First-Order Algorithms for Unconstrained/Constrained Dynamic
Games and Identification of Linear Dynamic Systems with
Multiplicative Noise

A THESIS
SUBMITTED TO THE FACULTY OF THE GRADUATE SCHOOL
OF THE UNIVERSITY OF MINNESOTA
BY

Bolei Di

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF
Doctor of Philosophy

Advisor, Andrew Lamperski

February, 2021



© Bolei Di 2021
ALL RIGHTS RESERVED



Acknowledgements

There are many people that have earned my gratitude for their contribution to my time in grad-
uate school. Thanks to Prof. Tryphon Georgiou, Murti Salapaka, Nicola Elia, Richard Linares,
Volkan Isler, and Mihailo Jovanovic. Your knowledge, insight, advice, and encouragement have
been the constant, reliable guidance for me along the road.

Last but not least, my sincerest thanks to my advisor, Prof. Andrew Lamperski. Thanks
for teaching me the highest academic and ethical standard, being the greatest role model of a

colleague, a friend, and a noble person. I will carry on these lessons for the rest of my life.



Dedication

I dedicate this dissertation to my dear wife, Kaka Siu, who has supported me and taken care
of our family over all the years of my Ph.D. study. Marrying you was the best decision I have
made in my life. Thanks to the warmest company provided by our furry family members, Keno,
Ripley, Willa, Kadelyn, and Dodo.

I also dedicate the dissertation to my parents, who have offered the most selfless support
throughout my life while I explore the world and search for my path. Words cannot express the

gratitude that I hold for being your son.

ii



Abstract

The thesis consists of two parts or works. The first part focuses on numerical methods
for computing the Nash equilibria of unconstrained and constrained dynamics games, and the
second one studies linear system identification with multiplicative noise. We approach both
topics from the angles of optimal control and optimization theory.

Dynamic games arise when multiple agents with differing objectives control a dynamic sys-
tem. They model a wide variety of applications in economics, defense, energy systems, etc.
However, compared to single-agent control problems, the computational methods for dynamic
games are relatively limited. We focus on the state space formulation of dynamic games. Ex-
tra constraints that limit the space of actions based on current state and other players’ actions at
each step, makes the distinction between our unconstrained and constrained dynamic games. As
in the single-agent case, only specific dynamic games can be solved exactly, so approximation
algorithms are required. We focus on iterative numerical methods for finding the Nash equi-
libria of constrained/unconstrained full-information non-zero-sum dynamic games. We make
clear distinction between open-loop Nash equilibrium (OLNE) and feedback Nash equilibrium
(FNE), which are very different in the structures. Therefore, we need different numerical meth-
ods.

In the unconstrained case, we show how the stagewise Newton method, the approximated
Bellman recursion (ABR) and the popular differential dynamic programming (DDP) originated
from single-agent optimization or optimal control, can be adapted to the multi-player dynamic
games. While the Newton step method works for OLNE, the other methods are related to FNE.
We show that the Newton’s step can be solved in a computationally efficient manner and inherits
its original quadratic convergence rate to open-loop Nash equilibria, and that the ABR and DDP
methods are very similar and can be used to find local feedback O(&?)-Nash equilibria.

For the constrained case, we show how to extend the projected gradient and Douglas-
Rachford (DR) splitting methods that originated from constrained optimization and variational
inequalities to solve the OLNEs. The resulting algorithms converge locally to open-loop Nash
equilibria (OLNE) at linear rates. Furthermore, we extend the approximated Bellman recursion
we proposed for unconstrained dynamic games method to find local FNE for constrained dy-

namic games. In the case of linear dynamics and polyhedral constraints, we show that this local
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feedback policy is a local approximated feedback Nash equilibrium (FNE). All of our meth-
ods exploit the temporal structure of a dynamic system and therefore has a linear complexity
with respect to the number of stages, which is a major improvement on the previously existing
methods.

Linear systems with multiplicative noise (LSMN) have been approached from robust con-
trol, filtering and optimal control, system identification, and reinforcement learning since LSMN’s
early emergence in the 1960s. We focus on the improvement of system identification methods
for LSMN by offering an algorithm based on least-squares estimation, which estimates both
the first and second moments of the system parameters, and offers a probability bound on the
estimates. Our proposed method can be applied to a more general problem formulation than the
existing ones. We further develop an online scheme for estimation and robust control scheme
based on the estimation and bound.

Overall, the thesis is focusing on proposing novel numerical algorithms for control/game
problems that have not been satisfyingly solved. The effectiveness of the proposed algorithms
in terms of their scope, convergence and complexity is analyzed. Inspirations of these new
numerical algorithms typically came from existing methods for optimization, optimal control
and variational inequality problems. For each topic we focus on, the problem formulation,

proposed algorithms and analysis of the algorithms are the three major components.
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Chapter 1

Introduction

1.1 Dynamic Games: Extension of Control Theory

We study the finite-horizon, constrained/unconstrained, discrete-time dynamic games with full
information, from the angle that they are extending optimal control to multiple agents aiming
at optimizing different objective functions. The dynamic system can be naturally discrete-time
or emerge from the discretization of a differential game [1} 2} 3} /4]. Dynamic games have many
applications including pursuit-evasion [J5]], active-defense [0, [7], economics [8]] and the smart
grid [9]. Despite a wide array of applications, the computational methods for dynamic games
are considerably less developed than the single-agent case of optimal control.

The most common solution concepts are open-loop Nash equilibria (OLNE) and feedback
Nash equilibria (FNE) [10, |1, [11]. The prior assumes no feedback structure, players pre-
determine their actions, while for the latter one, players can make their decisions based on
measurements of the states at each step. Even given the same basic problem, because of this
difference in the information structure, these different solutions can be very different, both con-
ceptually and numerically.

Early works on OLNEs gave conditions for the existence and uniqueness of OLNEs for
convex cost games [12]][13][14]]. Most pioneering works suggested directly using the gradient
descent method to solve for the equilibria. However, there are fewer results related to feedback
Nash equilibrium. Because of the constrained v.s. unconstrained structures of the problems, we

need different methods or adaptation of the same methods.



2
1.2 Background of Constrained / Unconstrained Dynamic Games

This section gives an overview of related numerical methods for dynamic games. We directly
generalize the Newton step and dynamic programming style algorithms such as differential
dynamic programming. Similar approaches to ours are very limited, the only one we are aware
of suffers from the curse of dimensionality w.r.t. the number of players [15)]. Therefore, we
focus on more broadly related methods and development in this section.

We will discuss methods for static games, including general Nash equilibrium problems
(GNEP) [16], Newton’s method [17], Nikaido-Isoda relaxation algorithms [18, (19} 20} 211 22],
and extremum seeking [23} 24} 25]]. We will also discuss methods for special dynamic games,
such as linear-quadratic games [26}, 27, 28], [29] 30, [31]], potential games [32, 33} 34} 35 36} 37],
and zero-sum games [38} 39]. We will also discuss general methods based on Pontryagin’s
Maximum Principle [11} [1} 13]. Specific to constrained dynamic games, we focus on gradient
descent method [40| 41),42 43| 144]] and Douglas-Rachford splitting method in the optimization
and variational inequality (VI) community. These existing methods for games suffer from dif-
ferent reasons when applied to nonlinear dynamic games or only handle special cases. For a
broad overview of recent developments, see [45].

General Nash equilibrium problems (GNEPs) are games with constraints that may be cou-
pled [16]. GNEPs are reformulated to a set of necessary conditions via KKT conditions, which
is in the form of variational inequalities (VI). These inequalities can be solved via generic VI
methods or classic feasibility problem methods, such as Newton’s method [[17] or others [46]. In
particular, Newton’s method converts the complementarity conditions to equality constraints via
complementarity functions. While these static methods for GNEPs can be applied to dynamic
games, each iteration will have a computational complexity of O(7?) where T is the number of
stages, because of the unexploited dynamic structure. Our proposed stagewise Newton’s method
for open-loop Nash equilibria is closely in-line with Newton’s method for quasi-variational in-
equalities [17] but more specialized and faster because it exploits the dynamic structure and
each step has a complexity of 7.

The Nikaido-Isoda relaxation algorithm (NIRA) is another method for solving GNEPs [[18|,
19,120} 21}, 22]]. The iteration of this method is based on weighted average of the current action
and the best response function, which returns the set of players’ actions that minimize each

of their cost unilaterally given the current actions. The method converts the relatively hard
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root-finding nature of solving for a NE to an optimization problem. However, the convergence
conditions are very restrictive.It also does not utilize the dynamic structure, therefore does not
scale well w.r.t. number of stages when applied to dynamic games.

Methods for finding Nash equilibria of static games via extremum seeking were presented
in [47, 23] 24, 25]]. In particular, the controllers drive the system to a Nash equilibrium. The
work expands from linear systems to general nonlinear systems. For these works, each agent
only requires measurements of its own cost. Our method requires each agent to have explicit
model information, but gives equilibria for finite-horizon dynamic games. This is particularly
important for games in which trajectories from initial to final states are desired.

As in optimal control, linear-quadratic (LQ) systems for games are well-understood com-
pared to general systems and serve as the backbone for many solution methods [26} 27, 28, 29,
30,[31]]. The existence of FNEs for linear-quadratic systems, and their analytic computation by
coupled Riccati equations, is well understood [[10} 48, [27]]. The solution has also been extended
to infinite horizon and distributed information cases [49, 50]. For a detailed description of the
method for solving linear-quadratic games see [31]]; for the complete set of sufficient conditions
for discrete-time linear-quadratic games see [10].

In a potential game, a single potential function can be used to describe the marginal costs
for each player [52, 132} 133} 34} [35] 136} 37]. Based on this property, potential games can often
be solved using methods of single-agent optimization or optimal control. This line of work has
been extended to constrained stochastic dynamic potential games [53|]. However, the prerequi-
site that the game problem has a potential function is very restrictive.

Zero-sum games are another class of well-studied problems. Two player zero-sum differen-
tial games date back to the work of Issacs [54]. Extensions such as stochastic zero-sum dynamic
games also exist [55,156]. This stream of work is very closely related to robust control, in which
a controller aims to perform well in the worst-case [57]. Work closely related to this paper is
[38,139]], which applies DDP to zero-sum games. Our paper can be seen as a generalization of
[39] to multi-player nonzero-sum games with theoretical justification.

The standard solution method for OLNEs of nonlinear dynamic games is via Pontryagin’s
Minimum Principle (PMP) for either continuous or discrete-time problems, as recognized by
the community [3} [1} [11} [2, |4} |58]. Although the PMP allows us to analyze the existence of
solutions and solve for analytical solutions for a few simple games, the resulting boundary

value problem (BVP) with optimization is, in general, hard to solve [[11]. A more approachable
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reformulation of the necessary conditions is concatenating the KKT conditions of each player
[L6} [11]], in which case, we arrive at a structured nonlinear programming (NLP), or feasibility
problem. Though it has been known for years that such necessary conditions exist for games,
we have not found works on developing specialized algorithms for solving these conditions,
and generic solvers suffer from high complexity since they do not utilize the dynamic structure.
Unlike its counterpart in optimal control, the KKT conditions for games require users to solve a
root-finding problem, for which the conditions for the existence of solution and conditions for
convergence of algorithm have not been developed.

Projected gradient algorithms alternate between taking the gradient descent steps and pro-
jecting onto constraints. They have been well studied for optimization [40] and variational in-
equality (VI) problems [41], and proven to converge linearly in both cases. This paper describes
how the projected gradient method can be applied to constrained dynamic games, including
convergence conditions and convergence rate of the algorithm.

Douglas-Rachford (DR) splitting methods alternate between solving two VI problems when
applied to constrained game problems. Typically one problem corresponds to an unconstrained
optimization or game problem, while the other corresponds to projection onto constraints [41]].
As with the projected gradient method, the DR method converges linearly [59]]. In optimization,
the DR method is closely related to the alternating direction method of multipliers (ADMM)
[42] and has been extended to (single-agent) optimal control problems [43] |44].

1.3 Identification of Linear Systems with Multiplicative Noise

Linear systems with multiplicative noise (LSMN) are more general than linear systems with
additive noise. Compared to the later, LSMN covers more dynamic systems, specifically when
noise is coupled with system state, or when the system parameters are naturally uncertain or
vary in a range.

For systems with multiplicative noise, robust and optimal control require more knowledge
than the mean of the noise, typically the covariance or second moments. We approach LSMN
from the system identification perspective, which aims to estimate the first and second mo-
ments of system parameters and provide a bound on the estimation. We first develop the self-
normalizing and Euclidean bound for the least-squares estimation of a simple linear equation

estimation problem with multiplicative noise, extending the confidence bounds result for the
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additive noise case [60]. Then we developed a scheme for estimating and bounding the param-
eters of a linear dynamic problem based on the Euclidean norm bound. The obtained bound can
be then applied to robust/optimal control. We show how it can be applied to robust control in
particular.

The study of linear systems with multiplicative noise (LSMN) dates back to the 1960s [61]].
It has been studied from the perspectives of robust control [62], filtering and control [63]], and
reinforcement learning [64]. Compared to additive noise, LSMN is a more powerful model that
can capture state and input dependent noise, a situation that occurs in a wide range of modern
applications of the system theory, including robotics [65)], networked communication systems
[66] 67 and power networks [68]].

Some general nonlinear system identification methods that are based on maximum likeli-
hood, expectation-maximization (EM) algorithms, and the Bayesian inference, can be special-
ized to LSMN [69, 70, [71]. However, the methods are computationally more expensive, require
a priori assumptions of the distribution of the uncertainties which might worsen the control
performance, and do not offer a bound of the estimation.

Most recently, [[72] studied identification of linear system with multiplicative noise, which
shares the same background and is the most relevant to our work. The work suggested a
multiple-trajectory averaging least-squares (MALS) method. It developed the complete dy-
namics for the second moments of the system matrices, collects data with a special multiple-
trajectory scheme, runs least-squares on the entire dynamics and obtains an estimate of the
mean and covariance of the system parameters. MALS suffers from a few restrictions, such
as assuming independent system matrices A and B, assuming controllability of the dynamics
of the second moments, and requiring multiple trajectories with the same initial state running
open-loop policy. Our proposed method gets rid of the aforementioned restrictions and also

gives a probability bound on the estimations.

1.4 Thesis Outline

* Chapter 1 gives a brief overview of our problems, our methods for tackling them, and

related background in the literature.

* Chapter 2] contains our work on the unconstrained dynamic games. Including problem

formulation, algorithms development and analysis.
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Chapter |3| focuses on constrained dynamic games, which is an extension of Chapter
The problems are formulated similarly, and corresponding algorithms are proposed and

analyzed.

Chapter [] switches gear to linear systems with multiplicative noise, where we start with
studying a static vector-scalar least-squares estimator and then apply it to linear dynamic

systems.
Chapter [5| concludes the thesis.

Appendix [A] B|and[C|contain the technical proofs.



Chapter 2

Newton’s Method, Approximated
Bellman Recursion and Differential
Dynamic Programming for

Unconstrained Dynamic Games

Our numerical methods for unconstrained games are along the approach of dynamic program-
ming, Bellman recursion, and quadratic approximation. In particular, we extend the classic
Newton method, Bellman recursion, and the differential dynamic programming (DDP) method.

We tackle the open-loop Nash equilibria (OLNE) by computing the Newton step to solving
the necessary condition of an OLNE. Based on the temporal structure, we develop a stagewise
recursion for solving the Newton step, therefore we refer to our method as stagewise Newton
method, which inherits the convergence analysis of Newton step for solving nonlinear equa-
tions.

For the study of feedback Nash equilibria, we extend both the classic Bellman recursion
method and DDP to dynamic problems, which are of great theoretical and practical interest.
The proposed approximated Bellman recursion method first approximates the original problem
with a local quadratic dynamic game, then performs a Bellman recursion of the approximated
game, while the DDP method solves the quadratically approximated Bellman recursion for the

original game. Both methods find approximated local FNE [51) [11]]. Other than deriving their



basic algorithmic forms, we prove that they both generate local FNE.

This chapter is organized as following. Section [2.1| starts with defining our problems
and solution concepts, specifically, the deterministic, non-zero-sum, unconstrained dynamic
games and its typical solutions, open-loop Nash equilibria (OLNE) and feedback Nash equi-
libria (FNE). Section [2.2] proposes the stagewise Newton method for solving the OLNEs. Sec-
tion and [2.5] proceed to propose the approximated Bellman recursion (ABR) and differ-
ential dynamic programming (DDP) methods for solving local feedback Nash equilibria. Even-
tually, Section[2.6]and [2.7]discuss the implementation details of the algorithms and demonstrate

them with numerical examples.

2.1 Deterministic Nonlinear Dynamic Game Problem Formulation

In this section, we introduce deterministic finite-horizon nonlinear game problems, the notation

for dynamic games, solution concepts and the existence condition of local OLNEs.

2.1.1 Problem Formulation

Problem 1. Nonlinear dynamic game

Each player tries to minimize their own cost

T
s (x,u) = ch,k(xk,u;7k), n=12..N 2.1
k=t
Subject to dynamic constraints

ka:fk(xk,u;’k), k=tt+1,---,T—1 (2.2a)
Xo 18 fixed. (2.2b)

Here, 0 <t < T is the starting point for a game. When ¢t = 0, we call it the full game,
and ¢t > 0, a subgame t. As indicated by the notation, we consider a full game of 7 + 1 steps
played by N players. The state of the system at time k is denoted by x; € R™. Player n’s
input at time k is given by u,; € R"=. The vector of all players’ actions at time k is denoted
by w. g = [u] 4ty -ty ] € R™. The cost for player n at time k is ¢, x(xx,u.4). In later
analysis, some other notation will be helpful. The vector player n’s actions over all time is

denoted by u,. = [u,) 5, u, 1,...,uIT]T. The vector of all actions other than those of player n
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is denoted by u_,. = [ui:,...,uLl’:,uLl’:,...,u;,’:]T. The vector of all states is denoted by
x=[xJ,x],...,x;] " while the vector of all inputs is given by u = [uI:,uZ:, . .,u;ﬁ]T.

Note that since the dynamics are deterministic, the cost for each player can be expressed as
a function of all actions and the initial state, i.e. J,;(x;,u..). Note that the dynamics are implic-
itly substituted to eliminate the dependency on x when we use J,,;(x;,u..) and the subscript ¢
is omitted when we refer to the values of the full game. We assume J,; (x;, u. ;. ) is twice differ-
entiable. One set of sufficient conditions for the differentiability of J, ;(x;,u.,.) is that both the
cost ¢, k (X, u. x) and the dynamics fi(x,u. ;) share at least the same differentiability, which is

not very restrictive since most physical systems are governed by ordinary differential equations.

2.1.2 Open-loop Nash Equilibrium (OLNE)

When we discuss open-loop equilibria in the thesis, we will fix the initial condition xg, the initial

time r = 0 and consider the full game. For notational simplicity, we drop the 7 in J,, ;(x, u).

Definition 1. (Local) open-loop Nash equilibrium
An open-loop Nash equilibrium (OLNE) for the full game problem|l|is a set of inputs u* such
that

It " ) > Ty (), n=1,2,...,N (2.3)

for all u, .. Furthermore, if (2.3) only holds for u, . in a neighborhood of uy, ., it is called a local
open-loop Nash equilibrium (local-OLNE).

The equilibrium is called a strict local Nash equilibrium if the inequality in (2.3) is strict
for all u, : # u;, . in a neighborhood of u}, .. For unconstrained games, the following condition is

necessary for a local Nash equilibrium.

Problem 2. Necessary conditions. Find u* such that

=0 2.4)

T
*\ — 3]1 3]2 . aJN

J(M )_ [aul‘,; duy . auN,;:|

u*

A trajectory of actions u satisfying (2.4) is referred to as a stationary trajectory of the open-
loop dynamic game. Solving such necessary conditions is standard which also arises in other
works [[73, (74} {11} 145]].
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2.1.3 Feedback Nash Equilibrium (FNE)

In the case when state feedback information is available and each player acts according to a
feedback strategy u, x = ¢, «(xx), feedback Nash equilibrium (FNE) can be defined. We con-
sider only the case when players have a single step state feedback based on the state, do not
have memory, or implement any inference of other players.

The collection of all players’ strategy at step k is denoted as ¢. (). All players’ strategies
except for player 7 is denoted @_,, x(-).

Definition 2. (Local) feedback Nash equilibrium (FNE)
A collection of feedback policies u, ; = ¢;k(xk) is said to be a feedback Nash equilibrium (FNE)
to the full game if no player can benefit from changing their policy unilaterally for any subgame,

ie.,

Jn,l(-xlaq):ft:) S Jn,l‘(-xla [¢n,li7¢jn’t;])7 VI S {07 177T} (25)

where J, ;(x;,9.;.) indicates the total cost of player n when all players follow policy ¢.,. for
subgame t.
Furthermore, the FNE is local around ity = @,, (%) Vn € {1,2,..,N},Vke{0,1,...,T —

1}, if @2.5) holds only locally and the resulting trajectories remain in a neighborhood of X, .

Ideally, feedback Nash equilibrium can be solved via Bellman recursion, which originated
from optimal control and was extended to dynamic games [51, [11]]. Instead of solving for the

minimizing action at each stage, equilibria of stage-wise games are computed via the following

recursion.
Vi (xr1) =0 (2.6a)
O i (s 1 1) = € e (s 1 i) 4 Vi ey (fie o, w: 1)) (2.6b)
Vi) = TIE O i (e 1) (2.6¢)
k=01,...T (2.6d)

Here V5 (x¢) and Qy, ; (xk, u. x) are referred to as equilibrium value functions for player n at time
step k. In particular, if a solution to the Bellman recursion is found, the corresponding optimal
strategy for player n at time kK would be the u,, x which minimizes Q5 , (x, u. x). Note that

defines a static game with respect to the u.; variable at step k, which we call the stagewise
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game at k. A well known verification theorem states that a feedback policy u. x = ¢ (xx), k=
0,1,...,T solving the sequence of static games defined by (2.6¢), is a subgame perfect FNE
for the dynamic game [11, 51]. For general dynamic games, the Bellman equations are not
tractable. Note that the game ends at k = 7', and setting Vn*j +1(xr41) = 0 is only for ease of
describing the Bellman recursion.

Suppose following the FNE ¢fk (xx) generates a trajectory of X*,i*, a necessary condition
for the FNE can be directly derived from (2.6c), which is

9
Aty i

)

Qz,k ('f7<(7 ﬁ*,k) - 07 Vl’l, k (27)

If condition (2.7)) were not true, then player n at time k can reduce their cost by adding a constant

term to their strategy ¢, (x¢), contradicting it being an FNE.

2.1.4 Existence of Solutions and Convergence Conditions

To guarantee the existence of local OLNEs and our stagewise Newton method’s convergence to
them, we assume that 7 (u) satisfies the smoothness and non-degeneracy conditions required
by Newton’s method locally [40]]. Since Newton’s method is widely applied to optimization

problems, which is similar to our assumption, so our assumptions are fairly general.
Assumption 1 (Smoothness). The vector-valued function, J (u), is differentiable with locally
Lipschitz derivatives.

Assumption 2 (Non-degeneracy). The Jacobian a‘g(u”*) is invertible.

A sufficient condition for the smoothness assumptions is that the functions f; and ¢, are
twice continuously differentiable with Lipschitz second derivatives. For either of our methods,
we will solve a sequence of stagewise quadratic games. As we will see, a sufficient condition

for invertibility of a%(u“*) is the unique solvability of the stagewise games near the equilibrium.

The non-degeneracy and smoothness conditions guarantee that Newton’s method converges
locally to a stationary trajectory satisfying (2.4). The following assumption guarantees that this

stationary trajectory is a strict local Nash equilibrium.

2 *
Assumption 3. Each player’s Hessian, J g’;‘g(? ) , is locally positive definite, i.e. each player’s

cost J,(u) is strictly convex w.r.t. their actions uy,..
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This assumption is a natural specialization of the definition of Nash equilibrium when the
cost functions are second-order differentiable. For an OLNE to exist for such problems, this

assumption is natural and necessary.

2.1.5 Notation of Derivatives

We define the following shorthand notation for first and second order derivatives of both the
dynamics and cost functions for given trajectory X, i, which are used in the OLNE recursion
and both ABR method and DDP method for FNE. The derivatives show up because we are

using quadratic approximations around trajectories.

0 fi (xx, u. 0 fr (xx, u.
A= Sie(oxr,u. g) B, = Sie(xe,u. k) (2.80)
oxy % ou. %,
*f *f;
[ axz 8xk8uzvk
G = 32;15 92l , I=1,2,.. 0, (2.8b)
du. ; Ixy du?, X0
- T -
5xk G}( 5xk
5”;71(_ 5u:7k
Ry (8, Su. i) = : (2.8¢)
T
5xk an 5xk
[Sua] S
8c,,vk acn_k
2Cn7k &xk [7‘14:‘,(
acn‘k T azcn.k azcn,k
Mmk = dxy ax]% ox;du. (28d)
8cnva 1926,,* Bzc,,,k
a”:‘k a"4:Jcaxk 8143,{ i

11 1 1
Mn,k Mn,);c Mnbltc
_ 1
= | My My Mo
My My My
2.2 Stagewise Newton Method for Local Open-loop Nash Equilib-
rium

In this section, we propose the stagewise Newton method that solves the (local) open-loop

Nash equilibrium. Section [2.2.1] gives the locally quadratically approximated dynamic game
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(LQADG), which is of crucial importance for solving both OLNE and FNE in later sections.
Section and section solve the OLNE of the LQADG, which is a linear algebraic
process. While section [2.2.2] reformulates the LQADG to a simpler form, section [2.2.3] solves
its OLNE in a recursive stagewise form. In the end, Section[2.2.4{summarizes the solved OLNE
in an algorithm. In our algorithm, the OLNE to LQADG that is solved in a recursive, stage-
wise manner, is exactly a Newton step of solving the necessary condition of the original game,

therefore the name stagewise Newton method.

