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Abstract
For a one-dimensional two-phase degenerate Stefan problem, we prove that the
free boundary is C* smooth and the solutions are C*® smooth up to the bound-
ary. The proof is based on performing the hodograph transformation to fix the free
boundary and establishing a nonlinear a priori estimate for the solution.

1 INTRODUCTION

In this paper, we study the regularity of solutions for the following one-dimensional two-
phase degenerate Stefan problem.

Let T'> 0. Find functions u~(z,t), u*(z,t) and s(t), which are defined on [—1,s(t)] x
(0,71, [s(t),1] x [0,T] and [0, T] respectively, and satisfy

{ a (W —u, =0, -1<z<s(t),0<t<T, (1.1)
at(uuf —ut, =0, s(t)<z<1,0<t<T.
u®(z,0) = uf(z), 0< 4z <1, s(0)=0. (1.2)
u (=1,t) =g (t) <0, ut(1,t) =g*(t) >0, 0<t<T. (1.3)
{ ut(s(t),t) =0, 0<t<T, (1.4)
s'(t) = uz(s(t) — 0,t) —uf(s(t)+0,t), 0<t<T.

The basic assumptions of the problem (1.1)-(1.4) are the following
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(H1) o*(u) € C*(RL), a*(u) > 0, a*(u) = 0 if and only if u = 0.

(H2) 9,uF(0) > 0, £g%(t) > & with 6 > 0 and ui(z)z > 0 where the equality holds if
and only if z = 0.

The problem (1.1)-(1.4) is a two-phase degenerate Stefan problem which arises in a
number of physical processes [13]. The problem has been studied by several authors.
The uniqueness of the weak solution was demonstrated by Crowley [3]. The existence of
weak solution and its regularity were studied by [2,14]. The existence of weak solution
was obtained and the free boundary was shown to be Lipschitz continuous [2], and the
boundary condition was satisfied in the classical sense almost everywhere [14]. The main

result of [2,14] is the following [2, Theorem 1]:
Theorem 1.1 Assume the data in (1.1)-(1.4) satisfy (H1)(H2) and

o g%(t) € C?0,T), uf(z) € C°[+1,0];
o g*(0) = uf(£1), uE(0) = 0.

Then there is a unique weak solution (u*,s) to the problem (1.1)-(1.4) such that

o = = s(t) is Lipschitz continuous in [0,T];

o ut(z,t) € C¥Y([£1,s(t))x[0,TY)), satisfy (1.1)(1.2)(1.3) in the classical sense, satisfy

(1.4) almost everywhere;

o tut(z,t)>0in +s(t) <+x<1,0<t<T.

In this paper, based upon the result obtained in [] and under a similar assumption, we
prove the C® regularity of both the free boundary = = s(t) and the solutions u*(z,t) up
to the free boundary.

First we introduce the following concept of compatibility.

Definition 1.1 The data ui(z) and g*(t) are called k-order compatible at (z,t) =
and (£1,0) if uf (z) € C?*[£1,0], g*(t) € C*[0,T] and there exist functions 3(t ) € Ck

(0,0)
[0, 7]
and @*(z,t) € C?**([3(t), £1] x [0,T)) such that

T (£1,8) = g*(1), aF(3(1),1) = 0; (1.5)
fE(z,t) = a(a)af —aE, = O(th); (1.6)
5(0) =0, §(t)=3(t) —a;(5(t)—0,t) +at(3(t)+0,t) = O(t). (1.7)

If uf (z) € C®[£1,0], g%(t) € C=[0,T) and (1.5)-(1.7) are satisfied for any k, then the
initial data are called to be C*™ compatible.



The main result of this paper is the following theorem:

Theorem 1.2 For the problem (1.1)-(1.4) under the assumptions (H1)(H2),

1. if the data uE(z) € C4[+1,0] and g*(t) € C?[0,T) satisfy the 2-order compatibility
conditions (1.5)-(1.7), then the unique solution has the following regularity:

s(t) € C°(0,T], u*(z,t) € C=((£1,s(t)] x (0,T)). (1.8)

2. if the data uf (z) € C®[£1,0] and g*(t) € C=[0, T) satisfy the C>® compatibility con-
ditions (1.5)-(1.7), then the unique solution is also C*™ smooth up to the boundaries
t=0and z = =£1.

