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' SHARP MAXIMUM NORM ERROR ESTIMATES
FOR GENERAL MIXED FINITE ELEMENT APPROXIMATIONS
TO SECOND ORDER ELLIPTIC EQUATIONS*

LuciA GASTALDIt AND RICARDO H. NOCHETTO}.

Abstract. This paper is devoted to analyze the approximation properties in L™ of mixed finite ele-
ments for second order elliptic equations. The analysis relies on abstract assumptions on the finite element
spaces involved and holds for the whole range of the index k of the discrete spaces. Sharp asymptotic
L°-error estimates are derived for both the scalar and the vector fields. A superconvergence estimate is
proved for the L2-projection of the scalar unknown. As a result, the modified scalar field provided by a
suitable element-by-element postprocessing is shown to be superconvergent in L, A hybridization of the
mixed method is introduced and the additional information provided by Lagrange multipliers is discussed
in maximum norm. The required abstract properties are enjoyed by Raviart-Thomas-Nedelec mixed finite
elements in 2-D and 3-D as well as by the new families of mixed finite elements recently introduced by
Brezzi-Douglas-Marini in 2-D and by Brezzi-Douglas-Duréan-Fortin in 3-D.

AMS(MOS) subject classifications. 65N15, 65N30, 35J25

1. INTRODUCTION

New families of mixed finite elements to approximate second order elliptic problems
have been introduced recently as alternatives to the usual Raviart-Thomas-Nedelec spaces
[15, 20]. Two families, one based on simplices and the other on rectangles, were proposed
by Brezzi-Douglas-Marini in two dimensions [6]; the natural analogues in three dimen-
sions were presented by Brezzi-Douglas-Duran-Fortin [4]. The key idea in constructing
these new discrete spaces was to modify the standard mixed finite elements of Raviart-
Thomas-Nedelec but preserving their main property, which is expressed in the following
commutative diagram: |

HY(Q)] —— L2(9)
nf | |7
Xﬁ _ M’fl

Here X% and M} stand for the discrete spaces of order k¥ > 0, n = 2,3 denotes the
dimension and II¥, P} are suitable interpolant operators [4, 5, 6, 7, 15, 20]; a precise

*Work performed in the research program of Istituto di Analisi Numerica of C.N.R. (Pavia, Italy) and
Institute for Mathematics and its Applications (Minneapolis, MN, U.S.A.)

tDipartimento di Matematica, Universita di Pavia (Pavia, Italy). The first author was supported by
MPI, GNIM of CNR (Italy).

tInstituto de Desarrollo Tecnoldgico para la Industria Qufmica—Programa Especial de Matematica Apli-
cada (Santa Fe, Argentina) and Institute for Mathematics and its Applications (Minneapolis, MN, U.S.A.),
The second author was supported by Consiglio Nazionale delle Richerche (Italy) and University of Min-
nesota (U.S.A.) '



definition is given in section 5. This property implies the inf-sup condition of Brezzi [3]
and, consequently, the stability of the discrete scheme. Moreover, it simplifies the L2-error

analysis giving also a superconvergence error estimate for the scalar field as shown by
Douglas-Roberts [9] and Johnson-Thomee [13].

Within this framework the question whether the above diagram is the suitable abstract
setting to analyze the L°-accuracy arises quite naturally. The primary aim of this paper
is to derive sharp error bounds in L* under this general setting and, next, to apply the
abstract results already obtained to getting rates of convergence for the above families
of mixed finite elements in 2 and 3-D. Moreover, we prove that the difference between
the L2-projection of the scalar field and the discrete solution superconverges in L>. This
fact allows us to show that the modified scalar field produced element-by-element by a
simple postprocess is asymptotically more accurate in L*°. As a second by-product we
can analyze the hybridization process and exploit the further information provided by
Lagrange multipliers. Our basic tool in proving the abstract L*-results is, as usual, the
Nitsche’s method of weighted Sobolev norms [16, 17, 8, 14, 18].

Maximum norm error estimates for Raviart-Thomas-Nedelec spaces were obtained by
Scholz [21, 22, 23], but excluding the lowest order approximatio. which is undoubtly
the moest important in practice. Moreover, Douglas-Roberts [9] and Johnson-Thomee[13]
proved L®-error estimates for the scalar unknown in 2-D that hold for the entire range of
the index k, but their techniques do not lead to an error bound for the vector unknown.
A full error analysis in 2-D for both variables was recently done by Gastaldi-Nochetto [11,
12]. While this paper was being written, we learned that Durdn [10] had derived sharp LP-
error estimates (1 < p < oo) for the above families as well as for the Brezzi-Douglas-Marini
<na~es. However, his technique does not apply in more than two dimensions.

The new families of mixed finite elements introduced in [4, 5, 6, 7] possess the same
asymptotic accuracy for the vector unknown as the Raviart-Thomas-Nedelec ones but at
lower computational cost. So they are designed to be competitive in approximating the
variable for which mixed methods are known to work better. We shall be mainly concerned
with these new families because the standard ones in 2-D were recently treated in [11, 12].
Moreover the present ideas are a natural extension of those in [12] where a rather general
second order elliptic operator was considered; hence we restrict ourselves to the Laplacian.
For v and p being the scalar and vector fields associated with —Au = f, our main results
cie soaunasized in table 1.1,

There uy and py stand for the discrete vector fields and u} indicates the modified
scalar fleld. Some logarithmic factors can be removed under slightly stronger assumptions

ahont o and f (see section 5).



R-T-N B-D-M & B-D-D-F
lp — phllLe ¥+ log bl || fllwx.e h*+1 log bl [|f[lwe .=
lu — unllze R log h| || £llwe. R | fllweos
lu — uillze h*+2|log b2 || fll w0 aw.» RF+27 0 [log B>~ || ]| we.e

Table 1.1: Asymptotic L°°-Error Estimates.