2.2.1 Newton Step and Locally Quadratically Approximated Dynamic Game

With a given trajectory i, the Newton step for solving the necessary condition (2.4) is given by:

9.7 (ir)
Ju

We implement the Newton step as our open-loop Nash equilibrium update step. This rule

leads to a quadratic convergence to a root of (2.4) when a‘gl(l”) is locally Lipschitz and invertible

5 = —TF (a). 2.9)

[40]. The next two lemmas give game-theoretic interpretations of the Newton step.
Lemma 1. If Assumptions hold, then solving [2.9) is equivalent to solving the quadratic
game defined by:

: _, 9Jn(i) 9%, (i)
1(‘31}!1111 Jo () + 3 ou-+t = 5 52 ou (2.10)

Proof. Under the strict local equilibrium assumptions, (2.10) has a unique solution which is

found by differentiating with respect to Su,, . and setting the result to 0. Stacking these equations
leads precisely to (2.9). O

Throughout the discussion of OLNE, we will assume that Assumptions [[{3|hold. The next
lemma shows that (2.10) can be expressed as a quadratic dynamic game, which is our locally
quadratically approximated dynamic game (LQADG) to our original game Problem [I] around

X,i. It is proven in Appendix

Lemma 2. The quadratic game defined in (2.10)) is equivalent to the dynamic game defined by:

.
r 1

min §.,(8x, Su) = Z5cnk (82, ) = Z Sxi | Mux | 8xp | +M3Ax% | (2.11a)

Un,: )

= 6uz7k 6uz7k
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subject to
Oxp=0 (2.11b)
Axp=0 (2.11¢)
OxXp1 = AOxy + Brou. i (2.11d)
Axyy1 = ApAxy + Ri(8xk, Out. ) (2.11e)
k=0,1,...,T (2.11H

where Ay, Bx, My i, Ri(0xk,0u. ) are defined in Section which are constants for given

trajectory X,u. The states of the dynamic game are given by dx; and Axy as

I xk
Ax _ZZSM’Qu iou. jlx,

i=0j=0

5u;,i (2.12a)

Bu =12, (2.12b)

This local quadratic approximation to our original problem is key in our work. Computing
its open-loop Nash equilibrium and feedback Nash equilibrium result in update rules for our
stagewise Newton’s method for local OLNE and approximated Bellman recursion for FNE,

respectively.

2.2.2 Reformulation of the Locally Approximated Game

To solve the OLNE of game (2.11)), we need to reformulate it to an equivalent but simpler form.
We start with eliminating Ax; in (2.1, rewriting the related cost 3 ¥'7_ M,ifchxk in terms of dx;
and Oug. We introduce time-series matrices Q,, x and D, ; that are computed with end condition

Q,7+1=0,and fork=T,T —1,...,0, follow the backward recursion for every player.

Qe =M%+ Qs 1Ak (2.13a)
nx
Dyg =Y Q) 4G € Rt (2.13b)
=1
N 0 o0
Mn,k = Mn,k + (2.13¢)
Dn,k

where the zeros in has the shape such that the dimension matches M, . Given M, 4, the
problem (2.11)) is equivalent to the following (2.14)). The proof is provided in Appendix
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-
- I 1 A 1
min Y 8¢,k (8xi, 6u.p) ==Y | x| Muk | S (2.14a)
Sty k=0 2 k=0
6”:,k (SM:_’]c
subject to
Oxp=0 (2.14b)
5xk+1 =A;6x; + Bkﬁu:k (2.14¢)
k=0,1,...,T (2.14d)

We further simplify (2.14)) by merging the constant 1 to the state x, so the problem becomes

-
L 1 8% ~ | 6%
min Y 8J,(8%,8u) = S, (886,8itp) = = Y | 6| Mup| T (2.152)
Un;: k=0 2k:o 5uz,k 5”:,k
subject to
1
0% = [ ] (2.15b)
0
5£k+1 :Ak&?k +I§k5u;7k (2.15¢)
k=0,1,...,T (2.15d)
where
1 N 10 N 0
0%y = A= B= (2.15e)
5xk 0 A B

(2.15) is a linear quadratic game that is equivalent to (2.11)), and whose OLNE can be solved
analytically. For notational purpose, the blocks related to x in Mmk contains the blocks in M, i
related to constants.

. Ml M 0 0 .
jjj‘k:[ ok ';f] +[ ] W = [y m|+ o o (2.16)
Mn,k Mn,k 0 Dl)fl,k
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2.2.3 Solution to the Reformulated Game

Deriving the gradient of the open-loop game and solve the OLNE of (2.15) is a lengthy algebraic
process. The details are in Appendix [A.3] We simply state the results here. The playerwise

gradient is

| N850+ M S M 830 + MLy Suc |
98J,(8%0, 8u) _pT MY 6% + M 6u. N My 8% + My Su: 2170
(95un,: " )
M Sxr+ M Sur | | M Sy + M Su. 7 |
T 9 ~ n
—F N+ M (2.17b)
where
[0 0 0]
Bn,O 0 0 0
418, gn,l 0 0
F, = N oA A A . (2.18a)
A2A1B, ArB, 1 B> 0 0
07 ABy T JAB, -+ AriBur—2 Bur—1 0]
1 = M"k‘ Myp - Mﬁf}{”} My = [M,ffk”' M Mj;;;j’N} (2.18b)

We further set the gradient to zero and solve the equation in a backward, stagewise form. We
solved the OLNE of the last steps M:*,T—Z:T’ found a pattern and proved with induction that the
pattern applies to all the rest of the steps. The final recursion is summarized in Section [2.2.4
Because the resulting update step is exactly the same as a Newton step for solving (2.4) and is

computed in a stagewise form, we name it stagewise Newton’s method.

2.2.4 Stagewise Newton Method for Open-loop Nash Equilibrium

We layout the stagewise Newton method for computing the OLNE in this section. The recursion

can be summarized with the end condition S, 7,1 = 0 of a time-series of matrices S, x, and
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perform a backward recursion for k =7,7 — 1, ...,0.

r AT & A AT & A AT & N T
B Sik+1Bix By StiriBox o By Sik+1Ba
AT & R AT & R s N
BB By Soir1Bix By pSopt1Box o By Sokv1Byi
Sk+1 = . ' . . (2193)
AT oa N . N AT & R
| By SN k+1Brx By Sng+1Bok -+ By SN 1By |
r AT A ~ T
By (St kr14k
Bl .S A
A 2,k92,k+14k
St = , (2.19b)
g .
| By SN k+14k |
—_ — 71 - -
U UL U U TULTUN U1 X
Mt My M My
M”z”l Muzuz . M”ZMN Muzx
’ &6BB 2.k 2.k 2.k ABA 2.k
Kk: — Sk+l+ Sk+l+ . (2190)
STUNUL SrUN U STUNUN SrUNX
_MN,k MN,k o MN,k i _MN,k_
Sk =My + MK+ Ay Spt (Ae + BiKy,) (2.19d)

After the backward pass, a forward pass k = 0,1,...,7 — 1 should be performed to obtain the

open-loop Nash equilibrium actions.

Suly = K5, (2.20a)
8%s1 = ArS%y +Brdul, (2.20b)

We summarize the overall algorithm.
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Algorithm 1 Stagewise Newton’s method for OLNE of nonlinear dynamic games

For a dynamic game of Problem generate an initial trajectory x°, i°, seti =0
loop
Compute and simplify the LQADG
Compute the derivatives Ag, By, Gf{,ank following
Compute M, A, B following (Z.13) and formulate the simplified problem (2.15])
Backward Pass
Compute .SA‘n,k, K;. by performing the backward pass 2.19)
Forward Pass
Generate the Newton step du* with the policy defined by K} by performing the forward
pass (2.20)
Update the trajectory i't! = i + Su*
Seti=i+1
Check convergence
end loop
it is the OLNE of the original game Problem T]

2.2.5 Uniqueness and Convergence of Stagewise Newton’s Method

Since our stagewise Newton’s method is the exact Newton step for solving the necessary con-
dition, only in a computationally cheaper manner, it is clear that they should share the same

quadratic convergence.

Theorem 1. Uniqueness and existence of local open-loop Nash Equilibrium.
If Assumptions [I} B hold locally in a region of u, (2.9) has a local unique solution u* within the

region. Starting from a nearby trajectory i, Algorithm|l|converges to u* quadratically.

Proof. Assumptions [I} [3] guarantee that the Newton step (2.9) converges quadratically to a
unique solution locally, and since Algorithm |I| computes the exact Newton step, it inherits

Newton step’s property. O

Note that OLNESs are not subgame perfect. Despite this weakness, OLNEs are still valuable
in cases where no feedback information is available, a model predictive control (MPC) style

strategy is applied or simply the system is sufficiently deterministic.
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2.3 Approximated Bellman Recursion (ABR) Method for FNE

This section describes the approximated Bellman recursion method for solving the local feed-
back Nash equilibrium of dynamic games Problem[I] Section [2.3.T] gives a high-level descrip-
tion of the algorithms, while Section describes the explicit matrix calculations.

2.3.1 Algorithm Overview

Both the approximated Bellman and DDP methods work iteratively starting with a nominal
trajectory ii. With each iteration, the trajectory is updated and becoming closer and closer to a
stationary trajectory of each method, around which a local FNE can be found. For problems with
multiple stationary trajectories, the choice of initial i determines which one is finally converged
to. Both algorithms offer an affine feedback policy solution for each of the iteration to update the
trajectory. The affine feedback policies are generated differently for the two methods. The final
feedback policies around the stationary trajectory are local feedback Nash equilibria, which we
will discuss in detail in Section

Because of their similarity, the procedures can be organized in one pseudo code as in Algo-
rithm 2] An initial trajectory of x should be found by running the system with actions i, which

are needed to compute derivatives in (2.8).
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Algorithm 2 ABR and DDP methods for Nonlinear Dynamic Games
Generate an initial trajectory X, it

loop
Backward Pass:
if ABR method then
Compute the derivatives Ag, By, Gf{,Mmk following (2.8))
Form the approximated dynamic game
Compute K and s; from (2.23).
end if
if DDP then
Form the differential dynamic programming around &, iz (2.30))
Compute K} and §; from (2.31).
end if
Forward Pass:
Generate a new trajectory using the affine policy defined by Kj, s; or K, §i
Check convergence
end loop
Obtaining stationary trajectory u*, x* and feedback policy K}, § or K, st, which form the
local FNE

Recall the local quadratic approximation defined in Lemma[2] Section[2.2]

-
1 & :
min= Y | | Sx | Max | Sxi | + M)A (2.21a)
Un,: 2k:0 '
ou. ou.
subject to
Sxp=0 (2.21b)
Axo =0 (2.21¢)
Oxp i1 :Ak5xk+Bk5u;7k (2.21d)
Axyy1 = ApAx + Ri(8xz, Su. ) (2.21e)

k=0,1,....,T .21
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where Ay, By, My, i, Ri(Oxk,0u. ;) are defined in Section [2.1.5) which are constants for given
trajectory ii.

Note that the states of the dynamic game are given by dx; and Ax; as

k
Z Z ou,, ’8u iou. j

i=0j=0

5u:7,~ (2.22a)

5u =12, (2.22b)

It turns out that the Bellman equations (2.6) associated with problem (2.21)) can be solved
analytically and the resulting value functions have quadratic forms. The next lemma describes

the explicit solution to (2.21)) based on Bellman equation (2.6). It is proved in Appendix [A.4]

Lemma 3. The equilibrium value functions for the dynamic game defined by [2.21)) are denoted
as V¥ (-) and Q% (-,-), which can be expressed as

.
. 1{[1
Ve (6, Axy) = 5 Snk + Q kAxy (2.23a)
’ 2\ [ 8x; Xk
T
1 1
AQ 1
O i (81, Ay, Su ) = 5| | x| Dok | S | +Qusdue (2.23b)
ou. x ou. i

B .9

where the matrices Sy i, Unk, and Q, ;. can be computed in a backward pass. Note that we
use the superscript “ to indicate the nominal trajectory that we are approximating the original
problem around. Detailed descriptions are given by [2.23) in Section[2.3.2)]

The local game defined by is now a quadratic game in the du.y variables, whose
feedback Nash equilibrium is

U. =1+ KiOx; + s¢. (2.24)
We define a stationary trajectory of the ABR method as X, i1 such that, the resulting policy
(2.24) has zero constant terms s = 0, Vk.
2.3.2 Details of Approximated Bellman Recursion

The following lemma explains how to compute S, x and I';, ., which is the major computational

cost for our method. The procedure is a backward recursion of T steps in time consists of
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mostly matrix multiplications, additions and one matrix inversion. See Section and

for detailed analysis.

Lemma 4. The matrices Sy, Iy x, and Q,  in (2.23) are computed recursively by S, 7.1 =0,

-Q-n,T+1 = 0, and
Qe = M, + Qs 1Ax

Ty
_ 1 1
Dn.,k - Z Qn,k+1 Gk
=1

1—‘n,k = Mn,k
11 1x 1x
n,k+ nk+1 nk+
S k1 Sukr14k Ser1Bk
T oxl T Qux X T qux U
1A Suir Ak Snx1 Ak D Ay Sy 1B+ Dy
T Qxl T Qxx ux T Qxx uu
B, Sy ki1 BiSpii1Ac+ D By Sy 1B+ Dy
11 1x luy luy luy T
1—‘n,k Fn,k 1—‘n,k l—‘n,k Fn,k
w1 WX Ui Uy Uy
1—‘n,k 1—‘n,k Ffl,k FZ,k n.k
Lo Tod T L Lo
= ui 1 Uy X uéul Uy u/g un
1—‘n,k 1—‘n,k 1—‘n,k 1—‘n,k Fn.,k
un 1 UNX UNUL UN U UNUN
_Fn,k Fnk n.k 1—‘n,k 1—‘n,k .
] g Uy Uiy |
Uik Uik By SRR T
U Uy Uy wuy UpUN
F FZk . FZk FZk I_12k
k= =
unu UNU] uyiy UNUN
_rNk ] _FNk 1—‘Nk 1—‘Nk |
x| 1]
1—‘lk 1—‘lk
Uz x Uy 1
Flk FZk
Po=1 7|, Hy=
UNX uy 1
_FNk ] _FNk _

si=—F '"H, Ki=-F 'R
10

Lo [0 1
sk Kk

IOSkT

0 I K/

nk =

(2.25a)

(2.25b)

(2.25¢)

(2.25d)

(2.25¢e)

(2.25%)

(2.25g)

(2.25h)
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fork=T,T—1,...,0.

Proof. By construction we must have S, 711 = 0. Plugging (2.11d) and 2.1T¢)) into (2.234)
gives the backward iteration of (2.25a)(2.25b)(2.25¢). Since u.y =it g + Su. ; and i. ; is con-
stant, the static game defined in (2.23b)) can be solved in the du. variables. Differentiating

(2.23Db) by Ou, k., collecting the derivatives for all players and setting them to zero leads to the

necessary condition for an equilibrium:

stu:,k + P.bx;+H,=0. (2.26)

Thus, the matrices for the equilibrium strategy are given in (2.25g). Plugging (2.25g) into
(2.23b)) leads to (2.25h)). O

2.3.3 Comparing ABR and stagewise Newton

The form of the backward recursions of the stagewise Newton (2.19) and ABR (2.25) are sim-
ilar. In particular, the last step when step k = T, they are the same. For the stagewise Newton
for OLNE, §T+1 = O,Mnj = M, r, therefore

o i i U Sl Uy AU X
Kir My My M’y M’y
% Srlo U] iUy S UN U2 X
Ao Kyr " M2,T Mz,T Mz,T Mz,T o
T = K70XT = T=— T )
ou.r = Kré% ox ] ] ; U 0% (2.27a)
% STUNU| STUNUD TUNUN TUNX
Kn,r MN,T MN,T MN,T MN,T
_ -1 - _
uyuy uyu ujuy upl Urx
Ml,T MI,T Ml,T Ml,T MI,T
Ul 151053 upuN uy 1 U X
M7 My7* - M)y M3 My 1
= _ (2.27b)
5)67"
UNU] UNUD UNUN uy1 UNX
_MN,T MN,T MN,T i _Ml,T Ml,T_
_ o -1 _ - _ -
upug upuy ULuUN urx upl
Ml,T MI,T Ml,T M1,T MI,T
UrU| U Uy UpUN Uy X uy 1
Mz,T Mz,T Mz,T M1,T M1,T
== oxr+ | (2.27¢)
UNU] Unuy UNUN UNX uy 1
_MN,T MN,T MN7T ] _MI,T_ _MI,T ]

which is exactly the same gain and constant term compared to (2.25g) when k = T. The dif-
ference between stagewise Newton for OLNE and ABR is that, the former updates the actions

directly and the latter computes a feedback policy and updates the nominal trajectory.
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2.4 DDP Method for Dynamic Games

This section describes the differential dynamic programming algorithm for solving the local
FNE of dynamic games of the form in Problem[I] Subsection[2.4.T|gives a high-level description
of the algorithms, while Subsection describe the explicit matrix calculations.

24.1 Algorithm Overview

The idea of the differentiable dynamic programming (DDP) is to maintain quadratic approxi-
mations of V>, and Q; , around a trajectory i denoted by \7,;7 . and QZ 1> Tespectively.
We need some notation for our approximations. For a scalar-valued function, A(z), we

denote the quadratic approximation near Z by:

1117 [one 227011
quad(h(z))zzl ] AT s [ ] (2.28a)
2o |27 2| s
0z=z—12Z. (2.28b)

If 7 : R" — R™ we form the quadratic approximation by stacking all of the quadratic approxi-

mations of the entries:

quad(h(z)): = [quad(h(2))z, ..., quad(hn(z))z] " (2.29)

Let x; and i. ; be a trajectory of states and actions satisfying the dynamic equations from
[@2) and z; = [x; ,u!,]". The differential dynamic programming around this trajectory is given

by:

Vi1 (xr41) =0 (2.30a)
O i (zi) = quad(cng(ze) + Vi1 (fi(zi))z, (2.30b)
Viik () = min O (v, ). (2.30¢)

The quadratic approximation is possible because fi(zx) and ¢, x(zx) are twice differentiable.

Similar to approximated Bellman recursion method and Lemma 3]in Section [2.3.1] the form of
solution to (2.30c) is

u. j = it  + Ky 85 + 5. (2.31)
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In the notation defined above, we have that 8x; = x; — X;. See Lemma 5| for details and

proof. We define a stationary trajectory of the DDP method as X,i such that, the resulting
policy (2.37)) has zero constant terms §; = 0, Vk.

2.4.2 Details of DDP method

Using the notation from (2.8), (2.28), (2.29) and z, the second-order approximations of the

dynamics and cost are given by:

quad(fi(zk))z, = fi(Zk) + AkSxx + BrSu. x + R (8z) (2.32a)
11" 1
quad(c, i (zk))z, = M, i . (2.32b)
SZk SZk

By construction Vnﬁk (xx) and QZ (X, u. ) are quadratic, so there must be matrices 5,,7/( and

I',,  such that

- T
Z?,k(xk):% Si,j Sk [ 51,1 (2.33a)
- T
| |
Qru;k(xk)”:,k):% Sxi | Tug | 8x |- (2.33b)
_6u;7k ou. i

The following lemma answers the question of how to compute S’mk and I nk- The computa-
tion is very similar to that of Lemma]in Section[2.3.2] See Section [2.6|for detailed analysis on

the numerical computation aspects.

Lemma 5. The matrices in (2.33)) are defined recursively by S, r+1 = 0 and:

~ LI !
Dui =Y 8%:1Gi (2.34a)
=
1:‘n,k = Mn7k
Srll,lkﬂ SrlszHAk S}lfk-‘rlBk
A ACST At Dy ACS Bt Dy (2.34b)

T Qxl T Qxx Fyux T Qxx Fyuu
Bk Sn,k+1 Bk Sn,k+1Ak +Dn,k Bk Sn,k+1Bk +Dn,k
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11 T lx =l ) =luy
1—‘n.,k l—‘n,k 1—‘n,k 1—‘n,k o l—‘n,k
fﬁlk fﬁxk f‘fzukl f?i”z? o f‘zuliv
= 1 BULX T U U U U UN
o Fn,k Fn,k Fn,k l—‘n,k e Fn,k (2 340)
- f~u21 1=~u2x fuzu 1 fuzuz . 1=~u2uN .
nk nk nk nk nk
suyl  Tunx Tounup TuUNU SSUNUN
_Fn,k 1—‘n,k 1—‘n,k 1—‘n,k o 1—‘n, J
_"ulu_ _~u1u1 U U "uluN_
I & L k& Fl,k o Fl,k
UL U U U] T UD [ U2UN
Fk B F2,k . F2,k F2,k e Fz,k (2.34d)
UNU —UN UL UNUY UNUN
_FN,k_ _FN,k FN,k e FN,k i
i “ulx_ i =g 1 T
1—‘l,k 1—‘l,k
I s 1
1—~u2x 1—*1/{2
= 2.k o~ 2.k
Pk = . s Hk = . (2.346)
UNX up 1
rN,k_ 1—‘N k
Si=—-F'H, K=-F'B (2.34f)
1 0
ol
_— I 0 § |- 534
nk — 0 I [ZT nk 0 I, ( . g)
k - ~
Kk

fork=T,T—1,...,0.

Proof. By construction we must have S, 7| = 0. Plugging into (2.30b) and dropping
all cubic and higher terms gives (2.34a))(2.34D). Since u. ; = ii. ; + Ou.  and i. x is constant, the
static game defined in can be solved in the du. variables. Differentiating by
Ouy , collecting the derivatives for all players and setting them to zero leads to the necessary

condition for an equilibrium:
Fk6u:,k +I5k5xk +[:Ik =0. (2.35)

Thus, the matrices for the equilibrium strategy are given in (2.34f). Plugging (2.31) into (2.33b)

leads to (2.34g). O

We can see that the matrices used in the recursions for both DDP and approximated Bellman
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recursion methods are very similar in structure. Indeed, the iterations are identical aside from

the definitions of the D), ; and Dn,k matrices.

Remark 1. The calculations of ABR and DDP for games are similar to those arising in single-
agent optimal control. The difference is that the game case inverts the matrices Fy and E, which
are constructed from submatrices of the value function matrices, I, j and I nk In contrast, the
single agent algorithms invert I, , and fn,k directly. It is due to this difference, that the proof

for game scenario requires separate though similar treatment to those of [[75\ |76l].

2.5 Equilibria for the FNE Methods

Local FNEs are practical for stochastic applications as is as long as the system does not deviate
too far from the nominal trajectory. We focus on the local FNE of Problem |I|that can be found
via ABR and DDP in this section. In general, it is very hard to find conditions that guarantee the
existence of feedback Nash equilibria or stationaries trajectories. Our argument in this section
makes assumption of their existence.

Suppose the ABR and DDP find their respective stationary trajectories &*,x* and ii*,¥*. We
study the two closed-loop policies found by the ABR u.; = ¢ (x;) = i) + Ki dx + 53 and
DDP u. = ¢ (xx) = i} + K 8x; + §;. Our second theorem states that the feedback policies
generated by approximated Bellman and DDP around their respective stationary trajectories are

approximated local feedback Nash equilibria.

Theorem 2. The feedback policies by approximated Bellman recursion §;(-) and DDP ¢} (-)
around the stationary trajectory are local feedback O(€*)-Nash equilibria in the sense of Defi-
nition 2] More specifically,

Jn,f(xta é:t:) < Jn,f(xta ¢n7t:a éjn,t:) + 0(82)’ Vtvn
JnJi(xta ¢:Tt:) < JnJ(xtu On,z: éin,t:) + 0(82)7 Vi,n

Proof. We first prove the results corresponding to ABR method. Fix a player n, and assume that
the other players are using the strategy profile (ﬁ,n’t: for a subgame 7. Then the optimal policy of
player n that minimizes J,, s (x;, Pz, ¢in’,:) can be computed from the following optimal control
problem:

T
min ) cp (X, u:) (2.37a)

u
" k=t
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A

st Ui =07, (x) (2.37b)
X1 = fro(Xp, ) (2.37¢)
k=tt+1,..,T—-1 (2.37d)
X; is given. (2.37e)

The optimal control problem is reduced from the dynamic game by substituting the equilibrium
policy of other players. To show that the approximated Bellman recursion method is an ap-
proximate feedback equilibrium, it suffices to show that ¢, : is approximately optimal for this
problem, for all n and ¢.