The C* compatibility requirement in the second part of theorem 1.2 is obviously necessary
for the solutions to be €™ smooth up tot =0 and = = %1.

We prove the Theorem 1.2 in the following sections. In section 2, we perform the
hodograph transformation to reduce the free boundary problem (1.1)-(1.4) into a fixed
boundary problem. Then a priori estimates for the resulting problem are derived in section
3. Section 4 establishes the existence of required smooth solution by linear iteration.

It is easy to see that all the proofs in this paper can also applied to the case with
nondegenerate a®(u) > § > 0. Therefore, this paper also provides another proof to the
result in [4,12] and other previous works. The author is thankful to Professors Avner
Friedman, Daniel Phillips and Lihe Wang for helpful conversations.

2 TRANSFORMED PROBLEM

In the following, we will always treat the point ¢ = T as if it is an interior point where
all the boundary conditions as well as interior equations (1.1) are satisfied. This is indeed
true because we can always extend the definitions of g% into [0,T + ¢] and consider instead
the problem in the larger domain [—1,1] x [0,T + ¢].

2.1 Preparatory propositions

First, we state some easy consequences of Theorem 1.1.
Proposition 2.1 The solution u*(z,t) in Theorem 1.1 is C* in [£1,s(t)) x (0,T].

PrOOF: In [+1,s(t)) x (0,T], a*(u) > 0 since u # 0. Hence C* smoothness of the
solution follows from applying repeatedly the standard interior Schauder estimate.



Proposition 2.2 Let u®(z,t) be the solution of (1.1)-(1.4) in Theorem 1.1. Then there
exists By > 0 such that for any €, 0 < € < fy, the set

Ste = {(,1) :
0

z,t) :ut(z,t) = ¢, 0<t < T}
intersects with any line t =t' (0 < t' < T) only at one point. and the mapping

(t,z) — (t,2) = (t,u(z,t)) (2.1)

s a bijection

Ray= U Sic— [=BonBol x 0,7).

0<e<Bo

PROOF: The case of ¢ = 0 is proved in [2]. From the assumption (H2), for 8, < 1, the
case for 0 < € < f3y is derived readily from maximum principle.
The following proposition improves the estimate obtained in [2].

Proposition 2.3 Let u*(x,t) be the solution of (1.1)-(1.4) obtained in [2]. Then there
exists B > 0 such that for any €, 0 < € < 3, the set

Sie={(z,t):ut(z,t) =+e, 0<t < T}

can be written as
T = 84.(t), sxc(t) € C=(0,T]N ok [0,T]. (2.2)

In addition, there exists 6 > 0 such that for the derivatives uf(m,t) in Rg where they exist,
we have

1
)
PRrROOF: First of all, we can choose 8 < 1 so that # < B in the Proposition 2.2 and £+

are not critical values for u*(z,t). Consequently by Sard lemma and following the same
argument as in [2],

> uf(z,t)>6>0, in Rg. (2.3)

v = sg(t) € C2(0,TINC'0,T], w*(sss(t),1) = £B. (2.4)
Besides, by assumption (H2), we can also choose 3 such that
651 > 0puF(z) > 6>0, —f<z<B. (2.5)

For the above chosen 3, we need only to show (2.3), because (2.3) implies that none of
the values € € [—/3,0) U (0, B3] is critical value of u*(z,t) and (2.2) follows by Sard lemma.



(2.3) can be shown by similar argument in [2] as follows. Let c(u) be defined by

Ahﬂoas&@yu>m
c(u) =1 [-1,0], u=0,
—1+/ £)d¢ = ¢ (u), u<O.
Construct smooth approximate sequences
ca(u) € CP(R'), Uon(z) € C*[-B, ]
such that
o limea(u) = () in L2(RY);
o (1) > 1/n and ¢,(u) = /() when [u| > &, for small §, > 0 and §, — 0 as n — oo;
o Uon(e) = ug(2) in [2-0,2-0/2], [40/2, 2 40] With Tx0 = 514(0);

o |Upn(2)] £ B, Ugn(z) = uF(z) in [z_g, T 40) uniformly and
(2.6)

