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I. Basic Background Rationale 

The parameter estimation procedures of the taxometric 

theories are complemented by consistency tests which describe 

how wei I the theory fits the data. The major purposes of con­

sistency tests are to avoid spurious taxometric findings <e.g., 

'the method indicates there is a taxon when, if fact, there is 

nothing of the sort) and to detect when parameter estimates 

are too erroneous for the particular purposes of the study. 

Consistency testing in application of a mathematical theory is 

just as obviously required and is just as much a matter of simple 

common sense, as in other endeavors. For example, the builders 

of the MMPI realized that validity keys were required. However, 

while anyone would know that some people randomly respond and I ie 

and so on when taking the MMPI, it is curious that few psycholo­

gists or sociologists act as if Nature could, on occasion, be more 

devious than mathematicians require. 

In general, any taxometric theory can be thought of as a set 

of equations relating a set of latent parameters to a set of mani­

fest parameters. Some of these equations may involve only latent 

parameters and others involve only manifest parameters. Most equa­

tions of most immediate concern in the development of a theory in­

volve both kinds of parameters. 

There are two special types of equations; (A) the assumptions 

and (8) the derived equations which express the latent parameters as 

explicit functions of the manifest parameters. Traditionally, the 

psychometrician usually is satisfied with just the development of B 

from A. While such a feat may require a high degree of mathematical 



-2-

competence and creativity and can be regarded as the solutions 

of the most Immediate Importance, there remains further mathematical 

derivation to prepare the theory for application to substantive 

problems. Such derivation can be roughly described to be that of 

deriving alI further relations between the parameters that one Is 

able to. These latter equations can be used for determining how 

wei I the theory fits the data of the real phenomena; hence are cal led 

the (C) consistency equations. If the assumptions A 3re roughly 

correct and the estimates of the manifest parameters (obtained from 

the data, of course) and of the latent parameters (by the calcula­

tions given by B) are roughly correct, then substitution of the 

parameter estimates into C wil I show that they roughly satisfy each 

equation of type C. 

There are at least four sources of error which cause the con­

sistency equations to be only approximately satisfied. First, the 

assumptions A are always mathematical idealizations and never 

strictly true for real phenomena, and therefore it is clear that 

the estimates resulting from B wi I I contain such error. Second, 

the manifest parameters contain sampling error (between individuals) 

and measurement error Cv1ithin individuals); hence, the latent para­

meter estimates contain sampling and measurement error (since they 

are functions of the manifest parameters as given by B). Third, the 

calculation method used in B can be one that according to the under­

lying mathematical theory gives at best an approximate solution to 

the equations resulting from A. 

Theoretically, sampling error, measurement error and solution 

error can be assessed rather directly and can be reduce to (nearly) 
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any arbltrarl ly smal I size. To reduce (a) sampling error, one can 

increase the sample size, (b) measurement error, one can resort to 

rei lab I I ity theory, factor analysis, and item selection methods or 

(c) solution error, one can, for example, continue an iterative cal­

culation procedure until convergence conditions are adequately 

satisfied. However, "assumption error" does not seem to be of this 

same sort In that Its size cannot be directly assessed (an assump­

tion as opposed to a hypothesis is by definition not directly test­

able} and it is not reducible to (nearly) any arbitrarily smal I size 

by a systematic procedure. Naturally there is no corresponding the­

ory of verisimi I !tude to numerically assess assumption error. 

Suppose that only assumption error is a matter of concern; 

that is, at I other sources of error have been eliminated. Presumably 

continual revision of the theory so that the parameter estimates of 

8 become closer to perfect solutions of C would increase the veri­

simi I ltude of the theory assuming that the consistency equations are 

chosen correctly so as to provide sufficient testing of the fit of 

the theory to the data. The consistency testing development might 

then attempt to meet criteria such as the following: 

(a) there is one for as many subsets of the assumptions as 

possible, 

(b) they are not redundant in that they are derivable from 

B; even the addition of weak assumptions to B should not 

allow the derlvabi I ity of C, 

(c) they follow as directly from A as does 8 and, In fact, 

might be partially interchangeable with G, 

(d) they are adequately sensitive to assumption errors that 
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are most probable, 

(e) they are adequately sensitive to assumption errors that 

are most troublesome in that they cause intolerable 

errors In Important parameter estimates, 

(f) they provide clues as to how the theory might be revised 

to obtain a better fit (by pointing out the set of dis­

parate assumptions with the aid of criterion (a)), and 

(g) they Indicate when the theory is totally off the mark and 

should not be used at alI. 

With the current state of the art of mathematical theory building in 

the area of psychopathology measurement it would be a major contribu­

tion to meet even the last of these criteria. 