The paper is organized as follows. In section 2 we state the notation and the abstract
assumptions under which the error analysis holds. Sections 3 is devoted to recall some
technical results for weighted Sobolev norms and to prove other new ones in n dimensions.
The proof of the L*-error estimates is carried out in section 4; we demonstrate that the |
abstract framework provides optimal error bounds according to the approximation theory.
This is so for the whole range of the index k£ with exception of the lowest order method
for which a logarithmic factor occurs. Moreover we construct a modifed scalar field which
is asymptotically more accurate in L. These abstract results are applied in section 5 to
the new families and the standard ones in 2-D and 3-D. Finally in section 6 we analyze in
L®° the hybrid formulation.

2. NOTATION AND ABSTRACT ASSUMPTIONS

Let Q be a regular bounded domain in R®(n > 2) and let u be the unique solution of
the following model problem

(2.1) u € HY(Q): —Au = f in Q.
The associated vector unknown p is defined by

(2.2) p = — grad u.

Let {73} be a family of regular and quasi-uniform decompositions of §2 into triangles
or rectangles in 2-D, and the corresponding generalizations in higher dimensions; here
h > 0 denotes the mesh-size. Boundary finite elements are allowed to have one curvilinear
edge [4, 6, 7]; so we are implicitly assuming that @ = U{T : T € 7}. This simplification
does not yield a loss of generality, [13].

Let us now introduce the functional spaces we shall work with, namely

X :=H(div;Q) = {¢q € [L*(Q)]": div ¢ € L}(Q)},
(2.3) X:={qeX:qlr € [H(T)® VT € m},
M : = L}(Q).



The mixed formulation of problem (2.1) is the following first order system: seek a pair
{u,p} € M x X, such that

(p,q) — (divg,u) =0, VgeX,
(divp, v) = (f,v), Vv € M,

(2.4)

where (.,.) stands for the inner product in M. Let X§ and M be the finite dimensional
approximating spaces of order k > 0 [4, 6, 7, 15, 20]; namely they satisfy globally X* C X,
M} ¢ M and locally

(A1) [PXT)" c X}|r, PI(T)C Mi|r

for all T € 74 where either j = k or j = k — 1 provided k > 1. Here P¥(T) denotes
the set of polynomials of total degree £ restricted to T € 1. The mixed finite element
approximation of (2.1) reads as follows: find a pair {us,pr} € M} x X¥ such that

(ph)Qh) - <divqh’ Uh) =0, th € X;cn

(2.5) . :
(leph,'Uh) = (f7 ‘Uh), V'Uh € Mh'

Let PF denote the L2-projection operator onto M¥; since M¥ is defined without continuity
constraints, Pf is local. Let I1¥ be a local interpolation operator which satisfies the
following commutative diagram [4, 6, 7, 15, 20]:

div
— M

X
(A2) n |
X3

In other words, div (X¥) = Mf and
(2.6) div I¥q = PF divg, VgeX.

In particular, (2.6) holds for all ¢ € [H!(Q)]". These operators are assumed to satisfy
LP-approzimation properties [4, 6, 7, 15, 20], namely for all v € W/*LP(Q) and ¢ €
[WE+LP(Q)]™ with 2 < p < o0

v — Pfoll Loy < ChIFH|v|lwitrr )

(A3) .
llg — kgl Lecay + Rl div (g — IT5g)|| e () < CR*F lgllwrtrr(ay-

The primary tool in our error analysis will be the use of weighted Sobolev norms.
This technique was introduced by Nitsche [16, 17] and Natterer [14] for conforming finite

4



element methods, and was first applied by Scholz [21, 22, 23] and more recently by Gastaldi-
Nochetto [11, 12] for Raviart-Thomas-Nedelec mixed methods in 2-D. Let us now introduce

the corresponding notation and remind some elementary properties. The weight function
o is defined by

(2.7) 0(z) == (|lz — zo|2 + %)%, z,z0€Q

where | - | denotes the Euclidean distance in R" and 8§ = C*h for C* > 1 being a constant
to be specified later on. Then o satisfies the following non-oscillation property [17, p.295]:

< 1 .
(2.8) max o(z) < Cx:g%a(m), VT € 13

For o € R and 7 € N, the weighted Sobolev norms are defined by

(2.9) ID*||2a := ) (0%0*,0™), Vv e HY(Q).
|Al=i

A trivial consequence of (2.7), (A3) and the local character of Pf and II} is that they
approximate well also in weighted norms; more precisely

(2.10) lv — Pfvl|lpa < CRIFTY|DIH10)| 4e,

(2.11) lg — Eglloa + h|/div(g — IFg)|loe < CRFHY|D*H1g]|ya

for all « € R, v € H'*(Q) and q € [H*1(Q)]". A further superapprozimation property
of IT¥ is required; namely

(A4) lloPan — I§(0Pqn)lloa < C(h/)||qn|| yea+2e

for all g5 € Xﬁ, and a, f € R where C > 0 does not depend on g, h,8,a and B. This

property was proved by Scholz [22] for Raviart-Thomas-Nedelec mixed methods using the
Bramble-Hilbert lemma. The same ideas apply in this context.

3. ON WEIGHTED SOBOLEV NORMS

Let us start by recalling two important properties of the weight function o. The first
one relates derivatives of 0%(a € R) with powers of o [17, p. 298]; namely

(3.1) 10°0%(z)| < C(§,a)0*"(z), Vz € Q.

The second result is the elementary estimate [17; 8, p.149]:

", fa>n
(3.2) / o”*< C{ .
Q |logf|, if a=n.

5



The relations between weighted and L°°-norms follow then from the previous and inverse
inequalities; namely

6(n=/2 fora>n
3.3 || g-a < C|lv||peo , Lo(Q
(5. Iolome < Clollam{ | " 2" ve L@
(3.4) Ixllzee < C(8%/h™)%||X|lg-«, fora€R, x € ME (or XF)

where z¢ in (2.7) is chosen in such a way that |x(zo)| = ||x||L=~- The key of the Nitsche’s
method of weighted norms is that through the previous relations it allows one to work in
L?(Q) instead of L>°(Q) and to use duality arguments. Let us conclude by establishing
some a priori estimates in weighted norms. The first result is due to Nitsche; see [16, p.
266; 8, p. 160] for n = 2 and [18, p. 74] for n > 2.

