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Abstract

We consider an emulsion of two Stokes fluids, one of which is peri-
odically distributed in the form of small spherical bubbles. The effects
of surface tension on the bubble boundaries are modelled mathemat-
ically, as in the work of G. I. Taylor, by a jump only in the normal
component of the traction. For a given volume fraction of bubbles we
consider the two-scale convergence, and in the fine phase limit we find
that the bulk flow is described by an anisotropic Stokes fluid. The
effective viscosity tensor is consistent with the bulk stress formula
obtained by Batchelor [2]. We find a new dual variational principle
describing the effective viscosity and obtain bounds on the energy dis-
sipation rate for periodic anisotropic emulsions.

1 Introduction

There are two mechanical aspects to the motion of a suspension: the de-
pendance of the bulk properties of the suspension upon the microstructure
and the evolution of the microstructure determined by the bulk flow (see



Batchelor [2], Hinch and Leal [8]). The focus of this paper lies in the first as-
pect of suspension mechanics as applied to concentrated periodic suspensions
of fluid drops.

We consider flows of suspensions of n fluid drops in a second fluid. In such
flows, the velocities of the drops must be determined simultaneously with the
flow. For the case of fixed drops, the problem reduces to the one studied in
Lipton and Avellaneda [12]. The bubbles are assumed to be small with
respect to macroscopic length scales. We model the effects of surface tension
on the bubble boundary using the zeroth order approximation introduced by
Taylor [17] . In this approximation the bubbles are assumed spherical and
only the normal component of the traction is allowed to jump at the bubble
interface.

We suppose that at the initial time the bubbles are periodically dis-
tributed in the emulsion. The scale of the period is assumed to be of the
same order as the bubble diameter. Since the characteristic length scales
of the body force and flow region are much greater than the local period it
follows that periodicity is preserved in the flow.

It is assumed that the flow is quasistatic and satisfies the time stationary
Stokes equations at each instant. Under these hypothesis the flow equations
of the emulsion are given by those derived by Keller, Rubenfeld and Molyneux
[9].

We show that as the period of the suspension approaches zero the associ-
ated family of flows approach a homogenized low with velocity field satisfying
the stationary Stokes equations where the constitutive relation is given by
an anisotropic viscosity that depends upon the microscopic geometry.

The emulsion considered here is given by a simple cubic lattice of spherical
drops. The associated effective viscosity is therefore cubically symmetric and
of the form:

2l = 20" Py + 20" Phy (1.1)

where P? is the projection onto off digonal strain rates and P” is the projec-
tion onto digonal trace free strain rates (see Thurston [19]). We remark that
our homogenization result applies immediately to any periodic arrangement
of spherical drops.

The paper is outlined as follows. In Section 2 the flow problem for the
emulsion is formulated.

The homogenization result that describes the asymptotic behaviour of



the emulsion is stated in Section 3.

In Section 4, by means of two-scale expansions we show that as the period
goes to zero, the pressure develops a singular and a regular part. The singu-
lar part is shown to be piecewise constant and to satisfy Laplace’s formula
for surface the tension in the case of spherical bubbles. The regular part par-
ticipates in the bulk Stokes equations. Using formal two-scale expansions,
we recover the homogenized flow equations and the equation for the effective
viscosity tensor.

In Section 5 we give the rigorous proof of the two-scale convergence. We
first normalize the pressure in order to get a uniform L*({)) estimate for the
sequence of pressures, in Section 5.1. Global and local conservation of mass
equations are obtained for the homogenized velocity and its first corrector in
Section 5.2. In Section 4.3 we obtain the local kinematic condition on the
bubble interface by identifying the two scale limit of a suitably normalized
velocity field with respect to the local bubble velocity. The two-scale con-
vergence method is applied to the momentum balance equations to obtain
the local balance laws for the homogenized stress (see Lemma 5.9.). These
results, together with those in Sections 5.3 and 5.4 give the local problem. In
Section 5.6 we obtain the homogenized momentum equation and the formula
for the effective viscosity. Unlike problems with continuity of the traction
across phases, the effective property for this problem contains a term encod-
ing the effects of the work done against the bubble boundary due to viscous
forces. The effective viscosity obtained here is shown to be consistent with
the bulk stress formula obtained by Batchelor [2] in Section 6. We develop a
new dual variational principle describing the effective viscosity and use it to
obtain a harmonic mean bound on the energy dissipation rate for periodic
anisotropic emulsions. We observe that the bounds on the effective viscosity
for isotropic suspensions given in Keller, Rubenfeld and Molyneux [9], can
be applied to the anisotropic case considered here.

Homogenization and bounds for anisotropic emulsions, neglecting the ef-
fects of surface tension can be found in Kohn and Lipton [10]. Bounds for
isotropic emulsions neglecting surface tension were first derived in Hashin [7].

Homogenization results for periodic suspensions of solid particles can be
found in Lewy and Palencia [11]. Flow past elastic or viscoelastic skeletons
were considered in Cioranescu and Saint Jean Paulin [4] and respectively in
Ene and Vernescu [6].



2 Formulation

We consider a bounded domain 2 in ®*, containing an emulsion of two
fluids. The viscosities of the bubbles and of the surrounding fluid are p; and
o respectively with 0 < pq < pg.

The local fluid velocity is denoted by v(x). We consider the local strain
rate tensor e(v) = (Vo + VUT)/Z and the local stress tensor o = 2ue(v) — pl
where p is the local pressure and:

= { TR in the bubbles, (2.1)

2 in the continuous fluid phase.

For a prescribed body force f the equations of motion in each phase are:

dive + f =0 (2.2)

and the incompressibility condition is:
div v =0. (2.3)

On the boundary of €} a no-slip condition is imposed.

