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Abstract

A numerical method for generating one dimensional adaptive grids has been developed.
It is based on approximating the grid spacing ratio on discrete lattice points by a continuous
variable. For the numerical solution of a partial differential equation on an adaptive grid
to be stable, the grid spacing ratio is required to be within some suitable bounds. The
method makes it possible to specify apriori the extreme values of the grid spacing ratio

and to generate the grid in a direct manner. We outline the theory in this paper.



1. Introduction: Adaptive grids are used when the solution of a partial differential
equation exhibits singular or near-singular behavior. Examples occur in shock waves,
traveling waves, and boundary layers. A correct selection of adaptive grids will produce
a highly accurate solution at an optimal cost. However, they may increase the level of
algorithmic complexity. The overall advantages of using adaptive grids compensates for
the inconvenience involved in generating and using these grids.

Essentially the idea of adaptive grid computation is as follows (see [1]-[15]). A partial

differential equation

(11) Ut = L(u)s

is transformed into

(1.2) ur — uger = L(u),

by means of the transformation ( = {(z,t), T =t. In (1.1) and (1.2), L(u) is a differential
operator which may depend on z, u;, 45, and higher derivatives. The mapping is carefully
constructed so that in the (¢, T) system, the function u(¢, T') is slowly varying in T and (.

The discrete analog of the system (1.2) is written as

(1.3) Au(™D = B(u™),

which advances the solution from time level n to time level n + 1. (The form of equation
(1.3) depends on the numerical method used.) In (1.3), A is a matrix that depends on
u™*! for a nonlinear problem. Matrices A and B in (1.3) depend on the adaptive grids,
and if the grid spacings (i.e. the distance between consecutive grid points,) change too
rapidly, obtaining an accurate solution of (1.3) may be difficult. For nonlinear cases, there

may be convergence and/or stability problems. Therefore, the problem of adaptive grid

generation is very important.



It should be noted that there are two aspects to the grid generation problem: (i)
generating an adaptive grid and (ii) moving these grids in time. The grid movement is
associated with the second term in (1.2). At times, it is preferable to generate adaptive
grids at each instant instead of moving the grids. This amounts to setting z7 = 0 in (1.2).
Thus, the new coordinate ¢ is a function of z only where the grids are constructed to
adapt some appropriate properties of the solution u at each instant. This paper develops
a new numerical method to generate adaptive grids. In this method, a desired bound on
the grid spacing ratio can be obtained without iteration. Other advantages of this method
are addressed in [5]. The theory of this method is outlined in this paper.

In §2 we define the properties of adaptive grids and construct approximations to
these properties by continuous variables. Using this continuous description and a suitable
definition for the mapping function, the relation between grid spacing ratio and the function
to be adapted is established in §3. The properties of the adaptive grids can be inferred
directly from the function and can be controlled. In §4, we briefly discuss the adaptive

grid generation algorithm.

2. Definition and Properties of Adaptive Grids: Let ¢ and 2, be intervals in ¢
and z space respectively. Consider a one dimensional monotonic mapping z({) : Q¢ — Q,
with the property that uniformly spaced ¢-grid points (grid points on { axis will be refered
as (-grid points) are mapped to nonuniformly spaced z-grid points. The mapping z({) will
be constructed so that rapidly varying functions in 2 map into slowly varying functions in
(. The desired adaptivity is incorporated in the choice of z(¢). Let us denote by h. the
spacing between two consecutive ¢-grid points and z; = z((;). The z-grid points constitute
an adaptive grid. It is convenient to introduce the following two properties.

Resolution (S): The definition of resolution is motivated by the requirement that grid

point concentration should be higher at locations of rapid variation in the function values.

Thus, a convenient definition seems to be

(2.1) S(z) = 3—30.

Grid Spacing Ratio (r): The grid spacing ratio at the grid point z; is defined as the
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ratio of the two adjacent grid spacings, i.e.

