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Abstract. This paper deals with state-constrained optimal control problems governed by semi-
linear parabolic equations. We establish a minimum principle of Pontryagin’s type. To deal with the
state constraints, we introduce a penalty problem by using Ekeland’s principle. The key tool for the
proof is the use of a special kind of spike perturbations distributed in the domain where the controls
are defined. Conditions for normality of optimality conditions are given.
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1. Introduction. In the last years, some proofs of minimum principles of Pon-
tryagin’s type have appeared. For long time, the optimality conditions for control
problems governed by partial differential equations have been given in an integral
form, assuming the convexity of the control set and the differentiability with respect
to the control and state of all functions involved in the problem. This makes a big
difference with the control theory for problems governed by ordinary differential equa-
tions, where a Pontryagin’s principle is derived without the previous assumptions. In
my opinion, the reason of this difference 1s the difficulty of extending the methods used
for ODE’s to the infinite dimensional systems. In particular, the classical spike per-
turbations of the controls localized around a point does not work properly for PDE’s
because they lead to some equations with Dirac measures as data, which produces
non continuous solutions. This makes difficult to treat the state constraints, specially
the pointwise state constraints.

A new type of spike perturbations was developed by a group of mathematicians
from Shanghai University; see Li [25], Li and Yao [26] and Li and Yong [27]. They
used these perturbations to study control problems of evolution equations. The spike
perturbations were defined by using the representation of the state given by the cor-
responding semigroup. This idea was also followed by Fattorini [17], [18], Fattorini
and Frankowska [19], Fattorini and Murphy [20], [21]. Later Yong [33] and Casas and
Yong [14] build a similar kind of spike perturbations for elliptic equations by using
the representation of the solution with the aid of the Green function. Afterwards,
Casas suggested a new construction of the set where the perturbations are localized;
see Casas [11] and Bei Hu and Yong [22]. This construction was independent of the
equation. For a different viewpoint explaining the true nature of this new type of
spike perturbations, the reader is referred to Casas [12], where the boundary control
of a quasilinear equation was considered.

Bonnans and Casas [5], [6] followed a different approach to derive Pontryagin’s
principle that did not use this type of spike perturbations. However it was necessary
to assume a stability condition of the optimal cost functional with respect to small
perturbation of the feasible state set.
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(Madrid)

t Departamento de Matemdtica Aplicada y Ciencias de la Computacién, E.T.S.1. Industriales y
de Telecomunicacién, Universidad de Cantabria, 39071 Santander, Spain.
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In this paper, we consider a boundary control problem governed by a parabolic
semilinear equation. General state constraints are included in the formulation of the
problem. The idea developed in [12] is used here. To deal with the state constraints we
penalize them. But the lack of convexity of the control set and the noncontinuity with
respect to the control of the functions involved in the control problem make difficult
to formulate a penalty problem having a solution converging to the optimal control
of the original problem. Ekeland’s variational principle is the key tool to obtain the
suitable penalization.

Pontryagin’s principle is often established in a nonqualified form, which implies
that the cost functional does not appear in the conditions for optimality. In the
absence of equality state constraints, we give a condition that leads to a qualified
optimality system. This condition was introduced by Bonnans [4] and Bonnans and
Casas [6]. Tt consists in assuming a certain kind of Lipschitz dependence of the
optimal cost functional with respect to small perturbations of the state constraint.
It is proved that this condition is satisfied “almost everywhere”. We will distinguish
strong and weak Pontryagin’s principles, depending on whether the optimality system
is qualified or not. To prove the strong principle we make an exact penalization of
the state contraints.

One of the difficulties found in the optimality system is the adjoint state equation.
This equation can have measures as data in the domain, on the boundary and as a final
condition. There are not many papers written about parabolic equations involving
measures. For these equations the reader is referred to Barbu and Precupanu [1],
Lasiecka [24], Troltzsch [32], Boccardo and Gallouét [3], the last one dealing with
quasilinear equations. Here we use the transposition method to derive a general
result of existence and “uniqueness” of solution. Since we do not assume continuity
of the coefficients of the state equation, we need to precise in which sense the solution
is unique; see Serrin [30] for a nonuniqueness result in Wol’p(Q) (p < 2) of an elliptic
problem well posed in H'(Q).

The paper is organized as follows. In the next section, the control problem is
formulated. The state constraints are presented in an abstract framework. We show
through some examples how the usual state constraints are included in the abstract
formulation. The weak and strong Pontryagin’s principles are formulated in §3 and
§4 respectively. In §5, the state equation is studied and the spike perturbations are
defined. The linear parabolic equations involving measures are analyzed in §6. All the
mentioned papers dealing with control of evolution equations, except [22], followed
the semigroup approach to analyze the state and adjoint state equations. Here we will
follow the variational approach, which allows to obtain some pointwise information of
the solutions of the PDEs. This information is very important to study the control
problems with pointwise state constraints. Finally, the proofs of weak and strong
principles are given in §7.

2. Setting of the control problem. Let @ C R™ n > 1, be an open and
bounded set, with Lipschitz boundary T'. Given 0 < T' < 400, we set Qp = Qx (0,7
and Xp = T' x (0,7). Let (K,d) be a metric space and let us consider a function
f:Yp x Rx K — R of class C'*! with respect to the second variable and satisfying
the following assumptions:

(2.1) a—(aj,t,y,u)go V(z,t,y,u) € Xp x R x K;
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VM >0 3Cy > 0 such that V(z,t,u) € Zp x K and |y| < M

(2.2) |f(z,t,0,u)| + ‘g—:{;(l‘,t,y, u)| < Cy.

The state equation is as follows

g_:;/(l’at)+f4y(l‘,t)+ao(l‘,t,y(l‘,t)):0 n QT,
(2:3) Gy,y(e,t) = flz,t,y(x,t), u(x, 1)) on X,
y(z,0) = yo(=) in Q,

where yo € C(Q), A is the linear operator

Ay= - Z Oz ; {Z[aij(x,t)ﬁx,y(x,t)] +b; (x,t)y(x,t)}

(2.4) n
+ > dji(w, 1)y, 1) + oz, y(w, 1)

ji=1

and

(25)  Ouaylet) =) {Z[an(%t)ax,y(m)] + b]’(l‘,t)y(l‘,t)} vj (),

j=1 Li=1

v(z) being the outward unit normal vector to T' at the point x; see Casas [9] or Casas
and Fernandez [13] for an interpretation of this Neumann condition in a trace sense.
Function ap : Q7 x R — R is a Carathéodory function of class C'' with respect to
the second variable and satisfies the following assumptions

(2.6) Fupo € LP([0, 7], L)) and € > 0 such that
' ao(,t,y)y > to(z,t) — Cry” V(w,t,y) € Qr x ;
ao(+,-,0) € LP([0,T], LY(Q)) and VM > 0 3Cpr > 0 such that

1
where ¢, p € [1,4+00] and = + % < 1.
P q
As usual, we assume the following hypotheses on A:

ai%’bj’dj’ce LOO(QT), Vl,j = 1,...,77,;

28) D aij(x, )6 > AEPP, VEER, ae. (x,1) € Qp; with A > 0.

i.j=1

Once given the sate equation, we introduce the cost functional

J(u):/Q L(l‘,t,yu(l‘,t))dl‘dt—k‘/x e, 1, yu (2, 1), u(z,t))do(x)dt,
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where y, is the solution of (2.3) associated to u; o denotes the usual (n—1)-dimensional
measure on I' induced by the parametrization (remind that T' is a Lipschitz manifold);
and L:Qp xR — Rand {: X7 x R x K — R are of class C* with respect to the
second variable, L being measurable with respect to the first one, satisfying

YM > 0 Fbgar € L (Q7) such that V(x,t) € Qp, |y| < M

2.9 oL
) Lot 01+ | St < a0,
and
YM >0 Fpar € LY (Xr) such that V(z,t,u) € X x K, |yl < M
(2.10)

S 1/)bM(xat)

[{(x,t,0,u)| + ‘g—;j(l‘,t, Yy, u)

The space of controls ¥ is formed by the measurable functions u : Xp — K such
that the mapping

(x,t) € Xp — (f(x,t,y,ulx, 1), l(x,t,y,u(x, 1)) € R?

is measurable for every y € R. In §5 we will prove that there exists a unique solution
of (2.3) in the space Y = C(Q7)NL2([0, T], HY(R)) for every u € U, so that functional
J U — R is well defined.