Unfortunately, formal mathematical analysis in the way of de­

termining whether or not consistency tests satisfy the above criteria 

for a compl lcated taxometric theory Is always terribly difficult and 

usually Impossible in a practical sense. Fortunately, however, the 

Monte Carlo method can be used to perform an approximative analysis 

which is good enough for nearly alI purposes. In this method, un­

known mathematical functions are approximately describe8 by observing 

the behavior of the dependent variables resulting from systematic 

variation in the independent variables. Most of the above criteria 

for evaluating consistency tests can be given in terms of properties 

of various mathematical functions. Even though these functions are 

terribly complicated when given expl Jcitly or imp I icitly, they can be 

easJ ly studied for our purposes by the ~onte Carlo method. 
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II. Genera I Design of the Monte Car I o ExperIment 

The basic Idea of the design proposed here Is very simple. 

Suppose a. are the (population) parameters of a particular taxo-
1 ' 

nomic structure. Suppose further, that we are able to construct 

an artificial data (variable x subject) matrix which can be re-

garded as a sample from some specified population given in terms 

of a
1 
's. We can then analyze the artificial data by the taxomotric 

method and observe the errors (£.)1 of the parameter estimates <e.> 
I I 

and the degree of approximations (~.) obtained in the consistency 
J 

equations. It wi I I be noted that for the taxometric theory to work 

correctly it is necessary that: 

(a) the £. 1s and the ~.'s be sufficiently small (the £
1
•

1
5 are 

I J 

set In accordance with'the substantive problem estimation 

accuracy requirements and the~. by a method given below) 
J 

or 

(b) if not, one or more of the ~.'s exceed critical values c. 
J J 

(one or more consistency tests are failed). 

The critical values <c.) are usually determined analytically in the 
J 

following manner. The consistency equation can usually be written 

in the form 

F/a 1, a2, •.. , an>= 0. 

Then the exact differential is given by 

aF. 
dF. = L -;-1- d6.; 

J j op j I 

1 Lct a 1 denote an arbitrary but fixed vector element, then the 

notation (ai) wi I I be used to denote the vector <a 1, a
2

, a
3

, ••• , 

a ) • 
n 
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hence If we define 6j by 

6F. 
6. = 2 ~ €. 

J i 6pi I 

we can determine what 6. wl I I be for smal I e. errors E. for any given 
J I I 

value of o1• Usually it Is sufficient to choose for the cut-value c. 
J 

an upper bound for the 6. values which result from considering maxi~ 
J 

mal ly tolerable values for the 6e. and a sufficiently wide variety of 
I 

e
1 

values; this procedure normally can be handled analytically but 

the Monte Carlo method can be resorted to if necessary. 

To study sampling error for a particular value of e. a number 
I 

of Independent data samples are generated and analyzed and appropriate 

El x 6j scatter plots are studied to see if conditions (a) and (b), 

given above, are met. 

One is not Interested in one value of ei but in alI values 

which are at least remotely possible. The sample size is made suf-

ficlently large so that it need not be a matter of concern. Here 

each point of a Er x 6j scatter plot represents a value of ei. The 

problem then is to select a finite and reasonably smal I set of e. 
I 

values which give a sufficiently accurate picture of the E. x 6. 
I J 

relationship for alI reasonably I ikely taxonomic situations (or 

e. values). There is no firm analytical procedure offered here for 
I 

adequately sampling taxonomic situations but as wl I I be discussed 

below, the method does not ultimately rely on an exhaustive sampling. 

It was lmpl led above that the El x 6j relationship be viewed 

In terms of a four-fold table. However, to the extent that one's 

substantive theory testing is u matter of determining the degree 
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of fit within the context of discovery rather than making a di-

chotomous decision (accept, reject> It would be better to record 

the entire E. x ~. scatter plot or summary statistics of it. 
I J 

Each sample of a taxonomic si~uation selected produces a 

value of Ei and a value of Aj. An interesting possibi I ity for 

determining major causes of error in a taxometric method consists 

of factor analysis of Ei and ~j variables, the Ei variables alone 

and the ~J variables alone. In this instance we wi I I know if the 

factors are real, interpretable, and useful for if they are they 

wi I I lead to new Insights about the method. 

I I 1. The Requirement of the Random Number Generator Method 

It remains to determine how the artificial data are to be 

generated. In this section are discussed the various primary con-

siderations which lead to the development of the proposed genera-

ting method. 

The various latent taxonomic detection methods developed so 

far use either scales (for example, see Golden et £i., 1974b) or 

dichotomous items (for example, see Golden et £i., 1974c) as indi-

cators. In practice, usually the scales wi I I simply be sums of 

dichotomous Items such as those of the MMPI (cal led keys herein). 

