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Abstract 

 

Our research group has previously proposed using Hydrostatic Transmissions (HST) for 

wind turbines. The results have been encouraging, but the system's efficiency has always 

been a concern compared to a conventional gearbox. This work aims to approach the 

problem through three different formulations, including blade pitch oscillations, HST wind 

turbine control using Extremum Seeking Control (ESC), and dynamic temperature control 

to optimize the efficiency of the HST. 

 

The first approach involves oscillating the blades of the turbine to increase the lift 

coefficient and, in turn, improve power capture. A series of CFD simulations and 

optimizations were performed on a simplified blade model to evaluate if this is beneficial 

for power capture in horizontal-axis wind turbines. The results show that the optimal 

conditions are the same as the static blade conditions. These results happen because the 

drag coefficient rises exponentially as the lift coefficient rises. Also, there is a power loss 

due to the power required to oscillate the three blades. 

 

The second approach involves using extremum seeking control (ESC) to continuously 

adapt the torque gain in a modified 𝑘𝜔2 control law. The 𝑘 gain is a constant value that 

highly depends on wind turbine parameters, the 𝐶𝑝 vs. 𝜆 curve, and uncertain wind 

conditions. The turbine will not operate under optimal conditions if these parameters 

change over time. Adapting 𝑘 by using ESC allows for optimal operation under any 

conditions.  For the conditions considered, simulations and experiments showed that ESC 

improves power capture by 2.8% to 12.3%. 
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The third approach involves controlling the temperature of the hydraulic oil to optimize the 

viscosity, which improves efficiency. A simplified model based on the friction and leakage 

losses of a hydraulic pump and a hydraulic motor is used to find the optimum operating 

point. Two control strategies are evaluated through simulations, classic proportional plus 

integral control (PI) and Sliding Mode Control (SMC). SMC is chosen due to its quick and 

robust response and low computational needs. Experimental validations showed that this 

approach leads to a 0.8% to 0.9% efficiency improvement compared to constant 

temperature control, although the improvement depends on operating conditions. 

 

Overall, these three approaches show potential for improving the efficiency of HSTs in 

wind turbines, with the second and third approaches showing the most promise. However, 

further research and experimentation will be needed to fully understand and optimize the 

use of HSTs in wind turbines.  
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Chapter 1  

Introduction & Motivation 

The earth is undergoing an unprecedented climate crisis. Burning fossil fuels is destroying 

the planet, but there is hope in renewable energy sources. Wind energy and solar are the 

fastest-growing energy sources across the world. As climate changes and irreversible 

environmental damage rises, wind energy is seen as a clean alternative to greenhouse gas-

emitting fossil fuels. It currently accounts for 6.3% of U.S. energy production and 5% 

worldwide [1]. Wind energy will continue to grow significantly in the next decade. The 

Department of Energy (DOE) had set the goal for wind energy to comprise 10% of 

domestic power production by 2020, 20% by 2030, and 35% by 2050 [2]. Although we 

failed the goal for 2020, we are confident that we will significantly exceed the goal for 

2030 and achieve the goal for 2050 because of the exponential growth trend of wind power 

production, Figure 1. 

 

Figure 1: Annual and cumulative growth in U.S. wind power capacity [3] 
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There are many challenges associated with wind energy production; a major one is its 

energy efficiency. Most wind turbines capture roughly 0.35 to 0.45 of the energy in the 

wind, a ratio known as the power coefficient, 𝐶𝑝. A well-known theory developed in 1919 

by Albert Betz [4], [5] sets the theoretical maximum limit of 𝐶𝑝 as 0.593, [6]. Our wind 

turbine research aims to reduce wind turbine losses and raise efficiencies to be as high as 

possible by implementing hydraulic systems and intelligent controls. Increasing the 

efficiency of wind turbines will reduce the overall cost of wind energy and further expand 

its implementation worldwide. 

 

1.1. Hydrostatic Transmissions as a Solution for Midsize Wind Turbines 

This research is focused on the distributed wind market, which includes midsize wind 

turbines (100 𝑘𝑊 to 1 𝑀𝑊). 

 

Figure 2: U.S. distributed wind capacity [7] 

 

The distributed wind market is underrepresented, and has declined in the last decade, 

especially for midsize turbines, Figure 2. However, the Distributed Wind Energy 
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Association (DWEA) recently stated that the distributed wind market of all sizes has 

potential comparable to offshore wind, with an economic potential in the U.S. alone of 

1400 𝐺𝑊, before the new legislation, which is a $6 trillion market potential.  

 

Wind turbines require cost-effective, high-power density, and reliable drivetrains that 

operate efficiently. Hydraulic drivetrains are an attractive option to achieve these 

conditions. Industry and academia have proposed hydrostatic transmissions (HSTs) for 

wind turbines. HSTs use fluid flow to transmit power. A fixed amount of fluid is delivered 

for each revolution of a positive displacement pump. Similarly, for each revolution of a 

motor, there is a fixed amount of fluid received. Continuously variable transmission can be 

achieved by varying the displacement of the pump or motor. For wind turbines, HSTs work 

as speed-up transmissions, where the pump's displacement must be bigger than the motor's 

displacement. An example of a variable displacement HST architecture, can be seen in 

Figure 3. 

Wind Turbine  
Rotor

Fixed Displacement 
Pump

Variable 
Displacement Motor

Synchronous 
Generator

 

Figure 3: Schematic of an example hydrostatic transmission for wind turbine applications 

 

HSTs are a reliable, proven technology extensively used for demanding duty cycles in 

mining, fishing, forestry, construction, and agriculture. HSTs are an attractive option for 

midsize wind turbines because there are commercially available components in the same 
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power range (100 𝑘𝑊 – 1 𝑀𝑊). These turbines can operate in local niches, eliminating 

the need for costly electric power transmission upgrades. Also, distributed wind makes the 

power grid more stable and reliable. A disadvantage of conventional gearbox turbines is 

that they intentionally limit energy extraction above the rated wind speed [8]. An advantage 

of HSTs, for example, is that they can enable hybridization by storing energy in an 

accumulator when the wind power is above rated power and releasing it when it drops 

below rated power. 

 

It is well-known that the efficiency of gearbox transmissions is higher than the efficiency 

of HSTs, making HSTs unattractive at first sight. However, when comparing the total wind 

turbine efficiency, it can be shown that they are comparable. This similarity is achievable 

mainly due to the variable speed capabilities of the HST and the power-to-weight ratio that 

can be achieved by using hydraulics to transmit the power. The research question is how 

to improve the turbine's efficiency using smart controls and more efficient HSTs.  

 

The standard way to assess if these systems are improving is to evaluate the Levelized Cost 

of Electricity (LCOE) [9]. The LCOE measures the lifetime costs of the system divided by 

energy production. This allows different technologies (e.g., wind, solar, natural gas) of 

unequal life spans, project size, capital cost, risks, return, and capacities to be compared 

under realistic conditions. If the LCOE is lower, the system is more desirable and more 

likely to be implemented. Using smart control strategies is essential for improving midsize 

wind turbines. Implementing new control strategies does not require a large capital 

investment, and it helps improve energy production, reducing the LCOE of the system. 
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In [10], Sheng and Stelson present a study showing a comparison between a gearbox wind 

turbine and two configurations of HST wind turbines. The main conclusion is that the 

LCOE is higher for HST wind turbines because the hydraulic components cost around 

$8/𝑘𝑔 while the gearbox costs around $1/𝑘𝑔. If the price per kilogram of the hydraulic 

components does not decrease, they will not be competitive with gearbox designs. 

 

1.1.1. Wind Turbine Controls 

A wind turbine has four control regions, Figure 4. Region 1 is where the wind speed is 

below the turbine’s cut-in speed, and the turbine is in standby mode. Region 2 is where the 

wind speed varies between the cut-in and rated speeds. Here, the turbine is controlled to 

maximize the power. Region 3 is where the wind speed is above the rated speed but below 

the cut-out speed. Here, the turbine is regulated to limit the power. Region 4 is where the 

wind speed is above the cut-out speed, and the turbine is shut down to avoid damage. 

 

Figure 4: Control regions of Horizontal Axis Wind Turbines  

 

Date of download:  3/24/2021

Copyright © ASME. All rights reserved.

Analysis of Short-Term Energy Storage for Midsize Hydrostatic Wind Turbine1

J. Dyn. Sys., Meas., Control. 2013;136(1). doi:10.1115/1.4025249

Power curve of a typical wind turbine

Figure Legend: 
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For a variable-speed horizontal axis wind turbine (HAWT), the control objective is to 

maximize power by operating the turbine at the peak of the 𝐶𝑝-TSR-Pitch curve, Figure 5.  

 
Figure 5: 𝐶𝑝 − 𝑇𝑆𝑅 − 𝑃𝑖𝑡𝑐ℎ curve for the rotor of a traditional HAWT. 

 

The power coefficient (𝐶𝑝) of a turbine is defined as the fraction of the power from kinetic 

energy in the wind captured by the turbine’s rotor. It is a function of blade pitch angle (𝛽) 

and TSR (𝜆), equation (1).  

𝐶𝑝 =
𝑃𝑟
𝑃𝑤
= 𝐶𝑝(𝜆, 𝛽) (1) 

  

The power in the wind 𝑃𝑤 is: 

𝑃𝑤 =
1

2
𝐴𝜌𝑈3 (2) 

Where 𝑃𝑤 is the power in the wind, 𝐴 is the blade-swept area, and 𝑈 is the wind speed. 

Figure 5 shows the curve of the simulated rotor power coefficient as a function of 𝜆 and 𝛽 

for NREL’s Controls Advanced Research Turbine (CART). 
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The well-known 𝑘𝜔2 control law, equation (3), takes the turbine to maximum power  

operation point in steady-state by varying the torque of the generator [8].  

𝜏 = 𝑘𝜔2 (3) 

 

However, this law only performs well under slowly varying wind conditions, and relies on 

accurately knowing the torque control gain, 𝑘, equation (4),  

𝑘 = 0.5𝜌𝜋𝑅5
𝐶𝑝𝑚𝑎𝑥

𝜆∗3
  (4) 

Where 𝜌 is the air density, 𝑅 is the radius of the blade, and 𝜆∗ is the optimum TSR at which 

the maximum power coefficient 𝐶𝑝𝑚𝑎𝑥 occurs, Figure 6. A graphical representation of 𝐶𝑝 

as a function of TSR at a specific pitch angle is shown in Figure 6 [11]. 𝜆 and 𝐶𝑝 vary with 

wind velocity. From Figure 6 it is evident that 𝐶𝑝 is maximum at around 𝜆 = 8 (optimum 

operating point, 𝜆∗). To maximize the amount of power being captured by the turbine, it 

should always operate at the maximum possible 𝐶𝑝 value.  

 

Figure 6:  𝐶𝑝 as a function of 𝜆. 𝜆∗ is shown where 𝐶𝑝 is max. 
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Simulations of a turbine operating under unsteady wind show that it does not stay at the 

optimal operation point when using this control strategy, for two reasons. First, fast and 

continuous changes in wind speed combined with the large inertia of the blade prevent fast 

reactions on the rotor. Second, torque control is based on rotor speed, not on actual wind 

speed, delaying the response.  

 

Most research approaches for improving power capture of wind turbines consist of 

maximum power point tracking (MPPT) in region 2. MPPT is achieved by controlling the 

rotor torque or the rotor speed. Multiple approaches have been proposed and are 

summarized in [8], [12] and [13]. These approaches are exclusive to traditional fixed-

gearbox turbine transmissions, opening opportunities to investigate the hydraulic 

transmissions' performance for wind turbines. 

 

1.1.2. Wind Turbine Controls with an HST 

In an HST, the rotor torque is controlled using a command pressure, 𝑝𝑐, as shown in 

equation (5). 

𝑝𝑐  =
𝜏𝑐𝜂𝑚𝑝2𝜋 

𝐷𝑝
 (5) 

where 𝜂𝑚𝑝 is the mechanical efficiency of the pump and 𝐷𝑝 is the displacement of the 

pump. This control pressure is used to control the HST pressure by changing the swash 

plate angle of the motor, Figure 7.  
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Figure 7: HST control schematic. Figure modified from [14] 

 

This thesis presents three strategies to improve hydrostatic transmission efficiency in wind 

turbines. Before introducing them, a short review of the work on HST wind turbines is 

presented. 

 

1.2. Industrial and Academic Applications 

Industry and academia have made efforts to establish HSTs as viable replacements for wind 

turbine gearboxes. A full review of all the systems that have been set in place until 2020 

can be found in [15]. The following are notable examples.  

 

1.2.1. Industrial Research and Development 

In 2007 Kovach et al. [16] from Parker Hannifin patented the idea of using a fixed ratio 

HST,  power electronics, and an induction generator in a wind turbine. The same year 

Chapple et al. [17] from ChapDrive patented a continuously variable HST with a fixed 

displacement pump, a variable displacement motor, and a synchronous generator. In 2011, 

in Germany, Meuser et al. [18] patented an HST with a fixed displacement hydraulic pump 
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connected to a combination of multiple fixed displacement hydraulic motors, a variable 

displacement hydraulic motor, and a synchronous generator. In 2013 wind industry giant 

Mitsubishi Heavy Industries [19] field-tested a 7 MW utility-scale HST wind turbine (Sea 

Angel) using Artemis’ Digital Displacement technology,  Figure 8.  

 

Figure 8: Sea Angel HST configuration. Figure modified from [19] 

 

Commercial efforts have resulted in field demonstrations but not commercialization. These 

field demonstrations help popularize the technology by showing the feasibility and 

performance of the system. Commercialization delays are mainly due to insufficient 

commercially available components for utility-scale turbines, so HSTs become an 

expensive option. For example, Sea Angel, the 7MW prototype turbine, uses Artemis’s 

Digital Displacement pump and motor to improve the overall performance of the HST. 

This technology is currently being commercialized but is not widely available. 

 

1.2.2. Academic Research and Development 

Multiple HST simulations and laboratory experiments have been made in academia. 

Researchers at RWTH Aachen University, the University of Minnesota, and Lanzhou 

HP Accumulator

- DDM: Digital 
Displacement 
Motor

- DDP: Digital 
Displacement 
Pump
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University of Technology [20] have worked on wind turbine dynamic models, short-term 

and long-term energy storage, advanced control strategies, and validations through 

laboratory experiments shown in Figures 9, 10 and 11. 

 

At RWTH Aachen, Schmitz et al. [21], [22]  developed a 1MW HST test stand to test HSTs 

under wind turbine condtablitions, Figure 9. The main results show that their multiple 

pumps and motors scheme with a switching control strategy can reach 85% overall 

efficiency over a wide power range. 

 

Figure 9: HST wind turbine test stand schematic proposed in [21]. Figure modified from 

[15]  

 

Mohanty et al. [23] at the University of Minnesota worked on a high-fidelity dynamic 

model of a power regenerative test stand, Figure 10. The model was used to validate HST 

wind turbine simulations and showed through simulations that an HST with a fixed 

displacement pump, a variable displacement motor, and a synchronous generator can fulfill 

the required grid regulations [24]. The steady-state and transient response of the model is 

compared and validated with experimental data [14].  

Generator 1

Generator 2
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Figure 10: HST wind turbine test stand schematic proposed in [14] 

 

Hybridization has also been studied at the University of Minnesota. Dutta et al. [25] worked 

on simulations of a midsize hybrid HST wind turbine with a secondary pump coupled to 

the generator shaft and an accumulator for short-term energy storage. The study shows a 

4% energy improvement in conventional HST turbines. It also shows that the optimal 

accumulator size is 60 L. Mohr et al. worked on simulations [26] and later experimental 

validations [27] of a midsize hybrid HST wind turbine with a secondary pump coupled to 

the rotor shaft and a 50 L accumulator for short-term energy storage, Figure 11. Results 

show a smoother system response but low annual energy production improvement.  

 

Figure 11: HST system with energy storage proposed in [26] 



13 
 

Advanced control approaches have also shown promise. Wang et al. [28] worked on 

simulations of Model Predictive Control to improve the power capture of a midsize HST 

wind turbine. The results showed a faster response than the conventional 𝑘𝜔2 control for 

small wind step changes (about 1 m/s). More significant step changes made the system 

unstable. The author states that these preliminary results need to be re-evaluated with a 

higher accuracy model to obtain better control gains. Escobar-Naranjo et al. [29], [30] have 

explored the use of Extremum Seeking Control through simulation and experiments, which 

will be expanded on as one of the chapters in this thesis.  

 

Wei et al. [20] at Lanzhou University of Technology worked on simulations of a 600 kW 

hybrid HST wind turbine for long-term energy storage with a 6000 L accumulator. The 

simulations show the system can overcome wind power's fluctuation and intermittence 

shortcomings.  