Finally we introduce the sate constraints. Let Z be a separable Banach space
and @) C Z a closed convex subset with nonempty interior. Given two mappings of
class C1, G:Y — Z and F : C(Qr) — R’ 1 > 1, we formulate the optimal control
problem as follows

(P) Minimize {J(u) :u € U,G(y.) € Q, F(yu) = 0}.

Let us show how the usual examples of state constraints can be handled with this
formulation.

EXaMPLE 2.1. Given a continuous function g : Q7 x R — IR of class C'! respect
to the second variable, the constraint g(x,t, y,(2,t)) < 6 for all (z,t) € Qz, with § > 0
being a given number, can be written in the above framework by putting 7 = C’(QT),

G:Y — C(Qr), defined by G(y) = ¢(-,y(+)), and

Q=1{:€CQr):2(x,1) <6 Y(x,t)€Qr}.

EXAMPLE 2.2. Let {(xj,t]’)}}:l C Qp, then we can include the equality con-
straints y,(;,%;) = §;, 1 < j <, in the above formulation. Indeed, it is enough
to define the functions Fj : C(Qr) — R given by Fj(y) = y(x;) — §; and to take
F=(Fy,...,F))T. Then F is of class C!.

EXAMPLE 2.3. Let ¢ : 2% [0,7] x R — R be a function measurable with respect
to the first variable, continuous with respect to the second, of class C'! with respect to
the third and such that 9¢/0y is also continuous in the last two variables. Moreover

it is assumed that for every M > 0 there exists a function 13y € L1(Q) such that

lg(z,t,0)| + ‘Z—Z(l‘,t,y)‘ < ¢Yy(x) ae. xeQ, Vt€[0,T] and |y| < M.
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Then the constraint
[ st de <8 vie .
Q

is included in the above formulation by taking Z = C0, 71,
Q={z€C0,T]:2(t) <é Vte[0,T]}.

and G : Y — C[0,T] given by

EXAMPLE 2.4. The constraint

/ |y (2, 1) |dadt < 6
Qr
is considered by taking Z = LY(Qr), G : Y — LY(Q), with G(y) = y, and Q the
closed ball in L1(2) of center at 0 and radius §.
EXAMPLE 2.5. Forevery 1 < j < klet g; : Qpr x R — IR be a measurable

function of class C! with respect to the second variable such that for each A > 0
there exists a function 7}, € L'(Qr) satisfying

lg; (x,t,0)] + ‘aa—gyj(x,t,y)‘ <y t) ae. (x,1) € Qp, Y|y < M.
Then the constraints

/ng(x,t,yu(x,t))dxdt <8, 1<j<k,
are included in the formulation of (P) by choosing G = (G4, ..., G¢)T, with

Gj(y):/ng(x,t,y(x,t))dxdt,

Z =R and Q = (=00, 81] X -+ X (=00, &].
ExAMPLE 2.6. The equality constraints

/ Fi sty )de = 6, 1< j<l,
Q

can also be included in problem (P) in the obvious way by assuming the same hy-
potheses as in Example 2.5.

EXAMPLE 2.7. Integral constraints on the gradient of the state can be considered
within our formulation of problem (P):

T
G(yu):/0 /Q|nyu(x,t)|2dxdt§6.

In this case we can take 7 = R and @ = (—o0, .
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3. The weak Pontryagin’s principle. Before formulating the weak Pontrya-
gin’s principle, we introduce some notation. Given « > 0, we define the Hamiltonian
H,:Yp xRx K xR — R as follows

Ho(z,t,y,u,0) = al(e,t,y,u) + of(x, 1y, u).

Now we can establish Pontryagin’s principle

THEOREM 3.1. Ifu € U is a solution of (P), then there exist a > 0, y € C(Qr)N
L2([0,T], HY(Q)), ¢ € L"([0,T]), WHP(Q)), for all p,r € [1,2) with (2/r) + (n/p) >
n+1, i€ Z" and A € R such that

(3.1) a+ ||allz + Al > 0;

0y .
5+ AU+ (e tp(e,0) =0 in O,

(3-2) 8,9z, 1) = f(z, 8, §(z, 1), alx, 1)) on S,

y(0) =y in

0o dag L
aSD-I-A** oy (l‘t y)go_a%(xt ,7)
+[DG(y ) Allar + [DF(y) Mla, in Qr,
0 ol
(3.3) O = Gt 10 + g (2,0,5.0)

HDG(@) fls, + [DF(3)" Als, on Xz,

#(T) = [DG()" Mlaxry + [DF@) Mlaxry in

(3.4) (1,2=G(y) <0 Vze;

Has(z,t, y(x, 1), u(z,t), ¢(x,1))do(x)dt

X

(3.5)
= miLI} Ha(z,t,y(e, 1), u(e,t), ¢(x,t))do(x)dt;
ue Sr

where A* denotes the formal adjoint operator of A. Moreover, if one of the following
assumptions is satisfied:
Al) Punctions f and | are continuous with respect to the third variable on (K,d) and
this space is separable;
A2) There emists a set ¥% C X, with my, (X%.) = my, (Er), such that the function

(z,1) € Op — (f(&,t,y,u),U(z,,y,u)) € R®

is continuous in X% for every (y,u) € R x K;
then the following pointwise relation holds

H@($atay($at)aa(x’t)’¢($’t))
(3.6) = milrclH@(x,t,y(x,t),u,gb(x,t)) aefo] x €T and a.e. t €[0,T].
ue
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REMARK 3.2. In the previous theorem, [DG(y)]* it and [DF(y)]* A are elements
of

Y= C(Qr) + L¥([0, T, HY(Q)) = M(Qr) + L*([0, T], H1(2)"),

where M(QT) 1s the spaceiof the real 7and regular Borel measures in QTJ Let us
assume that [DG(y)]*p = ¢ + v, with ¢ € L2([0,T], HY(2)') and ¥ € M(Qr), then

we can write
[DG(Y)) ilar = 6+ V]ar, [DGW)] ey = vl and [DG(@)) ilaxiry = Vlaxiry-

Analogous considerations can be done about [DF(y)]*A.

Let us apply the above principle to the examples given in §2.

ExaMPLE 3.3. In Example 2.1, Z = C(Qr), therefore the Lagrange multiplier
fi, whose existence is established in Theorem 3.1, is a measure in Qp. In this case the
transversality condition (3.4) is written as follows

/ﬁ (2(x,1) — g(x,t,y(x,1))dip(x, 1) <0 Vz € C(Qr) with z(x,t) < 6.

From this relation we can deduce that g i1s a positive measure concentrated in the
set of points (x,1) € Qr where g(x,t,y(x,t)) = §. In particular, it could be a Dirac
measure or a combination of Dirac measures; see Casas [7].

The adjoint state equation (3.2) becomes now

8@ . — 8a0 N 76_[/ B 6 NS ]
_E—i—A v+ By (x,t,y)SD—Ozay(xt y)+ By ( Y Ela, in Qr,
Oy pup = g—i(x,t, Y, u)p + @g—;(l‘,t, Y, u) + g—Z(x,t, 9)it|s, on X,

_ Jg _ - o
SD(T) = %(l‘,T, y(x’T))Mﬁx{T} in €2

Since dg/dy is a continuous function in Q7 , then the product (9g/dy)j is well defined
and can be identified again with a measure.
ExaMpPLE 3.4. In Example 2.2

1
A= Z O )
If the points (;,¢;) are all of them included in Qr, then the adjoint state equation is

Og 9 oL . :
_9¥ LAY+ aiyo(x, y(z))p = @%(1‘, g(z)) + ;/\jé(xj,tj) in Qp,
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If some points z; are in I', then the corresponding term ;\j b(z;,t;) should appear on
the Neumann condition. Analogously, if ¢; = 1" for some index j, then ;\6(xij) should
be included in the final condition.