The quadraticization of problem around [, 1] is the same as the part of player 7 in
the quadraticized dynamic game as in (2.21). Since it is assumed that the other players are
playing their equilibrium strategies for the quadraticized game, the optimal strategy for this
quadraticized control problem is precisely given by player n’s solution from the approximated
Bellman recursion method (ﬁm,;. The approximate optimality of (]3,1’,; now follows from Lemma@
in Appendix [A.5] DDP is quadratically close to ABR as evident by the Section[A.8] therefore
shares the same feedback O(&?)—Nash equilibrium. O

2.6 Implementation Details of the Algorithms

The stagewise Newton method for OLNE is a computationally cheap way of performing the
Newton step and inherits all Newton’s step’s properties, which requires little extra care for
implementation compared with the two local FNE methods as our experiments indicat. Despite
their different origins, the two FNE methods are almost the same for applications. In general, it

is hard to tell which method works better for a specific application beforehand.

2.6.1 Choice of Initial Trajectory

Similar to Newton’s method for nonlinear optimization, it is hard to find general global conver-
gence condition except for convexity. In cases when there are multiple OLNEs, the algorithm
might converge to different ones when started from different initial trajectories. It is reasonable
to think that in general, we need to start with a trajectory that is fairly close to the actual station-
ary trajectory. Finding a good initial trajectory should require expert knowledge of the specific

dynamic game and some heuristic methods. For example, a complicated game can be simplified
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via ignoring or approximating some complex terms in dynamics and cost functions and solved,
then the resulting can be used as an initial trajectory for the original game. We acknowledge

this difficulty, but it is beyond the scope of this thesis.

2.6.2 Computing Derivatives

For complicated nonlinear dynamics and costs, modern algorithmic differentiation (AD) soft-
ware packages, such as Tensorflow [[77]], Pytorch [[78]], CasADi [79], are strongly recommended.
Automatic differentiation is widely applied in the training of modern neural networks. With the
help of AD and given trajectory i, X, the derivatives matrices Ay, By, Gi and M, ; in (2.8) can
be easily computed. Compared to modern neural networks, the complexity of dynamic game
formulations are relatively very low, therefore the computation cost of this step should not be
bottle neck for our application.

With the help of automatic differentiation, there is one more way to implement the DDP
algorithm. In the backward pass for the DDP method, the quadratic approximation in (2.30D))
and I, can be directly computed, without computing the derivatives of a single step A, Gi, M, i
in or keeping D, in (2.34d). It is not obvious a priori whether this approach will be more
efficient than computing (2.8). It will depend on the specific hardware and problem.

2.6.3 Regularization

To ensure that the algorithms converge regardless of initial condition, a Levenberg-Marquardt
style regularization should be employed. Such regularization has been used in DDP algorithms
for optimal control to ensure that the required inverses exist and that the solution improves
[80, [81]. We found in practice that regularization is essential to the stability for both FNE
algorithms. We only use the notation for DDP for simplicity in this section but the same insights
hold for approximated Bellman recursion method. At each step k of the backward pass, we
checked the minimal eigenvalue e, ; of matrix fn,k. If the minimal eigenvalue e, is less than a

positive value A, we reset 1:,,7;( as
Dix D+ (A —enn)l, n=1,2,--- N (2.38)

where [ is an identity matrix. The regularization penalizes large steps in 0x and du. Thus, it
improves the stability of the algorithm, but sacrifices speed of convergence. The A in our exam-

ples are chosen via experimental trials and kept constant for our examples in section When
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the algorithm was insufficiently regulated, the trajectories over iterations did not converge from
the initial trajectory for our examples. Changing the regularization over iterations while guaran-
teeing quadratic convergence has been studied in differential dynamic programming literature
and is referred to as adaptive shift for DDP [80]. Since it is not the focus of this thesis, we
settled at a constant regularization that enabled smooth and steady improvement of trajectories

over iterations for our examples.

2.6.4 Computational Complexity

The computational cost of all algorithms come mainly from evaluating multiple derivatives ac-
cording to (2.8) and do backward passes according to either (2.19), (2.25)) or (2.34). The former

requires T evaluations of Ay, By, which are the first order derivatives of the dynamic, 7' n, evalua-

tions of G!, which is the second order derivative of the dynamic. TN evaluations of M, ; are also
required as they contain the first and second order derivatives of the cost functions. The latter
consists of mainly matrix multiplication and solving linear equations in either (2.19¢),
or (2.34f). The overall complexity for all, depending on the implementation, can roughly vary
from O(min(n2,n2)) to O(max(n>,n3)) for each step in the backward pass, which is constant for
given system and agents. The advantage of the algorithms over other general GNEP methods is
that, the complexity w.r.t. number of stages is linear, i.e. O(T), since the only dependency on
it is that we need to do each stagewise computation for 7" times. As can be seen based on the
complexity analysis, the algorithms are better suited for longer horizon (or finer discretization

of continuous problems) dynamic games, rather than games with a large or infinite number of

agents.

2.7 Numerical Examples

We apply the proposed algorithms for deterministic nonlinear dynamic games to two examples
in this section. We compare the performances of both algorithms on a simple toy example
first, and then apply the DDP method to a more complicated problem. We gain proof of con-
cept that both methods performs reasonably close in practice and that they can be extended to

complicated models.



31
2.7.1 Owner-dog Dynamic Game

First we look at a toy example, which is implemented in Python and all derivatives of nonlinear

functions are computed via Tensorflow [[77].

2 2 21
o 2 2 —— owner
G G G = dog
o o o
a a a 0
-1
00 25 50 7.5 10.0 00 25 50 7.5 10.0 00 25 50 7.5 10.0
stages stages stages
(a) stagewise Newton OLNE (b) DDP method (c) ABR

Figure 2.1: Owner-dog dynamic game equilibrium trajectories. Lighter colored trajectories are
earlier in the overall iterations. The starred trajectory is the final equilibrium solution. For DDP
and ABR, we sampled 8 trajectories uniformly spaced out of 300. For stagewise Newton, we

sampled 10 trajectories from 1000 iterations.

Convergence Convergence
1014 —— stagewise Newton [ T— = DDP
€ 100 ABR
w 10°4 2
g 2
0 10-1 E
2™ 510!
g10-? <
g g
% 10734 €102
s :
1074 o
103
0 200 400 600 800 1000 0 100 200 300
iterations iterations
(a) stagewise Newton OLNE (b) local FNE methods

Figure 2.2: This shows the 2-norm distance between inputs i and the final stationary point u*

over iterations for all algorithms.

We consider a simple 1-D owner-dog problem, with horizon 7' = 10 and initial state x. o =

[—1,2] where the dynamics of the owner and the dog are given respectively by

X0k+1 = X0k + tanh(uok) (2.39a)

X1 ,k+1 :x17k+tanh(u07k) (2.39b)
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k=0,1,--- T —1 (2.39¢)

The owner cares about going to xo = 1 and that the dog can stay at x; x = 2. The dog,
however, only tries to catch up with the owner. Each player also concerns themselves with the
energy consumption, therefore has a cost term related to the magnitude of its input. Their cost

functions are formulated as

co(x,u) = sigmoid((xox — 1)*) +40(x1 x —2)* + (uo ) (2.40a)
c1x(x,u) = tanh? (xox — x1 &) + (1.4)* (2.40b)
k=0,1,....T -1 (2.40¢)

We use a different terminal cost that penalizes much more heavily the owner for not reaching to

their target xo.7 = 1.

co,r(x,u) = 100 sigmoid((xo,r — 1)*) +40(xy,7 — 2) (2.41a)

Cl,T(x, M) = tanhz(xoj —X17T) (2.41b)

Nonlinear functions are added to the dynamics and costs to create a nonlinear game rather
than for explicit physical meaning. We initialize a trajectory with zero input and initial state,
ie. 1=10.0.,...,0.] and x = [-1,2,—1,2,...,—1,2]. For the local FNE methods, we used
an identity regularization matrix with a magnitude of A = 30 as in (2.38)) and performed 300
iterations from the initial trajectory. Note that we started the iteration with a trajectory that is far
from a local equilibrium, therefore we do not expect the updates generated by both algorithms
to be close. For the stagewise Newton method, we simulated 1000 iterations.

Fig. [2.1] shows the stationary trajectories found via all algorithms. In order to keep the
dog around x; x = 2, the owner has to overshoot and then come back to xp 7 = 1 for the local
FNE methods. For the stagewise Newton method for OLNE, we observe a different stationary
trajectory, highlighting the fact that OLNE and FNE can be very different due to the different
structure of their formulation. The dog learns to get closer to the owner over iterations in all
cases, which is what we would expect given how the problem is formulated. The approximated
Bellman recursion step generated a smoother trajectory in this particular case than DDP. Fig.
[2.2] shows the distances of input to the final equilibrium over all 300 iterations for the two local
FNE methods and 1000 iterations for the OLNE method. As can be seen that the error reduces

sub-linearly on a log scaled plot for all of them, which is evidence that the algorithms converge
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quadratically. The ABR method converges quicker in this particular case. Note that the two
methods did not converge to the same trajectory, which is because we fixed a regularization A
and started far off the equilibrium. By tuning the regularization with iterations or start from a
closer trajectory to the equilibrium, we should improve the situation, which is beyond the scope

of this thesis.

2.7.2 Planar Robots Target Reaching

Here we consider an experimental setup in which three planar robots try to reach each of their
own targets, while avoiding collisions with other robots. The problem is set up such that, if
the robots ignore the existence of others and run its own optimal trajectory, they will collide.
We apply the proposed DDP algorithm for game to solve for the equilibrium trajectories. This
example is implemented in Python and derivatives are computed via PyTorch [[78].

Robots are modeled as circles on a plane with the location of its center and a diameter. All
robots share the same dynamics given by (2.42)). The state x.; collects all vehicles’ positions

and x, ; picks the nth vehicle’s position at step k.
Xnk+1 = Xnk + (tanh Mn’k)dt, n=1,2,....N (2.42)

where n enumerates all robots. The step cost of each robot consists of a goal cost, a control
cost and, and an avoidance cost. To compute the avoidance cost, we check the distances among
robots at each step, when the robots do collide and the distances become negative, we set it to

the small positive number, 0.01, for numerical stability. Cost functions follow (2.43).

_ _ 2
(s ) =0u(1 — e8Iy o [l | P+

ﬁ Z[_ log(l - e—max(||x,v_,k—x,,‘k||—r,-—r,,7 0.01))] (2.43)
i#n
n=1,2,3 (2.44)

where g, is the target of the nth vehicle, r, is the radius of the nth robot, which are constants
given the problem, & and f are parameters controlling the relative weights of these three cost

terms. The costs are coupled via the distances between robots.
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Figure 2.3: Robots trajectories over iterations. As can be seen that the robots are taking indirect

routes to their targets to avoid colliding into each other. As we optimize over the trajectory

via the proposed algorithm, the trajectory becomes smoother and the end location closer to the

targets.
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Figure 2.4: Snapshots of robots position of equilibrium trajactory. Robots are avoiding each

other and keeping proper distances from each other.
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0l . . . . . .
0 20 40 60 80 100 120
steps

Figure 2.5: Cumulative costs. The cumulative cost for all robots reduces over iterations.

In our particular implementation, we used the parameters 7 = 119,dr =0.04, a =10, B =3
and r; = 0.25 for all robots. The targets are chosen as g; = [—1,0]", g2 = [0.5,—0.866] " and
g3 =[0.5,0.866] ". The robots are initialize at

xo = [1.96,0.24,-0.72,1.39,-0.49, —2.00] " (2.45)

Figures [2.3] 2.4 and [2.5] show the result of implementing DDP method to this problem where
lighter color means values from earlier iterations. An initial trajectory was generated with a
naive push-pull control, which assumes each robot is being pulled to its target by an input that
is proportional to the distance to the target, and being pushed away from other robots by an
input that is inversely proportional to the squared distance to the other robots. This simple
control scheme enables the robots to reach their targets given sufficient horizon but requires
large inputs and takes sharper turns therefore is far from optimal. Collisions did not happen
in any iteration. A regularization magnitude of A = 10 as in (2.38)) was implemented in this
example. Due to heavy computational complexity, we only ran the algorithm for 7 iterations.

Computing Jacobians in (2.30b) took up the majority of the program’s runtime.

2.8 Conclusion and Future Directions

In this chapter we have shown how Newton’s method, Bellman recursion and differential dy-

namic programming extend to dynamic games. In particular, the stagewise Newton’s method
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can find local open-loop Nash equilibria, ABR and DDP methods can find local feedback Nash
equilibria. Convergence of the stagewise Newton’ method is proven and the nature of all the
equilibria are studied. We demonstrated the performance of all algorithms with nonlinear dy-
namic games in simulation. Many extensions are possible. We will examine larger examples
and work on numerical scaling. Derivative-free methods with convergence guarantee are also
attractive since they can be computationally faster and eliminate the dependence on analytical
models. All methods can be applied as part of projected gradient descent style methods or op-
erator splitting method [43] to constrained dynamic games. Additionally, handling scenarios in

which agents have imperfect model information will be of great practical importance.



Chapter 3

First-Order Algorithms for

Constrained Dynamic Games

We study constrained dynamic games in this chapter. Because we allow coupling w.r.t. different
players’ actions in the constraints, we are studying the open-loop/feedback generalized Nash
equilibrium problems (GNEP).

We examined typical numerical methods from optimization and variational inequality com-
munities and found that gradient descent and Douglas-Rachford splitting method can be adapted
to constrained dynamic games. Similar to their original implementation, both methods, after
adapted to dynamic games, alternate between solving two different control/game problems and
converge to the final open-loop Nash equilibrium solution.

We describe efficient implementations of projected gradient and Douglas-Rachford splitting
methods for computing OLNEs of constrained dynamic games. In both cases, we show how
to exploit the temporal structure to achieve iterations of O(T') complexity, where T is the total
number of stages.

For the feedback information structure, we adapted the approximated Bellman recursion
to solve a feedback policy around given trajectories. In the case of games with linear dynam-
ics, polyhedral constraints and proper stationary trajectory, we show that it is an approximate
(generalized) feedback Nash equilibrium.

The chapter is organized as following. We begin in Section [3.1]by stating the basic problem

37
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formulation. Section [3.2] and [3.3] explains two methods that solve the open-loop Nash equilib-
rium, the projected gradient and the operator splitting method. The discussion about feedback
Nash equilibrium starts from Section [3.4] which first lay down some ground related to linearly

constrained quadratic static/dynamic games.

3.1 Problem Formulations and Solution Concepts

We introduce some standard notation, formulate the constrained dynamic game problems, and

introduce the associated solution concepts.

3.1.1 Dynamic and Static Game Formulation

The main problem of interest is a constrained, deterministic, full-information dynamic game

with N players of the form below.

Problem 3. Constrained nonlinear dynamic game

Each player aims to minimize their own cost

T
min  J,,(x,u) = chyk(xk,uhk) (3.1
k=t

Unt:

Subject to dynamic constraints fi(-) and extra constraints g, ()

St X1 = Sl u k) (3.2a)
k(X u. 1) <0, (3.2b)
X; Is fixed. (3.2¢)
k=tgt+1,...,T—1. (3.2d)

Here, 0 <t < T is the starting point for a game. When ¢ = 0, we call it the full game, and
t >0, a subgame t. Here, the state of the system at time k is denoted by x; € R™. Player n’s
action at time k is given by u, ; € R"=. The vector of all players’ actions at time k is denoted
U g = [qu,ugk, ... 7”;/7](]T € R™. The cost for player n at time k is ¢,k (xx,u. x). This encodes
the fact that the cost for each player can depend on the actions of all the players. We assume
that the costs are twice differentiable with locally Lipschitz Hessians.

In later analysis, some other notation is helpful. The actions of player n from time ¢ to T

in a vector is denoted u . = [u,),,u H,...,u;_T]T. The vector of actions other than those of
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player n from time ¢ to T is denoted by u_,,;. = [uj,., ... ,u,llﬂt:,urlrm, ... ,u;,J:]T. The vector
of states from time ¢ to T is denoted x;. = [x,T ,x,TH, e ,xI ]" while the vector of all players’
actions from  to T is given by u.;. = [u] .,us,.,...,uy,.]". x,u denote all states and actions

collected over all time in a vector.

We denote the set of trajectories [x..,u.,.] satisfying the dynamic constraint with given x;
as Dy (x;) and the extra constraints G, (x;). Feasible sets of state and actions are denoted X;(x;)
and U, (x,) for subgame ¢. The subscript ¢ or initial condition xy can be suppressed later in this
chapter indicating values for the full game.

Note that the dynamics are deterministic, the cost for each player in a subgame can be ex-
pressed as a function of all following actions and given state x;, i.e., J, ;(x;,u. ). The dynamics
are implicitly substituted to eliminate x when we use such notation. Problem [3] can be written

in an equivalent static game form for ease of notation and analysis.

Problem 4. Static form of game Problem 3]
A static form equivalent to Problem|3|is denoted

min  J, (X, 1) (3.3a)

Un

st Uy € Ur(xp) (3.3b)

3.1.2 Solution Concept of Games

We focus on local open-loop Nash equilibria and feedback Nash equilibria in this chapter. Tech-
nically, we are studying generalized Nash equilibria, since players’ actions can be coupled in

the constraints [[73l]. However, for simplicity, we will refer to them as Nash equilibria.

Definition 3. (Local) open-loop Nash equilibrium
An open-loop Nash equilibrium (OLNE) for subgame t of problem [3] and [{] with one specific

state x; is a set of actions u*,. € U;(x,) such that

Jn,t(-xta [un,ttautn:[;]) Z Jn(xtau*t:)7 n= 1727' . aN (34)

Furthermore, if (3.4) only holds for uy, ;. € Uy (x;) in a neighborhood ofu;t:, it is called a local
open-loop Nash equilibrium (local-OLNE).
Problem [3] and Problem [4] are equivalent in terms of a local OLNE. An OLNE does not

dynamically adjust if the state changes. In contrast, a feedback Nash equilibrium for dynamic
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games Problem [3| requires players to be able to measure the state x; at each step and execute
a step-by-step policy u. ; = ¢:fk(xk) to account for changes in the state. FNE has the valuable

property of being subgame perfect [[11]].

Definition 4. (Local) feedback Nash equilibrium
A collection of feedback policies un g = ¢ (xi), With iy = ¢ (%) Vn € {1,2,...,N},Vk €
{0,1,...,T — 1} is said to be a feedback Nash equilibrium of the full game if no player can

benefit from changing their policy unilaterally for any subgame t, i.e.,

‘Iﬂ,t(xh ¢:th) S ‘I"-,I(xh [q)n,t:a ¢in,t:])7 Vit € {07 17 Tty T}7 (35)

where J, ;(x;,9..) indicates the total cost of player n when all players follow policy ¢.,. for
subgame t. All policies should be compatible with the constraints. Furthermone, if (3.5)) only
holds around [%,id) € DNG and the resulting trajectories remain in a neighborhood of [X, i), it

is called a local feedback Nash equilibrium (local-FNE).

This definition only applies to Problem [3|because Problem 4| does not have explicit state in-
formation. Ideally, an FNE is solved via the Bellman recursion, which originated from optimal
control problems, and was extended to dynamic games [51) [11]]. Instead of solving the min-

imizing action at each stage, equilibrium of stagewise games are computed via the following

recursion
Vaors1(xr41) =0 (3.62)
O i (ot ) = e (X e ) + Vg (i O 1)) (3.6b)
Vi) = Igin O ik, P (X)), -t ga(xr, @4 (xx)) <0 (3.6¢)
n.k
k=01,..T. (3.6d)

Here V¥, (x¢) and Qy ; (xi,u. ) are referred to as equilibrium value functions for player n at
time step k. Note that defines a parametric static game in terms of the u. variable at
step k and parameterized by x;. For dynamic games with quadratic costs, linear dynamics and
polyhedral constraints, the analytical FNE can be obtained in theory as described in Section [3.4]
and Appendix In general, this backward recursion is intractable, so we focus on solving
it approximately around a stationary trajectory. Note that the game ends at k = T, and setting
Vir41(xr4+1) = 01is only for ease of notation and that by construction, V", (x;) = Jy 1 (x;, ¢.;.) for
t=0,...,T.
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3.1.3 Variational Inequality (VI) Formulation

For continuous-variable games, variational inequalities (VIs) give a necessary condition for the
solution of generalized Nash equilibrium problems [41]. We describe the VI formulation of the

full game, which starts at t = 0. The formulation for games starting at r > 1 is simular. We omit

the dependency on xg, stack all of the gradient vector M and define
j( ) _ | dhip dhyp dJIn o T (3.7)
u)= 8u1,; auz,; o 8qu; : :

Note that 7 (u) has the same dimension as u. When the dependence on xo must be empha-
sized, we denote the corresponding function by 7 (xo,u). The VI formulation of the full game,
Problemf] is as following.

Problem 5. VI formulation of static game
Findu* €U s.t. J' (u)(u—u*)>0,Vucl. (3.8)

Note that u* is the solution of VI formulation is only necessary to u* being a local OLNE
to Problem To ensure sufficiency, it should also be checked if each player’s action is a
local minimizer to their objective. Two sufficient conditions for player »n’s cost to be locally
minimized are 1) ;Tj’;{(u*) # 0 and 2) ;Tjn”_(u*) = 0 and J,,(uy,.) is locally convex. If u* is a local
minimizer for all pla{yers, then it is also ;1 local OLNE solution to Problem ] We refer to this

procedure as playerwise local minimizer check.

3.1.4 Sufficient Conditions for Existence of OLNEs

A commonly applicable sufficient condition for a solution of the VI problem to exist is that
J (u) is locally strongly monotone and U is convex. Another sufficient condition is that, I/ is
compact convex and J (u) is continuous on U/ [41].

In the case if J,(xo,u) is convex w.r.t. u, ., the playerwise local minimizer check described
above is satisfied for all players, and therefore the game has an OLNE solution. If 7 (xo,u) is
continuous in xp (which is guaranteed by our differentiability assumption) and locally strongly

monotone with respect to u, the dynamic games can be solved for all states near x;.
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3.2 The Projected Gradient Method

The projected gradient method for monotone VI problems was explained in details in [41]. We
briefly describe the method and its basic application to Problem [5| which helps find an OLNE

for Problemd] We show how this leads to an algorithm for constrained dynamic games.

3.2.1 Projected Gradient Method for VI

The projection algorithm follows an iterative update
W =Ty (' —p T (w)), (3.9)

where p is a step size and I1 is the projection operator. The algorithm converges linearly with

constant (1+ p2L? —2pu) when J (u) is u-strongly monotone, L-Lipschitz, i.e.,

(Tw) =T W) (u—v) > pllu—v|? (3.102)
| T () =T W) < Lfu—v], (3.10b)

and that pL? < 2u [41]]. There exists a small p that guarantees the linear convergence, although
smaller p leads to slower convergence. To apply the projection method to constrained dynamic
games, we need procedures to compute the gradient 7 («) and the projection onto U.

Given feasible i and ¥ such that [%, ii] € D, the gradient J (i) can be found efficiently by first

performing a backward pass (3.11)[82], then extracting and stacking corresponding elements in

Ju (ujx())
au;rk IZ‘

Qur41=0 (3.11a)
Qi =M% + Qi 1Ax (3.11b)
oJ,
Il 30) =M% + Qi1 Bk (3.11¢)
du.x la ; :
k=T, T—1,....0, 3.11d)

where A, By, My are derivatives of the dynamics and cost evaluated around £, i defined in (3.34)
in Section
The projection onto {f requires solving a constrained optimal control problem with quadratic

step costs, which can be solved via classic optimal control methods [83]].
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Problem 6. Constrained optimal control around nominal trajectory i

T
min  J(u) = Y [|ug — gl (3.12a)

" k=0
st ge(x,up) <0, (3.12b)
X1 = Jie(xe, . ) (3.12¢)
k=0,1,...,.T —1. (3.12d)

The notation J is overloaded and is different from that of the formulations of Problem [3]and
Ml Note that a trajectory found via projected gradient method is a solution to the VI problem but
not necessarily the game. A playerwise local minimizer check needs to be done as discussed in

Section We summarize the projected gradient method in Algorithm 3]

Algorithm 3 Projected Gradient Method for Constrained Dynamic Games
Generate an initial trajectory of actions i

loop
Compute gradient 7 (i) according to (3.11))
Update it < i — p J (i1)
Solve Problem [6]around i, assign the solution to u
Compare i and u to check convergence
Setit < u

end loop

Perform convexity check for i

3.3 The Douglas-Rachford Operator Splitting Method

This section concerns with solving an OLNE with the Douglas-Rachford splitting method,
which is an alternative to the projected gradient method. The DR splitting method, in its most

general form, finds the vector w that solves a monotone inclusion problem of the form
0cOw+dw (3.13)

where ® and @ are two maximally monotone operators in this section. The DR algorithm is

defined by the iteration

w = [(1 — &)l + aRgRp]W'. (3.14)
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Re :=2rg — I is called the reflected resolvent of ® where rg is the resolvent of ®. The same
notation applies for operator ®. « is a constant such that a € (0, 1). The key steps are solving
for the two operators’ resolvents, which we elaborate in the case of constrained dynamic games
in this section. The DR splitting method has been proven to converge linearly in cases when at
least one operator has stronger properties such as strong monotonicity and Lipschitz continuity.

