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Abstract
We consider the Korteweg-de Vries (KdV) equation

Ou + udpu 4+ 83u =0

for0 <2 <1andt>0, with z =0 identified with z = 1 via periodic
boundary conditions

u(1,t) = u(0,1), 92u(1,t) = 02u(0,1)

while an L?-stabilizing control input, implemented by a feedback
mechanism, provideds a third boundary condition

Ozu(l,t) = adzu(0,t), |af < 1.

It is readily verified that smooth solutions of this system conserve the
“yolume”

[u] = /01 u(z,t)de.

For initial states uo in appropriate spaces we are concerned with
smoothing properties of solutions of this system with asymptotic de-
cay properties corresponding to approach, in the space L?[0, 1], to the
(constant) state u = [ug] as t — 00, a property made plausible by the
fact that the norm ||u(.,?)[[2[0,1) is monotonically decreasing in these
circumstances.

These results are obtained using an integral equation based on the
the “variation of parameters” formula and explicit representation of
the operator semigroup associated with the linearized equation

Ou+ 0Bu=0

with the same boundary conditions and by use of Lyapounov tech-
niques based on properties of this linear third order dispersion system.



1 Introduction

In the present work we consider a class of equations which may be described as being
of Korteweg-de Vries (KdV) type. These have the general form

Oyu + yudgu + 03u = 0, (1.1)

with v a non-negative real number. For v = 0 we have the third order linear dispersion
equation, which the authors have studied in [27]. References in this paper to the linear
case refer primarily to that work. All cases v > 0 are essentially equivalent, involving
only a change of scale in the dependent variable, and may thus be covered by setting
v =1

The literature pertaining to this equation both on a periodic domain and a do-
main —oo < ¢ < 00, —00 < t < 00, is absolutely enormous; we refer the reader to
[1], [14], [17] and [24] for a beginning collection of references. Our particular inter-
ests in this paper on the periodic case is related to smoothing properties of the KdV
equation for the infinite interval case due initially by Cohen [2], Kato [14] and devel-
oped subsequently in papers by Constantin and Saut [4], Sjolin [30] as well as many
others ( The reader is referred to [16], [5], [9] and the references therein for various
smoothing properties of dispersive wave equations and their applications). It is well
known in this now “standard” theory of the KdV equation that evolution of solu-
tions smoothes compactly supported initial data. This occurs through the dispersive
effects associated with the third order operator, resulting in solution components of
increasingly high “spatial” frequency being more rapidly dispersed to infinity as the
solution evolves. There is no counterpart of this smoothing action on strictly periodic
domains where boundary conditions

Aru(1,t) = 0Fu(0,1), (1.2)

minimally applying for £ = 0,1,2, are imposed on the process. Intuitively one could
say that in this compact domain situation there is nowhere for the high frequency
solution components to “escape to”. More rigorously one would observe that since
the process is invariant under simultaneous time (¢) and space (z) reversal, each in-
stance of a non-smooth initial state evolving into a later smooth state is matched by
a corresponding smooth initial state evolving into a non-smooth state (cf. [28]). The



only way to restore the smoothing property is to build into the system a selective
dissipative mechanism which increasingly attenuates higher frequency solution com-
ponents. The behavior of the system (1.1), (1.2) modified with such a dissipative
mechanism having single point support is the subject of the present work.

To explain the point dissipation situation studied here, some background is re-
quired. For appropriately smooth solutions of (1.1) on the indicated domain with
the periodic boundary conditions (1.2) it is well known [23], [25] that the following
integral quantities (and infinitely many others) are conserved:

/01 u(z,t)dz, (1.3)

/01 w(z,t)*dz, (1.4)
/ l ((Bxu(x,t))2 - gus(m,t)> dz. (1.5)

From the historical origins [22], [29] of the KdV equation, involving the behavior of
solitary water waves in a shallow channel, it is natural to think of (1.3) as correspond-
ing to fluid volume or mass. That context suggests that the system should continue

to be studied in a volume conserving context. Let us observe that, for a smooth
solution of (1.1)

O /01 u(z,t) = / ( yu(z,t)0,u(z,t) — 8§u(:c,t)) dzx

= 0(; (z,1) — 92u (wt))d:c

_ [__u(x,t)z 2u(z, t)] . (1.6)

=0

This computation allows us to see that if we enforce the periodic boundary conditions
(1.2) for k = 0 and k£ = 2 and introduce an input into the system via

Ozu(1,t) — 0,u(0,t) = v(t)) (1.7)

then volume is still conserved because the last quantity in (1.6) involves only the
function and second derivative values at z = 0,1. The open loop control system of
interest thus consists of (1.1), (1.2) for ¥ = 0 and 2, and (1.7). For the linear case,
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v = 0, this control system has been studied in [27]. However, the open loop system
is not the specific object of study in this paper.

In control theory, controllability problems are associated with corresponding stabi-
lization problems in which the input is required, for each ¢, to be a functional of fixed
form (i.e., independent of t) of the system state u(.,t) and the objective of the control
action is to cause the system to approach, as ¢ — oo, a particular set of equilibrium
states; if (1.3) is conserved it is natural to require the controlled solution to approach
the constant state @ for which @ = [uo], i.e., the equilibrium state of the same volume.

To make plausible the closed loop point dissipation process to be studied in the
present article we first remind the reader of the readily verified fact that among all
functions u € L?(0,1) for which [u] = ¢, ¢ given, ||u||z2(01) is uniquely minimized by
the constant function % = c; indeed, for all complex valued u € L?(0,1), if we set
u = [u], z € (0,1), we have the identity

/01 lu(e)*|dz = /O1 u(z) — if* da + /01 lii(z) | da. (1.8)

We may therefore anticipate, for a solution u(z,t) of (1.1) satisfying (1.2) for k = 0,2,
and thus such that @(z,t) = Wwo(z) = [ue|, that u(.,t) may be caused to approach
this constant state as ¢ — oo through use of a control process designed so that
lu(-,t)]1Z2(0,1) is non-increasing. Indeed, using the fact that

u(.,t) — do(z) = u(.,t) —a(.,t)

is orthogonal in L2?(0,1) to the constant function we(z), we observe that for smooth,
real solutions u of the indicated system

%(é Ji Nz, t) — ﬂ0($))2da:) - | " (e, )00, t)de
= /01 u(z,t) (—7u(x,t)(9zu(:c, t) — 8§u(:c,t)> dz

(integrating the last term by parts, using (1.2), k£ = 0,1, and the fact that u(z,t) —
[u](t) is orthogonal to constant functions on (0,1))

-/ (~Louuta, 09 + 0@z, 1))?) da



1 -
= 5 (Bu(z,0))” %)

% (Ozu(1,t) + 0xu(0,1)) (Ozu(l,t) — d,u(0,t))
= % (Ozu(1,t) + O,u(0,1)) v(t).