ExaMpPLE 3.5. In Example 2.3, the Lagrange multiplier g i1s a positive Borel
measure in [0,77] concentrated in the set of points ¢ where the state constraint is
active and

DG() = GGt )a0)

Then we have the following equation for ¢

08 | yon 0000 o 0D By
- 815 +A §0+ ay ($atay)¢_aay ($atay)+ 6y(l‘,t,y)ﬂ|(0,T) mn QTa
o af, A,
6VA*§0— ay(xatayau)§0+aay(xatayau) on ET’
_ dy _ _ )

So, in particular, we have that ¢(7) = 0 if the state constraint is not active in T.
This type of state constraints has been studied by many authors; see Barbu and
Precupanu [1], Lasiecka [24] and Troltzsch [32]. All of them consider the semigroup
theory approach to deal with the state and adjoint state equations. They prove some
regularity of the adjoint state ¢; see §6.

EXAMPLE 3.6. In Example 2.4, the Lagrange multiplier z is an element of 7' =
L (8r), therefore (3.2) reduces in this case to

op .. da, . . 0L, .
_E—i—A p+ y (x,t,y)go—aay(x,t,y)—l—ﬂ in {7,
&/A*@zg—';(x,t,g,ﬂ)@—l—@g—;(l‘,t,y,ﬂ)OHET,
&(T)=01n Q.

In this case, assuming more regularity for the functions ¢4pr and par given in (2.8)-
(2.9), we can obtain additional regularity for ¢. For instance, if we take function
Ypar € LP([0,T), LY(Q)), then ¢ € Y. H?1(Q)-regularity is also obtained provided
that I is of class C? and the coefficients a;; of A are Lipschitz in the variable .

ExaMPLE 3.7. The Lagrange multipliers in Example 2.5 are positive real numbers
{1; }}“:1. The positivity is a consequence of the transversality condition (3.3). The
adjoint state equation can be written as follows

0p «_  Oag 0L ~ _ Jg; .
_E—l—A gp—i—a—y(m,t,y)gp_a%(l‘,t,y)—l—ZM%(l‘,t,y) in Qp,

ol
Oy up = a—(m,t, y,u)p+ @a—y(l‘,t, y,u) on T,
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By increasing the regularity of functions n;, we can improve the regularity of ¢ such
as 1t was described in Example 3.6.

For the equality constraints considered in Example 2.6 the adjoint state equation
is similar to the above one. The only difference is that the Lagrange multipliers can
be negative.

ExaMpPLE 3.8. In Example 2.7, the Lagrange multiplier i is a nonnegative real
number, ¢ € Y and the adjoint state equation is

0p 0 oL
_a_f +A*¢+ aiyo(l‘,t,g)@ = 6‘%(%75’?) + QﬂV*vxy(xat) in Q7,
l
al/A*QB = g_£($ataga a)@ + @g_y(xataga a) on ET’
&(T) =01n Q,

where V*V,y € L%([0,T], HY(2)) is given by

(V*Vey, z) = Ve, 6)Vez(z, t)dedt.
Qrp

The restriction of V*V,y to L*([0, 7], H3(Q) is equal to —A,y.

4. The strong Pontryagin’s principle. In this section we will prove that, in
the absence of equality constraints, Theorem 3.1 holds with & = 1 for “almost all”
control problems. We will precise this term later. The key to achieve this result is the
introduction of a stability assumption of the optimal cost functional with respect to
small perturbations of the set of feasible controls. This stability allows to accomplish
an exact penalization of the state constraints. First of all let us formulate the following
control problem

Minimize J(u)
(Ps) { uecl, G(y.) € Qs

with the same notation and assumptions of §2 and setting Qs = Q + Bg(O), for every
6> 0.

DEFINITION 4.1. We say that (Ps) is strongly stable if there exist ¢ > 0 and
C > 0 such that

(4.1) inf (Ps) — inf (Ps/) < C(6' — &) V&' € [8,6+ €.

This concept was first introduced in relation with optimal control problems by
Bonnans [4]; see also Bonnans and Casas [6]. A weaker stability concept was used
by Casas [8] to analyze the convergence of the numerical discretizations of optimal
control problems. The following proposition states that almost all problems (Ps) are
strongly stable.

PROPOSITION 4.2. Let 8g > 0 be the smallest number such that (Ps) has feasible
controls for every & > éy. Then (Ps) is strongly stable for all 6 > by except at most a
zero Lebesgue measure set.

Proof. Tt is enough to consider the function & : (8p, +00) — R defined by

h(8) = inf (Ps)
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and remark that it is a nonincreasing monotone function and, consequently, differen-
tiable at every point of (8, +00) except at a zero measure set. Now it is obvious to
check that (Ps) is strongly stable at every point where h is differentiable. O

Now we state the strong Pontryagin’s principle.

THEOREM 4.3. If (Ps) is strongly stable and 4 is a solution of this problem, then
Theorem 3.1 remains to be true with a = 1.

The proof of this theorem is postponed to §7.

5. Analysis of the state equation. In this section we will see that (2.3) is
well posed in Y = C(Qr) N L%([0,T], HY(Q)) for every control u € U. Also we will
study the variations of the state with respect to some pointwise perturbations of the
control, which are the crucial point in the proof of Pontryagin’s principle. In U we
consider Ekeland’s distance

(5.1) dp(u,v) = mg, ({(z,t) € Sp tu(z,t) #v(z,1)}),

where my, 1s the measure on Xp obtained as the product of ¢ and the Lebesgue
measure in the interval (0, 7). Tt is known (see Ekeland [16]) that (U, dg) is a complete
metric space.

THEOREM 5.1. Under assumptions (2.1)-(2.8), problem (2.3) has a unique solu-
tion in Y = C(Qp) N L3([0,T], HY(Q)) for every control u € U. Moreover there exists
a constant M > 0 such that

(5.2) Yulloo + [|1yullLzo i)y <M Yuel.

Finally, if {ur}32, CU is a sequence converging to uw in U, i.e. dg(ug,u) — 0, then
{Yu, 152, converges to y, strongly in Y.

Proof. The uniqueness of the solution in Y can be proved by using the Gronwall
inequality in the standard way along with the monotonicity of the nonlinear terms.
Let us prove the existence.

If ag and f are bounded functions, then the existence and uniqueness of a solution
in L°°([0,T], L*(Q)) N L*([0,T], H}(Q)) is a consequence of the monotonicity of f
imposed in (2.1) and the condition on ag given in (2.6); see Lions [29] or Ladyzhenskaya
et al. [23] for a proof based in Galerkin’s approximation of the problem. If f is not
bounded, we can consider the usual truncation of the function

[zt y,u) i Jy[ <m,
fm(z, t,y,u) = fle,t,myu) if y > m,
fle,t,myu) ify < —m.

Thus hypothesis (2.2) implies the boundedness of f,.

An analogous modification can be made on ag. Then we deduce the existence and
uniqueness of a solution y,,, € L ([0, 7], L*(Q)) N L*([0, T], HX(2)) for problem (2.3)
with ap and f replaced by ag,, and f,,, respectively. Now thanks to the assumptions
(2.1)-(2.8), we can apply the procedure of Ladyzhenskaya et al. [23] to deduce the
existence of a constant M > 0 independent of m and u € U such that (5.2) holds for
Yu replaced by y,,. This implies that

am (2,1, ym(2, 1)) = a(z, t, ym(x, 1)) Ym> M
and

Fm (@, 8 ym (2, 8), u(x, 1) = fla, 6, ym (2, 1), u(z, 1)) Ym > M.
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Consequently, the uniqueness of a solution of (2.3) lets to obtain the identity ¥, = yu
and the inequality (5.2).

In order to prove the continuity of y,, we first suppose that yg € CG(QT) for
some constant # € (0,1]. Then, by applying the results of Di Benedetto [2], we
deduce that y, € C?P/2(Qzp) for some § € (0,0]. When yo is not a Hélder function,
we can take a sequence {yoz 32, C C?(Qr) converging uniformly to yo in Q7. Then
the corresponding solutions of (2.3), denoted by yi, are Holder functions. Now, by
applying the methods of [23] is easy to deduce the convergence yr — y, in L (£2r),
which proves the continuity of y,.

