulence on bypass

transition and suggested that the streak spacing does not vary with di�erent roughness

density at constant roughness height.

While roughness height is an important parameter to a�ect transition, roughness

spacing can also potentially modify the transitional 
ow behavior and associated insta-

bility mechanisms. Muppidi and Mahesh [72] investigated supersonic boundary layer


ow over distributed surface roughness and identi�ed that counter-rotating vortex pair

induced by roughness perturbs the shear layer and triggers transition. With closely

packed roughness elements, there can be little upstream spacing to generate a strong

horseshoe vortex and little spanwise spacing to produce counter-rotating vortices, which

can prevent transition to occur. The spanwise spacing of distributed roughness elements

has hardly been varied to quantify its in
uence on instability and transition process in

past literature.

The role of streamwise proximity of roughness elements is also a crucial factor of

transition due to distributed roughness. Choudhari et al. [73] performed simulations on

a high-speed boundary layer past an isolated diamond trip as well as two trips aligned

with the 
ow direction (spaced three times of the trip width). They found that the in-

troduction of an additional trip could amplify the streak amplitude and cause transition

even at a smaller trip height, while the case with larger trip height presents a weaker

augmentation of the streak amplitude since the 
ow has not recovered as much as for

smaller trip height. In a turbulent boundary layer, the classi�cation of d-type and k-type

behaviors [15] is related to the streamwise roughness spacing and might be made based

on the ratio of roughness pitch to height is equal to 3 [74]. Perry et al. [75] and Ikeda and

Durbin [76] further claimed that the di�erence between k-type and d-type roughness is
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related to the state of vortex shedding: for d-type roughness, stable vortices form within

the grooves and no eddy sheds into the 
ow above the crests; for k-type roughness, ed-

dies with length scale of orderh shed into the 
ow above the crests. Vanderwel and

Ganapathisubramani [77] suggested that distributed roughness with streamwise gaps

less than 4-5h would act like continuous strips in turbulent boundary layers, while more

than 5h would act like 3-D distributed roughness. Although the dependence of 
ow

behaviors on di�erent streamwise spacing has been discussed extensively in turbulent

boundary layers, it has not been studied in detail for roughness-induced transition.

1.3 Overview

The focus of this dissertation is to further the understanding of roughness e�ects on

transitional and turbulent boundary layers using direct numerical simulation and linear

stability analysis. Understanding the fundamental physics in near-wall turbulent 
ow

over realistic rough surfaces and the dominant 
ow instability mechanisms in transition

will help control and design of roughness in engineering applications.

The complex geometry and multiple length scales present in realistic rough surfaces

induce both local and global e�ects on the dispersive 
uxes, wall pressure, and shear

stress 
uctuations. The direct measurement of these variables is challenging, therefore,

simulations provide a useful complement to experiment. We perform DNS of turbulent

channel 
ow at two Re� over realistic random rough surfaces under the same conditions

as the experiment. The simulations reproduce the skin-friction coe�cient measured in

the experiments. We use double-averaging to explore the e�ects of roughness andRe� on

the mean velocity, Reynolds stresses, dispersive 
ux, correlations between form-induced

velocity and pressure, and the mean momentum balance. We use the DNS data and

the pressure Poisson equation to study how roughness a�ects the pressure 
uctuations,

and characterize the local variation and statistics of wall-shear stress 
uctuations.

We study the global instability of boundary layer 
ows with a cuboidal element with

small aspect ratios� = 1 and 0:5. The ratio of the cuboid height to the displacement

boundary layer thickness is 2:86, which is larger than most past work. We also perform

DNS to examine the dependence ofReh and � on the laminar-turbulence transition
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process, and use DMD analysis to study the development of vortical structures and as-

sociated non-linear dynamics corresponding to di�erent global instability characteristics.

We relate the primary instability to the behavior of hairpin structures and non-linear

evolution in the transition process. Characterizing unstable modes in terms of their

varicose or sinuous nature continues to be useful as shown by the recent study by Bucci

et al. [10] where wake 
ow containing sinuous instability is seen to be more receptive to

disturbance forcing upstream of the roughness elements that results in a larger increase

in skin-friction coe�cient. We therefore study how for a thin ( � � 1) roughness element

with a large h=� � , which of the modes is dominant, if the sinuous instability is observed,

how the onset of sinuous instability is in
uenced by Reh , and the resulting nonlinear

interaction. We propose a regime map based onRe1=2
hh and d=� � to classify and predict

instability mechanisms, with the objective of replacing the visual inspection of the 
ow

�elds. We also compare the evolution of mean skin-friction coe�cient and detect the

location of a fully-developed turbulent state for the two geometries.

