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Abstract

The optimal return function, U, of a Borel measurable gambling problem with
a positive utility function is known to be universally measurable. With a
negative utility function, however, U may not be so measurable. As shown here,
the measurability of U for all Borel gambling problems with negative utility
functions is equivalent to the measurability of all PCA sets, a property of such
sets known to be independent of the usual axioms of set theory. If the utility
function is further required to satisfy certain uniform integrability
conditions, or if the gambling problem corresponds to an optimal stopping

problem, the optimal return function is measurable.
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1. Introduction. The definition of a Borel gambling problem will be given in
this section along with the statements of our major results. Most of our
notation and definitions are adapted from Dubins and Savage [1l].

The term Borel set will be used here to mean a Borel subset X of a complete,
separable metric space. Denote by E(X) the Borel subsets of any Borel set X and
by ®(X) the set of countably additive probability measures defined on X. If
®(X) is given the usual weak topology, then it too has the structure of a Borel
set and its Borel subsets can be described as the smallest sigma-field such that
v =+ v(A) is a measurable function from ®(X) to the real line, R, for each A in
B(X). (See, for example, chapter II of Parthasarathy [20], Chapter III (60 to
62) of Dellacherie and Meyer [9], and Dubins and Freedman [10] for information
about the weak topology and the Borel structure of ®(X).) A function £:X~»Y from
one Borel set to another is called universally measurable if f-l(g(Y)) is
contained in the completion of B(X) under every measure in @(X).

Let F be a nonempty Borel set to be regarded as the set of possible fortunes
of a gambler or possible states of a system. A Borel gambling house is a
mapping I' from F to the collection of non-empty subsets of ®(F) such that the
set T = {(X,7): v ¢ T'(x))} is a Borel subset of the product F X ®(F). An element
¥ of T'(x) is thought of as a gamble at x and represents a possible distribution
for the next state of a player whose current state is x.

A strategy o 1s a sequence Ogr Tps -« where 9 € ®(F) and, for n > 0, o is
a universally measurable map from F" into ®(F). Let H be the countably infinite
product F XF X..., and use h = (hl,'hz,...) to denote a typical element or
history in H. A strategy o determines a measure u(c) on §(H). Namely, the

p(o)-marginal distribution on the first coordinate is %y and, given



¢(h hn)’ the p(o)-conditional distribution of hn+1 is an(hl,...,hn). We

10 e
will usually write o rather than up(o) for this measure.

A strategy o is available at x in I' if oy ¢ I'(x) and, for every (hl""’hn)’
an(ﬁl,...,hn) € F(hn). Intuitively, a gambler must choose, at every stage of

play, a gamble at the current state and this gamble corresponds to the
distribution of the next state. Let }(x) be the collection of all strategies
available at x. By identifying each o with the measure u(o), we can regard Y(x)
as a subset of ®(H).

A stop rule t is a Borel mapping from H to N = {1, 2, ...) such that [t=n]
belongs to the sigma-field generated by the first n coordinate functions on H
for every n. A policy 7 at x is a pair (o,t) where o ¢ )(x) and t is a stop
rule.

Let u be a Borel function from F to R to be regarded as the utility
function. The utility of a policy = is defined to be the expected utility under
o at the time of stopping; that is,

u(r) = fu(ht) do.
We will assume that u(z) is well-defined as an integral for every = available at
every x. This is, of course, the case if u is bounded above or below.

The triple (F,I',u) is a Borel gambling problem and its optimal return
function is defined, for x ¢ F, as

U(x) = the maximum of sup u(w) and u(x),
where the supremum is over policies 7 at x. We will always assume in the sequel
that T is leavable in the sense that the point mass §(x) is in I'(x) for every
X € F. There is no loss of generality for the purposes of this paper because U
remains the same if §(x) is adjoined to I'(x) for every x. It will also be

assumed for ease of exposition that U is everywhere finite and, in particular,



that u(n) < » for every available policy n. This assumption entails no real
loss of generality, but makes certain proofs less tedious.
Once we have assumed I' to be leavable, we can also restrict attention to
Borel measurable strategies o. This is because, for every x and o ¢ Z(x), there
[ ’ ’
is a strategy o' ¢ )(x) such that oy = 0, and, for n= 1, ¢ is a Borel

measurable function equal to o, ona Borel set of o-measure one and such that

’

¢(h ”hn) = 6(hn) elsewhere. Clearly, o and o’ determine the same measure

o (hy,..
p(o) on B(H).

By the way, there would be no real gain in generality and no change in U if
we permitted universally measurable stop rules. This is because, given o and
such a stop rule t, it is not difficult to find a Borel stop rule t’ such
that o[t = t'] = 1,

In the original formulation of gambling theory given by Dubins and Savage
[11], gambles were taken to be finitely additive measures defined on all subsets
of F and strategies were not restricted to be measurable. In this general,
nonmeasurable setting, a fundamental result is that the optimal return function
is the least function Q:F -+ R such that :

(1) Q=zu
(ii) Q = Q(x) for all xeF and yeT'(x).
A function Q which satisfies (ii) is called excessive.

Dubins and Savage assumed the utility function u to be bounded. However,
many of their results, including the characterization of the optimal return
function just stated, remain true when u is nonnegative or nonpositive. For a
Borel problem, if there is a least universally measurable Q satisfying (i) and
(ii), it 1is called the réduite or reduced function of u.

Dubins and Savage raised the question as to whether the optimal return



function for a measurable problem is measurable and whether a gambler can do as
well with measurable strategies as with nonmeasurable ones. It is equivalent to
ask whether the function U, defined above as the optimal return from measurable
strategies, is measurable and is the reduced function of u. These questions
were answered positively by Sérauch [22] for Borel problems with a bounded
utility function u and later by Dubins and Sudderth [13] and Dellacherie and

Meyer [9] for u = O:

Theorem 1.1. For a Borel problem with a nonnegative u, U is universally

measurable and is the reduced function of u.

In fact, the conclusion of Theorem 1.1 will be shown to hold not only for
nonnegative u but so long as the process {u-(hn)) is uniformly integrable under
each o available. (Here u = (-u)vo.)

The major result of this paper is that the situation is quite different for
general nonpositive u. (Notice that a nonpositive u corresponds to a
nonnegative loss function and is a common assumption in decision problems.) For
the statement of the theorem, recall that an analytic set is the continuous
image of a Borel set and a PCA set is the continuous image of the complement of

an analytic set.

Theorem 1.2. For a general Borel problem with a nonpositive u, the statement
"U is universally measurable" is independent of the axioms of Zermelo-Fraenkel
set theory together witﬁ the axiom of choice (ZFC). More specifically:

(i) 1If all PCA sets are universally measurable, then U is universally

measurable and is the reduced function of u.
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(ii) If not all PCA sets are universally measurable, then U need not be

universally measurable and there need not exist a reduced function of u.