Finally, the convergence y,, — y, in L*([0,T], HY(Q)) when dg(ug,u) — 0 is
easily derived. The uniform convergence is obtained again by using the arguments of
[23]. O

The rest of the section 1s devoted to the proof of the following theorem

THEOREM 5.2. Let u,v € U. Given p € (0,1), there exist mx, -measurable sets
E, C Xy, with ms, (E,) = pms, (X7), such that of we define

_J ou(z,t) if (e,t)€Xp\E,
et = { o@,t) if (2.0) € B,

and if we denote by y, and y the states corresponding to u, and u, respectively, then
the following equalities hold

1
(5.3) Yp = y+pz 47, lim—|r,|ly =0,
p—0 p
and
1
(5-4) J(ug) = J(w) 4 ps" 4 v, lim Zrf =0,

where z €Y satisfies

62 8a0 _ .
o + Az + %(x,t, y(e,t))z=0 in Qp
(5.5) Oy 2 = g—i(x,t,y(x,t),u(x,t))z
+f (@, ty(z,t), v(z, b)) — f(z, b, y(x, ), u(z,1)) on Xr,
z(2,0) =0 in Q
and
0 oL ol
7 = — (&, t, y(x,t))z(2, t)dudt + —(x, t,y(e, ), u(z,t))z(x, t)do(x)dt
ar 0y s Oy

(5.6) —I-/E Uz, t,y(z,t),v(e, 1) — 1z, t, y(x, 1), u(x, t))]do(x)dt.

The first step 1s the proof of the following result
PROPOSITION 5.3. For every 0 < p < 1 there exisls a sequence of ms, -
measurable sets {Ey 172, satisfying
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1. By, = EE x J*, with By C T and J* C (0,T), o(E%) = Vpo(L) and |J*| =
VveT.
2. (U\/ﬁ)XE’; — 1 *weakly in L=(L'); (1/\/p)xsx — 1 *weakly in L>°(0,T); and
(1/p)xE, — 1 "weakly in L= (Zp).
Proof. We divide the proof into several steps.
STEP 1. The sets .

Let us construct the sets E{i Since €2 is bounded and T is a Lipschitz manifold,

we can obtain a finite collection of o-measurable sets {T', }¢_, and functions {a, }9_,
satisfying
d

d
i) U r,=r, 122 ﬂszﬁifigéj and o(T) :ZU(lzr).
r=1

r=1 =
(ii) The functions a, : (—Ar,+Ar)"~! — R are Lipschitz and for some coordi-
nate system (2., 2, n) = (Zr1,...,%r,) in R" we have that
U= {(x},a,(x})) : 2} € (=Ar, +Ar)" ™'}

and for every set E = {(zL,a,(z!)) : 2. € F'}, with F C (—Ar,+Ar)"~! Lebesgue
measurable, the following identity holds

da,

2
Gt da

e

For every k € N we decompose the interval [-Ap, +Ar] into k closed subintervals
of length 2Ar/k and disjoint interiors. Now we made all possible Cartesian products of
these subintervals and obtain a family of cubes {Q;“}f;ql of equal Lebesgue measure,
covering [—Ar, +Ar]"~! and with disjoint interiors. For every r = 1,...,d and every

o
cube we take a measurable set I . CQy, ; such that

L, wi=v

Let us see that such a F ; exists. For every ¢ € [0, 1] we define Qy ;(¢) as the cube
with the same center than ij and the length of each side being equal to ¢ times the
length of the sides of Q% ;. So Qi ;(1) = Qr,; and Qy ;(0) is reduced to one point:
the center of Q ;. Let us consider the function ¢ : [0,1] — R defined by

3ar

2
dz!
8%« i

e

(x7)

6$r,i

n—1 2
da,
s =[ 1+ (1) dat.
Qu.it) ; Ori
Then it is obvious that ¢ is continuous and
3ar
0) <p / 3 dx < g(1).
Qk,; xr g
Therefore there exists 0 < g < 1 such that
3ar
g(to) = /p e[ del.
Qk,j 3%« d
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Thus we can choose B = Qx,;(to).
Now we set

Ert d
= U i B =@l ar(al) 2 € FY il BE= | B
i=1 r=1
Then
d d n—1 6& 2
A(Eh) = Yo = 30 [ 14 3 || el =
r=1 r=1"F% i=1 e

3ar , d 0
de, 2 o(l'y) = /pa(T
WZ/ . Nt f; (T,) (I)
We are going to prove that
1
(5.7) — lim o(AN Ef) = o(A) YA C T o-measurable.

\/ﬁ k—o0

Once this is proved, the convergence (U\/ﬁ)XE’; — 1 *weakly in L*(T') follows from
the density of the simple functions in L!(T).

First, let us assume that A ClzT is an open set. Let us take the open set B C
(—Ar, +Ar)"~! such that A = {(2.,a,(2.)) : 2. € B}. Then, from Lemma 5.4 proved

below, we deduce

n—1 2
da
o(A :/ 14 “(xL)| dx.
W= [\ 1+ nen
2
= — lim 3ar zl)| dx).
VP k=0 BOFr 336”

1 1
= — limoc(ANE.) = — lim (AN ER).
7 dim o0 B = - lim o(4 11 £)

If AC T is an open set, then

d

d
0
= c(ANT,) = — lim o(AN Fr DEF) =— lim o(4N EF)
2 Z; VP f -

Thus (5.7) holds for every open subset of I'. Let us take a closed set K C T,

o(K)=0()—c(T'\K)=0(T) - 7 lingo o([['\ K]N EE)

! { k —L m o(K
= (1) = = Jim {o(F) ~ o(I (£} = — lim o(K 1 £F).
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Finally, let A C T' be a o-measurable set. Given ¢ > 0 arbitrary, we can take
K C T closed and V C T open such that K C A C V and

c(A)—e<o(K)<a(V)<a(A)+e
Then

, . . & I &
— < () < — / < —
o(Ad)—e<o(K) < 7 khm c(KNEY) < \/ﬁhkm info(A N EL)

1 1
< —limsupo(ANEL) < — lim o(VNEE) = o(V) < 0(A) + ¢,
limaup (A1 ) < 2 lim oV 01 Ef) = o(V) < (1)
which concludes the proof of (5.7).

STEP 2. The sets J*.

To construct the sets J* we decompose the interval [0, 77 into k closed intervals
I]’I»C of length T'/k and disjoint interiors. For each j = 1,... k we take a subinterval

0
J]k CI]"C of length /p1'/k and the same center than I]’»“. Finally, we define J* as the

union of.the intervals {JJZC }“:1. Then |Jk|.: /pT and the convergence (1/\/ﬁ)xjk —1
“weakly in L°°(0, T') can be proved following the same ideas than in the previous step.

STEP 3. The sets E},.

Taking £y = FE x J*, it remains to prove the convergence (1/p)yg, — 1 *weakly
in L®(X7). Given f € LY(T) and h € L*(0,T), we get from the steps 1 and 2

lim lXEk (z, ) f(z)h(t)dms, (z,1)

k—o0 S P

= (Jim [ vep@)farints)) (klggo | %mwh(t)dt)

= f)h(t)dms, (z,1).
Zr
Since the functions f(z)h(t), with f € LY(T') and h € L1(0,T), expand a subspace
dense in L'(X7), we conclude the proof. O
LEMMA 5.4. With the notations of the above proof, the following tdentity holds
for all open set B C (—Ar,+Ar)"~!