The investigation on isolated cubical roughness has then been extended to dis-

tributed cubical roughness elements. We combine direct numerical simulations and

global stability analysis to investigate the e�ects of roughness spacing on transitional

boundary layers. Both the streamwise and spanwise spacings of distributed surface

roughness are varied, aiming to quantitatively evaluate how the streamwise and span-

wise proximity of roughness elements would a�ect the vortical structures and associated

instability characteristics in transition.

The principal contributions of this dissertation are:

ˆ The predictive capability of DNS for turbulent 
ows over realistic random rough

surfaces has been demonstrated, and good agreement with the experimental result

was obtained.

ˆ The spatial heterogeneity in the near-wall regions has been investigated through

the double-averaged statistics including the dispersive 
ux, correlations between

form-induced quantities and mean momentum transfer. TheRe� dependence on

the statistics in the transitionally rough regime was studied and the near-wall

motions which contribute to the dispersive 
ux were identi�ed.

ˆ The mechanisms of increased pressure 
uctuations in the inner layer have been
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studied by examining the Poisson equation source terms. The more intense pres-

sure 
uctuations are mainly attributed to the attached shear layer formed up-

stream the roughness protrusions. Meanwhile, the vortical motions and secondary


ow interactions upstream of the protrusions and in the valleys also play a role in

increasing the pressure 
uctuations.

ˆ The local variations and statistics of wall-shear stress 
uctuations on random

rough surfaces have been characterized. The wall-shear stress is positively corre-

lated with the roughness height and highly dependent on the local topography.

The wall-shear stress 
uctuations play a role in indicating how the near-wall tur-

bulent structures are modi�ed by the roughness.

ˆ Computational capability was developed for global linear stability and adjoint

sensitivity analyses of three-dimensional base 
ows with no homogeneous direc-

tions. The framework is massively parallel with robust and high-�delity numerical

methods.

ˆ The h=� � considered in roughness-induced transition is larger than most past

studies. It is used to model a trip that is closer to the leading edge of aeronautical

and naval applications. Both global linear stability and adjoint sensitivity analyses

capture unstable eigenmodes associated with the central streak downstream of

the roughness element. Our global stability results show that while the varicose

instability is dominant for large h=� � and small � , the sinuous instability can be

observed when� is su�ciently small at higher Reh , and interact with the varicose

mode. Additionally, dynamic mode decomposition of the DNS 
ow �eld shows

good qualitative agreement with the linear stability eigenmodes.

ˆ The in
uence of di�erent unstable modes on transitional 
ow behavior and the

e�ectiveness of the two trip geometries have also been evaluated by examining

the non-linear evolution to turbulence. For � = 1, the unstable varicose mode is

associated with the hairpin vortices induced by the roughness. For� = 0 :5, the

sinuous wiggling of hairpin vortices is observed due to the interaction between

varicose and sinuous modes. Both geometries e�ciently trip the 
ow to a fully-

developed turbulent state.
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ˆ Wavemaker results show that for � = 1, the roll-up motions are convected by

the 
ow and aid in the generation of hairpin vortices in the non-linear evolution

farther downstream, and the entire shear layer is sensitive to localized feedback. In

contrast, this spatial transient growth is weak for � = 0 :5. Our �ndings complete

what has been reported by Loiseau et al. [8] by suggesting that a convective nature

of the roll-up motions in the shear layer is more dependent on� and the strength

of the central streak, rather than instability types.

ˆ A new correlation (stability diagram) between Re1=2
hh and d=� � was developed.

By using d=� � to re-scale the data, the cases with varicose or sinuous instability

are clustered separately. This diagram can be used to predict the instability

mechanisms and associated wake 
ow behavior for a wide range of parameter

sets, with no need for a visual inspection of the 
ow �elds.