Thus, if for £ > 0 we set

v(t) = =R (0u(l,t) + 0,u(0,1)),

which is clearly the same as imposing the closed loop boundary condition

Bpu(1,t) = adu(0,1), o= _1;_?
(clearly 0 < |a| < 1) we obtain
d 1
dt </0 "(‘T’t)zd‘"”) = —R(0:u(1,?) + 9,u(0,t))?
= L~ 1)(@u(0,) <.

Equality obtains in (1.12) if and only if
Opu(l,t) — 0,u(0,t) = v(t) = —R(0,u(l,t) + d,u(0,t)) =0,

which is the same as
O,u(1,t) = —0,u(0,t) = 0.

(1.9)

(1.10)

(1.11)

(1.12)

For complex valued solutions of the corresponding linear (y = 0) system the counter-

part to (1.12) is readily seen to be

= ([ e t71dz) = 502 = 1)10.0(0,0)7 < 0

(1.13)

The closed loop point dissipation process thus consists of the equation (1.1), (1.2)

for k = 0 and 2 and the further condition (1.11).

We shall begin by considering the associated linear problem

dw+Pw=0, 0<z<l, t>0
U)(.’I},O) = ¢(‘T)
w(l,t) = w(0,t), Oyw(l,t) =adw(0,t), w(l,t) = 02w(0,?)

6
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whose solution is given by the semigroup S,(t) in L?*(0,1), where S,(t) is generated
by the operator A, defined by

(Aqu)(z) = —u"(z), (1.15)

D(Ae) = {w€ H(0,1)] w(l) =w(0), w'(1)=aw'(0), w"(l)=w"(0)}
= H (1.16)
In [27] we have already seen that S, (t) is strongly differentiable semigroup. Thus any
solution w(z,t) = Sa(t)¢ of (1.14) with ¢ € L?(0,1) is infinitely smooth in both the
time and the space variables for ¢ > 0, which compares with the smoothing property

we mentioned earlier for the KdV equation posed on the whole line R. In this paper
we shall establish a smoothing property of Kato type for (1.14), i.e. for any T' > 0,

T
L1826l 0t < CllélE (1.17)

and
t T , 3
sup || | Sa(t —7)f(,,7)d7||m01) < C (/ Hf(.,7')||H1(011)d7') . (1.18)
o<t<T  Jo 0

Some other type of smoothing properties are also given in the paper such as the global
smoothing effect of Stricharz type. These smoothing properties will be used to prove
the well posedness of the initial boundary value problem

Ou + udpu + Pu =0, 0<z<1,t>0

u(z,0) = ¢(z) (1.19)
u(1,t) = u(0,t), Opu(l,t) =cau(0,t), 82u(l,t) = d2u(0,t)

Then we shall show that the small amplitude solutions of (1.19) decay exponen-
tially to the mean value of its initial state ¢ as ¢ — +oo. This of course is due to the
dissipation mechanism we have introduced into the boundary. conditions

The paper is organized as follows. In section 2, the spectral properties of the
operator A, defined by (1.15) and (1.16) are studied in detail. In particular, if
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a # —1/2, A, is shown to be a discrete spectral operator. The asymptotic form of
the eigenvalues is given and the corresponding eigenfunctions are shown to form a
Riesz basis for the space L?(0,1). These results are important for us in establishing
the smoothing properties (1.17) and (1.18). In section 3, the various smoothing
properties are given. In section 4, we prove that the initial boundary value problem
(1.19) is well posed in the space H*"*1(0,1) for any n > 0. In section 5, the small
amplitude solutions of (1.19) are shown to decay exponentially to the mean value of
the initial state in the space H'(0,1) as t — oo.

2 Spectral properties of the third order linear
system

In [27] we have studied the third order linear dispersion equation
Ouw + 93w =0, 0<z<1,t>0, (2.1)
the “z” domain is treated as being periodic with the boundary conditions
w(l,t) = w(0,t),  0w(l,t) = w(0,t) (2.2)

applying. As we have seen in section 1, these guarantee that smooth solutions conserve
the volume integral

1
0

[wl(t) = / w(e, t)dz.
With the further boundary condition on the first order derivative
d,w(1,t) = ad,w(0,1), la| <1 (2.3)

we have also seen in section 1 that

lo(, Dl = [ lole,)de

is non-increasing and is, in fact, strictly decreasing on any t-interval during which
either of the derivatives in (2.3) fails to vanish almost everywhere. In [27] we showed
that the operator A, generates a strongly continuous semigroup S, (t) on L2 = L?[0,1]
for t > 0. It was further shown there that S,(¢) is, in fact, a C* semigroup for ¢t > 0.
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For the work to be done in this paper we require very detailed information about
the eigenvalues of A, and its adjoint, A}, which agrees with (2.4) except for removal
of the “-” sign there and reversal of the roles played by 0 and 1 in (2.3). For use in
the propositions to follow, which detail some of that information, and for subsequent
use in this article we note that a vector ¢ € L? can be thought of as a linear map
from from E?! into L?, associating with each complex number f the vector f¢ in L2.
We denote the corresponding Hilbert space adjoint by ¢*; it is clear for two vectors

¢ and + in L? that

(¢,¥)r2 =9"¢;  strictly speaking, (¢*¢)(1)

Proposition 2.1 Assume that a # —3 or —2. Then the operator A, defined by (2.4)
and (2.5) is a discrete spectral operator, all but a finite number of whose eigenvalues
A corresponds to one-dimensional projections E(X\;T).

Proof: The results follow directly from ([6] , pp. 2341, Theorem 13) if the hypotheses
there are verified. In fact, in the case here, using the notations in [6], we have p = 3,
n=3,v=1,w, =0,

271 )
wy = eXP(T), Wy = wf, oo(z, ) = e**

and
or(ay 1) = €517, ay(a, p) = el
Direct computations shows that
e —1 —1 1
N(p) = det | ipe —aip —itopw, ipw,
—ptet +p? pPe? —ptwl
= 1324 @)wi(wy — 1)e* + ipwi(w; — 1)(2a+ 1)
and
et —1 1 —1
N(p) = det | ipe™ —aip ipw —aipw,

—pltet 4+t —ptel ptwd

= 132+ a)wi(wy — e + ipPwi (1 — w1)(2a + 1).
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Hence

m(n) =i (2 + aJwr(wr = 1), m(p) = pPwi(wr —1)(2a +1)
and

fi(u) = ip(2 + aJwr(wr = 1), 7o(p) = ip® (20 + Lwn (1 — wy).

