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DETERMINING CRACKS BY BOUNDARY MEASUREMENTS*
AVNER FRIEDMAN{ aNnD MICHAEL VOGELIUS}

§0 Introduction. A practically and theoretically very intelesting inverse problem
concerns the determination of an unknown internal conductivity profile from boundary
measurements of voltage potentials and corresponding current fluxes. Most of the theo-
retical work connected with this problem has been based on the agsumption that one has
available information about all possible voltage potentials and their corresponding current
fiuxes. With such complete information it is known that an isotropic conductor is uniquely
determined under appropriate smoothness conditions, cf. [6-11}.. When some structural
information is already known about the conductivity profile then it is conceivable that one
can determine characteristic features by making only a finite number of boundary measure-
ments. One such situation where a single measurement suffices has recently been studied
in [4]. The physical situation there corresponds to finitely many }small inclusions of zero
or infinite conductivity imbedded in a known reference conductor.i The results assert that
it is possible to gain information about the location of the inhom&xgeneities, their relative
sizes and their orientations. In this paper we consider the practiczmy very important case
of a curve, o, of zero or infinite conductivity located inside a 2-dimensional medium with
a known reference conductivity. We prove that the presence of ¢ and its actual shape and
location may be determined from exactly two boundary measurements. We construct two
specific boundary voltage fluxes 1;, and ¥, with the property that these fluxes together
with the corresponding boundary voltage potentials uniquely determine o. This result
is best possible; it is simple to see that any one measurement “?;ill not suffice. We also
construct two specific boundary voltage potentials ¢; and ¢ such that these potentials
together with the corresponding boundary fluxes uniquely determine o. By duality the
problem involving a perfectly insulating curve is equivalent to a problem involving the
same curve, as a perfect conductor. In our analysis we make extensive use of this duality,
since it is somewhat easier to examine the case of a perfectly conducting curve by direct
methods. A perfectly insulating curve is normally called a crack; ‘by a slight extension of
notation we also refer to a perfectly conducting curve as a crack.LThe uniqueness results
in combination with a simple compactness argument leads to a very weak type of stability
results. It is a much harder problem to obtain actual estimates of ti‘xe distance between two
cracks ¢ and o' in terms of the deviation in boundary measuremtjents. In the last section
of this paper we prove a Lipschitz estimate for (partial information about) the location of
cracks which are a priori known to be line segments. |
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§1. Statement of the uniqueness results. Let Q be a simply connected, bounded
domain in R? with smooth boundary 85 and let y: {1 — R be a positive smooth function
(the known reference conductivity). By a C? curve, o, we understand a twice continuously
* differentiable map : [a,b] — 2, a # b. We do allow the degenerate case that a > b,
in which case the curve ¢ is empty. In the following we shall only be interested in non
self-intersecting curves; this in particular means that the initial and terminal points do not
coincide. Let 3 # 0 be a current density along 02 satisfying.

1) ]¢ ds=0,

o 0 -

and let J denote tﬁe functional

(1.2)  J(o)= % / 2| To? -] bo
o\e . 30 :

We consider the following two minimization problems:

Find a minimizer of J in the class

G , 1 -.
Ky ={ve H'{Q\¢), v= constant on ¢},

and lr

(II) - Find a minimizer of J in the

N | class Ky = {ve H'(Q\o)}.

The problem (I corresp‘onds' to a perfectly _conduétiﬁg cﬁrire, the pro_bi_em (II), with
the natural boundary condition y4% = 0 on ¢, corresponds to a perfectly insulating curve.
- Notice that foi‘_both_probléms_ the solution, u, is determined uniquely' up to ?.n'_a,dditive
constant. One may, e.g., normalize by '

f u ds =0,

a9

whenever we make this or any other normalization we shall éxpiiéitly say so.
.- We remark that the set K appearing in problem (I) ﬁﬁy‘iéitetﬁately be characterized
as

(1.3) K ={v € H? (Q), v = constant on ¢}.
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Indeed, if v € H(f2\ Q) and v = constant in p, where () is a compact subdomain
of Q with Lipschitz boundary, then v € HY(Q) (cf. {5; p. 34]). By application of an
approximation argument we obtain the same result when {2y degenerates to a curve o. Let
¢ = [ 1 ds, where the indefinite integral is taken counterclockwise on 0Q. Convex duality
asserts that the problems (I) and (II) are equivalent to |

Find a minimizer of J(v) = % f v Vo) in
(I) Ne

the class K} = {v € H}(Q\ 0), v = ¢ on 59Q}.
and |
(ﬁ) Find a minimizer of J in the class Ky =

{v e HY(Q), v = constant on ¢ and v = ¢ on 60}

respectively (for more details see §4). If u denotes the solution to (I}) or ([I) and w denotes

the solution to (1) or (ﬁ) then u and w are in both cases related by

8 ) N |
(a‘;w, -'é;'l'w) = —(Vw)™ =7V,

and therefore

dw 1 du du J_ 0w

E-—v-(Vw) =73 and gg_—u-(Vu) =15 on 9Q,
where -c% is the counterclockwise tangential derivative along 1.

We shall assume that

(1.4) v 1is real analytic on O and 8Q is real malﬁrtic._

In the following, whenever we use the term analytic, we always mean real analytic. For
any point R € 9 and any small positive number ¢, we denote b} AR, the curve on 9Q
having arclength 2¢ with R at its midpoint. Let P and Q be tw&‘\ distinct points on 9}

and denote by PQ (QP) the curve which one traverses in going from P to @ (from Q to
P) counterclockwise along 3§). We define two boundary current densities 3; as follows:

1 on PAQ
~|PQI/IQP| on QP
3

(1.5) ¥i(z) = {




and
as) Cdale) =L = g,

where |PQ| denotes the length of the curve PQ, and 13, is the characteristic function of
the set Ap,. The constant € is chosen sufficiently small so that

dist(Ape, ) > -;-IP ~q

In the following T' denotes a nonempty open subset of 8Q . A main result of this paper is

THEOREM 1.1. Let K compact subdomain of §} and let #; (i = 1,2) be the fluxes
defined by (1.5) and (1.6.). There exists a positive constant ey such that the following
holds for any € < €:

" Ifg,0' are (possibly empty) non self-intersecting C* curves in K and ug),uf:,) denote
the solutions of problem (I) corresponding to the curves o,0' and fluxes ¢;, and if

0 0 @
) = 2,0 | = | =
5o lo 3aYe’  Of 'rcQ fori=landi=2

then ¢ = o'.
REMARK 1.1. Theorem 1.1 remains true (with the same proof) if ¢; is any piecewise

smooth function such that ¥;1(z)#£0for z # Pand z # Q and [ t1ds = 0.
80

REMARK 1.2. It is easy to see that any one measurement is not enocugh to determine
o. Indeed, if u is the solution to

V.(yVu)=0 in Q,

Su
7-3?=¢ on 9Q

for a given 1, then u is also the solution to problem (I) for any curve o which lies on a

" level curve for u. Thus there is a continuum of curves which yield the same values y0u/dv

and u on 91l.