ˆ The linear stability results of two base states, the base 
ow using SFD methods

and the time-averaged mean 
ow of DNS, have been contrasted for roughness-

induced transition. Either using the stationary or time-averaged mean 
ows for

stability analysis is able to capture the shedding frequency of the primary vortical

structures and the associated mode shapes. However, the mean 
ow evolves to

a marginally stable state due to the non-linear saturation. These results suggest

how for roughness-induced transition, the mean 
ow can serve as a meaningful

base state when the stationary base 
ow is unable to be obtained.

ˆ For distributed surface roughness, the small spanwise spacing (� z = 2 :5h) prevents

the formation of counter-rotating vortices, as a result, the hairpin vortices are

not generated and transition does not happen. For a larger spanwise spacing

(� z = 5h), the breakdown of downstream shear layer is more signi�cant and the

critical Reh for instability is lower when compared to the isolated case.

ˆ When the streamwise spacing is comparable to the region of 
ow separation

(� = 5h), the leading unstable mode captured by global linear stability analy-

sis is similar to the one for the isolated roughness. When the streamwise spacing

is larger (� = 10h), the high-speed streaks in the longitudinal grooves become

unstable and are modulated with the primary varicose mode. Another sinuous



14

mode at lower frequency is induced as the wake 
ow of the �rst-row roughness

impinges on the second row.

1.4 Outline

The dissertation is organized as follows.

ˆ Chapter 2 describes the numerical algorithms used to solve the incompressible

Navier-Stokes equations, and the numerical methodologies of global linear stability

and adjoint sensitivity analyses.

ˆ Chapter 3 presents the validation of the 3-D, parallel DNS solver and the global

linear stability and adjoint sensitivity analysis solver.

ˆ Chapter 4 introduces the realistic rough surface processing, problem description

and grid convergence study, and shows the DNS results of turbulent channel 
ow

over random roughness. The spatial heterogeneity in the near-wall regions is

examined through the double-averaged statistics; the roughness e�ects on pressure

and wall-shear stress 
uctuations are discussed in details.

ˆ Chapter 5 demonstrates the 
ow con�guration, base 
ow computation, grid con-

vergence and domain length sensitivity. The results of base 
ow, direct and adjoint

analyses are shown; the behavior of vortical structures associated with di�erent

instability mechanisms is analyzed; the transition to turbulence and mean 
ow

characteristics are examined and compared for the two geometries.

ˆ Chapter 6 shows the simulation details and results of boundary layer transition

due to distributed roughness elements. The in
uence of roughness distributions

on transitional 
ow behavior and instability characteristics is discussed.

ˆ Chapter 7 concludes the work and summarizes the main �ndings.



Chapter 2

Numerical Methodology

This chapter is organized as follows. §2.1 discusses the governing equations and nu-

merical algorithm. §2.2 describes the numerics for linear stability analysis, followed by

adjoint sensitivity analysis in §2.3.

2.1 Governing equations

The governing equations are solved using the �nite volume algorithm developed by

Mahesh et al. [78] for the incompressible Navier-Stokes equations. The governing

equations for the momentum and continuity equations are given by the Navier-Stokes

equations:
@ui
@t

+
@

@xj
(ui uj ) = �

@p
@xi

+ �
@2ui

@xi x j
+ K i ;

@ui
@xi

= 0 ; (2.1)

whereui and x i are the i -th component of the velocity and position vectors respectively,

p denotes pressure divided by density,� is the kinematic viscosity of the 
uid and K i

is a constant pressure gradient (divided by density). Note that the density is absorbed

in the pressure andK i . The algorithm is robust and emphasizes discrete kinetic energy

conservation in the inviscid limit which enables it to simulate high-Re 
ows without

adding numerical dissipation. A predictor-corrector methodology is used where the

velocities are �rst predicted using the momentum equation, and then corrected using the

pressure gradient obtained from the Poisson equation yielded by the continuity equation.

The Poisson equation is solved using a multigrid pre-conditioned conjugate gradient

15
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method (CGM) using the Trilinos libraries (Sandia National Labs). The implicit time

advancement uses the second-order Crank-Nicolson discretization:

ûi � un
i

� t
=

1
2

[(NL + V ISC)n+1 + ( NL + V ISC)n ] ; (2.2)

where the face normal velocitiesV n+1
N are linearized in time (time-lagged) such thatV n

N

is used instead; the linearization in time yields an error ofO(� t2), which is the same

order as that of the overall scheme. All the terms expressed as ^ui are taken to the left

hand side and a system of equations is solved using SOR until convergence.

