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Introduction:

In this paper we prove results about 1ifting various dynamical and
ergodic properties of a given smooth dynamical system to it's skew product
extensions by smooth cocycles. The classical small divisor.argument shows
that in general such results are not possible. However we will show that if
the dynamical system admits a "fast periodic approximation" then indeed
certain qualitative behaviour which is prohibited by "small divisor type
conditions"” is now in fact generic. In Section I we give the basic
definitions and state the main theorem, Section II is for proofs. In Section
I11 we apply these results to study some question about the qualitative
behaviour of solutions of linear differential equations with almost periodic
coefficients. Here we show how the well approximability by rationals of the
of the eigenfrequencies of the coefficient matrix yields generically a strange

qualitative behaviour.



SECTION (I.1) Basic Definitions and Notation:

Let 2 be a compact, connected C* manifold. Let T denote either the yroup
k
of integers (Z) or reals (R). A triple (?,T,u) is called a (C_-smooth)

. - k . . .
dynamical system if T acts on @ with a jointly C,- i.e. k times continuously

differentiable k€ WU{=} action (w,t)+ wet, Yw€gq, t€T and preserving
a smooth Borel probability measure w on 9. If T = Z, we will denote again by
letter T the diffeomorphism generating the Z action and if T = R we will

denote by (Tt) the one parameter group of diffeomorphisms of Q.

t €R
Given a connected Lie group G, abcoczcle from (2,T) into G is a

continuous map ¢:2 x T + G to such that ¢(w,t1+ tz) = ¢(w-t1,t2)¢(w,t1),

,£t. €T. A cocycle ¢ is of class Ck if for each t €T the map

Y
weéq, t 1

1
k
w>¢(w,t) is a C map. Let Zk(Q,G) denote the set of all Ck cocycles into G.

If T= Z, the cocycle ¢ is cohpletely determined by it's values on @x{1} and
hence will be identified with a function on @ in to G, (i.e. cocycle ¢
determined by a function ¢ is given by ¢(w,n) = ¢(Tn'%4)¢(Tn-%)---¢(w),n€ zt)
Thus for T = Z, we will identify Zk(n,G) with Ck(Q,G) the space of all Ck

functions form @ into G. Thus consequently the Ck norm lk on Ck(ﬂ,G)
induces a metric Dk on Zk(Q,G). Metrics on all other spaces will be denoted
by letter d.
Suppose Z is another C® manifold on which a Lie group G acts on the left
. I K . . .
with a jointly C action (g,z)+gz. Then given a cocycle ¢ GZk(n,G), we define

on Zx2 the skew product T-action by setting (z,w)et = (¢(w,t)z,w*t). In the

case T = 7Z, the diffeomorphism generating the skew product action will be

denoted by T¢, i.e. T¢(z,w) = (¢(w)z,Tw). If v is a G invariant Borel



measure on Z then clearly vxu is invariant under the skew product action. The

following are two important cases to be kept in mind. (a) when Z = G and G

acts on itself by left multipliction. Here v = n - a left Haar measure on G
is an invariant measure. (b) Take G = GL(n,R) - the general linear group

n-1 . . .
and Z = p ~(R)- the real projective n-1 space. In this case we do not have

any invariant measure on Z.

‘ k f
Given any f€C (R,G), it generates a cocycle 1 €Z (2,G) by setting

k

lf(w,t) = f(w-t)f(w)-l. Cocycles of this form are called coboundaries and

the set of all such coboundaries will denoted Bk(Q,G). The trivial cocycle
is the cocycle 11, generated by the map w » e (- the identity element of G)

| f f
and will be denoted by 1. Given a ¢€EZk(9,G) and 1 GBk(Q,G) set, ¢-1 (w,t)

= f(w-t)¢(w,t)f(w)-1. It is easy to verify that ¢-lf:€Z (2,6). Given

4
_¢1,¢26 Zk(n,G) we call them cohomologous via a transfer function f if

f k
¢2 = ¢i1 for some f €C (2,G). Cohomologous cocycles gives rise to iso-

morphic skew-product actions.

Our main goal is to construct cocycles for which the corresponding skew
products are ergodic. The following property of the action of G on Z is
necessary for the ergodicity of the skew product actions, (see Herman [7]).
Let v be a o- finite G invariant measure on Z, then the triple (Z,G,v) is

said to have a L*-fixed point property if every G invariant weakly compact set

K<L®(Z,v) contains a fixed point for the G action. This property also
helps in constructing cocycles with ergodic skew products. We list a few
examples of actions having this property. (1) If v is a finite Borel measure

then (Z,G,v) has this property. (2) Let G be amenable, Z = G and action of



G be by left-multiplication. Take v =n - a left Haar measure. This system
does leave L” fixed point property. (3) Let Z = ZBZ and G = SL(2, R)or

b .
the group{(g l/a) /a € R*b € R} with standard linear action on Z and v be

2
the Lebesque measure onR . Then (Z,G,v) has a L” fixed point property.