Martin and Solovay [17] showed that the statement "all PCAerts are
measurable” is provable in the theory ZFC + Martin’s axiom + 2’e >‘ﬂ:1, which
is known to be consistent if ZF is. On the other hand, the negation of the
statement is provable in ZFC + axiom of constructibility (ZFL) (cf. chapter 5 of
Moschovakis {19]), which too is consistent if ZF is, as was shown by Godel.

An interesting class of gambling problems is the stop-or-go problems in
which, at each x ¢ F, a gambler has available at most one gamble y(x) other than
the trivial, point mass §(x) at x. These problems correspond to optimal

stopping problems [12]. Even for these special problems, there is a difference

in behavior for u= 0 and u < 0.

Theorem 1.3 For a Borel stop-or-go problem, U is universally measurable and is
the reduced function of u. If u 2= 0, U is Borel measurable. For u < 0, it can

happen that U is not Borel.

Here is how the rest of the paper is organized: Section 2 has two lemmas
about conditional distributions. Section 3 introduces the class of upper
analytic functions and collects some of their properties which we will need. In
section 4 we study a hierarchy of return functions Ua where a is an ordinal

number. It is shown that Uﬁ is universally measurable for countable ordinals a

and that U = Uw when u is nonnegative (Theorem 4.8). 1In general, U = Uw where
1

wy is the first uncountable ordinal. Our study of Uw depends critically on a
1



result of Moschovakis from effective descriptive set theory and this result is
presented in section 5. After section 5 we are ready to prove the positive
assertions of Theorems 1.2 and 1.3 and these proofs are in sections 6 and 7,
respectively. The negative assertions are based on an example and modifications
of it which are presented in section 8. The example of section 8 does not
depend on the intervening sections and can be read immediately. An alternative
return function W is defined in section 9 and shown to be universally

measurable.

2, Two lemmas on Borel sets and conditional distributions.

Let X and Y be Borel sets and, for g ¢ ®(X X Y), let Ko denote the marginal
distribution of s on X and let By be a version of the regular conditional

p-distribution of y given x. Notice that By is a measurable map from X to ®(Y).

Lemma 2.1. For each Borel subset E of ®(Y) the mapping #%: ®(XxY) - [0,1],
defined by

P(p) = pylx:p,(x) € E},
is Borel measurable.

Proof: See Lemma 2.2 of Sudderth [23]. m|

In the sequel, we will be working with families of probability measures on a
measurable space and will require conditional distributions which are jointly
measurable functions of the underlying measure in the family and the

conditioning variable. Such conditional distributions exist by the next lemma.
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Lemma 2.2. There is a Borel measurable mapping v: ®(X X Y) x X = ®(Y) such
that, for every p ¢ ®(X x Y), v(p,X) is a regular conditional p-distribution for
y given x.
Proof: This is clear if Y is countable. If Y is uncountable, the argumént is
simply a matter of retracing the steps in the construction of a regular
conditional probability and checking measurability at each step. To begin with,
take Y to be 2N, the space of all infinite sequences of 0’s and 1’s. The
general case can be obtained from this one by using a Borel isomorphism. Let F
be the algebra of subsets of 2N which depend on finitely many
co-ordinates. For the next step, let Bl’ BZ"" be a sequence of Borel sets in
X which generates the Borel sigma-algebra there, and for each n, let §n be the
algebra generated by Bl""’ Bn.
let p e (X X Y) and F ¢ F. It is straightforward to write down an explicit
expression in p,x,F which gives the p-probability of the seg X X F, given the
algebra gn’ evaluated at x € X. (If x belongs to an atom A of §n for which
p(AXF) =0, take the conditional probability, for example, to be u(X x F).)
Using pn(p,x,F) as an abreviation for the expression, it is easy to check that,
for each F ¢ F, the function (s,x) - pn(p,x,F) is jointly measurable in g and x;
and, for each u, x the function F - P (#,%x,F) is a countably additive
probabiltiy on F. |
Now define p(p,x,F) to be the limit of the numbers pn(p,x,F), n=1,2,..., on
the set of (u4,x) where lim sup pn(p,x,G) = lim inf pn(p,x,G) for every
G € F; and define it to be pu(X X F) otherwise. Again p(p,x,F) is jointly
measurable in pg and x. Also, for each pu, x, p(p,x,.) is a finitely additive

probability on F. Then the special properties of F ensure that p(s,x,.) is



countably additive on F. Finally, set v(u,X) to be the unique countably
additive extension of p(u,X,.) to the Borel sets in Y.

Then v is measurable from ®(X X Y) X X to ®(Y), and so for each g, the
section u#: x = v(u,x) is measurable, which establishes the ﬁeasurability clause
in the definition of a conditional distribution. A martingle convergence
theorem can be used to verify the other clause. ]

3. Some properties of upper analytic functions.

Let f be a function from the Borel set X into the extended-real-line R. Say
that £ is upper anmalytic if, for every c ¢ R, the set (x:f(x) > c} is analytic.
Upper analytic functions are universally measurable because analytie sets are
universally measurable and Borel functions are upper analytic because Borel sets
are analytic (Kuratowski[l4]). These functions arise quite naturally in the
theory of measurable gambling because the optimal return function U of a Borel
gambling problem with u = 0 is always upper analytic, but need not be Borel (cf.
Dubins and Sudderth [13] or Dellacherie and Meyer [9, chapitre x]).

Nonnegative upper analytic functions were called "semi-analytic” by
Blackwell, Freedman, and Orkin [2] and "analytique" by Dellacherie and Meyer
[9]. Most of the following facts are simple variations of results in one or
both of these references. All spaces considered below are Borel.

(3.1) If £: X+ R is uppér analytic and g: Y - X is Borel, then £ g is upper
analytic.

(3.2) If f: X » R is upper analytic and g: X - R is Borel, then f-g is upper
analytic.

Proof: [f - g> ¢c] = %[f > r,g < r-c], where the union is over all rational

numbers r.

(3.3) If £, g:X + R all upper analytic and ceR, then (x:f(x)+g(x) is
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well-defined and exceeds c)} is analytic.

Proof: £(x) + g(x) is well-defined if both f(x) and g(x) are greater than -=.

So the set in question is just g[f >r, g > c-r].

(3.4) If£f: X~ R are upper analytic, then so are inf £, suwp £, lim inf £ ,
and lim sup fn'

- (3.5) If £:X + R is upper analytic and ceR, then {ue®(X): [fdu exists and
exceeds c} is analytic.

Proof: This is proved in [2] and in [9] for nonnegative f. Let f+ = fVO0,

£ = -(£A0).

Then ug -+ p(f+) is upper analytic and p -+ -p(f ) is also. Since

B(E) = (D) - p(ED)

when the integral is defined, (3.3) applies.