= We cé:n formulate another version of Theorem 1.1 in which 12 is defined by
(L7 2 =6p — &g

where §p is the Dirac measure at P. The function u% “grovir's like |log r| near P and @
and it solves

(2)

(1.8) V-(7Vul?)=0in Q, ul® = constant on o, 'ya;: = 6p — 8g on 0.




Note that u( ) is not in H! in any neighborhood of P or @, so this is not a variational
solution in the sense of (I). The function 4" is a solution to (I) as|before. By taking first

(1}

variations we get that ug~ solves

aug)
ov

THEOREM 1.1°. Let ¢ and ¢' be (possibly empty) C? curves in 2 and denote by
u$?, (',) the solutions to problems (1.8) — (1.9) corresponding to o) and o' respectively. If

(1.9) V.(vVul))=0in Q, u(l) = constant on o, ~ = 1, on OQ.

-‘%ug)—; f,'.) on T CdQ fori._—_-landii=2

then o = o'.

Due to the the duality mentioned earlier it follows that Theorem 1.1 and Theorem

1.1’ (with reference conductivity v~!) lead to similar results for perfectly insulating curves
' : ,( i}
with fixed Dirichlet conditions ¢; , ¢2 on 90 and measurements of the form y—% L £ |,

The boundary voltages ¢; are simply [ i;ds, where the indefinite integral is computed
counterclockwise on 05Q. '

We next proceed to formulate an analog of Theorem 1.1 (that is a result with fixed
Neumann conditions) for the case of perfectly insulating curves. Let P, Q, R and S be
four distinct points on 8 listed in order of ¢ounterclockwise appearance. We define

(1 on PAQ

(1.10) 1(z)={ —|PQ|/|RS| on RS
| 0 otherwise,

and
(1 on Q?i

(1.11) %2(z) = ~|QR|/|SP] on SP
| 0 otherwise.

Let ¢; denote the counterclockwise integral $i = f ¥;ds. We now hotice that:

(i) the function 6, is consta.ntly equal to its maximal value on QAR and is constantly
equal to its minimal value on .S'P and

(ii) the function & is consta.ntly equal to its maximal value oh RS and is constantly
equal to its minimal value on PQ ‘

Based on (i) and (ii) we conclude that

(1.12) if z9 is an arbitrary point on 92, then one of the fufiu:tions é1 or ¢
. attains an extremal value there. ‘

The property (1.12) is essential for the proof of the following uniqheness theorem.
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THEOREM 1.2. Let 0,0' be (possibly empty) non self-intersecting C? curves in ) and
let uﬂ'), U, ) denote the solutions to problem (II) corresponding to the curves o,6' and the

fluxes v; defined by (1.10) and (1.11). If

i(-)-é’ v on TCON fori=1andi=2

theno =o'.

We note that the solutions u, , u(') are vanational but nontheless there is no need in
this case to consider curves inside a ﬁxed compact subdomain X.

Due to the duality, Theorem 1.2 leads to a similar result for perfecﬂy conducting curves

with fixed Dirichlet boundary conditions ¢; = J ¥;ds on 89 and measurements of the form

Bw('
Y Bu IP

The outline of this paper is as follows. In §2 we establish four auxiliary results needed
in the proofs of our main theorems. Theorem 1.1 and Theorem 1.1’ are proved in §3 and
Theorem 1.2 is proved in §4. The uniqueness theorems immediately imply some very weak
type of stability results, but they do not provide any concrete estimates. In §5 we establish
a Lipschitz continuous dependence estimate for the case where ¢ and ¢’ are a priori known
to be line segments. More speciﬁcally we prove that

dxstg(l,,l.,:)<C'ZiI 2w —uDlli=ry

i=1

where [, and I, are the entire lines passing through ¢ and o', respectively (provided T
does not contain any of the points of discontinuity of ;).

$2. Auxiliary results. We begin by studying the regularity of the solution u, of
problem (I). Clearly u, is smooth (in fact, analytic) in 2\ 0. Furthermore u is C 1+e from
each side of ¢, uniformly up to o, except for any small neighborhood of the two endpoints
of 7.

LEMMA 2.1. Let z* denote any of the two endpoints of ¢. The function u.,, which
solves (I), is continuous in £,

(2.12) lug(z) — te(z*)] < Clz — 2*|*/? for = near z*,
and
(2.1b) |Vug(z)| £ Clz — 2*|~1/? for £ € Q\ o, z near z*.

Proof, Assume for simplicity that z* = 0 and that, near z = 0, the curve ¢ is given by
b ) =h($1) , —6 <z <0, h'(0)=0
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Let { = &1 + i£2 denote the conformal tra.nsfonnatlon ¢(z) = vz, (z = 21 + 1z3) and set
w(€) = u,(z). We compute

A(2)Aew = 7(3)Azﬂa|j—2|2

dz
==V,v- V:"a"&—c'

and since V. us = (Bo )T Vew it follows that

0
(2.2) Aew + Z ﬁ,-gg;w =0,

where f; are continuous near £ = 0. The original curve o, which in polar coordinates is
represented as

¢=%7+ f(r), f(0}=0, f(0)=0,

(z = re'®) is after the transformation z — { represented as

|
T 1 2 ‘

0 =25+ 35500, 1
( remember 8 = a.nd p = /7 ). The function g(p) = 3 f(p*) satisfies g(0)=0,¢(0)=0
and ¢"(0) = 0; it therefore follows that the image of o, a¢, is a C? curve. The function w
is constant on o, and it now follows from (2.2) and elliptic regularity theory that
w € W¥P(B) for any p < oo,
where B is a neighborhood of 0 € o¢ relative to the transformed domam Using Sobolev’s
imbedding theorem we get that Vw € L°°(B) and therefore, going })a,cl\ to the original z—

coordinates ;
[Vzus(z)| = I( )Tvswl
SC’|3:| 2 zeQ\eo, z near 0.