Tity1 — T4
Ti — Ti-1

(2.2) ri =

Notice that r; > 0 for a monotonic mapping. This definition can be extended as a
continuous variable. Below, two second order accurate continuous analogs of (2.2) have

been derived. It follows from (2.2) that

Dow
D_z’

D+D_.’17

(2.3) r(z) —1=he D 2

; and r(z)+1=2

where Dy, D_ and Dy are the forward, backward and central difference operators respec-
tively. For notational convenience, we have suppressed the subscript ‘i > in (2.3). These

difference operators are related to their corresponding differential operators by

(2.4) z¢¢ = DyD_z + O(RY),
and
(2.5) z¢ = D_z + O(h¢) = Dz + O(h¢) = Doz + O(h2).

Using (2.3)-(2.5), we have

ze¢ +0(hE)

2.6 r(z)—-1= =
(2.6) (#) =1 = he s

T 2

Alternatively this can be written as,

(2.7) r(z)=14+a+ O(hg),



(2.8) o =h¢—

Therefore, to second order accuracy, we define

(2.9) Ri(z) =1+ a,

which is the approximation to r(z) due to neglect of O(hg) terms in (2.7). Thus, equation
(2.9) is an appropriate second order accurate continuous extension of equation (2.2), pro-
vided that z¢ # 0, V ¢ € Q¢. In fact, this is guaranteed for a one-to-one smooth mapping
(see §3). Addition of higher order terms in (2.2) does not alter the order of accuracy. It is

possible to derive other second order accurate continuous analogs of (2.2). For example, it

follows from (2.3) and (2.4) that

r(z)+1 2 Doz __2~$(;+0(h§)

2.10 _ = _ 2 me )
(2.10) r(z)—1  h¢DyD_x  heaee + O(hY)

Notice that we have again suppressed the subscript 1 ’ . An easy algebriac manipulation

gives

(2.11) r(z) =

24+« 2
2_a+0(hC)7

where « is again given by (2.8). Therefore, we define

24+«

2—a’

(2.12) Ry(z) =

which is another second order accurate approximation to r(z). Expanding R,(2) in a and
dropping second and higher order terms in «, we recover Ry(z). The numerical robustness
of these two formulae in comparison with (2.2) is justified in a forthcoming paper [5]. The

grid generation equations are discussed in the next section.
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3. Equations of Grid Generation: Consider the generation of one dimensional adaptive

grids by direct integration of

(3.1) z¢ = cw(z; k) onz ST < Ty,

which maps Q¢ — Q,. The adaptive grids are generated on the z axis. Without loss of
generality, the indices of the adaptive grid points on the z axis are taken as the coordinates
of the corresponding (-grid points, i.e. Q¢ : [(o = 0,{n = N] = Q; : [z0 = z1,28 = ).
Thus the uniform spacing h¢ = 1. This convention gives a domain ¢ that is dynamically
increasing as the number of z-grid points increases. Thus, the two second order accurate
approximations of r(z) in the previous section should be interpreted as O(5z) accurate,
which is the order of the derivatives hidden in the O(h%) terms in §2.

In (3.1), ‘c ’ is a constant and w(z; k) is allowed to have the form:

(3.2) w(z; k) = @(z, f(z), fre; k)

Thus, w(z; k) may depend on z implicitly. Here, k is a parameter which may be varied
to attain desired bounds on grid spacing ratio. The required adaptivity is dictated by the
choice of w(z; k) [10]. However, this choice is constrained by the following requirements:

(i) The mapping must be one-to-one.

(i1) The grid spacing ratio is bounded below by r; and above by r,, i.e.

(33) Tl S r S Tu,

where r; and r, are given.

The following theorem guarantees monotonicity of the mapping and hence the require-
ment (1) is satisfied, provided that w(z; k) is positive in Q.

THEOREM 3.1. If w(z) > 0, V = € [z;,z,] and z, > =z, then z, > 0, (i.e. the

mapping is monotonic).