(3.6) Suppose K:X x E(Z) -+ [0,1] is a Borel measurable Markov kernel and
AcY x Z is analytic. Then (x,y) -+ K(x,Ay) is upper analytic.

Proof: Define f: ®(Y x Z) » [0,1] by £(y) = yv(A) and g: X X Y + ®(Y X Z) by

g(x,y) = 6§(y) X R(x,.). The function is just fo g. Apply (3.1) and (3.5).

4, A hierarchy of return functionms.

If t is a Borel stop rule and x¢F, define the conditional stop rule t[x] to
be the function on H given by
-1 .

t[x](hl,h ) = t(x,hl,h

90 90
Then either t[x] is again a stop rule or is i&entically equal to zero.
There is a natural way to associate with every stop rule t an ordinal number
j(t) called the index of t by setting j(0)=0, and requiring
j(t) = sup {j(t[xl) +1: x¢ F)

for every stop rule t not identically equal to zero. This terminology is due to

11



Dellacherie and Meyer [8], but j(t) is familiar to students of Dubins and Savage
as being the structure of the finitary function ht (cf. [11, pp.14,15] and [16,
Proposition 4.1]) except for the uninteresting case when F is a singleton.
Notice that j(t[x]) is always strictly less than j(t).

Lemma 4.1 (Dellacherie [4]) If t is a Borel stop rule, then j(t) < w,, where 2

1)

is the first uncountable ordinal.

By analogy with Dubins and Savage [11,p.34], let U1 = u and, for every

ordinal ¢ with 1 < @ < w, and x ¢ F, let

1
Ua(x) = sup u(m)

where the supremum is over policies m = (o,t) at x such that j(t) < a. Notice

that -« < u < Ua < U < o for all ea.

Lemma 4.2, For every x ¢ F, there is an ordinal a < w, such that U(x) = Ua(x).

1

Also, U(x) = Uw (x) for all x.
1

Proof: Choose T = (on,tn) at x such that U(x) = sup u(wn) and take
a = sup (j(tn)+1). The first assertion now follows easily from Lemma 4.1 as

does the second. o

It is natural to suspect that U = Uw and this is the case when u = 0 as
follows from Theorem 4.8 below. Here is a simple example where equality does
not hold.

Example. Let F={ ..., -2, -1, 0, 1}; let u(l) = -1 and u(x) = x if x = 1; let

T(x) = {6§(x), 6§(x+1)) for x < 0, T'(0) = {6(0)}, T(Ll) = {6(1), v) where yu = -,
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It is easy to check that Uw(l) = -1 and U(1l) = O.

A crucial feature of the example is the gamble y under which u has
expectation -«, Such gambles will also be crucial for the more complex Example
8.5. In that example, thefe is, for every ordinal a < v, a fortune x such that
U(x) = Uc(x) > Uﬂ(x) for all 8 < a.

The next theorem establishes the universal measurability of Ua for a < v .
The theorem will be proved for a class of gambling problems more general than
Borel problems. A problem (F,I',u) is called apalytic if the set
I = {(x,7):7¢['(X)) is assumed only to be an analytic subset of F x ®(F) rather
than a Borel subset and if u is assumed to be only upper analytic. Analytic
problems with nonnegative utility functions were introduced by Meyer and Traki
[18] and investigated by Dellacherie and Meyer [9] and by Dubins and Sudderth
[13]. Blackwell, Freedman, and Orkin [2] studied an analogous class of problems

in the framework of dynamic programming.

Define the operator Pl by the formula

: 1
(4.1) (T"¢)(x) = sup 74
) vel'(x)
for functions ¢:F -+ R such that the integrals y¢ occurring on the right are

well-defined.

Theorem 4.3. Let a be a positive ordinal less than vy . Then Ua is upper
analytic. If a is a successor ordinal and larger than 1, then

1
(4.2) Ua =T (Ua-l)’

If @ is a limit ordinal, then

4.3) Ua = sup {Uﬂ: B < a).

13



The proof of Theorem 4.3 will be based on a study of certain sets of
probability measures defined on the Borel subsets of H. These sets will play a
critical role in the proof of Theorem 1.2 as well.

Recall that )(x) is the collection of all strategies o, considered as
probability measures on Q(H), available at x. Set

Y =((x,0): 0 ¢ Y(x)).

Lemma 4.4. If I’ is a Borel (analytic) subset of F x @(F), then Z is a Borel
(analytic) subset of Fx@(F).

Proof: The Borel case.is in Sudderth [23] and the analytic case is in
Dellacherie [6]. (The proof in [23] can be modified so as to handle the

analytic case as well.) o

-Next let t be a stop rule and define a mapping ¢t: H -+ H by

(4.4) _ ¢t(h)n - hn if n < t(h),
- ht(h) if n > t(h).

Then, for each u ¢ ®(H), define the measure ytee(H) to be p¢;l. Intuitively, pt
is just the measure u stopped at time t. By analogy with Dubins and Savage
[11,p.45]), we say that pt is surely stagnant and stagnates by time t. For each
x € F, let A(x) be the measure in ®(H) which assigns mass one to the singleton
{(x,x,...)). We say that A(x) stagnates immediately or stagnates by time zero
and set
(4.5) . 01 = {A(x) : x € F}.
For each ordinal a > 1, let Ga be the collection of g in ®(H) such that pu

stagnates by time t for some stop rule t with j(t) < a. By Lemma 4.1, the union

14



of all the 0a is just @w . These collections of measures are central to the
1

main arguments of this paper. Some of their properties are listed in the next
lemma. For its statement and proof some more notation is needed.

For p ¢ ®(H) and x ¢ F, write u(x] for the conditional p-distribution of
(h2, h3,...) givén h1 = x. By Lemma 2.2 we can take u(x] = v(u,x) to be a Borel
mapping from ®(H) X F to ®(H) and we will choose such a version in the proof of
the lemma. If t is a stop role, it is straightforward to verify that

uCx] = plx) 6%
Bo - almost surely, where Ko is the marginal distribution of u on the first

coordinate of H, t[x] is the conditional stop rule, and we set

uix]® = ax).

Lemma 4.5. Let a be a positive ordinal less than vy . Then the following hold:
(i) Ga is a Borel subset of ®(H).

(ii) If a > 1 is not a limit ordinal, then u ¢ Oa if and only if
(4.6) Ko {x: p[x] € Ga-l] =1,

(iii) If a is a limit ordinal, then
0a = U(Oﬂ: B < a}.

(iv) There is a Borel mapping T 00 X H -+ N such fa(p) = ra(p,.) is a stop
rule of index less than a or is identically zero and p stagnates by time ra(p).
Proof: The proof is by induction on a. 01 is closed and we can take T,
identically equal to zero to see that the conditions are satisfied for a = 1.
So assume a > 1, and that (i) through (iv) hold for 8 < .