SECTION (I.2) Lifting ergodicity by a smooth cocycle

One important question in the study of skew product dynamical systems has
been 1ifting ergodicity i.e. if (2,T,u) is ergodic, can one find a cocycle ¢
such that the corresponding skew-product flow is ergodic with respect to the
product measure? If in the above set up everything is just "“continuous" (and
not smooth) then the existence of a continuous cocycle ¢ giving ergodic
skew-products is known - even for more general dynamical,systems, where T can

be any reasonable amenable group, (see [}7]). In fact such cocycles are

residual in the class E;(Q,G), (we will denote by Ek the closure of Bk in Zk)'

However even for integer actions (i.e. T = Z ) the problem of producing
sufficiently smooth function ¢ for which T¢ is ergodic is delicate and
difficult. In fact the classical "small divisor" argument shows that for some
dynamical systems this is impossible. For example, let @ = Sl- the circle.

T = R,- the irrational rotation by a and a be badly approximable by rationals.
k : . .
Then given any smooth enough (say C ,K>2) function ¢:9+R with [¢du = 0
Q
(u being the Lebesque measure on Sl), the functional equation
. k-2 .
éo(w) = f(Raw)-f(w) has always a solution f of class - say C . This
result of Kolmogorov - Siegel shows that E;(Sl,li)c Bk_z(Sl,Ii) and hence

- 1
V¢tBk(n,1R) the skew product diffeomorphism (Ra)¢ onIR xS can not be

ergodic.



As very different phenomenon occurs when T is a point transitive Anosov

diffeomorphism. In this case A. Livsic. has given (see [15]) a precise

f(w) = ¢(w), |
Bl(sz,]R) and

condition for the solvability of the cohomology equation f(Tw)

for a given smooth ¢. Using this, one can show that Ei(Q,Ii)

hence lifting ergodicity in the class'Ei(n,IR) is impossible. However using
a Parry-Jones type argument along with A. Liv§ic's result one can show that
cocycles lifting ergodicity in the class Zl(Q,G) are residual when G = B?n-
the n torus. A similar result about density of cocycles lifting
ergoclicity in the class ZI(Q'G) for any compact connected Lie group G

is obtained by M. Brin (see [2]). We also remark that this result of

A. Liv§ic has been generalized to the case when T is a point transitive
diffeomorphism satisfying a "closing lémma“, (see [11]). Also versions

of this result for geodesic flows are known . Now a result of J. Hawkins,
([6]) based on slight modification of Parry-Jones argument‘shows

that ergodicity can be generically lifted in the class %{(Q,G) for any
diffeomorphism if G = " the n-torus. This shows that 1ifting ergodicity
in the class Zk and in the class Bk are in some sense different problems.
Also non compactness and non abelianness of the group G contribute
substantially to the difficulties in constructing smooth cocycles lifting
ergodicity.

In this paper we develop a smooth version of a teéhnique of Glasner and
Weiss, (see [56]). The small divisor argument shows that in general their
technique has no smooth anaiog. The main obstacle being constrution of a
coboundary with "desired Properties" while keeping it close to the identity

k 0 e s . .
cocycle in C norm, (in C norm this is always possible.) However we will



show that if the transformation admits an “approximation by periodic trans-
formation" with "sufficient speed", or is "C* rigid", then the above
obstacle can be overcome. Thus our results are in some sense opposite

of the consequences of small divisor type arguments.

SECTION (I.3) Fast periodic approximation and statement of the main theorem

' r
Definition (I.3.1) Consider a C -smooth discrete dynamical system (Q,T,u) on

a C manifold Q. Let a(n) > 0, n € IN be a sequence such that 1im a(n) = 0.

N>

r N
The diffeomorphism T is said to admit a C -fast-periodic approximation (or

Cr-rigid) with speed a(n) if there exists a sequence (qn) of positive

n €N

integers and a constant K > 0 such that qn* « and,

r+l

q .
I h°T - hi <K Ihlrﬂa(qn’), YVnew,Ynec “(a,R).

If T is C and above inequality holds Y r € IN, (with M depending on r) then
we say T is Cfgigig with speed a(n).

" The following is a typical example of such diffeomorphisms.
Example: Let @ = Sl, be the circ)e and T = Ra, be the irrational rotation

by a. If @ a sequence (pn/qn) o of irreducible franctions with q >

€EN

' K
as n + « and a constant K > 0 such that |a - pn/qnl <(q ;p+1+e then (Q,Ra)
)

L™ 1 . : . .
is C rigid with speed a(n) = = If a is a Liouville number i.e.