Thus, if a # —1/2, or —2, then the hypothesis 9 and 10 in ([6], pp. 2336-2337 ) are
satisfied and the proof is completed by using ([6] pp..2341, Theorem 13). O

Proposition 2.2 The operators A,, A% with the indicated domains, have compact
resolvents and, for a # —1/2 and |a| < 1, complete sets of eigenvectors, respectively,

{¢r | — o0 <k <400}, {tr | — o0 <k < 400}
which, normalized so that (with 6y ;, the Kronecker delta )
Yk = Ok (2.4)

form dual Riesz basis for L*[0,1]. The corresponding eigenvalues of A, have the
asymptotic form

Me = (87°K° + O(k?)) i — 1207k + O(k), k — oo (2.5)
where . 1+ Qa’ o
r = g 5 T a .

Proof: It is trivial that ¢o(z), do(z) =1 are eigenfunctions of A,, A%, respectively,
corresponding to the eigenvalue Ao = 0 and that 0 is a simple eigenvalue in each case.
For Im A > 0 we denote the three cube roots of —\ by po, p1, p2. These must have
distinct real parts; we let po be the unique root such that =/3 < arg(uo) < (27)/3
and see readily that among the three | Re p0| is minimal with Re y; < 0 and Re py > 0

if we set
2mi
py =€ po = eflo, o = €ijlo = €aflo. (2.6)
The general solution of the characteristic equation
¢"(z) + A(z) =0 (2.7)
is then
B(z) = o™ + c1e1% 4 cper2=™D (2.8)

10



where ¢g, ¢; and ¢, are arbitrary coefficients. Substituting (2.10) into the boundary

conditions (cf. (2.2) and (2.3)

¢(1) = ¢(0), ¢'(1) = ad'(0), ¢"(z) = ¢"(0) (2.9)
and neglecting the terms e#* and e *? | which are very small for large |A|, we arrive

at the system of equations
1 — et 1 -1 Co

(a—e")po apr —po ca | =0. (2.10)

(—e)ug pi —pil | e
Setting the determinant of the matrix equal to zero we have
[1— e*] [—opapd + appd + popl + paps? — papsd — proptl]
= po(1 — a) [} — 2]
Making the substitutions indicated by (2.8) and using the identities €} = €5 = eje; = 1
we arrive at

[1— e pd[—aey 4+ aey +e1+ e — e — €3] = pa(1 — a@)ey — eq].

Dividing by p3(e1 — e2) and simplifying we have

1+ 2«
oo = . 2.11
=S (2.11)
Setting
for = 2milk + €, k=1,2,...,
we see that g is a solution of the approximation equation (2.10) if
2 108 |12+2: | ’ it S5 >0

iek =
a1 42| | 1 :ir 1420
27rlog|2+a|—|—2, if o < 0.

Thus
(2.12)

flok = ki — r

11



with

—r = log

142«
24+« i
and k =k or k+ 1/2 as required.

The exceptional value for which ¢ is not defined corresponds to a # —-;-. For
values of o with |a| < 1 other than —1/2 we have
14+ 2«
24+«

0< ‘ ' <1

so that the indicated logarithm is negative. Then we see, using the implicit function
theorem to correct for the neglected terms referred to following (2.11), that A, has
eigenvalues, with r given by (2.14),

Ak = —pgy = 87°ki — 12nk?r 4+ O(k)
= [87°K° + O(k?)| i — 122%k%r + O(k) (2.13)

as k — oo. This gives the formula (2.7); the one to one relationship between the
eigenvalues and the indices k can be established using Rouché’s theorem. An entirely
similar argument gives the eigenvalues A_j as the conjugates of the Ay shown.

We see now that the corresponding eigenfunctions of A, take the form

¢o(z) = co # 0

and
dr(z) = SQes 4 clet® 4 et k£ 0 (2.14)

Dividing the third equation of the system (2.12) by p2 we have
& —co = [* — 1o,
€2Cy — €1Cp = [6“0 — 1] Co,

which gives the relationships

o = e — 1] [:11:612] o, (2.15)
e =™ — 1] [:12__612] . (2.16)
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We must, of course, remember that these are only approximate relationships obtained
by neglecting exponentially small terms. Again correcting with use of the implicit
function theorem we see that these relationships are, in fact, asymptotically valid as
|k| — oo. From this we see that c; and ¢} are uniformly bounded relative to 2,

The eigenvalues of A7, corresponding to Ag, which we designate by vx(z), are easily
seen to have the form

Yr(z) = (1 -z), —co<k<oo (2.17)

From the representation (2.10) and the boundedness of ¢} and c? relative to c2, a
simple computation of the integral involved shows that we may normalize the ¢, (x)
by choice of the coefficients ¢}, and correspondingly the ¥,(z), so that

Vior = (Yr, ¢5)12 = Ok; (2.18)

for —oo < k,j < oo, and in so doing, the coeflicients ¢* (m = 0,1,2) will be
determined so as to be the uniformly bounded and uniformly bounded away from
0. That being the case, application of the Carleson theory [10], or the more recent
extension by Komornik [19] of Ingham’s classical work [11], shows that both the ¢
and the 1 sequences have the uniform [* convergence property

Y0 fudell> < D* 3 1Sl (2.19)
k=-oc0 k=—o00
> giil* < D* 37 lgil, (2.20)

relative to the indicated square summable coefficient sequences, for some D > 0
independent of the particular coefficient sequences fi, gx in question. But then since
(2.20) with the Schwarz inequality gives

i | fil?

k=—00

Il

(i fede S szb,-)
2

k=-00 k=—00

< IS Azl S Fiillee

k=—o00 j=—00
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we quickly have, using (2.22) with the g; replaced by the f;,

S AdlP= D S AP (2.21)

k=—o00 k=—o00

and an entirely similar argument gives

I 32 giel* = D% 37 1g;l%, (2.22)
j=—00 j=—o0
both valid for arbitrary coefficient sequences in [2. According to Proposition 2.1, the
éx, and also the 1;, are complete in L? since both A, and A% are discrete spectral
operators. We conclude that {¢;}, {¢;} are Riesz bases for that space, dual to each
other as indicated by the biorthogonality relation (2.20) and the proof of Proposition
2.2 is complete. O
Let us denote by ¢}, ¢, .;" i etc., the derivatives of the indicated function with
respect to z. Because the p) appearing in (2.16) are proportional in magnitude to
|k| as k — oo, the Carleson, Ingham-Komornik results cited earlier can be used to
obtain inequalities, valid for any positive n,

S A <D S R (22
k:—OO k:—oo
| Z g;\||3. < D2 Z 5"g;? (2.24)
j=—00 j=—00

Thus the function ¢ /k, 1;/j possess the I2— uniform convergence property in L2,

where
oo
2 ={a: k"a|® < o0 3 .
k=—00

In general there is no completeness result but, integrating by parts and using the

boundary condition (2.2), we can see that

(), = [ T - [ R
= a¢k7d)]) - )‘k (¢k7¢1)

= /\k5kj, for —oc0o <k, 7 <00
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and the fact that |\;| are bounded above and below by fixed positive multiples of k3,

we see that we can find normalizing coefficients di, bounded and bounded below such
that

(del? ($0/k2,9513) , = 6ki K, 5 #0.