Consider the approximation problem as (2] in Rg = [s_g, s4+5] X [0,T):

Orcn(Un) = 02U, in(s-p(t), s45(t)) x (0,T),
(Pn) { Un(sap(t),t) =B, 0<t<T,
Un(2,0) = Upn(z), -0 <2 < 240

The problem (P,) has a unique classical solution U,(z,t) € C*'(Rg) and there is a
subsequence of {Uy,(z,t)} converging uniformly to the solution u®(z,t) of (1.1)-(1.4) in
Rg. 1t was established in [2, Lemma 3, 4] that

0< N, <Up(x,t) <M in Rg, (2.7)

with M independent of n, but N,, may not be uniform with respect of n. However, with our
choice of the domain Rg, we are going to show that actually N, can be chosen independent
of n

N, > 6> 0. (2.8)



Once (2.8) is proven, we derive for the limit function u®(z,t) the estimate (2.3) by the
well-known theorem in functional analysis that the strong closure and weak closure for
convex set coincide.

To prove (2.8), first we notice that on the boundaries z = sy4(t), U,(z,t) takes its
maximum and minimum value £3. The boundaries z = s44(t) are smooth so that we can
apply the strong maximum principle to derive

Unz(sig(t),t) 2 5’. (29)

We show that ¢’ can be chosen independent of n and ¢. Since [0, 7] is compact, we need
only to show that for each fixed t (0 < ¢ < T), ¢ is independently of n. Since at ¢t = 0,
Uni(8£5(t),t) = Upe(T10) > 60/2, we may assume ¢t > 0. In the following we consider the
point on = = s;4(t), the case = s_g(t) can be discussed in the same way.

For any fixed point P(a*,t*) = (s44(t*),t*), (t* > 0), we can construct a sphere B
contained in Rg, centered at (z,t) (Z # z*) and tangent to x = sy4(t) only at P(z*,t*).
As in the standard proof of the strong maximum principle [5], divide the plane into two
parts 7~ and 7t by a straight line 7 such that

(z,H)enr, (z5t)ent; Bt =xtNB #£0;

|z — x| > const > 0, (z,t) € B*.
Denote the boundary of Bt as 9Bt = S; U S,,

Sy =dBtNdB, S, =0B*Nm.
Construct barrier function

h(:L',t) — e—~[|:c—:i:|2+|t—t_|2] _ e—m"’
where r is the radius of B. Then h =0 on S;, h > 0 on Bt. For £ > 1, we have

(0* - (U,)d)h >0, in Bt
independent of n. Taking € < 1, the function V,(z,t) = U,(z,t) + €h(z,t) < B on S,
uniformly in n for large n because
ut(z,t) < B —¢, for e<1 on S,

and U, converges uniformly to ut. On Sy, V,(z,t) = U,(z,t) < B for (z,t)
and V,(z*,t*) = U,(z*,t*) = B. By the strong maximum principle, V,(z,t) <
Therefore 0,V, (z*,t*) > 0. But h,(z*,t*) <0, so

OpUn (2", 1) > —hy(z*,t*) > 0

which is uniformly true for all n. Applying 0, to the problem (P,) and employing the
strong maximum principle as in [2] to J,U, in Rg, we obtain (2.8). This concludes the
proof of Proposition 2.3.

4 (1)
B in B*.



2.2 Hodograph transformation

Since u*(z,t) are known to be C® smooth away from z = s(t), %1, and near the fixed
boundaries x = %1, the regularity results of the solutions are classical. In the following we
will consider the solution u*(z,t) only in the domain Rg.