Following Taylor [17] and others ( Cox [5], Schowalter, Chaffey and Bren-
ner [15] ) , we assume that the fluid velocity is continuous across the bubble
surfaces. For a suspension of n bubbles, we denote the velocity of the center
of mass of the i-th bubble, 1 < ¢ < n, by V'. The kinematic condition on
the bubble surface I' is given by:

v-n=Vn. (2.4)
The associated dynamic condition is given by:
[on] = [on]-nn (2.5)

where n is the exterior unit normal to the bubble surface I';. Here the
notation [ | denotes the jump of the bracketed quantity across the bubble
surface.

The balance of forces on each bubble B* is given by:

/Bi fdx + - onds =0 (2.6)



Here the surface integral of the normal stress is evaluated on the exterior of
the bubble. The above condition is easily seen from equations (2.2) and (2.5)
to be equivalent to:

/, [on]ds = 0 (2.7)
F'L
The balance of torque on each bubble B is given by:
/‘:1;><fd:1;—|— & xXonds=0 (2.8)
B ri

In view of (2.2), (2.5) and (2.7) and the fact that the bubbles are spherical
equation (2.8) is automatically satisfied.

The flow problem is to simultaneously find the flow v, pressure p and the
bubble velocities V',7 = 1,...,n satisfying (2.1) through (2.6). We remark
that the problem given by (2.1)-(2.6) is a specialization of the suspension flow
problem formulated in Keller, Rubenfeld and Molyneux [9], to emulsions.

We observe that the bubble velocities are related to the flow by the fol-
lowing:

1
| B Jm
This follows immediately from (2.4) and the identity:

Vi

vdzx (2.9)

d :/ naid 2.10
/Biv]x Fiv nxjds ( )

which holds for divergence free flows.

3 Homogenization Result

We suppose that at some instant in time the emulsion is periodic with the
ratio between the period and the characteristic length of the domain given
by €. We consider a unit periodic reference emulsion of bubbles B* with
centers specified by the vectors r', such that r° coincides with the origin.
The bubbles of the e-periodic emulsion are denoted by B and their centers
are given by er’. Thus the coordinates of a point in the emulsion will be
given by:

T = eri—l—ey (3.1)
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with y € (—3,3)°
The emulsion is equivalently characterized by an e-periodic viscosity u*

given by:
x
ut = p(=), where u(y) = mxa(y) + paxa(y) (3.2)
where y; and y, are the characteristic functions of the bubble and of the
surrounding fluid in the unit period cell Q = (—1/2,1/2)3.
We consider the associated family of emulsion flow problems with solu-
tions v¢, p¢, V¢ satisfying:
dive*+f = 0 in ) —U;0B*
ot = 2ufe(v) —pl in Q
divv® = 0 in ()

[v] = 0 on I'"* = 9B
v en = V©.on on I (3.3)
o'n] = [on]-nn on I'*

/‘ [onlds = 0
l“ze
vt = 0 on 0}

We observe that the pressure can be adjusted by a constant in each bubble
and still satisfy (3.3).

To obtain the asymptotic behavior of the flow, we define the following
local problem:

divyT” =0 in@—-"T
divyvij =0 in )

[vij] = 0 on I (3.4)
1 2 y 1 g
(5(5i£5jm + Oim s — §5ij5ﬁm)y£ + o n, = m(/B v,2dy) - Ny,
[7'n] = [r'n]-nn on I’

/ [7Yn]ds, = 0 on I’
B

where:

. 1 1 N .
T, = 2#(5(5i£5jm + 6imbie) — §5ij5ﬁm + €m(v7)) — P s,



and B
/ p?dy = 0.
Q

Here v¥ is a @ periodic vector field, and p¥ is normalized such that its
average 18 Zero.
We introduce a security region S inside the unit period containing the

bubble B, and denote by B, the set:

B.=S-B (3.5)

The region homothetic to B, about the bubble B is denoted by Bflf.
We introduce a normalized pressure field p© by subtracting off a constant
pressure C'“ inside each bubble given by:

: 1 1
" = . / pdae — - / pdx (3.6)
B o T

From earlier remarks, the normalized pressure also satisfies the emulsion
flow problem (3.3). For each ¢ the constant (¢ is a measure of the difference
between the average pressures of the fluid inside and outside the bubble. We

show in Lemma 4.5 that the normalized pressure is uniformly bounded in
L*(Q).

The asymptotic behavior of the flow is described by the following homog-
enization result:
Theorem 3.1 As e tends to zero, we have: for any body force f in H™'(Q),
the sequence of flow fields and pressures (ve,p°) converges weakly in H3(£2))?x
L*(Q) to (v, q) satisfying the homogenized flow equation given by:

divem + f = 0 inQ
Ug = QNZIMGM(UO) — qb;5 1§}

divv® = 0inQ (3.7)
v = 0 ondl

where the effective viscosity ,ugkl is defined by:
" g Loy i Lo i
21055 = /Q Tk — §51k7pp dy _/r (70 P [ YR — g[Tpmnm]yp5lk ds (3.8)

. H _  H _  H
with Fiskr = Mk = My e



4 Two-scale asymptotic expansions

In this section we formally establish the homogenized flow equations
for the emulsion using the method of two-scale asymptotic expansions (see
Sanchez-Palencia [14] and Bensoussan, Lions and Papanicolaou [3]).