da

r /
(xr
6$r,i

2
!
dz,

2 n—1
1
dr, = — lim 14
) VP k=0 JpaFr ZZ:;

n—1
da,
(5.8)/3 1+Z am(x;)
i=1 )
for everyr =1,...,d.
Proof. Let us take a sequence {Cy}%2, of closed cubes, with sides parallel to the

axes and Cp N Cy= 0 if i # k, so that B = ;= C%; see Stein [31, pp. 167-170].
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Fixed r, for each cube Cj it is obvious that

da, 2 8ar
1+ (z1)| dzl. = lim / zl)| dx).
~/Cz ZZ_; 61‘7‘72' k—o0 Z;Cl Qx5 axr i
- Lim ¥ e o
p k—»oo »CCy %,d
1 da, 2
= im 1+ (z1)| dzl.
VP k= Jevary ZZ:; Oy i
Now, given € > 0 there exists k. € N such that
Ja ’ ke Ja ’
. dx) — = ()| dal| < e.
/B 31‘7« 1 ) r IZ; /Cl 33&« i $T ‘
From here it follows
n—1 da
r /
/B 1+Z 31‘7«2( ;‘) dl‘r—E
i=1 ’
ke n—1 6& 2
<> [+ " (at)| da
=1 i ZZ:; 6$T’Z
k 2
1 Ja
= lim — / 1+ —— ()| d=.
Fmeo P D Janry] ; Ori
n—1 da 2
< liminf — 14+ ~(x1)| dzl. <
k—co /P JBnF; ; diy,i
n—1 2
1 da,
lim sup — 1+ — ()| dz).
k—oco \/_ BOFr ZZ:; a$r,i
ke n—1
§limsupLZ/ 1—1—2 Oay (z) daei«—I-L
k—oo VP 1T Janryg = |0 VP
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3ar

d -
8%«2 ot

\/ﬁ

da,
)

n—1 2
1
< 1+ dx;+<1+—)e
/B ; VP

Since € > 0 is arbitrary, the previous relations conclude the proof. O

Finally, we are ready to prove Theorem 5.2.

Proof of Theorem 5.2. Let p € (0,1) be fixed. Applying Proposition 5.3, we
deduce the existence of measurable sets {Ey}%2, such that mx, (Ey) = pms, (27)
and (1/p)xg, — 1 "weakly in L>°(X7). For every k € N, we set

(e, t) if (x,1) €37\ B
ur(x,t) —{ vEl‘,t)) if Ext; € Ey,

and we denote by y; and y the states corresponding to u; and wu, respectively. Now,
subtracting the equations satisfied by y;, and y, and putting z; = (yx —y)/p we obtain

aﬁ—t + Azp +en(2, )z, =0, in Qp
(5.9) Oy uzp = bz, )z + h(x,t)lXEk on X,
p
z(#,0) =0 in £,
where
! dag
cp(x,t) = oy —— (@, t,y(x, 1) + rlye(z, 1) — y(z, 1)])dr,
0
(z,1) / 3 tyle, t) + tlys(x,t) — y(o, 1)), up(z, t))dr,
and

h(z,t) = fle,t,y(z,t),v(x, 1)) — fx,t,y(z, 1), u(z,1)).
By subtracting (5.9) and (5.5) and writing {; = z; — z, we deduce

9k + Al +oer(2, ) = [%yo

ot (2, t,y(x,t)) — cp(x,t)]z, in Qp

e = bu, G+ (B4, 1) = S (o, 1,y 1), (e, 1))
(5.10) Y

1
+h(z,t) <_XEk - 1) on X,
p

Ck(l‘, 0) =01n Q.
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Now we decompose 5 = (} + (7, with

(5.11)

and

(5.12)

dag

Ck —|—ACk + ck(x t)C [ By (x‘ t y(x,t)) — ck(x,t)]z, n Qp

a—f(ab,t, y(o,t), u(z,t))]z on Tr,

aVACkl = bk(x’t)cl% + [bk($’t) - Oy

C(x,0) = 0in ©,

Ck + ACE + ep(x, )¢ =0, inQr

1
4 Cii = br (2, 1)C + h(x, 1) (;m — 1) on Y,

¢E(x,0)=0in Q.

Taking into account (5.2) and (2.1)-(2.8), multiplying equation (5.12) by the
function exp (—wt)(Z, with w > 0 large enough, and integrating by parts, we deduce

(5.13)

¢ (||C1§||%2(QT) + ||C£||%2([O,T],H1(Q)))
T
exp w
< SRy + 5 [ exo (o) [ I6Ee OF dadt
T T
+ [ exp (mwnlfact, i+ [ exp (o) [ ente ]G0 Pz
0 0 Q

:/0 /FeXp (_Wt)bk(x’t>|C!§(l’at)|2da(x)dt

w [ oo onnten (a0 1) ie oty
§/0T/Fexp(—wt)h(x,t) (%XEk(x,t)— 1) Gz, t)do(x)dt.

From here it follows that

(5.14)

16Ellc2r2 (0
CBBI2(Qr)

1
||C1?||%2(QT) <’ Hh (;XEk - 1)

for some 3 € (0,1]. The Holder regularity of ¢Z follows from the assumptions (2.1)-
(2.8) and the results of Di Benedetto [2].
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On the other hand, for ¢ € (0, 3), the inclusions
Cﬁ’ﬁ/z(QT) C CG’G/Z(QT) C LZ(QT)
are compact. Then we can apply the Lions lemma [28] to obtain
(5.15) 62l co.er2iapy < €llCillesmreqag) + CellCillL2r)-

Since y, yx and h are uniformly bounded, the Holder estimate of (7 can be chosen
depending only on p

(5.16) i llenmrziar < Cp Yk €N

Taking € = p/(2[1 + C,]) in (5.15) and using (5.14) and (5.16), it follows

1 Y
h <_XEk - 1) Cp
P CBBI2(Qr)

1 1/2
)

p

Then, for p fixed, the convergence (1/p)x g, — 1 *weakly in L>°(Xr), the bound-
edness of h and the compactness of the inclusion L=°(X7) C C#P/2(Qp) implies the

the strong convergence (1/p)hx g, — hin C?P/2(Qr). Therefore we can take k, € N
large enough in such a way that

/ET ho(z,1) (%XEk - 1) da(x)dt‘ + Hh(gg’t) (%XEk _ 1)

p
G llcoverzgan < 5+ Ce {C’

p
(5.17) = §+C;,

CBBI2(Qr )

CBBI2(Qr)

(5.18) <—t— Vk>k,

where

ho(z,t) = (e, t, y(x,t),v(x, 1) — l(z,t,y(x, 1), u(z,1)).

Let us set I, = Ey,, u, = u;, and the analogous changes for y,, (,, f), 1=1,2.
It is obvious that dg(u,, u) — 0 when p — 0. Hence Theorem 5.1 implies that y, — y
in Y. This convergences along with the estimates of Di Benedetto [2] allow to deduce
from (5.11) the strong convergence C; — 0 in Y when p — 0. Combining this with
(5.13), (5.17) and (5.18), it is easy to derive the strong convergence (, — 0 in Y,
which proves (5.3).

To conclude the proof it is enough to note that

[ (Mot t) - Lty ) oL
_/n{ p oy (O b y(@ D) ,t)}d dt
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/ { e, t y(x,t), u,(z, b)) — Uz, t, y(x, 1), u,(z,1))

p

_g—;(x,t, y(u, ), u(x,t))z(x,t)} do(x)dt

+/ET ho(x, 1) (%XEp(x,t) - 1) do(z)dt

and to take into account the convergences previously established and (5.18). O

6. Linear parabolic equations involving measure data. Let p be a regular
Borel measure in Qp. We can write y = g, + ps, + pir + po, where pa, = o,
psr = filse, pr = plaxqry and po = plgyqo- The aim of this section is the study of
the following problem

0 N .
_E—FA Y = HQp anTa

(6.1) Oy e = iy, on X,

o(T) = pr in Q.

The reader is referred to Boccardo and Gallouét [3] for the study of a quasilinear
parabolic equation with a measure in Q7 as datum. Here we improve the results of
[3] by exploiting the linearity of the equation.

Let us denote

Yo={yeY :y(x0) =0Ve e}

DEFINITION 6.1. Given p,r € [1,2), with (2/r) 4 (n/p) > n+ 1, we will say that
a function o € L"([0,T], WHP(Q)) is a solution of (6.1) if for every y € Yo N CH(Qr)

Oy -
/QT gswr; > 300, Y00, 0 + biyde, o + diOnye | + cyp ¢ dudt =

n
1

sy e.0)+ [ y(e ().