+ €°
np
K .
L= <= r som (o int s i w
| qy qu (qn)nfo some sequence .p q of integers yith q * and

. 1
K > 0 is a constant then we can take a(n) =
n



An immediate generalization of this example is obtained by taking Q
n . . . -
Q=1 - the n torus and Ra- the irrational rotation by a = (al,...an), where

‘o 1s a "Liouville vector" i.e. Ayseeea are rationally independent

irrationals and for some sequence qn of integers such that qn P
as. n + = one has ||| a.q [ f(Eh)n' Vi,n, where K > 0 is a constant and
11 ||| denotes the distance from the nearest integer. Again (Q,Ra) is
¢ rigid with speed 1/nn.
We also mention that besides this prime example, examp]és constructed by
Anosov and Katok in [1] also admit Cr-fast periodic approximations.
Now we state our main theorem.

r
Theorem (1.3.2) Let (@, T, u) be a C dynamical system with a smooth invariant

r
ergodic probability measure pu. Let (2,T) admit C fast-periodic approximation
r
with speed a(n). Let G be a connected Lie group acting C -smoothly on
a connected C°° manifold Z and preserving a o-finite ergodic measure v.

Assume that (Z,G,v) has the L°° fixed point property. If either r < « and

1 v
a(n) =————(0 <p <1) or r == and a(n) =-—l- , where a > 1 is some

2r+l+p n
n a

constant, then the set, {¢€§r (2,6)] (Z x @, T¢, vxu) is ergodic }

is residual in E} (2,6).

Remark (1.3.3) '(a) If (@,T) is as in the example described before, namely the

irrational rotation on n-torus one may only assume that % oo s
p
n



furthermore if G = Rthen the assumption on the decay rate of a(n) can be made

. 1
weaker by degree r, i.e. a(n) = (0 < p <1). The reason for this

2r+p
n

is also explained later in Remark (II.3).This in partfcular for q = Sl gives
a generic version of a theorem of Krygin [14]. We also believe that this is

the least speed we need to get a generic lifting of ergodicity in the class

B .
r

(b) If u is the unique ergodic measure on Q and either (i) G is amenable Oa
-1 ‘
(i1) G = SL(2, R) and Z = Pn ( R) then in the conclusion of Theorem (1.3.2)

ergodicity can be replaced by unique ergodicity.

(c) Although we do not discuss "affine cocycles" in this paper, using the
techniques developed here we can prove an "affine extension" of Theorem

(I.3.2). As a consequence we get the following theorem.

n
Theorem (1.3.4) Let (2,T,u) be as in throrem (1.3.2). Let G =T be the

n-torus and ¢ be any automorphism of G. Then the set {¢€ Cr(Q,G)I the map

T¢(g,w) = (a(¢(w)g),Tw) on G x @ is ergodic with respect to the product

r
measure } is residual in C (2,G).

Now we turn to the proof of the main theorem.



SECTION II  Proof of Theorem (I.32)

1
Let H =L (ZxQ,vxu) and H_ = {f|f €H,[fdvxu = 0}. Let ¥ &, be the

0 xQ 1

1 . .
L™ norm on H. Given a cocycle ¢6Zr(s‘z,G), define operator U¢ on H by setting

N
- N 1 i
U f(z,w) = f(¢(w)z,Tw). Let V == ) U . Also, given a function
¢ ¢ N §=0 ¢

wecr(Q,G), define operator L‘P on H by wa(z,w) = (yp(w) z,w).

Now given fE€H , € >0 and m€ I, define W(f, € ,m) = {¢|¢Egr(sz,6)

0’
-such that M€ IN, Mm and U V¢an1<€}. Now if

€ N ; "
¢ jﬂ ? m w(fj,l/n,m), (where (fj)j GJN-'G HO is a dense subset) then

(an,T¢,vxu) is ergodic, (see [ 7] for a proof). Thus once we prove that

each W(f, € ,m) is open and dense in Er then Theorem (I.32) is a consequence

of the Baire Category theorem. Openness is easy to verify. To prove density,

first observe that V.NLW = va N v This shows that if 1€W (f, € ,m),Y f,&m
¢01 ’
1

then 1" €W(f,€,m), Vf, € ,myp i.e. W(f, € ,m) is dense in Er' Thus it is

, . r
enough to prove that, given f, € ,m and 6§ > 0 there exists a y€C (2,G) such

that, (i) Dr(l‘p,l) <6 and 1V $ fu1< € for some M > m. But now ergodic theorem
1

implies that, WV $ fn1 >0 f(up(w)z,w)du(w)u1 as n»e, Hence if we can
1 Q '
choose |f f(w(w)z,w)du(w)n1 <€ /2, then by choosing M large enough, we can
)

make sure that WV ,T f1l1<€ . Thus we have reduced the proof of the theorem
1



10

to the following lemma.

: r
Lemma (II.1) Given f€ HO’ € >0 and § > 0, there exist a y €C (2,G) such

that (i) Dr(l“’.l) <8 and (1) 1 [ F(u(w)z,w)dulw) 1< €
")
Proof: Let 0<y'<1/2 be a small number (it's relation to f, €,6 will be
1
determined later). Since CO(ZXQ) js dense in.L (Zx@), standard approximation
arguments allow us to assume (without loss of generality) that the given f
is continuous,'has compact support and I f “1 <€/8. We will first assume

f(z) and let M} = sup{|f(z)| /z€Z}.

that f depends on z alone, i.e. f(z,w)

. . . R . R
We will fix a family (Ou,¢a) =1 of local charts so that (i) (Om)o‘=1

is an open cover of @ (ii) ¢a:+ Q(where Q Eﬂ; = (xl,... xn) EI%" /0 < X5 <1},

, where ulo and

n = dim Q) a C°° diffeomorphism such that (¢a)*(u|0 ) = m|
a Qa

Q

m|Q are the normalized restrictions of measure u and the Lebesque measure m to

0Ol and Q respectively, (such a chart can be choosen because p has a positive

C density in each chart, see [1]). Let M_ = sup & ¢ |

2 , hote that M
1<i<R

r+l 2
depends only on r and the maniforld Q.