Then an argument quite similar to that used to obtain (2.23), (2.24) allows us to see,
for n =1, 2, that

[ee]

IS fidPNZ = 1| S k" figl k2
k=—o0 k=—00,k#0

> 02y AP (2.25)
k=—o00,k#0

[eo]

IS gwik™)2. = | Y et/
j:_oo j=_001.7.¢0

> Di ¥ el (2.26)

J=—00,j#0

for positive coefficients D, independent of the sequences fx, gj. Thus the functions

Wk, GLIER, ifg, /5% for k, j # 0, also possess the [Z-uniform independence
property, as expressed by these inequalities, failing to be Riesz bases only because
they are not complete in the space L?. While these results, as developed here, are
valid only for n = 1, 2, by using the relationship implied by the characteristic equation
(2.9), it is not hard to extend the work done here to prove

Proposition 2.3 With ¢§c"), d)J(-") denoting the n-th derivatives of the eigenfunctions
¢ and dual eigenfunctions v;, of A, and A}, respectively, for a # —1/2, there exist
positive Dy, D, such that the inequalities ( 2.25), (2.26) and (2.27), (2.28) are valid

for all positive n.

Remark 2.1 It is easy to see from the structure of ¢x(x) (cf. (2.10)) that there exist
D, > 0 depending only on o such that

sup |k" gl)(a:)l < D,, for any —oo < k < oo.
0<e<1

15



Definition 2.1 We denote by H? the Hilbert space consisting of functions w in the
Sobolev space H"[0,1] which obey boundary conditions of the norm (cf. (2.2), (2.3))

wl(1) = w(0), wEHA(1) = w®+(0), WEHV(1) = @wBHD(0),  (2.27)

as long as the indicated derivatives are of order < n—1. The norm and inner product

in HY, are || ||n, (.)n, inherited from H™[0,1].

Proposition 2.4 For a # —1/2, a function w € L? also lies in H" if and only if,
represented in the form

w= > cidx
k=—00
we have -
>k el* < 0. (2.28)

k=—o00

Moreover, Hw||%,g is a equivalent to the sum

S [l + Bhenl]

k=—o00

i.e., there are positive constants e,, E, (these will, in general, depend on ) such
that, uniformly for w € HZ,

(o]

2 3 [lexl + kel < llwlde < B2 Y (le +ker?) . (2.29)

k:—oo k=—00

Proof: The sufficiency of the condition (2.30) is an immediate consequence of Propo-
sition 2.3. The necessity follows from

o= [ w(eiB@e,

the form (2.8), (2.17) of ¢x(z) and repeated integration by parts, the original bound-
ary conditions (2.2) and (2.3) ) satisfied by w and the corresponding dual boundary
conditions satisfied by 1 (z) (cf. paragraph following (2.5) combining to annihilate
the boundary terms arising in the course of these integration by parts operations.
The proof is then complete. O
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These results will be used extensively in the work to follow in later sections of this
paper.

To end this section we define a class of Banach spaces which will be used in the
next section to measure smoothing effects of the KdV system we are studying.

Let {¢r(z)} be the Riesz basis of L?(0,1) defined in Proposition 2.2. For any
s> 0 and p > 1, define

Hi’p: {w: Z Cr Dr; Z (1+‘k|ps) |Ck|p<00}
k=—o00 k=—o00

with the norm

feolper = 32 leslP(1+ [KP?).

k=—o00

HsP is continuously imbedded into the space H2 P if s < s. Obviously, if p > 2, then
H; C H.?, for any s > 0. (2.30)

In the case that p = 2, we denote HJ? by H;. Clearly, if s = n is an integer, then
the space H agrees with the space H defined by Definition 2.1 with the equivalent

norm.

3 Smoothing properties of the third order linear
(Airy) system

The resolution of the identity associated with the operator A, defined in the preceding
section is the sum, strongly convergent in £(L?, L?),

I= S P
k=-—o00

where Py, —0o < k < 00, is the (generally non-orthogonal) projection
P, = ¢pby:  L* — L2,

The corresponding strongly convergent representation of the semigroup generated by

A, 1s

(o] [ee]

Sa(t) = D M= > NP (3.1)

]c:——oo k:—OO
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The solution of the initial value problem (IVP) associated with
w4+ 0w =0, z€(0,1), t>0
v(e,0) = ¢(2)

v(0,t) = v(1,t), vu(1,t) = a(0,t), wve(1l,t) = v,(0,1)

is represented by
v(t) = Sa(t)e for any t > 0

and the solution of the inhomogeneous problem
ov+Pv=f, z€(0,1), t>0
v(z,0) =0

o(1,1) = v(0,8), va(1,t) = a(0,1), eu(l,t) = vsa(0, 1)

is given by

o(t) = /Ot St — 7)f(.,7)dr

(3.2)

In the definitions to follow || ||; refers to the norm in H and || ||s, refers to the

norm in H2? as introduced in the previous section.
Proposition 3.1 For any s > 0,

[[Sa(t)wolls < [|wolls

Proof: As we have seen in the previous section, if

(e

Wo = Z Ck P,

k=—0c0
then -
Sa(t)wo = Z e*terdr.

k=—o00

18



Thus, according to the definition of the space HJ, using the fact that Re A\, < 0 for
all k,

[eo]

1Sa(tywoll; = 32 (14 [k[*)eX M|, [?

k=—o00
[o o]

< D0 (LR el

k=—o0

= lwoll?
for any t > 0. The proof is completed. O

Proposition 3.2 Let s >0 and T > 0 be given. Then for any wo € HS,

T
| 1Sa(twoll2,dt < B (3.5)
for some B, > depending only on n.