The methods usually rest on an assumption which reauires that the 

correlations between the indicators be zero within each taxonomic 

class. In the case of keys this condition is met if the items of 

one key are each independent of those of another. The normal theory 

(Golden et £1., 1974b) --both the maximum I ikel ihood and minimal 

chi-square solutions-- requires that the within-taxonomic class 
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distributions be normal; this condition also is obtained when the 

Items of the key are Independent within taxonomic class. In gen-

era I, alI of the major assumptions of any of these theories are 

derivable from the grand assumption that the within-taxonomic class 

item correlations are alI perfectly zero. 

In reality, items are never perfectly independent within 

taxonomic class, of course, and It is necessary to know how robust 

a method Is with respect to this assumption. That is, it is de-

sirable to know how highly and in what ways or patterns items can 

be correlated within taxonomic class without seriously affecting 

the method's estimates of the latent parameters describing the tax-

onomlc situation. 

The problem then Is to generate artificial data that simulate 

real Bernoul I i variables with specified degrees and patterns of 

dependency. Since the assumptions of the various taxometric theories 

canal I be given in terms of phi-correlations between items within 

taxonomic class, It should be simple to specify these. Thus,· the 

simple-to-use method proposed here requires only the specification of 

the single parameter for each Bernoul I i variable (the mean or pro-

portion) and the correlation matrix for the set of Bernoul I i variables. 

IV. Analytical Development of a Random Number Generator Method 

-Suppose that z. are n Bernoul I i random variables which have 
I 

the value 1 with probabi I ity p, 1 and the value 0 with probabi I ity 
I 

1 In this development~ constants are population parameters. 
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1 - pI' I = 1 I 2, 3, . . • I n. Let the joint proportion matrix 

denoted by 
.- -l p1 

! 
p21 p2 ! 

j 
! 

p31 p32 p3 ! 
I 
r • 

p = . l 
j nxn 
) 

I 

I l , 
Pnl Pn2 Pn J ! 

I_ 

the phi-correlation coefficient matrix by ~ = ~ • • I 

nxn IJ 

pI j - pi P_j 
~. . = -;::==:::=::::::==== 

I J fp I ( 1 - p. ) p . ( 1 - p . ) 
I J J 

and the vector of variable parameters p = <p 1, p2, 
1xn 

where 

p ) • 
n 

The problem, then, is to generate numbers simulating Bernoul I i 

variables with given $ and p matrices, or, eauivantly, with 

a given p matrix. 
nxn 

nxn 1xn 

Let x. ( i = 1, 2, 3, ••. , n) ben standardized normal random 
I 

be 

variables (with mean equal to zero and unit variance) with inter-

correlations p .. (where i,j = 1, 2, 3, •.• , n). Then we con­
IJ 

struct n Bernoul I i variables 2. by 
I 

where 

i = l t if 

if 

F<x. > = 
I 

-oo 

( 1 ) 
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= 1 

21T ( 1-p . ~) t 
IJ 
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= PrC~. = 1 and~.= 1) 
I J 

which Is the bivariate normal density function for two standardized 

variables (p.33, Kendall 1952). 

Since 
I 

E<~.~.> =pi.= ~ .. {p.(1-p.)p.(1-p.>J"2 + p.p., 
I J J IJ I I J J I J 

it follows that given~ .. , p. and p., which are the parameters we 
I J I J 

wish to specify, then p .. can be determined by ( 3) and, next, 
IJ 

pij is determined by solution of (2) for pij' Suppose it were 

possible to solve (2) exp I ic it I y for pij such that 

pij = F(<j>ij' pI, p . ) , 
J 

then given and ( p 1 , p2, . . . , Pn ) one could determine p ..• 
IJ 

<P .. 
IJ 

Leaving this matter of determining p .. for the moment, we observe 
IJ 

that since the x. are distributed multivariate normally they can 
I 

be generated by a method such as the one presented below. The 

cumulative density for each value of each x. is then determined 
I 

and Is compared with p. according to (l) to determine the value 
I 

of the Bernoul I i variable z .. This completes the process of gen-
1 

eratlng the ~I values for specified $ and 
nxn 

p 
1xn 

matrices. 

It remains, first, to describe a method for simulation of a 

multivariate normal distribution given the correlation matrix and 

the variable means and variances. Let x = <x 1, x2, .•• , 
nxl 

x ) be 
n 

(2) 

(3) 
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an n-tuple random vector such that each x. is a standardized random 
I 

variable (with zero mean and unit variance) and let the covariance 

between xi and xj be oij for each i,j pair and define 

"l 
0 12··· 0 1n! 

as the given covariance matrix. Let y be a set of such variates 
nx1 

such that the covariance matrix is I, the identity matrix. Suppose 

that there exists a matrix T, for a given ~, such that x = T • y • 
nxn nx1 nxn 1xn 

Thus 
.·t 

~ = E( X 

nxn nx1 
x') = E{CT•y) • CTy>'} 

lxn 

= E(Ty • y'T) = TE<yy'>T'; 

since E<yy 1 ) =I, we have ~ = T T' 
nxn nxn nxn 

and it is seen that T is the matrix such that the product of it and 
.A 

its transpose is the given~. ltlhen an unique solution forT exists 

it can be found by a method given by Anderson (1957). The y. can 
I 

be simulated by use of any of several wei 1-known methods for univar-

iate normal variables. 