 

1.3. Proposed Research Ideas 

This thesis presents three research ideas to improve the efficiency of HSTs in wind 

turbines: 

• The first idea explores blade pitch oscillations through CFD simulations and 

optimizations to find the best oscillating conditions for energy improvement.  

• The second idea explores Extremum Seeking Control to improve the Maximum 

Power Point Tracking (MPPT) of conventional torque control strategies.  

• The third idea explores hydraulic oil temperature control to optimize the viscosity 

that maximizes the HST’s efficiency. 
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1.3.1. Oscillating Wind Turbine Blades to Improve Wind Turbine Power 

Capture 

The second chapter of this thesis explores the opportunity of oscillating the pitch of the 

wind turbine blades to increase the lift forces, hence the rotor's torque, to generate more 

power [31]. Oscillating an airfoil causes a phenomenon of delayed flow separation known 

as dynamic stall [32], which, under particular conditions (frequency, amplitude, and 

average angle of attack), can increase the instantaneous maximum lift coefficient by up to 

97% [33]. This concept is well described in the literature, especially for load and aeroelastic 

calculations. Oscillating pitch models were initially developed for helicopter applications 

and adapted for wind turbine modeling [34]. Holierhoek et al. [35] systematically 

compared experimental data and three of the most used models on wind turbine airfoils but 

never explored the opportunity to improve power capture. In this study, we investigated 

the possibility of using oscillating pitch for wind turbine applications through 

computational fluid dynamics (CFD) simulations and Blade Element Momentum Theory 

(BEMT). The chapter will present the tools and methods used to perform the study and 

later explain the different results obtained through simulations and optimization. 

Preliminary results of this chapter are published in the proceedings of the Scandinavian 

International Conference on Fluid Power 2021 [31]. 

 

1.3.2.  Extremum Seeking Control to Improve Wind Turbine Power Capture 

The third chapter of this thesis focuses on using Extremum Seeking Control (ESC) for 

Maximum Power Point Tracking (MPPT). Conventional turbines use the 𝑘𝜔2 torque 

control law in region 2. A pressure control law derived from the 𝑘𝜔2 law has been designed 
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and experimentally validated on the power regenerative hydrostatic transmission wind test 

stand at the University of Minnesota [23]. The performance of the pressure control law 

strongly depends on the value of the gain 𝑘, where the optimal value of 𝑘 varies over time 

and cannot be calculated a priori from manufacturer’s data or experiments. Extremum 

Seeking Control (ESC) can overcome these challenges. ESC is a model-free real-time 

optimization control algorithm used to determine and track the parameters that optimize a 

system’s objective function. The use of ESC is well-suited for wind turbines because of 

the slowly changing conditions of the system. Since the ESC does not require any hardware 

additions, any power capture improvements lower the levelized cost of electricity (LCOE). 

ESC has previously been used to optimize the power capture of gearbox wind turbines by 

tuning 𝑘 of the 𝑘𝜔2 torque control law in region 2. Xiao et al. [36], [37], have proven 

through simulations and experiments that ESC can improve the performance of 

conventional gearbox wind turbines by up to 12%. Ghaffari et al. [38] have also 

implemented ESC for gearbox wind turbines. Their work focuses on improving the 

transient response by including an inner-loop induction generator controller based on field-

oriented control. Their simulations show a more robust response under transient conditions 

than conventional ESC. Ibrahim et al. [39] have worked with ESC for wind turbines with 

hydro-mechanical drivetrains. The main difference in their approach is to dither the swash 

plate angle of the pump in the hydrostatic transmission directly instead of oscillating the 

torque control gain. Also, their simulations compare their results to those of a fixed-speed 

wind turbine. Creaby et al. [40] propose a multivariable ESC control strategy for 

maximizing the energy capture of a conventional gearbox turbine. The main points treated 

in their simulation study include solutions to practical problems such as windup due to 
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actuator saturation and slow convergence rate for rapidly changing wind speeds. This 

chapter studies an extension of ESC to HST wind turbines through simulations and 

experiments, including a study on the effects of changing the 𝐶𝑝 vs. 𝜆 curve over time. 

Preliminary results of this chapter are published in the proceedings of the ASME/BATH 

2021 Symposium on Fluid Power and Motion Control and the proceedings of the 

ASME/BATH 2022 Symposium on Fluid Power and Motion Control [29], [30].  

 

1.3.3. Dynamic Temperature Control to Improve HST Efficiency 

The fourth chapter of this thesis focuses on optimizing the efficiency of the HST by 

optimizing the oil viscosity using temperature control. Significant hydraulic component 

losses originate from fluid-surface interactions within interfacial gaps. Pressure drops 

cause leakage through the gaps, and relative motion causes friction across the gaps, both 

of which contribute to losses. Frictional losses are proportional to viscosity, but leakage is 

inversely proportional to viscosity resulting in a trade-off between leakage and friction 

(volumetric and mechanical loss) when choosing the viscosity for hydraulic components. 

With the pump and motor operating at different speeds, there is an intermediate viscosity 

that minimizes the transmission's total mechanical and volumetric losses. This viscosity 

optimization is of great importance since the efficiency of the transmission can be 

improved without requiring hardware modifications. Only leakage and friction losses are 

considered in this study, but other sources of hydraulic loss do exist. Cavitation, fluid 

compression, and commutation have been explored extensively in other works [41], [42]. 

While these additional losses contribute non-negligible effects on hydraulic component 

efficiency, for this study, a simple volumetric and mechanical efficiency model is sufficient 
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to capture the essential trade-off governing viscosity choice in hydraulic components. The 

first part of the chapter examines the theory and methodology for determining the optimal 

oil viscosity for an HST used in wind turbine experiments at the University of Minnesota. 

A simple hydraulic component efficiency model is modified with learned parameters to 

characterize the viscosity-efficiency curve of the HST. Theoretical predictions are 

compared to experimental results to verify the viscosity optimization procedure and 

evaluate the accuracy and limitations of the prediction model. In the second part of the 

chapter, the model is used to find the optimal viscosity and temperature for multiple 

operating conditions (wind speeds). The optimal temperature value is then used to control 

a counterflow heat exchanger that brings the oil to optimal viscosity via different control 

strategies. Simulation studies using classical PI control and Sliding Mode Control (SMC) 

are performed to evaluate the performance of the control strategies. The most appropriate 

one is chosen for experimental testing. The results show less than 1% efficiency 

improvements for the tested conditions. However, it opens the possibility to study further 

the capabilities for other wind turbine operating conditions. Also, and probably more 

interesting, to study dynamic oil temperature control for speed-down HSTs. Preliminary 

results of this chapter are published in the proceedings of the ASME/BATH 2022 

Symposium on Fluid Power and Motion Control [43]. 
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Chapter 2  

Oscillating Wind Turbine Blades to 

Improve Wind Turbine Power 

Capture 
 

This chapter focuses on oscillating the pitch of wind turbine blades using hydraulic 

actuation to increase the power capture of hydrostatic transmission wind turbines. This is 

because oscillating an airfoil under specific conditions increases the instantaneous lift 

coefficient by up to 97%. Different conditions were investigated by varying airfoil shape, 

waveform shape, waveform amplitude, waveform frequency, and average angle of attack. 

The following conditions gave the best performance: a low camber airfoil, a lower average 

angle of attack than used for a non-oscillating airfoil, and an optimized waveform shape 

called a “tilted sinusoid.” A multi-level factorial experiment determined the most impactful 

variables were frequency, amplitude, and average angle of the tilted sinusoid. Numerical 

simulations and hill climbing optimization studied the best frequencies and amplitudes. 

Results showed that oscillating the pitch of the wind turbine blades would, under all 

conditions tested, never outperform steady-state turbine operation, mainly because of the 

higher drag coefficients also present when oscillating the blade's pitch. 
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2.1. Materials and Methods 

2.1.1. Blade Element Momentum Theory (BEMT) 

A turbine blade has an airfoil cross-section with continuously varying chord, orientation, 

and shape along its length, as shown in Figure 12. The variation from root to mid-span to 

tip is required so that the blade is strong and efficient. The blade is twisted so that the angle 

of attack is constant along its length. The product of the chord length and the radius is 

designed to be constant so that the Reynolds number is constant. For this reason, the chord 

length decreases with the radius. 

 

 

Figure 12: A typical modern horizontal axis wind turbine blade with airfoil profiles, twist 

and chord length variation[44] 

 

The importance of the aspects mentioned above of wind turbine blade design is that they 

allow for the characterization of the entire 3D turbine blade from the physics of a single 

2D cross-section using BEMT. BEMT is a combination of momentum theory and blade 

element theory. Momentum theory analyses the momentum balance of the rotating annular 

stream tube passing through the turbine, Figure 13 [45]. Blade element theory studies the 

Decreasing Chord Length
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forces generated by the airfoil’s lift and drag forces, Figure 14, at different sections along 

the length of the blade [46]. Combining both allows us to obtain valuable relationships 

leading to fast and simple calculations. The method assumes steady wind conditions, no 

interaction between elements, or wake expansion. Methods to include tip losses, yaw of 

the turbine, and 3D corrections have been implemented to improve the analytical results 

[47] but are not included in this work. 

 
 

Figure 13: Typical geometry used for BEM theory analysis (a) Actuator disk (b) Fluid 

stream tube [47] 

 

 
 

Figure 14: Forces acting on the single-blade element [47] 
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From BEMT, we can calculate the torque generated by each element of the wind turbine 

blade using equation (6), 

𝑑𝑇 =
1

2
𝜌𝐵𝑐(𝑟)𝑅(𝑟)𝑉𝑅

2(𝐶𝐿 sin(𝜙) − 𝐶𝐷 cos(𝜙))𝑑𝑟 (6) 

Where 𝜌 is the density of the air, 𝐵 is the number of blades, 𝑐(𝑟) is the chord length of the 

element at a distance, 𝑟, from the hub, 𝑅(𝑟) is the radius of the blade at a distance, 𝑟, from 

the hub, 𝑉𝑅 is the relative velocity of the wind, 𝐶𝐿 is the aerodynamic lift coefficient, 𝐶𝑑 is 

the aerodynamic drag coefficient, and 𝜙 is the angle of relative velocity of the wind with 

respect to the rotor's axis. The total power generated by the turbine can then be calculated 

using equation (7), 

𝑃𝑟 = ∫ 𝜔𝑑𝑇
𝑅

𝑅ℎ𝑢𝑏

 (7) 

where 𝑅ℎ𝑢𝑏 is the radius of the turbine hub, 𝑅 is the radius of the blade, and 𝜔 is the 

rotational velocity of the blades. 

 

The power generated by the blades on the rotor is the net power for the static case, equation 

(8). The net power for the blade oscillation case is the power generated by the oscillating 

blades minus the power needed to oscillate the blades, 𝑃𝑜𝑠𝑐, equation (8). To calculate 𝑃𝑜𝑠𝑐 

we assume steady-state operation and no friction losses, 

𝑃𝑜𝑠𝑐 = 𝜔𝑝𝜏𝑎𝑒𝑟𝑜 (8) 

Where 𝜔𝑝 is the rotational velocity of the pitching and 𝜏𝑎𝑒𝑟𝑜 is the torque generated on the 

blade by the aerodynamic forces and can be calculated by, 

𝜏𝑎𝑒𝑟𝑜 =
1

2
𝐶𝑀𝑜𝑠𝑐𝜌𝑉𝑅

2𝑐(𝑟)2𝑑𝑟 (9) 
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and 𝐶𝑀𝑜𝑠𝑐 is the aerodynamic moment coefficient of the oscillating blade. The dynamic 

power in the rotor is, 

𝑃𝑑𝑦𝑛 = 𝑃𝑟 − 𝑃𝑜𝑠𝑐 (10) 

Considering that 𝐶𝐿 and 𝐶𝐷 in equation (6) are the coefficients of the oscillating blade. A 

code that calculates all of these previous equations is given in Appendix a.1. 

 

2.1.2. Variable Selection 

To evaluate the performance of the oscillating pitch versus the static pitch, a response 

variable, the power ratio, 𝑃𝑟𝑎𝑡𝑖𝑜, is introduced. The equation for the power ratio is, 

𝑃𝑟𝑎𝑡𝑖𝑜 =
𝑃𝑑𝑦𝑛

𝑃𝑠𝑡𝑎
 (11) 

where 𝑃𝑑𝑦𝑛 is the power captured from the dynamic simulation and 𝑃𝑠𝑡𝑎 is the power 

captured from the static simulation. Five variables significantly impact the response 

variable, 𝑃𝑟𝑎𝑡𝑖𝑜. These variables are the airfoil shape, the waveform of oscillation, the 

average angle of attack, the amplitude, and the frequency. An extensive exploration of the 

airfoil shape and waveform oscillation was performed before the optimization for the other 

three variables was conducted. 

 

The airfoil selected for the study is the DU 96-W-180 developed at the Delft University of 

Technology in the Netherlands, its shape is shown in Figure 15. A low-camber airfoil was 

selected because it has a high lift-to-drag ratio [48], and its profile data is available online 

[49]. We also explored high-camber airfoils like the S8XX series from the National 

Renewable Energy Lab (NREL), and the results showed much lower performances. 
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Figure 15: DU 96-W-180 airfoil outline 

 

The waveform selected for the study is a “tilted sinusoid”, with an equation of the general 

form, 

𝛼 = ∑
(
2𝑛
𝑛 − 𝑘

)

𝑘22𝑛−1
sin(𝑘2𝜋𝑓𝑡)

𝑛

𝑘=1

 (12) 

where 𝑓 is the frequency, 𝑡 is time, and in general (
2𝑛
𝑛 − 𝑘

) is a combination which is 

defined as, 

(
2𝑛
𝑛 − 𝑘

) =
(2𝑛)!

(𝑛 − 𝑘)! (𝑛 + 𝑘)!
 (13) 

We chose a value of 𝑛 = 4 to obtain the desired tilting, as shown in Figure 16. As 𝑛 → ∞ 

the waveform becomes a sawtooth wave. 

 
 

Figure 16: "Tilted sinusoid" 

 

The benefits of a tilted sinusoid oscillation as compared to a regular sinusoid are further 

described in section 2.2.2 of this thesis. 
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The three independent variables changed to form the solution space are the average angle 

of attack, amplitude, and frequency. The average angle of attack is the angle that the airfoil 

oscillates around. The second free variable is the amplitude of the dynamic pitching. The 

only constraint on this variable is that the amplitude cannot be larger than the average angle 

of attack to avoid negative angles of attack during the blade’s cycle. Negative angles of 

attack produce very poor or even negative lifts so they will be avoided. The final free 

variable is the frequency of the oscillation. The major constraint on this variable is that the 

maximum rotational speed possible with standard wind turbine actuators is roughly 10 

deg/s [50]. One rotational cycle for the airfoil is defined as tilting up to the highest angle, 

then down to the lowest angle, and then back to its starting angle; therefore, the total 

angular difference the airfoil travels in one cycle is four times the amplitude. Consequently, 

the equation for maximum possible frequency, 𝑓𝑚𝑎𝑥, is, 

𝑓𝑚𝑎𝑥 =
𝜔𝑚𝑎𝑥
4𝐴

 (14) 

where 𝜔𝑚𝑎𝑥 is the maximum rotational speed of 10 deg/s, and A is the amplitude in degrees. 

Therefore, the maximum frequency for each simulation case is related to the amplitude of 

that simulation. 

 

The power ratio values obtained from these simulations are compared to each other to find 

the pitching settings that produce the highest efficiency. The static blade simulations are 

performed in QBlade, the dynamic pitching CFD simulations are performed in Ansys 

Fluent®, and the BEMT calculations are performed in MATLAB®. 
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2.1.3. CFD Simulations 

All the CFD Simulations are run with 2D airfoil cross-sections using the SST k-

𝜔 turbulence model, as suggested by Menter [51]. The mesh size is initially 0.002 m for 

the factorial experiment with refinement around the edge of the airfoil. The mesh size is 

later enlarged to 0.01 m for the hill climbing optimization to improve the speed of the 

simulations after validating that the new mesh size produces accurate results. The larger 

mesh is shown in Figure 17. The mesh is coarse, far away from the airfoil cross-section but 

refined in the circular region around the airfoil and even further refined at the leading edge. 

The average angle of attack is then set by rotating the profile in the geometry setup. Then, 

a user-defined function (UDF) is programmed in C language to simulate the desired 

oscillatory movements. After loading the UDF into Ansys Fluent®, a 10 s simulation is 

run. For the factorial experiment, the time step is 0.002 s with 5000 time steps, but this is 

increased to a time step of 0.01 s with 1000 time steps for the hill climbing optimization 

for the same reason of reducing simulation time. Ansys Fluent® reports the lift, drag, and 

pitching moment coefficients in the 2D simulation, which can then be plugged into a series 

of calculations, including equations (6) and (7), to calculate the overall power generated 

by the turbine based on BEMT. 