Proof. Since 0 < ¢ < N, it follows that

Tu 1 [* dz
(384) V= /z, ol = Z]x w(z; k)

1

Because w(z; k) > 0, ¢ > 0. Therefore,

e =cw(z; k) >0, Vzer,z,] |

Thus, the form of (. ; k) is to be chosen so that it is positive in [z, z,].
We require that (2.2) be satisfied to second order accuracy, (i.e. modify requirement

(i) and use relation (3.3) to obtain (3.5))

(35) T S R S Tu,

where R can be either R; or Ry, given by (2.9) and (2.12) respectively. Relation (3.5)
will impose constraints on w(z; k). To derive these constraints, we will need the following

lemma.

LEMMA 3.2. Given r, and r,, then @ must satisfy

(3.6) a <a(z;k) <b,
where

—1, for R=R
3.7 =N L
(3.7) 4 { 2%;—1, for R = Ry,
and

—1, for R=R
3.8 M5 L
(3.8) b { 2-:—':;—1, for R = R,.

Proof. This follows easily from (2.9), (2.12) and (3.5). []
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The constraint on w(z, k) is embedded in the following theorem.

THEOREM 3.3. Given r;, and r,, the w(z; k) must satisfy

1
(3.9) a < Yv—g(mu;k)wz(a:; k) <b,

where g(z; k) is defined as

(310) oteih) = [ s,

and the constants a and b are given in (3.7) and (3.8).
Proof. From (3.1) we have,

(3.11) Tee = CWgTe.

With h¢ = 1, a reduces to (see (2.8))

(3.12) a(z; k) = cwg(z; k).

Using (3.4) and (3.10), we have

(3.13) c= %g(:ﬂu;k).

It follows from (3.12) and (3.13) that

(3.14) o(a; k) = 0(wu; k(e b).

Relation (3.9) follows from lemma 3.23 and (3.14). (]
3.1 Parametric Control of (3.9): Theorem 3.3 provides the basic relation (3.9) that

must be satisfied by a proper choice of the mapping function w(z; k) and N, since r; and
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r. (and hence a and b) are specified. However, in practice it is convenient to vary one or
both of the free parameters k and N for a fixed form of w(z; k). Below we give details on
how to vary N and k for various combinations of r; and ry.

A set of specified values of r; and r, can be categorized into two basic groups: (i)
< lyr, > l,and (i) 7y > L3y > 1.

Remark: The case r; = 1, r, = 1, corresponds to uniformly spaced grids. The other two
combinationsi.e. ; > 1,7, < l,andr < 1,7, < 1 are reflections of (i) and (ii)
respectively under the mapping z = —z (see relation (2.2) or (2.8).) (]

In terms of the constants a and b defined in (3.7) and (3.8), these two basic groups
correspond to (i) a < 0, b > 0,and (ii) b > a > 0 respectively. The functional form
of w(z; k) is usually fixed by the desired adaptivity [10]. We now discuss how to select &
or N in case (i). Case (ii) can be handled by minor modification of case (i).

3.1.1 Fixed k, Adjustable N: Sincea < 0and b > 0, it follows from (3.9) that N

must be chosen so that

z
z

us k wsk) .
(3.15) N :max(g(—xb—l max w ,g(m—k)mm wg).
z a

However, this means that the number of grid points may change. This may be incon-
venient and undesirable. This is certainly true in time dependent problems. An alternative
procedure is to keep N fixed and vary the parameter k.

3.1.2 Fixed N, Adjustable k: To select proper values of k, (a < 0 and b > 0), so that
(3.6) is satisfied, we need some results.

Hereafter, we assume that w(z; k) is of the following form [10]:

(3.16) w(zsk) = (k+v(2)) 7
where
(3.17) v(z) = Oz, fr, foz,-)-

LEMMA 3.4. The zeroes, z*, of a(z; k) are independent of k and v (z*) = 0.
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Proof. From (3.12) and (3.6),

(3.18) a(z; k) = —§w3(x; k)vg(z).

According to theorem 3.1, w(z; k) >0, V 2 € 2, and ¢ > 0. It follows from (3.18) that

(3.19) vz(z) =0,

at zeros of a(z; k). The lemma follows. ]

Suppose aM and a™ are the sets of local maxima and local minima of «(z; k) respec-
tively, and
(3.20) XM ={z:a(z) € a™}; X™ ={z:0a(z) € a™}.