We perform the hodograph transformation [6,9] as in (2.1) to reduce the problem (1.1)-
(1.4) inside Rg into a problem in [—f, 8] % [0,T]. Applying hodograph transformation in
the discussion of multi-dimensional nondegenerate Stefan problem was previously found in
[10]. Introduce new variables

T = u(z,t), t=t. (2.10)

By Proposition 2.3, the transformation (2.10) is invertible in Ry = [s_g(t),s(t)) and R} =
(s(t), s4+s(t)] respectively. Denote the inverse transformation as:

r=v(z,1), t=1. (2.11)

Taking derivative of z = v(u(x,t),t) with respect to z and ¢, we have

Vi 1
__t - 1
Uy 'Uj’ Ug Vs (2 2)
Hence ) ! !
v__
zx — —UzUgy = —0Uz \ — :_ﬁ- 2.1
u ’Uf;a u ’U;za (Uj-) ’Ug ( 3)
From (2.11), obviously
.s'(t) = (0, 1). (2.14)

Omitting bar in new coordinates, we obtain a new transformed problem in [—f, 8] x

[0,T):

1. Interior equations:

1
a_(z)vy +6$(v—_) =0, B<z2<0,0<t<T,
: (2.15)
ay(z)vf +8x(;—) =0, 0<z<fB,0<t<T.
2. Initial conditions:
vE(z,0) = vE(z), 0 <4< B; vi(0)>0. (2.16)



3. Boundary conditions:

v (£B,1) = s5(t) € C(0,T); (2.17)
v7(0,¢) —v7(0,t) =0, 0<t<T; (2.18)
w(0,) = —— —— 1 g<t<T (2.19)

v;(0,8) v} (0,8)’
According to the Proposition 2.3, we see that
0 <6 <vE(z,t) <6, uniformly in [£8,0) x [0, 7). (2.20)

Therefore the smooth solutions vt for the problem (2.15)-(2.19) in {[—4,0] U [0, 3]} x
[0,T] are equivalent to the smooth solutions (u*,s) of the original problem (1.1)-(1.4).
Consequently the proof of Theorem 1.2 is reduced to the proof of the following equivalent

Theorem 2.1 In the problem (2.15)-(2.19),

o assume that vi(z) € C4+pB,0], sx5(t) € C?0,T)] satisfy the 2-order compatibility
conditions, there is a unique solution vt(z,t) € C((£p,0] x (0,T)).

o If the data vi(z) € C®[+B,0] and szp(t) € C[0,T) satisfy the C® compatibility
conditions, then the unique solution is also C*® smooth up to the boundaries t = 0

and T = %0.

Here the k-order and C* compatibility conditions are similarly defined as in (1.5)-(1.7) of
the Definition 1.1.

We prove the theorem 2.1 in section 3 and 4.

3 A PRIORI ESTIMATE FOR NONLINEAR PROBLEM

3.1 A priori estimate

For simplicity, we will denote briefly v(z,t) = v¥(z,t) and a(z) = a*(z) in £z > 0. We
denote (-,-) the inner product of L?*[—8, 5] and || - || the corresponding norm. Therefore

WaeF = [ a@h (e 0fde+ [ o)l (@, 0P da

and so on.

First we prove the standard energy estimate for solutions v¥(z,t) € C*°([£8,0]x [0, T])
of (2.15)-(2.19) when the C compatibility conditions are satisfied. The main result of
this section is the following theorem.



Theorem 3.1 Let vE(z,t) € C*([£4,0] % [0,T] be a solution of (2.15)-(2.19). Then for
any nonnegative integer k and t € [0,T), it satisfies the following estimate

k
>0 (IVadio(®IF + 18000, 0F) + 3 [Ro O <G (31)

2k1+k2<2k

Here the constant C}, depends upon the known initial and boundary values at t = 0 and
x = £ up to the order related to k and is independent of the time t € [0,T).

PROOF: The proof of the theorem is carried out by induction on k.

1.

3.

k=0:

Taking inner product of (2.15) with v(z,t) and integrating by parts over —3 < z < 3,
we have

vt(0,t) v (0,1)
- 2 9 9 _ <
SV - o7 0.0 Furn 2

Making use of the boundary conditions (2.18)(2.19), we obtain

& (IIVav()]* + 1v(0,1)*) < C. (3.2)

The estimate for d,v follows directly from (2.20).

k=1

Applying 9; to (2.15), taking its inner product with v (z,t) and integrating by parts
over —f8 < z < f3, we have

1

1 2 -1 :
SUVaR O] = (B07* ve) = uF (0,1) (

>,(° 040700 (- )tm n<e

(E T

Making use of the boundary conditions (2.18)(2.19) and noticing (2.20), we obtain