Remark 3.1 FEzcept for the ¢o component of S,(t), which remains constant, it would
be possible to replace T by oo.

Remark 3.2 The inequality (3.5) is analogous to the Kato type smoothing effect (but
is global). We refer to [14] for the local Kato type smoothing property for solutions
of the KdV equation posed on the whole real line R. The result (3.5) together with
the results of [27] to the effect that Sy is a C*° semigroup, (easily re-proved with the
framework used here except for the singular case « = —1/2) expresses the fundamental
smoothing property of the linear equation (2.1) with the boundary condition (2.2) and

(2.3).

Remark 3.3 The results of [27] also apply in the singular case (a = —1/2); in fact,
most of the results of the present paper should be extendable to that case once the
appropriate framework for proving them has been found since the singular case should
have even stronger regularity and smoothing properties than have been obtained in the
“regular” case studied here.

Proof of Proposition 3.2: From (2.7) we see that there is a positive 8 > 0 such
that

Re )\ < —Bk2, for any integer k # 0. (3.6)
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Since
S (t Z 6 Ck(ﬁk
k=—o00

where

o0

wo= Y Ckdk,

k=—00

[ 18attwoltyode < S [ R 4 k)P

k=-00

Z |Ck|2(1+|k|2s+2)/0 e—ﬁk2tdt

k=—o0

[oo) 1+ k.23+2
TICO|2+ Z |Ck|2 lL

k=—00, k#0 2Bk?

IN

IA

[e o]

< By 30 (L4 [k*)]el®

k=—o00

= Billwoll;-
This completes the proof of the proposition. O

Proposition 3.3 Let s > 0 and T > 0 be given. Then, uniformly for f € L*(0,T; H?),

sup || [ Sult = 1)l < B, [/ e n?drr (37)

o<i<T JO

for some B; > 0 (depending on « and T in general).
Remark 3.4 If the ¢, component fo(t) is zero, we can replace T in (3.7) by +oo.

Proof of Proposition 3.3: Note that

/Ot Sa(t —7)f(,7)dr = k:ij:oo /Ot eA"(t"T)fk(T)quSk

where

S fut)éelz)

k=—o00
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Using (3.6) we see that

t
sup || [ Salt =) )dr 2

0<t<T

0 t 2
< su (/ eFeM(=T)| £ (7 dr) 1+ |k|*t?
< X s () fe()ldr ) (14 [k[*)
< i sup /t e2Re>\k(t—T)dT /T |fk|2dT (1 + !k|2s+2)
g OSHLT 0

<T/ | folr |2d7-+ Z sup /t o~ 26K (t=7) .- /OTlfk(T)|2dT(1+|k]2s+2)

—00, k30 0<t<T

0 k 2542
< T/ |f0|2d7' + Z L +2|ﬂll2 / | fu(T I2dT

—00, k#0

<B Y L+ P [ Iflm)fdr

k=—o00

= B [ 1,7l

The proof is completed. O
Proposition 3.4 Let s > 0 be given. Then there exists a B; > 0 such that for any
f € L*(0,00; HY) with
1
/ f(z,t)dz = 0,
sup || [ Sult =70/ drlln < By sup (7,0l (33)

0<t<o0 0<t<+oo
Proof: Defining
t,1 = max{t — 1,0},

we are concerned with

/OtSa(t—T)f(T)dT = /t,lS(t_T d7'+/ ot — 1) f(7)dT

= h(.,t)+ h(.,1).
In view of (3.7),
b0l < B [ 17mlr
< B sup |7 (3.9)
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For t <1 this is all that is required, otherwise we also need to obtain a comparable
estimate for

h(.,t) = /Ot,l Su(t —7)f(.,7)dT = /;4 Sa(t —71)f(.,7)dT.
Since [} f(z,t)dz = 0,
fGr)y = X fi(n)é

.7'=—°°7.7.#0
and
aty= S [ Mg,
Jj=—00,j#0

Now for j # 0, we can obtain, for some # > 0 and for 7 € [0, —1], a uniform estimate

|(1 + Ikl?)'e)\k(t—T)|2 < GzleAk(t—l—-r)lz

where
G? = sup{]2 2Re X } < oo.
J#0
Then
o @+ PN £
<Y QPRSP

< GRS (14 R ()2

k=—00

=GR ()

from which we deduce that

| /Ot_l i e f(1)drdy |2y, < ' / (7)dr

k=—-00 k=—o00

( )

t—1 o
< (/0 g S (1+|k|23)lfk(f)l2)

k=—o00 0<7<t-1
2

<% 2 10l (3.10)

0<t<oo
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Combining (3.9) and (3. 10) yields

sup | | " Sult = 7)f (o TV losa < B sup [If(- )l

0<t<oo
with some B, > 0. The proof is completed. O

The next proposition will be used to establish a smoothing property for solutions
of the nonlinear system in the next section.

Proposition 3.5 Let s > 0 and T > 0 be given. Then for any s’ > s+ 3/4 there is
a constant By > 0 such that for any we € Hgl*“,

[ 1Sa(ewolitpadt < Blwolth (3.11)
where By — +00 as s’ — s+ 3/4.

Proof: As we have already seen,

o0
> Mgy

k=—o0
if _
Wo = Z Ck Pk
k=—00
Accordingly,
2
1Sa(®wollsr: < (Z (1 + [E[25%2)| i |? QReAkt)
S O 2 M R4
where

[ee]

= Y T

with € = 2(s’ — s) — 1. Thus
oo 1+ |k|23+2)2
S w < Osl 4 4(_____ €\2
/ I ollsndt < (|CO| +k=—§o;k;é0|6k| 4|Re Ay 41+

< B ST (14 [RHCHED) !

k=—0o0

= Byllwolly
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for some By > 0 which only depends on s’ and tends to +oo as s’ — s+ 3/4. The
proof is completed. O

To end this section we give two more smoothing properties of solutions of the
linear system which are analogous to smoothing properties estabhshed in [17].