Let X = XMUX™ and T = o™ U a™. (Notice that I' is set of all extrema of a.) Then
the following result holds.

LEMMA 3.5. z € X are the roots of

(3.21) Vpg — g(k + v(z))w2 = 0.

(Note that {z : v, =0, v, =0} C X.)

Proof. Since

(3.22) a, =0,VzeX,

(3.12) and (3.22) give

(3.23) Wee =0, VzeX.
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Using (3.16), (3.23) and w(z; k) > 0, V z € {25, we have

3
(3.24) Vgz = §w2v$2.

Hence, (3.21) follows from (3.16) and (3.24). ||
LEMMA 3.6. For all z(k) € X,

c(vi
(3.25) a(z, k) = { VE(5), for v #0,
, for v, =0,

where a(z, k) € T and v = —sign(v;). (Note from (3.13) that the constant ’c’ depends on
k and v, vz, depend on k through lemma 3.5).

Proof. For z € X, and v, # 0, the first expression in (3.25) follows from (3.18) and
(8.24). For z € X, and v, = 0, the second expression in (3.25) is a consequence of lemma
3.4.

LEMMA 3.7. If the function v(z) is essentially flat (i.e. all the derivatives of v(z) are
zero) at a point, so is a(z; k) at that point. (Note that a(z;k) = 0 at such a point from

lemma 3.4.)
Proof. The result follows upon repeated differentiation of (3.21). [
THEOREM 3.8. The variation of nonzero a with the parameter k is given by

Oln |a|

(3.26) A L)
where

z, 2. 2/4.
(3.27) h(ask) = —— [Bu?(z; k) + w?(t:R)]

29(z; k) Js, w(t; k)

(Note that h(z; k) is negative).

Proof. Using (3.14) and simple calculations,
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o W(wg(z; k), w(t; k
(3.28) Qg = ]—17_ ( i}z(t?k)( ) dt,

T

where W is the Wronskian and ay is the partial derivative of a with respect to k. Using

(3.16), expression (3.28) reduces to

a Tu [3w?(z; k) + w?(t; k)]

- dt.
2g9(z; k) Js, w(t; k)

(3.29) o =

Expression (3.26) follows. (]
Remark: For a = 0, we have ay = 0 from (3.29) which is also asserted in lemma 3.4.
Theorem 3.9 is the key to finding a suitable value of k so that (3.6) is satisfied. It
is clear that (3.6) can always be satisfied by choosing a large value of k. However, we
would like to find a value of k so that (3.6) is satisfied and the extreme values of k are
approximately equal to a and b, as the case may be.
If for an initial choice of k = ko, the relation (3.6) is not satisfied, then k¢ is updated
through the iteration

(330) ki'l'l = ki + (:Bl(ki))_l(ﬂ* - ﬂ(kl))’ 1= 07 1)2?

where we have defined

(3.31) B =In|al,
and,

" «_ Jlnlal; if a(k;) <a
(3.32) A= { Inb if a(ki) > b.

The relation (3.30) is obtained by retaining only first order terms in the Taylor series

expansion of B(k; + 1) about k; and setting B(k; + 1) to be equal to the appropriate
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maximum desired value as given by (3.32). In (3.30), 8’ denotes the partial derivative of
B with respect to k. In (3.30)-(3.32), the dependency of 8 on z is to be understood. The
kiy1 in (3.30) are to be evaluated for each z € X and the maximum of these updated

values of k is to be taken as the new updated value.

4. Numerical Algorithm: For given Q., N, r;, and r,, the appropriate value of k is
obtained by the method outlined at the end of the previous section. Then g(z,;k) and
the constant ¢ are obtained by using (3.10) and (3.13) respectively. Inverting g(z;) = ¢
gives z1. The grid spacing ratio is computed at i=1,2,...,N-2 by using either (2.9) or (2.12)
which is then used in (2.2) to generate the adaptive grids z;1; for i=1,2,...,N-2.

Its implementation and numerical results will be reported elsewhere.

This research in part has been supported by the NSF grant DMS-8803669 to Texas
A&M University.
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