See [59] for more details.

3.3.1 VI Reformulation of Static Game with States
For ease of notation we interpret [x,u] as a column vector vertically stacking x and u in this

section. We create an extended gradient 7y, ([x, u|) prepending n, of zeros in front of J (u), i.e.,

Tu([x,u]) = [ € Rt (3.15)

J (u)

and use it to reformulate Problem [5|equivalently as

Problem 7. VI formulation of static game with extended gradient

Find [x*,u*)eDNG (3.16a)
st T (beu]) ([r,u] = [x*,u]) > 0 (3.16b)
V[x,ul e DNG (3.16¢)

Problem [7] is equivalent to an inclusion problem, when D and G are convex and 7y, is
strongly monotone as explained in Appendix [B.I.I] Note that x is also a decision variable in
this formulation. This VI problem can also be formulated as an inclusion problem such that we

can apply the DR-splitting method.

Problem 8. Inclusion problem form of the static game Problem
0 € (NTxu+Np+Ng)([x*,u*]) (3.17)

where Np and Ny indicate the normal cone operators of A and G, and 7 is a positive
regularization constant. The smaller the 77, the more regularized the problems are, but the slower

the convergence would be. 7 should be tuned so that the relevant problems in Section [3.3.2]
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[3.3.3]and are either strongly convex of monotone for better solvability. Note that there
are three adding operators in Problem [8] in contrast to which has only two. We can
single out any one operator and combine the other two to form an inclusion problem with two
adding operators and apply the DR algorithm. The algorithm requires alternately solving two
problems that are the resolvents of different operators. Which combination to chose ultimately
depends on which resolvents are easier to solve, which varies with the specific dynamic game
and available solvers. Ideally, when both resolvents are analytically solvable, the DR algorithm
is preferred.

We summarize the implementation of the DR splitting in Algorithm[]and elaborate the opti-
mization/game problems derived from the resolvents later in this section. We use y, z to indicate
a nominal trajectory that follows the same convention as x,u. The notation J is overloaded to
indicate costs for these different resolvent problems. For details regarding how the problems
are derived from resolvents, see Appendix
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Algorithm 4 Douglas-Rachford for Constrained Dynamic Games
Generate an initial trajectory X, i, sety =X,z = i

Pick one scheme from Section [3.3.2] [3.3.3|or[3.3.4
loop

Sety==x,z=1i
Solve the first problem in the selected section with y, z, assign the resulting trajectory to
X0

Reset the intermediate values X, and y, z
2] = 2[%,3] = [1,4] (3.182)

Solve the second problem in the selected section with y, z, assign the resulting trajectory
to X,

Reset the intermediate values &, and y, z
[v,2] « 2[%,d] — [y,2] (3.19)
Compute weighted average
[%,a] « (1—a)[x,a + aly,z] (3.20)

Check for convergence with X, i and *, i

end loop

3.3.2 Singling out \/g

Problem [8|becomes the following when singling out Ng
0 € ([NTsu+Np]+Ng)([x*,u’]) (3:21)

The resolvent of 7, +Np corresponds to solving a regularized, unconstrained dynamic game

and the resolvent of Ny is the projection onto G.

Problem 9. Regularized unconstrained dynamic game around nominal trajectory y,z

T

. 1
min () = Y i) + 5— e — vl
Up,: k=0 2n
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o g =zl
2n Uk —Z:k
n=12,...N (3.22a)
s.t. xk+1:fk(xk,u:7k) (3.22b)

This problem can be solved via our previously proposed stagewise Newton method in Chap-

ter 2] with linear complexity in 7" and quadratic convergence.

Problem 10. Projection of a nominal trajectory y,z onto the extra constraints set

e, u] = Tlg ([y:2]) (3.23)

When the extra constraints sets are convex at each stage, this projection is equivalent to

solving the projection onto a convex set at each stage.

3.3.3 Singling out A'p
Problem 8| becomes the following when singling out Np
0 € ([nTu+Ng|+Np)([x*,u’]) (3.24)

The resolvent of 17y, +Ng corresponds to solving a series of regularized, constrained static

games and the resolvent of Np is the projection onto D, which is an optimal control problem.

Problem 11. Regularized constrained static games around nominal trajectory y,z

XiesU: Je

T
. 1
min - Jy(x,u) = Y ekt ) + n e — vell?
k_

=0
1
5 it — 7.4 (3.252)
st g ug) <0, (3.25b)
k=0,1,..T—1 (3.25¢)

Note that the objectives are not coupled cross time, therefore this is equivalent to solving
T + 1 constrained static games, which can be solved via solving the KKT conditions [73]] or
other static game methods. Note that there is an additional player with decision variable x; at

each stage.
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Problem 12. Projection of a nominal trajectory y, z onto the dynamics

T

minJ () = Y e —vill® o+ [l — 2ol (3.262)
k=0

Sl Xkl = fk(xk,u;,k) (3.26b)

This is an optimal control problem with quadratic step cost, which can be solved via classic
optimal control methods [84].
3.3.4 Singling out n 7,

Problem 8| becomes the following when singling out 1 7y,
0 € (Wp +Ngl+nTw) (", u”]) (3.27)

The resolvent of N'p + Ng corresponds to solving a constrained optimal control problem and

the resolvent of 7, is a series of unconstrained optimization.

Problem 13. Constrained optimal control around nominal trajectory y,z

T

mln J(x,u) Z e = il + et e — 21 (3.28a)
. k=
st gk ug) <0, (3.28b)
Xiep1 = fre(xe, . ) (3.28¢)
k=0,1,...T—1 (3.28d)

This is an constrained optimal control problem with quadratic step cost, which can be solved

via classic optimal control methods [84].

Problem 14. Regularized unconstrained games around a nominal trajectory y,z

T
. 1 2
J = ) L B
min () = Y ens(o i) + 7 =l
1
o Nk =z (3.292)
n

Because the objectives are not coupled cross time, this becomes 7"+ 1 unconstrained static
games, which can be solved via classic VI methods. Similar to Problem|[I1] an additional player

with decision variable x; at each stage is added.
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3.4 Parametric Games and Feedback Equilibria

Solving a parametric game is the backbone of solving an explicit feedback Nash equilibrium of
a game. We briefly describe the results of analytically solvable parametric games and dynamic
games in this section. Section explains the result for linear equality constrained quadratic
parametric games, which is directly applied to approximated Bellman recursion method in Sec-
tion Section describes the form of feedback equilibrium of linearly constrained
quadratic dynamic games, which is piecewise affine but can be exponentially complex. We
assume each player’s cost function J,(x,u) is continuous and strictly convex throughout this
section.

The detailed development of the results can be found in the Appendix [B.2] which is extend-
ing the analytical solution of linearly constrained, quadratic objective optimization and optimal

control in Chapter 7 of [83].

3.4.1 Linear Equality Constrained Quadratic Parametric Game

Problem [I5] is a basic form that is encountered when approximating a constrained dynamic

game, where u = [ulT,uzT, ...,u;,]T collects all players’ action and x is a vector parameter. An

FNE policy u = ¢(x) is desired. This game has an explicit analytical solution with simple

assumptions.

Problem 15. Linear equality constrained quadratic parametric game

.
| 1| |rit T rhel g

nlgn Jn(x,u):5 X | L B R (3.30a)
wl |[Tub Tw T |u

st. Wx+Su+p=0 (3.30b)

The following lemma describes its solution.

Lemma 6. Given playerwise convexity of objective functions, i.e., I'“* are positive definite,
Problem|[I5] has a unique affine feedback Nash equilibrium as in (3.31d) if F is invertible and S

has full row rank.

uw =Kx+s (3.31a)
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A*=(SF'ST) "YW - SF~1P)x+ (3.31b)
(SF's")y Y (p—SF'H) (3.31c)
where
K=—F'sT(sFIs")y"Y(w—-sF~'p)—F~'p (3.32a)
s=—F'ST(SF sy Yp—SF'H)-F'H (3.32b)
[pom poe ]
[en e e
F=|"2 SO (3.320)
_].—‘X]Nul FXINHZ o F;AVNMN_
o] T ]
1—~uzx Fuzl
p=|"2 H=|" (3.32d)
Oy vt

3.4.2 Linearly Constrained Quadratic Dynamic Games

A linearly constrained quadratic dynamic game is formulated as following. It is one of the
most complicated forms of dynamic games of which we can acquire analytical FNE solution in

theory.

Problem 16. Linearly Constrained Quadratic Dynamic Games

roq ]! T D T Tkl |1
min J,(xu) = /;)5 ||l T T | (3.33a)
J 273 I | O v ol S
St Xkt :Akxk+Bku;7k—|—bk (3.33b)
W ix + Sy xtt 4 pri <0 (3.33c)

This problem can be viewed as a static game in u parameterized by x. As developed in
detail in Appendix [B.2] the explicit FNE solution found via Bellman recursion to this problem
is a piecewise affine policy, with polyhedral domains, and the value functions are piecewise

quadratic. However, the required number of polyhedral domains on the space X} can grow
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exponentially, causing the procedure to be computationally prohibiting. It is reasonable to be-
lieve that the feedback Nash equilibrium of general constrained dynamic games can be more

complex. This fact drives us to seek local FNE.

3.5 Local Feedback Equilibrium

OLNE:s solved via projected gradient or DR splitting might not be applicable to systems with
noise and general feedback Nash equilibrium can be hard to find. Thus, we aim to find a local
feedback Nash equilibrium around local stationary trajectories that can accommodate distur-
bances of the system to a certain degree. As discussed above, even for linear-quadratic dynamic
games with polyhedral constraints, explicit feedback strategies can require exponential compu-
tational complexity. In this section, we extend the approximated Bellman recursion method for
unconstrained dynamic games from our previous chapter to constrained dynamic games. When

the constraints are polyhedral, we prove that the feedback policy is indeed a local O(¢?)—FNE.

3.5.1 Approximated Bellman Recursion (ABR) for Local Feedback Policy

We introduce the approximated Bellman recursion for computing a local feedback policy for
Problem The key difference from unconstrained dynamic game is that, at each step, an
approximated linear equality constrained quadratic game Problem [I5]is solved, instead of the
unconstrained quadratic game.

For a given trajectory X, i with known active constraints at each step. The set of indices of
active constraints in gi (X, . ;) is denoted dy, Vk and we use g,‘f (xk,u. ) to indicate the active
constraints at X, iz, therefore gz_ (Xk, it x) = 0. We inherit the following notation of derivatives for

from the previous chapter on unconstrained dynamic games in Section[2.1.5]

d : 0 :
Ak = M B = M (3.348.)
oxy %l ou. %
2 P’
o2 dxdu.,
Ge=| 25 ol s 1=1200m (3.34b)
du. ;. Ixy, u?, i
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T
Oxx G;i Oxx
514;7/( 514;71(

Ri(8xk, Ou. i) = : (3.34¢)

T
5xk
L 614;,](

dCnk dCuk
2Cn7lf|_ 3xk 8u;vk
acn,k azcn.k azcn‘k
Mk = | ox 2l Owdu (3.34d)
z%n_k T (926,11]{ azc,,vk
du. Ju; 1 Ix; ou,

%,
M,y My M
_ x1 XX xXu
- Mn,k Mn,k Mn,k
ul ux uu
Mn,k Mn,k Mn,k

We introduce new notation related to the derivatives of the active constraints ax, Vk € {0,1,2,...,T'}.

a_ 981 (%, )
Wi = — ox (3.35a)
i 08% (Xl i)
S§¢ — 2k 77 7 )
k ou (3.35b)
Pl = gl (X, it i) (3.35¢)

We can form a local linear-quadratic approximation that is still analytically solvable via

dynamic programming as following.

Problem 17. Linear-quadratic approximation to Problem 3]

-
1 & 1
min= Y | | Sx | Max | Sxi | + M A (3.36a)
un: 2 0
6”:_’]{ 6”:_’]{
subject to
Sx0=0 (3.36b)
Axo=0 (3.36¢)

5xk+1 = ArOx; +Bk5u;7k (3.36d)
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A)Ck+1 :AkAxk+Rk(5xk,5u:7k) (3.366)
WiSx; +SE8u +pf =0 (3.36f)
k=0,1,....,T (3.36g)

where the states of the dynamic game are given by 6x; and Axy as

S, = Z axk

l

226 ’au 9u

i=0j=0

Su.; (3.37a)

X, i

6u:1j, 1=1,2,...,n, (3.37b)

The following lemma describes the solution to Problem 17}

Lemma 7. The equilibrium value functions found via the Bellman recursion for the dy-

namic game Problem are denoted as V' () and Q" ,(-,-), which can be expressed as

. 1 1 1
Vnuk(axkank) =5 An,k + Qn7kAxk (3.38a)
7 2 5xk Xk
O (8, Axy, Su. ) =
T
| 1 1
5 Oxy ka Oxp | + Qn,kAxk (3.38b)
614;7]( 51/!:’1(

where the matrices Ak, I'y 1, and Q. can be computed in a backward pass, which also finds
a local feedback policy of the form Su. j = KyOxy + sy around this trajectory. When s = 0,Vk,
we call the corresponding trajectory X, il a stationary trajectory of the ABR method.

The matrices Ay i, Tk, and Q,  in (3.38) are computed recursively by Ay 141 =0, Q, 741 =
0, and

Qi = My} + Qs 1Ak (3.39)
Dyi=Y 9 ,.1Gi (3.39b)
=
I_‘n,k = Mn,k
1 Ix Ix
An k1 An k+1 An k+lB
+ (AL A ATAfzkaAk +DF AN Bt DY (3.39)
Bi AN B{AS A+DE BUAS, Bi+ D
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r 1 1 luy 7
Lo T i TG o TY
1 Ui
Cfmomrome T o
- Fuzl l—~u2x 1"’42”1 Fuzuz FuguN ( )
nk nk nk nk nk
T T T T - Ty
el e Te g
Fuzu Fuzul Fuzuz . FuzuN
F=|2*|="%* * % (3.3%)
Tyl [T T T
- z S
iy Y}
Fuzx Fuzl
P=| |, H=|* (339
1
[ nk | Tnk |
Ki=—F 'S{(SWF7'S) T (Wi — Sk 'R+ F MR (3.392)
sk =—F 'S (SkF.'S ) T (pk — Sy Hy) + F U Hy (3.39h)
1 0
1 0 s,—{r .
nk = e |0 1 (3.391)
0 I K
sk Kk

fork=T,T—1,...,0.

Proof. The approximated Bellman recursion method for unconstrained dynamic game and its
solution was proved in previous chapter. The only difference in the dynamic programming
procedure for Problem[I7]is that an equality constrained static quadratic game is solved at each
time step, resulting in different expressions for the feedback parameters Kj and s;, which are
justified by the solution of Problem O

Note that the differential dynamic programming (DDP) method for unconstrained dynamic
games can be adapted to constrained games in a similar fashion, for the sake of completeness
of generalizing our previous work. As in the unconstrained dynamic game case, DDP or ABR

do not manifest obvious advantages over each other.
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3.5.2 Remarks on the Feedback Policy by the ABR Method

The ABR method solves a linear equality constrained quadratic dynamic game that approxi-
mates Problem around ¥, 7 and finds a local feedback policy. Without constraints gy (xk, u. x),
i.e., setting Sy = 0, W, = 0, p; = 0, the method reduces to the unconstrained version of ABR.
However, unlike its counterpart for unconstrained game, because of the introduction of con-
straints, the policy found might not be feasible, therefore we cannot perform the iterative pro-
cess. We consider in this thesis the case when ¥, il is a stationary trajectory. To find the stationary
trajectory, we can apply the idea of interior-point method, wrap the constraints with log-barrier
functions and add to the cost of each player, creating unconstrained dynamic games and perform
the ABR iteration. In this case, the feedback policy simplifies to du. x = Ki0x;. Furthermore,
the matrices are computed in O(T') complexity. The possibility of infeasible policy remains and
is overcome with tightened constraints as in Section[3.5.3]

The proposed algorithm neglects the inactive constraints. A problem arises, in that devia-
tions in the state can cause these neglected constraints to become violated. A simple method
to ensure feasibility is to tighten the inequality constraints, as is common in model predictive
control [83]. We will see below that in the case of polyhedral constraints, the feedback policy
is indeed an local O(&?)-FNE.

3.5.3 Problems with Polyhedral Constraints

In this section, we introduce a special class of dynamic problems, restricting to affine dynamics
and polyhedral constraints, such that the approximated Bellman method can be utilized to find
a local O(&?)-FNE for a partially tightened problem (defined below). We first introduce a fully

tightened version of a polyhedrally constrained linear dynamic game

Problem 18. Game with tightened polyhedral constraints

T
min J,,(x,u) = Z ke (Xkcs U ) (3.40a)

tny k=t
8.t Xpr1 = ApXg +Bku;7k—i—bk (3.40b)
Wixy + Sgu o + pr < —%, (3.40¢)

Xo s fixed. (3.404)
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Here ¥, > 0 are vectors used to tighten the inequality constraints. As above, assume that X, it

is a stationary trajectory of ABR. We use superscripts ¢ and " to denote values associated with
active and inactive constraints on X and #. If we find a local feedback policy using the ABR

method, it can be shown that it is feasible for the following partially tightened problem:

Problem 19. Game with partially tightened polyhedral constraints

T

min J,,(x,u) = Zcmk(xk,u;k) (3.41a)
s k=t

8.t Xpa1 = ApXg +Bku;7k+bk (3.41b)

Wixi+ Siu g+ pi < =% (3.41¢)

Wixg + Siu. g+ pi <0 (3.41d)

X; is fixed. (3.41e)

Recall that the dynamics, constraints, and control law are all affine. Thus, when a local
variation of the state ||x; — X|| = € happens with a sufficiently small €, the trajectories remain
feasible. The next theorem summarizes this local feedback Nash equilibrium result. The de-

tailed proof can be found in Appendix [B.T.4]

Theorem 3. There exists a sufficiently small €, such that if ||x; — %;|| < €, the stationary tra-
Jectory ii, X, active/inactive constraints and local feedback policy ¢. x(xi) = Kixy + sy found for
Problem is a local feedback O(&?)-Nash equilibrium for Problem '

Jn,t (-xtv(l):,t:) < Jn,t (xn [Wn,t:u¢7n,t:]) + 0(82)7 vt € {Oa I, "‘7T} (3.42)
for any ,, . such that the resulting trajectories are feasible for (3.41) and remain in a neighbor-
hood of [x, ).

3.6 Numerical Examples

We demonstrate the approximated local feedback policy around an OLNE with a common-
property fishery resource problem and Douglas-Rachford algorithm with a linear quadratic

games with analytically projectable convex constraints.
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3.6.1 A Common-Property Fishery Resource Problem

The common-property fishery game was considered in Chapter 13, [2], which is a classic re-
newable resource manage problem that dates back to 1970s. The analysis in [2] settled at the
conclusion that efficient players will drive some opponents out of the competition and maintain
at the bionomic equilibrium with zero sustained economic rent. We demonstrate the dynamic
equilibrium of two players jointly utilize the resource for a given period of time.

The game is discretized. Scalars x; and uj x, upx denote the biomass of fish and fishing
effort of two players. The fishing effort is constrained by 0 < u,, ; < u;®*. The dynamics of the

system from time O to 7 is given by

Xkt1 = Xg +

2
glxe) =Y, q,,umkxk] dt, k=0,1,...T/dt (3.43)
n=1

where the natural growth rate g(xx) is

r

7 (2R — x7) 4wy (3.44)

g(x) =

h is half the maximal biomass the environment can sustain and r is the maximal growth rate
which happens when x; = h. g, is the catchability coefficient for player n. wy is a I.L.D. Gaussian

noise we injected for simulating a noisy system. Step profit of each player is modeled as

Cnk (xka ”:,k) = (pnqnxk - en) un,kdt (3.45)

where p, is the unit price of landed fish and e, is the unit cost of effort.

Constants chosen are chosen in favor of player 1.

WM = 0.4, yP =03, r=8, h=100,dr =0.1, T = 100,
Gq1=q=01,pr=p2=1,e1=9, s =11 (3.46)

The turnpike for a player is the most profitable level of fish biomass if the player is managing
the resource alone. And the bionomic equilibrium for a player is the minimal fish biomass that
a player can turn a profit.

We first applied the projected gradient method with stepsize 0.01 for 1,000 iterations on
the deterministic system (neglecting wy), finding the OLNE shown in Fig. 3.1} The cumulative
profit and convergence of actions is summarized in Fig[3.2] We further applied the ABR method,

found the local feedback policy and implemented it for the noisy system, setting the variance of
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zero-mean Gaussian noise wy to E{w,%} = 2. The comparison between OLNE and ABR policy

around it for noisy system is shown in Fig.[3.3]
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160

140 A

120 A

100 4

80

60 -

40 A

20 A1

—

—— biomass
R bio eq 0
—==- turn pike O
—— biomass
----- bio eq 1
—== turn pike 1

S

S

— fish effort 0
—— fish effort 1

©
N

0 20 40 60 80 100

time

1.0

o
fo°)

o
o))

fishing effort

o
N

0.0

Figure 3.1: OLNE of projected gradient iterations. 10 trajectories were sampled from 1,000

iterations and shown in Fig. [3.I] with more transparent curves indicating earlier trajectories

in the iteration. As can be seen, both players would wait at the beginning for the level of

fish biomass to rise even after it passes their bionomic equilibria, since they are managing the

resource on a longer term. Two players’ effort stabilizes in the middle section, which we believe

to be the infinite horizon equilibrium for the game, which is not within the scope of this thesis.

In the end, player 1 does not care about longer term profit, so they maximize the effort. Player

2 would like to keep the biomass further away their bionomic equilibrium before the final dash,

so they reduced effort from time 80 to around 93.
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Cummulative Profit Convergence
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Figure 3.2: Cumulative profit and convergence. The game is formulated favoring player 1, it
is not surprising that over iterations, player 1’s profit increases while player 2’s decreases as in
Fig.[3.2(a)l Fig.[3.2(b) shows the distance to the final OLNE as the iteration progresses, which

fits a typical linear convergence pattern.
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Figure 3.3: Local OLNE and ABR feedback policy for noisy system. Fig. shows if
the OLNE is blindly applied, the biomass is susceptible to the noise and deviates from the
OLNE biomass trajectory. Fig. [3.3(b)|shows the correctional effect of the local feedback policy
found via ABR keeping the biomass smoother and closer to the deterministic OLNE with erratic

fishing efforts.
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3.6.2 Linear Quadratic Game with Convex Constraints

When a dynamic linear-quadratic(LQ) game has an convex constraint set onto which, the pro-
jection is analytically solvable, both problems in Section [3.3.2] can be analytically solved and
the Douglas-Rachfor splitting method is preferred.

We demonstrate the DR splitting method on a 2-D locomotion problem with N = 3 players.
Each player directly controls its own location. The system state x; € R® contains N sets of 2-D
coordinates of each player and action u, ; € IR? for each players. We use Xu k to denote player n’s
coordinate at step k, naturally we have x; = [x] x, X2k, %3 x|, where the variables are all column

vectors. The dynamics is simply
Xk+1 :Iﬁ.Xk—i-Iélxt;’k,k:O, 1,...T (3.47a)

where I is a 6 X 6 identity matrix. The initial position xp and each players target position x;,
are known. Each player’s action is subject to a magnitude constraint ||u, ¢ || < u;®*. The cost of

each player consists of two parts, reaching to the target and conserving its own energy.

Cnk = [|onk =2 ||F+ 10 unil?, k=0,1,2,....T — 1 (3.48)
enr = 10005, 7 — X5 |, k=T (3.49)

It is also required that all three players should meet at k = 5, i.e., x; 5 = x2 5 = x3 5, which
makes the problem a coupled dynamic game problem rather than 3 separated optimal control
problems. The particular constraint also causes the projected gradient method or Algorithm 3}
if applied to the problem at hand, to require solving a constrained optimal control problem in
each iteration, which needs another iterative procedure. The DR splitting on the other hands,
presents two analytically solvable subproblems. In particular, the corresponding Problem [J]is
solved via stagewise Newton for unconstrained game [82]] and Problem [10| becomes a simple
projection onto ||u, k|| < ulf®*.

The parameters are chosen as
T =10,x0=[1,1,-2,0,4,0],

X =[x, ) = [4,12,-2,10,10, 10],

YR — AR _ ax _ ) (3.50)
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We applied the DR splitting method with the splitting scheme in Section [3.3.2] We found

n = 10~* and a = 0.5 produced stable iteration and solution. 10* iterations were performed
and shown in Fig.[3.4]

State Trajectory Convergence
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0 5 10 iterations
(a) Open-loop equilibrium trajectory (b) Convergence

Figure 3.4: Douglas-Rachford splitting for dynamic LQ game with convex constraints. 11 tra-
jectories were sampled from 10,000 iterations and shown in Fig. with more transparent
curves indicating earlier trajectories in the iteration. The rendezvous point changed over itera-
tion and all players go straight to target afterwards. Fig. [3.4(b)| shows the distance to the final

OLNE as the iteration progresses, which is proof that the algorithm converges.
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Figure 3.5: Magnitudes of action and cumulative cost over iterations. 11 intermediate results
were sampled from 10,000 iterations and shown in Fig. [3.5] with more transparent curves in-
dicating earlier trajectories in the iteration. The magnitude is bounded by u'®* as expected in

n

Fig. B.5(a)l Fig. [3.5(b)| shows the total costs reduce for all players as the rendezvous point

changes over iterations.