This verifies (2.1b); the estimate (2.1a) and the fact that u, 1s continuous at z* are
immediate corrollaries of this. 0

The most difficult case among the uniqueness results we have formulated in §1 is the
case when the curves are perfectly conducting and Neumann data :s fixed on the boundary
(or by duality the case when the curves are perfectly insulating and Dirichlet data is fixed
on the boundary). In this case we must ensure that no level curve for u, reaches the
boundary at P or Q. This is exactly the purpose of the followmé two lemmas; the first
lemma is related to the e-dependent flux, defined in (1.6,), and it w111 be used in the proof
of Theorem 1.1.



LEMMA 2.2. Let w be a smooth subdomain of Q for which 8w N 89 is a nonempty
curve containing the point P € 8Q in its interior. Select é sufficiently small so that

s = {z € 0| — P{ < 8} is contained in Ow N OS2,
Suppose he € L®(0w) with ||heljlLe < Co and [ he = —2. Let g. denote the function
Buw\ s

E—l

on Ap,.
ge = 0 on Aé \ AP,G

h, on Ow \ Ag,
defined for any € < 6, and suppose u, € H! is a solution of

V. (¥Vu) =0 inw,
(2.3) Bu,

Tg— =g OR aws

Ov
with [ u. = 0. Then, for any ¢ > 0, there exist positive constants ¢y, g depending only

w
on ¢,Cy, 8,w and - such that
(24) Ve<e, ¢€w, dist(z, P) < ce = u.(z) > co |loge]

Proof. Let N,(z;y) be the Neumann function for the domain w ( see e.g. [2; Cha§.5]).
Then u, may be represented as

uelz) = / € No(z;9) dsy + / heNo(z;y) dsy
(2.5) Ap.c 8w\

= uy ,((z) + ug,(z).
Noting that [N,(z;y)] £ D if |z — y| = d > 0, we see that
(2.6) fus,e(@)] < €

for z in a neighborhood of P, uniformly in e. To study the behavior of u.;,e' near P
we introduce, for some small §' (0 < § < §), a diffeomorphism z' = ®(z) mapping
Ws = {z €w: |z — P| < §'} onto a domain in {z}, > 0} which contains a semicircle

St = {2z + 27 < p?, 2}, > 0}

such that 85t N{z}, =0} is in the image of W NOw. The function ve(a') = uy (@1 (2"))
solves

@2.7) V- (7/(2')V(a")) =0,
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where 7'(z’) is the matrix (v};(2')) given by

D& (D& o
Y O‘P—-b—‘r(pz) (Idet”"'D

We can choose & so that %%[,;p is orthogonal and

(2.8) M2(21,0)=0

Indeed, picking a coordinate system with origin at P and z;-—axis t
achieve (2.8) by first choosing

(2.9) y1 =71, Y2 = T2 — k(z1)
where z; > k{(z;) defines w in a neighborhood of P, and then secor

2y =y +yamy), 72 = ¥z
where

F12(y1, ¥2)

mi) = —o———
( 1) 722(3!1,!12),

angential to w we can

1d setting

and (%:;(y)) is obtained from transformation of 4(z) according to the change of variables
(2.9), cf. [2; p. 196] (note that (2.9) guarantees that m is a function of y; alone). We now

extend the coefficients v/; into all of S = {z] + z2 < p?} by defini

7;2("5'1a-‘1"2) = —7;2(3'1, —3'2),

7::‘(‘?’1 ) $'z) = 75:’(3’11 _3,2)

ng

for 4 < 0. In view of (2.8) the extended coefficients, which we again denote by 7{;, are
Lipschitz continuous across {zj = 0}. We can therefore construct in § a fundamental
solution K(z';¢') by the parametrix method, i.e., we can construc{ a solution to

(2.10) Vo - (4(e\Va K (2 €)= —8(z' =€) V2’ J; €S

of the form

(211) K(2',€') = —p(€)logl(z’ ~ €)T7'(€)7 (=" = €N + k(2;€)

where

I 1 ! f -—
(€' = -ldet(7:;(6))] 2,
k is bounded, with |V, k(z';¢')| € ——%

(2.12) c,

Ir L V

t>0;



for details see, for instance, [2; Chap 5]. The function
(2.13) N(Z';¢') = K(2},25:; &) + K(z}, —25; £')
satisfies (2.10) for z’,£' in ST and

ON(<';¢')

(2.14) o7

=0 on {z; =0}

We recall that v {(z') = u; (®~!(z')) satisfies (2.7) and furthermore

ein(zy)  on AL = {(21,0), —01(¢) < 2} < b2(e}}

2.15 "(2")Vve(2’) - ={
( ) ‘}((1‘) v(x) v 0 1f$'=($;,0)€as+\’\:

_for some smooth function n(.) and some 9;(5),% < 8;(€) < 2¢ provided &' and e are suffi-

ciently small. The fact that %‘}] 2=p is orthogonal implies that n{0)=1. Since 7{,(z7,0) =0
“and »(z},0) = (0,-1)7, (2.15) may be rewritten

Ove(23,0) _ { —ein(z}) i (21,0) € X

2.16 22(21,0
@16 0= 0 if (c},0) € 3+ \ M.

Consider the function

83(¢)
(2.17) we(z') = j (€ )N (2}, 24 €1, 0) €] |

~81(¢)

- Using well known properties of single layer potentials in combination with (2.11), (2.12)
and (2.13) we get

. Ow(z},z5)
! EQl] g v
722(:51 L] 0) E}:ﬁ) az’z
2(€) AN
= —nal) + (e, 0) [ gon(ah, 056, On(El) del (a5,0) € X,

—91(6)

where the last integral is an improper integral with integrand equal to zero, by (2.14).
It follows that w, satisfies the first relation in (2.16); the second relation is verified in a
similar manner. In combination with (2.15) this shows that the function U, = v, — w,
satisfies

(2.18) (¥'VU.)-v=0 on 85" n{z} =0}
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At the same time

(2.19) V.(yVU)=0 in S*.

Because of the formulas (2.5) and (2.17) and the fact that |N,(z; 5)1[ <Dforjz—§>d>
0, [N(z';€")| £ D for |z’ — ¢'| = d > 0 it follows that if € is sufﬁciez?tly small

(2.20) | DUz + |Uz)| < C Vz'edSTn{z¥ + a:'f = p*}.

with C independent of e. From elliptic regularity theory it now follows that [|Ue|| ya/2(s+) <

C independently of € and therefore, by Sobolev’s imbedding theore
(2.21) Uz} <C in SF

Consider now the function w(z'). From (2.11)-(2.13) we see that
(ce)-neighborhood of 0 then, for e sufficiently small

2(¢)
we(z') 2 & j e log Ce| d&; —
—~81(¢)

> &llog €| — :

1841

if (z},z4) belongs to a

where &, and C are positive constants (mdependent of €). A Combmatwn of this estimate
and (2.21), gives that v.(z') = ¢. |log €| provided (zl + z5 )1/2 < Ce The assertion of the
lemma immediately follows by switching back to the original coordmates and using (2.6).