Q

mwﬂﬂMmhAﬂMMMHé

T
Let us note that (6.2) implies that —(0p/0t) + A*¢ = pgq, in the distribution sense
in Qp. Let us take @ = (w1, ..., wy41), with

n
w; = Zaz’]@x]@ +dip, 1 <i<n, and wpi1 =¢.
ji=1

Then @ € LY(Qr)* T, ¢ = min{r,p} < (n +1)/n, and

n

: L0 do . %
divig @ = B —I-Zﬁx, Zaijaxj§0+di§0 =3 - A ¢+Zbi3x,s@+cs@

i=1 ji=1 i=1
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(6.3) = —par + Y bie,p+ cp € M(Qr).

i=1
Thus we have @ € VI(Qr),
Vq(QT) = {117 € Lq(QT)n+1 : diV(xyt)u_}’ S M(QT)}

This space, endowed with the graph norm, is a Banach space. We have the following
result

THEOREM 6.2 (Casas [10]). Given q € (1,(n + 1)/n), there exists a unique
continuous linear mapping v,, : VI(Qp) — W=Y09(9Qr) satisfying

(6.4) Yop (W) = @ - iy Vi € CH(Qr)

and

/ W - V(o pypdedt + (divie )W, ¢) m(ar),cy(ar)

Qr

(6.5) = <7VT(7‘Z;)’7(¢)>W—1/‘1"1(6QT),W1/‘1)‘1'(6QT) Vo € W (Qr),

where Cy(Qp) is the space of bounded and continuous functions in Qp and vp(x,t) is
the outward unit normal vector to OQrp at the point (x,1).

By applying this theorem to the function @ defined above and using (6.2) and
(6.3), we have for all y € Yy N C1(Q7)

<7VT(7‘E)’Py(y»W—l/q’q(6QT),W1/‘1"1'(6QT) =
/ W - V(o pyydedt + (divie oW, y) smar),cyar) =
Qr

n

Oy =
/QT {Eswr DD i 00,900, 0+ biyOe, o + dide,yp | + cyso} dxdt

i=1 [j=1

—/QT ydpa, =/OT/FydﬂzT(l‘,t)+/ﬂy(l"T)dﬁ‘T(l’)'

From the identity

T
<7VT (117), v(y»W—l/q’q((’)ﬂT),Wl/q)q'((’)ﬂT) = /0 /FydﬂET (l‘,t) + /ﬂ y($’ T)dﬂT(x)
and taking into account that
_ e . (0
vr(z,t) = 0 V(z,t) € Zr and vp(x,T) = 1 Yo € Q,
we can 1dentify

&/A*QD = Tvr (J)|ET = pw, and gp(l‘, T) = Yvr (('U)|ﬁ><{T} = Hr-
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Now we have the following result of existence and uniqueness of solution for
problem (6.1).

THEOREM 6.3. There exists a unique function ¢ € L™([0,T], WLP(Q)), Vr,p €
[1,2) with (2/r)+ (n/p) > n+ 1, such that it is a solution of (6.1) and

(6.6) (6_@/ + Ay) pdrdt +
ar \ Ot

3y, ypdo(x)dt :/ﬁ ydu(z,t) Yy € Y5°,

ET QT

with

B
Ve = {y €Yy : a—i/—i—AyeLoo(QT) and 8,,y € L™ (S7)}.

Moreover there exists a constant Cy, > 0 independent of p such that

(6.7) llellLrqo,rwre)y < Crpllitllarar)-

Proof. Let {fi}r C C(Qr), {gr}x C C(T x [0,T]) and {hx}r C C(Q) such that

fr — pay, 98 — px, and by — pp “weakly in M (Qr), M(Zr) and M () respectively.
Moreover we can assume that

Wfellrr) < lrarllarrys grllzise) < llpsellarey and [|Axllzi) < [lprllaq) -
Let us take ¢ € Y such that

Opr

ot + A" = fr in Qp,

(6.8) Oy 4u Pk = gr O0 X,

ng(T) = hk n Q.

Now for every ¥ = (0, ¥1,...,¥n) € D(Qr)" !, we denote by yy the solution in
Y of

d & .
Yy Ay=do— Y 0s,dy in Qr,

at ji=1
(6.9)
Oy, y =0on Xp,
y(0) = 0 in €.
Then

[ oo+ Y wstn,on | dodt = |
Qr

(% + Ay¢) prdrdt =
ji=1 Qur

ot

0
<6.10y (—%M*w) yydidt + / O e prttpdor () dt + / e (T)yy (T)d.
Qrp X 0
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Using (6.8) and the properties of fi, gr and hy, we deduce from (6.8)

[ {voeet Y wson o0 | doc
Qr

ji=1

(6.11) < ellaranllvelle@ey < Crpllillaar Z 5 1L qo,m1,00 ()

j=0

the last inequality being a consequence of the estimates for the solution of (6.9);
see Di Benedetto [2] and Ladyzhenskaya et al. [23]. From the density of the space
{1/)0—2?:1 Oe, b5 1 € D(Qp) T} in L7 ([0, 7], Whr(Q)') and estimate (6.11) follows
the boundedness of {py}; in the space L7 ([0, T], W1?(Q)). Moreover, by taking a
subsequence if necessary, we can assume that ¢ — ¢ weakly in L7([0, 7], W1P())
and (6.7) is satisfied.

Let us prove that ¢ does not depend on r and p. Indeed, passing to the limit in
(6.10) and remembering that y,(0) = 0, we get

(6.12) / 1/)0g0—|—21/)j6xjg0 dxdt:/ ypdp Vi € D(Qp) .
QT QT

ji=1
It is obvious that there is at most one function ¢ in L([0, 7], WH(Q)) satisfying
(6.12), which proves that ¢ is independent of  and p.
Given y € Yo N CH(Qr), multiplying (6.8) by y and integrating by parts, follows

Oy “
/QT 5%%-1—;

n

Zazjﬁx,y@xjsok + ;Y0 ;00 + d; 0z, yer

=1

+ cypor ¢ dedt =

frydedt + /

gkyda(x)dt—l—/ hpy(T)dx.
X

Qrp Q

Now passing to the limit we deduce (6.2) and consequently ¢ is a solution of (6.1).
Let us prove (6.6). Given y € Yy, multiplying (6.8) by y and integrating by
parts, we deduce

frydedt + /

gkyda(x)dt—l—/ hry(T)dx
X

Qrp Q

:/ (6_y i Ay) prdedt+ [ 0, ,yprdo(z)dt.
Qr ot Zr

Now (6.6) is obtained by passing to the limit.

Finally, the uniqueness of ¢ follows from (6.6). Indeed, the regularity results for
the Neumann problem associated to the operator (8/9t) + A (see [2] or [23]) prove
the surjectivity of the mapping

9y

yEYOOO—>(at

+ Ay, d,,y) € L°(Qr) x L®(S7),
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This along with (6.6) implies that the zero function of L"([0,7], W1P(Q)) is the only
one satisfying

/ (a_y + Ay) pdedt+ | 0y ypdo(e)dt =0 Vy € Yg™.
Qp 315 X7

This shows the uniqueness of . 0O
An interesting case arises when p = gw, with ¢ € C([0,77], L*(Q)) andw € M[0,T]

A mﬂ:AT(Ldﬁwﬂﬁwn)m@)chumﬂ¢%m%

see Example 3.5. In this particular case we have the following result
THEOREM 6.4. With the above notation, there exists a unique function  in the
space L2([0,T), HY(Q)) N L>=([0,T], L*(Q)) solution of the problem

9

oy + A%p = gw in Qr,

(6.13) Oy ,ep =0 0on Xp,

(1) = g(T)w({T'}) in Q.

Proof. Uniqueness can be obtained in the standard way. For the proof of the
existence we take a sequence {wy}r C C[0, 7 converging *weakly to w in M[0,7] and
satisfying

lwrllzrar) < lwllargo,rr-
Let us take ¢ € Y such that

pr

ot + A% = gwy, in Qp,

(6.14) Oy, or = 0 on X,

or(T) = g(Tw({T}) in Q.