Finally, It remains to determine 

found as an expl iclt function of cp • • , 
lj 

p .. s i nee it is not eas i I y 
lj 

p. and p .• The function is 
I j 

adequately approximated by tables of corresponding values of pij' 

cp •• and p1. (given in Appendix 8). These tables were constructed 
I J J 

by specifying values of pi, pj and pij and determining pij and ~ij 
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from (2) and (3). The parameters p
1 

and p. were allowed to vary 
J 

from 0. 1 to 0.9 In increments of 0.1 and pij from 0 to min(p., p.) 
I J 

in increments of 0.025. The integration in ( 2) was performed by a 

numerical method (see pp. 887 and 916 of Abramowitz and Steqan, 1964). 

This completes the development of the method. The basic idea 

is simply to use the multivariate normal distribution, dichotomize 

by cutting deviates corresponding to cummulative densities p. and to 
I 

preadjust the pij values for the resulting shrinkage caused by di-

chotomization. 

In order to use the generator it is necessary to specify ~ .. 
IJ 

and p then use the table to determine P .. which is required input 
1xn 'J 

tor the subroutine (described In Appendix A>. It should be noted 

that notal I values for ~ .. and p are acceptable. A straight-
' J 1xn 

forward procedure is to pick the p. values first, then pick~ .. 
I I J 

values such that 

or 

min(p .. p.)- p.p. 
I I I I .J 

0 ~ ~ij ~ p.<1-o.>p.(1-p.) 
I ' I J J 

It can also be shown from a result given be McNemar Cp. 166, 1962) 

that it Is required that for each i ,j pair 

"' "' <"' < 11-"'2 - '~'ik'~'jk '~'ij- '1' ik 11-"'2 
'I' j k 

for ~1 I k (k~ilj). Although the above two conditions are necessary 

ones, It has not been shown that they are sufficient. 
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Example 

Suppose we wish to generate numbers for five Bernoul I i variables 

with the following parameter values: 

pI = (. 320, • 780, • 880, • I 00, • 51 0) 

and 

1. 00 

0.32 1.00 

4> lJ = 0.31 0.37 1. 00 

0.29 0.15 0.12 1.00 

0.34 0.09 0.26 0.06 1.00 

From appendix 8 we find that 

1.00 

0.68 1. 00 

0.87 0.64 1.00 

0.57 0.49 0.65 1.00 

0.53 0.17 0.54 0.13 1.00 

The observed sample correlation matrices for two independently 

generated samples of size 1000 are given below. 

Sample 1 

Sample 2 

1.00 

0. 34 1. 00 

«<>ij = 0.26 0.40 1.00 

0 . 3 1 0 . 1 8 0 . 1 3 1 • 00 

0.33 0.10 0.23 0.05 1.00 

1.00 

0.27 1.00 

1> • • = 0. 2 5 0. 32 1 • 00 
IJ 

0.31 0.16 0.13 1.00 

0.33 0.10 0.27 0.07 1.00 
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Comparison of the sample matrices with specified population 

II lustrates the fact that the method works accurately enough for 

study of taxometrlc methods to be used in psychopathology. It is 

true, however, that some of the elements of these matrices depart 

significantly from the specified values. This is apparently due 

to error in the Integration to obtain $ij as a function of pij and 

error from the interpolation required to obtain p .. values for cor-
1 J 

responding ~lj values. 

The method Is essentially the same as the multivariate normal 

one except that each standard normal variate y. is dichotomized 
I 

by a cut at p .•. The only problem results from the fact that any 
I 

given value for the plj matrix does not result in the same vnlue 

for the $ .. matrIx (except in the spec i a I case where they each 
IJ 

are the Identity matrix) as the latter matrix elements are very 

roughly two-thirds the size of the former ones. Thus, it is sim-

ply necessary to adjust the P .. values for this shrinkage so that 
I J 

the $ .. va I ues are of the sIze desired. 
IJ 

When p. and p. are both between .30 and .70 and~ .. is between 
I J I J 

0 and 0.5, there appears to be an approximate I inear relation be-

tween piJ' and ~IJ' given roughly by$ .. = .60p,. or p .. = 1.67~ .. al-
l J I J I J I J 

though It has not been determined how accurate the relationship is. 