LEMMA 3.1. For every v € H}(2) N H%(Q) we have

(3.5) |D20||gn + || Dv||gn-2 < C(|log 8|2 /6)||Av]|gn+2.

The second estimate was proved by Rannacher-Scott in two dimensions [19, p.442].
We are going to demonstrate it now for any dimension and to extend it also to a critical
value of the exponent «, say a = 2.

LEMMA 3.2. Let b € X be given and let v € H}(Q)N H%(Q) be the solution of —Av =
div b. Then for any 0 < a < 2 we have

(3.6) | D20 gnta < C(a)(|| div bl|gn+a + (1/6)]|b]|on+a ).
Moreover, for a = 2 this estimate degenerates as

(3.7) 1D20]lgns2 + [ Dollon < C(|| div bl nsa + (11og 8] /8)[b]] nt).

Proof. By a simple calculation as in [19, p.443] using the fact that 9§ is regular, and
thus ||w|| g2(a) < C||Aw||L2(q) for any w € Hg(2)N H2(Q), we easily arrive at

I|D2U||an+a + ||D'U||0n+m—2 S C(” diV b”an+a + ||'U||o.n+a—4), 0 < «o S 2.

Therefore it only remains to estimate |[v]sn+a-4. To this aim let us use the integral
representation of v in terms of the Green function G(-,), namely

o) = [ Gle,y) div )y = = [ DG(e.v)- Ky

6



Moreover, it is well known that
|IDG(z,y)| < C/|z —y|""?, for all z,y € Q.

Then using Cauchy-Schwarz inequality and Fubini’s theorem, in this order, we can write

_ b(y)| :
vzna-aﬁfaz"+°4(/—L——d dz
” “a+ Q () 9|$—y|"_1 )
n+a—4 —(n+a)
< [ o)+ 2{ -U(—x)——-(/g-(-z)—-—dz>dz}d.
< [atrpord [ 795 ([ 225 y
So the assertions follow from the estimate

n+a—4 —(n+a) 1 02’ for0<a<?2
/ o(z) ( a(2) dz) do < C{ / or a
a ly—=z*7* \Ua |z — =z |log 8|/6%, for a =2

which holds uniformly in y € Q. The rest of the proof is devoted to show this bound. We
proceed in two steps.

o(x)=) _ o(@)

for 0 <2.
9|z——a:|"_1 < 9o ylorU< a <

Step 1

Let us first assume that |t — zo| < 6 where zo € Q was introduced in (2.7). Then
|z — 2|2 < 2(6% + |29 — 2|?) and using polar coordinates we get

lz — x‘n—l pn+a -

—(n+a) 6 d
/ Ldz < -i-/ dp + C’/ dp <0/t < CO%o(z)
Q gnte Jy 9

where d > 0 stands for the diameter of . Suppose now that |z — z¢| > 6 and, in addition,
let 2 be decomposed into the sets

Qi={z€Q:|z—z| < |z —z0|/2}, Q2:=02\D.

For z € Q; we have |9 — z| > |z — z¢|/2; hence

—(n+a) lz—zol/2
/ 0—(i)———d2 < —g——/ dp © <Ch%a(z) ™.
Q, 0

|z — z|*1 1z — zo|"te Tz — zo|otn-1

For 2, instead we can write

—(n+a) d n—1
o =2l S Tzl Jy (@ F e

¢ < Co~%o(z)' ™

= 9%z — 20"t =
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This completes the first step.

/ o(z)*3 < { 02, for0<a<?2
Q

Step 2
ly — z|—1 |log 8|, for a =2.

Let us now decompose §? into the sets
Q:={zeQ:|z-y|<|z—z0|}, Q:=0Q\Qs.

Taking polar coordinates centered at y yields

o(z)>3 / { 02, for0<a<?2
— dz <C <C
/93 |z —y|n-? (62 +p2)<3 /2= 7| |log8|, for a = 2.

The same holds for {24 because the argument is symmetric (take now z, as origin). This
ends the lemma. []

4. THE ABSTRACT ERROR ANALYSIS

This section is devoted to the error analysis in L>°(Q2) for both the scalar and the
vector unknown. The following error equations are easily obtained from (2.4) and (2.5):

(4.1) (p— ph,qn) — (divgn,u —up) =0, Vg € X},

(4.2) (div(p — pn),vn) =0, Von € ME,

Our analysis relies solely on the abstract assumptions (A1) to (A4). The key argument
is the combined use of the commutative diagram (A2) and the lemmas 3.1 and 3.2. In
particular lemma 3.2 is the suitable tool to avoid logarithmic factors for the vector field.
Indeed, this is so for all § > 1 but for j = 0 a logarithmic term still occurs. We also obtain
a superconvergence estimate for Pfu — uj. This allows us to prove that the modified
scalar field provided by a local postprocess superconverges with an optimal rate up to a
logarithmic factor.

Let us now state our main result.

THEOREM 4.1. Let {u,p} and {un,pr} be the solutions of (1.4) and (1.5) respectively.
Then for every k > 0 there exists a positive constant C' > 0 independent of h, such that
the following estimates hold

(4.3) llp = prll Loy < C{llp — 5p|| L () + hllog B|%° || f — P fll 1o (o}
| PRy — un| Lo () < C{h|logh|||p — I;p|| Leo (@) + 2| log h|*+o5°|| f — PF £l Leo (o)
+6&0hllog Al || f — PEfllino}s

where 8jo is the Kroenecker symbol, P}, TI¥ are the local projection operators introduced
in section 1 and j is defined in (Al).