 

Based on the increase of the mesh size and the time step for the hill climbing optimization 

to save time, a discrepancy of power ratio of around 2% is found for the initial simulations. 

Despite the slight difference between the two meshes and time steps, this is still a valid 

method to find the optimal point. 
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Figure 17: 2D mesh in Ansys Fluent® with detailed view of the mesh around the airfoil 

 

2.1.4. Factorial Experiment 

The first portion of the optimization study is based on a factorial experiment. Factorial 

design is an efficient method for determining the effect of multiple independent variables 

on a response variable. It involves selecting high and low values for each independent 

variable to search the solution space and determine the relative effect of each independent 

variable, or combinations of variables, on the output variable [52]. The only three 

independent variables that are adjusted are the average angle of attack, the amplitude, and 

the frequency. High, low, and medium values are selected for each independent variable. 

These conditions create twenty-seven cases that are run in Ansys Fluent®. 

 

2.1.5. Hill-Climbing Optimization 

The second portion of the optimization study is based on a hill-climbing optimization. Hill-

climbing optimization is an iterative local search technique. For this final solution space 
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search, a greedy approach is used. With this approach, the algorithm always moves toward 

a higher power ratio to find the best solution [53]. Since it is a three-variable optimization, 

four initial points are required.  To find the next prospect point, the centroid of a trapezoid 

is found, and a new point is projected from the worst point. This new point replaces the 

worst point from the previous iteration, a new centroid is found, and a new point is 

projected. This process is iterated until the optimal solution is found. Figure 18 (a), (b), and 

(c) illustrate the idea for the first three iterations of the optimization. Figure 22 shows the 

complete optimization path found for this study. A code that performs this optimization is 

given in Appendix a.2. 

 
(a) 
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(b) 

 

 
(c) 

 

Figure 18: Step-by-step hill climbing optimization example. The numbers represent the 

power ratio, 𝑃𝑟𝑎𝑡𝑖𝑜, for the specific average angle of attack, amplitude, and frequency 

being evaluated. 
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2.2. Results and Discussion 

The results obtained in this work are divided into two. The first results are related to the 

initial CFD simulations used to evaluate the aerodynamic forces acting on the wind turbine 

blade. The second results are related to the optimization results obtained through the 

factorial experiment and the hill climbing optimization to find the best oscillation 

conditions. 

 

2.2.1. CFD Simulations 

We explored the effect of the angle of attack on the lift and drag of airfoils; this information 

allowed for an educated choice of the solution space to search in the optimization process. 

Experimental [33] and CFD simulation data of the lift and drag coefficients are shown in 

Figure 19. Figure 19 (a) shows that the static CFD case, the purple line, exhibits a 

maximum lift coefficient around an angle of attack of 15°. Still, in Figure 19 (b), it is clear 

that the drag can be orders of magnitude larger at this point than it is at low angles of attack. 

Both the experimental and simulation data on these plots suggest that the optimal 

combination of lift and drag will probably be found roughly between 5° and 11°. The lift 

coefficient is still high in that range, but more importantly, the drag coefficient is extremely 

low. The data in Figure 19 is from an NREL S809 airfoil, but this is still a helpful starting 

range for the airfoil used in the optimization. 
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       (a)  

 

 
(b) 

 

Figure 19: (a) Dynamic lift coefficients vs. angle of attack curves for S809 airfoil, 

experimental (black markers) vs CFD data (color lines). (b) Dynamic drag coefficients 

vs. angle of attack curves for S809 airfoil, experimental (black markers) vs. CFD data 

(color lines) 
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2.2.2. Waveform Evaluation 

Simulation data shows that a tilted sinusoid oscillation waveform performs better than a 

regular sinusoid. Specifically, a waveform that goes up quickly and down slowly captures 

more power. A plot of this type of tilted sinusoid is shown in the bottom plot of Figure 20. 

The data in Figure 20 is from two simulations in Ansys Fluent® with the same conditions 

but different waveforms. It can be seen in the third plot of Figure 20 that the tilted sinusoid 

produces higher lift coefficient to drag coefficient ratios than a regular sinusoid. The 

primary reason is that when the airfoil moves down slowly, the lift coefficient stays higher 

than it does with the regular sinusoid, top plot of Figure 20. The drag coefficient is shown 

in the second plot of Figure 20; the peak locations differ for the sinusoids, but the average 

drag coefficient is about the same for both. 
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Figure 20: Comparison of CL and CD for regular sinusoid and tilted sinusoid waveforms. 

Data is from CFD simulations in Ansys Fluent® 

 

2.2.3. Factorial Experiment 

The only three independent variables that were adjusted were the average angle of attack, 

the amplitude, and the frequency. High, low, and medium values were selected for each 

independent variable. This created twenty-seven cases tested in Ansys Fluent®, and the 

results are shown in the box diagram in Figure 21. The figure shows the low, medium and 

high values for each independent variable along the bottom and right edges of the solution 

space box. The number at each point is the power ratio value reported by applying BEMT 

calculations to the data. 

 
Figure 21: CFD power ratio results from the factorial experiment. The most efficient 

points are highlighted in red 
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Figure 21 provides insight into how each variable affects the final power captured from the 

turbine. The highest power ratio values are highlighted in red. An average angle of attack 

of 8 degrees captures more power than higher or lower average angles of attack. This is 

because with an average angle of attack of 8 degrees, the oscillation stays in a low drag 

range but still has a relatively high lift. Also, lower frequencies produce better power 

capture; the highest values are found at a frequency of 0.25 Hz. This is mainly because it 

requires less input power to pitch the blade at a lower frequency. Finally, the amplitude is 

the variable that has the slightest effect on the power captured by the blade. For the most 

part, smaller amplitudes result in slightly higher power capture, but the impact is minimal 

compared to the impact of the average angle of attack and frequency. The best result from 

the initial 27 simulations was used as a starting point for the hill climbing optimization. 

 

2.2.4. Hill-Climbing Optimization 

The path of the hill-climbing optimization is shown in Figure 22. The four starting points 

are shown as red diamonds, the optimization path is shown as a solid black line, and the 

maximum power ratio is shown as a green star. One of the initial points was the point of 

the highest power ratio from the factorial experiment. The other three were chosen around 

that with the idea of providing depth in every variable so that the algorithm could search 

the solution space effectively. A total of twenty-four simulations were run in this portion 

of the optimization. The search algorithm was reinitialized twice due to stalling, and each 

time it was restarted, the search size was refined around the highest value from the previous 

run. The first time the search stalled because the new point had a negative frequency, and 

the second stall was because the new suggested point had already been simulated. These 
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are both very common problems and solutions for this type of optimization. Overall, the 

hill-climbing algorithm discovered a 9% increase in power capture over the highest power 

ratio found from the factorial experiment with a final power ratio of 0.8977. The frequency, 

average angle of attack, and amplitude for the highest power ratio were 0.0065 Hz, 8.6022o 

and 0.6486o. It is expected to see a power ratio of 1 if the algorithm reaches a frequency of 

0 Hz and an average angle of 8o. However, a simulation mismatch comes from calculating 

optimal aerodynamic coefficients with QBlade for the static case and with Ansys Fluent® 

for the dynamic case. 

 
 

Figure 22: Path of hill-climbing optimization shown in black. Initial points are shown as 

red diamonds, and the point of the highest power ratio is shown as a green star (The 

optimization path only shows the new point for each iteration) 

 

Hill-climbing does not guarantee finding the global maximum and can end up reporting a 

local maximum as the final result because the greedy approach cannot climb down hills. 
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This is a general problem of any convex optimization technique [54]. It could get stuck on 

a local maximum without knowing that there is a higher power ratio value somewhere else 

in the solution space. A standard method for overcoming this is to restart the search 

numerous times in random locations. Still, there was not enough time to do this because 

each simulation required intensive manual input. It consists of determining the new 

waveform equation, rewriting the waveform code, reinitiating the CFD simulation, and 

after the simulation, inputting the data into the MATLAB® code to determine the next 

search point. However, performing the factorial experiment first allowed for a coarse 

search of the relevant solution space where the maximum power ratio value is almost 

certain to be found. Hence, it is reasonable to believe that the hill-climbing optimization 

started close to the global maximum. If this is the case, the final point of this optimization's 

maximum power ratio can be considered the global maximum. Another optimization 

technique, known as ant colony optimization, was considered but not used because it also 

requires many simulations [55] and is outside the project's scope. 

 

2.3.Conclusion 

This study was conducted to determine whether oscillating the pitch of wind turbine blades 

could increase the amount of wind power harvested with a horizontal axis wind turbine. 

We used computer simulations and computational fluid dynamics (CFD) analysis 

combined with Blade Element Momentum Theory to compare the power captured by static 

pitch blades to that captured by oscillating blades. In the first stage of the study, we found 

that oscillating the blades with a tilted sinusoid waveform resulted in better performance 

than using a sinusoid waveform. This was evident when comparing the lift-to-drag ratio 
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between the two waveform inputs. In the second stage of the study, we attempted to 

optimize the oscillating conditions to improve performance. However, we found that the 

oscillating blade could only produce 89.77% of the power produced by the static blade 

under optimal conditions. This was due to the drag forces present in the system and the 

need to input additional power to oscillate the blades. 
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Chapter 3  

 

Extremum Seeking Control to 

Improve Wind Turbine Power 

Capture 
 

Adaptive control strategies are commonly used for systems that change over time, like 

wind turbines. Extremum Seeking Control (ESC) is a model-free real-time adaptive control 

strategy widely used in conventional gearbox wind turbines for Maximum Power Point 

Tracking (MPPT). ESC optimizes the rotor power by constantly tuning the torque control 

gain (𝑘) when operating below rated power. The same concept can be applied to hydrostatic 

wind turbines. This chapter shows the application of ESC to HST wind turbines through 

simulations and experiments. The controller is also tested to show its performance under 

changing 𝐶𝑝 vs. 𝜆 curves. 

 

3.1. Materials and Methods 

3.1.1. Extremum Seeking Control (ESC) 

Adaptive control strategies are commonly used for systems that change over time. 

Extremum Seeking Control is a model-free approach that allows for continuous convex 

optimization. This is convenient for wind turbines because the power as a function of the 

torque is a convex function that changes over time. ESC works by introducing a dither 

signal to the variable to be optimized. Then the filtered system's output is compared to a 
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demodulation signal. This comparison tells the controller if it must climb up the hill with 

a positive or a negative slope. When the product reaches zero, an optimum value has been 

found [56]. The block diagram of a basic version of an ESC is shown in Figure 23. 

 

Figure 23: ESC basic version. 

 

Where 𝑦(𝜃) is the objective function, 𝜌 is the output of the objective function without a 

DC gain, 𝜉 is the demodulated signal, 𝜃 is the estimate of the best controller gain, 𝑎 is the 

amplitude of the dither signal, and 𝜔 is the oscillation frequency of the demodulation and 

dither signals.  

 

Figure 24 is a simple graphical explanation of how ESC operates in its most basic mode, 

where the system has instantaneous dynamics, the objective function, 𝑦 = 𝑓(𝜃) is static 

and has an optimal point 𝑦∗ = 𝑓(𝜃∗). It shows that the algorithm climbs the hill with a 

positive slope when the product of the green (𝜌 on the left) sinusoidal and the gray 

(demodulation signal) sinusoidal is positive. The algorithm climbs the hill with a negative 

slope when the product of the blue (𝜌 on the right) sinusoidal and the gray sinusoidal is 

negative. Finally, when the product is close to zero, the algorithm has found the optimal 𝜃∗ 

that makes 𝑦∗ = 𝑓(𝜃∗) and no climbing is performed. 
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Figure 24: ESC operation example, modified from [57] 

 

3.1.2. Controller Tuning 

The block diagram for the ESC used in the HST analysis is shown in Figure 25. This 

architecture and the tuning process are based on the work of Xiao et al. [36] and Creaby et 

al. [40] but adapted to the conditions of a hydrostatic wind turbine. 

+

-

𝜌 𝜉Demodulation
Signal
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Figure 25: ESC Architecture with Anti-Windup. Modified from [29] and [30] 

 

In Figure 25, extra parameters are added to the ESC compared to the ones in Figure 23. 

The added parameters are, 𝜙 which is the phase shift between the demodulation signal and 

the dither signal, and the saturation nonlinearity, which is defined as, 

𝑠𝑎𝑡(𝑥) = {

−𝑚,               𝑥 < −𝑛
𝑚𝑥

𝑛⁄ , −𝑛 ≤ 𝑥 ≤ 𝑛
𝑚,                𝑥 > 𝑛

 (15) 

Where 𝑚 and 𝑛 are additional tuning parameters for the ESC. 

Based on Figure 25, the variables required to implement ESC are the following: 

• The oscillation frequency of the demodulation and dither signals, 𝜔   

• The phase shift of the demodulation signal, 𝜙  

• The cut-off frequencies of the high-pass filter (HPF), 𝜔𝑐𝐻𝑃𝐹, and the low-pass filter 

(LPF), 𝜔𝑐𝐿𝑃𝐹 

• The amplitude of the dither signal, 𝑎 

• The parameters for the saturation nonlinearity, 𝑚, and 𝑛 
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The first three parameters are determined from an open-loop analysis of the input-output 

dynamics of the system, as will be presented in section 3.1.3. 

 

The amplitude of the dither signal must have a good signal-to-noise ratio to guarantee that 

the output of the objective function is comparable to the demodulation signal. In this case, 

15% of the theoretical optimal torque gain, 𝑘𝑜𝑝𝑡, for the turbine was chosen based on 

equation (4). 

 

The parameters 𝑚 and 𝑛 are chosen to guarantee system stability and a fast response time. 

Instabilities are present because of fast-changing wind speeds. The saturation nonlinearity 

modifies the integrator gain and avoids significant nonlinear changes in the response. These 

gains can be tuned by monitoring the demodulated signal and understanding the order of 

magnitude of the desired response. 

 

3.1.3. HST Dynamics 

The dynamic model of the HST wind turbine used for this research is based on the one 

proposed in [23]. A schematic of the HST is shown in  

 

Figure 26: Hydrostatic Transmission schematic 
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The model consists of rotor dynamics, 

𝜔̇𝑟 =
1

𝐽
[𝜏𝑟(𝜔𝑟 , 𝑈, 𝛽) − 𝑏𝜔𝑟 − 𝐷𝑝𝑝] (16) 

  

Where 𝐽 is the combined moment of inertia of the shaft and blades, 𝜔𝑟 is the angular speed 

of the rotor, 𝜏𝑟 is the torque in the rotor and is a function of the angular speed of the rotor, 

the wind speed, 𝑈, and the pitch angle 𝛽, 𝑏 is the damping coefficient of the shaft, 𝐷𝑝 is 

the pump’s displacement, and 𝑝 is the pressure difference across the lines. 

The pressure dynamics are, 

𝑝̇ =
𝐵

𝑉
(𝐷𝑝𝜔𝑟 − 𝛼𝐷𝑚𝜔𝑠 − 𝐿𝑡) (17) 

Where 𝐵 is the effective bulk modulus, 𝑉 is the total volume of the fluid, 𝛼 is the 

normalized swash plate angle of the motor, 𝐷𝑚 is the motor's displacement, 𝜔𝑠 is the 

synchronous speed of the generator, and 𝐿𝑡 is the leakage loss term for the hydraulic units.  

 

Actuator dynamics are also considered and modeled as a first-order system with an 

experimentally obtained time constant 𝜏𝑎. The transfer function is, 

Α(𝑠)

𝑈(𝑠)
=

1

𝜏𝑎𝑠 + 1
 (18) 

The values used for the simulations are summarized in Table 1. 

Table 1: Model Parameters and Values 

Parameter Value 

𝐽 2.17 𝑘𝑔 𝑚2 

𝑉 9.82 × 10−4 𝑚3 

𝐵 1.8 × 109 𝑝𝑎 

𝐷𝑝 2512 𝑐𝑐/𝑟𝑒𝑣 

𝐷𝑚 135 𝑐𝑐/𝑟𝑒𝑣 

𝜏𝑎 2.5641 𝑠 
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A detailed block diagram of the system is shown in Figure 27. 

 
Figure 27: Block diagram for HST dynamics with ESC 

 

3.1.4. Open-Loop Analysis for Simulation Studies 

To obtain the first-order dynamics of the system, the torque gain, 𝑘, is varied, and the wind 

turbine rotor speed, 𝜔𝑟, determined. These nonlinear dynamics are determined by creating 

ten step changes in 𝑘, Figure 28 top, and finding the time-varying response of 𝜔𝑟, Figure 

28 bottom. Here the wind is kept at a constant speed of 6 m/s, and the ESC is not included 

in the loop. 