Given f € D(Qr), let us denote by y; the solution in Y of the problem

Yy ay=sinar
(6.15) Ovay =0 on B,

y(0) =0 in Q.
Then

0
fordedt = / (_y + Ay) prdrdt = / gwrpydzdt —1—/ w{THe(My(T)dx
Qr ar \ Ot Qr Q

(6.16) < Nglleqo,ry,c2@pllwllaro mllylleo,r,c2@)) -
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From (6.15) follows by using the classical arguments that

ylleo,r,L2c) < Cillfllziqo,r,L2c) and ylleqo,r,c2)) < C2llfllLa(o,r,210))-

From the first inequality and (6.16) we deduce the boundedness of the sequence {¢g }i
in the space L>([0,T7], L*(2)). The second inequality leads to the boundedness of the
same sequence in L?([0, 7], H'(Q2)). The rest of the proof is easy. [

As mentioned in §3, problems of type (6.13) have been studied by Barbu and
Precupanu [1], Lasiecka [24] and Troltzsch [32].

In the case of a measure g = gw, with ¢ € L'[0,7] and w € M(Q), we de-
duce from Theorem 6.3 and the inclusion W'P(Q) C M(Q) C Wl’pl(Q)’the exis-
tence of a solution ¢ € LY([0,T], WLP(Q)), for all p € [1,n/(n — 1)), and such that
A/t € L*([0,T], W' (Q)). Hence we deduce that o € C([0,T], W' (Q)) after a

modification on a set of zero measure.

7. Proof of Pontryagin’s Principle. In this section we prove the theorems
3.1 and 4.3. A crucial point in the proofs is the use of Ekeland’s variational principle
that we state now.

LEMMA 7.1 (EKELAND [16]). Let (E,d) be a complete metric space, F : F —
R U {+0c0} a lower semicontinuous function and let e, € E salisfy

<
F(ee)_elggF(e)—l—e

Then there exists an element e. € E such that

F(e) < Fleo), d(ée,ed) < Ve

and
F(e.) < F(e)++ed(e,é.) Ve€ E.
Proof of Theorem 3.1. Since Z is separable, we can take in Z a norm || - ||z such
that Z' endowed with the dual norm || - ||z is strictly convex. Then the function

dg: (Z||-llz) — &

dq(z) = yigg lly — ||z

is convex, Lipschitz and Gateaux differentiable at every point z € Q, with ddg(#) =
{Vdg(z)}, where the Clarke’s generalized gradient and the subdifferential in the sense
of the convex analysis coincides for this function. Therefore, given ¢ € ddg(y), we
have that

(7.1) (€2 —y) +do(y) < do(z) Vi€ Z

Moreover ||Vdg(z)||z: = 1 for every z € @Q; see Clarke [15] and Casas and Yong [14].
Let us take J. : Y — R defined by

u) = {[(J @) + 2 + do(G(y)* + 1 F(ya)l} 7

It is obvious that J.(u) > 0 for every u € i and J.(4) = €. On the other hand, thanks
to Theorem 5.1 we have that J. is continuous in (U, dg), with dg defined by (5.1).
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Therefore we can apply Ekeland’s variational principle and deduce the existence of
u® € U such that

(7.2) dp(u,u) <+ve and 0< J(uf) < J(u)+ Vedp(u®,u) Yuell.

Given v € U arbitrary, let us take £, and uj, as in Theorem 5.2,

¢ _f u(x) freXr\E,
(@) { v((x)) ifze Ej.

Then we get with the help of (5.3) and (5.4)

Je(up) = Je(u®) _ [(J(u) = J(u) + )] = [(J(u) = J(u) + 9]
—Vemy, (¥) < p - plIe(uy) + Je(uc)]

+dQ(G(y;))2 — do(G(y))* + [F(yp)I” = [F O -0
]

pIe(us) + Jo(ue)
IR (T () = T(@) + )t =" + (65, DG(y)=) + (F(y), DF(y)=)} /Je(u)

(7.3) = a2+ ([DG(y )] 1, =) + ([DF (y)]" A%, =),

where y° and yj;, are the states associated to u® and uj, respectively, z° € Y satisfies

65; + Az + aa—c;o(x,t, y(2))zc =0 in Qr,
(7.4) Oy, 2= g—:{;(ar:,t,ye(ar:,t),ue(ar:,t))z6

+f(x,ty (x,t), v(e, 1) — f(2,t,y (2, 1), u(x, 1)) on X,

z%(x,0) = 0 in £,
e — 8—Lx (x, )z (x x ﬁx (o, t),u(z, 1))z (x oz
= [ E ) o et [ S 0,0 1), )
(7.5) —1—/ [z, t,y(x, t),v(x, 1)) — l(z,t, ¥ (2, 1), u(x,t))]do(x)dt,

Zr

_ @) —Jw+agr & c_ I'(y)

(7.6) e = 7.(u) =T N T T ey
o = { oG TG £Q
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By using Theorem 6.3, we can take a function ¢¢ € L™([0,T], WH?(Q)), Vr,p €
[1,2) with (2/r) 4+ (n/p) > n+ 1, such that
6a0 6[/
__r A* € - t € € — e— ’t’ €
A (7,8, )¢ = a ay(ﬂﬁ y.)
DG ) pellar + [DF(y) Adla, in Qr,

(7.8) Oy e 9" = g—i(l‘,t,ye,ue)s@e+0z55—;(l‘,t,yeaue)

HDG(Y) peller + [DF(y)" Adlsy on X,

¢ (T) = [DG(Y ) pellaxiry + [DF(y)" Adlaxry in Q.

Thanks to the assumptions (2.2) and (2.7), we have that z¢ € Yf°. Then we can
apply (6.6) with y = z¢ and deduce from (7.3)-(7.5) and the definition of H, given
in §3 the inequality

. Ho (2t y (2, 8), u (2, 1), o (2,1))]do(x)dt

(7.9) < . Ho (z,t, y (2, 1), v(z, 1), ¢ (x,1))do(2)dt + Vemz, (S1r) Vv €U.

Now we pass to the limit when ¢ — 0. To do this, let us remark that
(7.10) af + a7+ NP = 1.

Then we take subsequences,; denoted in the same way, satisfying

(7.11)

ac—a inR, A*—X inR"
pu¢ — @i in the "weak topology of Z'.

On the other hand, the convergence y* — y in Y follows from Theorem 5.1. The
boundedness of {¢¢} in L" ([0, T], W1#(Q)) follows from (6.7) and (7.10). Then, using
(7.11), it is easy to pass to the limit in (7.8) and (7.9) and to deduce (3.3) and (3.5).
Now remembering the definition of ¢ and £¢ and (7.1), we deduce

(7.12) (S, 2 =Gy N <0 Yzeq.

Passing to the limit in this expression we obtain (3.4). Let us prove (3.1). To do this,
let us suppose that & = |A| = 0, then from (7.10) it follows ||u€||z: — 1 as € — 0. Let

us take zg €Q) and p > 0 such that B,(z9) CQ. Then (7.12) implies that
(p, 2+ 20— G(y%)) <0 Vz € B,(0).
Hence

pllullze = sup (u,z) < (u", G(y) — 20).
2€B,(0)

Passing to the limit

0 <p < lim(u, G(y*) = 20) = (1, G(y) = 20),



PONTRYAGIN’S PRINCIPLE FOR BOUNDARY CONTROL PROBLEMS 27

which proves that g # 0.
It remains to prove (3.6); see Bonnans and Casas [5] or Casas [11] for the study of
analogous situations. To do this we consider the coordinate system {(T, a,)}¢_; of T

introduced in the proof of Proposition 5.3. Given a point zg €T, for some 1 < r < d,
we denote for each € > 0 small enough

Le(xo) = {x = (2}, ar(2})) : 2 € Be(xg,) C (0,1)" 71,

where B.(xh,) is the ball in R"~! centered at #}, and having radius ¢. Now given
0 <ty < T, we set

E%(l‘o,to) = Fe(l‘o) X (to — E,to + 6).
The following lemma is used in this proof.

d
LEMMA 7.2. Given f € LY(Xr), there exists a my,, -measurable set S C U | S
r=1

(0, 7)), with mg,(S) = mg, (Xr), such that for every (xo,ty) € S we have

(7.13)  lim ! / |f(z,t) — f(zo,t0)|dms,(2,t) = 0.
E;(xg,tg)

e~0 my, (X% (20, 10))

Proof. Let us denote for all (2%,¢) € (0,1)"~! x (0,7)