Suppose first that a is not a limit ordinal. Consider (ii). If p e GQ,

formula (4.6) follows from the remarks preceding the lemma. If (4.6) holds,

define

15



ra_l(p[hll,(hz,h3,...)) + 1 if p[hll € Ga_l,
t(h) =
1 if not.
Then p stagnates by time t and j(t) < a«. So g ¢ Oa. Thus (ii) holds.
Condition (i) follows from (ii) and Lemma 2.1. For (iv), define ra(y,h) by the
formula first used for t(h). ‘
Assume now that a is a limit ordinal. Condition (iii) is obvious and then

(i) is too. For (iv), define ra(p,h) to be r_(u,h) where B8 is the least ordinal

B
such that g belongs to 05’ m]

We are almost ready to complete the proof of Theorem 4.3. First notice
that, if we define u?: H - R by
(4.7) W) = lim_sup u(h ),
then, for x ¢ F,
(4.8) U_(x) = sup(ou': o e 6 n L.
This is because, for a policy m = (o,t) available at x,

u(n) = fu(ht)da = fu*dat.

(Notice that the integrals au* occurring in (4.8) are well-defined because of
our assumption that u(x) is.) Thus the supremum in (4.8) is the same as that in

the definition of Ua.

Proof of Theorem 4.3: Each Ua is upper analytic because for every real c, the

*
set {x:Ua(x) > ¢} is, by (4.8), the projection of {(x,0):0 ¢ Ga N )(x), ou > c}.
The latter set is analytic as follows from (3.4), (3.5) and Lemmas 4.4 and 4.5.

Suppose next that a 1s a successor ordinal. Fix x, and v ¢ P(xo). Because

0

16



Ua 1 is universally measurable, there is a Borel function Q:F -+ [-»,w) such that

Q=<U

-1 and Q = Ua‘_1 ¥ - almost surely. Let ¢ > 0 and

E = {(X,0): 0 € oa-l n Y(x), o > Q(x)-€).
Then E is an analytic set with nonempty x-sections. So, by the von Neumann
selection theorem (cf.[2] or [19,4E.9,p.240]), there is a universally measurable
function o: F -+ ®(H) such that (x,0(x)) ¢ E for all x.- Choose a Borel set B C F
such that y(B) = 1 and ¢ restricted to B is Borel. Define a measure ; in ®(H)
to have marginal ;0 = 4 on the first coordinate and conditional distribution
;[x] = o(x) if x ¢ B,
= A(x) if x ¢ B.
Then ; e® N X(xo) by Lemma 4.5 (ii) and, hence,
° > U (x)) = o = [(eu®) v(dx)
2 [Qdy-¢
- fUa_ldy-e.
Notice that this calculation shows that the integral 1Ua_1 is well-defined for

every v € T'(x Take the supremum over vy and let ¢ - 0 to get

0)'
1
Ua(xo) =T (Ua_l)(xo).

For the opposite inequality, let o ¢ @anZ(xo). Then

* *

ou = [ (o[x]u) 0y (dx)
= [ U,.1%,

where the equality is by conditioning on h1 = x and the fact that u* is shift
invariant and the inequality is by (4.6). Take the supremum over o

to get

1
U, (xg) S T°(U__1)(xg).

17



The equality (4.3) is obvious. The proof of Theorem 4.3 is now complete.

The next two lemmas will enable us to prove a generalization of Theorem 1.1.

Lemma 4.6. Let # = (o,t) be a policy for which u(nx) < » and for which the
process (u-(hn)) is uniformly integrable under o. Then, for every stop rule t,
u(o,t) = sup u(o, tAn).

Proof: Calculate as follows:

u(o,t) - u(o,tAn) = f u(ht)da - I u(h_)de
[t>n] [t>n] "

<f u'(h,)do + | v ydo.
[t>n] [t>n] "

The two terms in the final expression approach zero as n + =; the first by the
dominated convergence theorem and the second by the uniform integrability
of (u'(h)). o

The next result is a descendant of Theorem 2.12.1 of [11].
Proposition 4.7. Suppose Q is universally measurable, Q = u, and Q is
excessive. Then Q = U.
Proof: Let Xg € F and # = (o,t) be a policy at X, such that

u(r) = fu(ht)da> -,

Because Q 2 u, Q(n) is well-defined and

4.8) Q(n) = u(n).
Furthermore,
(4.9) Q(xg) = Q(m)

by an optional sampling theorem for everywhere finite stop rules, which can be
proved, as in [11l], by induction on j(t). To start the induction, notice that,

by Fubini,

18



Q(m) = fQ(o(x], t[x]) oy(dx).
Now use (4.8) and (4.9), and take the supremum over = at Xq to get Q(xo)zU(xo).D
Definition 4.8. The problem (F,T',u) is uniformly integrable from below if,
given x ¢ F and ¢ > 0, there exists a policy # = (o,t) at x such that

u(n) > U(x) - ¢ and (u-(hn)) is uniformly integrable under o.

Theoxem 4.8, If (F,I',u) is uniformly integrable from below, then U = Uw and U
is the reduced function of u.
Proof: It follows from Lemma 4.6 that U(x) is the supremum of u(sn) taken over
policies n at x with bounded stop rules. Since every stop rule bounded by an
integer n has index bounded by n, it then follows that U = sup Un -U,. By
Theorem 4.3, U is upper analytic and therefore universally measurabie.
Obviously, U = u. Also U is excessive because, given x and v ¢ I'(x),

10 = U, < Pl(Uw)(x) =T (x) = Ux).

Apply Proposition 4.7 to complete the proof. m]

5. A_theorem of Moschovakis.
The proofs in the next two sections depend on a result from the theory of

inductive definability. A few definitions are ﬁeeded to formulate the result.
Say that & is a monotone operator on a set Z if & maps subsets of Z to

subsets of Z and if @(El) c Q(Ez) whenever E

c E, ¢ Z. Define the iterates of

1 2
such a ¢ by transfinite induction as follows:
?® -,
(5.1) ¢€+1 = §(¢€), for successor ordinals £+1,

#° = U &7, for limit ordinals ¢.
n<§
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It is easy to verify that @m, the least fixed point of &, is given by

U(¢€:§<m}, where & is the least cardinal greater than the cardinality of Z.

Theorem 5.1. Suppose Z is a Borel set and let & be a monotone operator on Z.
Assume that, for any Polish space Y and any coanalytic set C ¢ Y X Z, the set
(5.2) ¢’ = ((y,2) € YXZ: z ¢ 2(C,))

is coanalytic, where Cy is the y-section of C. Then

(a) 3" is a coanalytic subset of Z,

w
) & =l

(¢) 1if A is an analytic subset of &w, there is an n < w, such that A ¢ X

1
Part (a) of the theorem is a special case of a very general result of
Moschovakis [19,7C.8, p.4l4]. 'Parts (b) and (c) are not stated explicitly in
[19], but they can be deduced from results there and this deduction is carried

out by Louveau [15]. A related result is in Dellacherie [5].