 
 

 
 

Figure 28: Open-Loop response of the system 
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First-order dynamics can approximate the open-loop response. The time constant, 𝜏, can 

be approximated as the time it takes the system to reach 63.2% of the steady-state value, 

as shown in Figure 29. The time constants for each response are shown in Figure 28 bottom. 

The highest time constant response is chosen (𝜏 = 3.8 𝑠) to guarantee that the first-order 

approximation is representative of the nonlinear system. The resulting transfer function is, 

Ω𝑟(𝑠)

𝐾(𝑠)
=

1

𝜏 𝑠 + 1
 (19) 

The step response of the first-order system compared to the system’s response is shown 

below in Figure 29. 

 

Figure 29: Step response of the first-order approximation compared to the open-loop 

response of the system 

 

The frequency of the dither signal should be lower than the bandwidth of the system 

(𝜔𝐵𝑊 = 0.26 𝑟𝑎𝑑/𝑠) as shown in Figure 30 top. It is conservative choosing a value of 𝜔 

that is about 20% of 𝜔𝐵𝑊 to avoid problems with the approximation. It is also essential to 



45 
 

avoid the tower’s principal structural vibration modes. The wind turbine modes for the 60-

kW turbine under study are unknown. However, for a similar wind turbine (the AOC 

15/50), the fundamental vibration of the tower occurs at a frequency of 1.7 𝐻𝑧 or 

10.68 𝑟𝑎𝑑/𝑠 [58] showing that the dither signal would not trigger detrimental vibrations 

on the wind turbine.  

 

The phase shift, 𝜙, of the demodulation signal depends on the value of phase shifts of the 

HPF,  𝜙𝐻𝑃𝐹, and the open-loop system, 𝜙𝑂𝐿, at the dither frequency, 𝜔. The values of 

𝜙𝐻𝑃𝐹, and 𝜙𝑂𝐿, are shown in Figure 30 bottom. These shift the original dither signal 

affecting the demodulated signal, 𝜉, therefore affecting the performance of the 

optimization. To compensate for these phase shifts, a phase shift, 𝜙, is added to the 

demodulation signal. 

 

 

Figure 30: Bode plots of the open-loop input dynamics, HPF, LPF, and the dither 

frequency 
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The cut-off frequency of the HPF, 𝜔𝑐𝐻𝑃𝐹 is chosen to filter out the low frequencies and 

remove the DC gain. The HPF used for this study is a second-order filter with a transfer 

function, 

𝐻𝑃𝐹(𝑠) =
𝑠2

𝑠2 + 2 ∗ 0.7 ∗ 𝜔𝑐𝐻𝑃𝐹 ∗ 𝑠 + 𝜔𝑐𝐻𝑃𝐹
2  (20) 

The cut-off frequency of the LPF, 𝜔𝑐𝐿𝑃𝐹, is chosen to filter out the high frequencies after 

the demodulation signal has been introduced to the ESC. The LPF used for this study is a 

second-order filter with a transfer function, 

𝐿𝑃𝐹(𝑠) =
𝜔𝑐𝐿𝑃𝐹
2

𝑠2 + 2 ∗ 0.7 ∗ 𝜔𝑐𝐿𝑃𝐹 ∗ 𝑠 + 𝜔𝑐𝐿𝑃𝐹
2  (21) 

Bode plots for the open-loop system response, the HPF, and the LPF are shown in Figure 

30. 

The parameters found for the ESC are summarized in Table 2. 

Table 2: ESC parameters for initial simulations 

 

Parameter Value 

HPF Cut-off frequency, 𝜔𝑐𝐻𝑃𝐹 0.055 𝑟𝑎𝑑/𝑠 

LPF Cut-off frequency, 𝜔𝑐𝐿𝑃𝐹 0.035 𝑟𝑎𝑑/𝑠 

Dither frequency, 𝜔  0.05 𝑟𝑎𝑑/𝑠 

Phase shift, 𝜙 0.48 𝑟𝑎𝑑 

Amplitude of dither signal, 𝑎 57.66 𝑁𝑚/(𝑟𝑎𝑑/𝑠)2 

Saturation nonlinearity 
𝑚 = 0.85 

𝑛 = 0.2 
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3.1.5. Open-Loop Analysis for Experimental Studies 

As for the simulations, the open loop response of the system, with input, 𝑘, and output, 

rotor speed 𝜔𝑟, is obtained. 𝑘 is the input variable that we are dithering, and 𝜔𝑟 is the output 

of the system. The step response is shown in Figure 31. 

 

 
Figure 31: Step response of open loop system 

 

A first-order system with a delay is used. This open loop test revealed a delay of 1.83s, 

which must be considered for re-tuning the parameters compared to the simulation studies 

[29]. The first-order transfer function with a delay of the open loop response is given by 

equation (22). 

𝐻(𝑠) =
Ω(𝑠)

𝐾(𝑠)
= 𝑒−1.83 𝑠

1

2.36 𝑠 + 1
 (22) 
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Again, the frequency response of the system is used to choose the best dither/demodulation 

frequency, 𝜔, the phase shift of the demodulation signal, 𝜙, and the high pass filter (HPF) 

and low pass filter (LPF) cut-off frequencies, 𝜔𝑐𝐻𝑃𝐹 and 𝜔𝑐𝐿𝑃𝐹. 

 

The frequency response of the system is shown in Figure 32. 

 

 
Figure 32: Bode diagram of open loop system, HPF and LPF 

 

From the Bode Plot, the dither/demodulation frequency is chosen to be well within the 

bandwidth, 𝜔𝐵𝑊, of the open loop system. The phase shift is calculated by adding the phase 

shifts of the open loop system and the HPF. The cut-off frequency of the HPF is selected 

to filter out anything below the dither frequency without affecting it. The cut-off frequency 

of the LPF is selected to filter the dither frequency and everything above it. The amplitude, 

𝑎, of the dither signal is chosen so the sinusoidal is not overshadowed by the noise’s 
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amplitude. The saturation nonlinearity gains are tuned to avoid significant nonlinear 

changes in the response. A summary of the chosen parameters is given in Table 3. 

 

Table 3: ESC Parameters for experiments 

 

Parameter Value 

HPF Cut-off frequency, 𝜔𝑐𝐻𝑃𝐹 0.045 𝑟𝑎𝑑/𝑠 

LPF Cut-off frequency, 𝜔𝑐𝐿𝑃𝐹 0.035 𝑟𝑎𝑑/𝑠 

Dither frequency, 𝜔  0.07 𝑟𝑎𝑑/𝑠  

Phase shift, 𝜙 0.72 𝑟𝑎𝑑 

Amplitude of dither signal, 𝑎 76.88 𝑁𝑚/(𝑟𝑎𝑑/𝑠)2 

Saturation nonlinearity 
𝑚 =  3 

𝑛 =  0.6 

 

These parameters were used to re-run the simulations and the experiments presented in the 

experimental validation section of this chapter. 

 

3.1.6. HST Test Stand at the University of Minnesota 

The HST test stand at the University of Minnesota is shown in Figure 33. The power 

regenerative test stand consists of an HST on the left side and an HSD (hydrostatic drive) 

on the right side. The test stand is rated at 100 kW output with only 50 kW input because 

of power regenerative. The HSD uses hardware-in-the-loop (HIL) simulation to emulate 

the aerodynamic torque, allowing testing for steady, step, and turbulent wind conditions. 

The HSD is a speed-down transmission with a variable displacement pump and a fixed 

displacement motor. The HST is a speed-up transmission with a fixed displacement pump 

and a variable displacement motor. Each transmission has an independent hydraulic 

system. The HST is the transmission where the baseline controller and the ESC are tested.  
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Figure 33: HST Test stand at the University of Minnesota 

 

Since this is a coupled system, a decoupling control strategy is required. A detailed 

description is presented by Mohanty [59], but outside the scope of this thesis. The system 

is connected to a Windows machine with an interface built on MATLAB Simulink Real-

Time® for data acquisition and control. Twenty-seven sensors measure all components' 

pressure, flow, temperature, speed, and torque. Detailed descriptions of the test stand, its 

components, and the dynamics of the system can be found in [14], [60], and [23]. 

 

3.2. Results and Discussion 

This work was evaluated through simulations, and the results were validated at the U of M 

test stand presented in section 3.1.6. 

 

3.2.1. Simulation Studies 

This section presents the results of simulation studies evaluating the use of ESC for a 60-

kW hydrostatic transmission wind turbine [23], [26]. First, a systematic approach to 

establish the ideal ESC parameters is shown. Second, a comparison of the power capture 
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performance of ESC versus the conventional torque control law (the 𝑘𝜔2 law) is shown. 

The simulations include a time changing power capture coefficient (𝐶𝑝) to clearly show the 

advantages of using ESC. Studies under steady and realistic wind conditions show the main 

advantages of using ESC for a hydrostatic wind turbine. 

 

The differences with a conventional gearbox wind turbine come from the continuously 

variable transmission and the dynamics of the hydraulic system. These differences require 

the use of different parameters in the ESC design.  

 

Simulations and analysis in MATLAB® and Simulink are performed to test and compare 

the ESC and the baseline controller under three different wind conditions: steady wind, 

step wind, and turbulent wind. 

 

3.2.1.1. Steady Wind Study 

The first step of the study is to investigate the effect of changing the 𝐶𝑝 vs 𝜆 curve for the 

baseline controller and the ESC under steady wind. Figure 34 shows the three 𝐶𝑝 vs. 𝜆 

curves that are studied. The “ideal” (solid black line) curve is what the baseline controller 

uses to calculate  𝑘𝑜𝑝𝑡. This curve has a 𝜆∗ = 6.5 and a 𝐶𝑝𝑚𝑎𝑥 = 0.41. The “modified” 

(blue dotted, red dotted lines, and green dotted) curves will simulate a change from the 

ideal curve by changing the optimal tip-speed-ratio, 𝜆∗, of the ideal case to 5.5, 4. 5, and 

7.5 but maintaining the same 𝐶𝑝𝑚𝑎𝑥. The theoretical 𝐶𝑝 vs. 𝜆  curves were created based 

on equation (23) [61].  
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𝐶𝑝(𝜆, 𝛽) = 𝐶1 (
𝐶2
𝜆𝑖
− 𝐶3𝛽 − 𝐶4𝛽

𝑥 − 𝐶5) 𝑒
𝐶6
𝜆𝑖  

1

𝜆𝑖
=

1

𝜆 + 0.08𝛽
−
0.035

𝛽3 + 1
 

(23) 

The coefficients are then chosen to obtain the ideal and modified cases. The ideal case with 

𝜆∗ = 6.5 has the following coefficients: 𝛽 = 0, 𝐶1 = 0.1546, 𝐶2 = 116, 𝐶5 = 11.5 and 

𝐶6  =  0.0068. 

 

Figure 34: 𝐶𝑝 vs. 𝜆 curves for the ideal case and the modified cases 

 

The simulations ran for 5000 𝑠. In the first 2000 𝑠, the system was operating under ideal 

conditions. At the 2000 𝑠 mark, the 𝐶𝑝 vs. 𝜆 curve was changed to the modified curves and 

the simulation continued to run for another 3000 𝑠. The wind used for these simulations is 

steady wind at 8 𝑚/𝑠. 

 

As can be seen in Figure 35, Figure 36, and Figure 37, the steady wind study shows several 

interesting results. First, it clearly shows that the performance of the baseline controller 
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decreases if the ideal 𝐶𝑝 vs. 𝜆 curve is not used. Second, it shows that the ESC can find the 

optimal rotor power independently of the change in 𝜆∗. However, the higher the change the 

longer it takes the ESC to reach a stable response. For example, in the modified 𝜆∗ = 5.5 

case the rotor power reaches the optimal point within 500 𝑠. In the modified 𝜆∗ = 4.5 case 

the rotor power reaches the optimal point in within 1500 𝑠. Also, when the 𝐶𝑝 vs. 𝜆 curve 

has a higher curvature, the optimized rotor power with ESC is smoother. This is because 

the gradient is more significant as you approach the tip of the curvature and the optimal 

point is more precise, as seen in the modified 𝜆∗ = 4.5 case. With a lower curvature, the 

optimal point is not as precise; hence the ESC oscillates more, as seen in the ideal case, the 

modified 𝜆∗ = 5.5 and the modified 𝜆∗ = 7.5 cases. 

 

 
 

 
 

Figure 35: Torque gain and rotor power for the baseline controller and for the ESC with 

modified 𝜆∗ = 5.5 
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Figure 36: Torque gain and rotor power for the baseline controller and for the ESC with 

modified 𝜆∗ = 4.5 

 

 

 

Figure 37: Torque gain and rotor power for the baseline controller and for the ESC with 

modified 𝜆∗ = 7.5 

 

7.5
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3.2.1.2. Step Wind Study 

A step wind study was performed based on the steady wind study results. Two main 

simulations were performed, one under ideal conditions and one under the modified 𝜆∗ =

5.5 case. The results are summarized in Figure 39 and Figure 40. The step wind input used 

for the simulations is shown in Figure 38. 

 

 

 
 

Figure 38: Step wind input for simulations 

 

The step wind study shows that the ESC can perform at least as well as the baseline 

controller under different wind speeds in control region 2. When 𝜆∗ = 6.5 the ESC can 

reach the same optimal conditions as the baseline controller, Figure 39. When 𝜆∗ = 5.5 the 

ESC outperforms the baseline controller and can always capture more power, Figure 40. 

In both cases, ESC is more affected by transients at higher wind speeds. However, when 

𝜆∗ = 5.5 there is a bigger difference in rotor power at higher wind speeds, meaning that 

the ESC can extract more power from the wind when the wind speeds are close to the rated 

speed of 10 𝑚/𝑠. 
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Figure 39: Step wind results for ESC and baseline controller under ideal 𝜆∗ = 6.5 

 

 

 

 

Figure 40: Step wind results for ESC and baseline controller under ideal 𝜆∗ = 5.5 
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3.2.1.3. Turbulent Wind Study 

Simulations under turbulent wind were performed to complete the study. The same 

conditions as in the step wind study are used, i.e., ideal case and modified 𝜆∗ = 5.5 case. 

The results are summarized in Figure 42 and Figure 43. The turbulent wind used for the 

simulations is shown in Figure 41. This wind profile was generated using Turbsim, with a 

2% turbulence intensity. 

 

 

Figure 41: Turbulent wind input for simulations 

 

The turbulent wind study shows in the ideal case that the ESC is close to reaching the 

optimal torque gain value, but it oscillates as the wind speed oscillates. When compared to 

the baseline controller, it underperforms due to the rapid wind changes, Figure 42. When 

𝜆∗ = 5.5 the ESC is always capturing more power than the baseline controller 

independently of the rapid wind changes, Figure 43. It can be noticed that this is because 

the torque gain for the baseline controller is never at an optimal point. In contrast, the one 

for the ESC is constantly approaching the optimal operating point. 
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Figure 42: Turbulent wind results for ESC and baseline controller under ideal 𝜆∗ = 6.5 

 

 

 

Figure 43: Turbulent wind results for ESC and baseline controller under ideal 𝜆∗ = 5.5 

 

For the step wind and turbulent wind studies, further investigations of the power changes 

in the 𝜆∗ = 5.5,  𝜆∗ = 4.5, and 𝜆∗ = 7.5 cases were performed. To do so, a power ratio, 
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𝑃𝑟𝑎𝑡𝑖𝑜, between the average rotor power with the ESC, 𝑃𝑟𝑜𝑡𝐸𝑆𝐶 , and the average rotor power 

with the baseline controller, 𝑃𝑟𝑜𝑡𝑏𝑎𝑠𝑒, was defined as: 

𝑃𝑟𝑎𝑡𝑖𝑜 =
𝑃𝑟𝑜𝑡𝐸𝑆𝐶

𝑃𝑟𝑜𝑡𝑏𝑎𝑠𝑒
⁄  (24) 

The results of this study are shown in Table 4. 

 

Table 4: Comparison of power ratios depending on the input wind and 𝜆∗ values 

 

Wind 𝝀∗ Power Ratio 

Step 

6.5 

0.9964 

Turbulent 0.9887 

Step 

5.5 

1.0289 

Turbulent 1.0278 

Step 

4.5 
1.1290 

Turbulent 1.1229 

Step 

7.5 

1.0599 

Turbulent 1.0467 

 

The main conclusion is that even if the ideal conditions are in place, the ESC can perform 

as well as the baseline controller. If there are any changes in the 𝐶𝑝 vs. 𝜆 curve, then having 

an ESC in place will help with capturing more power from the wind. The power ratio does 

not change linearly, and the gains in power grow significantly as the 𝜆∗ value moves away 

from the ideal case. 
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3.2.2. Experimental Validation 

This section presents an experimental validation of the simulation results presented above. 