To fix ideas we consider a unit periodic reference emulsion with drop
centers specified by the vectors r' such that r° is coincident with the origin.
The drop centers of the e-periodic emulsion are given by er!. Then the
coordinates of a point in the emulsion will be given by:

r=el L ey (4.1)

with ye(—1,1)%

The expansions for velocity and pressure are given by:

ve(x) = vo(:zj) + evl(:zj, y)+ ... (4.2)
pila) = p ) + p e, y) + . (4.3)

Therefore the expansion for the stress is:

o(z) = e toHa) + oz, y) + ot (z,y) + ... (4.4)
where:
o7l = _p_l(xv y)]v (45)
0 = () + 2(en() + g (01)), (16)
o' = P )]+ 2u(ea(o) + ey(07)) (@.7)
and so on.

We start by identifying o~'. From (4.4) and (2.2) it follows that:

Vp =0 (4.8)
and therefore p~! is piecewise constant in y and upon rescaling
pH (@ y) = T(@)xaly) (4.9)

where yi is the indicator function of the bubble in the unit cell Q).



In what follows we deduce the asymptotic forms for the kinematic and dy-
namic conditions on the bubble surface. These are used in the determination
of the effective viscosity and homogenized flow equations.

We will assume in what follows that the velocity field is sufficiently smooth

and expand the velocity terms »%, »!, ... in Taylor series around the center

of the bubbles:
vk(:zj) = v(k)(erl) + f(erl)(xj — eré) + ... (4.10)

for £ =0,1,.... Substitution of these expansions in the kinematic conditions
(2.4) and (2.9) gives at order € the obvious identity:

vo(erl) n = vo(erl) ‘n (4.11)

at order €' we have:

o N
(a; (erhyy; + vl (er')y)) | B / - Ny + ol erl,y))dy.  (4.12)
j

Due to symmetry the first term in the right member is zero and we obtain:

ov° 1
(8; (67“ Jy; +o (ﬁrlay)) n = m /B vl(erl,y) -ndy, (4.13)
J

noting that as e tends to zero, the emulsion becomes arbitrarily fine we
replace er! by x and write:

ov® 1 L
(G (@it o) = e [y ondy, (41

We can apply a similar method to expand the balance of forces (2.7). Let
us consider Taylor expansions for the stress, inside and outside the bubble of
the form

oY . .
aajj(erlv y)(xl - 67“;) +
1

(er’ ,y)(:z;l — er;) + ... (4.15)

0fy = ¢ T(@)xa(y) + of,(er',y) +

: 0
caluler'y) e



O-Sut (

G lerts )@ — erp) + copy ety y) +
dol .
€ aa;?t(erl, y) (g —erp) + ... (4.16)

O-Zut = O-Sut(eriv y) —I_

_|_

where o¢, is smoothly extended inside the bubble. Then from (2.7) and

out

(4.15) and (4.16) it follows that:

[ Tn=0 (4.17)
/aB[UOn] —0 (4.18)
/aB[%yi +olln=0 (4.19)

We now substitute (4.2), (4.4) in (2.2), (2.3), (2.5) and together with (4.15),
(4.19) and (4.20) to obtain an explicit form for p~!, the local problem and
the homogenized problem.

To identify the p~! term and the local problem we note that from the ¢!
and €Y perturbations of the balance of momentum and mass we have:

divy,c™t + divyao =0 (4.20)
divgv® + divyvl =0 (4.21)

and from (2.5) and the continuity of velocity it follows that:
[0%n] = [0%n] - nn (4.22)

[0°] = 0, [v!] = 0. (4.23)

Integrating (4.20) in the y variable, over the unit cell and integrating by parts
applying (4.9) and (4.18) we find:

V. T'(x)=0 (4.24)

10



Hence

p Hx,y) = Txa(y) (4.25)

where T' is a constant in both variables, and (4.21) becomes:

div,o® = 0. (4.26)
Therefore:
p=Txaly)e +p°(zy) + -
The first term in the series is phisically interpreted as Laplace’s formula for
the jump in pressure on the surface of a spherical bubble of radius ac. Due
to the piecewise constant nature of the singular term, it does not affect the
bulk flow, as the system (3.3) is invariant under a constant pressure change

in each phase.
A similar integration by parts of (4.22) over the unit cell, yields

divyv® =0 (4.27)
from which it follows that

div,o' =0 (4.28)

Collecting our observations we find that for each point z, v' solves the
following flow problem in the unit cell:

divy(2p(y)e.(v°) + 2u(y)e,v’) = Vyp' (4.29)
divyp' = 0 (4.30)
[v'] = 0 (4.31)
(6_1)0% +olyon = L/ o'z, y)dy -n (4.32)
Ox; | B| /B 7
[0°n] = [on] nn (4.33)
/B [0 = 0 (4.34)

We observe that on the surface of the sperhical bubble, the normal vector
. 90 . . 0
n =y and only the summetric part of 5-- appears in the contraction 5-Ly;n;;
ie:

11



dv?
a—;ym]‘ = i (0°)yin;. (4.35)

Therefore we see that the solution v, p® of (4.29)-(4.34) depends linearly
on e(v?) and we write:

vl = vif(y)eij(vo) + w(x) (4.36)
P’ = p(y)e; (v°) + q(x) (4.37)

where v", p7 are solutions of the local problem:

div,™ = 0 inQ—-T  (4.38)
div,w? = 0 in Q (4.39)
(0] = onl’ (4.40)
(L (6085 + SimS30 — 260360 )ys + 010 L ([ viddy) - m(1.01)

S\0itO05m mOj0 — $50i;00m UV )m = v RIZES
[7%n] = [rYn]-nn  onl (4.42)
Ynlds, = 0 4.43
| rnlds, (1.43)

where:
ij 1 1 ij ij
Tom = 2#(5(5i£5jm + Oimje) — §5ij5ﬁm + em(vY)) — pYbum (4.44)
In view of (4.44) we may write o as