It would be Interesting to sample uniformly from the I ines of the 

table In Appendix 8 and determine the accuracy of the multiple re-

gression equation for predicting plj from $ij' pi and pj. If 

everywhere accurate enough such an equation could replace the table. 

Possibly a moro promising way to express P·. as a function of ¢>· ., 
I J I J 

p1and pj, however, Is to use the formula for the tetrachloric 
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correlation coefficient which can be put in the form ~lj = f(plj'pi,pj) 
-1 

where f Is an Infinite series. To obtain f , Newton's or Horner's 

methods can be used according to McNemar <pp. 193ff, 1962). 

V. Specification of the Taxonomic Class Distribution 

There are at least three major properties of a taxometric 

theory which are of interest to study. First, it is of interest 

to determine the power of the method for accurately detecting tax-

onomles which have (a) various degrees of taxonomic class distribu-

tlon overlap and (b) various degrees and kinds of assumption de-

partures. Second, It is of interest to determine the abi I ity of 

the method to avoid spurious taxon detection under any conditions. 

Third, it Is of Interest to determine If the consistency tests 

correctly identify accurate vs. inaccurate parameter estimates, 

and spurious vs. non-spurious detection. According to the nature 

of the derivation of the formulae for the estimation of the latent 

parameters, It would appear to clearly follow that if the assumptions 

are satisfied wei I enough then the method wi I I work wei I enough with 

respect to the above three matters of concern. In other words, to 

study the major properties of a taxometric theory requires only a 

study in what happens under systematic departure from the ideal con-

ditlons specified by the assumptions. Hence we next consider how 

the p1 and ¢ .. values can be selected in order to do this. 
IJ 

As the generator method is intended to be used separately for 

each taxomomlc class, the various properties of the Indicator dis-

tributions wi I I be considered as functions of the specifiable para-

meters p. and ~ .. for just a single taxonomic class. 
I I J 
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Ep .• 
I 

The variance of a key is given by 

a2 = rp. q. +2 r c .. 
I I , . I J 

I,J 
( 11 j) 

where c .. is the covariance between items 
IJ 

and j. This formula 

can be rewritten as 

E ~ .. /p. ( 1-p. ) p . ( 1-p . ) 
I,J IJ I I J J 

( I# j) 

If pi = p for a I I I then 

a2 = npq + n(n-1)pq¢ 

where ¢ is the average of the ¢ .. 1 s. It is seen, then, that when the 
I J 

variance of a key is to be control led it is helpful to have either 

¢ . . = 0 or p 1 = p. 
IJ 

By systematic variation of the means and variance of each taxo­

nomic class distribution, the effects of taxonomic class distribution 

overlap and ratio of taxonomic class variances can be studied. 

c) Indicator Skewness and Kurtosis 

If the If> •• are all zero then the resulting distribution is 
IJ 

quasi -norma I. It is not necessary that the p. 1 s be equa I (for proof 
I 

seep. 24ft, Golden and Meehl, 1973a). As the cp • • are made to depart 
IJ 

positively from zero in various ways, evidently, the distribution can 

be made skewed in either direction, platykurtic or leptokurtic, bi-

modal, U-shaped or J-shaped. 
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d) Correlation Between Two Indicators 

If the Indicators x and y are keys of length n, with average 

within-key lnterltem correlations t and t , and with an average wx wy 

between-key lnterltem correlation tb then McNemar (p. 207, 1962) xy 

showed that the correlation between the two keys is given by 

2-
n lflbxy 

r = --------------~~----------
xy In+ ( n -1) ~ /n·-+-n (-n---1 -) .-

wx wy 

when alI Items of both keys have the same p. value. Thus, by con­
' 

trol I lng lflwx' lflwy and lflbxy we can control r xy In Figure 1 where 

- -
~ - ~ = ~ = ~ it Is 
'~'wx - '~'wy '~'bxy '~' seen, for example, that for 20 item keys 

it Is necessary to keep ¢ below .05 in order that r be less than xy 

0.5 which is usually required by the maximum covariance theory (Golden 

and Meehl, 1973b). According to limited ~~1onte Carlo evidence, the 

normal theory (Golden et al ., 1974b) requires that r be less than xy 

0.8 or ¢I be less than .20. 