Results were obtained for steady wind experiments with 𝜆∗  =  6.5 and 𝜆∗  =  4.5, for step 

wind experiments for 𝜆∗  =  6.5 and 𝜆∗  =  5.5, and for anti-windup experiments for 𝜆∗  =

 6.5.  All the experiments were run with wind speeds within region 2. Figure 34 shows the 

𝐶𝑝 vs. 𝜆 curves for the different cases.  

3.2.2.1. Anti-Windup Study 

The anti-windup algorithm was tested under step wind conditions, Figure 44. 

 

 
Figure 44: Step wind profile for anti-windup experiments 

 

The results of using an anti-windup algorithm to overcome the saturation of 𝑘̂ are shown 

below in Figure 45.  

 

 
 



61 
 

 
Figure 45: Anti-Windup results 

 

Because of windup, ESC took approximately 116 𝑠 in saturation before returning to find 

the optimal. When the anti-windup is implemented, this time is reduced to 82 𝑠, a 

difference of 34 𝑠. The power capture is not affected significantly in this case (only a 

0.29% improvement), but with higher wind steps, the power capture will be more 

significant. 

 

3.2.2.2. Step Wind Study 

The steady wind study consisted of verifying if the ESC would adapt to a sudden change 

in the 𝐶𝑝 vs. 𝜆 curve at constant wind speed of 6 𝑚/𝑠. A change from 𝜆∗  =  6.5 to 𝜆∗  =

 4.5 was introduced at 800 𝑠 for the ESC and the baseline controller. The experimental 

results effectively validated what was seen previously in simulations. The results are shown 

in Figure 46. 
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Figure 46: Steady wind responses for ESC (top) and baseline controller (bottom) with a 

𝜆∗ change from 6.5 to 4.5 

 

After the change of 𝜆∗, the ESC shows a drop in power of 5.6% and the baseline controller 

shows a drop in power of 13.4%. There is a drop in the ESC because the controller needs 

more time to adapt to the ideal gain fully; if fully adapted, the percent drop is not as 

significant, less than 1%. Data was taken for a more extended period to guarantee 

adaptation, but for a fair comparison with the baseline controller, only the first 1300s of 

data are shown and used for these calculations. Even under these conditions, the results 

show that a change in the 𝐶𝑝 vs. 𝜆 curve can result in a relative power loss of 7.8% if the 𝑘 

gain is kept constant. This validates the better performance of the ESC versus the baseline 

controller, showing the importance of adaptation. 

 

3.3. Conclusion 

In this study, an ESC for a 60 𝑘𝑊 hydrostatic wind turbine was implemented and 

compared to a baseline controller. The study's results were presented through simulation 

and then validated through experimental tests at the University of Minnesota's power 

regenerative test stand. The results showed that the ESC was able to perform as well as the 

baseline controller under ideal conditions. However, when operating under modified 
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conditions, the ESC consistently outperformed the baseline controller. The performance of 

the ESC was affected by changes in the 𝐶𝑝 vs. 𝜆 curve, with more significant changes from 

the ideal case resulting in longer times for the ESC to find an optimal torque gain. The 

curvature of the 𝐶𝑝 vs. 𝜆 curve also impacted the performance of the ESC, with a higher 

curvature resulting in better performance. Overall, the proposed adaptive controller 

achieved the goal of finding an optimal torque control gain under both simulated and 

experimental conditions when the Cp vs. λ curve changed over time. 
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Chapter 4  

 

Dynamic Temperature Control to 

Improve HST Efficiency 
 

This chapter focuses on improving HST efficiencies by optimizing oil viscosity through 

temperature control. The efficiency of hydraulic pumps and motors involves mechanical 

and flow losses. If the viscosity is too high, mechanical losses dominate. If the viscosity is 

too low, volumetric losses dominate. An optimum viscosity that balances these two factors 

can be found. Since viscosity is a strong function of temperature, control can be used to 

dynamically change the viscosity as operating conditions change to maintain maximum 

efficiency. The chapter describes the simplified viscosity model for the pump and the motor 

and the simplified heat exchanger model used to control the system's temperature. Two 

temperature control approaches are investigated Proportional plus Integral (PI) control and 

Sliding Mode Control (SMC).  

 

4.1. Materials and Methods 

4.1.1. Modeling Hydraulic Pumps and Motors 

This study uses a mathematical efficiency model dependent on non-dimensional viscosity, 

two non-dimensional length ratios, and fractional displacement. Instead of using physical 

dimensions for the non-dimensional length ratios, constant viscosity experiments 

determined these parameters for the pump and motor. The predicted results of the model 

were compared to validation experiments where viscosity was varied by changing 
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temperature. Several existing mathematical models in the literature describe the 

relationship between viscosity and efficiency for hydraulic components. Parametric pump 

and motor efficiency models have been developed and refined by Wilson [62], Reethof 

[63], Schlosser [64], McCandlish and Dorey [65], and others. While the accuracy of these 

models may be higher, their complexity could be a drawback for optimization studies. 

 

This study examines an extension of a simple efficiency model for pumps and motors 

proposed by Stelson and Wang [66]. In this study, the losses are assumed to be limited to 

the piston-cylinder gap. If physical dimensions are used in this model, the predicted 

efficiency is too high since losses from other interfaces within the pump or motor are 

neglected. Although different gap geometries are more complex than the piston-cylinder, 

losses from these other interfaces can be included by modifying the model's parameters to 

match experiments. 

 

Because modeling the efficiency of hydraulic pumps and motors is challenging, the 

experienced reader will likely question the validity of such a simple model. Such concerns 

are valid if the models were being used for design purposes. But a less accurate model may 

be suitable for optimization. Large viscosity-dependent losses occur from leakage and 

viscous drag. Other losses due to compression, cavitation, commutation, orifice effects, 

and irregular geometry can be significant but less likely to be viscosity sensitive. If the 

viscosity dependence of these effects is small, the simplified model will still find the 

optimum viscosity. 
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The approach to optimization here lies between using a more detailed but more challenging 

to characterize model versus a model-free approach. This intermediate approach is semi-

empirical, meaning that a model based on physics is used with parameters fit from 

measurements. 

 

Two dimensionless loss factors are found in this model, 𝑙𝑄, the leakage loss factor, equation 

(25), and 𝑙𝑇, the friction loss factor, equation (26), [43]. 

𝑙𝑄 =
1

3
𝑑̂3𝐷̂2

1

𝑓

1

𝜇̂
 (25) 

𝑙𝑇 = 4
1

𝑑̂

1

𝐷̂2
1

𝑓
𝜇̂ 

(26) 

where 𝑑̂ is the dimensionless gap, 𝐷̂ is the dimensionless diameter, 𝑓 is the displacement 

fraction, and 𝜇̂ is the dimensionless viscosity defined as 𝜇̂ =
𝜇𝜔

𝑝
. With 𝜇 being the dynamic 

viscosity, 𝜔 the angular speed, and 𝑝 the pressure. 

 

These loss factors are used to compute the pump and motor’s volumetric and mechanical 

efficiency. Since these are the only two factors considered, the overall efficiency of the 

pump (𝜂𝑝) and the motor (𝜂𝑚) are given as [43]: 

𝜂𝑝 =
1 − 𝑙𝑄
1 + 𝑙𝑇

=
1 − (

1
3 𝑑̂

3𝐷̂2
1
𝑓
1
𝜇̂
)

1 + (4
1

𝑑̂

1

𝐷̂2
1
𝑓
𝜇̂)

 (27) 

𝜂𝑚 =
1 − 𝑙𝑇
1 + 𝑙𝑄

=
1 − (4

1

𝑑̂

1

𝐷̂2
1
𝑓
𝜇̂)

1 + (
1
3 𝑑̂

3𝐷̂2
1
𝑓
1
𝜇̂
)
 

(28) 
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The dimensionless parameters for the HST’s pump and motor at the University of 

Minnesota are found by fitting the model to experimental data. The code to fit the 

parameters is shown in Appendix b.1. The pump’s overall efficiency model fit is shown in 

Figure 47 and is based on equation (29). 

𝜂𝑝𝑢𝑚𝑝 = 𝜂𝑝𝑝𝑢𝑚𝑝𝜂𝑚𝑝𝑢𝑚𝑝 (29) 

With 𝑓 = 1 because the HST is a fixed displacement pump. 

 

Figure 47: HST pump’s overall efficiency data and fitted model 

 

The dimensionless gap for the pump is, 𝑑̂ = 0.0300, and the dimensionless diameter for 

the pump is, 𝐷̂ = 0.0047. 

The motor’s overall efficiency model fit is shown in Figure 48 and is based on equation 

(30). 

𝜂𝑚𝑜𝑡𝑜𝑟 = 𝜂𝑝𝑚𝑜𝑡𝑜𝑟𝜂𝑚𝑚𝑜𝑡𝑜𝑟 (30) 

The dimensionless gap for the motor is, 𝑑̂ = 0.0371, and the dimensionless diameter for 

the motor is, 𝐷̂ = 0.0269. 



68 
 

 

 

Figure 48: HST motor’s overall efficiency data and fitted model 

 

The overall HST efficiency is, 

𝜂𝐻𝑆𝑇 = 𝜂𝑝𝑢𝑚𝑝𝜂𝑚𝑜𝑡𝑜𝑟 (31) 

Then, an experimental validation was performed under different operating conditions [43]. 

The results are shown below in Figure 49. The first conditions tested were 72 𝑏𝑎𝑟 pressure, 

0.40 motor displacement, and 2.72 𝑟𝑎𝑑/𝑠 pump speed. Optimal viscosity was predicted at 

17.1 𝑐𝑆𝑡; the results are shown in Figure 49 (a). The second conditions tested were 90 𝑏𝑎𝑟 

pressure, 0.61 motor displacement, and 4.18 𝑟𝑎𝑑/𝑠 pump speed. Optimal viscosity 

predicted at 19.1 𝑐𝑆𝑡; the results are shown in Figure 49 (b). The third conditions tested 

were 130 𝑏𝑎𝑟 pressure, 0.37 motor displacement, and 2.6 𝑟𝑎𝑑/𝑠 pump speed. Optimal 

viscosity predicted at 31.4 𝑐𝑆𝑡; the results are shown in Figure 49 (c). The fourth conditions 

tested were 188 𝑏𝑎𝑟 pressure drop, 0.46 motor displacement, 3.35 𝑟𝑎𝑑/𝑠 pump speed. 

Optimal viscosity predicted at 43.1 𝑐𝑆𝑡; the results are shown in Figure 49 (d) 
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(a) (b) 

  
(c) (d) 

Figure 49: Experimental Validation under four different conditions [43]. *Error bars are 

95% confidence intervals for the measurements propagated from statistical and 

systematic uncertainties of sensors. 

 

4.1.2. Simplified Heat Exchanger Model 

The HST test stand has a counterflow heat exchanger to maintain the hydraulic oil's 

temperature to a set value. A schematic of the heat exchanger integrated with the hydraulic 

components is shown in Figure 50.  



70 
 

 

Figure 50: Heat exchanger schematic [43] 

 

The counter-flow heat exchanger (A) is connected in series to the case drain leakage flow 

from the pump and motor. A charge pump (B) replenishes fluid back to the transmission 

loop from the reservoir (D). Thermocouples are installed at the HST low and high-pressure 

lines (C). The temperature can be controlled by adjusting the chilled water flow through 

the heat exchanger with a proportional electro-valve. 

 

The heat exchanger can be modeled as a second-order system with a time delay. Figure 51 

shows the system’s response used for system identification.  

 

Figure 51: Open-loop system characterization 
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The open-loop transfer function of the system is, 

𝑋1(𝑠)

𝑈(𝑠)
=
𝑇

𝑉
=

−2.55 × 10−5 𝑒−80𝑠

𝑠2 + 0.02131𝑠 + 2.55 × 10−5
 =

−𝑘𝑒−80𝑠

(49.90𝑠 + 1)(785.74𝑠 + 1)
 (32) 

This simplified model is used to tune and test the controllers in the following sections. It is 

also coupled with the HST and viscosity models presented earlier. This is a simplified 

model because it does not consider changes in temperature due to the power. As the power 

increases, the system heats up faster, and as the power decreases, the system heats up 

slower. However, the simplified model serves as a good starting point for the design of the 

controllers. 

 

Coupling the three models is used for preliminary evaluation of the efficiency changes in 

the system. A schematic of the coupled HST-efficiency-heat exchanger model is shown in 

Figure 52. 

 

Figure 52: Integrated HST-efficiency-heat exchanger models 

 

The heat exchanger model takes the wind as an input and uses a relationship between the 

wind speed and the temperature to set the ideal value. This relationship is found by running 
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a hill-climbing optimization where the objective function is the efficiency, and the variable 

being tuned is the temperature. The controllers are designed to find the reference value as 

fast as possible. 

 

4.1.3. Proportional plus Integral (PI) Control 

A classical proportional plus integral (PI) controller is proposed. A PI controller is 

proposed first because the classical approach is always easy to implement and evaluate. 

The general form of the PI controller in the Laplace domain is, 

𝐶(𝑠) = 𝐾𝑝 +
𝐾𝑖
𝑠

 (33) 

The controller gains 𝐾𝑝 and 𝐾𝑖 are tuned first using the ultimate sensitivity method 

proposed by Zeigler-Nichols, summarized in [67], and later fine-tuned to reduce the 

inherent transients of this tunning strategy. This method evaluates the amplitude and 

frequency of the oscillations when the system is marginally stable. To do so, the 

proportional gain, 𝐾𝑝 is increased until this condition is met. Then, using this gain, typically 

called 𝐾𝑢 and the period of oscillation, 𝑃𝑢, of the marginally stable response, the tuned 

gains for the PI controller can be calculated as follows, 𝐾𝑝  =  0.45𝐾𝑢 and 𝐾𝑖  =  0.54
𝐾𝑢

𝑃𝑢
. 

 

The main problem with the PI controller is its unreliability in uncertain conditions. Because 

the model is simplified, any variations on the existing system may destabilize the response. 

Hence, the need for a robust controller like the one presented in the following section. Also, 

in this case, the control input gets saturated often, which means that there is an undesirable 

integrator wind-up. 
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4.1.4. Sliding Mode Control (SMC) 

A Sliding Mode Control (SMC) strategy is proposed. SMC is a popular control strategy, 

and this chapter’s approach to SMC is based on the work of Slotine [68]. SMC is a 

nonlinear robust control strategy that drives the system to respond quickly while keeping 

the computational effort low. The SMC forces the states to reach a sliding surface and stay 

on it. There are two essential points for designing an SMC:  

• designing a suitable sliding surface, 𝑆. 

• designing a control law, 𝑢, that drives the states to the sliding surface, 𝑆, and that 

guarantees that 𝑆2 remains a Lyapunov-like function for stability. 

The simplified linear system evaluated has the following form, 

𝑥̇1 = −
𝑥1

785.74
−
𝑘1𝑥2
785.74

 

𝑥̇2 =
−𝑥2 + 𝑢

49.9
 

(34) 

For reference tracking, the sliding surface, 𝑆, equation (35), is defined based on the error, 𝑥̃, 

between the desired trajectory, 𝑟, and the measured state, 𝑥1, equation (36).  

𝑆(𝑥̃, 𝑥̇̃) = 𝜆𝑥̃ + 𝑥̇̃ (35) 

Where 𝜆 is a strictly positive constant, and 𝑥̃, 𝑥̇̃ are the error and its derivative with respect 

to time. 

𝑥̃ = 𝑟 − 𝑥1 (36) 

In this case, 𝑟 is the reference temperature, and 𝑥1 is the measured temperature. 

 

The sliding surface is required to be asymptotically stable. This condition holds because 

equation (35) is a first-order homogenous linear differential equation with a solution of the 
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form 𝑥̃ = 𝐶𝑒−𝜆𝑡, where 𝐶 is a constant dependent on initial conditions.  In other words, as 

𝑆 → 0 ⇒ 𝑥̃ → 0 and 𝑥̇̃ → 0. It also means that as 𝑆 → 0 ⇒ 𝑥1 → 𝑟 ⇒ 𝑥̃ → 0, meaning that 

there is no steady-state error. 

 

To keep a 𝑆 = 0 a control law 𝑢 needs to be chosen, such that outside of 𝑆(𝑡), the sliding 

condition, equation (37), is met. 

1

2

𝑑

𝑑𝑡
𝑆2 ≤ −𝜂|𝑆|   (37) 

Where 𝜂 is a positive constant. As explained in [68], “… equation (37) states that the 

squared “distance” to the surface as measured by 𝑆2, decreases along all system 

trajectories…” , i.e. if the sliding condition is met, then the system is stable and in sliding 

mode pointing towards the surface, as illustrated in Figure 53. 

 

 

Figure 53: The sliding condition 

 

The dynamics of the sliding surface are 𝑆̇ = 0.  