The geometry of the rough surface is generated from highly resolved Cartesian line

scans obtained from the experiment. The Cartesian line scans are �rst used to compute

Fourier spectra, surface statistics, and p.d.fs of the surface height. Based on the spectra,

the computational mesh in the x � z plane is chosen and the surface is approximated

on the computational mesh in the x � z plane. The height distribution determines the

computational mesh in the y direction. The surface is represented using a mask function

that is de�ned to be one in the 
uid and zero in the solid. We ensure that the p.d.fs,

statistics, and spectra of the masked surface agree acceptably with the experimental

scan. The masked surface is used to perform the simulations reported in the paper.

Details are presented in§4.1.1. No-slip Dirichlet boundary conditions are enforced on

the face velocities of the rough surface in the computations. Zero Neumann Boundary

conditions are used for pressure when solving the pressure Poisson equation. Figure 4.3

shows the face velocities on the boundaries for a portion of the rough surface. Note that

the face velocities are zero on the boundaries. This methodology has been validated

and used in past work to study idealized superhydrophobic surfaces [79] and realistically

rough superhydrophobic surfaces [80].

2.2 Linear stability analysis

Linear stability analysis enables the investigation of the linearized dynamics of in�nites-

imal perturbations evolving on a base state. In the present work, the incompressible

Navier-Stokes equations are linearized about a base state,ui and p. The 
ow can be

decomposed into a base state subject to a smallO(� ) perturbation ~ui and ~p. The lin-

earized Navier-Stokes (LNS) equations are obtained by subtracting the base state from
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equation (2.1) and can be written as follows:

@~ui

@t
+

@
@xj

~ui uj +
@

@xj
ui ~uj = �

@~p
@xi

+ �
@2~ui

@xj x j
;

@~ui

@xi
= 0 : (2.3)

The same numerical schemes as the N-S equations are used to solve the LNS equations.

The LNS equations are subject to the following boundary conditions:

~ui (S; t) = 0 ; (2.4)

where S is the boundary of the spatial domain.

The LNS equations can be rewritten as a system of linear equations,

@~ui

@t
= A ~ui ; (2.5)

where A is the LNS operator and ~ui is the velocity perturbation. The solutions to the

linear system of equations (2.5) are:

~ui (x; y; z; t ) =
X

!

ûi (x; y; z)e!t (2.6)

where ûi is the velocity coe�cient, and both ûi and ! can be complex. This de�nes the

Re(! ) as the growth/damping rate and Im (! ) as the temporal frequency of ^ui . The

linear system of equations can then be transformed into a linear eigenvalue problem:


 Ûi = AÛi ; (2.7)

where ! j = diag(
) j is the j -th eigenvalue and ûj
i = Ui [j; :] is the j -th eigenvector.

For the global stability analysis, the computational cost to solve the eigenvalue problem

using direct methods is very expensive. Instead, a matrix-free method, the implicitly

restarted Arnoldi method (IRAM) is usually used. We make use of the IRAM imple-

mented in the PARPACK library to solve for the leading eigenvalues and eigenmodes.

A temporal exponential transformation of the eigenvalue spectrum is performed.

The most unstable eigenvalues are transformed into the most dominant eigenvalues,

which PARPACK library can solve for e�ciently. To do this, the eigenvalue problem is
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integrated over some time,� :

Z �

0

 Ûi dt =

Z �

0
AÛi dt: (2.8)

This yields the exponential of the eigenvalue problem:

e
 � Ûi = eA� Ûi ; (2.9)

which can be rewritten as:

� Ûi = B Ûi ; (2.10)

where � j = diag(�) j and B = eA� . The eigenvalues of the original eigenvalue problem

(2.7) need to be recovered using the following equation:

! j =
1
�

ln (� j ): (2.11)

The integration time � is an important parameter for using the IRAM to solve for

the leading eigenvalues. It should be less than the smallest time scale of interest. If it

is too small, the temporal separation between di�erent Arnoldi vectors can become too

small and it will slow down or prevent convergence of the IRAM. If it is too large, the

high frequency eigenvalue can get aliased to a lower frequency. In the present work,�

has been varied to determine the appropriate value.