Since (Z,G,v) has L fixed point property, there are ¢ € [0,1] and g€ a,

S S
1<i<s such that )} ¢, =1and ¥ )} c.f ¥ < €/4, where f (z) = f(g,2),
j=1 =1 19! 9 i

(see [7] for details.)



11

Divide interval [0,1] into subintervals Aj of length Cj as shown in figure

A »
~ Y

..
-+

c>6) G

and define a C map h: [0,1]+G by setting it equal to g; on "most of the

interval Ai" and making sure that

. |
I (j) fh(t)(z)dt 1, <€ /2 (1)
Pick N € N such that,
r+l .
(1) | K 5 ang (i1) L2 7 (2)
(qN)" _(qN)" -

*

where & > 0 is such that if Itl - t2| < § then |f(h(t1)z) -f(h(t2)1)| < €/4

Z and L, C are constants depending only on r, function h,f, €

and manifold Q.

-1
Using Rokhlin's lemma pick a Borel set E<q such that (i) E, TE,...TqN E

are mutually disjoint and
| Wt
(i1) w(U TE)>1- (v'/M) (3)
i=0

Let ( Bj)g_1 be a partition of E into disjoint Borel sets with positive
measure such that for each 1 < i < P,(P < R) there is some a(i)€{1,2--R}

such that Bi;() . The pick open sets Vj (1 < j < p) such that BjC VJG 0
a a

(1) (3)’

lB.
v.ﬂv.=<pifi=»ejandu(v.-B.)<‘”’-§-—’-l (4)
T Jj (q )M

N1



Such a choice of disjoint Vj‘s can be made, because each Bj can be
replaced by a compact subset of it with measure.arbitrarily close to that of

B.. Thus if necessary replacing the original E by a slightly smaller set,
J

p
Set V.= UV, , x=u(V) and A, = u(V,).
. 4d J J
Jj=1 _ ,
The following sublemma (proof of which will be given later) is the first step

in the construction of the desired function y.

Sublemma (II.2): Let Q = {(xl,...xn) € Izn /0 <xi<1} , W= Q be an open set,

IS [0.1] be an interval of length £ and fB:[0.1]+{m, B €1 be an equicontinuous

family of maps. Then given € >0, and r € IN there exists a C map n:Q+I such
that
(a) supp nSWand n = 0 in a small neighbourhood of 3W and

i

L . .
] » 1 < i < r where C is a constant depending on r, € ’fB and

m(W)

Ini, <C |
the dimension of Q.

—Ljf (t)dt| < € ,YBEI. : (5)

L enddm -
(b)lm(w) ‘{'(fB n)dm '”1 ;

With the help of above sublemma, we now construct maps ej: Vj + TRas

follows:
Let © = n.o¢ ., . wheren_: ¢ ,SV_)+ I be as in the sublemma where
i J ald) NIRE-TO0 D I |
the equicontinuous family of maps is t+f(h(t)z),z €Z, €= y'/R and I (6)

is an interval of length Aj/x as shown in the figure
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Clearly supp ej ;Vj and ej can be extended to all of 4 by setting it equal to

r+l
0 outside VJ. Thus eJ:9+ R is C map and
r+l r+l
M A/ ‘ ;
o1 o« MO Oy M ()
r+l
r+l r+¢l A
mi¢ . (V. [r./m(0 .
| ( a(J)( J)) J ( a(J))]
where M_ = M C max m(0,)
3 2 .
1<i<R
~ P ~ r+l ~
Now set 0= ) o., theno is a C map with supp @SV and
j=1
Lo < ML
since Vj's are disjoint, r+l— Ar+1
Y
Writing A ~ B to mean |A-B| < y, we note that,
P
Jf(Chee(w)] z)du(w) = )} [ f([hoel(z)du(w)
E j=l1 B,
J
P ~
w(V)y' ) J f(Choo(w)]z)du(w), by (4)
J=1 Vv,
J
N u(VJ) :
No flheo(w)]z)du(w) = — f(Lhon (r)J]z)dme(r), where S = (V)
w\{[ (w)1z)du(w) .m(SJ.)£([ J()) ; ¢a(J)J
J J

(u(V,)y')/R
J Au(V,) [ f(n(t)z)dt by (5)
J



1k

~ . V)y'! 1
Hence J f(thes(w)lz)an Y L) einie) e (8)
v 0 '
-1 1, |
Now define 0:2 » R by setting o(w) = ) o (T'w) and set y = hoo.
i=0

| - r+l
We will show that y is the required map. Clearly y is of class C . We

first show that Dr(lw,l) <6,

v = o -1 = o -1 -1
D (17,1) = D [(yeT)y *,1] Dr[(w Ty "oy 7]

§_Dr(on,w)LlDr(w-1) (by “"product rule", where L1

is a constant depending on r)

-1
_ngDr(h(OOT),hoe)Dr(h °Q)

<L L keeT - el L 1ot (by "chai rule", where L
__L1 ,lee ater (by n rule", where 2
L3 are constants depending only on r and h).