Chapter 4

Linear System Identification with

Multiplicative noise

In this chapter, we switch gears to linear system identification problems with multiplicative
noise. We will show that LSMN is a more general formulation than systems with additive noise
that can capture a wider range of uncertainty of linear systems. Identifying parameters and un-
certainty of linear system models can be helpful for the robust control and modeling in many
industrial and economic applications. Compared to the more commonly studied linear systems
with additive noise, where the effect of the uncertainty is constant in the output, the noise of
output in an LSMN depends on the input as well. When the inputs have larger magnitude, the
noise is more magnified in the output. Because of the different structure of the problem formu-
lation, LSMN requires a different treatment. We start from static problems, acquire bounds on
the least-squares estimates and move on to dynamic systems and robust control, applying the
results from static systems.

This chapter is organized as following. Section explains the basic linear algebraic no-
tation and random process related definitions in this chapter. Section [4.2] introduces the basic
estimation problem with multiplicative noise, its least-squares solution and the error bound.
Section solves the problem of synthesizing probabilistic bounds of first and second order
moments to obtain a probabilistic box bound on a random variable. Section d.4] moves on to
identification of linear dynamic systems. Section .5 proposes an online robust control scheme

based on our estimation method and numerical examples are shown in Section 4.6

62
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4.1 Notation and Definitions

We use superscripts to denote scalar elements of a matrix or vector

Xl Sll Sl2 . Sln
x2 S21 SZZ . SQn

X = . cR" S= . . ) . c RM*n (413)
P Sml Sm2 ce. gmn

For a matrix, we use in the superscript, a colon to denote picking all elements in the row or
column and a coma to separate indices for row and column. For example, S% is the ith row of §
and S*/ is the jth column.

For a random variable X, we use E[X] or X, to indicate its expected value and X its least-
squares estimation. The bound of a least-squares estimation X is denoted §(X).

We introduce the notation to indicate a box bound here. Given matrices M, tys and Ry, with
the same dimension and Rj; being non-negative, we use the absolute value and inequalities to
indicate corresponding element-wise operations, so that the box bound of M around u, can be

denoted

IM —uy| <Ry, Ry >0 4.2)

For a vector v = [v!,v2,...] T, we define the diagonalization operator diag(), which creates a

diagonal matrix
diag(v) = V2 4.3)

Definition 5. Sub-Gaussian random variables

A vector of zero-mean random variable X € R? is 6—sub-Gaussian if and only if
Ejef'¥] < e29°IFI” g ¢ RY (4.4)

Note that a sub-Gaussian distribution is not a specific distribution but a class of distribu-
tions. Zero-mean Gaussian distributions are sub-Gaussian, and any zero-mean distribution on
a bounded set is also sub-Gaussian. For example, a zero-mean, scalar random variable X such
that —a < X < a,a > 0, according to Lemma A.1 in [83], E[e*X] < e%“z“z, therefore it is sub-

Gaussian with parameter 62 = a°.



64
Definition 6. Supermartingale

An integrable random process M; is a supermartingale w.r.t. a filtration JF; if and only if
EM; | F] <M, t=0,1,2,... 4.5)
If M; > 0 almost surely for all t, then M, is a positive supermartingale.

It is obvious that a convex combination of positive supermartingales is a positive super-
martingale.
The maximal inequality of a positive supermartingale such that M;, is applied in this chapter

E[M,]
€

P(supM; > )<e (4.6)
t

The details of the definition, the maximal inequality, definition of a filtration and more about

Martingales can be found in [60, [86].

4.2 Estimation with Multiplicative Noise

First we study the confidence bound of least-squares estimation where the underlying true map-
ping contains multiplicative noise with a scalar-vector output/input structure. This bound is a

key building block for bounding the identification of a linear dynamic system.

Problem 20. Estimation with multiplicative noise
Suppose we have T pairs of output/input measurements (z;,g;), where z, € R, g, € R¢ and ran-

dom parameter 6, € R? that satisfy
w=g 6 4.7)

where 0, = E[6,],Vt, assuming constant expected value of 6,. N, = 6, — 0,,t =0,1,2,....T isa

vector of conditional o-sub-Gaussian random process such that

-E—l :Z(g()agla"'7gt—17gt7907917'”791—1) (483)
E[eP | F, 1] < 2 IBF vB e RY (4.8b)

where X(-) is the sigma-algebra generated by the random variables. W.L.O.G., we assume

8t

TeT The problem is to

llg:|| = 1. When ||g;|| # 1, we can re-scale both z; and g; as H;—’tu and

estimate 0, and provide a bound on the estimation.
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Later in the chapter, we also refer to this problem as scalar-vector linear estimation problem
when emphasizing the output/input relation.

The problem formulation is fairly general and is associated with an inner product equation.

g can depend on history (69, 6,...,6;_1,20,21,-..,2—1), Which is the case for dynamic system

identification problem we study in Section 6, can also be specialized to be i.i.d, which

is a stronger assumption than (4.8)), but (4.8) is necessary. Sub-Gaussian distributions include

Gaussian and all bounded distributions, therefore is a reasonable assumption since practical

systems cannot have infinite uncertainty. The least-squares solution and bound to Problem [20]

can be summarized in the following theorem. The proof is in Appendix A key step in the

proof is to formulate a supermartingale and apply the bound on supermartingale (4.6)).

Theorem 4. Least-squares solution to Problem 20|

The least-squares estimation Or to Problem|20\with normalized g, is

O = argmin Y. ||z, — g |+ A [ll* = Vi by (4.9)
t=1

o

where
T T
Ve=A+Y aig) br=Y zug (4.10)
t=0 t=0

With probability at least 1 — €, the self-normalizing bound on 07 — 6, holds

(A+T)4

_ 1 1
and the Euclidean norm bound holds
— o? A+T)4 A —
5(6r) SV 16:]| > [|6r — 6| (4.12)

= lo
Tin (VD) 2 €AT " Ain(V)
where Amin(Vr) is the minimal eigenvalue of Vr.

Note that induces an ellipsoid bound on the error 67 — 0, and a box bound.
The ellipsoid bound is tighter in general, but for the purpose of dynamic system identification
in Section the box bound is applied with reasons explained. The sub-Gaussian parameter
o is in general unknown, however, an initial bound of uncertain parameters can be estimated
based on expert knowledge of practical systems. The bound diminishes to 0 as Ay (V) grows

as data is accummulated.
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Remark 2. Based on theorem 5.1.1 in [87|], the matrix Chernoff inequalities, Amin(Vr) has a
high probability to be bounded below linear w.rt. T, given i.i.d. g,gtT with positive definite
covariance, in which case, it can be shown through simple linear algebra that the Euclidean
norm bound converges to zero as T — oo,

4.3 Synthesizing Probability Bounds of Estimations

Theorem @] finds a Euclidean norm bound, but it is still a step away from a box bound. We
provide the lemma to bridge the gap in this section. We study how to synthesize the estimate
and bound of first and second moments of a random variable X to get a probabilistic box bound
on a sub-Gaussian random variable. The following lemma gives the synthesized bound and its
proof is in Appendix [C.2] The proof utilizes Markov inequality and the sub-Gaussian property.

Further result assuming X is uniformly distributed is also given.

Lemma 8. Bound for sub-Gaussian random variables
For a scalar random variable X such that X — E[X] is o-sub-Gaussian, suppose we have esti-

mations and bounds for its first and second moments

Pr([X-EX]|<6(X))>1-¢g (4.13a)
Pr(‘?—E[XZ]‘ < 5(?)) >1-g (4.13b)

A box bound on X can be computed
Pr(|X —X|<R+6(X)) >1—¢ e (4.14)

Furthermore, if we assume X follows a uniform distribution, the box bound can be specialized

Pr(}X—Y\§R+5(Y))21—ZZ:ei (4.15a)
i=1
R< ﬁ\/ﬁw(ﬁ)—mm{[fia@p} (4.15b)

From Lemma [§] the box size R can be computed from desired probability in general. It
is interesting to see that, if we have accurate estimation of the first and second moments, i.e.
85X =0,6X2=0,& =0,& =0, the bound becomes

R2

Pr([X—X|<R)>1-2¢ 2@ (4.16)
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which means we need a box size comparable to the sub-Gaussian parameter to get a high prob-
ability. For example, when R = 30, the probability is as high as 97.78% and when R = 20, the
probability is as high as 72.93%. This is because higher than second moments play an important
role on the shape of the density function and can stretch the distribution far away from its mean

for given first and second moments of a random variable.

4.4 Identification and Bound of Linear Systems

In this section, we apply the results in Section 4.2 and {.3] to linear dynamic systems with

multiplicative noise.

4.4.1 Problem Formulation and Algorithm

Problem 21. Linear dynamic system estimation with uncertain system matrices

Suppose we have the following dynamic system
Xe1 = Arxe + By 4.17)

where x;, € R" u, € R?, A, and B; are bounded joint random variables, therefore sub-Gaussian,
with constant first and second moments. The problem is, given T pairs of consecutive state
and input u;, x; data, estimated and bound first and second moments of system parameters, then

provide a probabilistic box bound on A; and By.

The formulation allows variations of third and higher moments and coupling of A and B.
The regular assumption that A; and B, are i.i.d. is sufficient for fixed first and second moments.

When a linear system has additive noise, it can be merged into By, term as
u
Xrp1 = Axy + By +w = Arx + |:Bt diag(wt)} llt] (4.18)

The formulation of Problem 21| naturally covers system with additive noise.

To solve this problem, we need to estimate and bound first and second moments applying
Theorem [4] to properly formulated instances of Problem [20] Then apply Lemma [§] to get a
probability bound. Before we derive the solution in general, we focus on a simpler case for

illustrative purpose.
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4.4.2 An Example of an Autonomous System

This simple example is developed to illustrate how the dynamic estimation Problem [21| can be
solved via a number of scalar-vector estimation problems as Problems [20] We show a simple

case when n =2 and p = 0, i.e., an autonomous linear system. Denote

11 12
_ Al A

=l a2 (4.19)

t

Based on the dynamics (4.17)), we have the following dynamics for the first and second moments
of A,

x] 0 0 0 01T At
20 0 0 0 AP
0 x/ 0 0 0 AH
0 X 0 0 0 A2
1\2 11\2
] foowr o o fan
X2 ! !
1[+12 _|0 0 0 () 0 (A7')?
()@;1)2 “lo o o @2 o (A2 (4.20)
x(lx f*‘z) 0 0 222 0 0 AllA12
M1 X1 0 0 0 0 (1) AllA2!
output vector 0 0 0 0 le x,2 A ,1 " ,22
0 0 0 0 x\x? A2A2!
0 0 O 0 () |APRAR
0 0 0 2x2 0 | [AZAZ]
-
input matrix parameter

Note that for the properly spacing and presenting the equation, the input matrix contains the
transpose operator.

Since the system parameters A is bounded therefore sub-Gaussian, each row of (4.20) forms
a scalar-vector estimation problem as Problem For example, the following equation can be
used to estimated E[A!!] and E[A!?]

.
o=l 22] Al a2 4.21)

T e————
“ & 6
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E[(A'1)?], E[(A'?)?],E[A'!A!?] can be estimated with

]
(= ()2 (22 22| [(Al)? (422 alal?] (4.22)
~——

Zr \_rr 6,

8t

where matching to the variables of Problem [20]is indicated.

It is worth noting that, the input matrix has only one non-zero element in each column (mind
the transpose), therefore the least-squares problems corresponding to different columns are not
coupled. This enables us to estimate different elements of moments of A by solving different
instances of Problem [20| separately instead of solving a whole vector-matrix structured data
estimation problem.

As in this simple example, we can estimate all first moments of A and the quadratic sec-
ond moments E[(A¥)?],i, j € {1,2}. For the second cross-moments, in this example, we can
estimate all the other four except for E[A!'A??] and E[A'?A?!], because they share the same

coefficients x!x? in the estimation problem associated with the last row, i.e.,

.
.2
St = | Al a2 A2 MR AP APAR] @2
N——

2t
&' O

Due to this inability to estimate some second cross-moments, a full ellipsoid bound on A can
not be obtained. However, we can synthesize the estimation and bound on E[A”] and E[(A¥)?]
to get a box bound. This phenomena generalizes to arbitrary n and p, which are the dimensions

of states and inputs, as we show in Section 4.4.3

4.4.3 General Dynamic Problem

The same idea of the estimation problem from Section [4.4.2] can be generalized to arbitrary n
and p. Specifically, the first and second moments of the parameters are decoupled, and that
some second cross-moments cannot be distinguished. We develop the procedure in detail in
this section.

Define

Xt

P = [At Bt] ER'"xR"P g = [ € R"TP (4.24)

Uz

We use P to indicate the random variable.
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The dynamics of each xi, (x/)2 and x'x/ terms are

! WP’“ i=1,2 4.25
X1 = Z s,—s i=1,2,...,n (4.25a)

) n+p

o)=Y (B2 +2 Y RPN, i=1.2,.n (4.25b)
j=1 1<j<k<n+p
n+pn+p

1 o
xt+1xt+1 Z ZP’kPJ skl i (4.25¢)

Equation (4.23)) is a generalization of (4.20).
Each term that we are interested in only shows in one of the equations (@.25). We propose to

follow (#.25a) and (@.23b) to estimate E[P/], E[(P"/)?], bound the estimation of first and second

moments, and synthesize a box bound on P/ with high probability based on Lemma

Note that each equation in (4.25a) forms an estimation problem the same as Problem[20] so
we can apply Theorem 4{and obtain the estimation P and bound &g (F) such that

holds with high probability at least 1 — &!. Each individual term is also bounded

ﬁ@mﬁﬂg&@ﬂ,i:mwm (4.26)

HF‘J'—E[PU]H < & (?) ViV 4.27)

We define Q' to contain the variables to be estimated in each #23b)), i.e., Q' is a vector

formed by all elements in the set
{PUPH|1 < j<k<n+p} (4.28)

Q' is defined for notational convenience to express the bound when Theorem @ is applied to
(#.25b). The order of the elements is irrelevant for this purpose.

Now we can express the estimation of the second moments. With probability more than
1 — €&, the bound we get from Theorem on is

+ —_— . .
Z E[(P)?]+ Y. PUPk—E[PYPY|
j=1 1<j<k<n+p

< 8:(Q)) (4.29)
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The bound can also be applied to each individual terms
(PP —EIP)| < 86(07), = 1.2,m 4 p (4:30)

Applying Lemma based on the estimation and bound of first and second moments of P/
in (4.27) and (4.30), we can get a probability bound on each Pl

Pr(

Pif—ﬁ) <RU)y>1—¢ 4.31)

where RY and ei)j come from (4.14) or (4.15a)).
We can assemble all R/ and eligj, following the notation for box bound we defined in (4.2),

the overall probability box bound on P can be formulated

Pr(|P—P|<R)>1-Y ¢} (4.32)
i,j

The box bound on P can be split into bounds for A and B as

|A—A| <Ry |B—B|<Rs (4.33a)

Toz[x E} RP:[RA RB} (4.33b)

The procedure is summarized in Algorithm 5]

Algorithm 5 Identifying probability box bound
Collect state-input data x;,u, fort =1,2,...,T

Apply theorem [| to (@23a) and (@23b), obtaining estimation Pi/,(Pi)2 and bound
8 (P), 8£(QF) of P as in and @.30), Vi, j

Apply Lemmal8] get a box bounds for P/, Vi, j with probability at least 1 — €

Form overall probability box bound as in (.32) and (@.33)

4.4.4 Discussion

Ideally, we would like to estimate all the first moments E(P"/) and second moments E(P*P/!)
based on and given data s,, obtaining a tighter ellipsoid bound (4.11)). However, as we
illustrated with (4.23)) in Section d.4.2] we cannot estimate all interested moments as desired in
general. In @250), terms PP/ and P!'P/* share the same coefficient z¥z/, therefore E[P*PJ!]

and E[P*PJ!] cannot be separately identified and we cannot achieve a complete ellipsoid bound
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on P. Additionally, there exists robust control methods for boxed uncertainty of parameters for
linear systems. Therefore, we chose a probability box bound as our goal of estimation (4.32)).

It would be interesting to find a sufficient condition for the norm bound to converge to zero
when T — oo specifically for the dynamic identification problem as we did in Remark 2] How-
ever, the condition requiring that g,g, be i.i.d. in Remark [2|is unlikely to be true for dynamic
problems. A dedicated sufficient condition requires proving Amin(Vr) increases linearly w.r.t. T
for each of the least-squares estimation problems (#.25)). The structure of the dynamic problem
makes it hard to find an a priori sufficient condition. Nevertheless, the intended application is to
run Algorithm [5]online and compute a series of box bounds. Regardless of predetermined con-
vergence, the box bounds are always true and is valuable information combined with estimate

of the mean of the parameters.

4.5 Online Robust Control and Identification of LSMN

Section .4]solves the problem of bounding parameters with given data for linear systems with
multiplicative noise. We move one step forward, utilizing the bound for robust control, which
also provides us with an online scheme for control/identification of linear systems. We address
a few issues before presenting the final procedure.

For a real system, the sub-Gaussian parameters ¢ are not known. A sufficiently large bound
can be chosen based on expert knowledge of the subject system, and the sub-Gaussian parameter
chosen based on the bound. It is reasonable to assume such bounds can be achieved via expert
knowledge of the underlying system.

The box bound would not converge to zero if we apply a pure linear feedback policy u, =

Kx;. For example, when n = 2 and p = 1, the feedback policy would be

X/
] (4.34)

and the first estimation problem associated with becomes

.
x}H:{x} x? le}+1<2x,2} [A,“ AP B,“} (4.35)
~—~

2t ng 9,

For this estimation problem, because of the structure of g;, the self-normalizing matrix Vy =

Al +Y, g8 would have a minimal eigenvalue of A regardless of 7. However, [#.12) requires
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Amin(Vr) to increase faster than log(7') rate for the bound to converge to zero. The same issue
exists for all estimation problems associated with (4.25). To over come this issue, we add zero-
mean exploratory Gaussian noise v; to the linear feedback policy as u; = Kx; + v;. The system
remains stable.

With the discussion above and following Section[4.4.3] we can obtain estimation and bounds
of first and second moments of system parameters, then synthesize a probabilistic box bound
with them.

Obtaining a stabilizing gain in face of boxed uncertainty of parameters has been studied in
robust control literature [88]. Typically, a stabilizing gain is found via calculating a Lyapunov
function that decreases for all possible system parameters, which usually requires finding a
feasible solution to a semidefinite constraint. More specifically, We adapted Chapter 4.7.2 in
[88] for a method computing a stable gain for boxed uncertainty. Note that a robust stabilizing
gain is not unique.

Our procedure runs the system continuously and updates the feedback control gain period-
ically with an updated box bound from the most recent data. Exploratory noise is added in the
control policy. At the early stages of the process, one may not get a sufficiently small box bound
such that a robust feedback gain can be computed. In that case, a nominal policy needs to be

applied to gather more data. The scheme is summarized in Algorithm 6]
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Algorithm 6 LSMN identification with robust control
Choose a period T for updating robust control law

looptr=1,2,...,
if Robust stabilizing gain not found then
Apply input u#; from a nominal control policy
else

Apply input with the robust stabilizing feedback gain and exploratory noise
us = th +V, Ve~ N(O,I) (436)

end if

Run the system with u,, measure x;

Apply Algorithm [5| with data [x;, ], V¢, obtain a box bound of the parameters with prob-
ability 1 — &

[A—ual <Rs  |B—pp| < Rp (4.37)

if 7 is a multiple of T then
Compute a robust stabilizing gain K for (4.37)
end if

end loop

It is worth noting that, the general box bound given by Lemma [§] does not converge to the
true range even if accurate mean and second moments are known. This is because the lack of
knowledge of the distribution of the system parameters. When the true distribution is assumed
or known, the exact range can be reached, as is the case in Lemma [§| when we specialize down
to uniform distribution. Otherwise, there needs to be a larger set of parameters that is robustly
stabilizable and contains the true support of the random parameters. This is further illustrated

with a numerical example in Section 4.6
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4.6 Numerical Examples

4.6.1 A Scalar Linear Dynamic System

We simulated a scalar dynamic system with p = 1, n = 1 so that the true system and estimations

can be easily illustrated on a 2-D plot. The parameters are uniformly distributed between
—1388 <A< —1.212 —4264<B<—-4215 (4.38)

Our estimation assumes uniform distribution of system parameters. We simulated 10° steps
applying Algorithm [6] used 5 times the true values of the sub-Gaussian parameters ¢ and the
true norm || 6,| in (@.12)) as the estimated upper bound on these values. It is reasonable to
assume such estimation can be achieved based on expert knowledge of the physical system. We
used exploratory input noise v, ~ N'(0,10%). Our estimated box approaches the true box and a

robust gain K = —0.2985 was computed that can stabilize the system.

. |

I ] —e— estimated mean
-5.0 | — true box
e | — estimated box

== = stabilizable box

-2.0 -1.5 -1.0 -0.5 0.0
A

Figure 4.1: Estimation and box bound over iteration. The green box indicates a range of system
parameters that can be robustly stabilized. As can be seen, the true box is well-within the
robustly stable range. Our estimation falls in the robust stable box quickly approaching the true

box.

This reveals a requirement for Algorithm [6] Either there exists a larger stabilizable box
outside of the true box, or we have knowledge of the distribution so our synthesis can achieve

the true box, then we can find a robust gain with our estimated box bound. On the other hand, if
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the true system is barely robustly stabilizable, and we have little knowledge of the distribution

that allows us to get more accurate estimates, we cannot find a robust gain via Algorithm [6]

4.6.2 A Vector Linear Dynamic System

Following the compact notation of P (4.24), we simulate a system with uniformly distributed

system parameters upper and lower bounded by

—0.1305 —0.5410 —-0.6195
B= (4.392)
—0.05983  1.289 5.773
—0.1603 —0.5810 —0.6595
Pip= (4.39b)
—0.0998  1.249 5.733

We simulated 10° steps applying Algorithm@ Other details such as choice of sub-Gaussian
parameters, exploratory noise and choice of small probabilities, etc. are the same as in Sec-
tion[4.6.1] The mean value, second moments and synthesized bound can be estimated as shown
in Fig. 4.5] .6]and

For the bound on first and second moments, we chose probability & = & = 0.01 as in
#@.12)). For the synthesized bound, we assumed uniform distribution and followed (4.15b)), and
the probability is less than 0.02 for the true value to fall out of the box.

When synthesizing the first and second moments bound applying @13b), X2 + §(X2) —
min{[X + §(X)]*} might be negative, which is contradicting a basic probability theory property
E[X?] — E[X]? = Var[X] > 0. This happens because at early stage of estimation, the bounds on
first and second moments 8(X) and 8(X2) are very crude. In this case, we synthesize with the
sub-Gaussian assumption (4.14)), which gives a more conservative bound.

At early episodes when the estimated box is too large for a robust controller, we shrunk
the box centered around the estimated mean until a robust controller can be found. The robust
control gain is updated every 107 steps. Starting at 8 x 10° steps, the estimated box can be
robustly stabilized. The final robust control gain found is K = [0.01669, —0.2126].
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True and Estimated Mean of System Parameters

—— true mean —— estimated mean true range estimated mean bounds

20 20 20
10 10 10
0 0 0
_10 —10 -10
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10! 10° 10° 10! 10° 10° 10! 10° 10°
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Figure 4.2: Estimation and bound of the mean value of system parameters. The estimated bound

shrinks as the number of samples increases and covers the true value.

True and Estimated Second Order Moments (S.0.M.) of System Parameters

—— true S.O0.M. —— estimated S.0.M. true range estimated S.0.M. bounds
40 40 40
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0 0 0
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Figure 4.3: Estimation and bound of second moments of system parameters. The estimated

bound shrinks as the number of samples increases and covers the true value.
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Figure 4.4: Synthesized bound. The synthesized bound shrinks more slowly.
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Figure 4.5: Estimation and bound of the mean value of system parameters zoomed in. Accurate

estimated on means are achieved after approximately 103 points of data.
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True and Estimated Second Order Moments (S.0.M.) of System Parameters

—— true S.O0.M. —— estimated S.0.M. true range estimated S.0.M. bounds

Figure 4.6: Estimation and bound of second moments of system parameters zoomed in. Accu-

rate estimated on second moments are achieved after approximately 10* points of data.
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Figure 4.7: Synthesized bound. Synthesized bound getting closer to the true bound and a ro-
bustly stabilizing gain can be found for all system within the bound, including the true system,

after 8 x 107 steps.



Chapter 5

Conclusion and Discussion

We extended some classic methods from optimization, optimal control and variational inequal-
ities to constrained and unconstrained full-information non-zero-sum dynamic game, includ-
ing Newton’s method, Bellman recursion, differential dynamic programming, gradient descent
and Douglas-Rachford splitting. Different methods apply to different combinations of con-
strained/unconstrained feedback/open-loop Nash equilibria. For open-loop Nash equilibria, we
get local quadratic convergence for unconstrained dynamic games and local linear convergence
for constrained dynamic games under reasonable assumptions. Our methods are numerically ef-
ficient w.r.t. the length of horizon because we utilize the temporal structure of dynamic games.
While for the feedback methods, we can solve local Nash equilibria around stationary trajecto-
ries, but the convergence needs further studies.