The base-rate of a taxonomic class is handled differently than 

the other parameters. Suppose that the compound sample size is to 

beN and the population taxonomic class proportion is p .• The sam­
J 

pie proportion p. is distributed normally with mean p. and variance 
J J 

p.(1 - p.)/N; hence a univariate normal random number generator can 
J J 

be used to obtain~. and N. = p.N. 
J j j 

In specifying the p. 'sand the~ .. 's there is a more subtle 
I I j 

consideration which must be made. This consideration results from 

the fact that the number of ti~es the generator is used to create a 

data sample to be mixed with the others is not necessarily the num-

ber of taxometric classes if the taxonomic situation is as described 

by the taxometric theories mentioned herein. It could be that p. 
I 
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.. ----------- -------· ------- -· 

~ = .2 

~ = • 1 

----------------·--------...4---- ---· 1 

10 20 30 40 50 

rlguro 1. Tho Pearson correlation bctweon two keys as a function of the common 

keylength for different values of the common average interitem cor-

relation within key, ¢. 
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and ~lj values chosen are approximately those of, say, a compound 

group consisting of two (or more) taxonomic classes. If such an 

error Is made, then, among other things, the actual number of taxo-

nomic classes Is at least one more than it is thought to be. To 

demonstrate this posslbi I ity, suppose that a compound group consists 

of two taxonomic classes, denoted by subscripts I and 2, one with 

base-rate P, and within each class the item covariances are alI 

zero. Then the covariances for the compound group are given by 

clj = PQ(pi2 - pil)(pj2 - p j I). 

Thus, If there exist values of P, pi I' and pi 2 
( i = I , 2, . . . , n) 

which satisfy the equations 

cp I . p. ( 1 - P; )p /I - p.) = PQ(pi2 - pi1)(pj2 - pj1 ), 
J I J 

PI = Pp12 + Qpi 1 and 

p. = Ppj2 .f. Qpj1 J 

where the p. 's, p.'s and cp •• 's are specified, then the data of two 
I J I J 

taxonomic classse are simulated rather than that of one. It should 

be noted that the equations need be satisfied only in the approxi-

mate sense as would be the case for two real taxometrlc classes. 

There are(~) + n = n ( n+ 1 ) 
such equations whereas the number of 

2 

unknowns P, pi 2, and pi 1 is only 2n + 1 . Therefore, the system is 

usually well overdetermined and a solution should not accidentally 

happen to exist due to samp I i ng error. If a method does produce 

such a too-many-taxa result, the above eauations can be resorted to 

In order to see If the method-produced suspected param~ter estimates 

are approxi~ative solutions. 
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How one can best take Into account alI the relations concern-

lng the $tj's and the p1 's simultaneously remains to be determined. 

Usually there Is no problem in picking the p
1 
's, but the selection 

of the ~tj's can become complex. We typically want to control 

simultaneously for variances, general distribution shapes, covari-

atlon between Indicators, and covariation within indicators as each 

has to do with a kind of manifestation of departure from the ideal 

condition in which alI the ~tj's are zero. It is necessary that 

indicator distributions be specified in terms of skewness, variance, 

intercorrelatlon, homogeneity and the I ike as these are the parameters, 

In terms of which we have some knowledge as to the nature of real 

distributions. Further, we cannot be concerned about how wei I the 

taxometrlc method works for every single set of values of the $ .. 
IJ 

matrices even with each matrix element restricted to just three 

values as there are just far too many combinations to make this fea-

slble. There are two queries then: 11 \vhat are the algebraic proce-

dures specifying the $ij's for getting any desired multi-Indicator 

distribution given in terms of skewness, homogeniety, and the I ike?" 

and "How can such procedures be made quick and simple to use?". One 

approach would be to select$ .. and p. values semi-randomly and then 
I J I 

record the resulting Indicator distributions and descriptive statistics 

along with the p. and $ •• values. (We assume here again that N is 
I I J 

sufficiently large so that sampling error need not be of concern.) 

This procedure would be continued unti I either we have a catalogue of 

every kind of multi-indicator distribution we might wish to use or 

unti I we are not able to generate a new kind of distribution. This 
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may seem I Ike an ambitious task but it would appear that there are not 

more than a few hundred qualitatively different appearing distributions 

for two or three Indicators. 

VI. Simulation of Real Data 

Another question about the method stems from the obvious fact 

that It does notal low or require use of alI of the degrees of free-

dom aval lable In specifying a taxonomic class distribution. A 

population taxonomic class distrib~lon Is uniquely specified in terms 

of the proportions of Individuals for each of the 2n different vectors 

of Item responses Cz 1, z2, z3, ••• , zn). Since Items are restricted 

to be dichotomous, we have 2n - 1 degrees of freedom in specifying a 

distribution. The random number generator method requires specifica­

tion of only(~)lndependent values of ~ij and n independent values of 

n(n-1) n(n+l) pi or 2 + n = 2 independent parameter values alI together. 

The quantity 2n n(n+1) 
2 

- 1 is greater than zero for n ~ 3 and is 

very large for common values of n in taxometric work. For example, 

if n = 10, the quantity Is 1024 - 55 - 1 = 968 and there are 968 de-

grees of freedom used in some unknown manner by the generator method. 