𝑆̇ = 0 → 0 = 𝜆(𝑟̇ − 𝑥̇1) + 𝑟̈ +
𝑥̇1

785.74
+

𝑘1
785.74

(
−𝑥2 + 𝑢̂

49.9
) (38) 

 ( )
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From the sliding surface dynamics, the equivalent control 𝑢̂ is found. 𝑢̂ is the best estimate 

of a control law if the system's dynamics are precisely known.  With this, a control law, 𝑢, 

equation (39), is designed to bring the states to the sliding surface and to keep them on the 

surface. 

𝑢 = 𝑢̂ + 𝑢𝑠𝑤 (39) 

𝑢𝑠𝑤 = −𝑘𝑆𝑀𝐶𝑠𝑔𝑛(𝑆) is designed to satisfy equation (37), and it is called the switching 

control law. The discontinuous term 𝑠𝑔𝑛(𝑆) allows the system to behave as a Lyapunov-

like function of the closed-loop system, helping avoid disturbances and system parameter 

uncertainty. The constant 𝑘𝑆𝑀𝐶  is designed to guarantee that the parametric uncertainties 

do not affect the stability of the closed-loop system by ensuring that equation (37) holds. 

 

Based on the previous explanations, the initial control law found for the proposed system 

has the form,  

𝑢 = 𝐴𝑥̇1 + 𝐵𝑥2 − 𝑘𝑆𝑀𝐶𝑠𝑔𝑛(𝑆) (40) 

Where 𝐴 = 4.5 and 𝐵 = 1 are constants dependent on the system dynamics, 𝑘 is a positive 

control tunning constant, and 𝑠𝑔𝑛 is the signum function, Figure 54 (left), which is defined 

as, 

𝑠𝑔𝑛(𝑥) = {

−1 𝑖𝑓 𝑥 < 0
0 𝑖𝑓 𝑥 = 0
1 𝑖𝑓 𝑥 > 0

  

 

(41) 

A commonly known problem of SMC is chattering. Chattering happens because the 

switching law only has two states due to the signum function. Chattering can be acceptable 

in some instances, but generally, it is detrimental to the actuator because of high actuator 

activity and because the response will show undesirable high-frequency behavior. Other 



76 
 

switching laws are proposed to overcome chattering. Using a saturation function, Figure 

54 (right), instead of a signum function is a common way of solving the chattering problem.  

 

Figure 54: (left) Signum function. (right) Saturation function 

 

The saturation function is defined as, 

𝑠𝑎𝑡(𝑆) =

{
 

 
−1         𝑖𝑓      𝑆 < −𝜙       

−
𝑆

𝜙
        𝑖𝑓     − 𝜙 ≤ 𝑆 ≤ 𝜙

−1         𝑖𝑓      𝑆 > 𝜙           

  

 

(42) 

This function opens the possibility of having a boundary layer, 𝜙, where the control law 

will not switch from positive to negative values. It operates by interpolating within the 

boundary layer, so the control signal is continuous and not discrete. When using a 

saturation function instead of a signum function, then 𝑢𝑠𝑤 = −𝑘𝑆𝑀𝐶𝑠𝑎𝑡 (
𝑆

𝜙
) with equation 

(40) turning into equation (43). 

𝑢 = 𝐴𝑥̇1 + 𝐵𝑥2 − 𝑘𝑆𝑀𝐶𝑠𝑎𝑡 (
𝑆

𝜙
) (43) 

In summary, the general idea behind sliding mode control is to select a sliding surface, 𝑆, 

and then select the feedback control law 𝑢𝑐 such that 𝑆2 remains a Lyapunov-like function 

1

−1

𝑆

𝑠𝑔𝑛(𝑆)

1

−1

𝜙

−𝜙
𝑆

𝑠𝑎𝑡(𝑆)

(0,0)
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of the closed-loop system regardless of the presence of model uncertainty and disturbances 

[68]. 

 

4.2. Results and Discussion 

4.2.1. Simulation Studies 

Both control strategies are evaluated in simulations, and the best controller is chosen for 

experimental validations.  

 

A step-up and step-down in temperature compare the responses of the PI controller and the 

SMC. First, a comparison between the SMC without anti-chattering and the PI controller 

is presented. The results are shown in Figure 55. 

 

Figure 55: Comparison between PI and SMC controllers 

 

The parameters for the PI controller and the SMC are given in Table 5. 

Table 5: PI and SMC parameters 

Controller Parameters 

PI 
𝐾𝑝 = −0.253204 

𝐾𝑖 = −0.000343 

SMC 
𝜆 = 1 

𝐾𝑆𝑀𝐶 = 10 
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It is tempting to prefer a PI controller because of its smooth response. But the chattering  

can be attenuated by adding a boundary layer to the SMC. The results are shown in Figure 

56. 

 

Figure 56: Comparison between PI and SMC controllers. SMC response shown after 

implementing the anti-chattering strategy 

 

The parameters for the PI controller and the SMC with a boundary are given in Table 6. 

Table 6: PI and SMC with boundary parameters 

 

Controller Parameters 

PI 
𝐾𝑝 = −0.253204 

𝐾𝑖 = −0.000343 

SMC 

𝜆 = 10.5 

𝐾𝑆𝑀𝐶 = 35 

1/𝜙 = 1/800 

 

Because implementing the anti-chattering strategy is simple and does not require 

significant changes to the controller, it is a solution that is worth implementing. It also 

means that the controller will be robust to uncertain parameters and respond faster than the 

proposed PI controller solution. 
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Other strategies like Model Predictive Control could also work for quicker responses, but 

at the cost of high computational efforts and robustness depending on an accurate plant 

model.  

 

4.2.2. Experimental Studies 

4.2.2.1. Viscosity Boundary 

When running experimental validations, it is essential to account for the system's 

limitations. In the case of the HST, there is a viscosity limitation with the hydraulic pump 

(Hagglunds 2500 𝑐𝑐/𝑟𝑒𝑣 unit). The manufacturer is explicit about maintaining an oil 

viscosity higher than 32 𝑐𝑆𝑡 to guarantee that the unit operates optimally for its intended 

lifetime [69]. Because of this, a bounding temperature algorithm is implemented. The 

algorithm uses the relationship between viscosity, temperature, and pressure, equation (44),  

to set a bound on the temperature. This equation is taken from the ISO 2909 (Standard 

Practice for Calculating Viscosity Index from Kinematic Viscosity at 40 and 100°C) [70] 

and corrected for pressure based on [71].  

𝜇(𝑝, 𝑇) = [(10(10
(𝐴+𝐵 log10 𝑇))) − 0.7] 𝑒1.7×10

−3𝑝   (44) 

Where 𝐴 and 𝐵 are constants depending on the hydraulic oil chosen, for this study, the 

hydraulic oil used is ISO 68, more specifically Mobil SHC 526 (VG 68) synthetic hydraulic 

oil. The viscosity vs. temperature vs. pressure curve is shown in Figure 57.  
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Figure 57: ISO 68 viscosity vs. temperature vs. pressure curve. 

 

The 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 =  0 𝑏𝑎𝑟 case is the characteristic curve for the ISO 68 oil, where the 

viscosity is 68 𝑐𝑆𝑡 at 40 °𝐶 as demarked on the figure. 

Then based on equation (44), the bounding equation is, 

𝑇(𝑝) = 10
𝜇32(𝑝)−𝐴

𝐵  − 273.15 

 

(45) 

Where 𝜇32(𝑝) is the viscosity of the fluid as a function of the pressure when the viscosity 

without a pressure correction is set to 32 𝑐𝑆𝑡, and is defined by, 

𝜇32(𝑝) = log10 [log10 (
32

𝑒(1.7×10
−3𝑝)

+ 0.7)] (46) 

This algorithm is implemented on the HST test stand, and its operation is shown later in 

this chapter. 
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4.2.2.2. Kalman Filter 

One of the biggest challenges in validating the results comes from noisy signals and the 

fact that no measurements are available for one of the states of the system (𝑥2). This state 

is necessary to implement the SMC designed for the temperature control system, as seen 

in equation (43). An optimal observer (Kalman Filter) was implemented to overcome these 

two problems, Figure 58. The state-space model of the system is:  

[
𝑥̇1
𝑥̇2
] = [

−
1

785.74
−
47.0748

4455

0 −
1

49.9

] [
𝑥1
𝑥2
]  + [

0
1

49.9

] 𝑢  

𝑦 = [1 0] [
𝑥1
𝑥2
]  + [0]𝑢 

(47) 

The Kalman Filter’s block diagram is shown below.  

 

Figure 58: Kalman Filter block diagram with input, 𝑢, on the left, estimated states, 𝑥̂, in 

the middle, and output of the system, 𝑦, on the right. 

 

The Kalman Filter estimates the desired states used on the SMC, and the estimates are used 

instead of the measured states. It can be shown that if the observer states make the estimated 

surface 𝑆𝑒 →  0, then the actual surface 𝑆 → 0 [68].  The filter gain is obtained based on 

the state-space model of the heat exchanger, the noise's covariance, and the disturbance’s 

𝑢

𝑥̂

𝑦
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covariance. The covariances were found from experimental results obtained on the HST 

test stand at the University of Minnesota. The MATLAB® code used to calculate these is 

shown in Appendix b.2. The gains are then calculated by solving the Algebraic Riccati 

Equations using MATLAB®. The gains are, 𝐾𝑓 = [0.9979778, 1.7346096 × 10−18]. A 

comparison between the measured data and the estimated data for the temperature is shown 

in Figure 59. 

 

Figure 59: Measured vs. Estimated Temperature 

 

4.2.2.3. Validating the Performance of SMC 

Dynamic temperature control was compared to constant temperature control of 55 °𝐶. 

55°𝐶 is chosen based on component manufacturer specifications. Two studies were 

conducted for two controller cases. First, a 1 𝑚/𝑠 step down in the wind is introduced at 

2000 𝑠, Figure 60 top.  In the first study, the controller (controller case 1) was tuned to 

obtain a smoother transient behavior, sacrificing the steady-state error. Second, a 1.5 𝑚/𝑠 

step down in the wind is introduced at 2000 𝑠, Figure 60 bottom. In the second study, the 

controller (controller case 2) was tuned to reduce the steady-state error, sacrificing the 

smoother transient behavior. The step size was changed to show the disturbance rejection 

capabilities of both controllers. 
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Figure 60: Step wind profile used for the experimental studies 

 

 

 

Figure 61: Constant temperature responses under two wind step conditions and two 

controller cases. On the top, wind step down of 1 𝑚/𝑠 at 2000 𝑠 for controller case 1. On 

the bottom, wind step down of 1.5 𝑚/𝑠 at 2000 𝑠 for controller case 2. 

 



84 
 

The first case shows the response of controller case 1 with a smoother transient response. 

The main concern is the steady-state error, which will impact the final efficiency of the 

system. One way to overcome this is by introducing an integrator. The integrator introduces 

an extra state to the sliding surface and eliminates the steady-state error. However, this will 

also introduce more oscillations, leading to a response similar to the one obtained in 

controller case 2.  

 

The second study shows the response of controller case 2 with a small steady-state error 

but more considerable oscillations. These oscillations become smaller with time and vary 

depending on the wind speed. One way to overcome this is by using a time-changing 

boundary on the sliding surface. If the boundary adapts with time, the controller will have 

transient behaviors better suited to each situation [68]. The results obtained for the dynamic 

temperature control are shown in Figure 62. 

 

 

Figure 62: Dynamic temperature responses under two wind step conditions and two 

controller cases. On the top, wind step down of 1 𝑚/𝑠 at 2000 𝑠 for controller case 1. On 

the bottom, wind step down of 1.5 𝑚/𝑠 at 2000 𝑠 for controller case 2. 
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Controller cases 1 and 2 are evaluated as in the constant temperature study. This study 

shows controller behaviors similar to those in the constant temperature study. One thing to 

note is that for controller case 2, due to the high amplitude of the transients, the viscosity 

boundary algorithm kicks in, which is why the reference temperature is constantly 

changing over time.  

 

The instantaneous efficiency for the dynamic and constant temperature studies for both 

controller cases is shown in Figure 63. 

 

 

Figure 63: Instantaneous HST efficiency comparison for the dynamic and the constant 

cases 

 

The average constant and dynamic temperature efficiencies are calculated using equation 

(48). 

𝜂̅𝐻𝑆𝑇 =
𝜏𝑖̅𝑛𝜔̅𝑖𝑛
𝜏𝑜̅𝑢𝑡𝜔̅𝑜𝑢𝑡

 (48) 
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Where 𝜏𝑖̅𝑛, 𝜏𝑜̅𝑢𝑡 are the measured average input and output torques and 𝜔̅𝑖𝑛, 𝜔̅𝑜𝑢𝑡 are the 

measured average input and output angular velocities. This equation can also be used for 

finding the average efficiency for each wind speed instead of the whole experiment. 

 

The results show an average improvement in the efficiency of less than 1%. The efficiency 

improvement is due to the difference between the 𝜂̅𝐻𝑆𝑇 for the dynamic temperature and 

the 𝜂̅𝐻𝑆𝑇 for the constant temperature. If this difference is positive, efficiency is improved. 

When considering the 4000 𝑠 of data, there is an efficiency improvement of 0.57% for 

controller case 1 and 0.4933% for controller case 2. However, the best comparison is for 

the efficiencies after 2000 𝑠, where the wind speeds are the same in both studies. In that 

case, there is an efficiency improvement of 0.8475% for controller case 1 and 0.8702% 

for controller case 2. These improvements are less than expected but also show the potential 

of using a dynamic temperature control of the hydraulic oil.  

 

Multiple observations can be found for each wind speed controller. First is the importance 

of not having a steady-state error. In both studies for both controller cases, the efficiency 

is improved by having a controller that can track the temperature better. Second is that high 

amplitude oscillations do not significantly affect efficiency. Third, it can be advantageous 

to use dynamic temperature control even with the small percentages shown in these two 

studies. There are higher and lower wind speeds to be explored, meaning a higher deviation 

from the constant case. Even if the constant temperature is chosen to be another value, 

there will always be deviations as the wind varies, especially in lower frequency changes 

such as night and day winds or simply windy versus regular days. Fourth, it only requires 
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software adjustments, and any improvement in the transmission's overall efficiency 

translates into more power captured by the wind turbine. Fifth, having a system that 

responds faster to temperature commands would likely help with better total efficiency 

improvements; the quicker it reaches the optimal temperature, the longer the system will 

operate under optimal conditions. Last, it also leads to future studies for speed-down HSTs, 

where the high-speed shaft could rotate at lower speeds than for the wind turbine case or 

even be variable, opening more opportunities for improvement. 

 

A controller case 3 under the second wind study was evaluated. This controller includes an 

integrator and a more larger boundary layer than controller case 2. The reason to include 

an integrator is that increasing the boundary increases the steady-state error. If an integrator 

is included, then the boundary can be increased to reduce high-amplitude oscillations 

without affecting the steady-state error. The main difference in the controller is the sliding 

surface, which is now defined as, 

𝑆 = 𝑥̇̃ + 2𝜆𝑥̃ + ∫ 𝑥̃
𝑡

0

 (49) 

After redefining the sliding surface, the same process shown in section 4.1.4 can be 

repeated to find the controller input, 𝑢. 

 

The temperature response for controller case 3 is shown below in Figure 64 
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Figure 64: Dynamic temperature responses for controller case 3. Wind step down of 

1.5 𝑚/𝑠 at 2000 𝑠. 
 

In this study, because both controllers were tested under the same wind speeds, it is fair to 

compare the average efficiencies throughout the 4000 𝑠. The average efficiency for 

controller case 2 is 81.38%. The average efficiency for controller case 3 is 81.34%. This 

confirms the results obtained earlier, where it was concluded that high amplitude 

oscillations would not affect the overall efficiency as much as a high steady-state error. 

The main advantage of using controller case 3 is a smoother temperature response, which 

translates into a smoother instantaneous efficiency, as seen in Figure 65. 

 

Figure 65: Instant HST efficiency comparison for controller cases 2 and 3 

 

4.3. Conclusion 

This study investigates the potential benefits of implementing active temperature control 

of hydraulic oil in an HST to improve its efficiency. To do this, a simplified efficiency 
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model of the HST was first created and validated through experiments. This model was 

then integrated into simulations of the HST system, along with a simplified heat exchanger 

model, to evaluate the effects of dynamic temperature control. Two control strategies were 

proposed for temperature control: a classical PI controller and a robust nonlinear SMC. 

Both controllers were evaluated through simulations, and the SMC was chosen for further 

experimentation due to its robustness and fast response time. Finally, the two controller 

cases were tested experimentally under constant and active temperature reference. The 

results showed that the efficiency improvements from the temperature control strategies 

were less than 1%. However, this approach is still of interest because it only requires 

software changes and can be implemented in speed-down transmissions.  
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Chapter 5  

Conclusions and Future Work 

5.1. Conclusions 

Wind turbines have used gearbox transmissions as the primary solution to speed up the low 

rotations of the blades’ rotor. This research expands on the idea of using hydrostatic 

transmissions as an option to replace gearboxes on midsize wind turbines of the community 

wind sector. HSTs are continuously variable transmissions with a high power-to-weight 

ratio and reliability. They have been used for demanding mining, agriculture, and fishing 

applications. This is why HSTs are a suitable contender for gearboxes on midsize wind 

turbines. In contrast, HSTs are not as efficient as mechanical gearboxes. However, when 

used for a wind turbine, the turbine’s efficiency is comparable with either transmission. 