As our study suggests, open-loop Nash equilibrium and feedback Nash equilibrium have
very different mathematical structures and hence different methods. The open-loop game Nash
equilibria and their algorithms are better understood in terms of their existence, solvability
and convergence. Many further studies are worthwhile, including Nash equilibria of different
information structures and partial information.

At the front of robust control and identification of linear dynamic system with multiplica-
tive noise, we extended the standard confidence bounds results for least-squares estimation from
additive noise linear equation to the more general multiplicative noise case. We further refor-
mulated LSMN as batches of the basic least-squares estimation problems with multiplicative
noise and proposed an online system identification algorithm with robust control. Our methods

apply to more general systems than the existing method [[72]].
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Appendix A

Auxiliary Proofs for Unconstrained

Dynamic Games

A.1 Proof of Lemma

First, we prove that the dynamics constraints (2.11d) and (2.1T¢) are inductive definitions of
(2.12a)) and (2.12b). Note that x is fixed so that (2.12a) and (2.12b) hold at k = 0. Now we

handle each of the terms inductively. For 6x; 1, we have

d
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Both [ and p are used to pick out the corresponding element for a vector or matrix. Aip means
the /th row and pth column of matrix A;. Equation (A.2d) actually describes each element in
(2.12D)), so we have proven that both are true.

Next we prove (2.11a) is the quadratic approximation of J,(u), i.e.
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| 1 1
==Y | | 6x | Muy| 8x | +MpKAX (A.5)
250 ’

514:7/( 5“:7/(
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We need the explicit expressions for the associated derivatives.

dJy(u) _ i <9Cn,k(xk,bt:,k) N A i (X, u. ) 3xk> (A.6a)

8u;7l~ k=0 (914;11' 8xk (911;7,'
0%, (u)
8u;,,-8u;7j

£
(

5
B

cn_,k(xk,u;vk) 4 9x; Tazcn,k(xkauz,k) dx;
8u; ,-au;j aM:,i ax% a”%j

82
9xk 92 an(xlmu k) 1 82Cn,k(xk,uz,k) oxy
Ju.;  Ox;ou.; du.;dx;  du.

<& dCn i (Xk, Ut ) 82xi
Z o dudu, (A.6b)

We break down each term in (A.3). First the second order term.

92J,(ir) 92 (u)
T _ T
ou u? Ou = 7;’06 ’8u iou. j

T

Z i > 6”:_’]'

Jik= u

I’ 8xk
ﬁau:.j) 6“:,]

) 6M;J

8xk
_ 8u;,j > Su:’j

614 L (A'7a)

Cn,k(xkau:,k)

au:7i8u;,j

Oxi % cnp(xu,u i)

+ Su,
l.7j72k::0 <8u;7i 8xi

T 932
Ixi 0% cnp (X, u: )
8u;7,~ 8xk8u;7j

n i 6141-(8 e (Xks U )

i\j k=0 (914; iaxk
+iiacnkxk;uk 26 P (A7)
—_— i u. j .
k=0 p=1 axk iti,j=0 8 au ik
2, 2
=Y <5ufk aa 5 ko 8x] T 5xk> +
k=0 Jc xk i
8zcnk 2?2 Cnk
k;)<5xk Ixcdu k| adu. g+ Su e 5xk>+
I aC k(xk u.k)
T S AXY (A.7c)
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T T (92(3,,7]( Bzcn‘k
! Ox;, ] ox? Ixdu. i [ 0 ]

= 2%, 2%,
k=0 Suz,k au:;(jik auczkk i 8”:,]{
P) .
n <C””‘(x"’”'*")Axk> (A7d)
8xk

The first term in (A.7b) to (A.7¢) holds because c,, x(xx,u: x) only depends directly on u.; and
u. j when i = j = k. The others hold because x; only depends on u.; and u. ; when i, j < k. The
last term uses the definition of Ax; in (2.12b).

The first order term

aJ i) L 9, (
) 5= Z au o (A.8a)
_ L [ Ocnk(xe, ) n I (Xie - ) Ixy Su., (A.8)
k=0 du ; Ix du. ; ’
L[ Ocni (e, u i) OCn ) (Xiy ) o= OXk
- k;) (a”:,k Su. i+ P ;) P (A.8¢)
T
=0 8M;7k ’ axk
And constant term
T
Jn(l’_‘) - Z cn,k(xkaﬁ;k) (A.9)
k=0
From (A.7), (A.§), and it follows that (A.5)) is true.
A.2 Equivalency of Reformulated Game for OLNE
Proof. All that is needed is to prove
r T [ox ][5
Y MyiAv=Y [ xk] Dy [ x"] (A.10)
k=0 =0 | Ou. ou. i

Because the cost term M, ;’;{Ax is linear w.r.t. Ax, the propagation Ax;; = AgAxy + Ry (Oxk, Ouy)
is linear in Ax; and quadratic in 8x; and Ouy, we know that the L.H.S. is the summation of

quadratic terms of dx; and duy without constant terms, therefore it can be written as

T

T T
Y MiAg =Y [5’”‘] D lsx" ] (A11)
k

k=0 =0 | Out: & Su. i
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Each additional term is the contribution of a pair dx; and duy to the total cost. We examine the

contribution of éx; and 6u;, 0 <[ < T,i.e.,
0 ! 1)
X A X[
Dn,l :M,{:YTAT_lAT_z .. .A1+1Rl(5xl, 5u1)+
6“:,1 8”:,1
M, AT A3+ A Ri(8x;, 8up)+

M, AL R (8, 8uy)+
My Ri(8x1, ) (A.122)

n

where each term in the R.H.S. is how R;(8x;, Su;) contributes to each M}j(Axk. The coefficients

in front of R;(8x;,0u;) can be merged together and it is easy to further verify that

T - 4T
5)61 A 5)61 5)61 Moo : 5)(1
Dy, = Q1R (8x;,8u;) = Y &G (A.12b)
ou ou. [Oug| iz ou.
- T
ox; 0x;
- Dy, (A.12¢)
_514;71_ 61/!;,1
Therefore, D,y = DAn,k and (A.10) holds. d

A.3 Derive the Gradient of the Open-Loop Game and Solve OLNE

We solve the open-loop Nash equilibrium of (2.13) in this section, which is also the Newton
step (2.4). The following expression of the states 0£; depending only on the actions Su. _; is

useful.

k=1

- k=14 oo k=1 2 .p

8% =T gAid%0+ Y TIZ) | AjBiu (A.13a)
i=0

where we use the IT to indicate consecutive matrix multiplication on the left, i.e.,

I JA; = Ay ---AlAg (A.14)

In case when the superscript is less than the subscript for the IT operator, we define it to be the

identity of the proper dimension, i.e.

A =1 (A.15)



Deriving the Gradient of the Game
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We begin with rearranging (2.15)) in a matrix form, eliminating the explicit dynamics and col-

lecting each player’s action over time together, so it is easier to compute the gradient of the

game.

subjectto 6% =

where

H}CX —

uju;

(Hn

Suy.

rxx
Mn,O

)T

:Hn

min  8J,(0%,0u) = %

A

5xo

OXr

A

M)CX

n,1

[y
M,

i

Ui

- - T - -
0x 0%
ouy, ouy,
51/{2 Hn 5u27
5uN 514]\/‘
C s 1T T XX XU
ox HX HM™
Sur, | | HAx Hp
% Sup. | |H2 Hew
Suy.| |[H Hpv
-5141_’;
5”2,:
- Fl F2 FN
_5”N,:
(H) T = Hy =
pxx
n,T |
~ il
Mn,lj E—
~ Uil
Mn,T]

XUy
Hn

upuy
Hn

usup
Hn

unu
Hn

+ E %o

A

g | | ose

H,’;lu’v Suy

H,IfzuN Sus

HHMNMN 5uN
(A.16a)
(A.16b)
(A.17a)

M, |

(A.17b)
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(A.17¢)

Note that F;, is strictly lower block triangular and it propagates player »n’s action to all the states.

Similarly, E propagates the initial condition to all the rest of the states. While the previous

formulation (2.13)) has an explicit time dependency, this formulation collects players’ action

together and then over time. The current formulation is especially convenient for computing the

gradient of the game.

We substitute (A.16b)) into (A.16a) to get rid of the dependency on 6£. The terms related to

0% in (A.164d) are
_51417;-
Ous .
%55}1,5}65% 8% |Hm g H "
5”1\]7;
- - T
Ou .
1 5“2,: N o
:5 |:F1 P o Fy +Ed% H, n B
514/\/7;
- q T
ouj,
Ouy, A
+ [Fl F, - Fy +ES% | |HM Hw
SMN,:
- 2T - -
Sui.| |FHFFR F'HFF F'H>Fy| | 6u.
1 |Sur. | |F HYF F,'HFF FE, H¥Fy| | Suy.
2 : : :
Su Fy HYF, Fy) H*F: FyHYFy| |6
LO%N,: | LN Hn 11 N Hp 12 Ny N | | OUN,:

5”1,:

5u27;
Fy

51/!}\/’;

XUy
Hl’l

ouj

ouy

5MN7;

(A.18a)

+ E %o

(A.18b)

1
+ 56;23 E"HYES%,
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Sui.| [FTH™ FlE™ FrEe] [Suy. |
. Sup. | |F HM™ FH™ FHM | | Sup,:
(Suy.| |FyHY  FyH“ Fy Hy" || Suw, |
-5u1’:-
ST T Sus,
+ SR ET [HEF A H HER A HY o HYFy+ H| (A.18¢)
_5141\/7:_
Symmetrize the quadratic terms, merge them into (A.16a) and ignore the constant term
38%) ETH>E 8%, we have
0J,(0%9,0u) (A.19)
— - T - 4 - - - AT ¢ -
Sup.| |Gam Guwe Gun || Sy, FIHX+HO || Suy
1 5”27; GZZ’“ Gzzuz GZZMN 5u27: - FzTHr)lcx +Hr':2x 51427:
2 + 6% E )
Suy.| |G G - G| Suy | | Fy HyX+HY | | Suy, |
(A.20)
where
G = H," +F," H*F; + H'""F; + F, H," (A.21)
With this notation, the gradient of the game for player n can be expressed as
d6J,(0%9,6 N
2(5;0’ “) =Y Gty + (E H™ + H"*)E 8% (A.22)
n,: i=1
Stacking all players’ gradient, the gradient of the game becomes
-Gbltlul G1141M2 GLIHMN- -5u1’:- _FITHicx _‘_Hglx-
: R N T B VR
0J (0%p,0u) = ] ] _ i + ] Ed%y (A.23)
_GX/NMI GIMVNuz e GIMVN“N_ _SuM:_ _FI\—II—H;\CIX +HKIN/\7_

After taking the derivative and obtaining the gradient of the game, we are motivated to plug

0% back to the gradient expression, because the backward recursion to solve the gradient equals
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zero should be expressed in terms of the states as well. The playerwise gradient (A.22) can be

manipulated as

26J, (0%, Ou)
A,

i=1

Il
™=

—_

|
™=

Il
_

i=1

(H'" 4 F,"HYu; . 4 (F, H™ + H"*) 8%

HY  HM
H“* |
FnT 0 070 0 Hiex  fuau
\___\,r__/ —_——— n n
n— —n
Hw Hv
0
T fSZtlr
FT 0 - 010 - 0
" N , N ,] H, 25142,
n—1 N—n
quv

Solving the Gradient Condition

N
(H —I—FTHXM’)M, + (FnTHfC "‘Hr':"x)(zﬂui* + Ed%0)

XUp
Iiﬁ
Uiy
Iiﬁ
uuy
}1ﬁ

UNU
Iiﬁ

XUN
Hn

ujuN
Hl’l

urun
Hl’l

Uy Uy
Hn_

N
=Y (H+ E'H™F,+H""F, 4 F H")u; . + (F] H™ + H"*)E %

(A.24a)

(A.24b)

(A.24c)

(A.24d)

(A.24e)

It remains to solve the players’ actions that set (A.24)) equal to zero for all playersn=1,2,...,N

We are motivated to find a backward recursive form that has linear complexity over the number

of steps T'.



First we study the structure of the last two multiplicative terms in (A.24)

XX
Hn

uyx
Hn

Urx
Hn

XU
Hl’l

ujug
Hn

Uyl
Hl’l

XU
Hn
upuz
Hn
uru
Hn

uNx N unu
_Hn Hn Hn

XUnN
Hn

uLun
Hl’l

U uN
Hn

UNUN
H, n

5141\/’;

Hy 6%+ H," Ouy . +Hy"20uy . + - + Hy"™ Ouy .

H!'" 0%+ HM" ouy . +HY " Sup .+ -+ HM" "N Suy .

H? 0%+ H?" Ouy .+ HY** Sup .+ - -+ H?"N Ouy .

HNS 82+ H Suy .+ H Suy 4 -« + HN Sy
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(A.25a)

(A.25b)



5)6 —+—Mx"15u10+ xu25u20+

M,fxl 0% +Mn,1] 5u1,1 +Mn7125u2,1 +---

—i—MmNéuN()
Ax
+ M, Sun

Therefore the playerwise gradient would be

058J,(8%0,5u)

dSup..

T
—'n

887 + My Sy r+ My Suyr + -+ My Suy 7
MMIXMO""MWI5“170+M::10u25u2,0+-‘ +M“‘”N5u1vo
u|X6x1 M u1u1 Suy +M,L:_11M26u2,1 4. uluN6u
MZJ;S)?T +MM1u1 6u1 T+ u1u25u2 7+ +M:,17¥N6uN,T
M2X5XO+ML42MISM O+M uz 26u O+ uzMN5u N.O
M 881 + M Suy g + MR Suy g + -+ +Mnf1 Y Sup.1
M:f;é)’c\r _|_ zu1 5u1 T +Muz 426u o1+ _|_Mu2uN SUN,T
uNX6X0—1— u1vu15u1 o+ n%u25u2,0+"'+ ”N”N5u N0
;':f\iXS_x’\l +Mn1\i 16M1:1 +Mn1\iu26u271 + ° +MMNMN5MN71
uNX6xT + ’LtNu16u1 T + nl\;*uzéuZ,T +.. +ML‘NMN3”N,T
_ M;%Sfo +qul&ﬂ 0+Mx”26u20 + .- +MXMNSMNO T

M,ff‘15)21+ x”15u11+ x”25u21+

| MY 887 + MG Suy 1 + M)
[ Mu"x5f0 —i—M“"ul 514170 +Mu

“”xﬁx —i—Mu"ul(SuLl + u"u25u2 1+

UK S A Sl U Sl U
| M7 6% + M, Sur 1 + M,'r*

2 Suny + -

”u25u20+...

8”2,T +--

+ )CL[N 5MN 1

+ xuN5MNT

+ M"uN5uNo

+M“"”N5uN71

-+ MM”MN5MN,T_
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(A.25¢)

(A.26a)
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[ S50+ M S | [ M 820+ M Sup |
M;x 133 —I—qu ou. | MM"XS)’CH +Mlt"u3u;.1
S A e (A.26b)
M 8% + M Sur | | M SR + M Su. 7 |
=F, M} + M (A.26¢)

where we define the shorthand notation Mﬁ, M »» for the two bigger matrices, because we will
need to refer to them repeatedly later.

According to the definition of F;, (A.17c]), we can write its transpose in detail.

0 Bly BioAl BLATA] - BlL(ZPA0T B4 |
0 0 é;j,l éz;r,lAA; e éll (M5 A" BL (M A"
0 0 0 B, : :
El=|+ : : BT, AT, Bl AT LAL | A2
0 0 0 o . Bl B, A7,
0 0 0 0 0 By
_O 0 0 0 0 0 |

We give the first term a shorthand name because it will be used extensively.
We solve the OLNE u*, backward in time for k = T,T — 1,...,0. Stacking the last row of
(A.20)) for all players and set it to zero, we have

i U UL U U "umN_ i i U1 X
My Myp* - My Suir M7
Mg My MypY | | Suxy M|
+ 6ir =0 (A.28)
STUNUL SrUN U2 STUNUN SrUNX
_MN,T MN,T MN,T | _5”N~,T_ _MN,T_
So the last OLNE action in terms of time would be
- - - a0 -1 r -
% S U] U uy TULUN TULX
Kir Ml,T Ml,T Ml,T Ml,T
% Srio U] Srio U U UN X
5 on Ky r o Mz,T M27T M27T Mz,T N
(SM;?T = KTS)CT == i 5)67‘ - — k i X i 5)CT (A29)
2 TUNUL rUN U TUNUN STUNX
| Kn.T | My My o Mypt | My'r ]

Now we substitute u. 7 = K787 to the second to the last row of each (A.26).

S N . .
B, 7 (My'p8%r + M, 7 8ur 1 + M, 2 8uy 7 + -+ M, Sun 1)+



Sl X
anT_

1071 + My Sun o + M Sua 1+ MY Suy 7

:EZT—l (Mﬁfr + MZC?TI%T)(ATA 8kr 1 +Br_18u.r 1)+

Sl X
Mn7T7

~ SylUnu Sl Sl U
1087+ M Sun ry + My Suo 1+ MY Sun o

:BIT—ISn,T(ATfISJETfI +Br_18u.r1)+

My 8%+ My Suyr—1 + M Sup oy -+ MY Sun

where we let S, 7 = M*; —I—Mﬁf‘TI?T and

XU Wes il XU
nk [Mmk Mn,k

We can stack all players’ gradient.

SBB 1

i U1 X
Ml,Tfl

Muzx

& 2,T—1

SBA—l- )
T

SrUNX
R

[ aopiun i
MLT—I MLT—I

Y210 Sl
M2,T71 MZ,Tfl

TUNU TUN UL
_MN,Tfl MN,Tfl

M|, k=0,1,..T

Sutuy | i ]
MI,ITIXI Suyr-1
U U,

MZ,ZTA,JI 5”2,T71 n
TUNU,

MNI:]T}XL _5uN,T71_

0fr_1=0
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(A.30a)

(A.30b)

(A.30c)

(A.31)

(A.32)

where S8 and S5 collect the terms related to S, 7 for all players and the superscript indicates

the left and right multiplication by either AT,l or Br_.

BB __
St =

GBA _
St =

So the second to last action would be

r /\T A A
B r_1S1,rBir-1

s s
By r_182,1B1,7-1

r /\T A ~ T
BLT71S17TAT71

AT A A
BZ’T_1S2,TAT71

o
| By r— 1SN, TAT—1 |

SM:T—I = KT,1 5)6]‘71

T 6 s
By r_1S1rB2 11

T A a
By r_182,1B2,7-1

AT A N AT A N
| By r_1Sn1Bir—1 By g 1SNTBar-1

T 6 s
By r_1S1,rBNT-1

T s s
By r_1S21BNT-1

T s a
By 7_1SNrBNT-1 |

(A.33a)

(A.33b)

(A.34a)
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qy -1

I iUy S U SrUTUN I X ]
M1,T71 M1,T71 M1,T71 M1,T71
Muzul Muzuz . MuzuN Muzx
> &BB 2,T—1 2,T—1 2,T—1 ABA 2,T—1
Ry =—| S84 SBA (A.34b)
STUNUL TUNUD . TUNUN STUNX
_MN,T—I MN,T—] ’ MN,T—]_ _MN,T—I_

Following a similar pattern, we walk back one more step. The third to the last row of (A.26) is

EIT—z(MfT—15fT71+ ,,T (Our 7 1+M T— (Our 1+ —i—M,f”}V (Oun 1)+
BTT 2A (AfTa)?T—i—Mn’T]Sul,T+qu25u2T+-"+ XMN5MNT)+

nT 23xT 2+M 3u17T72+ nT 26M2T 2+ +M SMN,sz (A.35a)
=B, (M}, +M,§f‘,, 11€T_1)5;2T_1 +B,r 2A7 (St (AT_15£T_1 +Br_18u.r 1)+
::"; 25xT 2+ nT 281417 2—|- nT 25u27 2+ —I-MM"MN 5“NT 2 (A.35b)

:Bn,T72[ T M T Kr_ 1+AT Sr(Ar_1+Br_ 1Ky _1)]|8%7 1+
Mg:’;_26f7"72 —i—Mn"T1 25M1,T72 +MnnT2 25142’7“,2 +-- —|—MZ’”T”N25uN7T,2 (A.35¢)

:B;T_QSAn,Tfl (Ar_28%r_»+Br_» 8. sz)—l-
nT 26XT 2+ Z:’;LZCSMLT,Q—}— (SMZT 2+-- —{—MM"MN 6”N,T72 (A.35d)

1 +M T ]KT 1 +A IS‘T(AT,l + Br_1Kr_1) and we have the

where we let S, 71 = Mjf

same form as (A.30). Stacking all of gradients for n = 1,2,...,N and setting it to zero, we can

*
solve for Uy s

i U S u Sy,
M, ,1T1—2 M, ,1T2—2 M ,IT]iz Suir—2
U U Sru U TULUN
My7l, My7Z, - M7l Surr-—2
SP8 L+ } ) . } ) +
SPUNUL SFUN U TUNUN
(Myri, My7ri, -+ My7l,| _5”N,T72_
S
M 1,72
Muzx
2.T-2 A
ST 1+ " O0Xr_»=0 (A.36)
STUNX
(MN'7_5 ]
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where
(BT S 718 Bl ,Sir 1B o Bl .87 1B ]
1,7-2°1,T—-1P1,T-2 1,7—2°1,T—-1P2T-2 1,7-2°1,T—1PNT-2
AT ~ A AT ~ A AT ~ ~
R By r »Sor1Bir—2 Byr 281 1Bar2 - Byr 2Sor-1Bnr2
s, = [ e — (837
Bl raSyr1Bir-a Byr Svr 1B Bl r aSvr 1B
| PN, T—2°N,T-1P01,T-2 N,T—29N,T-1P2T-2 **° N,T—2°N.T—-1PN,T-2 |
B /\T A ~ T
B 1 581 1-1A12
Bl JSar1Ar_
A 2.T—292,T—-1AT-2
Sth=1 7T (A.37b)
Bl r oSnriA
| PN, T—29N,T—14T-2 |

which has the same form as (A.32) and we can solve for Kr_5 in the same way. The same
pattern can be found for all k =T,T —1,...,0. which completes the recursion.

We proceed to show that the same procedure can be performed backward for all k =T,T —
1,...,0. It boils down to showing that the kth row of (A.26) is

{FS M+ MY =B Sus(Ar—1 851 + Bro18u i) + My 8%y + My Su gy

(A.38)

given the backward recursion of .SA’,,J( and gain
Suk = M+ MR A AL Supir (A +Biki), k=T —1,T-2,...,0 (A.392)
Su. i = K 6%, (A.39b)

We prove this by induction. is clearly true for k=T — 1 and T — 2 as we have shown. Be-
cause {MZ" }k = M:"/zil O0Xk_1 +MZ’}€”j15u17k_1 —l—MZ”k”fléuz,k_] + .- +M:”,{”iv15u1v7k_1 , which
is true for all k, if suffices to show the first part of (A.38)

{FES MY =B Suk(Ak1 851 + B—1 Su i) (A.40)
Assume that is true for k+ 1, i.e.,
{F MY =B (St (AeS3y + BiSu ) (A.41)
Based on (A1), we would like to show the kth row of F,” M2 in (A.26) is

{FnT./\A/lﬁ}k = B\I_k_ls}\n’k(zak_l 6)2k_1 —I—ék_1 5u;’k_1) (A.42)
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We layout the kth row of F,” M2 and compare it to the (k+ 1)th.

TS k "
{Fn Ml);} = nk lAkZ l k+1 Mnj+16x]+1+ nj+15ui,j+1>

+Bn k-1 (Mfck&ék +M”§<5u;,k) (A.43a)
(ETMEYH! = Z Lt An) (VB 8% 41 + M Su 1) (A.43b)
_BTkSn ki1 (ApS%y + Brdu. z) (A.43¢)

We can see the summation that appears in both rows is equal to

T—1
Z(H{ k14 )T(M,)ff‘j-+15)?j+1+M ]+15u7,+1) Sn7k+1(Ak5)€k+Bk5u;7k) (A.44)
Jj=k

Therefore the kth row is

{FnTMfl}k :élkflA];rS'n,kirl (AAk6)?k —|—B\k5u;7k) —i—élk,l( Aﬁxkéf/{ +Mx",<5u;7k) (A.45a)

=B (A Skt (Arc+ Bikio) 83+ B (V55 + M R ) 85 (A.45b)
:B‘qu [AL S i1 (Ac+ BiKy) + Mﬁfk + M;ﬁch] Xk (A.45¢)
=B, 1 Snx(Ar_18%1 +By_18u.p1) (A.45d)

which matches that predicted by (A.38)) for k. Therefore, given the backward recursion and
gain (A.39a), (A.38) is true, and all the OLNE actions u7, can be computed in a fashion same

as (A.34).