In other words, the method imposes Chidden) constraints of an unknown 

nature that require a large number of degrees of freedom. This leads 

one to wonder just what sort of distributions can be generated by the 

method. This question remains even though the discussion of the pre-

ceeding section Indicates that parameters can somehow be specified to 

obtain any sort of assumption departure one might conceivably desire. 

The reason being that the fami I iar properties of distributions such as 
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variance, kurtosis, homogeneity, and the I Ike may not Include alI 

of the Important ones to be considered with regard to assumption 

violation for a taxometric theory. 

Since what we ultimately wish to do Is simulate real distri­

butions, it would be of interest to see If this can be done for a 

large variety of real taxa, real non-taxa and since there is a 

shortage of proven instances of these, of real criterion group dis­

tributions. The comparison would be In terms of (a) the fami I iar 

descriptive statistics and (b) the various Important taxonomic 

parameter estimates resulting from analyzing compound groups of 

pairs of real taxonomic class distribuitons. If it proves possi-

ble to obtain nearly the same results for real and artificial data 

for a large variety of situations then one would have more confi­

dence that the method is capable of adequate simulation of real 

distributions for the present purposes. It is of crucial impor­

tance that there obtain a positive result here especially since it 

is not known how the unaccounted for degrees of freedom are absorbed 

by the method. In intuitive language, the suspicious possibi I ity 

which must be dismissed is that the methcd cannot generate onerous 

distributions I ike some or many or most real ones are and the Honte 

Carlo study of a taxometric method with ~entle and tame distributions 

is not sufficiently tough and is, therefore, uni I luminating. 

It might be possible to resolve the above problem in the follow­

Ing way. Suppose some real data are analyzed by a taxometric theory 

and a taxonomy is detected with alI consistency tests passed. We 

th8n classify ·individuals into, say, two taxonomic classes, denoted 

by sand n, and determine the misclassification rates, R1 and R
2

, by 
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a method given In Golden and Meehl (p. 31ft, 1973a). The interitem 

covarlances for each classification group, c 1 ij and c2 ij' are given 

by 

cll J = R1c .. + 
SIJ 

c2ij = R2csij + 

which can be solved 

( 1 

( 1 

for 

- Rl)cniJ' + R1(1- Rl)(p.- p ,)(p.- p .) s1 n1 SJ nJ 

R2)cniJ' + R2(1 - R2)(p . - p .)(p . - p .) s1 n1 SJ nJ 

the taxonomic class covariances c .. and SIJ 

c 
1 

• once the p . 1 s and p 
1 

1 s have been obtai ned by s i mu I taneous I y 
n J s1 n 

solving the pair of equations 

= R
1
p • + (1 

51 

= R
2

p . + (1 - R
2

>p .• s1 n1 

Using the resulting Intra-taxonomic class correlation values, we 

use the random number generator method to generate a sample of the 

same size which is then analyzed by the taxometric method. If the 

consistency test and parameter estimation results are sufficiently 

close to the real data ones we need not doubt the random number 

generator method at least In this instance. Generating several such 

artificial samples would help determine how much sampling error 

must be considered. 

Even though a detected taxonomic situation is simulated very 

wei I, the detection sti I I could be inaccurate or spurious. Ade-

quate simulation is evidently just a necessary condition for accurate 

and non-spurious detection. 

In summary, the Monte Carlo method is resorted to for two auite 

different procedures. First, it is used for the approximation of the 

functions relating parameter estimate errors and consistency function 
. 

values. Second, it is used to simulate the estimated taxonomic situ-

ation resulting from analysis of real data by a taxometric method. 
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Each of the two Monte Carlo procedures result In requirements, 

which are considered as necessary for the existence of a real 

taxonomy with parameter values as estimated by a taxometric method. 
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Appendix A: Subroutine for Random Number Generator 



1. InstructIons for use of the subroutine 

Multivariate Bernoul I I Random 
Number Generator 

Subroutine DEPBNG 

a) CALL DEPBNG(IFLAG, Y, SIGMA, T, M, N, SEED, P) 

IFLAG: an integer input parameter 

If IFLAG < 0, a value of SEED and the transformed co-

variance matrix are produced, 

If IFLAG = 0, the transformed covariance matrix is 

produced, 

If IFLAG > 0, the array Y is fi lied with N · ~1 random 

numbers; SEED is not specified by the user. 

<N: number of observations) 

(M: number of variables) 

There are at least two cal Is needed for this routine. The first 

with IFLAG < 0 Initializes the routine and the second or any later 

cal Is with IFLAG > 0 generates random vectors. 

Y: a real output array, dimensioned at least N • M which is 

fl I led with N random vectors on a cal I with I FLAG > 0. 