(4.4)

The proof will be carried out in a series of lemmas. As in the L?-error analysis, the
use of assumption (A2) leads to a separation of the error estimates for each unknown. So
we first analyze the vector variable and next the scalar one. Since the mdex k will be kept
fixed along this section, it will be omitted in the notation.
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LEMMA 4.1. Let j > 1 and let the assumptions (Al) to (A4) hold. Then there exists
a constant C' > 0 independent of h such that

(4.5) lp — pallL= @) < C(llp — WapllLeo (@) + Allf — Prfllze(a))-

Proof. Obviously it is enough to bound the error ||IIyp — pp||L=. Let ¢ € Ty € 7 be
chosen so that ||IIpp — pal|ze = max |(IInp — pa)i(xo)|. Since IInp — py € X, we use (3.4)
to obtain

(4.6) IThp — pallzee < C(67F% /™) }||TIhp — Pally-(atm), for 0 < a < 2.
Let us set ¢ := 0 ~(**+")(II;,p — ps) and then write

ITkp — pal|2-(a4ny = (Iap — 2, %) + (P — ph, ¥ — II4¥) + (p — p1, ntp)

(4.7)
= I+ II+]III.

Notice that II;1 is well defined. Applying now Cauchy-Schwarz inequality yields for I

I <|Tap = pllo-tatm [[¥lloatn < SNTnp = Palls-(asn) + CIInp = Pl5 - (atm)-

N -

For the second term we use again Cauchy-Schwarz inequality combined now with the
superapproximation property (A4) as follows (recall that § > h),

IT < C(h/0)|lp — pillo-(atm) [|TInp — Pl 5= (atn)
< C(h/)||Thp — pall%-(asm) + ClIap = PlIZ - (atn)-

For the remaining term III, the error equation (4.1) implies
IIT = ( div Dy, u — up) = ( div Haep, Pru — up).

Here we have employed that div X, = My, which is implicit in (A2), and that P} is the
L2%-projection onto M. To proceed further, we use a duality argument. Let ¢ be the
solution of the auxiliary problem

@ € HI(Q): —Ap = div T¥.

Since div IT;% € My C M = L?(Q) by (A1) and (A2), we get ¢ € H}(Q) N H?(Q). Then,
using again (A2) and (4.1), we easily arrive at

IIT = —( div (IIp grad ), Pyu — up) = —(p — pn, Ir grad ¢)
= (p — pn,grad ¢ — Ix(grad ¢)) — (p — ph,grade) = IV + V.
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Applying Cauchy-Schwarz inequality, the interpolation error estimate (2.11) and the a pri-
ori estimate (3.6) yields

IV < |lp = Pallo-(a4m || grad ¢ — TIn(grad ¢ )| gasn
< Chllp = pallg-(atm | D*p| yatn
< Chllp — prllo-ca+m (|| div Ipth|[patn + (1/6)[|Inth|gatn).
Let us now analyze the last two terms in IV. First notice that (4.2) and (2.6) imply

divIIpp =divps. Then using again (2.6) coupled now with the definition of ¢ gives after
straightforward calculations

| div Iap|[patn < (C/O)NLrp — Pallg-(atm-

By the superapproximation property (A4) and the fact that 6 > h, we get

ITIpth||gatn < | Tpt — | gatn + ||9h]|gatn < CIap — Pl o=(atn)-

So we conclude that

IV < C(h/0)|lp — Phllo-tatm |Tap — Pl o= (atm)
< C(h/O)|TTap — pall%-(atny + ClTIap — PJ|% - (atm -

Since div pp, € M, and div(z; —pp) = f — Pif is orthogonal to M}y, we can rewrite V as
follows

V = (dix.(p—pn),¢ — Prp) = (f — Paf, — Pry).

We then combine the fact that j > 1, and so P! C M}, locally (see (A1)), with the error
estimate (2.10) and the a priori estimate (3.6) to arrive at

V < If = Pafllg-cotmr I = Pagllowtn < CRAS = Pafllgmotms | D% gt
< C(h?/0)||f = Pufllo-catm ITnp — Phlo=(atn
< C(h/OTrp = prllg-(asm + CHAIf = Puf;-(atm-
Next inserting all the estimates already obtained in (4.7) and choosing C* = 6/h big

enough (but independent of h), the term ||IIyp — pa||y-(a+n) Which appears on the right
hand side can be hidden into the left one. So the final estimate reads as follows.

ITap — Pall?-(a4ny < Cl|Tap = plI2=(atny + CR2||f — Prfl|2-(atn)-

Replacing this into (4.6) and going back to L>-norms by means of (3.3), we easily get the
desired estimate (4.5) because a > 0. This completes the lemma. []
The most interesting case j = 0 can also be handled as before with minor changes in

the proof, but at expense of a logarithmic factor.
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LEMMA 4.2. Let j = 0 and let the assumptions (Al) to (A4) hold. Then there exists
a constant C > 0 independent of h such that

(4.8) lp — prllLe () < C(llp — Mapl| Lo () + bl log A || f — PhfllLe(a))-

Proof. The proof proceeds along the same lines as the previous one except for treating
term V. So let us now explain the necessary changes. Using the error estimate (2.10) with
j = 0 and the a priori estimate (3.7) yields -

V < |If = Pufllo-nllp — Pagllon < Ch||f — Pifllo-n||Del|on
< Ch||f — Pufllg-n(|| div Tath||pn+2 + (|log 8]} /6)||TLatp | pn ).

The same analysis as before for the last two terms leads to

V < C(h/0)|1og 6|2 || f — Pufllon |ITLap — Phllo2-n-2a
< C(h/6%)|1og 8] ||f — Pufl| Lo || TIap — phl| zee-

Here we have chosen 1 < a < 2 and used (3.3) twice. Once we have inserted all the
estimates in (4.7) and chosen C* = 6/h so big as to absorb into the left hand side the
remaining terms || IIxp — pal|2_ (a4ny, We get

ITIhp — a2 (atny < ClIap — P2 (atny + CR " *|log h| || f — Py f|| oo |TInp — pal| oo

By (4.6) and (3.3) we transform this bound in an L*°-one as follows

ITIap — prll3e < C|Inp — pl|3e + Chlloghl||f — Puf| Lo ||TLap — pall Lo -

This obviously implies the assertion of the lemma. [J

The next step in our analysis is to prove an L°°-superconvergence error estimate for
Ppu — uy, in terms of ||p — pn||L~. This will be done in the following two lemmas.