Of = i (V)70 = 40 (4.45)

To obtain the homogenized problem we consider the ¢® perturbation for
the balance of momentum:

div,c® + divyal +f=0. (4.46)
Integrating (4.46) in the y variable over the unit cell yields:

12



/ Ulndsy + / [Uln]dsy + divx/ oldy+ f=0 (4.47)
3Q 3B Q
The first term vanishes by periodicity. From (4.19) we see that

do?

| lotmilds, = = [ [Zymn s, (148)

From (4.47) together with (4.48) and (4.45) we obtain the homogenized
momentum equation:

0

a—u@ﬂg@@m(vo) — qbu) = fo (4.49)

where:

o1 . a1 .
2#5]2]‘ = /Q(Tai - g@kt” N)dy — /8B (74, — g@kt” Dyrnmlds, — (4.50)

5 Two-scale Convergence Proof of the
Homogenization Result

5.1 Pressure Extension and Estimates

The emulsion flow problem (3.3) has the equivalent variational formulation:

for f € L*(Q), find v* € V* such that:

/ 2uce(ve) : e(w)dx = / fwdz, for any w € V°© (5.1)
Q Q

where V¢ is the closed subspace of (Hj(£2))? given by:

Ve={we (H}M)?| divw=01in Qw-n=W*.n

o 1
on I W* = Cwdz} (5.2)

We remark that the last equation in (5.2) is a compatibility condition for a
divergence free vector field with normal component constant on 1",

13



The existence and uniqueness of the solution of the emulsion flow problem
follows from the Lax-Milgram lemma.

It also follows immediately from (5.1) that the velocity field is bounded
uniformly in ¢

| v HH&(Q)< ¢ (5.3)

The pressure gradients delivered by (5.1) are linear functionals on sub-
spaces of Hg (). Following the ideas of Tartar [16] we construct an extension
for the pressure gradient as a linear functional on Hy(Q2). We show as in [12]
that the extension is equivalent to a suitable normalization of pressures.

Lemma 5.1 There exists a restriction operator:

R € LICHYO) ] (5.4)
satisfying:

1. Ru=wu, foranyu e H* (5.5)
2. if divu =0 then divRu =10
3. el VR |2 + || Bou 2y < Cle || Vu[[r2@) + | v |[22(e)

here:
He = {w e (H} (D) |w-n=W?*-n on '},

PROOF. Let usintroduce for any v € H*(Q)),vt € H'(B;), ¢t € L*(By)
and v € H'(B),q € L?*(B) solutions of the following nonhomogeneous Stokes
problems:

Avt = Au—VqT, in By
divvt = divu+ C7T, in By

vt = won It =98 (5.6)
vten = V-nonl
vter = wu-tonl

14



Av = Au—Vgqgin B

dive = divu+Cin B (5.7)
v.n = V-nonl
v-T = wu-Tonl

where 7 is any tangent vector to I' and

V= |%| [ Gt divu)e)ie (5.8)
1
+ .
CT = B, |/Fu nds (5.9)
1

The existence and uniqueness of the solutions for (5.5) and (5.6) follow from
general results for non-homogeneous Stokes problems (see Teman [18])
We define the restriction operator on (H(Q))):

u in Q-5
R(u)=4¢ v" in By
v in B

and applying R to every £() period we define R*.

The first property of the restriction follows from the uniqueness of the
solutions of (5.5) and (5.6) and from the fact that for any v € H'(Q) with
u-n=U-nonl wehave that V = U.

Since the normal component of Ru is continuous across I'y and I', and
divu = 0 the second property follows immediately from (5.8) and (5.9).

From standard trace and lift estimates we obtain:

| B(u) |m1@< C |l ullmg)

and the third property is obtained by rescaling.O
Substitution of smooth test fields in V* with support in each phase in
(5.1) delivers pressure fields p© in each phase such that:

15



div(2pze(v) — pI) = £ in HH(Q — U;B") (5.11)

div(2ure(v?) — p°I) = f in H™H(B™) (5.12)

Definition 5.2 The normalized pressure p° is defined by:

P=p°— Z CX pic (5.13)
where the constants C'¢ are given by:
Cie ! / “do / “d (5.14)
=—7—— | pda — | pide :
| B | /Bie | Bi<| Jmic

Lemma 5.3 The normalized pressure gradient Vp© is in H='(Q) and satis-

fies

/ pedivudr = / prdiv R (u)dx = / pidiv RS (u)dx (5.15)
Q Q Q
Jor any u € Hy(Q).

PROOF. Indeed:

/(}_fdivu — PpdivR(u))dx =
Q

- ( /B P (divu — divv™)de

- i€
7 +

+ /Bie(p + C")(divu — dwv)d:z;) =

= (= [ pCtda— [ (4 C)Cda) =0
i B¥ Bre
Here the last equality follows from (5.8), (5.9) and (5.14).

The second equality in (5.15) is a direct consequence of the definition of
the normalized pressure and the restriction operator. O

We denote by 7° the stress associated with the normalized pressure (see
Definition 5.2) i.e.:

o= —pl + 2u°e(v)

16



Remark 5.4 Since the solution of the emulsion flow problem is unique up
to a constant pressure in each phase, we see that we may replace o€ by @ in

We are now in a position to estimate the normalized pressure.