O, (Vv ®)I? + 00, 1)) + lowa(®)]]* < Ci. (3.3)

From (2.15) and (2.20), we obtain the estimate for ||vz(1)| and ||vzzs|| since
[vaze (D] = 10:(vze(2)e) (D) < C ()] + o] + lva () -

k=2:



Applying 0? to (2.9), taking its inner product with vy (z,t) and integrating by parts
over —1 <z <1, we have

1 1
SOUVEOI - @z o) - o500 () +ui00 () <o
Yz / Uz / 4

T

Making use of the boundary conditions (2.18)(2.19) and noticing (2.20), we obtain

0, (||\/_v“ M* + 10 (0, 1)) ) +louz (O] < Co 4 2|(viev; % vue)l. (3.4)

Since
_ 1 1
2|(viv7°, vua)| < §||”Uztac(t)||2 + 4|l (1)]? < §|Ivux(1f)||2 + 4[vra ()| Loo [0 (1)
and
vz (t) |z < C(1+ (v (t)]]) = C(1 + ||0i(viav)(t)]]) (3.5)
< C(1 + vl + IVevu()]]) < Ci(1 + ||V avu(t)]),
Noticing (3.3) we obtain the following
8 (IIVavu () + [va(0,1)?) + vuel® < Co(1 + [[Vavu(t)||*
Employing Gronwall inequality, we have
8, (JIVava ()] + [ou(0,1)*) + vual® < Ca. (3.6)

Using (2.20) and the equations (2.15), we derive readily from (3.6) the estimates

> lerort () < Ca

2k1+k2<4
Therefore (3.1) is proved for k£ = 2.

. Induction on k:

Assume (3.1) true for all j < k, k > 2. Applying oF! to (2.15), taking its inner
product with 9f*'v(z,t) and integrating by parts over —f < z < 3, we have

SOV — (305, 0 0,)
(3.7)

v} vy

0ot 0,00 (55 ) 0.0+ 80 000 () 0.0 < Cunn

10



Making use of the boundary conditions (2.11)(2.12) and noticing v, is bounded, we
obtain

8, (Vadk v(t)]|* + 1051 0(0,6)7) + 195 v (DI* < Craa(1 + |(Fr, 0 02)]) (3.8)
where F has the form
Fp = 0F (%) — % = k,+l§;k—1 Ak, ks (8,’““%) okt (%) , (3.9)
(a) To estimate Fj.
e For ky <k —2 and ky < k — 2, by induction we have
185 0,8 072 | < Crpa |0 M vg| 1o |07+ 0 1
< Crpr (14105 0z ]) (14108 vssll) < Cran
e Forky=k—1,k;=00rk; =0, ky =k —1, we have
107 1020771072 < Cra |00z (|0 va |
< Cip (14 [10Fvc]l) < Cha.
Therefore || Fi|| < Ck41. Combining with (3.8), we have
O (IVadE o@I* + 10100, ) + 10 oI < Crga. (311)
(b) To prove the Theorem 3.1, we need to estimate all the terms of
ooty 2y + ky < 2(k +1). (3.12)

These terms can be estimated by induction on k. The case for k; = 0 is (3.11).
We will assume (3.12) is estimated for k; < 2m, m > 0 and derive the estimate
for ky =2m + 1 and ky = 2m + 2.
o For ky =2m + 1, then k; <k —m.
If by < k —m, then 2k, + k; < 2k. So the terms in (3.12) are estimated in
(3.1) by the induction assumption on k.
Inky=k—m, kg =2m+1,

OF~mPPm+2y = 92 OF ™ (viawy)

=02 3 By, (07'(v2)) (08 (aw).

J1ti2=k-m

(3.13)

11



By the Nirenberg inequality [11], we have

ok aEm )
2 1 92m 2 1,2 j2 52m (314)
<SCipn Y (08 (cv)|pe 107 02m 02| + 107 031|657 02 (a0 )
iitje=k-m
By the induction assumption on k; we derive from (3.14) the estimate
1852420 < Cin. (3.15)

o For ky = 2m + 2, then ky < k—m. If k; < k — m, the terms are estimated
by the induction assumption on k. Consider ky = 2m + 2 and k; = k — m.
Similar as (3.13)-(3.15), we have

17~ 02+l = |92+ 0™ (viawr)|

<Cin Y (108 (av)lum 107 2702 + 105 2 1o 07 027 (cwy)])

J1+j2=k-m

which can be estimated by (3.15) and the induction assumption on ky = 2m.
This finished the induction proof on k.