LEMMA 4.3. Let j > 1 and let the assumptions (A1) to (A4) hold. Then there exists
a constant C' > 0 independent of h such that

(4.9) | Pru — un|| Lo (@) < Chllogh|(|lp — pallLe (@) + RIlf — Pruflle())-

Proof. We first reduce the estimate of || Pou—up|| e to an estimate in weighted Sobolev
norms. However the current weight function o is different from that one used before due
to a different choice of z¢ and 6 occurring in (2.7). Indeed, let zo € Ty € 7 be chosen
now in such a way that |(Pru — up)(20)| = ||Pru — up||L=; the parameter § = C*h will be
specified later on. From (3.4) we then have

(4.10) |Pau — unl|Zee < C(67+"/R™)||Pats — G- atmy-
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As usual, to estimate the right hand side in (4.10) we apply a duality argument. Let
z € H?(2) be the unique solution of the following auxiliary problem

z € Hy(Q): —Az = 0~ (Pru — uy).

. Lemma 3.1 gives the following bound for second derivatives of z,
(4.11) ID?z[gn < C(|10g 8% /6)|| Phts — tih| - om -
Since Ppu — up € My, using the relation (2.6) for gradz yields

| Pru — un||2-24ny = —( div gradz, Pyu — uy)
= —(div II, gradz,u — uy)
= (p — pa, gradz —II, gradz) — (p — pp, gradz)
=I+1I.

(4.12)

We now proceed to estimate separately each term following the same strategy as for term
III in Lemma 4.1. So the error estimate (2.11) together with (4.11) implies

I < ||p = pallo-n|lgradz — Mugradz||gn < Chp — phllg-n [|D22] o
< C(h/6)|1og 6] % || Pru — up|p-c24m||p — Pl g-n
< (h/8)||Pau — unl|?-24m + C|log 8| |Ip — phl|%-n.

Integrating by parts in II and using the fact that div(p — pp) = f — P, f is orthogonal to
M, lead to

IT = ( div(p — pn),2) = (f — Puf,2 — Pyz)
S = Pafllo-»llz — Paz||on
< C(h*/6)|10g 612 ||f = Pafllo=n || Pr = uillg-caim
< (R/6)||Pru — un||3-24n) + Ch*|1og 8] |f — Pufll5-n.
Here we have used that j > 1, which means that the local interpolant polynomials contain
P! (see (Al)), and the error estimate (2.10). Inserting the bounds obtained for I and II

in (4.12) we find that a suitable choice of C* = 8/h allows the term ||[Ppu — u||?_ ;4. to
be absorbed into the left hand side. The resulting expression reads as follows

1P = unllg-my < Clloghl3(|lp = Pallo-n + Allf = Pafllo-n)-

This estimate can be easily rewritten in terms of L*°-norms by means of (4.10) and (3.3)
for a = n. This implies the assertion (4.9) and finishes the lemma. ]
For the remaining case j = 0 we may have a loss of superconvergence order as happens

also in the L2-analysis.
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LEMMA 4.4. Let j = 0 and let the assumptions (Al) to:(A4) hold. Then there exists
a constant C > 0 independent of h such that '

(4.13) | Pau — unlipoo @) < Chllogh| (llp — palle=(a) + IIf = PafllLna))-

Proof. This proof differs from the previous one only in treating term II. So we focus
our attention on this term. Since now M)} is made basically of piecewise constants (see
(A1)), from (2.10) and (3.5) we get

II < ||f = Pufllor-n |2 = Paz||gn-2
< C(h/8)|1og 6|} || f — Pufllo2-n||Phu — upllg24n
< (h/6)||Phu — unl|224n + C|log 8] |f — Paf||22-n-

We can further bound the last term by using Cauchy-Schwarz inequality and (3.2) as
follows

If = P*fllga-n < oM ISn 2211 f = Pafllin < Cllog6|"=2/2%||f — Py f||n.

A suitable choice of C* = 6/h allows the term ||[Pyu — us||?_ ;. to be hidden into the
left hand side of (4.12) and the argument concludes as before. []

Although the difference between the L2-projection of the scalar field and the discrete
solution superconverges in L*°, the estimate for the scalar field cannot be better than
|lu — Pru|| g (@). Therefore, starting from the evaluated discrete solution one can modify
up through an element-by-element postprocess to produce a new approximation uj to u,
which is asymptotically more accurate. Let us now describe one of these procedures. The
approximation u} to u is such that u}|r € P¥*1(T) and on each triangle T € 7 is the
solution of the following Neumann problem

(4.14)  (grad uj, grad v)7 = (f,0)r — {(pn " nr,0))or, v € PYT)
(4.15) (up —un,1)7=0

where (f,9)r = [ fg, ({(f,9))or := [37 fg and nr is the outward normal to dT. Since
the compatibility condition (f,1)7 — ({ps * nT1,1))s7 = 0 holds (use (2.5) with v, =
characteristic function of T') such a function u} actually exists.

LEMMA 4.5. There exists a positive constant C > 0 such that for every T € T,

|l — ul|| oo (ry < C (A|D(u — @)|| oo (1) + hllp = Prll oo (1)

4.16 .
(4.16) +h2||f — Pufllpe(r) + || Prv — unll Lo (1)) 5
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where 1 is a suitable approximation to u in P*+1(T).

Proof. Since the argument is local, it is enough to prove the analogous estimate of
(4.16) with L? instead of L* and then use inverse inequalities. So let us write the error
equation

(4.17) ( grad (u —u}), grad v)7 = —({(p — pr) - n1, v))or, Wo € P*YT).
Straightforward calculations lead to

1D(u = uillZ2(ry < ID(w = @)|32¢ry + 21{{(p — P1) - n1, & — w})) o,

where & € P**1(T) approximates u. Notice that from (4.2) the normal component of
p—pnr has mean value zero. Then a trace inequality together with a scaling argument yield

(P = pa) - s (& — ) — 0T /a (@=uier

[({(p — pr) - n, & — up))or| =

< o(up — pallzac + bl div(p — Ph)||L2(T)) 1DG = u})ll zary-
Consequently
(818) 1D( — w3z < C (1D = @)acry + I = pallbacry + K2I1F = Pufll3acry)