6. The set Ow and _the universal measurability of U.
1

Theorem 5.1 will be used in this section to show:

Theorem 6.1. The set 0w of surely stagnant measures is coanalytic.
1

It can also be shown that, if F is infinite, then Ow is not a Borel set.
1

However, we will be content to point out in section 8 that Gw is not Borel
1

when F is an uncountable Borel set.

After the proof of Theorem 6.1, the proof of Theorem 1.2(i) will be given.
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Proof of Theorem 6.1: To apply Theorem 5.1, take Z = ®(H) and, for E ¢ Z,
define

(6.1) (E) = 0 U(pipg(x:p[x]eE) = 1)

where 01, as in (4.4), is the collection of point-masses A(X), o is the
marginal of x4 on the first coordinate of H, p; is the outer measure associated
with po,.and p[x] is, as in Lemma 2.2, a Borel version of the conditional u-

distribution of (hz,h ...) given hl-x. Clearly, ® is monotone.

3’
To verify the remaining hypothesis of Theorem 5.1, let Y be a Polish space

and let C € Y X Z be coanalytic. The set
C= {(y,p,x) e YX2ZxF: (y,n[x]) € C)
is also coanalytic since it is the inverse image of C under the Borel mapping

(y,s,x) = (y,p[x]). Define a Borel Markov kernel K on (Y¥xZ) X B(F) by

R((y,p), B) = py(B).

Apply (3.6) to see that

*
C = { (y:l‘) e YxZ: B € 01 or K((Y,#), C(y,“)) = 1}
is coanalytic.
Thus Theorem 5.1 applies to show that

w
=0ty o

q<w1
is coanalytic. Now, by definition,

¢ = u @
w

1 n<wl "

So the following lemma will complete the proof.
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w
Lemma 6.2. For 0 < n < w5 3" = 0" and, hence, & 1 = @

vy :
Proof: By definition, Ql = $(p) = 01. let 1 <€ < wy and assume 8" = Gn for
0<np<é. Use (5.1), (6.1) and Lemma 4.5(ii), (iii) to see that @g =0, . a

§

Here is a generalization of Theorem 1.2(i) which includes analytic problems
and does not assume u is nonpositive. The definition of the reduced function is

the same for an analytic problem as for a Borel problem.

Theorem 6.3. For each a ¢ R, the set [U > a] is a PCA set. If all PCA sets are
universally measurable, then U is the reduced function of u.

Proof: The proof is analogous to that of Theorem 4.3 and will use some of the
same notation.

For a ¢ R, define the set

E=((x,0): 0 e)(x)ne , o > a).
Y1

This is a PCA set as follows from Lemma 4.4, Theorem 6.1, (3.4), and (3.5).

Now, for each x,

(6.2) U(x) = sup[au* 10 € )(x)Nn e, .
1

Hence, {x: U(x) > a) is the projection of E onto the first coordinate and is
therefore a PCA set also.

Suppose now that all PCA sets are universally measurable and, hence, that U
is universally measurable. As is always the case, U = u. So, by Proposition
4.7, it only remains to be shown that U is excessive.

Let x; ¢ F, v € T'(x)

Let Q: F » [-»,») be a Borel measurable function such that Q < U and Q = U

, and ¢ > 0. It suffices to show that yU =< U(x0)+e.
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y-almost surely. Let
*
C={(x,0): o ¢ Z(x) n Gw , ou > Q(x)-¢}.
1

Then, C is a PCA set for the same reasons that E is. As an easy consequence of
the Novikov-Kondo-Addison Theorem [19,4E.4,p.235], there is a function
o: F + ®(H) such that (x,0(x)) ¢ C for all x and the graph G of ¢ is PCA. It
follows that o is universally measurable because, given a Borel set B c ®(H),
the set ;-l(B) is the projection onto F of the PCA set
G n (F X B) and, hence, is itself a PCA set.
Choose a Borel set B C F such that y(B) = 1 and o restricted to B is Borel.
Define ; e ®(H) by setting ;O = v and
;[x] = g(x) if x € B,
= A(x) if x ¢ B.
Then ; € Z(xo).

Next ;(B) is an analytic subset of Gw . So, by Theorem 5.1(c) and Lemma
1

6.2, there is a ¢ < 2 sucﬁ that o(B) C 06. Hence, o[x] ¢ 05 for all x, and, by

Lemma 4.5 (ii),

g € 0€+1 n Z(xo)
Hence,

A

© > U(xy) 2 ou” = [@[x]u”) v(dx) = fody-¢ = fUdy-e. O

7. Countable houses (including stop-or-go problems).

The result of this section is the following generalization of the first two

assertions of Theorem 1.3,
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Theorem 7.1. Assume (F,I',u) is a Borel problem and that I'(x) is countable for
every x. Then (i)-U is upper analytic and U is the reduced function of u, and

(ii) if (F,l',u) is uniformly integrable from below, U is Borel.

Under our hypotheses, I' is a Borel subset of Fx®(F) with countable 2-
sections. By a theorem of Luzin (cf.Moschovakis [19, 4F.17,p.259] there exist
Borel mappings Tyr Yoo from F to ®(F) such that

L(x) = (v (x), 15(x),...]
for every x € F.
The proof of (ii) is now quite easy. Since U1=u is Borel and, by Theorem
4.3, for every x,
.Un+1(x) = sup v, (x)U_,
it follows that U2, U3,... are Borel.
So Uw = sup Un is also Borel. But U=Uw by Theorem 4.8. (The special case of
(ii) when u is bounded was proved in [23].)

The rest of the section is devoted to proving (i). By Proposition 4.7, we
need only show that U is universally measurable and excessive. The key idea of
the proof is another application of Theorem 5.1. We will first define the
operator & and then explain its connection to our situation.

let Z=F X R and, for E ¢ Z, define ®(E) to be the set
(7.1)  ((x,a)eZ: max(u(x), sgp((1,(x)x0) " (ENZ") - (r )30 (E%n27)))>a),

where Z+ = {(x,a) ¢ Z, a = 0}, Z = ((x,a) € Z: a <0}, Xis Lebesgue measure on

* .
R, 7n(x) X A is the product measure on Z, and g denotes the outer measure
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induced by a measure p. The convention is also made that @-o = ® in the
expression (7.1). To understand the operator &, consider the special case

E = {(x,a): v(x) > a)
where v: F +» R is universally measurable and such that the integrals 7n(x)v are

well-defined for every x ¢ F and n ¢ N. Then

(7.2) (1) X X) (€ 0z =[x (EZ")) v, (=) (ay)
- J v v = @)
and
(7.3) (1) x 1) (B 0z = [ AE n2)) 7, (=)&)
= [V 1 (x)dy).
Thus the difference of (7.2) and (7.3) is just the integral 7n(x)v and, in this
special case, the set &(E) of (7.1) is just

{(x,a) € Z: max {u(x), Plv(x)) > a}.