SIGMA: an input-output array, dimensioned at least ~~ · M. When 

IFLAG < 0, SIGMA contains the lower triangle of the cor-

relation matrix for the multivariate normal random vari-

ables. However, when IFLAG ~ 0, it contains a transfer-

matlon of the correlation matrix. Between the initial 

cal I and the following cal Is, SIGMA should not be changed. 

T: a scratch array with dimension N 

M: an integer input parameter which is the number of Bernoul I I 

random variables 

N: an Integer Input parameter which is the sample size 



SEED: an input-output variable which keeps the current loca-

tlon in the sequence of numbers being generated. SEED 

Is changed by the subroutine during each cal I after the 

Initial one. It should not be changed by the user after 

the first cal I, but can b~ specified at the Initial cal I 

If des I red. 

P: an input array, dimensioned at least ~1, which contains ti1e 

Bernoul I I variable parameters. O<P. < 1 for i = 1, 2, •.• , M. 
I 

b) Space required: CM = 37008 

c) Timing on CDC 6600 computer: 

5 variables, 1000 observations: 981 mi I liseconds 

5 variables, 5000 observations: 4897 mi I I !seconds 



2. Listing of the subroutine 

SUBROUTINE DEPBNG(IFLAG,Y,C,G,M,N,SEED,P) 

C***********S. TYAN-----MULTIVARIATE BERNOULLI RANDOM NUMBER GENERATOR 

C IFLAG = NEGATIVE INTEGER= GENERATE THE SEED AND TRANSFORM THE 

c 

c 

c 

c 

c 

c 

c 

c 

c 

CORRECTION MATRIX 

= 0 = TRANSFORM THE CORRELATION MATRIX ONLY 

=POSITIVE INTEGER=GENERATE THE RANDOM NUMBERS 

C = THE CORRELATION MATRIX OF THE SIZE M*M, THE DIAGONAL 

ELEMENTS SHOULD BE ONES 

P = THE VECTOR OF THE BERNOULLI VARIABLE PARAMETERS 

Y = THE OUTPUT MATRIX OF SIZE N*M FOR THE RANDOM VECTORS 

M = THE NUMBER OF VARIABLES 

N = SAMPLE SIZE 

C***********G = SCRATCH ARRAY WITH TEMPORARY STORAGE OF SIZE AT LEAST N 

DIMENSION Y(N,M),C(M,M),G(N), P(M) 

IF(IFLAG)100,200,300 

100 CALL NORMAL(IFLAG,Y,SEED) 

C***********PERFORM A DIAGONAL FACTORING OF C 

200 ER=6HM.LT.1 

IF<M.LT.l)GO TO 250 

EPS=C ( 1, 1) 

DO 210 1=1,M 

21 0 I F < C ( I , I ) . GT. EPS) EPS=C ( I , I ) 

EPS=EPS*l .OE-10 $ ER=7HC-NEG. 

DO 220 l=l,M 

T=C<I, I) $ IF(T.GT.EPS)GO TO 222 

IF<T.LT.-EPS)GO TO 250 



00221J=l,M 

221 C(J, I >•O. 

GO TO 220 

222 T=SQRT<T> 

C ( I, I ) = T $ I F ( I . GE. M) RETURN 

T=t./T $ JJ=I+l 

DO 225 J=JJ,M 

C ( J , I ) =C ( J , I h T 

225 C(I,J)=O. 

DO 228 J=JJ,M 

T=C(J,I) 

DO 228 K=J,M 

228 C<K,J )=C<K,J )-C(K, I >•T 

220 CONTINUE 

RETURN 

C***********ERROR PRINT 

250 PRINT 1,ER 

FORMAT ( 1 X99 ( 1 H*> I 12HOERROR, A8) 

STOP 

300 II =~1*N 

CALL NORMAL( I I,Y,SEED) 

DO 350 1=1,M 

DO 352 K=1 ,N 

352 G(K)=O. 

IM=JM=M-1+1 $ I 1=0 

DO 355 J=1, H~ 



DO 354 K= 1 ,N 

II= II +1 

354 G(K)=G<K>+Y(I I)*C(JM) 

355 JM=JM+M 

I I= ( I M-1 ) *N 

DO 356 K= 1 , N 

II= 11+1 

356 Y(l I)=G(K) 

350 CONTINUE 

DO 360 JJ=1,N 

J=JJ 

DO 360 N0=1,M 

X=CDFN(Y(J)) $ Y(J)=O. 

IF(X.LE.P<NO))Y(J)=1. 

360 J=J+N 

RETURN 

EN:l 



Subroutine NORMAL generates psuedo-nonmal deviates with 

zero mean and unit variance. The arguments !FLAG, Y, and SEED 

are defined above. Subroutine CDFN calculates the cummulative 

normal density for a given standard deviant which is the 

argument. 
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