Now, using a local version of the standard duality argument, we get the L2-estimate for
u — uy. Let ¢ be any solution of the auxiliary Neumann problem

—Ap =u—u} —|T|™! /(u —u}), inT
(4.19) T

Op
5;{—0, on 0T,

where |T| stands for the measure of T. Solutions of (4.19) clearly exist because the proper
compatibility condition holds. Since the right hand side of (4.19) has mean value zero we
can write

IDellz2(ry < Chllu —uj — |T|™ /T(u —up) lz2(r) < CR*||D(u — ui)| L2 (7)-

Hence, the definition of u} and Pj yields

2
I~ i)y = { gradCu = ui), g+ 1717 ([ (=)
< € (B?ID(w = ulifeczy + I Paw = willfacr) )
which together with (4.18) gives

|l — u}|l 2y < C (A||D(u — @)l 21y + hllp — pall2(ry + B2 — PafllLecr
+ || Phu — usl| L2¢7y) -

Finally, application of inverse inequalities element-by-element concludes the proof. [
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5. APPLICATIONS

In this section we shall apply the previous abstract results to some mixed finite element
methods that fulfill the abstract assumptions (A1) to (A4). Let us first describe briefly
how the new families recently introduced in [4, 6, 7] look like.

5.1 2-D Mixed Finite Elements of Brezzi-Douglas-Marini.

Let 74 be a decomposition of §2 into triangles T. The discrete functional spaces are
defined locally by

5.1 Mk = PFYT), Xf|7:=[PYD))? forall Ter, k>1;
h h

5o (Al) holds. An easy calculation shows that the local degrees of freedom of these elements
are 2k + 2 less than that corresponding to Raviart-Thomas-Nedelec spaces with same
accuracy. The operator II} is defined locally by the following degrees of freedom when
T € 73 has three straight edges e;, 1 = 1,2,3

(((q - Hsz) *Te;s w))e; = 0, w € Pk(ei), 1= 1,2,3
(5.2) (¢—T4g, gradv)r =0, ve P*(T);
(q—TI%q, curl b7 =0, be B¥Y(T) := M\ M\ A5 P*3(T), k> 2.

Here \; stands for the barycentric coordinates of T'. A suitable change in (5.2) is needed
when T has a curve side [6, 7). Then, the construction of II¥ guarantees that the as-
sumptions (A2) and (A3) (with j = k — 1) hold. The remaining hypothesis (A4) is
straightforward from (A3).

Now, let 74 be a decomposition of {2 into rectangles R. The discrete functional spaces
are defined locally by

M;j|r = P*Y(R),

5.3
(5:3) XF|r = [P*(R)?*® span{ curl z**'y, curl zy**+'}

for all R € 7, and k > 1; so again (A1) is satisfied. The dimension of X}| is essentially
twice less than that of similar Raviart-Thomas-Nedelec spaces; the dimension of the scalar

space is less, as well [6]. For R having no curved edges, II} is defined through the following
degrees of freedom [6):

(((g — Hf,q) ‘Mg, W))e; =0, we€E Pk(e;),z’ =1,2,3,4;

(5.4) (g—TEg,v)p =0, ve[PF2(R)2

The definition varies to consider one curved side [6]. As before, the assumptions (A2), (A3)
obviously hold while (A4) can be proved by means of the Bramble-Hilbert lemma arguing
as in Scholz [22]. Note finally that the discrete spaces M and X¥ may also be based
on mixing rectangular and triangular elements, because they are designed to fit across
straight-edges. '
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5.2 3-D Mixed Finite Elements of Brezzi-Douglas-Durin-Fortin.

These 3-D families were introduced in [4]. For Q being decomposed into simplices T,
the discrete spaces are

(5.5) M¥|p := P*Y(T), X}|7 := [P¥T))? foral T e, k>1.

The local dimension of Nedelec spaces [15] exceeds that of the present spaces by
(k + 2)(k + 1). The operator IT} is defined locally by the following relations:

(¢ =Tfq) - ne, w))e =0, w € P¥(e), for each face e of T
((¢—Tkg), grad v)r =0,  veP*(T);
(g —Tkq), r)r =0, re{te[P*T):t-n=0 ondT
and <t, gradv>=0, v€ Pk_l(T)} .

(5.6)

If, instead, Q is decomposed into cubic elements T we then have for all T' € 7 :

Mj|r:=P*}(T),
Xfr =[P e span { curl(0,0,z**1y) , curl(0,z2**1,0),

(5.3) curl(y**12,0,0), curl(0,0,zy**t1zF1),
curl(O,mi+lyk_iz,0), curl(:z:k—iyzi+l,0, 0),
i=1,...,k}.

The operator II¥ is defined through the following degrees of freedom

(((g-Tkqg) - ne,w))e =0, w € P¥(e), for each face e of T,

5.8
(59 (g —Tkg,r)r =0, re [P 3T)>.

The definitions (5.6) and (5.8) correspond to straight-sided elements since, in fact, for
curved boundary elements they are somewhat different [4]. The local dimension of X¥ is
about one half that of Raviart-Thomas-Nedelec spaces of equivalent accuracy [4]. Moreover
it is easily seen that assumptions (A1) to (A4) hold again.

5.3 Raviart-Thomas-Nedelec Mixed Finite Elements.

Let n = 2 or 3. Let 7, be a decomposition of Q into n-simplices T. The discrete
functional spaces are defined locally by

(5.9) Mf|r:=PXT), Xflr:=[P*D)"®zPXT), k20,
where 7 := (z1,...,Z,). Then (A1) is fulfilled. The existence of an operator II} satisfying

assumptions (A2) and (A3) with j = k is well known [15, 20]; (A4) also holds (see Scholz
22)). ’
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Let now 7, be made up of n-rectangles T and let Q*(T) be the set of polynomials of
degree < k in each variable restricted to T. The discrete spaces are defined by

(510)  Mir=QT),  Xiir ==H[Q'°(T)EBw.'Q’°(T) L k>0,
=1

Then the assumptions (A1) to (A4) hold [15, 20, 22].