1’ Q€ = {(x,a): Ug(x) > a}).

Proof: Use Theorem 4.3 and the definition of ¢§ in (5.1). a

Lemma 7.3. For 1l <€ <5 w

Suppose, for a moment, that the hypotheses of Theorem 5.1 are satisfied.
Then, by that theorem and Lemmas 4.2 and 7.3,
o w

2" =2l = ((x,2):T, (x) >a) = ((x,2):U(x) > a)
1

is coanalytic, and, consequently, for each a,
0: = {x: U(X) > a}

is coanalytic too. In particular, -U is upper analytic.
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Also, by Theorem 5.1, le is a fixed point of & and, hence,
{((x,a): U(x) > a) = {(x,a): PlU(x) > a}.
Thus PlU = U and, in particular, U is excessive.

Thus we need only verify the hypotheses of Theorem 5.1. Clearly, & is
monotone. So let Y be Polish and C € Y X Z be coanalytic. We must check that
the set C* of (5.2) is coanalytic.

First, for each pair of positive integers m and n, let An be Lebesgue
measure on the interval In = [n-1,n] and define the mapping ¢m’n:YXFH[0,1] by

by n(X) = (1 (x) X ) (€00 (Fx 1))
This mapping is upper analytic, by (3.1) and (3.6), since it equals
R(1, (), (€% 0 (¥ x Fx1)))
where K is the Borel kernel on ®(F) X B(F x In) defined by
K(v,B) = (v x A )(B).
Hénce,
S () X2 (6 02 = -F (100 x A (€N (FxI))
- % ¢y 10 1)
is an upper analytic function of (y,x) by (3.3) and (3.4). Similarly,
(rp(x) x 2) (60 27)

is an upper analytic function of (y,x). Finally,
* + c -
¢ = {(y,x,a):max{u(x), sgp((vm(X)xz\)(CynZ )-(7m(x)xx)(cynz )))>a)
is coanalytic by (3.2), a variant of (3.3),(3.4), and our hypothesis that u is

Borel.

The proof of Theorem 7.1 is now complete.
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8. Counterexamples. An example is presented in this section which, along with
several modifications, will establish all the negative results of the paper such
as Theorem 1.2(ii). This example is based on a result of Dellacherie and Meyer
[8] and is a close relative of an example of Blackwell and Ramakrishnan [3].

Let N = {1,2,...) and let T be the collection of all stopping times on NN;
i.e. T is the set of mappings t: NN + N U (=) such that, for every n ¢ N, the
set [t < n] is measurable with respect to the sigma-field generated by the first
n coordinate mappings on NN. Give N U (=) the usual compact topology and give T
its topology of pointwise convergence. Then T is a compact metric space.

Let S be the set of all (complete) stop rules in T; i.e.

S =({t eT: t(y) <o for all y ¢ NN}.

The following nice result of Dellacherie and Meyer [8, Theorem 2] is the key to

our example.
Lemma 8.1. The set S is coanalytic and is not analytic.
Here is the basic example.

Example 8.2. Define T = T U (0) and N = N U (0}). Then let F =T x N x N and,
for x = (t,n,m) e¢ F, define u(x) = -m. The gambling house I will be a stop-or-
go house so that I'(x) = {(y(x), 6§(x)) for every x, where y(x) is defined as
follows: If x = (0,n,m), then ¥(x) = §(0,n,0). If x = (t,n,m) and

t = 0, then, for every k ¢ N, y(x) assigns probability 2.k to the fortune (t[k],
k, ékm). (Here t[k] is the conditional stop rule t[k](nl,nz,...) =

t(k,nl,nz,...) - 1, or is the element O of T). It is not difficult to verify
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that (F,,u) is a Borel problem.

Lemma 8.3. The optimal return function U is not upper analytic and, therefore,
not Borel. Indeed U(t,1,1) =0 if t ¢ S and U(t,1,1) = -1 if t ¢ T \ S.
Proof: By Lemma 8.1, it suffices to prove the final assertion.
Let o be the strategy at (t,1,1) which always uses y(x) at any fortune x.
First assume t ¢ S and define a stop rule r on H = FN by
r((tl,nl,ml), (t2’n2’m2)"") - t(nl,nz,...).

Now o assigns probability one to histories h of the form
n,+n

n n,+.. .+
(Clngl,my,2 D, (elngd(ng],my 2 & 2, e, Om2 LKy,

(O,nk.O), (O.nk.O)..-.)

where 0 occurs in the first coordinate of hk at time r(h) = t(n 2,...) and 0
occurs in the third coordinate of hk for all k =2 r(h) + 1. Hence,
u(hr+1) = 0 o-almost surely
and
U(t,1,1) 2 fu(hr+l)da = 0.
Obviously, U(t,1,1) < O since u(x) < 0 for all x.
Next suppose t € S so that there is a sequence (nl,n ) € NN such that

t(nl,nz,...) = o, Let 7 be any (everywhere finite) stop rule on H and let

n,+n
B - (el 2 B, Celagl gl 2 b 2,
Suppose r(h*) = k. Then

Ju(h )do =< u(h ) o{h:h =-h ohy = hk)

+oony ) Ot ety
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A similar calculation will show the return from any policy at (t,1,1) is no

larger than -1. Of course, U(t,1,1) = u(t,1,1) = -1. So U(t,1,1) = -1. O

The final assertion of Theorem 1.3 is immediate from the lemma, and the
proof of that theorem is now complete. We have also established with this
example that the statement from Theorem 7.1 that -U is upper analytic cannot be
improved.

Corrolary. The set Ow is not Borel.
1

Proof: 1If Ow were Borel, then it follows from (6.2) that U would be upper
1

analytic. a

Here is our first modification of Example 8.2.

Example 8.4. Let (F,[',u) be as in example 8.2. Let X be a Polish space
disjoint from F and A an analytic subset of X. Set F1 = FUX and give F1 the
union_topology which is the union of the topologies on F and X. We will define
uy and Pl so that the optimal return U1 of (Fl,Pl,ul) satisfies:
(8.1) (X € X: UN(x) = 0) = (x e X:U'(x) = 0) = X \ A.
Take the restrictions of u1 and Pl to F to be u and I', respectively, and set
ul(x) = -1 for xeX. To define Pl on X, first write

A = y Q C(y|k)
where y = (yl,yz,...) ranges over NN and, for each y ¢ NN and k ¢ N, C(y|k) =
C(yl,...,yk) is a closed subset of X and C(ylk) 2 C(y|k+1). The proof that such
sets exist can be found, for example, in [14] or [8].