A.4 Proof of Lemma

Substituting the approximated dynamic game (2.21)) to the Bellman equation (2.6) leads us to,

Vﬁ (5xT+1 AXT+1) 0 (A.46a)
yu_lk SXk,AXk,au k)
1

My | 8x; | + M, Ax
614:7/{
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A

+ Vi1 (AkBxy + By Su o, AeAxy + Ry (8, 8. 1)) (A.46b)
Vi (8, Axe) = min Ol 1 (82, Axy, Su. ). (A.46¢)
Up k

Note that defines a static quadratic game and Vn’fk(Sxk,Axk) is found by solving the
game and substituting the solution back to szk(Sxk,Axk, Ou. ).

Solving the equilibrium strategy and Vn’fk(ﬁxk,Axk) based on QAZ7k(5xk,Axk,5u;,k) is the
same as how we arrived at (2.33)) and (2.34g)), since the extra terms of Ax; are not coupled with

Ou. x and other terms are of the exact same form. The stepping back in time of QZ(&%, Axy, Ou. i)
is acheived by substituting (2.11d) and (2.1T¢) into (2.234), which is slightly different because

of the extra terms related to Axy.

Ol 1 (8, Axy, Su. ) (A.47a)
- - T - -
| 1 1
=5 | 8% | Muk| Sx + M Axy
6”:,k 5”:,k
+ Vi1 (A8 + BieSuge, AgAxy + Re(8xi, Su. ) (A47b)
- - T - -
1 1
1
= 5 5xk Mn,k 5Xk +
ou. i ou. i
T 11 1x 1x
1 1 Sn,k+1 Sn7k+1Ak Sn7k+1Bk 1
2 x Al—cr Sf;,lkﬂ AkT Sk 1Ak Al—cr Syk1Bk Ox

T oxl T Qxx T Qxx
Su. k By Sy i1 B Sppi1Ak B Sy Bk Su.

1
+5 ((Mylli + Qn,k+1Ak)Axk>

2
5 5
L1195 b o (A47¢)
2 5u;,k 514;7/(

So (2.254)), (2.25b) and are true.
The proof of (2.24) can be found in the proof of Lemma]
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A.5 Approximated Parametric Optimization Lemma

Lemma 9. Given an unconstrained optimization problem with a differentiable objective
min f(x, p) (A.48)
X

According to the implicit function theorem, there exists a feedback policy x = ¢(p) that solves
the necessary condition of the optimization problem

df(x,p)
ox

=0 (A.49)

Furthermore, there exists a feedback policy 8x = X+ K&p in the neighborhood of p where

€ = ||6p|| is small that solves

mxin quad(f(x’p))‘fﬁ (A.50)
where ¥ = ¢(p) and o (x D) — 0. The feedback policy approximates the true solution locally
well in the sense

f(3+K8p,p+8p) = f(9(p),p) +O(€?) (AS1)

Proof. We consider x and p values in the neighborhood of x and p, define x =%+ 6x, p=p+p
and ||6p|| = €. All derivatives in this proof are evaluated at X and . Expand x = ¢ (p)

F48x= 6(p)+ ¢5p—|—0( £?) (A.522)
2
Sx = ajﬁ6p+0(e )= 0(e) (A.52b)

The quadratic approximation is expanded as
quad(f f(x,p)+

. ’r ¥
P dpdx  dp?

It can be seen that the §x minimizes the approximation is

*f\ ' f *f\ ' af _

o
(A.53)



108

@ = 0, the constant term s is zero.

where all derivatives are evaluated at X, p. Because
Therefore dx = K6 p minimizes the quadratic approximation.

Two inequalities come naturally from ¢ (p) and K3 p are minimizers of (A.48)(A.53).

f(o(p),p) < f(X+KS&p,p+dp) (A.55a)
quad (f(X+Kdp,p+6p))|;; < quad (f(9(p),p))ls; (A.55b)
Taylor series expansion
0

f(o(p),p) = f(9(P)+ 825p+ 0(e%),p+8p+0(€?)) (A.56a)

dfd
=f(f,ﬁ)+af:8z6p+af6 +0(&?) (A.56b)
~ f5.5) + 5L op+ 0(e? (A560)

Compare and (A.53), and similar comparison can be done for quad (f(¥+K&p,p+6p))|; 5
and f(X+KSp,p+ Op), we get the closeness results

quad (f(¢(p),p))lz; = F($(p),p) +O(€?) (A.57a)
quad (f(¥+Kdp,p+6p))l; ;= f(X+KSp,p+p)+0(g 2) (A.57b)

Based on (A.37) and (A.33]), we have the following inequalities

f(¢(p),p) < f(X+Kdp,p+6p) (A.58a)

= quad (f(¥+K8p,p+6p))l; ;+O(€%) (A.58b)

< quad (f(9(p),p))lz; = F(#(p),p) + O(€?) (A.58¢)

= f(9(p),p) +O(&”) (A.58d)

Therefore, f(F+K8p,+08p) = £(6(p),p) + O(e2). =

A.6 Approximated Parametric Static Game Lemma
Lemma 10. Given a static N-player game problem,

min f,(x, p) (A.59)
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where p is a parameter, x = [xlT,sz oo ,x;]T, Xy, is each player’s action and each objective f,
is differentiable. Suppose x = ¢ (p) solves the necessary condition for Nash equilibrium of the
parametric game, i.e.,

afn([xmxfn]’p)

9%, =0 (A.60)

Furthermore, there exists a feedback policy 6x = X+ KO p in the neighborhood of p where

€ = ||8p|| is small that solves the quadratic game
Igin quad(fu(x, p)) |x7[3 (A.61)

where ¥ = ¢(p) and w = 0. The feedback policy approximates the true solution locally

Xn

well in the sense
Fo(E+K8p,p+8p) = £u(9(p),p)+O(€?),¥n (A.62)

Proof. We analyze the necessary condition around p. All derivatives are evaluated at &, p.

_9fa

Ofn,. 0 _
:af; (F+ £5p,p+5p) (A.63b)
_dfa 9%f, 9¢ 9% f,

—~8p+ Sp+0(e?) (A.63¢)

 dx, (%.p 0x,0x dp 0x,0p

For (A.63) to be zero regardless of 0 p, the following must be true

Wu (o
97,1()”7) =0 (A.64a)

’fo 99 I*fy

- =0 A.64b
0x,0x dp + 0x,dp ( )
We re-arrange the later for all players
[ 9%fi 7] [ 9%h ]
0x10x dx1dp
asz a(P 82f2
dxox | OF + dx,dp + 0(82) —0 (A65)
L9 :
% fn 2 fy
oxyox L dxydp




Compared to the solution to (A.61).

SN T
Jx10x dx|dp
9%f ’f
K — _ axzax L:))Qap
9 fy 92 fy
L dxnox | Ldxydp |

Therefore, the true parametric equilibrium, around X, p
99
ap

¢(p) =x+KSp+O0(e)

—K+0(e?)

The approximation becomes

f2(E+K8p,p+8p) = fu(d(p)+O(e%), 5+ 6p)
= fu(¢(p), p) + O(€?)

which is (A62).

A.7 Background Results

We derive a few results that facilitate the convergence proof.

Lemma 11. The following holds

7u

chz Xi, U

k=
n Bxk
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(A.66)

(A.67a)

(A.67b)

(A.68a)
(A.68b)

O]

(A.69)

Proof. Q, is constructed according to (2.25a). Equation (A.69) is true for k = T by construc-

tion. We proof by induction and assume that (A.69) holds for k + 1, i.e.

pa) T
Q = E Cn,i(Xis U
nk+1 = 9Xk+1 - n,z( iy .,1) Iy

, then

Qui= M%{ + k1A%

(A.70)

(A.71a)
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d d L d
_ O tk)| Ci (i) | S2EEL (A71b)
X %, OXpi1 o oxy |z
deni(xi,u 0 I
_ FonrlFtin)) - f 0 Y cni(xi ) (A71c)
X %, oxy |z =
0 T
— F X;‘{cnvi(x,,u i) . (A.71d)
i= )
Therefore, (A.69) holds for k. And by induction, all k =0,1,...,T
O
Lemma 12. The following is true
aJ,
M+ Qi1 Br = ) _ O(e) (A.72)
’ du.y la
Proof. aj" (€) is true because J,(u) is twice differentiable hence Lipschitz, i.e.
J, J
‘ 8’1:42 o éiuz . < constant - ||i — u*|| = O(¢) (A.73)
The first equality holds because
dJ (u)
(914;7]( i au P xuzcnt Xi, U t au P xuzcnl Xi, U z (A.74a)
9 ( Z (A.74b)
= Cn i (Xp, U Cni(Xiyu .
PR n e (Xkes Us k) aukxu ph v, (i, 1)
8
—M Z (i 1) ! (A.74c)
8xk+1 X,i i—kt1 (911 k1.0
=M, + Qus1Bx (A.74d)
O

These results are used implicitly in the later proofs of lemmas.

A.8 Closeness Lemmas

This section contains lemmas that prove the updates generated by approximated Bellman recur-
sion method and DDP are close. The first lemma shows that the matrices used in the backward

recursions are close.
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Lemma 13. The matrices from the backwards recursions of DDP and ABR method are close in

the following sense:

[frlsz f}zuk:| = [Fflfk Frlzjdk:| +0(e?)

and that

Dy =Dyi+O(€)
Snk: Qu+0(¢)
Snk— Q,+O0(€)
S=S5 xk+0(82
Sk = Spk+O(e

Sux = S,l7k+ O(¢)

)
%)

Fnk = rlllk +0(€?)
Fn k= Fn,k + 0(8)
1—‘n k 0(8>
1—‘nk - 0(8)

Fi = F,+O(¢)
P =P +0(e)
H, = H,+0(¢£?)

H, = 0(¢)
Hy = 0(¢)
St =sp+0(?)
Sk =0(g)
s =0(g)
Ki = Ki+O(¢),

(A.75a)
(A.75b)
(A.75¢c)
(A.75d)
(A.75e)
(A.75%)
(A.75g2)

(A.75h)
(A.751)
(A.75)
(A.75K)

(A.76a)
(A.76b)
(A.76c)
(A.76d)
(A.76e)
(A.76f)
(A.762)
(A.76h)
(A.761)

Proof. We give a proof by induction. For k = T, because of the way these variables are con-

structed, they are identical, i.e.

1—‘n,T :fn,T

(A.77a)
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Fr =Fr (A.77b)
Pr =Py (A.77¢)
Hr =Hy (A.77d)
st =87 (A.77e)
Kr =Kr (A.77f)
Sur =Sn,r (A.T7g)

so we have (A.75d) (A.751) (A.75¢) (A751) (A.75h) (A.764) (A.76b) (A.76c) (A.761) (A.76i)
hold fork=T.

We also know that

dcy dJ,(u)
1u T _
M, = dur  our O(¢) (A.78)

where the first equality is by construction, the second is true because ur only appears in J,, ()

in ¢, 7. By construction, F,Lf’T = l:,llf‘T = M,l”T = 0(¢), so are true for k =T.
Similarly, Hy and Hr are constructed from I}, and T%!;., so are true fork ="T.
Because F, ! is bounded above, sy = —F; 'Hr = —F; ' O(g) = O(¢). Similarly, §7 = O(e).
Equations are true fork =T.
From and I, 7 = M, 1, we can get

Sy =My’ + M Kr + 57 (M5 + My Kr) (A.79a)
=Q, 7+ 0(&)Kr + O(e) (M, + M+ Kr) (A.79b)
=Q, 7+ O(¢€) (A.79¢)

because M, r is bounded. Hence (A.75D) is true. Further, is also true.

The time indices for D, r_| and DmT_l go to a maximum of 7" — 1, so to prove things
inductively, we need to hold for k = T — 1. The difference between constructions
of D71 and D, r_ is in that the former uses €, 7 and the later uses S}le But since we
have proved that , 7 = S‘,‘Z"T + O(¢), and Gr_; is bounded, we can also conclude D, 71 =
Dyr—1 + O(€). Therefore istrue fork=T — 1.

So far, we have proved that for the last step, either k =T or k =T — 1, (A.73)(A76) are
true. Assuming except for (A.75al), (A.75)(A.76) are true for k+ 1 and is true for k. If

we can prove all equations hold one step back, our proof by induction would be done.
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Assume holds for & and other equations in hold for k+ 1. Readers be

aware that we use these assumptions implicitly in the derivations following.

From we can get

T34 =M% + Sy Br (A.80a)
:Mk,”T +Q j+1Bx + O(€) By (A.80b)
=0(¢) (A.80c)

Here we used (A.72). Similarly, we can prove I} = O(g). So (A.75j) and (A.75k) hold for k.
From (]2.250[) and (]2.34b[) we can compute the difference between fn,k and I, ; as

Lok
|: Srlllk-H Srlllk-l-] 00
(S3het = Siher) 00
Silk-‘rl Szlk-l-l) 00
(Srllxk-l-l S}lxk—}—l )Ak
— S5 ) A+ (D = DY)

S Ac+ (D —Di) 0

s
Ak (S)rixk+l

By (S —

<

nk+1 nk—H)Bk
0 AL (S3it = Syie) Bt (DY = DY) (A81a)

0 By (Sy%1 — Sii)Bi+ (D — D) |

0
0
0
0 0 (Slx — Sk
0
0

[ o(e?) AO(?) BLO(£?)
) Al O(€)Ac+0(g) A O(e)Bi+0(¢) (A.81b)
)

(

)
=10(e*) 0(g) O(g) (A.81c)

€%)

&
o)

from which we can see that (A775h)(A.75g) and (A.751) are true. Once we proved the closeness
between f‘mk and I',, x and the specific terms are O(¢€), i.e. (]A.75g[) to (]A.75k|), because of they

way they are constructed from f,,vk and I, x, it is safe to say

B =F+0(e) (A.82a)



B, =P.+0(¢)
Hy = H,+ 0(€?)
H,=0(¢)
H,=0(¢)

Therefore, (A.76d), (A.76b)), (A.76¢), (A.76d) and are true for k.
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(A.82b)
(A.82¢)
(A.82d)
(A.82e)

Now that we have the results with Fy, Fi, Hy, Hy, P and P,, we can move to what are

immediately following, i.e. s, §k, Ky and K.

sk =—F, 'Hy=—F'0(¢) = O(¢)

(A.83)

which is true because Fk’1 is bounded above. Similarly, we have §; = O(¢g). Equations (A.76g))

and (AJ76h) are true.

S = —F, A= —(F+0(e)” (He+0(€%)
= —(F "+ 0(e)) (Hi + O(€?))
= —F 'Hy + F7'0(€%) + HiO(g) + O(€?)
= s+ O0(&?)

Ky =—F "B = —(F+0(¢)) "' (P+0(e))
= —(F '+ 0(e))(P+O(¢))
= —F'Pc+ (F, '+ P)O(e) + O(¢?)
=K +0(¢)

Equations (A.76f) and (A.76i) are true for k.
Now we are equipped to get closeness/small results for S, x and §n7k.

(A.84a)
(A.84b)
(A.84c¢)
(A.84d)
(A.84e)
(A.84f)
(A.84g)
(A.84h)

Sn,k_Sn,k
1 1 0
1 0 0. 1 0 O
- =T 1—‘n,k 0 1| - T 1—‘n,k 0 1
0 I K _ 01 K
0 K, 0 K

n

(D A+ Tt Ky )§i — (Tos + T Ke) s 0

sl Tuu g R ! Tyuu Trul
5. I Sk =+ 25, ka -5 kask — 25, ka 0]



. [0 SLIW 4+ T Ry) — 5] (D9 + T K

0 0
T, lk lek + Flliuk
Fxlk —I—KTFM Fxxk +2qu K‘f‘KTFZMkk
_ _ Fflalk Frlz)fk + Frllf'kK
O+ KD O 4200 K+ K T K
2 2
€ O(e
L [oe) o)
0(e*) 0

So that (A.75€), and (A.751) are true for k.

Sk = My + Sy Ak + TyieKic+ ¢ (O + LK)
= M, + Qi1 Ak +ALO(€)

+K0(e) + (I + T5Ki) O ()
=Q,;+0(¢)

Therefore, (A.75b) holds and then naturally holds.

We continue to prove that Dn’k, 1 and D,, ;1 are close, which is true because

1y
2 Slxl 1
Dyj—1= Z SnxGk
=

Z ni+0(€)Gy
:ZQQ,{GﬁOs
=1
:Dn,k—l + 0(8)

So (A7754) is true.
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(A.85a)

(A.85b)

(A.85¢)

(A.85d)

(A.86a)

(A.86b)
(A.86¢)

(A.87a)

(A.87b)

(A.87¢)

(A.87d)
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The following lemma shows that the states and actions computed in the update steps of both

algorithms are close.

Lemma 14. The updates by two algorithms are small and close

8x2, | =Ar8x + BiSuf + O(&?) (A.88a)

Sxt | =Ar8x} + Biduf + O(€?) (A.88b)

Suff = 0(e) (A.88c¢)

SuP = 0(e) (A.88d)

8x = 0(e) (A.88e)

8xP = 0(e) (A.88f)

Sull — 8ul =0(e?) (A.88g)
8xt — 86xP =0(e?) (A.88h)

Sut — 8uP =0(e?) (A.88i)
&+ 8u —u*(| =0(e?) (A.88j)
i@+ §uP —u*|| =0(?) (A.88K)

Proof. Equation comes directly from the Taylor series expansion of (2.2) and (A-88b)
from 2.11d).

We prove (A.88¢) to (A.88h) by induction. For k =0, 6x{j = 6x§ =0 and duf) = 50, 6x§ =
So. We know from the proof of lemmathat 50 = §o + O(€?), so = O(€) and §p = O(¢), so
(A-88c) to (A.88h)) hold for k = 0. Assume (A.88¢) to (A.88h]) hold for k, then

Suft ) = Kis18x} + 541 = O(€) (A.89)

SuPy | = K16 + 5141 = O(€) (A.89b)

Sxt, | =ArSx} + BSuf +0(€2) = O(e) (A.89c)

8x2 | =Ar8xL + Bidul + 0(?) = O(¢) (A.89d)

Sull, | —duf | =K 8x} — Kidxl + 51— 51 (A.8%)
=K 83 — (K +0(€))(8x; +O(€?))

+0(e?) (A.89f)

=0(e)8x} + 0(£?) (A.89g)
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=0(&?) (A.89h)
X1 — Oxy =Ar(8x¢ — 8x0) + Bi(Sug — Sup) + O(€?)
—0(e?) (A.89i)

So (A-88¢) to (A.88h) hold for k+ 1 and the proof by induction is done. Equation comes
directly as a result. Equation (A.88]) is classic convergence analysis for Newton’s method [40]].

Equation (A-88K) follows directly from (A-88i) and (A-88]).

O



Appendix B

Constrained Dynamic Games

Technicalities

B.1 Open-loop Nash Equilibrium Related
This section contains proofs of OLNE.

B.1.1 Problem [7is Equivalent Problem

Because the normal cone of intersections of convex sets is equal to the sum of normal cones of

the convex sets [89], the inclusion problem Problem is equivalent to
N Tsul[x*,u*]) € Npng ([x*,u’]) (B.1)
According to the definition of normal cone

Nprg (I, u']) =
{2l =Dl (] = ", u), ¥ [,y € PNGY (B.2)

is further equivalent to
N T 0" ([r,u] = [,u7]) 2 0, VIx,y] € DNG (B.3)

which is the VI problem Problem 7]

119
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When 7, is strongly monotone, D and G are convex, Jy,, N, ¢ and Np are all maximally

monotone operators. Because adding operators preserve maximal monotonicity, so we can

apply DR splitting algorithm to Problem §]

B.1.2 Resolvents of Operators in Problem

The resolvent of a set-valued/single-valued monotone map P is defined by
e == (1 + (I))il

which is single-valued and non-expansive [41]].

Resolvent of the normal cone of a convex set

Suppose we have a convex set X. Following the definition, the resolvent of Ny (x)

Y=g () = I+ Nx) ™ (%)

which is equivalent to

x—yeNx(y)
(x=y)T(z—y) <0, Vz€ X

This VI problem is equivalent to the optimization of a projection of x onto X’
min -y = [lx—z]|
Z

st. ze X

(B.4)

(B.5a)
(B.5b)

(B.6)
(B.7)

(B.8a)

(B.8b)

Therefore the resolvent of a normal cone of a convex set is the projection onto the convex set.

This justifies Problem [10]and [12]

Resolvent of a gradient vector

We study the resolvent of the gradient operator 1.7 (1) of a game as in (3.7). Suppose u =

rp7 (x), equivalently we have

u+nJ(u)=x

(B.9a)
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Consider a static game problem
in () & o [l (B.10a)
min — ||u— .10a
i (U on u—x
whose Nash equilibrium is equivalent to the solution of
nJu)+u—x=0 (B.11)

which is equivalent to (B.9a). Therefore, the resolvent is equivalent to the solution of a static
game.

Based on the arguement of Section and [B.1.2] the subproblems of Section [3.3|can be
justified.

B.1.3 Generative Cone Condition to Linear Inequalities

Lemma 15. A generative cone condition, where S has full row rank

x € cone{S"} (B.12)
can be equivalently expressed as
Lx <0 (B.13)
where
—(SsT)~1s
L=|1-8T(ssT)"'s (B.14)

—I+ST(ssT)~1s

Proof. The generative condition is equivalent to

x=8"2 (B.15a)
A>0 (B.15b)

which is equivalent to
IMst. Mx=21>0 (B.16)

(I-S"™M)x=0 (B.17)
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Choose M = (SST)~1S, the equivalent conditions can be easily checked
Mx=(SS")'Sx=(Ss")"1ssTA=1>0 (B.18a)

Given the SVD decomposition of S

VT

1
s=ulx @[ ] (B.19)

VT

2

It is easy to check that

(I-S"M)=1-S"(ss")"'s=wV, (B.20)
Since Vsz =0, (B.16) is true. O

B.1.4 Proof of Theorem

First we show that the policy produces feasible trajectories.
Recall that [, ] is a stationary trajectory for the ABR method, so that the feedback policy
has the form:
g = 0.1 (xx) = it + Ky (o — %) (B.21)

By construction, ensures that active constraints for [%, ] remain active for [x, u].

Now we analyze the inactive constraints. Note that [, i1] satisfies

Wik + Skit.x + pl, < —% < 0. (B.22)

Furthermore, if ||x; — X || < € the affine dynamics and polyhedral constraints imply that we must
have that ||u. ; — i. || = O(€) and ||x; — Xx|| = O(¢) for all k > . It follows that for sufficiently
small €, the constraint (3.41d) holds. Thus, the feedback policy produces a feasible trajectory.
Finally, we show that the approximate feedback equilibrium condition, (3.42), holds. Note
that left inequality always holds by construction, so we only need to prove the right inequality.
Fix a player n and a time ¢ > 0. Assume that the other players are using the strategy profile
¢_ns.7. Then, with the strategies of the other players fixed, the policy, ., that minimizes

Jnt (X, [Wn s, @—ns:]) can be computed from the following optimal control problem:

T
min Y k(s (e, Q- (x0))) (B.23a)

Un T h—t
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sto U_pk = O_pi(xr) (B.23b)
X1 = AXp + By i + by (B.23¢)
Wi+ Stu. g+ pi < — ¥ (B.23d)
Wi+ Siu. i + pi <0 (B.23¢)
x; 1s fixed. (B.23%)

The quadraticization around [%, ] of the optimal control problem is exactly the same as
that of player n in Problem[I9] Thus, when all other players follow the ABR strategy, the mini-
mizer Y, ;. should be the same as ¢, ., since player n will have no incentive to change its strategy
on the quadraticized problem. Then, to show that the strategy is an approximate feedback equi-
librium, it suffices to show that ¢, ;. is approximately optimal. The bound on optimality follows

from the general result on parameterized optimization from Lemma[I7] below.

B.1.5 Lemmas on Optimization Approximation

In this section, we present Lemma[T7] which is used to prove Theorem 3] along with supporting
results.

Let f(x,u) be a strongly convex with respect to u in a neighborhood of (X, ). Assume that
ii minimizes f(X,u) with respect to u. Let f(x,u) be its quadratic approximation around the

nominal point (¥,i). Let C(x) = {u|Wx+ Su+ p < 0}. Define the policies by

y(x) = argmin f(x,u) (B.24a)
ueC(x)
p(x) = argmin f(x, u) (B.24b)
ueC(x)
Note that p(x) has the form
u=px)=K(A)x+h(), (B.25)

each pair (K(«7),h(</)) corresponds to the active indices, <7, of (x,u).

Let ¢ (x) = K(o/)x+h(</), where 7 is the active set of (iz, ¥). Note that in the game con-
text, this strategy corresponds precisely to the individual players’ approximate strategy com-
puted by ABR method.
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The eventual goal is to show that ¢ and y give similar costs. As an intermediate result, we

show that y and p give similar costs.

Lemma 16. Ler ||x — X|| = ||6x|| = €. Say that f(x,u) has Lipschitz second derivatives and
is strongly convex with respect to u in a neighborhood of (x,u). Further assume that C(x) is

non-empty for all x in this neighborhood. Then the following bounds hold

fOny () < fOep(x) < flx, w(x) +O0(e?) (B.26)

Proof. Note that the first inequality of is immediate from the definition of y. Thus, we
focus on the second inequality.

We will show that y(x) — p(x) = O(g). To do this, we will show that both functions are
Lipschitz and that ¢ (X) = p(X) = a.