Lemma 5.5 The normalized pressure is uniformly bounded in L*() :
17 llz2(@)ms C- (5.16)

Proor. We first estimate €p® and then use this to prove the uniform
bound on the sequence p°.
Indeed, it follows from the emulsion flow problem (3.3) and its variational
formulation (5.1) that
— dive = f (5.17)

as regular distributions in each phase, thus for v in (Hy(92))® we have

(dive®, R (v)) = —(f, B*(u)). (5.18)

Integrating by parts using an adequate Stokes formula (c.f. Temam [18])
yields:

/QpedivRE(u)d:Jc = /QQ,MEG(UE) ce(R(u)) — /Q - R(u) (5.19)

Combining Lemma 5.3 with (5.19) and the estimate (5.5)3 we find that the
normalized pressure gradient satisfies

| VP -1y < €' C. (5.20)
Thus from [18] it follows that

| ep" |2 @< C. (5.21)

Multiplying (3.3) by w®¢ where ¢ € D(2), and w(z) = w(%) with w €
(H!..(Q))? and integrating by parts we obtain the identity:

/Q : d:z;—Z/ o°n| wqbds—/fw bdx (5.22)

17



Here the integral over I'" is understood in the sense of traces: n € (H~'/?(I'€))?
and wé¢ € (H'Y?*(I'"))%. Choosing w-n =0 on T, it follows from (3.3)s that

the second term in (5.22) vanishes and multiplication of the result by e gives:

/Q}_f(divyw)eqbdx = —e/Q fwodr + /Q 2uce(v) : ((eyw)d — ew'-Ve)da —
—/Qq_fwE -Vodx (5.23)
where (e,w) = (e,w)(x/€) and (divyw)® = (divyw)(x/€). It now follows from

the uniform L*(2) bound on €p® and (5.3) that the right hand side of (5.23)

is uniformly bounded. Therefore:
‘/ P (divyw) pdx
Q

for all ¢ € D(Q),w € (H!. (Q))?>,w-n=0on I'. This is equivalent to:

per
‘/ P s odx
Q
forall ¢ € D(Q),s € L2 (Q), [gsdy = [,_p sdy = 0. By a density argument,

for ¢ fixed, we may choose s°¢ to approximate p° and obtain the estimate:

<C (5.24)

<C (5.25)

| P 2= C. (5.26)

a

5.2 Convergence of the Conservation of Mass

The sequence v of flow fields is uniformly bounded in Hj (), therefore it
follows from the two-scale convergence introduced by Nguetseng [13] (see also

Allaire [1] ) that there exists v® € H'(Q) and v' € L*(Q, H!., (Q)) such that

per

v — v, weakly in H'(£2) and (5.27)

ove o ovt
~ ot

where the convergence indicated in (5.28) is in the two-scale sense, i.e. for

ut € L*(Q),u’ € L*(Q, L2, (Q)), u" ~ u® if and only if:

per

(5.28)

18



/Quﬁweqﬁdx — - u®(z, y)w(y)o(x)dydx (5.29)

for any w € L2 (Q),w(z) = w(%) and ¢ € D(Q). To expedite the presen-

tation the symbol "~»” will be used to indicate two-scale convergence.
Applying the two scale convergence to the conservation of mass law (3.2)3
gives
divyv® + divyvl =0 (5.30)
Integration in the y variable of (5.30) over the unit cell @ yields from peri-
odicity:

div,o? =0, divy' =0 (5.31)

5.3 Convergence of the Kinematic Condition on the
Bubble Interface

In this section we rigorously prove the asymptotic behavior of the kinematic
condition (3.3)s as € tends to zero. In view of (5.27) and (5.28) the asymptotic
behavior of the kinematic condition is given by the:

Theorem 5.6 The limits v° and v' delivered by the two-scale convergence
of the emulsion flow fields v satisfy:

v ) 1 )

fory on T and x in Q.

The proof of Theorem 5.6 follows immediately from the following two
lemmas.

Lemma 5.7 Let {v°} be a bounded sequence in H'(Q) and let {v°} be an
L*(Q) approximation to {v°}, i.e.:

V= DA fp @) (533)

7
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then there exists ¢; € L*(Q) such that:

1 € € av? 1
—(0i = Vi)~ =y + vi(e, y) + ail2) (5.34)

ProoF. From (5.34) and Poincare’s inequality we have:

| v¢ =V 2@y < Ce (5.35)

and thus from the two-scale convergence theorem, there exists s € L*(Q, L2 (Q))
such that:

Lo vy s (5.36)

€

In order to identify s, we introduce w € L?*(Q), such that divw €
L*(Q),w-n =0 on 9Q and write the following identity:

1
— /Q(vE — V) (divyw) pda = /Q(vE — Vo) div wdx (5.37)

€

for any ¢ € D(9). The left hand side converges from (5.36) to:
/ s(x,y)divywe(x)dydz (5.38)
QxQ

and integration by parts on the right hand side yields:

,UE

/Q(vE — V)div wodr = —/Q 8xiw§¢dx — /Q(vE — V9w -Ve¢  (5.39)

which by (5.35) and two-scale convergence has the limit:

dx; Oy,
Equating (5.38) and (5.40) we see that:

o ovl
= oo ( + —) w;(y)o(x)dydx (5.40)

ds ov° N Ov!
dyi Oz, Oy;

(5.41)

and the lemma is proved. O
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Lemma 5.8 Let {v} and {V*} satisfy the conditions of the previous lemma
and moreover

div v =0, v"-n="V"n on dB" (5.42)
then on 0B:
ovY 1

ProoF. We let yp denote the characteristic function of the bubble B
and consider the identity given by:

1 . o, 0w .
S A O

- X

— Jopie

(v5 = Vi)njw gde — / ~div(vt = V)wodr

Be
[ [ [ a¢
_ /Bie(”f — V)w a—%dx) (5.44)
Applying the hypotheses (5.42), and using the estimate (5.35) we see that
the limit of the right hand side is zero.
Passing to the limit on the left hand side using Lemma 5.7 we find:

oy 1 ow
[ (G0 et ) Sttt =0 (5.49
Thus
0
(ng yi + v}) n;=0C-nondB (5.46)
L

Since C is constant in y and the vector:

ov°

1
7 4
is from (5.30) divergence free in y, it follows from (2.10) that:
€ = ([ v'ay) (5.18)
=——([ v :
(BT s

and the lemma follows.O
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5.4 Derivation of the Cell Problem

In this section we obtain the local balance laws of the flow.