10oT - o ok , where L[ = | L | .
L too " - where L ] 2L3

A

q
N-1 . .
) @ ettt gty
. r

=0

Now, 100T - elr

~ N ~ ~
= eT - Olr < Kuelrﬂa(qN)



w ~ ~ ~
Thus Dr' (1°,1) < LKuequueur a(qN)

<
KL(M% [ 2+l a(qN) by (7)
. 1-y' 1 . .
Now A = u(V) > u(E) > —— > —— (Since v' < 1/2).
N N
2r+l LK r+¢l ~ 2

tence D (1°,1) < La(aya,” = T3 <6 (by 3), where L= 2" T(ul) is

q

N

a constant depending only on h,r and Q.

Now we prove that I | f(yp(w)z)dul1 < €. First consider [f(y(w)z)du.

Q E

q
N-1 . . "
1
Set E' =E-U T'V. Note that, w(ENT'V) = w(ENT (V-E)) < u(V-E) &
i=1 q

-1
i N Y y'
Thus w(ENU TV) < ) PN < oM
1< i=1 Y1 N1

Hence |u(E) - u(E')| < Y'/(qNMl)

Furthermore, if w€E' then o(w) = 5(w), thus (8) gives

V[ f(w(w)z)du(w) - u(E) jlf(h(t)z)'dt| <-i:l

E 0 N
We now estimated | f(y(w)z)du, for a fixed i € {1,2,..qN-1}.
TiE -
~ ; ~ i
Let w GT‘E‘, say w = T w, w€E', then

. .. N
Ww)= hoo(T'w) =he () & oT J(w)) = ho[ )
j=0 J':

N1

by (4)

(9)

(10)
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Now note that,

i-1 qN+J j-1 )
el Lo (T o) - ) B (T
Jj=0 Jj=0
< Kneurﬂa(qN)
r+l r+l
< KqNZ MZC qN *
- <§ by (2)
(4 )2r+1+p
N
Thus if weE' then by (2) we have,
IF(w(T'w)z) - f(v(w)z)| <€/8, ¥ 2€1 (11)
~ Y‘/q ~
Hence, [ f(y(w)z)du ~'N [ fly(w)z)du . by (9)
TIE Tig!

€ /4 u(E')

~ J flv(w)z)du 43L£9N u(E) f;f(h(t)z)dt by (10)

TE'

and since u (E') < l/qN we get

y' aN-1
[ few)z)du A~ ) [ fw(w)z)du
Q i=0 TE
IN-1 -1 X IN-1 o
and | ) [ f(p(w)z)du - ) w(E) fo f(h(t)z)dt| < ) (€/4 + y'+4y') =
=0 TIE i=0 i=0 9N

Thus | [f(y(w)z)du - folf(h(t)zdtl <2x' + (€/4 +y;) +4y',V z€7
Q .

Now using (1) it follows that,

1 f(w(w)z)duu1 <Iy' + €/4 + €/4
Q
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Hence choosing y' small enough we can make I [ f(w(w)z)duu1 <€E.
Q

The general case: Now let f ECO(Z x Q) be any function. Set

9(z) = [ f(z,w)du(w). Now given g, €,6 we will apply the previous technique to
Q
construct the function ¢ such that,

0.(1%,1) <6 and 1 [ g(¥mz)du(u)i, < € /4 (a)

)

In doing so we will be little more careful in choosing N € I (see (2)).
Here we pick N € IN so that in addition to conditions in (2) we also have,

p N i

(i) 1= ) f(z,T'w) - g(z)i, < €/4 (b)
. 1
N =0
*

(This is possible by Ergodic theorem). and (ii) the choice of § be such

that in addition to conditions in (2) we also have the following.
*
If It1 - t2| < 56 then |f(h(t1)z,w) - f(h(tz)z,w)l < €/4 ,Y (w,z)

1 -1 i
Let fl(z,w) = = )  f(z,T w.
N =0

Claim: 1 J fl(w(w)z,w)du - f(wp(w)z,w)dull1 < (€/4) + ' (c)
Q 9}

to see this note that, q
-1

N .
[ £ Wz = = ) [F((w),T W)du.
Q N i=0 @

Now we have shown before that

1 *
|o(w) - e(T1w)| <é if we€E' and 0 <i LAt Using the same technique one can

i * i ..
easily verify that |o(w) - o(T w)| <55 if w€T E', 0 < i,j < v
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Now our choice of N implies the proof of the claim.