5.4 Asymptotic L>®-Error Estimates.

Let us now state the L°-rates of convergence for the families of mixed finite elements
just reminded. So, assume that n = 2,3.

COROLLARY 5.1. Let k > 1 and u € W¥t2°°(Q). Let M} and X} be the BDM or

BDDF spaces defined in either (5.1), (5.3) or (5.5), (5.7). Then there exists a constant
C > 0 independent of h such that

(5.11) hllu — ul|zoo ) + 11og Al =%t {lp — phllLee @) < CA* ! |Jullwr+a.co (q).
Furthermore, the following superconvergence error estimates hold

(5.12) | P — unll ooy < CH¥+275% | log A [[u]| sz, (0

(5.13) Ju = wll o=y < CHH+275% Log A [fullwssa.s 0

where u}, € P*¥*Y(T) for each T € T}, is the modified scalar field defined in (4.14), (4.15). 0

The proof is an immediate consequence of Theorem 4.1 and Lemma 4.5.

Note that, according to the degree of the interpolant polynomials, the orders of con-
vergence in (5.11) are optimal for k > 2 and quasioptimal for k = 1 due to the presence of
logarithmic factors. Since the regularity property u € W*+2:°°(Q) is not easy to be verified
in practical cases, let us consider the weaker assumption f € W*°°(Q). We can still give

a sharp error estimates arguing as in Johnson-Thomee [13] and Gastaldi-Nochetto [12]; so
we only sketch the proof.

COROLLARY 5.2. Let k > 1 be given and let M¥ and X} be defined in either (5.1),
(5.3), (5.5) or (5.7). Assume that f € W¥>°(Q). Then

(5.14) hllu = unl| Lo (@) + |1og | 7YIp — pallzes @) < CA*F | Fllwe.eo (a)

(5.15) 1P — unllze (@) < CRE*27851 log A28 | f s, 0
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(5.16) lu — uhll ooy < CR¥*27%% | log A% | £l k.o (g
where C > 0 does not depend on h.

Proof. The argument is based on tracing constants in [1] and using a well-known
interpolation error estimate [8, p.124]. So, for any r < co we can write

lp = TI}plleo < CR¥F1=lul | ika,r @y < CRF+LrR™/7|| f|l oo (-

The desired result follows from taking r = |logh|. 0

Another consequence of Theorem 4.1 is the following £°°-superconvergence result.

COROLLARY 5.3. Let k =1 and f € W"*(Q), s > n. For any T € 71, being either a
simplex or an n-rectangle, let xT denote its barycenter. Then the following superconver-
gence estimate holds

(5.17) |(u — up)(zT)| < Ch?|log A || f||wr.« (), for all T € 7p.

Proof. Since f € W1*() and 9N is regular, Sobolev inequalities combined with reg-
ularity elliptic theory imply, [1]:

ul|wze (@) < Cllullws.sa) < Cllfllwe(qy-

Thus ||p — II}p||L = 0(h). In addition, the following interpolation error estimate is well
known [8, p. 124]
If = Pifllze < CH 72| fllwrs o)

Inserting these estimates in (4.4) we get
T 1Pu — unll e < Ch*|loghl[|fllwr.s(g)-
To conclude the argument we split the error (u — up)(zT) for each T € 7, as follows
(w — up)(er) = (u — P{u)(z1) + (Phu — Pyu)(er) + (Pyu — up)(zT).

Then, since ||u — P?u||z~ = 0(h?), we only have to estimate the middle term. However,
this is a trivial task-because (Pfu — Plu)(zr) = 0, as can be easily checked. The proof is
.. thus complete. [

Remark 5.1. For f € WH(2) N L>°(§) the error bound (5.17) becomes O(h?|log h|?).
To see this one has to proceed as before using now a similar argument to that in Corol-
lary 5.2.

Let us now state the analogues of corollaries 5.1, 5.2 and 5.3 for Raviart-Thomas-
Nedelec mixed elements. As before assume n = 2, 3. '
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COROLLARY 5.4. Let k > 0 and u € W*+2°(Q). Let M¥ and XX be the RTN spaces
defined in either (5.9) or (5.10). Then there exists a constant C > 0 independent of h such
that

(5.18) [l — wnllpeo (@) + Ip — Pall Lo (@) < Ch*F [log k| ||ul| wrsz.c0 (q),
(5.19) | PFu — un| poo () < Ch¥F270% | log AI™ 050 ||| etz (g,
(5.20) ||l — u}k|| L @) < Chk+2-6"°|10g h|1+6"°“ullwk+2,oo(g).

where u}, € P¥*1(T) for each T € 7 is the modified scalar field defined in (4.14)—(4.15). ]

Next the weaker assumption f € W¥°(Q) still yields the following sharp error esti-
mates.

COROLLARY 5.5. Let k > 0 be given and let M§ and X be defined in (5.9) or (5.10).
Assume that f € Wk(Q). Then

(5-21) llu — unllze (@) + Ilp = Pall Lo ) < CA**!{log | || Fllwr.= (q),
(5.22) 1Pfw — unllze=(ay S CR¥F27% log B2 || f || we. (),
(5.23) lu = ujllzee @) < CREF2%0 log A2 f|| wr.o= (0)-

If, in addition for k = 0, we assume that f € W1*(Q), then

(5.24) | PRu — unlpoo @y < Ch2|log h|* (|| fll Lo () + 1 f ]l wrn))s
(5.25) llu — uhll oo @) < Ch?|log h1* (|| fll e (@) + | fllwrn(ay)- O

The superconvergence estimate (5.24) leads to the following {°°-superconvergence re-
sults.

COROLLARY 5.6. Let 7, be a decomposition of Q into n-rectangles T and let St be
the set of Gauss-Legendre points of T. Then we have for k > 0

(526) [lu—unlli=(S7) < Ch**2[log (| fllw.=ay + Broll fllwanca), VT € 7a.

Moreover, if 1) is a decomposition of ) into n-simplices T and z7 is the barycenter of
T € Ty, then for k =0

(5.27) |(w = un)(z7)| < CR?|log h* (|| fll Lo (@) + I flwin()), VT € 7. O

Before concluding this section several comments are in order.