Proposition 3.6 Letn > 0, an integer, T > 0 and s > n+1/2 be given. Then there
exists a constant B > 0 depending only on s such that for any wy € H2,

sup a““s wol dt < B?|jwo? (3.12)
0<z<1J0
Proof: Since -
Sewo =Y eMeypi(z)
k=—0c0
where -
Wo = Z Ck¢k»
k=—o00
oS, ( Z ekkckd)(nﬂ)( ).
k=—o00
Thus

0<z<1

2
T [
/ o0 eyl dt < sup (k?_:;’%*“lckl|¢<n+l><w>l) i

0<z<1

< sup / (E e oy | [$ ()| (1 + [ K2 "b) S (1 [k

k=—o00

k=-00 0 0<z<1 1+ |k|2(n+1)

=—00

N T (1) () |2 -
< ( Z (1+ |k|2(s+1)),ck|2/ e2Re Xt gy sup M) ( Z (1+ lklz(s_n))_
k

< B 30 ferl* (1 +[K[™)

k=-00
= B?|jwolf?

for some B > 0 depending on s, n and T'. The proof is completed. O
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Proposition 3.7 Let n > 0 and T' > 0 be given and s > n + 1/2. Then for any
wo € Hz)

1
] sup 87 Su(t)wol? dz < B2||wo|? (3.13)
0

0<t<T

where B > 0 depends only on s, T and n.

Proof: Let

(oo}

Wo = Z CrPr-

k=—o00

Then

2
1
i ( sup |a:sa<t)wo|) s
0

0<t<T

IN

[ (i e |¢£")(:c>\) da

< B (i (1+ lkI“)lckl)

(o]

< B Z (1+|k|2(s—n))—l Z (1+Ik|2s)|ck‘2
k=—00 k=—00

= B?||lwol|.

The proof is completed.

4 Well-posedness of the nonlinear system

We propose now to study the initial value problem for the KdV equation

{Btw+w3xw+32w=0, 0<z<1,t>0

(4.1)
w(z,0) = wo(z)
with the “a” boundary condition
w(l,t) =w(0,t), 0:(1,t) = ady(0,t), dow(l,t) = 8(0,1), (4.2)

where @ # —1/2 and |a| < 1.
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In the equation (4.1), if we move the nonlinear term wd,w to the right side of the

equation and treat it as an inhomogeneous term, then the variation of parameters
formula yields for w the equivalent integral equation

w(.t) = Salt)wo — | $ S (t = 1) (wdow) (., 7)dr. (4.3)

We study this equation by the familiar method of looking for a fixed point of the
corresponding map

wint) = (Fu)(,1)
Sa(t)wo — /0 Salt — ) (udpt) (., 7)dr

in which wy appears as a parameter and is considered fixed (cf. [17] and [18]).
First we prove that the IVP of (4.1) - (4.2) is well-posed in the space H}.

(4.4)

Theorem 4.1 For any wy € H there exists a T = T(||wol||1) > 0 such that the IVP
(4.1) - (4.2) has a unique solution

u€ Xr:=C(0,T; H)) N L>(0,T; H!)
where T — oo as ||wo|l1 — 0; (it).  For any T" < T, there exists a neighborhood U
of ¢ in H! such that the map

K :

wo — u(., 1)

from U to X1+ is Lipschitz continuous.

Remark 4.1 In fact we are able to show that the map K is analytic from U to X
(cf. [36]).

Proof of Theorem 4.1: Let

Sty = {v € Xr| sup [v(,, )] < b} (4.5)
0<t<T
for some b > 0, T > 0 to be determined. We shall show that for appropriately

chosen b and T', the map defined by (4.4) is a contraction from Sr; to Sty and as a
consequence, its fixed point is the desired solution of the IVP (4.1) - (4.2).
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Applying (3.06) and (3.11) to (4.04) yields

sup ||Fv||1 < cllwollr + ¢ (/OT llvazv“?dt) 1/2

<l +2 (sup o0 (1.6)

for some ¢ > 0 independent of 7" and v.

If one chooses
b = 2c||wo||1 (4.7)

and T > 0 such that
TV < 1/2 (4.8)

then it follows from (4.6) that

sup IFvlls <b
0<t<

and therefore F' is a map from St into Stp. For vy, vy € Stp, let
w = v — Vg.

Then "
F’Ul — F'Uz = — / Sa(t - T) (vlal‘w + 'LUaJ;'UQ) (T)dT
0

Using (3.7) we obtain

- 1/2
sup ||[Fvi — Fueli < ¢ (/ |v10w + w@rv;;Hth)
0

0<t<T

IN

e sup sl + s, [os01) s ol
0<i<T 0<i<T
< 2cbTV? sup [|wllx

< sup ||v1 - v2||1 by (4.8).
0<t<T

Hence F' is a contraction map from Stp to S7;. As a consequence, it has a unique
fixed point which is then the unique solution of (4.1) - (4.2).
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According to (4.7) and (4.8), for a given wy € H}, one may choose
T = p (4c|jwoll1) ™"

with p being a given number between 0 and 1. Using this choice of T' we T' — oo as
||w]]s — 0.

Finally, it is obvious that for any 7" < T there is a neighborhood U of wq in H}
such that the map K is well-defined from U to Xz. For any wy, wy € U, let

Uy = le, Ug = ng
and w = u; — uy. Then
t
w = Sa(t)(wy — ws) — / St — 7) (w1 8o + wByup)(r)dr
0

Using (3.4) and (3.7) we have

sup Jw(®l: < c||w1—wz||1+cT“2( sup. [Jus(t)+
0<t<T 0<t<T"

b s ||u2<t)n1) sup [
0<t<T" 0<t<T

which, together with (4.07) and (4.08) with T replaced by 7" < T, shows K is a
Lipschitz continuous from U to Xp. The proof is completed.

The next theorem shows that the solution of the nonlinear system (4.1) - (4.2)
also possesses a smoothing property.

Theorem 4.2 Let s > 1/2 be given. (i) . For any wy € H®* there exists a T =
T(||wolls,a) > 0 such that (4.1) - (4.2) has a unique solution

u€Yr=C(0,T; LN L*0,T; HY)

and T — oo as ||wol|[s4 — 0; () For any T' < T, there exists a neighborhood U of
wo in H2* such that the map

K: wy — u

from U to Yr is Lipschitz continuous.

28



Proof: It follows from (4.04) , using (3.11), that
T 1/4 T ' 1/4
([ veitar) < cla ([ 5o = dsgarit)
0
t
< clwolloa+ T sup || [ Sa(t = T)(wdau)(r)dr |y
0<t<T Jo
T 1/2
< c|lwollsa + T (/ ||u8u||2dt)
0

r 1/2
ool et [ ptar)

IN

Thus if one chooses
b = 2c||wol|s.4

and T > 0 such that
2T < 1

and if one defines

T 1/2 1/2
S0= v e Vs (p oot + (] o1t) ) <by,

<t<T

then F'is a map from St into Stp. The rest of the proof is similar to that of Theorem
4.1 and is therefore omitted here. O

In the remaining part of this section, we discuss the regularity of the IVP (4.1) -
(4.2). More precisely, does the solution u(.,t) € H? for any n > 0 if its initial state
¢ € H? The answer is affirmative for the corresponding linear case (see Proposition
3.1 in section 3). However, in the nonlinear case, because of the special structure of
the space H?, u € H? does not imply that u, € H** when n > 2, we cannot apply
the estimates (3.7)-(3.8) directly to (4.4) and use the same argument in the proof of
Theorem 4.1 to obtain the existence of the solution in the space H?. Instead, from
inspection of the equation, it is easy to see that 0;u and 92u should be in the same
space H™, and therefore, alternatively, we may establish the regularity of the solution
by obtaining the regularity of d;u.