REMARK 2.1. If v, € H! is any solution of

V(94Vr)=0 inw,

Oue = on Ow
7 au - gE 1

O

and u, denotes the solution to (2.3) (with [ u. = 0), then v, = u.+ J v, and therefore it
dw ‘ dw

follows from Lemma 2.2 that

Ve<e, z€w, dist(z, P) < ce = v.(z) > ¢y |loge| + /ve,

Sw

We shall next establish the limiting case of Lemma 2.2 corresponding to e = 0. This

result will be used in the proof of Theorem 1.1°.
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LEMMA 2.2'. Let w be & smooth subdomain of ! for which 8w N O is a nonempty
curve containing the point P € 8Q in its interior. Let g be a function in L*(dw), with

f g = —1. Let u denote a solution to
Sw

V- (yVu)=0 inw,

‘y@=6p+g on Ow .
ov

Then
ji_I.I'Il__’ u(z) =

IEw

Proof. By a smooth change of variables ' = $(z), w may be mapped to a domain '
in such a way that P is mapped to the origin and a neighborhood of P in w is mapped to
{z': 2z} > 0,22 + 22 < p?}. The equations for v(z') = u(@ (")) become

V- (3Vv)=0 in o',
(3Vv)-v=6,+§ on &u'

where
. D% D& D?
Fod= (D) (75") |det 5=

D3\ -
90‘1’—|( )TI ‘g,

7 is the unit tangent to Ow. It is always possible to construct ® so that

(2:22)

Do

(2.23) Dz,

is orthogonal ;

for instance if we pick the coordinate system with origin at P and z;-axis tangent to dw,
then Ow is locally given by z; = h(z1), with A'(0) = 0. Near the origin we may now
“fatten” the boundary by mapping (z1,z2) — (21,72 — h{z1)). ' '

From (2.22) and (2.23) it follows that 5(0) is a scalar. Let vo denote the function

(2.24) vo(z') = log |'|.

¥ (0)

Then 5
Avy =0inw' and % = —%(0)"1(8p + k) on 8’

12




where k € C*(8w') and k = 0 in neighborhood of 0. We therefore get

'/"yV(v +vp) Vo dz' = ¢(0) + / go ds'

u! awl

+ [Gr=50)Vm - V4 @z

(2.25) |
~ $(0) — f ke ds'

Ow'’ i
= [@-weas'+ [ 30) Ve Veds,

ow'!

for any ¢ € C°°(w'). Concerning the last term on the right- hand side,

Jo-ao)Vu-Voar' =tim [ (- (0) Ve Ve
w! w'n{]z!|>e}

€—0

= lim (- V-5 = 5(0)) - Voolé dz’

w'n{|z!|>e}

+ f (5 - %(0)) Vo] - v9 ds')
8(w'n{|z’'|>e})

and since V- [(¥ — 4(0)) - Vvg] is bounded by Clz'|™! in w’ and (7 — 5(0))Vvy is uniformly
bounded on w' N {]z'| > €}, it follows that

(2.26) | / (5 = 5(0)) Voo - V4 dz'| < Cyllléllsqwry + 18]l 300,
W’

for any ¢ € C*°(w') and any ¢ > 2. From Sobolev’s imbedding theorem we have

H?’ — L7 continuously,

2
provided s > 1 — E, and the well known trace theorem asserts that

18]l 220wy < Callll ey

provided s > 1/2. Based on (2.26) it now follows that

(2.27) | 5= 5(0))- Ve de'| < Cullglarur

13



for any ¢ € C®(w') and any s > 1/2. By insertion of (2.27) into (2.25), using that
g —k € L3(8u'), we get

| / V(v + v0) - Véda'| < Coll izt

for any ¢ € C®(w') and any s > 1/2. Elliptic regularity theory now immediately gives
that
v+ vy € HY(w') forany t < 3/2,

and thus according to Sobolev’s imbedding theorem
v+ vy € L=(W').

It follows that lim v = oo whenever lim vy = —oo, and as a consequerce

gl gt gl gt
 lim u(r) = lim v(z') =0 .
. 1
=P T
rEw €W’
O

LEMMA 2.3. Let v, € H(Q) be a solution to V - (yVv,) = 0 in Q \ o,
v, = constant on ¢ and YVv, - v = 1 on 9% for some piecewise constant function 1,
which does not vanish everywhere. Let p be a non self-intersecting analytic curve in Q\ ¢
on which v, is constant. Then there exists an open analytic curve p' C 1\ o parametrized,
say, by z = A(t),~o00 < t < oo, such that

(2.28) p C o and v, is constant on p',

p' does not self-intersect and it has endpoints

2.29 ok 8¢ *
o 0= Bm A, 5= g A
furthermore
(2.30) one of the endpoints of p’ lies on 9§

and the other lies on 8§ or on o.

Proof. Let D be any compact subdomain of  \ ¢ which contains p. We shall extend
p step-by-step at both endpoints until the extended curve exits D (at both ends). To
perform such an extension about an endpoint z* of p, notice that if Vv,(z*) # 0 then the
extension is uniquely established by the implicit function theorem applied to the solution
of v,(z) = v,(z*).

14




Suppose now that Vuvs(z*) = 0. Let (r,8) € [0,¢] x {0,27] denote polar coordinates

near z*. Since Vuv,(z*) = 0 we know that £-v,(0,6) = 0, and by
series in r, ' .
ve(z) = v,(2*) 4+ r"(asinnd + beosnd + rA(r,

expanding in a Taylor

)

for some a,b (not both zero) and some n > 2. Here we have used that v,(z) satisfies
V - (vVv,) = 0 near z*, and is therefore analytic near z*. We may without loss of

generality assume that the (half) tangent to p at z* is {(r,0), r
b=0,i.e., 7

> 0}. It follows that

vo(2) = vo(z*) + ar™(sinnb + rA(r,6)) , a % 0.