2
L T AT e AR EAN))

r

n—1
wrlap) = |14
i=1

Since w, and f,. are Lebesgue integrable functions in (0,1)"~* and (0,1)*~1 x (0,7
respectively, we know that the set of Lebesgue points of these functions, U, and V,
respectively, have measure equal to 1 and T respectively. Let us define

d
Sy =A{(z,t) €V, = (z,.,a,(z.),t): 2. € U.} and S:ﬂSr.

r=1

Then mg, (S) = mg, (Xr) and S, Clzr x(0,T), 1 <r<d.
Let us take (zg,t0) = (24, a(®},),t0) € Sr. Then x{)]» and (xg,t9) are Lebesgue
points of w, and f., consequently

. 1
i Lo 1t = s toldms, (.0 =
E’}(xuvtﬂ)

e—0 my, (X5 (o0, o))

1 tote
£ 7/ / Fo(@h ) = fr(h,, t)|da’.dt
e—0 (2€|Be($6r)| to—¢ BS(CL‘{]T) | ( ) ( 0 )|

—1
1

lim | ——— wp(al)da!, =

ﬁwQ&wM|&%ﬂ (er) )

fT(xf)r’tO)/wT(xgr) = f(l‘o,to),
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where |B¢(xp, )| denotes the (n — 1)-measure of B.(z(,). O

The set points of S will be called the Lebesgue points of f. This set depends on
the system of coordinates {(T,,a,)}4_;, but this dependence affects only to a set of
o-measure equal to zero.

We return to the proof of (3.6). Assume firstly that (A1) holds. Let us take a
numerable dense subset {v,}72, of K. Let F" and {F}}72, be measurable subsets of
Q, with ms, (F) = mg, (Zr) = mx,(F,) for every j, such that the Lebesgue point
sets of functions (z,t) € Yp — Hg(x,t, y(x,t), u(x,t),p(x,t)) and (z,t) € @ —

Hs(z,t,y(z,t),v;, ¢(x,t)) are F and Fj, respectively. Let us set Fy = Fﬂ[ﬂ F;].
j=1

Then we have my, (Fy) = ms,(Ep). Now given (zg,tg) € Fy arbitrary, for every
€ > 0 small enough and j > 1 we define the admissible controls

(2,1) = { a(z,t) if (2,1) € T5(wo, t0)

u .
7 v; otherwise.

Then from (3.5) we deduce

1
my, (X% (z0,10))

/ Ha(z,t, (e, 1), u(z,t), p(x,t))do(x)dt
E’}(xuvtﬂ)

1
< / Ha(z,t,y(z,t),v5, p(z,t))do(z)dt, 1<,
Z5(wo,to)

my (N7 (20, 10))
Passing to the limit when ¢ — 0 we get with the help of Lemma 7.2
Ha(xo,t0,y(0,t0), u(zo,t0), p(x0, t0)) < Halzo,to, ¥(xo,t0), vj, p(xo,t0))
for every (#9,%p) € Fy and j > 1. Taking into account that function
v — Hz(zo,t0,y(x0,t0), v, p(20,%0))

is continuous and that {v;}52, is dense in K, (3.6) follows from the above inequality.
Now let us suppose that assumption (A2) holds. Let Fz be a measurable subset
of £r such that for every (xg,t0) € Fp

1

7.14 lim / o(x,t) — @(xg, to)|do(x)dt = 0.
(7.14)  lim My (S5 (20, to)) EET(xm)lso( ) = #(wo, to)|do(x)

Let Fy = Fz NXY N F, where F is taken as above. Thus we have that my, (Fy) =
mx, (X7) and taking spike perturbations as before, we deduce
1
ms, (55 (20, t0))

/z:( t)H@(J:,t,;?/(x,t),ﬂ(x,t),gb(x,t))da(x)dt)

71 /z y p
< € ale, t,ylxe,t),v;,0(x,t))do(x)dt
mgT(E (xo,to))  (vorto) ( ( ) J 30( )) ( )

for every (xp,tp) € Fy and v € K. Since (2q,tg) € F, we can pass to the limit on the
left hand side of the inequality. Let us study the right hand side.

1
my, (X% (z0,10))

/ Ha(e, 6,52, ), vy, 3(x, £))do () dt
E;(xg,tg)
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1

= al(x,t,y(x,t),v)do(x)dt
my, (X5 (20, 10)) ‘/ET(xDJD) ( (1), v)do(z)

1
my, (X5(2o, o))

+ / fla,t,y(x, 1), v)do(x)dte(xo, to)
ET(CL‘thU)

1

_|_
my, (X% (20, 10))

/ [p(x,t) — (o, to)]f(x,t, y(x, 1), v)do(x)dt.
25 (o,to0)

The first two terms converge to Hg(zo, o, y(2o,t0), v, #(20,10)) because of the con-
tinuity of the integrands in (zo,#;) € X%. Let us prove that the last term goes to
zero.

il
‘sz(E%(l‘o,tO)) S (20,t0)

[35($’ t) - 35($0’ to)]f(l‘, L y(l‘, t)’ U)d0($)dt <

1
My, (X% (xo,t0))

c L letet) = plan, toldoayic — o
25 (o,to)

thanks to (7.14) and the fact that (z,t) — f(z,t,y(z,t),u(x,t)) is bounded in Xp
because of the assumption (2.2) and the boundedness of . O

Now we will prove Theorem 4.3. The key to achieve this result is to carry out
an exact penalization of the state constraint. To do this, we will use the distance
function dg, associated to the set QJs, and defined in the same way as in the proof of
Theorem 4.3.

ProOPOSITION 7.3. If (Ps) is strongly stable and u is a solution of this problem,
then there exists qo > 0 such that u is also a solution of

(7.15) Jnf Ty(u) = J (u) + 4do(Gy)

for every q > qo.
Proof. Let us suppose that it is false. Then there exists a sequence {gz}%2, of
real numbers, with ¢y — +oo, and elements {uy }52; C U such that

J(ur) + qedos(Gyr)) < J(u) Yk > 1,
where yg 1s the state corresponding to ug. From here we obtain that
J(u) — J(ur)
9k

and G(yr) € Qs. Let 8 > 8§ be the smallest number such that G(y;) € @Qs,. Since
8 — &, we can use (6.2) to deduce

dqs (G(yk)) <

— 0 when k — 40

C((Sk — (S) > inf (Pg) —inf (ng) > J(ﬂ) — J(uk)

> qrdo,(G(yr)) = qe(6p — 6) Yk > ke,

which 1s not possible. 0O
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Since J, is not Gateaux differentiable on s, we are going to modify slightly this
functional to attain the differentiability necessary for the proof.

PROPOSITION 7.4. Let us take ¢ > qo and for every € > 0 let us consider the
problem

(Ps.) inf Jyew) = J(w) + ¢ {dou (Glu))* + 2}

Then inf(Ps . )— inf(Ps) when € — 0.
Proof. 1t is an immediate consequence of the inequality

Jo(u) < Jg (u) < Jg(u)+qe Yuel.
Finally we are ready to prove the strong Pontryagin’s principle.

Proof of Theorem 4.3. Propositions 7.3 and 7.4 imply that @ is a o?-solution of
(Ps,c), with 0. — 0 when ¢ — 0, i.e.

Jge(u) <inf(Ps.)+ o?.

Then we can apply again Ekeland’s principle and deduce the existence of an element
u® € U such that

A1) < 0 Tyelu) < g (),
and

Jge(u) < Jge(u)+ocdp(u® u) Yuel.
Now we argue as in the proof of Theorem 3.1 and replace (7.3) by

To.c(15) = Ty () _

—oemy, (E7) < lim 22 4 (1, DG(y%)z),

p—0 P
where p¢ € 7' is given by
9dqs (G(y°)) o
Vd 5 G Yy lfG yE Qé’
= ) Ao (Gl )2 + ' @ (Gy)) (v°) ¢
0 otherwise.

Therefore we have [|u||z < ¢ for every ¢ > 0. Now we can take a subsequence that
converges weakly® to an element p € Z’. The rest is as in the proof of Theorem 3.1,
taking «. = 1. 0O
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