Next define a mapping ¥: X = F as follows: for x ¢ X, let

B(x) = (£,,1,1)
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where t, € T is given by

t (y) = inf (kix & C(y|k))
for each y ¢ NN. (The mapping t  was introduced and its properties studied by
Dellacherie and Meyer [8, p.375].) Check that ¥ is Borel because {x: tx(y) =< k)
is open for fixed y e NN and k ¢ N. Then notice that tx(y) is finite for every
y if and only if x & A so that

X\A=(x: t, € S)

=y le e e 8y,

Finally, define

T (x) = (6(x), §(H(x)))
for xeX. Then I', is Borel and, for x ¢ X, Ul(x) = U(¥(x)) = 0 if and only if

1
tx ¢ S. Thus (8.1) holds. a

Here is our second modification of the basic example.

Example 8.5. Begin with example 8.4 but take the space X = IXI where I = [0,1]

is a copy of the unit interval disjoint from F Set F, =F, UI=FU (IXI) vl

1 2 1
with the union topology. Let u, and P2 restricted to Fl be uy and T

respectively, and, for X, € I, define

1’

uz(xl) = '11 rz(xl) = {8(X1)} V) {6(}(1,}(2) M x2 e 1I}.
If U2 is the optimal return function for the Borel problem (F2, P2, uz) and P is
the PCA set given by
(8.2) P= {xl e I: (3x2 € I) ((xl’XZ) e X\ A))},
then, clearly,

(x, € I: Uz(xl) -0} = P.
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Thus U2 is universally measurable only if P is. (Indeed, U2(xl) = -1 if

2

X, € I\P. So U° is universally measurable if P is.)

1
The first assertion of Theorem 1.2(ii) is now proved. To establish the
second assertion, define, for each z ¢ I \ P, the function Qz: F2 -+ R by
Qz(x) = -1 if X =z
=0 ifx eI, x» 2z
- Uz(x) if x e F1.

For each z ¢ I \ P, Qz > u, and Qz is excessive and universally measurable.

2
This is trivial to verify on I and follows on F1 from Theorem 1.3 applied to the
Borel stop-or-go problem (Fl,Pl,ul). By Proposition 4.7, if there is a reduced

function Ru,, it must satisfy

2!

Qz =z Ry, 2 U2

2
for every z ¢ I \ P. But inf Qz - U2. Thus U2 is the only possible candidate.
However, U2 is not measurable unless P is, as was already pointed out. The

proof of Theorem 1.2 is now complete. m]

The first result on the measurability of U was proved by Dubins and Savage
under the assumptions that F is .a compact metric space and that u and T satisfy
certain continuity requirements [1l, Theorem 2.16.1]. It is easy to alter
example 8.5 so that all the assumptions of Dubins and Savage are satisfied with
the exception of the compactness of F. To carry out such an alteration, just
replace the unit interval I by the Cantor space 2% of all sequences of 0’'s and
1’s. Because the clopen sets of 2” form a basis for its topology, the sets
C(ylk) in example 8.4 can be taken to be clopen and, consequently, the mapping ¥
becomes continuous. (The continuity of % is obviously equivalent to that of the

mapping x - tx and the continuity of the latter mapping was pointed out by
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Dellacherie and Meyer [8, p.375].) It is easy to check for this altered version

of example 8.5 that I', is a continuous mapping from F to the space of compact

2
subsets of ®(F) equipped with the Vietoris topology, and that u, is also
continuous. The same argument as before shows that the measurability of U2 is
equivalent to that of the PCA set P. Thus, even for "continuous problems," the
measurability of U is undecidable in general.

In example 8.5, the function 02 is the least excessive majorant of u in the
sense of Dubins and Savage [1l, Corollary 2.14.1] and no gambler can achieve
more even if allowed to use nonmeasurable n. The next example shows that it is
consistent that a gambler can do better with nonmeasurable strategies even if
the payoff is calculated using countably additive extensions of the original

gambles, and, in particular, that the optimal return function as originally

defined by Dubins and Savage can be strictly greater than the U of this paper.

Example 8.6. This example will be a modification of a particular instance of
example 8.5 in which the set P is not Lebesgue measurable. To obtain such a set
we assume Godel’'s axiom of constructibility (cf.Moschovakis [19, p.279]). It
follows that there is a PCA set P ¢ I such that
(8.3) AL(B) =a<p =2
where A is Lebesgue measure on [0,1].
Let (F2,P2,u2) be an instance of example 8.5 in which this P satisfies (8.2).

Modify the example by taking F3 = F2 U (1) where 1 is a point outside of F,.
Define uy and F3 to be the restrictions of u, and P2 on F2 and set

uy(1) = -1, T4(1) = (6(1),A).

Then (F u3) is a Borel problem and, as will now be shown,

3’P3’
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(8.4) 3(1) = -l+a.
First notice, that, for x ¢ I

Us(x) - Uz(x)

0 if x ¢ P,
=-1ifxe¢P,
and, for any Borel function f: I -+ R such that f =< U2 on I,
JfAx < -1 + a
by (8.3). Thus, for # = (o,t) a Borel policy at 1 with gy = A,
u(n) = fu(o[x],t[x]) A(dx) < -l+a,
which establishes (8.4).
Next we will find a nonmeasurable x* at 1 with u(n*) > U3(1).
let e < 8 - a.
Choose an extension y of A such that y(P) = 8. Then, for each x ¢ I, choose
LI (ox,tx) at x such that
u(wx) = U3(x)-e.
(This cannot be a measurable selection.) Define a; = 4 and a*[x] = I and
t*[x] -t for each x ¢ I. Then

u(r™) = fu(r )y(dx) = -1+ - e>-1+az ). o

The next example illustrates the possibility that U may be measurable but
not excessive. Thus even if U is measurable, it can nevertheless be smaller
than the return function of Dubins and Savage. The example also illustrates

that the reduced function may exist and be different from U.