3.2 Truncated estimate

Now we assume that the solutions v*(z,t) be C*° only in ¢t > 0 and be C? up to t = 0.
Then we have the following theorem of the truncated estimate for (2.15)-(2.19).

Theorem 3.2 Let v(z,t) € C°([£8, 8] x (0,T)] be a solution of (2.15)-(2.19) and being
C? up tot = 0. Then for any nonnegative integer k and 0 < t < T, the solution satisfies
the following estimate

k . .
>-0: (IVaDidzo(t)|* + | Dio}v(0,1)?)
7=0

+ Y IDPDEO AT < G, (3.16)
2k + ky < 2k
251+ 32 <4
where
Dt = tata D;L- = ta‘r-

Here in (3.16) the constant C), depends upon the C* norms of the initial data at t = 0 and
C*+? truncated norms of the boundary value on x = +p.

12



PROOF: The case k = 0 is included in (3.1). We derive (3.16) by induction on k as
in the proof of Theorem 3.1.

1. Applying DF+19? to (2.15) and integrating by parts its inner product with Df*'9%v
over [—f, (], we have

1 :
50 (IVaDf afo(@)|* + [DE 0} (0,0 ) + | DV fua(t) < Ge - (3.17)

where
Gy = G+ G} + Chyy
= ([0, DF*0%v, Df' 02v) + ([0, DFT')0%v, DFF02v) .0 (3.18)
—([Df‘”@t, v v, Df“@?vr) + Clpr-

e Estimate G}. Using the equation (2.15), integrating by parts and using the
boundary conditions (2.18)(2.19), we have

G}, = (a[d;, Di ™0}, Di*'8}v) + ([0, D070, DY 9v) s
= —([8,, Df*1)0,0,v;1, DEY10%0) + ([0, DF*1)0%v, DEY10%0), -0
= ([0, DI*0w; Y, DFY 02v,).

Therefore , we obtain

1
IGLI* < Z1IDE*10oll? + 4[l[00, D0 H* <

. v z
Did, (v—‘2>

| DF1O2|2 + C,  (3.19)

ol

which follows from

101, Df* Moz < G- < Ci 3 IDPvs|ie ]| Dt viie | < Ch

i<k J1.325k
e Estimate GY. From (3.18)
1
IGEI* < 1D 0w |* + 4l [D+ 0, vz s | (3.20)

It is easy to derive

ILD:*10;, vz v > < © (||D{°+1(v;‘;v;3)|| + 2 ||D{°1+1v;2Df2vm||)
ki+ko=k

< Cil|Dfvus|?* < Cy.

13



Combining (3.17)-(3.21), we have
8, (IIVaDE192u(t)|)? + |DF820(0,1)2) + || D 8} (4)|I* < Ci. (3.22)

2. It remains to estimate the following terms to finish the proof of the Theorem 3.2

S IDhDRE ) < L (3.23)
2ky + ko <2k +2
271+72<4

(3.23) can proven similarly as in the proof of the Theorem 3.1 by induction on k;.

The operations involve using the equation (2.15) and employing (3.22). We omit the
straightforward details.

This finishes the proof of the Theorem 3.2.

4 EXISTENCE OF C° SOLUTION

Once the a priori estimates in the Theorem 3.1, Theorem 3.2 are obtained, there are a
number of ways to establish the existence of the solution.

1. We need only to show the existence for the case when C* compatibility conditions
are satisfied because we can take an approximating sequence of C* compatible initial
data and the estimate in the Theorem 3.2 guarantees the convergence of the solution
sequence to the desired solution.

2. For the C*° compatible data, the existence of smooth solution for (2.15)-(2.19) can

be reduced to the existence of smooth solutions for a nondegenerate problem since
(3.1) is also valid for a*(z) > 0.

Let x(z) € C§°(R') such that

_ )Lz < B/4,
x(z) = { 0 |z| > 8/2.