The following lemma is needed for our purpose.

29



Lemma 4.1 Suppose that f € C[0,T;HL] and 8;f € L*[0,T; L?). Then

8, </0t S(t — T)f(.,T)dT> — SL(Df(,0) + /Ot So(t = 1) f(,7)dr,

where

f(at) = atf('at)a

and, as a consequence,

t T 1/2
aup 19, [ S.(t =G < el S0l e [ 1)
0<t<T 0 0
where ¢ > 0 is independent of T. Moreover if [y f(m,t)d:v =0, then

sup [0 [ Sut = 7)f(,m)drll < clf(,0)a+e sup |77

0<t<oo
Proof: Denote by
¢
= o(t — ., T)dT,
u /0 Sa(t —7)f(.,7)dr
then
Ou+dBu=f
u(z,0) =0
u(1,t) = u(0,t), O,u(l,t) = ad,(0,t), O%u(l,t) = d2u(0,1?)
and v = J;u solves

ov+Pv=f
U(.’L‘,O) = f("E?O)

v(1,t) = v(0,t), Oyv(1,t) = ad,(0,t), 9%v(1,t) = d2v(0,1t)

(4.10)

(4.11)

(4.12)

(4.13)

from which (4.9) follows. As for (4.10) and (4.11), they follow from applying (3.7)

and (3.8) to (4.12) and (4.13) respectively. The proof is completed. O
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For a given T > 0 we introduce a Banach space Yr as follows:
Yr = {u € CY(0,T;HL);  sup lu(t)|lr <oo, sup [la(t)]: < oo}
0<t<T 0<t<T
with the norm
1/2
ol = (s, 12+ sup COIE)
0<t<T 0<t<T
In addition, let
X={¢pecH'NH:, ¢"+¢¢ecH}
with inherited topology from H*. Note that X is not necessarily a Banach space. But

it is a closed subset of H* and is a complete metric space with ithe nherited metric
from the norm of H*.

Theorem 4.3 For any ¢ € X there exists a T = T(||¢||x) > 0 such that (4.1)-(4.2)
has a unique solution u € Y7 and for any 0 < T' < T, there is a neighborhood U of
¢ in X such that the map K : ¢ — u is Lipschitz continuous from U to Yr.

Proof: Let
Stp={ueYr| |uly, <b, wu(z,0)=¢(z)}

for some T' > 0 and b > 0 to be determined. Obviously St is a closed covex subset
of Y7. We define a nonlinear map F' on Sty:

Fo=S.0¢~ [ 'St — 1)(vBu0)(r)dr, € Spy.

As in the proof of Theorem 4.1,

2
sup 1ol < cllglly + T2 ( sup uvmul) (4.14)
0<t<T 0<t<T
According to Lemma 4.1,

B,(Fv) = —So(t)(¢" + ¢¢') — /0 CSu(t = 7) (Bu(vB)) ()dr

and

0

. 1/2
g 10O < el + 66+ [ Ioomia)

< c(Iglla+11¢l5) + I sup sup [fslhfell  (4.15)

<t<T 0<t<T
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Combining (4.9) and (4.10) yields

1Fvlly, < c(l6lla+ 1613) + T2 [lv]13,

for some ¢ > 0 independent of T' and v. Choosing

b=2c(lllls +1181I7) (4.16)
and T' > 0 such that
I < 1/2, (4.17)

F is seen to be a map from St into St;. The contraction property of the map F
follows similarly. As a consequence, the map F' has a fixed point u € Y7 which is the
unique solution of (4.1)-(4.2). It follows from the equation

O+ udpu + Pu =0

that » € C(0,T; H*) since d,u € C(0,T; H). Besides , u € C(0,T; H2) since

u(t) = Su()8 - [ " Su(t = 1) (udou)(r)dr.

The Lipschitz continuity of the map K follows similarly as in the proof of Theorem
4.1 and is therefore omitted here. The proof is completed. O

The method used in the above proof can be used to obtain smooth solutions of
(4.1)-(4.3) while assuming the initial value ¢ is smooth and satisfies the appropriate
compatibility conditions. We will only state these results here.

Let us define a series of differential operators { P, }§ as follows:

( P0(¢):¢

{ (4.18)

k
Pu(¢) = 30» ( "o ( ) Pk(¢)Pnk(¢)) + 0;Po1()

for any ¢ € H>".
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Theorem 4.4 Let n > 1 be given. For any ¢ € H3 N H3n+1 satisfying

Pu(¢) € HENH3 Pk =0,1,2,..,n—1

and

Py ($) € He,
there exists a T = T(||||sns1) > 0 such that (4.1)-(4.2) has a unique solution

we C(0,T; H:n H>h).

Moreover,

O ue C(0,T; HEnHC=Ry | k=12, .. ,n—1

and

oru € C(0,T; HL).

5 Global existence and exponential decay of small
amplitude solutions

The theorems proved in the previous section are local results since the time interval
(0,T) on which the solution exists depends on the size of its initial value. The
further question is whether we have global existence results valid on an interval (0,7")
independent of the initial data. Usually, the global existence results follow from the
local existence results and some global a priori estimate of solutions. Unfortunately,
those needed global a priori estimates are not available so far. Hence, in general, we
do not know whether the solutions of (4.1)-(4.3) exist for all time ¢t > 0 or if they
blow up at some finite time. This is not uncommon in nonlinear dispersive wave
systems where a global priori estimate is not available (see [18], for instance, for the
generalized Korteweg-de Vries equation). In this section, we shall see that if a solution
blows up in finite time, then there exists a 7™ > 0 such that the solution exists on
the interval (0,7™*) and the norm of the solution tends to 400 as t — T™. This 7™ is
usually called the life span of the solution. On the other hand, if the size of the initial
value is small enough, then the solution exists for all time ¢ > 0 and , in addtion,
decays exponentially to a constant as ¢ — oo.
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Theorem 5.1 For any ¢ € H], there exists a T* € (0,+00] such that (4.1)-(4.2)
has a unique solution

ue C([0,17); H})

and
lim, ffu(., )l = +oo

t—T

if T* < 4o00.