Remark 5.2. Let us consider the lowest order case in estimates (5.11) and (5.18).
Assuming that f is piecewise continuous with a modulus of continuity w(t) < C|logt|™!,
the logarithmic factors can be removed. '
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Remark 5.3. The key argument in proving [*°-superconvergence is first to demonstrate
the superconvergence of Pfu — u;, and second to localize a set of points St in each finite
element T € Tp, so that (Pfv —v)(z) =0 Vv € P*YT), <z € Sp, T € 7. This
invariance property is no longer true for j > 0 and the families defined in (5.1), (5.3),
(5.5), (5.7) and (5.9) (see [12]).

Remark 5.4. Variable degree mixed methods were introduced by Brezzi-Douglas-Marini
as generalizations of the families discussed above [7]. Now the degree of interpolant polyno-
mials is allowed to vary from one element to another by means of transition elements. Since
the operators II¥ and PF are local, our main results (4.3) and (4.4) still apply extending
to L the error analysis presented in [7].

Remark 5.5. The abstract analysis applies also to the finite elements introduced by
Brezzi-Douglas-Fortin-Marini 5], giving the same rates of convergence as RTN spaces.

6. L*-ERROR ANALYSIS OF THE HYBRID FORM

The linear algebraic system associated with (2.5) is generally indefinite; so standard
solvers may fail to work. However, it can be reduced to a positive definite system through
the use of Lagrange multipliers to relax the continuity constraint on the normal compo-
nent of the vector field. This computational trick can be further exploited to produce a
better approximation to the scalar field u. Indeed, the multipliers approximate u along
the interelement boundaries in a sense to be specified later on (see Remark 6.1). This
information can be postprocessed to get a more accurate approximation @y to u, as first
noted by Arnold-Brezzi [2].

Let Y} be the space of all functions defined on the interelement boundaries which
restrict to polynomials of degree k on each edge e ¢ 02 and vanish on 02. Moreover
let W} indicate the discrete space for the vector unknown without continuity constraints;
hence W¥|r = X¥|7 for all T € 74. Then the extended problem reads as follows: find
(zh,crh,/\h) € M¥ x Wk x Y¥ such that

(oh,qn) — (div gr, 2a)n + ((Ahs g - nT)) 2 = 0, Vg, € Wi
(6.1) (div on,va)k = (f,vn), Yor € M¥
({(pnson-n))n =0,  Vup €Y},

where (f,g)a = Y J7 f9, ( ))h = Y7 [or fg and nr is the outward normal to OT.

Note that v € W} belongs to X if and only if
(6.2) ((4n,v-nT))n =0, Vs € Yj.

This implies that the function o, given by (6.1) coincides with pp gwen by (2.5) and,
consequently, zp = up.
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The Lagrange multipliers A, approximate u on the interelement boundaries in the sense
that

(6.3) [Ae — Qull L2y S C (h1/2||P — pull L2y + A3 PRu — uh||L2(T)) )

for all T € 74 and e € T\ON,, where QFu is the L2-projection of u|. onto Y|, [2; 4,
6, 7). The corresponding L*-error estimate for Lagrange multipliers follows from simply
applying inverse inequalities to (6.3) on each element.

LEMMA 6.1. There exists a positive constant C' > 0 independent of u and h, such that
for every T € 71, and every edge e of T not belonging to 02 we have

(6.4) IXn — QbullLeo(ey < C (hllp — prllLeo(y + | Pru — unlpeo(my) - O

Remark 6.1. The error estimate (6.4) combined with those in the previous section
yields the superconvergence rate ||Ap — QFul| e (ey = 0(h**2|log h|?) and , therefore, the
error bound on edges |[u — Ai|| Lo () = 0(h**!). Moreover, an £%°-superconvergence result
can be derived arguing as in Corollary 5.3. For n = 2 let S, be the set of Gauss-Legendre
points on e; then

(6.5) w = Anlli=(s,) = 0(h*+?|log h|?), Ve C OT\OR, T € 4.

If n = 3 the estimate (6.5) still holds for either j = 0 or Raviart-Thomas-Nedelec cubic
elements.

Let us now conclude by describing how a modified scalar field i@; can be constructed
in some relevant examples. Take first n = 2. For the lowest order triangular elements of
Raviart-Thomas-Nedelec recalled in (5.9) let @7 € P(T) =: V be defined by Q9 (iis —
Ar) = 0, [2]. For the lowest order triangular elements of Brezzi-Douglas-Marini reminded
in (5.1), instead, let @] € P?(T) := V be defined by the conditions QY (ip — Ap) = 0 and
Pj(@ih—up) =0, [6]. Suppose now n = 3, k = 1 and that Q is decomposed into tetrahedra.
For the discrete spaces defined in (5.5) let iy satisfy @] € V := P%(T) @ span {z%(z —
y),z%(y — 2),y%(z — 2)}, Q}(&n — Ap) = 0, and PP(@p — up) = 0. For the construction of
such an approximation in the general case, we refer to [4].

Such approximations satisfy [2, 4, 6]

(6.6) llu—@allzzery < C (Ilu = a2y + I1PRu = wallzzery + B0 — Qhull acom

where 4|7 € V is an appropriate interpolant of u. Due to a simple application of inverse
inequalities to (6.6), the following local L*°-estimate holds

(6.7)  llu— @nllzeo(r) < C (lu = @ll o=y + 1P — wnllzeo 7y + A0 — Qhull o= (om) -
Finally, combining (6.4) with Corollaries 5.2 and 5.5 results in
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COROLLARY 6.1. Let k > 1 and Mf, X} be defined in either (5.1), (5.3), (5.5) or

(5.7). Assume that f € W*°, Then

(6.8) llu = @nll Lo () < CR*+2=%1| log >~ %%1| | k.o gy

Now let k > 0 and M}, X} be defined in either (5.9) or (5.10) and f € W5(Q)nW1:n(Q).
Then

(6.9) [ — @nll Loy < CREF?|Tog hI? (|| fllwr.c= @y + Skoll fllwrn(ey) - O
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