2.3 Adjoint sensitivity analysis

Adjoint sensitivity analysis solves for the dominant eigenvalues and eigenmodes of the

adjoint LNS Equations, which yields the dominant sensitivity modes corresponding to

the direct modes. According to the de�nition of the continuous adjoint to the LNS

equations by Hill [81], the adjoint equations are:

@~uy
i

@t
+ uj

@
@xj

~uy
i � ~uy

j
@

@xi
uj = �

@~py

@xi
� �

@2~uy
i

@xj x j
;

@~uy
i

@xi
= 0 : (2.12)

The negative sign on the viscous term implies that the adjoint equations need to be

solved backwards in time. The adjoint equations are subject to the following boundary
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conditions:

~uy
i (S; t) = 0 ; (2.13)

where S is the boundary of the spatial domain. Similar to the direct problem, the

adjoint equations can be rewritten as a system of linear equations,

@~uy
i

@t
= � Ay~uy

i ; (2.14)

where Ay is the adjoint LNS operator and ~uy
i is the adjoint to the velocity perturbation

�eld. We assume non-trivial solutions to equation (2.12) of the form:

~uy
i (x; y; z; t ) =

X

!

ûy
i (x; y; z)e� !t (2.15)

The negative sign in front of ! allows for the eigenvalues from linear stability and ad-

joint sensitivity analyses to have growth rates that correspond to their time integration

directions (i.e. adjoint Re(! ) > 0 is corresponding to growth backwards in time). The

adjoint systems of linear equations can be simpli�ed to an eigenvalue problem,

� 
 Ûy
i = AyÛy

i ; (2.16)

where ! j = diag(
) j is the j -th eigenvalue (coincident with the eigenvalue from linear

stability analysis) and ûj; y
i = Uy

i [j; :] is the j -th adjoint eigenvector.

Hill [81] suggested that the adjoint perturbation velocity �eld would highlight the

optimal locations where the largest response to unsteady point forcing occurs. In the

present work, our aim is to use the global adjoint sensitivity analysis in conjunction

with the global stability analysis to determine the most sensitive 
ow regions to point

forcing and the inception of instability.

The global stability and adjoint sensitivity solver has been developed and validated

on 3-D structured platforms in the present work. First, the global stability of a 3-D lid-

driven cavity is validated against Regan and Mahesh [2]. Then, the global stability and

adjoint sensitivity analyses are performed for laminar channel 
ow, where the results

are compared to the parallel 
ow stability of Poiseuille 
ow conducted by Juniper et al.

[3]. Both qualitative and quantitative agreement are obtained.



Chapter 3

Validation

This chapter includes validation cases for direct numerical simulation, global linear sta-

bility and adjoint sensitivity analyses that are performed in chapters 4-6. §3.1 shows

validations for direct numerical simulations of turbulent channel 
ow over smooth and

rod-roughened walls. Global linear stability and adjoint sensitivity analyses are vali-

dated for two problems in §3.2.

3.1 Direct numerical simulation

The DNS code is validated using smooth turbulent channel 
ow, and a rod-roughened

turbulent channel 
ow. The simulation details are provided in table 3.1. A constant

pressure gradient (divided by density)K 1 is applied to drive the 
ow in the streamwise

direction. The average friction velocity, u� = ( �K 1)1=2 and the friction Reynolds number

is Re� = u� �=� , where � is the channel half-height. Periodic boundary conditions are

used in the streamwise and spanwise directions and no-slip conditions are imposed at the

solid surfaces. Non-uniform grids are used in the wall-normal direction while uniform

grids are used in both streamwise and spanwise directions.

3.1.1 Smooth turbulent channel

Smooth channel 
ow at Re� = 400 (Case SW) is used as the baseline, and compared

to Moser et al. [5] at Re� = 395. The streamwise mean velocityU is calculated

20
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(a)
U

=
u �

yu� =�

SW
Moser et al.

(b)

hu02i +

hw02i +

hv02i +
hu0v0i +

yu� =�

SW
Moser et al.

Figure 3.1: DNS of smooth channel 
ow at Re� = 400 compared to the DNS of Moser
et al. [5]: (a) mean velocity and (b) Reynolds stresses in inner coordinates.