€/4 + y' €/4 €/4
Thus 1 [ f(y(w)z,w)dui, Ao L[ f (v(w)z,w)duty ~ [ 9(¥(w)z)dut, ~0
' Q Q ' Q

Thus choosing y' < € /4 the proof is complete.

Remark (II.3 ) Note that in the previous proof the decay rate of a(n) was used
at two places. The first being to estimate Dr(lv,l). Clearly if '

G = R then (wOT)w-l is just yoT(w) - y(w) and we do not have to apply chain
rule which in terms eliminate the additional factor Ielr(see the computation)

and hence one can lower the decay rate of a(n) by r-degrees.

Furthermore note that in defining the function © we did not translate ©

q
. N-1 .
on T]E's and took 0 = a‘ ) EBTI. If we were to do this, the estimates for
N i=0

Dr(lw,l) would involve Cr norms of powers of transformation T on which we have
no control. But if Cr norms of arbitrary powers of T were uniformly bounded
then averaging would have helped us in lowering the degree of decay rate by one,
provided it was possible to choose open sets V such that Tiv's are mutually
disjoint. For the example of irrational rotation on n-torus this is possible.
The approximating rational rotation provides an approximate but "very nice"
Rokhlin tower of disjoint open sets triangulating the n-torus into paralle]ogramsA
which enable one to define © periodically by translating along the approximating
rational rotation, (see [18] for the details in the case of a 2-torus.)

The second place where we need the decay rate was in estimating
|0(T1w) -o(w)], 0<i §_qN_1. But in the case of irrational rotations since
o is defined~period1cally and the approximating rational rotation and the given
irrational rotation are very close to each other up to their first qa powers,

1
one only needs a decay rate of the order ;;p
n
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This explains why for irrational rotations and G = Rone can get results
with lower decay rates. Finally we sketch the proof of the sublemma.

First let W be the cube {(xl...xn)lo < x1 <a}and I = [0,0]. Let x:W »

o 1 1
[0,1] be a C map such that x = 0 outside { X | E;‘< X, < ai - E;} and x =1

r

1 1
inside {X | e ¢ X ca, -';} and I x ¥ < M(r) e, 1 < i < r where

i

e = (a/N),N € Nand M(r) is some constant depending on r alone. Explicit

construction of'such a function can be found in [21] and is based on the usual

convolution technique. Take g(;) = g(xi...xn) =(Axn/a) and set n(x) = x(x)9(x) .

1

It is easy to verify that by choosing N € N large enough one can make ;?g) [fondm
W
1 A . .
arbitrarily close to . fO f(t)dt and this can be done uniformly . over the clan

of functions which are uniformly bounded (in particular for an equicontinuous
family). If W is not a cube then write "most of W' as a disjoint union of such
P cubes and apply above result replacing A by A/p and interval of length A by

intervals of length A/p and take the sum of the corresponding functions.



20

SECTION III: Linear differential equations with almost periodic coefficients.

SECTION (III.1) Preliminaries:

Let (2,T;) be a ck flow on a compact, connected C” manifold . Given
a continuous function A: @»M(n,R) - the set of all n x n real matrices, we
consider the family of linear differential equations given by,

x = Alwet)x , x €R" ' o (1)

We will always assume that the flow (Q’Tt) is (1) minimal (i.e. the orbit
{Ttwlt €IR} of each w€Q is dense in Q) and (2) (Q,Tt) is-almost periodic

(i.e. the family (Tt)t ¢ R

of maps is equicontinuous). Thus given a single
linear differential equation X = A(t)x with almost periodic coefficient matrix
A(t), taking @ to be th hull of A(t) transforms this prbblem in to our general

set up.

Let XA(w,t):anR+GL(n,12) be the fundamental matrix solution of (I)

satisfying XA(w,O) =1, Vwe€Q., Then X, is a cocycle. Also A(w) can be

A

recovered from XA (i.e. A(wet) = gE-XA(w.t) XA(w,t)-l). In this way we will

here onwards identify the set Zr(n,GL(n,Ii) with systems X = A(wet)x where

AECP(Q,M(n,]R)). Furthermore note that X, and X

A B are cohomologous iff systems

systems x = A(wet)x and x = B(w-t)x are kinematically similar.

If A(w) = A - a constant matrix, then one knows that the qualitative
behaviour of the solutions of (1) is determined by the real parts of
eigenvalues of A. If the flow on Q@ is periodic; then by the Floquet theorem

(which states that the cocycle X 1is cohomologous to cocycle of the form

A
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(w,t)+etK for some constant matrix K). Again the real parts of eigenvalues !
of K determine the qualitative behaviour completely. However when (n,Tt) is
almost periodic (but not periodic) the over all qualitative behaviour becomes
quite complex. We will use certain skew-product flows to formulate and study

such qualitative behaviour.