Since v, is analytic near z* it is well known that v, as a function of (r,8) is analytic

on [0,€¢] X [0,2x], the main point being that it is analytic at r =
extension for negative r is given by @(r,8) = u(—r,8+x)). It follows
analytic extension near r = 0; we denote this extension by A(r,§),
The function F(r,8) = sinné + rA(r,8) satisfies

7]
F(0,0)=0 and -5517’(0, 0)=n,

iO (indeed the analytic
'that A(r,8) also has an
(r,8) € [—¢, €] x [0,27%].

and therefore, by the implicit function theorem, it is possible to find a unique analytic func-
tion 6(r) such that #(0) = 0 and {(r,8) : F(r,6) =0} equals {(r,8(r))} in a neighborhood

of (0,0). The curve
(rcos@(r),rsiné(r)) + z*

is an analytic curve through z*. For r positive this curve (due |
theorem) coincides with p, and it therefore represents an analytic

The above argument shows that the extension can be carried

o the implicit function
extension beyond z*.

out step-by-step, and

each time, if the old endpoint z* is in D, then the extension can be achieved in a é-

neighborhood of z* with § independent of z*; § will depend on D,

of course. It is easy to

see that a level curve of v, inside D will have finite length; it follows that after a finite
number of steps we get an extension p, of p with both endi)oints n 0D. The level curve
thus constructed cannot have self-intersections. Indeed, if there were self-intersections then
there would be a subdomain of §I bounded by a portion of the level curve inside which,
by the maximum principle, v, = constant. By unique continuatioxl;l' v, would therefore be

constant in all of Q and this is a contradiction.

We now repeat the process with a sequence of increasing doi‘nains Dm (D = D)

which exhaust 2 \ o. We denote the curve thus obtained by o’

d we parametrize it by

z = A(t),—o0 < t < 00, such that at the points z = A(%t,), (witfl tm — 00) it exits Dy,
for the first time. We claim that there cannot exist a sequence 7; — 400 {or —o0) such

that

(2.31) A(r) = Z,TEQ\ 0
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Indeed, otherwise there is, in any é-neighborhood of Z, an infinite number of distinct

subarcs of p’ which enter and exit this neighborhood. This however is a contradiction to
the construction of p', if § is small enough.

| - We wish to prove that hm A(t) exists. If this is not so, then by the previous paragraph

' 1t follows that A(2) osc1llates near the boundary of 1\ o and, in fact, either

(2.32) o A(t) oscillates near a curve g on 99, as t — co,
or
(.2'..3'3) A(#) oscillates near a curve y on o, as t — co.

“We may without loss of generahty assume that Vo is smooth up to the curve u, ap-
proachmg from one side. Taking a line normal to p which intersects u at a point y )
we then see that v,(z) = constant at a sequence of points on this line converging to y*.

Consequently v, and dv,/8v vanish at y , and since y* is arbitrary,
(2.34) Ve = =0 on p.

We can now apply the unique continuation theorem to deduce that v, = 0 in Q, which
is a contradiction.

‘This shows that z; = hm A(t) exists. The point 29 = lim A(t) exists for similar

Teasons. Furthermore, Zo a.nd z1 belong to 8(Q\ ) for otherw1se we shall be in a situation
where (2.31) holds, and this was already excluded. Finally, at least one of the points z;
must belong to 89, Otherwise v, = constant in the domain bounded by p' and a portion
:of c (between zp and 21), and this would be a contra,dzctxon . _]j

§3 Proof of Theorem 1.1. Since the boundary data is entirely in terms of deriva-
twes we may without loss of generality assume that it concerns the solutions for which
" f uf f u'? = 0. Let O be the open: set enclosed by o and ¢'. Since {2 \(OQUueU¢")

o =
f_ha.s only one connected component it follows from the assumpt:ons about the boundary
data (via the unique continuation theorem) tha.t u(') f:,) , 1t = 1,2 are constant in

N\ (OUeoUd'). Due to the normalxzatlon of u&) and u ) it follows furthermore that these
‘constants are zero, 1.e.,

(3.1) Cu -l =0 in Q\(OUuoud) i=12

If O is nonempty then 80 consists of pieces of ¢ and ¢’ on which u? , respectively uf,,) , is
a constant. Due to (3.1) it now follows that each function ul? takes at most two values

on 90. Recalling that 1 is continuous in Q (Lemma 2.1), we get that 2% is constant
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on each connected component of 80. It follows, by the maximum principle, that u$ is
constant on each connected component of O, and this implies that u$) is constant in all
of Q - a contradiction. We thus conclude O is empty so ul’ — u(',? =0 in Q\(cU7');

[
by continuity it now follows that

|
(3.2) u ~u) =0 in Q i=1,2.
|
From Lemma 2.1, \

|

(3.3) lul’i< € in K.

The constant é’ = C(K) is easily seen to be independent of o, itJis also independent of €
due to interior elliptic regularity results and the fact that [ |¢2] = 4.
a0

Let w be a smooth subdomain of Q for which dwNdQN is a nor[ampty curve containing

P in its interior and @ N K =@. By elliptic regularity theory it follows that u$?) satisfies

equations of the type (2.3), but not with the boundary integral on Gw vanishing. According
to Lemma 2.2 and the remark following it there exist ep and cp such that

(3.4) ul? > colloge| + ./ugz)
.. Bw

in a (2¢)-neighborhood of P, for any € < €. By elliptic estimates we get forany 1/2 <t <1

| j u@)| <CuluP ey
Bw

(3.5)
<Cylu? iz (o)

<C w2l ge-2r2s0)-

From Sobolev’s imbedding theorem and the fact that ||i2]| 3 (aq) = 4 we get that

|/¢2‘Ul < lallzramllvlizeany £ Cellvl He a0y,
o9

for any v € H*(?) and any 1/2 < s. By duality we thus conclude that 1b2]izz-+(an) is
bounded independently of € for any —s < —1/2. If t < 1 thent — 3/2 < —1/2 and it now
follows from the estimate (3.5) that h

| j u!?| is bounded independently of e.
w
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Usmg (3:4) we now conclude that there exists €o such that -
(3.6) \ u®|> ¢

in a {2¢)-neighborhood of P for € < ¢ (C is the same constant as in (3.3)). A similar
statement holds with P replaced by Q. It follows by a combination of (3.3) and (3.6) that

a7 any level curve of u® (= u'?) which intersects
. K cannot intersect Ap, or Ag,.