Channel Case Nx � Ny � Nz L x � L y � L z � x+ � z+ � y+
min � y+

max

Smooth SW 768� 320� 384 2� � 2 � � 3:27 3:27 0:85 5:48
Rod-roughened RRW 768� 320� 320 6:528� 2 � � 3:40 3:92 0:85 5:48

Table 3.1: Simulation parameters for the validation cases of turbulent channel 
ows.

by taking the spatial average in the streamwise and spanwise directions of the time-

averaged streamwise velocity. Results are plotted in wall unitsy+ = yu� =� , where U is

normalized by u� , and the Reynolds stresses are normalized byu2
� . Good agreement of

the mean velocity and Reynolds stresses pro�les is shown in �gure 3.1.

3.1.2 Rod-roughened turbulent channel

We then simulate the turbulent channel 
ow over rod-roughened walls at Re� = 400

(Case RRW). Both top and bottom walls are roughened by 24 square rods with a

roughness heightk which is 1:7% of the channel height (�gure 3.2(a)). The pitch-to-

height ratio �=k is 8, where� denotes the pitch, de�ned as the summation of the rod

width and the streamwise distance between two adjacent rods. The roughness height

in viscous units is k+ = 13:6. The 
ow regime is classi�ed as transitionally rough,

according to Ligrani and Mo�at [82]. The coordinate x is aligned with the primary 
ow

direction, y is normal to the walls, and z is parallel to the roughness crests.
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(a) u

L x

L y

L z

(b)

y=
�

x=�

x=� = 0 :312

Figure 3.2: DNS of rod-roughened channel 
ow at Re� = 400: (a) geometry and in-
stantaneous streamwise velocity contours in thex-y plane and (b) mean streamlines
averaged with respect to time and spanwise direction in the vicinity of the rods.
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Figure 3.3: DNS of rod-roughened channel 
ow atRe� = 400 compared to the DNS of
Ashra�an et al. [6]: ( a) defect pro�les scaled with centerline velocity U0 at x=� = 0 :312
and (b) Reynolds stresses atx=� = 0 :312.

The cross-sectionx=� = 0 :312 is located at the focal point of the primary re-

circulation downstream of the roughness element, as shown in �gure 3.2(b). The mean

velocity and Reynolds stresses atx=� = 0 :312 are compared to Ashra�an et al. [6]

in �gure 3.3. Figures 3.3(a) and (b) show the streamwise mean velocity and Reynolds

stresses scaled with the centerline velocityU0 = Ujy= � and u2
� respectively. The results

show good agreement with Ashra�an et al. [6].
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Regan and Mahesh [2] Present

� 0:1352� i0:299 � 0:1350� i0:294
� 0:1304� i0:487 � 0:1343� i0:485

� 0:1375 � 0:1405

Table 3.2: The leading eigenvalues from global stability analysis for a stable 3-D lid-
driven cavity at Re = 1000 compared to Regan and Mahesh [2].

3.2 Global linear stability analysis

The global stability solver is developed on 3-D structured platforms. First, the global

stability of a 3-D lid-driven cavity is validated against Regan and Mahesh [2]. Then, the

global stability and adjoint sensitivity analyses are performed for laminar channel 
ow,

where the results are compared to the parallel 
ow stability of Poiseuille 
ow conducted

by Juniper et al. [3]. The global adjoint sensitivity results are also examined.

3.2.1 3-D lid-driven cavity

3-D lid-driven cavity is studied as the �rst validation case for the global stability solver.

The Reynolds number based on the cavity height and the lid velocity is 1000. A uniform

grid of N = 1563 is used in the simulations. The base 
ow is obtained by performing

DNS. A Krylov subspace dimensionm = 50 with integration time � = 1 is used for the

recovery of the �rst three leading eigenvalues.

The leading eigenvalues solved from the global stability solver show good agreement

with Regan and Mahesh [2] in table 3.2. The real part of the leading eigenmodes is

shown in �gure 3.4. The positive and negative isocontours of the perturbation velocity

�elds are highlighted, and the geometry of the 3-D cavity is visualized in the eigenmode

results. The �rst two eigenmodes are related to the corresponding modes of the two-

dimensional 
ow, and are a�ected by the end-wall vortices [83, 84]. The third eigenmode

is a stable stationary mode, and is relevant to di�erent families of linear modes with

Taylor-G•ortler-like structures, as described by G�omez et al. [84]. The eigenmode results

in �gure 3.4 show good qualitative agreement with the results in G�omez et al. [84] and

Regan and Mahesh [2].
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(a) ! = � 0:1350� i0:294

û v̂ ŵ

(b) ! = � 0:1343� i0:485

(c) ! = � 0:1405

Figure 3.4: Real part of the eigenmodes from global stability analysis of the cubic lid-
driven cavity at Re = 1000. Eigenfunction velocity �elds ( û; v̂; ŵ) are normalized with
max(û). The results are shown with positive and negative isocontours of ^u; v̂; ŵ = � 0:15.