. . n-1 _
Consider ) = p x 2 and the skew-product flow on ) defined by cocycle

XA iee. ([x],w)et = ([XA(w,t)x],w-t) where [x] denotes the ray containing

X € 351 system (I) will be called recurrent if the skew product flow on ) is
minimal. System (I) is said to be proximal if the projection w:)+Q |
(n([x],w) = w) is a proximal extension, (i.e. given ([xll,wo), ([xz],wo)e I
there exists a sequence tn € R such that,

d([xl],wo)-tn,([xzj,wo)-tn)+0 as nre,

Qualitatively this means that for any w€Q, the angle between any two
solutions of (I) tends to O for some sequence tn of times. System (I) will

be called uniquely ergodic if the skew product flow on ) has only one

invariant Borel probability measure.

If A(w) = A - is a constant matrix then system (I) can not be recurrent
and proximal. This is because recurrence requires that eigenvalues of A be
purely imaginary (real eigenvectors would give rise to fixed points for the
skew product flow), but then in this case the flow on ) is "rigid" i.e.
preserves distances between points, thus can not be proximal. This shows
(by Floguet-theorem) that if the flow on @ is periodic, system (I) can not be
recurrent and proximal. As a consequence of the techniques developed in the
previous section, we will show that when the flow (@,R) is almost periodic
(but not periodic) and admits “fast periodic approximation",

recurrent-proximal behaviour of the linear systems based on Q@ is generic.
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SECTION IIl.2. The Spectrum:

The (Sacker-Sell) spectrum of system (I) is defined to be the set
o(A) = {x|» € R such that for some w€Q, the equation x = [A(w-t)-AI]x has

a non trivial bounded solution .} The spectral theorem of Sacker and Sell

Kk
says that o(A) = U [ai’bi]’ where k < n and the union is a disjoint union of

i=1
k-intervals. If a, = bi 1<i<k then system (I) is said to have a discrete

spectrum else it is said to have a band spectrum. If the flow on @ is

periodic then the spectrum a(A), for any A is discrete.

Given ([xJ,w) €}, the upper Lyapunov exponents at ([x],w) are defined

by,

+ 1
Au (Cx],w) = limsup'; log X, (w,t)xi

t+tw A

The lower Lyapunov exponents (denoted by A ([x],w)) are defined similarly

.
[

+
by taking liminf. It is known that xu ([x],w) €o(A), (see 09]). Lyapunov

(2)
exponents can also be written down as ergodic averages (with respect to the
skew product flow on )) of a suitable function H on ). This function H is
defined by, H([x],w) = < [A(w)x], [x] >, where < . > is the standard inner

n * 1 t
product on®R . One can verify that, Au([x],w) = limsup ;10
e (=)

H {([x]J,w)e-s}ds.

We will call system (I) elliptic iff [Hdm = O for all Borel probability
)

measures m on ) which are invariant under the skew product flow. In the case
n =2, if system (I) is not elliptic is is said to be hyperbolic, (see [ 9]

for details.)
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The following proposition is proved in [9] for n = 2, however it can be

easily generalized for any n.

Proposition (II1I.2.1) (a) -If system (I) is uniquely ergodic then it is

elliptic.

(b) If System (I) is elliptic then o(A) = {/tr A(w*s)ds}. Now we
' Q
state an important result due to R. Johnson, (see [10]).

Theorem (I11.2.2) Let n = 2. If system (I) is hyperbolic and proximal then

it has a band spectrum.

SECTION (111.3)

"Now we state the main result and very briefly indicate the proof. Again

“the notion of fast periodic approximation is similar, the diffeomorphism

q

7 " in definition (I.3.1) is replaced by T  where (T,) is the one
9% t t€R

parameter group of diffeomorphisms generated by the flow. Typical example
of such a flow is again the flow on n-torus generated by irrational rotation
by Liouville vectors. For simplicity we state the following theorem only for

such systems.

Theorem (I11.3.1) Let (Q,Tt) be the rotation flow on n-torus generated by

Liouville vectors. Then the set {XA € E;(Q,SL(n,IK))l x = A(wet)x is

recurrent and proximal} is residual in E;(Q,SL(n,IR)).
The techniques used are as before, we will only sketch the ideas involved

in 1ifting proximality generically. Fix w0 €2. Given open sets U, V < ]
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X X,
. . - . A A
and € > 0, define P(u,v, e)={XA €B_| diam (Ht (U x{w YU, (Vx{wy V)< €,

X X

_ ' A
for some t € R}, where H_ 1{s the homeomorphism given by H ¢ (Cx],w)

t
='([XA(w,t)x], wet). If XA€<P(U,V,1/n), Y n and Y U,V belonging to a countable

base of ), then any pair of points in the fiber over % is proximal and since
(2,R) is minimal, this implies X = A(wet)x is a proximal system. Thus as

before the main problem is to prove that P(U,V, €) is dense in E;. Using

the same arguments as in the proof of Theorem (I.3.2) we reduce this problem

to showing the 1 € P(U,V, €) and this is equivalent to showfng that given a 9
€SL(n,R) and 6 > 0, ¥ ¢ GC“(Q,SL(n,:R)) such that Dm(lw,l) <§ and

w(wo) =9, (§eg [18] for details in the case of 2-torus). Construction of
such a function is essentially as before, in fact much Easier,‘(see [18]);

In the same way, under the same assumptions one can show residuality of
uniquely ergodic systems ih E;.