Proof: According to Theorem 4.1, for any given ¢ € H], the corresponding solution
exists on an interval (0, T') where T' depends continously only on ||¢||;. Thus a
standard argument can be used to extend the time existence interval of the solution
as long as the H! norm of the solution remains bounded. So either the solution exists
for all time ¢ > 0 or its H} norm blows up at some T* > 0.

Theorem 5.2 There exists a § > 0 such that for any ¢ € H. with ||¢||: < B,
(4.1)-(4.2) has a unique solution

u€ C(RYHY) N L™(RY; HY)
where R = [0, 00).

Proof: Denote by
S = {3 € COPSHY | sp_ Iote)l < o)
0<t<o0
with b > 0 to be determined. Consider the map F' defined on S; o, as follows:
¢
Fo=S,t)¢— [ Salt = 7)(00,0)(r)dr
Applying (3.4) and (3.8) yields

sup [[Fol < cllglh+c sup [[vdao]|rs
0<t<0

0<t<+o0
2
o +c( sup ||v||1) .
0<t<o0

IA
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Choose b > 0 and 8 > 0 such that

cb?

b

IN

1
2
and

cf < =b.

[N

Then we have

sup ||[Fvl1 <b
0<t<o0

if ||¢|l1 < B. Thus F'is a map from S » into S, . The contraction property of the
map F' is obtained similarly. Its fixed point is the solution we are looking for. The
proof is completed. O

A proof similar to that of Theorem 4.2 gives us the following more general result.

Theorem 5.3 For anyn > 1, there exists a B = B(n) > 0 such that if $ € H3NH3"+!
with ||¢|lan+1 < B(n) and satisfies the compatibility condition (4.18) of Theorem 4.4 ,
then (4.1)-(4.2) has a unique solution

u € C(0,00; H3 N H**) N L®(0, 00; H* ).

In addition,
Ofu € C(0,00; HE N H3=B+) k=1,2,..,n—1

and

Ofu e C(0,00; H) N C(0,00; HY).

In the remaining part of this section we prove that a small amplitude solution decays
exponentially to the mean value of its initial state.

Theorem 5.4 There exists a § > 0 such that for any ¢ € H: with |||, < 6, the
corresponding unique solution of (4.1)-(4.3) satisfies

lu(-st) = [8lllz2 < ce™||é — [8]l|z2, ¢ >0, (5.1)

where ¢ > 0 and p > 0 are independent of ¢.
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Proof: We will use an infinite dimensional version of the second method of Lyapounov
[12], [31] to establish this result. First of all, it will be convenient to indicate by L2
the closed subspace of L?[0, 1] consisting of functions w such that

/01 w(z)dr =1

which can be identified in a natural way with L2 modulo constant functions. Without
loss of generality, we may think of the solution u(.,t) as lying in the corresponding
subspace H clv,O of H} and we may change the inequality to be proved to

lu(s D)llzz < ce™lI¢llzz, t=0. (5.2)
We first note that the operator
Y: LX2— L}
defined by the strongly convergent series

Y=3Y, Y=,

k#0

the 1, being, as in the section 1, the normalized eigenvector of A%, is bounded and

positive define on L3. Correspondingly we represent w € L? as

w=7) cjd;

J#0
and see immediately that

wYw =Yl
J#0
so that the boundness and strict positivity follow from (2.19) and (2.10) . If we
further define

X: LR— L2
by
1
X =) &Y, = ——— 5.3
l;) k gk 21‘26/\]C ( )
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so that X is bounded, symmetric and non-negative, then

AX + XA +Y = 3 (6 ((Ahor)¥s + Ye(¥rAq)) + it
k#0

= Y [€x(2ReAr) + 1] ity

k#£0
= 0. (5.4)
With u(.,t) the subject solution of (4.1)-(4.2), we compute

d . B
T [ Xu( )] = [Aau(s1) —ul, )u'(L O Xl

t)+
+ u( )X [Agu(, 1) — u(, u'(, )] = —u(, 1) Yu(.,t) —
= ('8 Xl 1) 4 u(, 1) X (u(, u'(, 1) (5.5)

For any d > 0 we have an estimate

| )0 ()" Xl ) + (87X (u(, )u'(,1))|
< dPu(, ) Xu(.,t) +d7 2 (ul., )u' (1, 1) X (u(., )u'(,,1)). (5.6)

We fix d so that, in the sense of quadratic forms on L2,

d’X < =Y.

N | —

Turning our attention to the last term in (5.5), we note first of all that, since

u(1,t) = u(0,1),
u(., )u'(.,t) = 3 (U(wt)z)

We also know that u(.,t) € H) and that each 1), satisfies the adjoint boundary
conditions, including 94 (1,t) = 9x(0,t). Thus

€ L.

(u(”t)u'( ) X (u(., (., 1)) = i (u(12)" X (u(., )’
= - ka (u t 2)1* Yry, (u(.,t)Q),

k;éO

=—Z&

k;éo

/ () B:U (:c t) )dx
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2

=16

__/01 mu(x,t)zdx + ¢k($)u($,t)2 iié

k#£0
= £ 3wl ) B (a2
k#£0
= (u( )" 2(u(1)?) (57)
where 1
p= ) L < ) oYl =2 (5:8)
k#0 k#y0

Now for any z € L2 the uniform [* independence property (2.23) of the 3} shows that
1 " A 2

> 2 $irzl” < Dy |23

k#0

Since Theorem 5.2 shows that

sup [[u(.,?)[[: < b
0<t< 00

if |||l < B, where B is as in Theorem 5.2 . Thus
lu(, 1) 2z < Bllul, ez
and we see from (5.6), (5.7) and (5.8) that

| 1)/ 1)) Xu(st) + ul )X (u(., (1))

. ~ 2 b?
< du(, )" Xu(, 1) + Dy 5 [lu(, 1)l

< Pu(, 1) Xu(., 1) + iu(., £ Yu(.,t)

w

< Zu(.,t)*Yu(.,t)

if we choose b sufficiently small. Then (5.5) gives

% (s )" Xu(., 8)] < —iu(.,t)*Yu(.,t).
Since we also know, taking Iy to be the identity on LZ, that

gt_ [u(.,t)" Tou(.,t)] <0,
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we in fact have

d . 1 "
00" (To + Xu( 0] < —u(, 1V u(.,1).

Since both I, + X and Y are positive definite in L2 the inequality (5.1) (equivalently
(5.2) ) now follows from a familiar argument. The proof is completed. O
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