3.2.2 Laminar channel 
ow

Global stability and adjoint sensitivity analyses of a laminar channel are performed.

The global stability results are compared to results from parallel 
ow stability analysis.

The Reynolds numberRe� = 44:7 is based on the friction velocity u� and the channel

half height � ch. The domain length is 4�� ch in the streamwise direction and (4�= 3)� ch

in the spanwise direction. Periodic boundary conditions are applied in the streamwise

and spanwise directions, while the no-slip boundary condition is applied at the top and
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� = 1, � = 0 � = 1, � = 1 :5

Juniper et al. [3] � 2:336� 10� 2 + i9:776� 10� 1 � 2:561� 10� 2 + i9:776� 10� 1

Present, direct � 2:338� 10� 2 � i 9:776� 10� 1 � 2:563� 10� 2 � i 9:776� 10� 1

Present, adjoint � 2:338� 10� 2 � i 9:776� 10� 1 � 2:563� 10� 2 � i 9:776� 10� 1

Table 3.3: The leading eigenvalues from global stability and adjoint sensitivity analyses
for the laminar channel 
ow at Re� = 44:7 compared to Juniper et al. [3]. The selected
combinations of � and � are used as input to parallel 
ow stability analysis of Poiseuille

ow. Note that the eigenvalues are normalized by the center-line velocity and the
channel half height.

bottom channel walls. The spatial resolution ofN = 1283 is used in the simulation, and

the grids are clustered near the walls in the wall-normal direction. A krylov subspace

dimension m = 50 with integration time � = 0 :05 is used for the recovery of the �rst

two leading eigenvalues. Since the streamwise and spanwise wavenumbers� and � are

not speci�ed in global stability analysis, any combination of those can be present in the

global stability results. Thus we can extract ûj
i for a selective combination of� j and � j

using streamwise and spanwise Fast Fourier transforms. The selected combination of� j

and � j can be used as the input into the parallel 
ow stability. The leading eigenvalues

from global stability and adjoint sensitivity analyses show agreement with those from

the parallel 
ow linear stability analysis in table 3.3.

The non-zero components of the �rst leading direct and adjoint eigenmodes are

shown in �gure 3.5. For the contour plots, qualitative agreement is shown compared

to the results from Regan and Mahesh [2, 85]. A quantitative comparison between the

global stability and parallel 
ow linear stability results is shown in �gure 3.5( c). Good

agreement is obtained for jŵj. The results of the second leading direct and adjoint

eignmodes are shown in �gures 3.6. Both qualitative and quantitative agreement are

obtained.
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Figure 3.5: Real part of (a) the direct and (b) adjoint eigenmodes corresponding to
the �rst leading eigenvalue (� = 1 ; � = 0). Shown with the contour of ŵ at the mid-
plane z = (2 �= 3)� ch. The associated Fourier coe�cients (c) ŵ and (d) ŵy are shown
for completeness. The absolute values of the global eigenmode match the results ofjŵj
from parallel 
ow stability of Juniper et al. [3]. Note that ^u = v̂ = ûy = v̂y = 0.
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ŵyy=� ch

v̂yy=� ch
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Figure 3.6: (a) Real part of the direct eigenmode corresponding to the second leading
eigenvalue (� = 1 ; � = 1 :5). Shown with the contour of û and ŵ at the mid-plane
y = � ch. (b) The associated Fourier coe�cients û and ŵ are shown for completeness.
The legend is the same as �gure 3.5(c). Note that v̂ = 0. ( c) Real part of the adjoint
eigenmode corresponding to the second leading eigenvalue (� = 1 ; � = 1 :5). Shown
with the contour plots at the mid-plane z = (2 �= 3)� ch. (d) The associated Fourier
coe�cients are shown for completeness. The legend is the same as �gure 3.5(d).
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