Remarks (111.3.2)

Unfortunately the class E} of linear systems in which proximal systems
are generic is the class of elliptic systems. To get a generic class of
systems having band spectrum one needs to get proximal extensions in the class
of hyperbolic systems. This is a difficult task. In fact this problem is
somewhat similar to the problem of getting smooth minimal skew-products with

non zero exponents (i.e. positive entropy), (see [8] for details). To get non
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zero exponents, one must look at the cohomology class of cocycles having non

. at
zero exponents and the simplest such cocycle is (w,t) » (E Z-at), a#0,

but then extending the previous technique to the closure of the cohomology

class of this cocycle is not possible because of the highly noncommutative
nature of SL(2,R). (This means constructing a smooth function y with values

in SL(2,R), having some "desired properties" and furthermore satisfying the
at at
‘s e o e o R .
condition that y(w°t) (o e-at) be close to (0 e-at) y(w) in B norm is

impossible). We have been able to get around this problem by considering

(for n = 2) the systems

- [00) + prwe )P (*)

X o

where p: @ + S0(2,R), and ﬁz‘is the derivative along‘the orbits of the flow
on 2, and the flow on @ admits fast periodic approximations then in the
class of systems given by the closure of systems of the form(*)

we can get a generic "band spectrum" behaviour. Due to space limitation and
the non trivial modifications in the arguments for it's proof we will

publish this result elsewhere.

Remark (III.3.3) In general the questions regarding proximality or band

spectrum of linear systems ; = A(wet)x are relafed to the nature of the

Mackey range and the recurrence and transience properties of XA. However

no concrete results of this nature are available. In this context one may
also ask: under what conditions on the flow (2,R), a given smooth cocycle is
cohomologous to a "constant cocycle"? i.e. given a ¢: 2 x B: + SL(2,R) can

one find a continuous function f: @ + SL(2,R) and a constant matrix A such
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that ¢(w,t) = f(w-t)etAf(w);l. Even in the situation when @ =T 2-the 2-torus
and the flow on 2 is the rotation flow generated by badly approximable
irrrational, the answer to this question is not easy, mainly because the
desired analog of small divisor technique in this noncommutative situation do
not seem to be simple. However if the cocycle ¢ takes values in SO(2,R) or
in the subgroup of upper triangular matrices then indeed above functional
equation can be solved by essentially applying the Kolmogorov-Siegal theorem
to each entry. For a general ¢ however, this is impossible. An example of
Millionschikbv (see [16]) shows that for any given irrational rotation flow
on ﬂ?z one can always find a ¢ cocycle into GL(2,1]R) which is not
cohomologous to any constant cocycle. We feel that such examples for rotation
flows generated by "badly approximable" irrationals if not impossible
are of first category in the class of smooth cocycles. In péssing
we also mention that under the assumption of Cmrigidity with speed say

a(n) = (1/n", A. Katok has shown (see [11]) the existence of a cocycle
not cohomologous to any constant cocycle.

Remark (III.3.4) We mentioned in above remark that one can always have a

smooth hyperbolic, proximal cocycle on rotation flows generated by any
irrational. Here we ask a similar question, but in the class of elliptic
systems. Clearly our result shows that for flows admitting fast-periodic

approximation smooth elliptic proximal cocycles are generic. Now for flows on

2
I' generated by badly approximable irrationals, one can show that any smooth

elliptic proximal cocycle taking values in the subgroup of upper triangular
et bt
matrices is cohomologous to the cocycle ( -t) and hence can not yield a
‘ 0 e '
minimal skew product. So a more appropriate question is: can one have
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smooth recurrent - proximal elliptic cocycles based on such flows (i.e. flows

generated by badly approximable irrationals.)

One can also ask these questions for linear systems of the form

. 0 1 . . . -
x = ( ")x. These systems arise from the l-dimensional Schrodinger
q(wet)-2 0
2
. dy . . . .
equation > + qy = Ay where q is an almost-periodic potential. Suppose q is
dt

quasi-periodic with frequency module generated by irrationals (al,..an) and
. o e i evse L n
let (al,..an) satisfy the "bad approximability" condition. Let @ =T =

hull of q and X N be the cocycle corresponding to this system. In [3],

Dinaburg and Sinai describe a set S &« IR such that A €S => X N is elliptic.

However unfortunately these cocycles are not proximal. For linear systems
arising from Schrsdinger equation it is known (due to Pastur and Ishii) that

the set of A's for which X \ is elliptic is the support of the absolutely

continuous part of the spectral measure associated with the Schrodinger

operator. Thus one may look at the known spectral results about Schr3dinger

operators with almost periodic potentials to look for elliptic proximal
cocycles supported on flows generated by badly approximable irrationals. We
end this remark by pointing out that in this respect results of P. Sarnak

([20]) needs to be studied more closely.
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