From the estimates (5.3) and (5.26) on the velocity field and extended
pressure we have 2u‘e(v?) and p° bounded in L*(Q). Thus from two-scale
convergence:

P 1, T o 0 = —p T+ 2p(y) (e (v°) + ey (v1)). (5.49)
Lemma 5.9 The two-scale limit of the stress satisfies:
divya® =0, /F[Uon]ds =0, [0"n] = ([¢"n] - n)n (5.50)
where n is the unit outer normal to T’

PrROOF.  We first observe that for any function ¢ € D(2), the step
function approximation

o = S ol (@) (5.51)
converges to ¢ in L>(). Thus from the Holder inequality we have that:
/ w ¢ divadr —/ w ddivag dr — 0 (5.52)
Q Q

as ¢ — 0, since w® is bounded in L?(Q) and divg® = f in (L3(2 — T))3.
We now multiply (3.3) by w¢°. Here we shall take w € (H},.(Q))?, such

per

that w = 0 on 0Q,w-n =W -n on I' with W constant and ¢° as defined
above. Integrating by parts we obtain the identity:

/EE ce(w)otdr = / fuwo* (5.53)
Q Q
Multiplying (5.53) by € and taking the limit as € goes to zero gives:

/QxQ 00(1;734) s ey(w)o(x)dydr = 0. (5.54)

Thus we see that

divyao =10 (5.55)
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for y in B and Q — B. Equation (5.50); follows by integrating (5.54) over
the period cell. Finally integrating by parts and choosing w with support on
I' and taking arbitrary tangential variations gives:

[0°n] = ([¢"n] - n)n (5.56)

foryon I'. O
Collecting the results of Lemma 5.9, equations (5.31) and (5.43), we find
that for each point z, v! solves the following flow problem in the unit cell:

divy(2p(y)e.(v°) + 2u(y)e,v’) = Vyp”  in@Q-T (5.57)
div,ot = 0 in ) (5.58)
Y] = 0 on I’ (5.59)
dv° 1 1 L
(a—xiyi—l—v )on = m/Bv (x,y)dy-n on I'(5.60)
[0°n] = [0°n] - nnon T (5.61)
/F [02] = 0 (5.62)

We observe that on the surface of the sperhical bubble, the normal vector
0 0

. v . . ov
n = y and only the symmetric part of 5=~ appears in the contraction 5-2y;n;;
ie:

ov?
a—;ym]‘ = e;;(v")yin;. (5.63)

Therefore we see that, for each x, the solution v', p® of (5.57)-(5.62) de-
pends linearly on e(v?) and we write:
vt = 0Y(y)eij(v°) + w(z) (5.64)
P’ =pY (y)ei(v°) + qlx) (5.65)

where v", p7 are solutions of the local problem:

divy = 0 in@Q—-T  (5.66)
divyy? = 0 inQ (5.67)
[v“] = 0 onl (5.68)
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1 2 y 1 g
(5B + dimbje = S8ij6em)ye + Vi) = m(/B Undy) - 1m(5.69)
[7n] = [rY%n]-nnon I 5.70)
/F [Tijn]dsy = 0 (5.71)
where:
ij 1 1 ij ij
Tom = 2#(5(5i£5jm + 6imbje) — §5ij5ﬁm + eom(v)) = p” oom (5.72)
and B
/ p?dy = 0. (5.73)
Q
In view of (5.72) we may write ° as
0 = €aii (V)70 — GO (5.74)

5.5 Homogenized Momentum Equation and Formula

for the Effective Viscosity

Theorem 5.10 The two scale limit of the stress satisfies the macroscopic

momentum balance law given by:

/Q (/Q U?ldy o /F [U?jnj]yldSy) e;vdr = /Qf - vdz

Jor all v e (HY(Q))>.

Proor. Multiplying (3.3) by v € D(§2), we obtain:
—Z/ [Eﬁn]-vds—l—/ﬁe:e(v)dx:/f-v

; i€ Q Q
It is evident from (5.49) that the second term has the limit:

/ o e(v)dady
QxQ
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To compute the limit of the first term we introduce w € L*(Q) such that for
a given constant W, we have w = W on I' and w = 0 on 9. For a given
v € D(Q) we introduce the piecewise constant approximation:

Vo= vle)x(Q) (5.78)

In the sequel we use the fact that v — V' converges to zero L>(Q) as € tends
to zero. Multiplying the first term in (5.76) by W, writing v = V- + (v — V)
and application of (3.3); gives:

— ZW/ [Gn] - vds = Z/K [T m ] - (vi — V¥ )ds (5.79)

Integrating by parts on each pave Q' we obtain:

Z ( Ow 7, (v — VE)de — wdive® - (v — V)de —

Qieaxm Qie
6(vi—V»E)
- T, —————d 5.80
T R

Here the contribution on the cell boundary 9Q* vanishes as w® = 0 there.
Passing to the limit in (5.80) we see that the second term converges to zero
and the third reduces to:

v, o v,
— g we — : dzd 5.81
Qle zma OxQ Uzm(x7y) ( )axm z y ( )
For a given ¢ > 0 we have for each pave * the estimate:
mgx (v; — V) — O (x)(a; — rfe)‘ < &0 (5.82)
xe e