Note that y(x) is the solution to the following VI

Vuf(e,u)" (v—u) YveC(x). (B.27)

By strong convexity and differentiability, V2 f(x,u) is positive definite. This implies that for
any matrix, B with full column rank, we have that B' V2 f(x,u)B is also positive definite, and
thus has positive determinant. Then general results on perturbed VIs show that y(x) must be
Lipschitz. See [90]. Furthermore, by construction y/(¥) = .

By the same reasoning, we must also have that p(x) is Lipschitz and again by construction

we have that p (%) = a. It follows that p(x) = s+ O(€). Thus

p(x) —y(x) =p(x) —i+i—p(x) = O(e).

Now we will prove the upper bound. For compact notation, let i = y(x) and let u = p(x).

Then we have the approximation:
flx,u) = f(x, i) + Vof(x,i) " (u—i)+O(&?).
By optimality of i and feasibility of u, we have that
0<V,f(x,i) (u—i).

Thus, the proof will be completed if we can bound this term above by O(&?).
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Let J =V, f. Since J is differentiable and u — ii = O(€), we have that

Vuf(xv IZ) = Vuf(x7”) + 0(8)

d )
= J (%, i)+ a—‘z&ch a—‘ZSquO(s),

where the partial derivatives are evaluated at (¥, ).

Thus, the desired bound is given by

Vuf(x7 ﬂ)T(u - 1’7)

0T 9T N
= (j(x’u)+8)c6x+8u6u> (u—i) +O(&?)

<0(g),

where the second inequality due to optimality of u for the corresponding affine V1.

O
Now we present the optimization approximation result required for Theorem 3]
Lemma 17. Assume that ¢ (x) € C(x) and let ||x —%|| < €. Then the following bounds hold.
Fow(x) < fx,0(x) < fx, w(x) +O(€%). (B.28)

Proof. Proof . The bound on the left holds automatically since ¢ (x) is feasible and y/(x) is the
corresponding optimal solution.

Specializing Lemma 16| to the case of optimization implies that f(x, y(x)) = f(x,p(x)) +
O(€?). Thus, it suffices to show that

f(x,0(x) = f(x,p(x)) + O(€?). (B.29)

Letx(6) = (1—0)x+6x, letu(0) = p(x(0)), let o7 (0) be the active set for (x(6),u(0)),
and let .7 (60) be the inactive set. We will show that the active sets only switch a finite number
of times.

We claim that for each subset ./ C {1,...,n.}, the set ©(</) = {0].7(6) = &/} is convex.
In particular, ®(.<7) must be an interval.

Proposition 7.10 of [83] implies that the set of x such that (x,p(x)) has active set .7 is a

polyhedron. Since each ®(</) is the projection of the intersection of this set with a line, we

must have that @(7) is convex.
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Since there are at most 2" active sets, it follows that there are sets &7, .9%, ..., with
k < 2" such that ®(<) are intervals that partition [0,1]. These sets can be arranged so that
0; < 0;4 for 6; € () and 6,11 € O(j41).
Let p be the affine strategy corresponding to .7;. Then by construction, we have
k=1
fx¢(x) = fx,px) = Zi(f(x,pi(X)) — [l p™(x)). (B.30)
i=
These active sets have the property that either .o, C 971 or o7 D <7 . Either 7, must be
open on the right or .27 must be open on the left. Consider the case that o7 is open on the
right. (The case of <% | open on the left is similar.) Then the boundary between o7 and <7 is
a point 0 c . By continuity, all of the constraints in .27 must be tight at 6. Thus, we must
have that <7, C o7 .
Consider the case that o7, C 27, 1. (The other case is similar.) In particular, the constraints
from <7 must be active for both corresponding VI solutions. Thus, if Sj;{i is the Moore-Penrose
pseudoinverse of S,z and R is a matrix with full column rank such that Z(Ro;) = A (S«),

we must have that
p’(x) = =S5, (Wapx + py) + Rz,
for j =i,i+ 1, and some vectors z;. It follows that
P (x) = p'(x) = Rog(ziv1 —21) (B.31)

Let 6; € ©(<) be some value for which .7 is the active set for x(6;) =: x', and let u' be the
corresponding optimizer. Note that ||x —x(6;)|| < €. It follows that

Vif (x,p'(x)) = Vuf (x',u') + O(e).
Since ' minimizes f(x’,u), with 7 active, we must have that
Vuf (6 ,0) T (' + Regz— ') > 0,

for all sufficiently small z. It follows that V,,f(x,u') "Rz = 0.

Thus, we can get the bound:

flx,p™H(x)
= f(x,p'(x))
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+Vauf(x.p'(0) " (p™ (x) = p'(x)) +O(€?)
= f(x,p"(x))+
uf (&) Ry (zis1 — 1) + O(€?)
= f(x,p'(x)) + O(€?). (B.32)
An analogous argument argument in the case of ./, O 47| shows that the same bound

holds.
Plugging (B.32) into (B.30) completes the proof. 0

B.2 Parametric Games and Feedback Equilibrium in Details

This section contains the detailed development for Section Some problem definitions and
lemmas are restated so this section is self-contained for ease of reading. We study in this
section some basic parametric quadratic games with polyhedral constraints to gain insight of
the feedback Nash equilibrium of dynamic games in general. We assume each player’s cost

function J, (x, u) is continuous and strictly convex throughout this section.

B.2.1 Linear Equality Constrained Quadratic Parametric Game

Problem [22] is a basic form that is encountered when approximating a constrained dynamic

game, where u = [ulT, uzT yeees u;,]T collects all players’ action and x is a vector parameter. An
FNE policy u = @(x) is desired. This game has an explicit analytical solution with simple

assumptions.

Problem 22. Linear equality constrained quadratic parametric game

.
| 1| | e i

nbltin Jn(x,u)zi X | IR o ol I (B.33a)
wl |Tub T T |y

st. Wx+Su+p=0 (B.33b)

The following lemma describes its solution.
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Lemma 18. Given playerwise convexity of objective functions, i.e., I'i* are positive definite,

Problem[22| has a unique affine feedback Nash equilibrium as in (B.34a)) if F is invertible and S

has full row rank.

u =Kx+s
A*=(SF'ST) "YW - SF~1P)x+
(SF's)Y"Y(p—SF'H)

where

K=—F'ST(sF's"y"\ (W -sF~'P)—F~'P
s=—FIST(SFIs")y " Yp—SF'H)—F'H

Fulul Fuluz FM]MN
1 1 1
Us Uy Us Uy UQUN
N L S
U] U UNUN
DT v v
_]_"llllx_ _1"1411_
n
U X uzl
po |2 o |l
UNX uy 1
_FN d _F” i

(B.34a)
(B.34b)
(B.34¢)

(B.35a)
(B.35b)

(B.35¢)

(B.35d)

Proof. The feedback Nash equilibrium can be solved via solving the KKT conditions of all

players [73]. The Lagrangians can be formulated as

.
T D O A B I B

1
In(ru) =5 x| | GE T L x|+
w| |Tvb e T |y
AT (Wx+Su+ p)

Therefore the KKT conditions are

0 N A
I/TL”(X, u) = FZ"XX'FZFZ’M}MJ""FZ"I —|—(Sn”u")T/l
" j

n=1,2,...,.N

(B.36a)

(B.36b)

(B.37a)

(B.37b)
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0=Wx+Su+p (B.37¢)

Thus, for any A, the unique solution (B:37a) for u is given by u = —F '(Px+H +S"}).
Plugging this result into (B.37¢) and solving for A gives

A* = (SFIST) "YW —SF'P)x+
(SF's")Y"Y(p—SF~'H) (B.38)

Plugging this back into the expression for u gives the result.

B.2.2 Linearly Constrained Quadratic Parametric Game

The more generalized problem with inequality constraints are studied in this section. Related
problems are studied and the piecewise affine solution was recognized in the variational in-
equality literature [90, 91]]. Our analysis focuses on games which in addition, recognizes the
piecewise quadratic value functions. We inherit the notation of u,x,I', F, P,H and ¢ from Sec-
tion[B.2.1] Such problems serve as a backbone for analyzing FNE for dynamic games when we

solve the static game (3.6c)) formed by the state-action value function at a stage.

Problem 23. Linearly constrained quadratic parametric game

-
| I D UL S B B |
min Jn(x,u)zi X | IR D ol I (B.39a)

Un
wl |TWb T T |

st. Wx+Su+p<0 (B.39b)
We use X and U to indicate the feasible sets of x and u, i.e.,

X={x|Just Wx+Su+p <0} (B.40a)
U={u|Ixst Wx+Su+p <0} (B.40b)

Note that we do not lose generality without explicit linear equality constraints, since a linear
equality constraint can be equivalently formulated with two inequality constraints. The follow-

ing lemma and proof offers a descriptive solution to this problem.
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Lemma 19. Given playerwise convexity of objective functions, i.e., I't* are positive definite,
Problem has a piecewise daffine feedback Nash equilibrium u = ¢*(x) on a finite polyhedral
partition of X if and only if F is invertible.

Proof. Assume S has n, rows and we use E” to indicate the power set of {1,2,...,n.}. For a
set of indices a € E™, we use W,, S, and p, to denote picking the corresponding rows. The
solution to Problem 23] can be found via the following procedure.

Pick one element a € E", which we suppose to be the indices of active constraints, and
solve a linear equality constrained quadratic parametric game with the method in Section (B.2.1

as following

-
I D L Sl D

. 1
rrlgn Jn(x,u) = 5 |* | IR D o I (B.41a)
wl |Tul T e |u
st. Wax+S,u+p,=0 (B.41b)

We obtain an affine policy u = K,x + s, and the matrices F, P, H following Lemma [I§ Note
that we are adding subscribes , to indicate values found associated with the active constraints
set of a.

We apply the optimality conditions of VI problem [41]] to find the set in which the policy is

an equilibrium in terms of x

Wx+S(Kx+s,)+p <0
(Kax+s4)+p < (B.42)

—(F(Kyx+s4) +Px+H) € cone{S,] }

where cone{S, } means the cone generated by the rows of S,. Condition (B.42) can be refor-
mulated as a polyhedral constraint L,x + [, < 0, since the second condition is equivalent to an
linear inequality as shown in Appendix[B.1.3] where

W +SK,

SS 1S (FK,+ P
L, = (SaSa) (FK+P) (B.43a)
[1—S) (SaSy )" Sal(FKq+P)

[—I+S](SaS)) 'S4 (FK,+ P)




131

Ssa+p

SSY S, (Fs,+H
I, = (SaSa)™ Sa(Fsa+H) (B.43b)
[1—S, (SaSy )~ 'Sa](Fsa+H)

[_I+S;(SaS;)_ISa](FSa +H)

Hence we have found an affine policy u = K,x+ s, on a polyhedral region X, := {x | Lox+1, <
0} in X. In the case of X, = 0, the policy is not an equilibrium.

The procedure can be repeated for all combinations of active constraints, i.e., Va € E". For
any x € X, there exists an equilibrium #*(x) and a set of active constraints, therefore x must
fall in one of the X,. Because there are a finite number of combinations of active constraints, a
finite number of partitions of X with X, and corresponding equilibria policy in each partition
can be found.

O

B.2.3 Linearly Constrained Piecewise Quadratic Parametric Game

We focus on static game problems where each player’s cost function J,(x,u) is continuous,
strictly convex and piecewise quadratic on a polyhedral partition P. Due to the complexity of
the problem, we refrain from obtaining explicit solutions, but study the properties of the solution

in this section.

Problem 24. Linearly Constrained Piecewise Quadratic Parametric Game

min  J,(x,u) (B.44a)
st. z=[xuleP={Zliel} (B.44b)
Z = {[x,y][Wix+Siu+ p; <0} (B.44c)
7 is an index set (B.44d)

Assume all players share the same polyhedral partition W.L.O.G and that 7 (u) is strongly
monotone for any given x to guarantee the existence and uniqueness of a solution. In each parti-
tion Z;, the problem reduces to a linearly constrained quadratic parametric game as Problem 23]
and F;, P, H; are inherited from Section where the subscript ; denotes the values in Z;.
Suppose there are np polyhedral partitions, i.e., Z = 1,2,...,np. The exact quadratic expression

is suppressed. We define an auxiliary problem for each i € Z.
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Problem 25. Auxiliary problem P;
min J,(x,u) (B.45a)
Uty

st. ze€ Z={[xy] | Wix+Siu+p; <0} (B.45b)

Each auxiliary problem can be solved as in Section(B.2.2} obtaining a piecewise affine policy
and piecewise quadratic value functions. Since Problems [24]and [23]are closely connected, it is
sensible to study the connection between the solutions of these two problems.

We define the concept of active polyhedrons A,([x,u]) for [x,u] in P as the set of indices
i € T such that Z; contains [x,u], i.e., A([x,u]) = {i | Wix+ Sju+ p; < 0}. The next lemma
explains how to recover the solution to Problem [24] from the auxiliary problems. We use the
U (x) to indicate the set of feasible u with given x and define U;(x) := {u | [x,u] € Z;}.

The following lemma answers the question of how to solve the equilibrium of Problem [24]

for a given x with the help of auxiliary problems Problem 25|

Lemma 20. u*(x) is the open-loop Nash equilibrium to Problem [24| given parameter x if and
only if it is the solution to P;,Yi € A([x,u*(x)]).

Proof. Because for any given x there is a unique solution for Problem a local solution is
also the global solution. The equivalent VI problem for finding the local solution to Problem [24]

18

find u* s.t. J(u*)" (u—u*)>0 (B.46a)
Vu in a neighborhood of u*(x) (B.46b)

The condition (B.46b) can be expanded to Vu € U U;(x),Vi € Ap([x,u*(x)]). Due to the same
argument that local and global solution are equivalent, this expansion does not change the solu-
tion found. Therefore, (B.40)) is equivalent to u*(x) being the solution to IP; simultaneously. We
can find the solution of Problem [24] via the solutions of PP;.

O

Next we focus on finding the feedback Nash equilibrium in terms of x. Suppose there are a
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total of n. inequalities. The inequalities defining all partitions can be collected together as

w1 S1 D1
W) AY) D2
W=1| |[S=]| | p=]|_ (B.47)
_Wnc_ _Snz‘_ _pnc_

Therefore we can create a one-to-one mapping from an index set j € {1,2,...,n.} to the inequal-
ity Wix+S;+ p; < 0. For any pair of (x,u), we can check the partition(s) it is living in and
collect the indices in A, ([x,u]), and check the active constraints and collect them in A.([x,u]).
We call A.([x,u]) acitve inequalities. Note that though A, ([x,u]) and A ([x,u]) are tied to pairs
of [x,u], there could only be a finite number of different A,([x,u|) and A.([x,u]) since there
are only a finite number of partitions and inequality constraints. In other words, we can find a
finite number of representative pairs of [xi,ux],k =1,2,...,n,, such that S, = {A, ([xk, u]) | k €
{1,2,...,n5}} and S = {Ac([xx,ux]) | k € {1,2,...,n5}} contain all possible active polyhedrons
and active constraints combinations. We can get rid of the dependency on (x,u), use the index
k to indicate different feasible active polyhedrons A, (k) and feasible active constraints A.(k).
Finding the sets S, and S, requires studying the structure of the polyhedral partition P, which
is not within the scope of this paper.
The next lemma describes the feedback Nash equilibrium of Problem 24]

Lemma 21. Given playerwise convexity of objective functions, i.e., I't* are positive definite,
Problem |24\ has a piecewise affine feedback Nash equilibrium u* = ¢*(x) on a finite polyhedral
partition of X if and only if F; is invertible Vi € 1.

Proof. Similar to the proof for Lemma [I9] we describe a procedure for finding affine poli-
cies and their corresponding region of x where they are feedback Nash equilibrium. Then we
conclude by arguing all x € X" are included in the procedure.

We iterate through all n, pairs of A, (k) and A.(k). For each k, we can solve for an affine
policy u* = Kjx + s; with the feasible active inequalities A.(k) and the objective functions of
all players as they constitute an instance of Problem[I5] To find the region where this policy is
indeed an FNE, we need to solve the corresponding optimality conditions

‘/‘/iX—I—Si(ka—f‘Sk) +pi < 07VZ € Ap(k) (B 48)

—(Fi(Kix + sx) + Pix+ H;) € cone{S;!, },Vi € A, (k)
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where S; x means picking the rows of active inequalities in S; that are also in A, (k). The second
condition can be expressed with linear inequalities as in Appendix therefore the
feasible region A}, if non-empty, is polyhedral, and u* = Kjx + s is the FNE in this region. We
omit the explicit expression here.

This procedure can be repeated Vk € {1,2,...,n,}. For any x in X, we can find u*(x) via a
solver for monotone VI problems, find the active polyhedrons and active inequalities, therefore
the k. The solution [x,u*(x)] is covered by the condition with k because they share the
same local optimality condition. Note that such procedure may require exponentially many

steps w.r.t. the number of polyhedrons and inequality constraints.
O

B.2.4 Linearly Constrained Quadratic Dynamic Games

Now that we are equipped with some basic results, we can move on to dynamic games. A
linearly constrained quadratic dynamic game is formulated as following. It is one of the most
complicated form of dynamic games of which we can acquire analytical solution in theory. We

briefly discuss the dynamic programming solution to such problems.

Problem 26. Linearly Constrained Quadratic Dynamic Games

[r] ek s one] [
min  Jy (x,u) = ;;)5 N B S e el (B.49a)
0[] |Thk T D] [we
s.t. Xpp1 = Apxg + By + by (B.49Db)
Woix + Suxtt+ pug <0 (B.49¢)

The first static problem required to be solved by dynamic programming is a piecewise
quadratic, resulting in a piecewise affine policy and piecewise quadratic value functions on
Xr, which is the space of xy. Based on the linear dynamics and constraints at step 7 — 1, we
can form a polyhedral partition for [xr_i,ur_;], resulting in the next static game to be a lin-
early constrained piecewise quadratic parametric game. As we have seen in Section[B.2.2] the
solution remains to be a piecewise affine policy and quadratic value functions. Therefore, the
backward pass by dynamic programming can be done obtaining a series of piecewise quadratic

value functions with linear inequality constraints. However, the number of partitions on each
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space X can grow exponentially causing the procedure to be computationally prohibiting. It is
reasonable to believe that the feedback Nash equilibrium of general constrained dynamic games

can be more complex. This fact drives us to seek local FNE.



Appendix C

Linear System Identification

C.1 Proof of Theorem 4

Note that s, is overloaded and was used to indicate a different variable in Section

Proof. Given ¢.7) and 1, = 6, — 0,,

T
br=1Y g(g 6.+g 1) (C.1a)
t=0
T T
=Y 28/ 0.+Y g8 (C.1b)
t=0 t=0
T
=(Vr —AI6, + gtg,Tnt (C.1¢)
t=0
= (Vr —A1)6, +s7 (C.1d)
where
T
st=Y &g M (C.2)
t=0

We would like to check the estimation error

6r — 6. =V, by (C.3a)
=V (Ve = AD 6, +Vy Lsp — 6, (C.3b)
=V, 'sr —Av;'e, (C.3¢c)

136
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where we used (C.Id). Therefore we need to bound s7. The basic idea is to create a super-

martingale and apply (@.6). We begin with the following construction with an arbitrary vector
B € R

Ey [eBTST’]:T—ﬂ =E, [eﬁTST’l |Fr—1]Eq [eBTng;nTu:Tfl] (C.4a)
:eﬁT"*]En [eﬁTng;"TU:Tq] (C.4b)
< B 51 b0 ere B (Cde)
— BTsr-1,30"B grsr8rer B (C.4d)
_ BTsr1 30 erglB (C4e)

where we applied (4.8b)), the fact that s7_;, g7 are determined given F7_; and g;gT =1. We
construct the following random process Mr(f3), aiming at creating a positive supermartingale,

apply (4.6) and obtain a probabilistic bound

My (B) = P77~ 40?B (Vi-a1)p (C.5a)
— Blsr—30B T s B < (C.5b)
Ey[M7(B)|Fr_1] = Eqlef 51720 rosis B | (C.50)
—E, [eﬁTsT |‘FT_1]6*%0213TZ;T:08:8:T13 (C.5d)
< oBlsr1-307B L gis/ B (C.5e)
=Mr_1(B) (€5

where (C.4) is applied. Equation (C.3) proves M7 (f) is indeed a positive supermartingale w.r.t.
the filtration Fr, for T = 1,2,....
Directly following (C.5), choose B ~ N(0,(c%A)~'I) and independent of other random

variables, then Eg[Mr ()] is still a positive supermartingale

1
vty = Byt ) = (AL
(2m)>
/ PTsr=30%BT(Vi=ADB 3BT (0?27 By (C.6a)
(SR [ g2y
_( 7/ > / . B (C.6b)

d

5 d

— <M> ’ e%SI(GZVT)flST (C.6¢)
27



/ o3 (B=(02Vr) s1) T (Vi) (B—(2Vr) Isr)g g

d 2
_ <62A'> : e%s;(GZVT)’lsT (271’-) d
[CaZRs:

‘We check the initial condition

Mo = Eq[Mo(B)] = &P 07 20°B 0z B

< 03B 8089 B—307B g080 B — |
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(C.6d)

(C.6e)

(C.6f)

(C.7a)
(C.7b)

where (C.4) is applied for T = 0. Therefore Eg [My] < 1. Apply the maximal inequality to

Mr,

_ Eg[Mo]
P(suplogMr > log T) <e
T

_ 1
P(suplogMr > log E) <e
T

(C.8a)

(C.8b)

Therefore, with probability at least 1 — &, we have the following self-normalizing bound for sz

- 1
logM7 < log s

d

L P I Az 1
—sy(0°Vr) st +1o <log—
ZT( T) ST g|VT%_ g2
2
—3 Tyl 2 Vr|
’VT *st|| =s7Vp st <o 10g821d
Based on the estimation error of 6 (C.3)
1 1 1
The self-normalizing bound for 87 — 6, becomes
R 1 1
‘VTZ(GT—G*> < ‘ VTZST —i—ﬂ,‘VT 20,
VT| _1
< GzlogJ‘ZAdjL)L V20,
[ Gy
<14/ o%log 2 +A ||V, 26,

(C.9a)

(C.9b)

(C.9¢)

(C.10)

(C.11a)

(C.11b)

(C.11¢)
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where we used the fact that g, is normalized, so the maximal eigenvalue of Vr is bounded above

by A + T and V7 is positive semi-definite. Let A, (V7r) be the minimal eigenvalue of V7, then
can be relaxed as

_ o2 (A+T)d
HGT_G*H S \/lmin<VT) log 82}Ld
+ L V;%Q* (C.12a)
Amin (V)
o2 A+TH A

< 1 + 0. C.12b
S\ T ) 8 2ad T T ) (A ( )
O

C.2 Proof of Lemma

Proof. From (#.13)) we know, the following inequalities hold with probability at least 1 — &;
X-6X)<EX]<X+6(X) (C.13a)
and the following holds with probability 1 — &

X2 - §(X2) <E[X? < X2+ 8(X?) (C.13b)

From here on we assume both the bounds hold, which is true with at least probability of
1—¢ —&.
It is also assumed through out the paper we are dealing with o —sub-Gaussian random

variables
1
E[eP XEXD] < 5e"zﬁz,\ﬂs €R (C.14)
The triangle inequality suggests

X -X| <X -E[X]|+ |E[X] - X]| (C.15a)
< |X -E[X]|+35(X) (C.15b)

We then focus on bounding |X — E[X]|.

Pr{|X — E[X]| > R] = Pr[X — E[X] > R] + Pr[X — E[X] < —R] (C.16a)
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where R is the box radius for the bound.

Pr[X —E[X] > R] = Pr[e"XEXD > (%] (C.17a)
< e TRE[TXERXD) (C.17b)
< 20V RY (C.17¢)

where ¥ > 0 is a free parameter, and (C.17c)) applied the Markov’s inequality and the

sub-Gaussian property, respectively. Similarly, we can bound the other term

Pr[X —E[X] < —R] = Pr[— (X —E[X]) > R] (C.18a)
= Pr]e YX—ERXD 5 o7R) (C.18b)
< e RE[emYX—EXD)] (C.18¢)
< e TRy (C.18d)

To minimize the probability of X falling out of the box, we minimize %GZYZ — Ry with
choice of y = %, so that
Pr|X —E[X]| > R] < 2207 RY (C.192)

2

Pr{|X —E[X]| > R] < 2¢ 27 (C.19b)

R2

Combining (C.13) and (C.19b)), we have the box bound with probability at least 1 — &, —2¢™ 207

|X -X|<R+8(X) (C.20)

If we further assume that X follows a uniform distribution / (E[X] — R, E[X] + R) whose vari-

ance is Var[X] = %Rz. Based on the basic property of variance
E[X?] — E[X]? = Var[X] >0 (C.21)
and (C.13)), we have an upper bound for the variance
Var(X) = %RZ < X2+ 8(X2) — min{[X + §(X)} (C22)

therefore an upper bound on the range R

R < V3\/X2+ 8(X2) — min{[X + 5(0)]2} (C23)

This bound does not require any additional assumptions, so it holds with probability at least

1 — & — &. Applying the triangle inequality, we can get the same expression as in (C.20). [
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