Three ideas are proposed to improve the efficiency of HSTs to make them more 

competitive. 

 

First, we have explored the opportunity to harvest more wind power by oscillating wind 

turbine blades. The study compared, through simulations, the power captured by static 

pitch wind turbine blades to the power captured by oscillating the pitch of wind turbine 

blades. We used CFD analysis combined with Blade Element Momentum Theory to 

calculate the power ratio. For the first stage of the study, it was found that oscillating the 

blades with a tilted sinusoid improved the overall performance compared to oscillating the 

blades with a sinusoid wave. This was evident when comparing the lift-to-drag ratio 
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between the two waveform inputs. For the second stage of the study, an optimization of 

the oscillating conditions was proposed. The optimization showed that the overall 

performance of the oscillating case was never higher than the overall performance of the 

static case. For optimal conditions, the oscillating blade could only produce 89.77% of the 

power produced by the static blade. This is mainly because of the drag forces present in 

the system and because you must input extra power into the system to oscillate the blades. 

 

Second, an ESC for a 60-kW hydrostatic wind turbine is implemented and compared to a 

baseline controller. The study first shows simulation results and then experimental 

validations at the power regenerative test stand of the University of Minnesota. When 

operating under ideal conditions (𝜆∗ = 6.5) the ESC can match the baseline controller's 

performance. When operating under the modified cases (𝜆∗ = 5.5, 𝜆∗=4.5, and 𝜆∗ = 7.5) 

the ESC consistently outperforms the baseline controller. The change in the 𝐶𝑝 vs. 𝜆 curve 

affects the performance of the ESC in different ways. The more significant the change from 

the ideal case, the longer the ESC takes to find an optimal torque gain. The curvature affects 

the performance of the ESC, with a higher curvature giving the best results. In general, the 

proposed adaptive controller achieves the desired goal of finding an optimal torque control 

gain if the 𝐶𝑝 vs. 𝜆 curve changes in time both in simulation and experimentation. 

 

Third, dynamic temperature control of the hydraulic oil is implemented to improve the 

efficiency of the HST. First, a simplified efficiency model of the HST is created and 

validated through experiments. Then this model is integrated into the HST simulations with 

a simplified heat exchanger model to evaluate the dynamic temperature control. Two 
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control strategies are proposed to control the temperature: a classical PI controller and a 

robust nonlinear SMC. The performance of both controllers is evaluated through 

simulations.  The SMC is chosen to be used in experiments because of its robustness and 

high-speed response. Finally, two controller cases are evaluated experimentally for a 

constant temperature reference case and a dynamic temperature control case. The 

comparisons show efficiency improvements of less than 1%. However, this idea is still 

interesting because it only requires software changes and can be implemented for speed-

down transmissions. 
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5.2. Future Work 

5.2.1. Improvements to the ESC 

Lead-lag compensation is often used to decrease the response time of a dynamic system. 

For an ESC, the optimization could be faster if the power response is faster. We propose 

introducing a compensator before the high-pass filter of the ESC scheme. This would imply 

a recalibration of the ESC parameters due to the additional dynamics introduced by the 

compensator. However, if there is a chance of improving the optimization time, the gains 

in power capture can be increased. 

 

The ESC can also be improved by introducing rotor torque estimation. Rotor torque is 

required to compute the power in the turbine's rotor. In the current experimental test stand, 

the torque in the rotor is available because it is a research setup, and the system is highly 

instrumented. In real-life conditions, a torque sensor that could measure such high torques 

would be impractical and would bring the overall cost of the system up. This could also 

lead to using other control strategies that use the torque estimate to find the correct 

command to optimize power capture. That is the case for the rotor speed control proposed 

by Chapple [17]. In their case, the reference is based on the optimal tip speed ratio (TSR), 

𝜆∗. The TSR depends on the wind speed, the rotor’s speed, and the rotor’s diameter. The 

optimal value could be found by using ESC to adapt to the changing R and a torque 

estimator to calculate the wind speed. 

 

5.2.2. Detailed Heat Exchanger Model 

The proposed second-order dynamic system with a time delay does not capture the system's 

actual dynamics, mainly because the temperature change is also a function of the power. If 
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the power is high, the system can heat up faster (or it is harder to cool down). Similarly, if 

the power is low, the system can cool down faster (or it is harder to heat up). Also, this is 

a fitted model, and it is not based on the physics related to the heat exchanger. An extension 

of the model proposed by Franklin [67], equation (50), is an excellent start to approach this 

problem. A schematic of a counterflow heat exchanger is shown in Figure 66. 

 

Figure 66: Counter flow heat exchanger 

 

Here chilled water enters through the controllable valve at the top. There is a constant flow 

of oil through the pipe to be cooled down by the chilled water. The differential equations 

that describe the dynamics of the measured output temperature, 𝑇𝑚, as a function of the 

area 𝐴𝑤 from the control valve can be described by equation (50). The temperature sensor 

at the oil output, lags the temperature by 𝑡𝑑 seconds. 

𝐶𝑜𝑇̇𝑜 = 𝑤𝑜𝑐𝑐𝑜(𝑇𝑜𝑖 − 𝑇𝑜) −
1

𝑅
(𝑇𝑤 − 𝑇𝑜) 

𝐶𝑤𝑇̇𝑤 = 𝐾𝑤𝐴𝑤𝑐𝑐𝑤(𝑇𝑤𝑖 − 𝑇𝑤) +
1

𝑅
(𝑇𝑤 − 𝑇𝑜) 

𝑇𝑚(𝑡) = 𝑇𝑜(𝑡 − 𝑡𝑑) 

 

(50) 

Chilled water in @    

Oil in Oil out @   

Chilled water out @   

  @    

  =     

  

×
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Where 𝐶𝑜 and 𝐶𝑤 are the thermal capacities of the oil and the water, 𝑤𝑜 and 𝑤𝑤 are the 

mass flow rates, 𝑐𝑐0 and 𝑐𝑐𝑤 are the specific heats, 𝑇𝑜𝑖 and 𝑇𝑤𝑖 are the input temperatures, 

𝑇𝑜 and 𝑇𝑤 are the output temperatures, 𝑅 is the thermal resistance equation describing what 

the oil temperature is. This is a nonlinear model because the input, 𝐴𝑤, is multiplying one 

of the two states of the system, 𝑇𝑤. The model can be extended by introducing a heat source 

term, meaning that heating happens at a different rate than cooling. This nonlinear model 

would be experimentally validated on the test stand at the University of Minnesota. 

 

The model could be used to test realistic wind conditions and different methods to cool 

down or heat the oil. Other extensions can be added, like the oil tank dynamics. These 

would help us understand the effects of changing the tank size in the hydraulic circuit. This 

is more than a control problem; it is also a design problem. The system should be 

redesigned to respond faster and consider real-life wind turbine conditions. Until this point, 

the system was analyzed with a big tank not optimally designed for active temperature 

control. It also uses chilled water, typically unavailable at wind turbine sites. Winter 

conditions are also a challenge for heating the oil; similarly, summer conditions for cooling 

it down.  

 

5.2.3.  Optimal Viscosity Study for a Speed-Down HST 

An extension to a speed-down HST should be evaluated based on the results obtained from 

the speed-up HST. The operating conditions for a speed-down HST are more conventional 

for typical applications such as off-road vehicles and agricultural equipment. These operate 

under lower shaft speeds and higher pressures, so the opportunity to vary the temperature 
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becomes more beneficial. The HST studied comprises a variable displacement pump and a 

fixed displacement motor Figure 67.  

 

Figure 67: Speed-down HST schematic 

 

The dynamics depend on the rotor dynamics and the pressure dynamics. The equation of 

motion for the rotor dynamics is, 

𝜔̇𝑟 =
1

𝐽
(𝑝𝐷𝑚 − 𝑏𝜔𝑟 − 𝜏𝑙𝑜𝑎𝑑) (51) 

Where 𝐽 is the rotor moment of inertia, 𝜔𝑟 is the rotational speed of the low-speed shaft, 𝑝 

is the line pressure, 𝐷𝑚 is the displacement of the motor, 𝑏 is the damping of the rotor, and 

𝜏𝑙𝑜𝑎𝑑 is the load torque on the low-speed shaft. 

 

The equation of motion for the pressure dynamics is, 

𝑝̇ =
𝐵

𝑉
 (𝐷𝑝𝛼𝜔𝑠 − 𝐷𝑚𝜔𝑟 − 𝐿𝑑) (52) 

Where 𝐵 is the equivalent bulk modulus, 𝑉 is the volume of fluid in the hydraulic lines, 𝛼 

is the swash plate angle of the pump, 𝜔𝑠 is the rotational speed of the high-speed shaft, and 

𝐿𝑑 is the leakage loss term. 
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This work would start with a simplified version of the model where the high-speed shaft 

rotates at constant speeds and evolve to consider the more complicated, nonlinear model 

where the speed changes in time. 

 

5.2.4. Integrating ESC with Dynamic Temperature Control 

The focus of the thesis was to find individual strategies that would help with overall turbine 

efficiency improvements. Both the ESC and the dynamic temperature control showed 

improvements individually. A question remains whether these two control strategies would 

work well together. The ESC is constantly tuning the torque control gain, 𝑘, which 

continuously changes the reference pressure. It is essential to verify how these pressure 

oscillations would affect the performance of the sliding mode controller implemented for 

the hydraulic oil dynamic control. As mentioned, the temperature depends on the power in 

and out of the system. Since the pressure reference affects the torque input (power input), 

there might be a clear relationship between the oscillations posed by the ESC and the 

temperature controlled by the SMC.  
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Appendices 
 

a. MATLAB® Codes for Chapter 2 

Two codes are presented for implementing the proposed ideas. 

 

a.1.  Blade Element Momentum Theory MATLAB® Code 

The first code is for Blade Element Momentum Theory (BEMT). This code takes the 

airfoil’s aerodynamic data and the geometry of the turbine blade to calculate BEMT for the 

static and dynamic cases, and finally, it calculates the power ratios. 

%% Power calculation with BEM for DU96W180 Blade.m 

close all; clear; clc; 

  

%% Importing data 

init = 1000;                                                                  

% It changes the first point of data being analyzed 

deg2rad = pi/180;                                                           

% Convertion factor from degrees to radians 

  

% Blade characteristics 

r = csvread('r_15.csv');                                                    

% Vector of the radius at each element of the blade 

R = max(r);                                                                 

% Radius of the blade 

c = csvread('chord_15.csv');                                                

% Chord c(r) 

twist1 = csvread('twist_15.csv');                                           

% Twist angle twist(r) in degrees 

twist = deg2rad*twist1;                                                     

% Twist angle twist(r) in radians 

CL = csvread('C_L_15.csv');                                                 

% Static Lift coefficient C_L(r) 

CD = csvread('C_D_15.csv');                                                 

% Static Drag coefficient C_D(r) 

a = csvread('a_15.csv');                                                    

% Axial induction factor a(r) 

b = csvread('b_15.csv');                                                    

% Tangential induction factor b(r) 

phiql = csvread('phi_15.csv');                                              

% Angle of incidence phi(r) in degrees 

phi = deg2rad*phiql;                                                        

% Angle of incidence phi(r) in radians  

alpha1 = csvread('alpha_15.csv');                                           

% Angle of attack alpha(r) in degrees 
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alpha = deg2rad*alpha1;                                                     

% Angle of attack alpha(r) in radians 

  

U = 7;                                                                     

% Air velocity m/s 

B = 3;                                                                      

% Number of blades 

rho = 1.225;                                                                

% Air density Kg/m^3 

  

omega_pow = csvread('power_rot_speed.csv'); 

omega_tot = omega_pow(:,1); 

pow_tot = omega_pow(:,2); 

TSR_Cp = csvread('c_p_TSR.csv'); 

TSR = TSR_Cp(:,2); 

Cp_tot = TSR_Cp(:,2); 

  

pow_qblade = max(pow_tot); 

ind = find(pow_tot==pow_qblade); 

omega = omega_tot(ind)*pi/30;       % Turbine rotational speed rad/s 

Cp_qblade = max(Cp_tot);            % Max Cp turbine 

  

% Importing static data 

Qblade = csvread("Cl_Qblade.csv"); 

Qblade2 = csvread("Cd_Qblade1.csv"); 

AA = Qblade(10:end,1); 

cL_15 = Qblade(10:end,2); 

cD_15 = Qblade2(10:end,2); 

  

% Importing dynamic data 

f = 0.5;                                                                     

w = 2*pi*f;                                                                  

  

dyn = importdata('sine_0.5Hz_5.5deg_8deg_tilted_15m-s.out');                 

t_dyn = dyn.data(init:end,2);                                                

AA_dyndeg = 8+(0.0901013*sin(w*t_dyn)+0.0225253*sin(2*w*t_dyn)+...        

    0.00429054*sin(3*w*t_dyn)+0.000402238*sin(4*w*t_dyn))/deg2rad; 

AA_dyn = AA_dyndeg*deg2rad;                                      

CL_dyn = dyn.data(init:end,3);                                              

CD_dyn = dyn.data(init:end,4);                                              

CM_dyn = 

dyn.data(init:end,5);                                                                                      

  

%% BEM Static 

V0 = U*(1-a);               % Velocity component m/s 

V2 = omega*r.*(1+b);        % Velocity component m/s 

VLOCSQU = (V0.^2)+(V2.^2);  % Velocity squared m^2/s^2 

PHI = atan2(V0,V2);         % Angle of incidence in rad  

THETA = PHI+alpha; 

pitch = THETA-twist;        % Static blade pitch angle in radians 

  

K1 = 0.5*rho*B*c.*r; 

DqDr = K1.*VLOCSQU.*(CL.*sin(PHI)-CD.*cos(PHI));    % Torque per 

element 

  

element = R/length(r);                              % Size of the 

element 
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torque = sum(DqDr(1:end,:)*element);                % Total Torque 

power = torque*omega; 

Cp = power/(0.5*rho*U^3*pi*R^2); 

percenterrorCp =100*abs(Cp-Cp_qblade)/Cp_qblade; 

  

%% Torque per element static and dynamic 

el = 21;                                            % Number of 

elements 

  

V01 = U*(1-a(el,1));  

V21 = omega*r(el,1).*(1+b(el,1));  

VLOCSQU1 = (V01.^2)+(V21.^2);         

DqDr = 0.5*rho*3*r(el,1)*c(el,1).*VLOCSQU1*(CL(el,1)*sin(PHI(el,1))-... 

    CD(el,1)*cos(PHI(el,1)));  

  

DqDr_dyn = 0.5*rho*B*r(el,1)*c(el,1).*VLOCSQU1*(CL_dyn.*sin(PHI(el,1))-

... 

    CD_dyn.*cos(PHI(el,1)));   

  

q_stat = DqDr*element; 

q_dyn = DqDr_dyn*element; 

  

q_dyn_mean = mean(q_dyn); 

  

%% Full blade Power calculations 

  

for el = 1:length(r) 

  

V01(el) = U*(1-a(el,1));  

V21(el) = omega*r(el,1).*(1+b(el,1));  

VLOCSQU1(el) = (V01(el).^2)+(V21(el).^2); % calculate velocity 

  

M_dyn(:,el) = CM_dyn.*0.5*(rho*VLOCSQU1(el)*element*(c(el,1).^2)); 

  

DqDr_dyn(:,el) = 

+0.5*rho*B*r(el,1)*c(el,1).*VLOCSQU1(el)*(CL_dyn.*sin(PHI(el,1))-... 

    CD_dyn.*cos(PHI(el,1)));   

end 

  

q_dyn = DqDr_dyn*element; 

  

net_q_dyn = sum((DqDr_dyn(:,1:end)*element),2); 

  

power_dyn = net_q_dyn*omega; 

  

extra_pow_dyn = sum(M_dyn(:,1:end),2)*w;  

  

net_power_dyn = power_dyn-B*extra_pow_dyn; 

  

torque_dyn_mean = mean(net_q_dyn); 

  

power_dyn_mean = mean(net_power_dyn); 

  

Cp_dyn = power_dyn_mean/(0.5*rho*U^3*pi*R^2); 

  

Ratio = power_dyn_mean/power; 
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a.2.  Hill-Climbing Optimization MATLAB® Code 

The second code is for Hill-Climbing Optimization. This code takes the CFD-generated 

data and power ratio results and calculates the best conditions to be tested in CFD 

simulations. When the optimization is completed, it can be used to plot the final results to 

see the optimization path. 