Here the constant C is independent of € and the estimate follows from Taylor’s
formula and from the uniform Lipshitz continuity of 9,,v;. Therefore we can
approximate the first term by'

E 81;2» .
R U
81;2»
:_Z/K (8:1; ) Ty, dr = (5.83)
E@vi
:_/ ( 6ym) 8:1;;dx
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and passage to the limit gives:

- @, y) 53—y —dad 5.84
Q%0 Uzm(x7 y)aym Yi 8:1;1 ray ( )
In this way we see that (5.79) converges to
Jw  Ov; dvy
- ; P de—/ ’ “Ldady (5.8
o0 Um(%y)aymyzaxl vy = | o Um(%y)w(y)axm zdy  (5.85)

Integration by parts in the first term of (5.85) and applying (5.50) gives:

11_{%( ZW/ vds) = —W/ giz (/ 4nj]yld3y) de  (5.86)

Setting W = 1 in (8.12) it follows from (5.80) and (5.81) that the limit of

(5.79) is
/Q (/Q opdy — /r [U?jnjyl]dSy) equdr = /Qf ~vdx (5.87)

and the theorem follows from density of (D(Q2))® in (H(9Q))?. O
It follows immediately from Theorem 5.10 that we can identify the devi-
atoric part of the homogenized stress as:

1 1
Ul]z — gafj&lk = /Q (alok 30“51k) dy — /F ([Ulojnj]yk — g[agjnj]yi&k) ds
(5.88)

and from (5.74) we see that this is related to the homogenized strain rate
¢(v?) through the effective viscosity tensor uf! given by:

1
oll — 30 Ao = Z,Mf,gijeijvo (5.89)

where
o g Loy i Ly
21055 = /Q Tk — §51k7pp dy _/r (710 o [ YR — g[Tpmnm]yp5lk ds (5.90)

From the Theorem 5.10 and equation (5.74) the hydrostatic part of the

homogenized stress ol is given by the pressure ¢(z) i.e.:

1
3 0. 5lk = q( )5lk (591)

Collecting our results we observe that Theorem 3.1 follows from Theorem

5.10, equations (5.31), (5.90) and (5.91).
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6 Remarks on the effective viscosity

We extend, by periodicity, the solution v, p” of the cell problem (3.4)
to ®* and for any constant strain rate ¢ we form the linear combination
o = &;vY. From linearity we see that ¢ is the periodic solution to the
emulsion flow problem on R* given by:

divt = 0 in@ —"T

T(y) = 2ulelp)+§ —ql @
divey = 0 in Q

[¢] = 0 on '=0B (6.1)
1
(i + &ijyini = m(/B(% +&ijyi)) - onI'
[rn] = [rn]-nn on T

/F[Tn] = 0

For this problem the formal averaging methods given in Batchelor [2] we
see that the bulk deviatoric stress ¥ is related to the bulk deviatoric strain
¢ through the formula:

Y =2p2& — 2p9 /F(% + &ikyr)n ds

1
—Qﬂz/F(w + Eiryr)nids + /F(Tikyi — §5ij7'mkym)nkd5 (6.2)

We remark that the effective dissipation rate X : ¢ agrees with the dissi-
pation rate associated with the homogenized effective viscosity described in
Theorem 3.1.

To see this we contract equation (3.8) with &;;:

2pit b = /Q?M(%(@) + &ij)dy —
— /F(yZ[Tn] -nn; — %52']‘[7'71] - y)ds,. (6.3)

and using the local problem (6.1) we find that:

pe . ¢ = A + A? (6.4)
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where:

A= [ (e &y (6.5
= [ 2m(elo) + &) elp)dy (6.6)
Integration by parts and (6.5) shows that:
Al = /[Tz’j n;)Einyrdy +/ ini€iryrds (6.7)
r 9Q
and
A? = /F[fijnj]‘roidS (6.8)

From (6.7) and (6.8) it follows that:
Al A7 Z/QX2(3J)2M2§ifdy—/rMz(%nﬁ%ni)&deJr/r&jny‘&kykds (6.9)

where the boundary integrals are computed from the exerior. Adding and
subtracting the integral

/Qxl(y)Qﬂzf dy = /F%z(&kyw]‘ + &rypni)ijds (6.10)
0 (6.9) we obtain
Al+ AP=3% : ¢ (6.11)

and the claim follows.
The homogenized effective viscosity admits a variational formulation. In-
deed, it follows immediately from the extremum principles of Keller, Ruben-

feld and Molyneux [9] and the local problem (6.1) that

2+ € =min [ 2u(y)(e() +6) + (c(0) Oy (6.12)

YeC'

where the class of periodic test fields C' is given by:

C = {; € (H'(Q))’ | ¢ is periodic in Q, divtp =0 in @,
(¥ + &jyj)ni = 5] B | / Yidy)n; on I'}. (6.13)
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One also obtains from the analysis of Keller et. al.[9] the complementary
variational principle:

1 1
2 = max{— / (2u(y (o0 — gtral) (o — gtral)dy +

ceK
—|—2/ fikykailnlds} (614)
oQ
where K is given by:

K = {0 € (L*(Q))**°| 05 = 0ji, o periodic in Q,dive =0 in Q,
[on] = [on]-nn on I'} (6.15)

In addition one has a new dual variational principle given by:

1 1
2u) T .7 = miy /Q(Z,u) Yo — gtral) (o — gtral)dy (6.16)
where:
; 1 1 _
H={ceK| / (0s — §5ija)dy — /([Un] SNy — g&j[an] -n)ds, =T}.
Q r

(6.17)
This principle involves the constant tensor @. Here @ is the difference between
the volume average stress, and the surface energy tensor (cf. Batchelor [2]).
This principle follows from the standard variational principle (6.14). To see
this we observe that (6.14) can be written as:

2t e ¢ = maX{ / 2p) (o — %tra]) (o0 — %tra])dy +
—I—Z/Qf cody — 2/1“ on]-n&ijniy;ds} (6.18)

Noting the linearity of the solution ¢ in £, we expedite the presentation
by introducing the tensor (M) defined by:

Migia = [ [2n(e(¢) +€) = gD - nniyyds. (6.19)

The variational principle (6.14) is stationary for:
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o =2pu(e(p) + &) —ql (6.20)

and from (6.3) we have:

1 1
/Q (0" = Stro")dy = 2u"¢ + (M¢ = Str(ME)). (6.21)

The maximum in (6.18) is unchanged under the added constraints:
1 1
[ lon) iy, = Solon] - n)ds, = (M€ = tr(MEDiy,  (6:22)

/Qady =2 ¢+ ME — %tr(Mf)] (6.23)

It now follows that:

2t e ¢ = min{/Q(Z,u)(_l)(a — %tra]) (o — %tra])dy. (6.24)

where the minimum is taken over all o in K satisfying (6.24) and (6.25). For
this choice we have:

7 =2u"¢. (6.25)

Thus elimination of £ in (6.24) and noting that ¢ is arbitrary yields the
desired result (6.16).

For the periodic emulsion treated here, the effective viscosity is charac-
terized by two shear moduli ° and p? (see equation (1.1)). In what follows
we obtain upper and lower bounds on each shear modulus.

Bounds on the effective energy dissipation rate for an anisotropic periodic
emulsion can be obtained upon substitution of suitable trial fields into the
variational principles (6.12), (6.14) and (6.16). Noting that the harmonic
mean of the two component viscosities is given by:

h=([ 207 dy)! (6.26)
Q
we have, for all £, the elementary bound:
he € <2ufé: ¢ (6.27)

30



which implies:
h<2u®, h<2u” (6.28)

These bounds follow from (6.16) with the choice o=constant.
Denoting the functionals appearing in (6.12) and (6.14) by Fe¢(v)) and
He (o) respectively, one immediately has:

Helo) < 2076 - € < Fe() (6.29)

for any choice of trial fields ¢ € H and ¥ € C'. We observe here that the
upper and lower bounds on the effective viscosity originally developed in
Keller, Rubenfeld and Molyneux [9] for isotropic suspensions apply to the
anisotropic case treated here.

Using trial fields introduced by Keller, Rubenfeld and Molyneux [9], one
may obtain bounds on the energy dissipation rate for the periodic emulsion,
given by a simple cubic lattice of spheres of radius @ < 1/2. These bounds are
seen to agree with the results of G. I. Taylor [17] in the low volume fraction
limit.

Indeed we introduce a security sphere of radius 1/2 inscribed in the unit
cell Q. We denote the region inside the sphere by S.The trial field 1 is chosen
such that

=0, foryin@—>5 (6.30)
and 1) solves the flow problem inside S given by:

divt = 0 in S

m(y) = 2pu(e(®)+&—qf  inS
div;/; = 0 in ()

[v] = 0 on I’ (6.31)
] = [rn]-nn on I’

;/;-n = &yin on I’
[
/[Tn =0
r

0

The associated upper bound is given by:

on S

Be(h) = [ 2m)(e(@)+ &) (eld) + Ody + (1= T)2m 1€ (6.32)
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Similarly a trial field o is chosen such that:
o=2u¢, foryin @ — S5 (6.33)

and
o=2uy)(e(®)+&) —¢f  inS (6.34)
where @ solves the problem given by (6.31) with condition (6.31)s replaced
by
u(y)(e(®)+¢&) —ql) -n=2p& -non S. (6.35)

The associated lower bound is given by:

He(o) = [Culy) (0= 51r0) : (o= stroddy+ (14 T 2 | €2 (6.36)

The solutions of the flow problem for ¥ and & are substituted into (6.32),
(6.36) which together with (6.29) yields:

() +(+ D) ePaie-e< (U@+0-5)) 16F (637

Here L(a) and U(a) are given by:

L(a) ma[6(n — DA + 5(5n — 2)A7 — 42nA° 4 3(5n + 2)A% — 4(1 + n)]
a) =
S[A(L — 7)A0 + 5(55 — 2)A7 — 42nA5 + 505y + 2)X° — 4(1 + 11)]

(6.38)

— 7y [160(1 — n)AT0 —200(2 — 5n)A” — 16809 A% + 130(2 + 5n7)A% + 190(1 + )]

15[ 48(1 — )\0 — 40(2 — 517)A" — 336775 + 45(2 + 5)\° 1 38(L + 17)]

(6.39)

where A\ = 2a and § = po/p1. Equations (6.38) and (6.39) correspond to

those derived in Keller, Rubenfeld and Molyneux [9]. It follows from (6.37)

that:

Ula) =

L{a)+1+ % <P < Ula)+1— % (6.40)
L{a)+1+ % <245 <Ula)+1 - % (6.41)

For a simple cubic lattice, the bubble volume fraction is given by 8, =
4/37a?, and in the dilute limit one sees that to first order in the concentration
02 that

(6.42)

+5/2
L@HH%U(@)H_%MMQ(u)

1+ o
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which agrees with the result of G. I. Taylor [17].
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