We shall now assume that ¢ # ¢’ and proceed to derive a contradiction. Without loss
of generality we may assume that there exists a curve p C o', which lies'in 2\ 0. Based

‘on {3.2) we now conclude that u$) are constant on p, 1 = 1,2. There must exist a point on

p where vull #£ 0, since otherwise u is constant in Q ( by unique continuation); near
‘this point p must be analytic because of the implict function theorem. By shortening if
necessary we may assume that the entire curve p is analytic. We are now in a situation
:where we can apply Lemma 2.3. Corresponding to each _ug) we geﬁ an open analytic
ciurve such that (2.28)-(2.30) are satisfied, but due to the analyticity the two curves must

coincide. In summary, there exists an open analytic curve p’ C Q \ o such that

(3.8) pCp and ul? isconstant on p',i=1,2,

(3.9) p' has one endpoint, zp, on 8Q and the other endpoint lies on ¢ or on 89

From (3.7) it follows that z, is not contained in ‘Xp,f UXQJ. Therefore, by (1.5), —%ug) #0

in a neighborhood of z; and we conclude that p' (a level curve of uf,l)) meets 082 at an

angle different from % At zp we now have that éiugz) as well as the tangential derivative
v

of uf? along p' vanish. Since these derivatives are in linearly independent directions, we
see that ' ' '

(3.10) 2g is a critical point for u{®.

Let (r,8) denote the polar coordinates around zo chosen so that the (half) tangent to
p' is given by {(r,0), r > 0}. Since 3115,2)_/31) '= 0 in a neighborhood of z5 on 8Q and
since 90 is analytic, u{? has an analytic extension into a full neighborhood of zp in R?
(here is the only place in the proof of Theorem 1.1 where the analyticity of 8 is required;
elsewhere 90 € C?** suffices). We now get, as in the proof of Lemma 2.3,

ul?(z) = ul?(29) + ar”(sinnf + rA(r,6)), a # 0,n > 2,
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e € 08, AP c BQ can be treated in the same wa,y) The situ

near z;. Let A denote the analytic extension of A to [—¢, €] x
F(r,8) = sinnf + r A(r, §) satisfies : :

g d T
F(O,:!:;) =0 a?ld - ﬁF(O,i;) #0;

[0,27]. The function

therefore, by the implicit function theorem, it is possible to find unique analytic fune-

tions 8.4 (r) such that 8.(0) = £ /n and {(r,8) : F(r,8) =
neighborhood of (0, i-z-) The curves

0}

pz: (reosfi(r),rsinbi(r)) + zo

clear that at least one of these curves, say p_, is contained in £ fo
) takes a constant value, the same as on p’, on the cur
is taken small enough that it does not intersect &. We now use Ler
p" € 2\ o, which contains p_, such that

function u

(2) is constant along p" (with the same constant valu

(3.11)

(3.12) " has one endpoint at zg, the other endpoint, z;, Ii

It is not possible for both p' and p" to have an endpoint on 0. 1

case then p’ U p” U ¢ would enclose an open set on which by nec
this would in turn lead to ul =

= constant in {), a contradiction.

équals {(r,0+(r))} in a

. T EL

are analytic curves through zs and since ¢’ is not normal to 9Q at zp and — < -, it s
n

r small positive r. The

ve p_. Assume that p_

nma 2.3 to find a curve

eason p'),

es on o or Of.

ndeed, if this were the
essity u( ) = constant;
We shall assume for

definiteness that p" has its other endpoint, z;, on 802. The curve p” does not touch p',
except at zg, and neither p" nor p' have any self intersections, fo%' the same reasons that

p' and p" did not both touch . The curve p" divides @ into two subdomains {} and Q. Q

is bounded by 27z and p", and Q is bounded by z02: and p"
Lies in Q. By (3.7) both points zp and z; lie outside Ap and Ag ..

e may assume that p’

HAp, and AQ ¢ both liei m 2021 orz;z 2o, then it follows i 1mmed1aiely that u( ) is constant

in one of the domains {2 or Q which is a contradiction. W1thout 1

ss of genera.hty we may

therefore assurne:- that Ape is contained in 69 and does not inter ect 6‘9 (the case where

| “Figure l.a'or 1.b.
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Figure 1.b

Consider first the case where both endpoints of p’, z9 and 23, lie on 0 (Figure 1.b).
By (3.7) Ap, lies either in 2123 OF z3zg. It follows that ug) = constant in one of the two
subdomains that p' divides Q into, and we get a contradiction. We now know that p' must
end on o as in Figure 1.a. Let z be a point onp' (in N\ #), then the function ud isa

solution to V . (7Vv) = 0 in a neighborhood of z. From the maximum pnnmple it follows
immediately that ug () attains values strictly above and strictly below u, )(z) =uP (20) in
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any neighborhood of z. As a consequence

(3.13) mf u(z) < uP(z) < sup ulP ()
_ z€fl

|
The strong maximum principle apphed to the functlon u? in the domain Q' = Q\(p'U cr)
asserts that minimal value inf.ecq/ us )(z) of, a5 u,)(m) cannat be attained on 2y z,

since Hul? /61} is non-negative there. It follows that the minimal k'alue must be attained

on p', o or p", and therefore
u$(20) = inf u{? ().
z€fl

This contradicts (3.13), and so we conclude that the initial assumption ¢ # ¢' is invalid.
This completes the proof of the theorem. ' 0

* Proof of Theorem 1.1’. The proof is nearly identical to the proof of Theorem 1.1
provided we use Lemma 2.2’ instead of Lemma 2.2. ' 0

84. Proof of Theorem 1.2. Consider a solution u8) of problem (/I) and set
Tgi) = 7Vuf,f).

Then V.78 = 0in 2\ o. Since 7 and V. 7P belong to L2(Q2\ o), 7. v is well defined
on both sides of ¢ by means of Green’s formula. From the variational formulation of the
solution to problem (II) we find that .y =0 on 0. This allows us to conclude that
V.r =0in , in the sense of distributions. Consequently

. Owe () Bw(i)
(N _ _ () o
To = (Vw ) ( 8z, ' 0Oz, ) T

for some wi € H 1{©?). The function ws is uniquely determmeﬂ by the normalization
f wi = 0, and it satisfies aw(')/as = (Vw('))'l' v =1; on Bﬂb wi) = constant on o;

here 8/3s denotes the counterclockwise tangential derivative on 39 We easily find that

(i)

V. (7"1ng)) =0in Q\ o, and in summary ws’ therefore satisfies -

v. (—y-lvw,(;')) =0 in Q\o,

w() = constant on o, w!? = ¢; on AN. ‘

with ¢; = [ ¥;ds, a counterclockwise indefinite integral along 9.
()