%% Hill Climbing Point by Point 

clear all; close all; clc; 

%% 

csvread('data.csv'); 

vars = [7.75,1.4, 0.15;8.25,1.15,0.3;8.5,1,0.2;8,1.3,0.25]; 

num_sims = 4; 

increase_dyn = [0.8387 0.8564 0.8711 0.8374]; 

  

for j = 1:num_sims 

        if increase_dyn(j) == min(increase_dyn) 

            min_pos = j; 

            break; 

        end 

    end 

  

    if min_pos == 1 

        vars2 = vars(2:4,:); 

    else 

        vars2 = [vars(1:min_pos-1,:); vars(min_pos+1:4,:)]; 

    end 

    centroid = [mean(vars2(:,1)), mean(vars2(:,2)), mean(vars2(:,3))]; 

    new_point = [centroid(1) - (vars(min_pos,1) - centroid(1)),...  

                 centroid(2) - (vars(min_pos,2) - centroid(2)),... 

                 centroid(3) - (vars(min_pos,3) - centroid(3))]; 

  

%% Plotting results 

data = csvread('data.csv'); 

Xini1 = data([1,4],2);Yini1 = data([1,4],3);Zini1 = data([1,4],4); 

Xini2 = data([2,3],2);Yini2 = data([2,3],3);Zini2 = data([2,3],4); 

Xini3 = data([1,3],2);Yini3 = data([1,3],3);Zini3 = data([1,3],4); 

Xini4 = data([2,4],2);Yini4 = data([2,4],3);Zini4 = data([2,4],4); 

xlab = data(:,2);ylab = data(:,3);zlab = data(:,4); 

  

X = data(5:end-1,2); 

Y = data(5:end-1,3); 

Z = data(5:end-1,4); 

  

ind = find(data(:,5)==max(data(:,5))); 

Xfin = data(ind,2); 

Yfin = data(ind,3); 

Zfin = data(ind,4); 

  

cX = centroid(1); 

cY = centroid(2); 

cZ = centroid(3); 
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figure 

plot3(X,Y,Z,'ks-','Linewidth',1.5); hold on;grid on; 

plot3(Xini1,Yini1,Zini1,'rd--',... 

    'MarkerFaceColor','red','markersize', 8) 

ylabel('A (^o)') 

xlabel('Avg Angle of Attack (^o)') 

zlabel('f (Hz)') 

xlim([7.5,10]) 

ylim([0.2, 1.4]) 

zlim([0,0.35]) 

plot3(Xini2,Yini2,Zini2,'rd--',... 

    'MarkerFaceColor','red','markersize', 8) 

plot3(Xini3,Yini3,Zini3,'rd--',... 

    'MarkerFaceColor','red','markersize', 8) 

plot3(Xini4,Yini4,Zini4,'rd--',... 

    'MarkerFaceColor','red','markersize', 8) 

  

plot3(Xfin,Yfin,Zfin,'p','MarkerEdgeColor',[0 .7 .2],... 

    'MarkerFaceColor',[0 .7 .2],'markersize', 20) 

  

plot3(cX,cY,cZ,'bo') 

  

plot3([cX,X(1)],[cY,Y(1)],[cZ,Z(1)],'b:') 

  

text(Xini4(1),Yini4(1),Zini4(1)+Zini4(1)*0.15,'Initial 

Points','Fontweight','bold','color','r') 

text(Xfin+Xfin*0.02,Yfin-Yfin*0.02,Zfin-Zfin*0.025,'Highest Power 

Ratio','Fontweight','bold','color',[0 .7 .2]) 

text(8.75,0.38,Zfin-Zfin*0.025,'0.8977','Fontweight','bold','color',[0 

.7 .2]) 

text(cX-cX*0.1,cY,cZ+cZ*0.2,'Centroid 

\rightarrow','Fontweight','bold','color','b') 

text(X(2),Y(2)+Y(2)*0.15,Z(2)+Z(2)*0.05,'Optimization 

path','Fontweight','bold','color','k') 

 

b. MATLAB® Codes for Chapter 4 

Two codes are presented for implementing the proposed ideas. 

b.1. Parameter Fitting MATLAB® Code 

This code takes experimental efficiency data and fits it into the simplified efficiency model 

to obtain the nondimensional pump and motor factors. 

%% Parameter Finding 

clear;close all;clc; 

  

%% Data 

datap=xlsread('PumpEffCharHSD_modif1.xlsx'); 

data=xlsread('MotorEffCharHSD_modif1.xlsx'); 

% efficiencies = load('Efficiencies_HSD.mat'); 

%% Knowns Motor 
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%dimensionless viscosity 

mu=data(:,1)'; % viscosity (Pa*s) 

p=100000.*data(:,2)'; % pressure (Pa) 

omega=data(:,3)'./2./pi; % speed [rad/s] 

  

%dimensionless displacement 

f=data(:,4)'; %(0-1) 1 being max displacement 

  

%Output 

eta=data(:,5)'; %Overall Efficiency [-] 

% nt=data(:,6)'; %Mechanical Efficiency  

% nq=data(:,7)'; %Volumetric Efficiency  

  

%Input 

mu=mu.*omega./p; 

  

%% Knowns Pump 

%dimensionless viscosity 

mup=datap(:,1)'; % viscosity (Pa*s)(0.068/0.056).* 

pp=100000.*datap(:,2)'; % pressure (Pa) 

omegap=datap(:,3)'./2./pi; % speed [rad/s] 

  

%dimensionless displacement 

fp=datap(:,4)'; %(0-1) 1 being max displacement 

  

%Output 

etap=datap(:,5)'; %Overall Efficiency [-] 

  

%Input 

mup=mup.*omegap./pp; 

%% Fit: 'Motor Efficiency'. 

[xData, yData] = prepareCurveData( mu,eta ); 

  

% Set up fittype and options. 

ft = fittype( '(1-

(4*(1/d)*(1/D^2)*mu))/(1+((1/3)*(d^3)*(D^2)*(1/mu)))', 'independent', 

'mu', 'dependent', 'eta' ); 

opts = fitoptions( 'Method', 'NonlinearLeastSquares' ); 

opts.Display = 'Off'; 

opts.MaxFunEvals = 5000; 

opts.MaxIter = 5000; 

opts.Robust = 'LAR'; 

opts.StartPoint = [0.3 0.1]; 

  

% Fit model to data. 

[fitresult, gof] = fit( xData, yData, ft, opts ); 

  

% Plot fit with data. 

figure( 'Name', 'Motor Efficiency' ); 

h = plot(fitresult,'b-', xData, yData,'ko'); 

legend( h, 'Motor Efficiency', 'Fit', 'Location', 'NorthEast', 

'Interpreter', 'none' ); 

% Label axes 

xlabel( '$\hat{\mu}$','interpreter','latex'); 

% ylabel( 'f', 'Interpreter', 'none' ); 

ylabel( '\eta'); 

ylim([0.85,1]) 
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grid on 

rsquare_m = gof.rsquare; 

rmse_m = gof.rmse; 

D_m = fitresult.D; 

d_m = fitresult.d; 

%% Fit: 'Pump Efficiency'. 

[xData, yData, zData] = prepareSurfaceData( mup, fp, etap ); 

  

% Set up fittype and options. 

ft = fittype( '(1-

(((dp^3)*(Dp^2))/(3*fp*mup)))/(1+(4*mup/(dp*(Dp^2)*fp)))', 

'independent', {'mup', 'fp'}, 'dependent', 'etap' ); 

opts = fitoptions( 'Method', 'NonlinearLeastSquares' ); 

opts.Display = 'Off'; 

opts.MaxFunEvals = 5000; 

opts.MaxIter = 5000; 

opts.Robust = 'LAR'; 

opts.StartPoint = [0.2 0.1]; 

  

% Fit model to data. 

[fitresultp, gofp] = fit( [xData, yData], zData, ft, opts ); 

  

% Plot fit with data. 

figure( 'Name', 'Pump Efficiency' ); 

h = plot( fitresultp,[xData, yData], zData ); 

legend( h, 'Pump Efficiency', 'Fit', 'Location', 'NorthEast', 

'Interpreter', 'none' ); 

% Label axes 

xlabel( '$\hat{\mu}$','interpreter','latex'); 

ylabel( 'f' ); 

zlabel( '\eta' ); 

grid on 

rsquare_p = gofp.rsquare; 

rmse_p = gofp.rmse; 

D_p = fitresultp.Dp; 

d_p = fitresultp.dp; 

  

save('Geometry_Parameters','D_p','d_p','D_m','d_m','gofp','gof') 

 

b.2. Covariance Calculations for Kalman Filter MATLAB® Code 

This code takes experimental data and calculates the covariance that can be used later to 

find the Kalman Filter coefficients. This is a code written by [72]. 

function noisevar = estimatenoise(X,varargin) 

% estimatenoise: additive noise estimation from a time series 

% usage: noisevar = estimatenoise(X) 

% 

% Author: John D'Errico 

% e-mail: woodchips@rochester.rr.com 

% Release: 2.0 

% Release date: 8/25/07 

% if no input arguments provided, just dump out the help 
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if nargin<1 

  help estimatenoise 

  return 

end 

% complex sequences are split into real and imaginary parts. 

if ~isreal(X) 

  noisevar = estimatenoise(real(X)) + estimatenoise(imag(X)); 

  return 

end 

% get the size of X, so we can pick the value for 

% dim if it was not supplied. We will also need to 

% make sure the length in that dimension is large 

% enough. 

sx = size(X); 

% were t and/or dim supplied? In which order? 

if (nargin>3) 

  error('Too many inputs supplied. Maximum of 3 inputs are allowed.') 

elseif nargin == 1 

  % use defaults 

  dim = []; 

  t = []; 

elseif (nargin == 2) && isempty(varargin{1}) 

  % use defaults 

  dim = []; 

  t = []; 

elseif (nargin==2) && (length(varargin{1}) == 1) 

  % dim was supplied 

  dim = varargin{1}; 

  t = []; 

elseif (nargin==2) 

  % t must have been specified 

  t = varargin{1}; 

  t = t(:); 

  dim = []; 

elseif (nargin==3) && (length(varargin{1}) == 1) 

  % dim and t were supplied, in that order 

  dim = varargin{1}; 

  t = varargin{2}; 

  t = t(:); 

elseif (nargin==3) && (length(varargin{2}) == 1) 

  % t and dim were supplied, in that order 

  dim = varargin{2}; 

  t = varargin{1}; 

  t = t(:); 

else 

  % there is a problem with the arguments 

  error('A and t arguments are of inconsistent size') 

end 

% get dim if it was not supplied 

if isempty(dim) 

  dim = find(sx~=1,1,'first'); 

  if isempty(dim) 

    error('X did not have at least one dimension of length >1') 

  end 

end 

% check the length in the dim dimension 

nX = sx(dim); 
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if nX<5 

  error('The length of X in the specified dimension was less than 5') 

end 

% permute the dimensions so that the chosen dimension 

% of X is moved to the end of the line. 

ndim = length(sx); 

nx = 1:ndim; 

nx(dim) = []; 

nx = [nx,dim]; 

Xp = permute(X,nx); 

% then just reshape it to be a 2-d array 

Xp = reshape(Xp,[],sx(dim)); 

% was t actually equally spaced anyway? If it was, then we 

% want to use the equal spaced code. 

equispaced = true; 

if ~isempty(t) 

  % first sort t, just in case 

  [t,tags] = sort(t); 

  % and shuffle Xp in the first dimension 

  Xp = Xp(:,tags); 

   

  % check for equal spacing in t 

  dt = diff(t); 

   

  % average spacing 

  avespace = (t(end) - t(1))/(nX-1); 

  if (avespace == 0) 

    error('Invalid t vector: t was identically zero.') 

  end 

  tol = 10*eps(avespace); 

  if tol < (max(dt) - min(dt)) 

    % unequal spacing 

    equispaced = false; 

  end 

end 

% estimate the measurement variability in the (now) second dimension 

% later we will undo this reshape. 

% The idea here is to form a linear combination of successive elements 

% of the series. If the underlying form is locally nearly linear, then 

% a [1 -2 1] combination (for equally spaced data) will leave only 

% the noise remaining. Next, if we assume the measurement noise was 

% iid, N(0,s^2), then we can try to back out the noise variance. 

fda{1} = [1 -1]; 

fda{2} = [1 -2 1]; 

fda{3} = [1 -3 3 -1]; 

fda{4} = [1 -4 6 -4 1]; 

fda{5} = [1 -5 10 -10 5 -1]; 

fda{6} = [1 -6 15 -20 15 -6 1]; 

nfda = length(fda); 

for i = 1:nfda 

  % normalize to unit norm 

  fda{i} = fda{i}/norm(fda{i}); 

end 

% compute an interquantile range, like the distance between the 25% 

% and 75% points. This trims off the trash at each end, potentially 

% corrupted if there are discontinuities in the curve. It also deals 

% simply with a non-zero mean in this data. Actually do this for 
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% several different interquantile ranges, then take a median. 

% NOTE: While I could have used other methods for the final variance 

% estimation, this method was chosen to avoid outlier issues when 

% the curve may have isolated discontinuities in function value or 

% a derivative. 

% The following points correspond to the central 90, 80, 75, 70, 65, 

% 60, 55, 50, 45, 40, 35, 30, 25, and 20 percent ranges. 

perc = [0.05, 0.1:0.025:0.40]; 

z = erfinv((1-perc)*2-1)*sqrt(2); 

sigmaest = nan(size(Xp,1),nfda); 

for i = 1:nfda 

  % Apply each difference to the data series with convn 

  % the 'valid' option will trim off the junk at the ends 

  % from the convolution. 

   

  % did we have equal spacing? 

  if equispaced 

    % If so, then conv will do the trick. 

     

    % These convolutions will yield noise of the desired variance, 

    % although it will be colored noise. 

    noisedata = conv2(Xp,fda{i},'valid'); 

    ntrim = size(noisedata,2); 

  else 

    % unequal spacing. do it the hard way 

    F = 1./gamma(1:i); 

    ntrim = nX - i; 

    noisedata = zeros(size(Xp,1),ntrim); 

    for j = 1:ntrim 

      tj = t(j+(0:i)); 

      tj = tj - mean(tj); 

      if all(abs(tj) <= tol) 

        % be careful if all points were reps! 

        coef = rem((0:i)',2)*2-1; 

        coef = coef - mean(coef); 

        % and normalize 

        coef = coef/norm(coef); 

      else 

        % use null to choose the linear combination 

        % of the elements of Xp. 

        tj = tj/norm(tj); 

        A = repmat(tj,1,i).^repmat(0:(i-1),i+1,1); 

        A = A.*repmat(F,i+1,1); 

        nullvecs = null(A'); 

        % already normalized to have unit norm by null 

        coef = nullvecs(:,1); 

      end 

       

      % form the appropriate linear combination of Xp 

      noisedata(:,j) = Xp(:,j+(0:i))*coef; 

    end 

  end  % if equispaced 

   

  % were there enough points to even try anything? 

  if ntrim >= 2 

    % sorting will provide the necessary percentiles after 

    % interpolation. 
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    noisedata = sort(noisedata,2); 

     

    p = 0.5 + (1:ntrim)'; 

    p = p/(ntrim + 0.5); 

     

    Q = zeros(size(noisedata,1),length(perc)); 

    for j = 1:length(perc) 

      Qj = interp1q(p,noisedata',1-perc(j)) - 

interp1q(p,noisedata',perc(j)); 

      Qj = Qj/(2*z(j)); 

      Q(:,j) = Qj'; 

    end 

    % Trim off any nans first, since if the series was short enough, 

    % some of those percentiles were not present. 

    wasnan = isnan(Q(1,:)); 

    Q(:,wasnan) = []; 

     

    % Our noise std estimate is given by the median of the 

interquantile 

    % range(s). This is an ad hoc, but hopefully effective, way of 

    % estimating the measurement noise present in the signal. 

    sigmaest(:,i) = median(Q,2); 

     

  end 

   

end % for i = 1:nfda 

% drop those estimates which failed for lack of enough data 

sigmaest(:,isnan(sigmaest(1,:))) = []; 

% use median of these estimates to get a noise estimate. 

noisevar = median(sigmaest,2).^2; 

% Use an adhoc correction to remove the bias in the noise estimate. 

% This correction was determined by examination of a large number of 

% random samples. 

noisevar = noisevar/(1+15*(sx(dim)+1.225)^-1.245); 

% The first order difference might be used to guesstimate the 

% process noise. 

% if nargout>1 

%   processvar = max(0,sigmaest(:,1).^2 - noisevar); 

% end 

% finally, reshape the result to be consistent with the input shape 

sx(dim) = 1; 

noisevar = reshape(noisevar,sx); 

 