Choose a sequence of functions af(z) = a*(z) + ex(z) so that a*(z) > 0 and
af(z) — o*(z) in C®[+4,0] as € — 0.

Then choose a sequence of initial data v (z) such that vE(z) — vE(z) in C*°[£8,0]
and vE(z) is C* compatible with respect to a¥(z).

14



The initial data vE(z) can be chosen as follows.

v:(2) = v () + ex(2)o* (2),

where o%(z) € C*°[+0,0] are constructed from there traces at z = 0. Actually, we
choose 0%(0) = 0%(0) = 0 and determine all the higher order traces from

o = 2 la(o) +9 (- -

Consider the following perturbed nondegenerate problem of (2.15)-(2.19):

(a) Interior equations:

(w)vt-l-(?(-l—_):O, —-B<zx<0,0<t<T,
f (4.1)
aj(m)vf’—i—@(—):ﬂ,0<:c<ﬂ,0§t§T.

vf

(b) Initial conditions:

vE(2,0) = vi(z), 0 <tz <B. (4.2)
(c) Boundary conditions:
v (0,t) — v (0,t) = 0, (4.3)
1
v(0,t) = ! (4.4)

v2(0,¢)  v(0,1)

If we can find C*® smooth solutions v for (4.1)-(4.4), then let ¢ — 0, There is a
subsequence converging to a smooth solution v* for (2.9)-(2.12), by the Theorem 4.

. To prove the existence of C*° smooth solutions for (4.1)-(4.4), one can transform it
back to the original free boundary problem and apply the result of the C'* smooth
solutions for nondegenerate Stefan problem [1,4,12]. We can also prove directly the
existence for (4.1)-(4.4) by linear iteration. The proof can be sketched as follows.

Let E% be the space of functions v(z,t) in (=8, 3) % (0,T) such that

1
llollr = sup 35 (J9r o))" < oo (4.5)
O0<t<T ok; 4+ky<2k+1

We need to show that for any given integer k, the problem (4.1)-(4.4) has the solution
v(z,t) € EX.

15



By the estimate of Theorem 3.1, we need only to show that for any given k, there is a
to > 0 such that in (0,%o), (4.1)-(4.4) has a solution v(z,t) € Ef. Because once this
is proved, the solution at ¢ = to has finite norm in Ef and obviously the (k—1)-order
compatibility conditions are satisfied at ¢ = 0, t = ¢,. So one can solve (4.1)-(4.4)
again from the time ¢ = ¢, and extend the solution v(z,t) to the time t; > to. This

procedure can be repeated until ¢t = T.

The existence of solution in [0,%o] for (4.1)-(4.4) can be proved by linear iteration.
Because the nonlinear terms in the boundary condition (4.4) contain v¥(0,t) and
we are unable to obtain their estimate for the linearized problem, the Nash-Moser
iteration can be employed. Let H¥(0,T) be the space defined by the norm ||v||; 7:

T
llir= 2 AWwWMWWSm.

2k +ko S?k-{-l

Denote briefly

1 1 1
L(’U)’U = (a(l')at - ﬁax:v) v, B(U)’l) = atv - ’0—_ + ’U—+

Then the linearized operators of (4.6) at v are

. R S
£(v)o = L(v)0 + v—gaxv

and

A 1 1 4
b(v)0 = O + —(v— E 00 —_(v;)z 007,

T

Consider the linearized problem

v )" =F", in —B<z<0,
((vt)yot = F*, in 0<z < f.

on = =0, v¥(£p,t) =0.

vt —0o7 =0

{uwbzd

v¥(z,0) = 0.

(4.6)

(4.9)

(4.10)

(4.11)

For the linearized problem (4.9)-(4.11), we can easily derive the following energy

estimate

1912 < C (IF127 + Gl 1) -

16
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10.

11.

by the usual integration by parts and the Gronwall inequality. This is the “tame”
estimate [7] required in applying the Nash-Moser inverse function theorem. We omit
the details here and the reader is referred to [8]. Thus the existence of smooth solu-
tions is established for (4.1)-(4.4). This finishes the existence proof for the Theorem
3.1.
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