We initially proceed as in the proof of Theorem 1.1 working with ws in place of ug’.
The level curve p' meets the boundary 8 at zg. According to (1.12) zp is either an
extremal point for ¢; or ¢,. Without loss of genera.hty we shall assume z; is a point where
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é1 attains its maximal value c,, (in other words z; lies on the curve QHR) The function
w is constantly equal to 0 Cm along p'; if p’ had both endpoints on 91 then these would

have to lie on the curve QR and there would be a subdomain of €2 enclosed by QR and
¢’ in which wt? was constant — a contradiction. We therefore conclude that p' has one
endpoint (zo) on 9 the other on ¢, and in particular w{? = ¢,, on ¢. By application of
the maximum principle we see that : -

(4.1) sup wi(z) = cpm.
z€Q\o

Let z be a point on p' near 2y, such that wiD) satisfies V - (7‘1Vw,(,1)) = 0 in a neigh-
borhood of z. From the maximum principle it immediately follows that w? takes values
above wg )(z) = ¢, in any neighborhood of z, and this contradicts (4.1). The initial as-

sumption that o # ¢’ is therefore invalid, and this concludes the proof of Theorem 1.2.

g

§5. Stability. In the remainder of this paper we shall for definiteness only consider
solutions to the problem (I), although completely parallel results can be obtained for
solutions to problem (II). By our conventional abuse of notation we refer to the curves
o and o' as cracks even though they are peferctly conducting. Let A, Ly, L; and o, 0 <
o < 1, be positive constants and K a compact subdomain of Q. Consider the class & of
all C?t< curves in K, of length Ly < I{(¢) < L;, which when parametrized by arclength s
satisfy :

(5.1) o={z(s), 0£s <!} with ||:1:()|]C:+u < M,
and
(5.2) [ 1) ds < Mla(sr) = s(sa)] for nay s1,50 € [0,1)

Let I be a nonempty open portion of 6%, so that T does not contain P or Q. If
on = {za(s), 0 < s < 1,} is a sequence of curves in T converging to o = {z(s), 0 < s < 1}
in the sense that

(5.3) ln =1 and ||z,(-) — z(")llc2(s4-5y = 0 V>0,
then ¢ will again be in ¥ and the corresponding solutions uf,? , us) satisfy
(5.4) 12 () ~uP)mry =0 a5 n oo

for i = 1,2, provided ¢ is sufﬁc:ently small that Ap .U Ag ¢ does not intersect T.
Theorem 1.1 allows us to establish the following stability result:
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THEOREM 5.1. Suppose € < ¢ as in Theorem 1.1. If 0,,, 0 € “2 and

2
9 i |
(5.5) >l (u) = uPYpmry = 0 a5 n = 00,

i=1

then
dist(op,0) — 0

where dist(on,0) = maxzeq, Mminges | — y|.

Proof. By compactness, the sequence o, converges to a curve & = {#(s),0 < s < [} in
the sense of (5.3). From (5.4) (with ¢ = &) and the assumption (5‘%5) we get that

-g:s-(uf,") - ug)) =0 on [, =12 |
|
Both curves o and & are C? and they are non self-intersecting, Aue to (5.2). Therefore
Theorem 1.1 asserts that ¢ = & and it immediately follows that dist(c,, o) = dist(on,5) —

0. ; 0

Theorem 5.1 does not provide any estimates. We now proceed to establish a partial

stability estimate in case the curves are line segments. |

Suppose a curve o, is given by
or = (I +t6A)o +téb,

where 64 is a matrix of the form

0 -46 :
b4 = (59 0 ) |
!

66 is a scalar and éb is a vector. The curve o C Q is fixed. Let Ny(-;y), y € 2\ o¢ be the

solution to |
_v'(7VNf(';y)=_ Yy inﬂ\at’

(5.6) N(-59) =0 onoy,

ONy
15, Ciy) =0 ondQ

( t is sufficiently small that o; C 2 ). We define

¢s(z) = (I + téAjz + 166, and
Mi(z;y) = Ne(¢:(z); y)-
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A simple change of variables gives

(5.7) f H($e(2))VM(z;y) - Vo(z) de = v(47 (1))

¢ (D)
for any v € H(¢;7(2)),v =0 on 0. It is not difficult to see that the derivative

DMy(-19) = oMy, (0)

exists as a function in HL (¢5.1(2) \ ¢7.'(y)): By the chain rule

0
DMto(I; y) = =N,

ON| Gl + VeNulbul@rn oé] @)

i=1y

t=to

ie.,

Ne

0 - -
58) % (z39) = DMyo(97, (2)iy) = Ve Nio(25y) - (4¢3, (z) + 6b) .

i=1g
Using the relation (5.7) it is fairly easy to obtain an explicit equation for DM (-;y). We

shall here only need the following two obvious properties in case ¢ =0 :

DMo(- ;y) is constant on o, and
V- (4VDMo(-;y)) =0in Q\ (yU o).

For a given linear crack ¢ inside §2 let I, denote the entire line in { that passes through
o. If ¢' is some other linear crack inside £} then we define

diste{l;,ls») = max min |z —y|.
::Ef,nﬂ yEl,:l‘"ﬁQ

THEOREM 5.2. Let K be a compact subdomain of . Let u5? and ug) be solutions
to problem (I) corresponding to the two linear cracks ¢ and ¢' C K, and the fluxes
¥ (i = 1,2) defined by (1.5) and (1.6,). Suppose that € is fixed and € < €y, where ¢ is as
in Theorem 1.1. Suppose that the linear cracks have lengths at least Ly > 0. Then there
exists a constant C independent of o,0' such that

(5.9) dista(l,, lo) <cZ|| 3 (u(‘)—-u Mie -
i=1



Proof. Since the right hand side in the estimate (5.9) involves a denvatwe we may
normalize u( ) and u( ) any way we choose. It is convenient to work with ©% and u(') that

satisfy

()—001'10'

u(") =0one, u, =

Suppose the assertion (5.9) is not true. Then there exist sequences 0,0} such that the

corresponding solutions u‘,,? , u(',) satisfy

i (N
& wE) — ui) ey |
5.10 - g —0 ask— o i =1,2).
( ) dista(le,, l,;) ( )

Since distq(ls,, [”L) is bounded it follows that

8, ; |
"'5;(“52 _“Er;))”L‘”(I‘) —+0 ask— o0 ‘

By extraction of a subsequence (for simplicity also indexed by k) we obtain that

(5.11) o — 0, 0 = ', u(‘) — ul), u() uf,i,) as k — oo.

From (5.11) we immediately get

O (u(*’—u”)um,—o (i =1,2)

' \
and Theorem 1.2 now yields o = o', a.nd in partlcular Ok = 0 a,nd o, — 0 ask-— oo
For a moment we consider the special case where one of the sequences is a fixed crack,
say o} = ¢. The statement (5.10) reads

12 (S = u) Loy
dista(ls,, o)

-0 ask—oo (i=1,2).

For simplicity we pick the coordinate system so that o lies on the 5:1 axis (from the origin
to (Je],0)). The crack ¢ may be mapped onto ¢ by a rotation followed by a dilatation
and a translation: |

_ cosf —sinf;
Cr = Ak (sinﬂk cos 6, )a-l-_bk’ —17/2 < 6 “< 7T/2.

It is not difficult to see that limg—oo Ax = 1, img—oo 8k = 0, limk+m by =0 and

|
c(18x| + [bk,2]) < dista(lay, o) |

< C(16kl + Ibe2l) (€ >e>0),
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uniformly in k. Let
6
60 = m e
kmvoo [0k| + [brz]

by 2
P im ———ee.
b = bm T Toral

(we may assume these limits exist, if not we just extract a subsequence). Note that
|66} + |6b2| = 1. It now follows that

i) (u(l') )) 878 L |
— . ()
(5.12) 0= kll_n;o AR |bk 2] =3 (Btu‘ |t=0) on r

with ug given by u(') = u,) (u(') = 0 on o), and o, denoting the crack

0 66 0
_[I+t(69 0 )]a+t(6b2).
The function 2 % )] o Satisfies
9 (i : e 0.8 () .
v. (7V(§u$ o) =0in Q\ o with 55 (5 limo) = 0 on 8Q

From (5.12) and the unique continuation theorem it now follows that

2
Bt

usi) |,=o = Co (a constant) in Q\o.

(i)

The function u; ’ may be represented as

) . (1)
uWw=ﬁ@@a[&“mmwwaz
(5.14) & A :

=/mmmmw@,
an

where N; is the Green-Neumann function from (5.6) with v0N(z;y)/0v, = 0,z € 8Q
and Ny(z;y) = 0,z € 0¢. To derive (5.14) we use that ug ?) vanishes on o;. D1ﬂ"erent1at1ng
(5.14) with respect to t and combining with (5.13) we get

2
(5.15) Co= —-uE )I:—o /1,0, 3tN‘|t-—o(z’y) ds; VYyell\o.

26




If the sequence {0} } does not consist of one fixed line segment, then we may still proceed
along the lines of the argument above using the fact that oul?/ atLis uniformly continuous
as a function of o, y and t. We again arrive at the assertion (5.15). Based on (5.15) and
integration by parts we deduce that

8uy) 8
Co = /lb: Nt ,...0(3? y) dsz = j = atNt[t_o(z y) d Sz

; f 155 (M) (190 doe 400,

where 75 is the curve consisting of the two circles 8B, 8B of radius é§ centered at the
endpoints of ¢ plus the line segment Js = [§, |a| 8] C o traversed twice (cf. Figure 2).

)

Figure 2
Using (5.8) and the fact that ul’”, DMoy(-;y) vanish on o we get |

Co [ 275 No(asn) - ((s “j“)w(a‘;zj)) ds, — u{(y)

i d (i) ;) |
_Z/ ( ()76 at t|t=0_7; athltzn)(z;y) dsz :

(5.16)

J-laBJ

the integral over J;s is actually two integrals, one over the top (say J;7) and one over the
bottom (say J; ), with the normal v pointing in opposite directiofls.

Any point yg € Js corresponds to the two points yg" €J ;’ a.nd Yo € J5. Let yo € Js
and let ¥y — y¢ from above ¢. Then for any continuous function ¢i on J;

(5.17) - f ‘raN;(x y)cb(m) ds: — ¢(ys) ,

+
JS

in fact, the proof of this is the same as for the usual Green function. At the same time we
know that for y above ¢ and z below ¢ the function No(z;y) is a harmonic function in z
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vanishing as y — yo € Js (by symmetry of No). It follows that V< No(z;y) converges to
‘zero uniformly in z € Js as y — o from above ¢ and thus

(5.18) / 2Dy ) ds, 0,

]

for any continuous function ¥ on J;~ . Using (5.17), (5.18) and noting that the tangential

derivative oMo 0 on J; and J;, we see that

Os,
_ the left-hand side of (5.16) converges to
o . auf,"(y ) —66 0
5.19 '
(5.192) e+ 2208 (0= N () mg
as y — yo € J5 from above 7 .
The corresponding statement if y approaches yo from below o reads
the left—hand side of (5.16) converges to
ul?) 0 -6 0
s L B (0 Y, (0Y)
(8:190) S: g6 0 )% \eb)) "
as y — Yo € Js from below o .

(i)

The terms 1\ (y3) disappear since ug  vanishes on o.

We next analyze the behavior of the right—hand side of (5.16) as ¥ — yo. By symmetry
of Ny, Ny(z;y) =0ify € o,z € 2\ 0, and thus also

VeNe(z;9) =0, DiNyz;y)=0 fyetspzecQ\o.

Due to (5.8) it follows that if y — yo then the right-hand side of (5.16) converges to

(5.20) Z ul? ""'DM - 3u.(,i)DM
. 7 o 6v of-

J—laBJ

Let z; (= (0,0)) and 2z (= (|o[,0)) denote the endpoints of ¢. Since the function
DMy(z;yo) is both harmonic and in H ! in Q\ o-neighborhoods of z;, it has the following
asymptotic behavior near z; :

|DMo(z;30)| S C r*/?
|V.DMo(z;40)| < C r~1/2 r= |z — zj|,
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(we obtain these estimates by application of Lemma 2.1). Similarly

uf)(z)| < C r'72
(5.21) () —1/2
Veul () <Cr .
near z;. The expression (5.20) is therefore of order O(6) and so| it converges to zero as
§ — 0. We conclude that the right-hand side of (5.16) converges to‘ zero as y — yp followed
by 6§ — 0. This limit is the same whether y — yo from above ¢ or from below 0. Recalling
(5.19a), (5.19b) and the fact that [66] + |6b2[ = 1 we now get tha,t

(5.22) ould (yF)/0v = —0ul(y; ) /0y for yo € intiar.

Since we also know that u' = 0 on ¢ it follows immediately by integration by pa.rts and
application of (5.21) and (5.22) that ul?, i = 1,2 satisfy the equation V - ('qu., )=0in
all of Q (not just in 2\ o). The crack o thus produces the same boundary measurements as
the empty crack; from Theorem 1.1 it now follows that o is the exrfpty crack, and this con-
tradicts the fact that o has length at least Ly > 0. Consequently we get that the estimate
(5.9) holds and this concludes the proof of Theorem 5.2. : 0
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