Example 8.7. This example will be a modification of another instance of example
8.5. Assume once more Godel’s axiom of constructibility so that there will

exist a function g: I + I whose graph G is a coanalytic subset of X = I x I and
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contains no uncountable Borel subset of X (19, p.279]. Take the analytic set A
of example 8.5 to be X \ G so that P = I. Notice that U2 is measurable; indeed,
U2 is identically zero on I.
Now define the modified problem (F3,P3,u3) exactly as in Example 8.6. Then
U3(1) = -1 because, for any Borel policy = - (o,t) at 1 with 09 * §(L),
u(n) < -1 + A(E)
where E = {x ¢ I : al(x)(G).= 1).
Now E is coanalytic and, consequently, A(E) = 0. For if A(E) were strictly
positive it would contain an uncountable Borel set B and the set
B = {(x,y): xeB, @, (x) = §(x,y)}
would be an uncountable Borel subset of G. It follows that the_optimal Borel
policy at 1 is to stagnate immediately.
Finally, observe that AU3 = AUZ = (0 > -1 so that U3 is not excessive, though

universally measurable. (=]

Recall that, for a Borel'(or analytic) gambling problem, the sets [U>a] are
PCA sets. Our final example, which is primarily of interest to set theorists
rather than gamblers, will show that every PCA set is of the form [U > a]. Thus
Theorem 6.3 and the following example together yield a new characterization of

PCA subsets of Polish spaces. Another characterization is in Becker [1].

Example 8.8. This will be another modification of Example 8.5, but this time
the fortune space F3 is taken to be just F2. We will modify u, and Pé so that
[U>0] =P. If P is empty, no change is necessary. If not, choose a point

P € P and set u3(p) = 1. Let uz = u, on F3 \ {p)}. Next define
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Ta(xy) = {8(x))) VU (1/2 (8(p) + 6(xy,%y)): %, € I}
for X, € I, and let P3 restricted to F1 - F2 \ I be Pl as before. The effect of
this change is that a gambler beginning at x € I can now receive an additional

half unit of utility (a whole unit if x = p) and, hence, [U3>0] = In[U220]=P. O

9. An alternative approach using almost surely finite stopping times.

In the formulation of section 1, the gambler starting at x is required to
choose o ¢ z(x) and a stop rule t which stops on every history. Now we will
allow the gambler to choose a Borel t: H -+ {1,2,...}U{w) and such that [t=n] is
in the sigma-field generated by the first n coordinate functions for n =1,2,...
and o{t<w] = 1. Let T(o) be the collection of all such t and define a new
optimal return function W by

W(x) = sup { fh(ht)da: o € E(x), t e T(o)}.
It is assumed in this section that all the integrals occuring in the definition
of W exist and that W is everywhere finite. Here is a simple example which
shows that W may be strictly greater than U, and may not be the reduced function

of u.

Example 9.1. Let F = {0,1,...}); u(x) = -x for all x; I'(0) = (§(0)}, T'(x) =
(6(x), 1/2 6(x-1) + 1/2 §(x+1)) for x = 0., Then W(x) = 0 for all x since the
simple random walk starting at x will reach O almost surely. However, U =u
because u(n) = u(x) for every n at x as follows from the optional sampling
theorem for everywhere finite stop rules (cf. Dubins and Savage [11l, Theorem

2.12.2] or Ramakrishnan and Sudderth [21, remark 2]).

The next theorem gives a sufficient condition for the equality of the two
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return functions.

Theorem 9.2. For a given x ¢ F and every ¢ > 0, suppose there exist o ¢ Z(x),
t € T(o) such that fh(ht) do > W(x)-¢ and {u-(hn)} is uniformly integrable under
o. Then W(x) = U(x). ‘
Proof: The same argument as for Lemma 4.6 shows
fﬁ(ht)da =< sup u(o,tAn) = U(x)

whenever {u-(hn)} is uniformly integrable under o. o
Unlike U, the function W is always universally measurable.
Theorem 9.3. W is upper analytic.

The proof requires the study of the set eas of almost surely stagnant
probability measures on H. The definition of eas is similar to that of the
collections 00 of section 4. For
c ¢ P(H), t ¢ T(o), let at = a¢; where ¢t is defined by (4.4). Now set

€,
@as = {0 : 0 ¢ P(H), t ¢ T(a)).

An alternative description of oas is useful. To formulate it, define

a[xl,...,xn] to be a version of the conditional o-distribution of (hn+1,...)
given h1 = xl,...,hn =X .

Lemma 9.4. A measure u belongs to oas if and only if
p(h: u[hl,...,hn] = A(hn)) + 1 asn- o,

Proof: The condition is clearly satisfied by any u ¢ @as’ So assume the
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condition holds and assume also that, as in Lemma 2.2, p[hl,...,hn] is a Borel
version. Take
t(h) = inf (n: p[hl,...,hn] - A(hn)).

Then t ¢ T(u) and uy = pt. So i € eas‘ O
Lemma 9.5. ®__ is Borel.
== as

Proof: Use Lemma 2.1 and Lemma 9.4. (m]
Proof of Theorem 9.3.: Recall that
* .
u(h) = 11mnsup u(hn).
Thus, for x ¢ F,
(9.1) W(x) = sup{atu*: oge)(x), t € T(o)}
*
- sup {(ou : 0 € L(X) N e )

Now argue as in the proof of Theorem 4.3. a

Example 9.1 shows that W need not be the reduced function of u. However, W
does have a similar property as will now be explained.
Say that a universally measurable function Q: F -+ R is strongly excessive
if, for every x ¢ F, o € )(x), and t ¢ T(a),
Jah )do = Q(x).
Our final theorem is analogous to Theorem 1 of Dubins.and Sudderth [12] and the

proof is similar also.

Theorem 9.6. The function W is the least universally measurable function
Q: F -+ R such that (i) Q = u and (ii) Q is strongly excessive.

Proof: Suppose Q is a function having the properties listed and let x ¢ F,
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o € )(x), and t € T(¢). Then
Ju(h )do < fQ(h ) do < Q(x).
Take the supremum over (o,t) to see that W(x) = Q(x).
It remains to be shown that W has the properties. By Theorem 9.3, W is
universally measurable and W = u because I' is leavable. We need a lemma to see

that W is strongly excessive.

Lemma 9.7. Let ¢ > 0. There exists a universally measurable mapping o :
- - *
F -+ @(H) such that o(x) € 2(x) N ¢ . and o(x)u” > W(x)-¢ for all x.

Proof: The proof is similar to that of Lemma 4.4 in [12]. (]

Now let x ¢ F, o ¢ Z(x), t € T(g), € > 0, and let o be given by the lemma.
Define o ¢ ®(H) to agree with o on the pre-t sigma-field Et and to have
conditional distribution é(ht) for (ht+1’ ht+2"") given Et' Then it can be
checked that o ¢ Z(x) N eas and, hence,

- *
Juh )do =< fo(h)u” do + ¢
)
= gu + €

s W(x) + e,

This completes the proof of Theorem 9.6.

38



10.

11.

12.

13.

14.

References

H. Becker, Pointwise limits of subsequences and Z; sets, Fund.Math. 128
(1987), 159-170.

D. Blackwell, D. Freedman and M.Orkin, The Optimal Reward Operator in
Dynamic Programming, Ann., Probab. 2 (1974), 926-941.

D. Blackwell and S. Ramakrishnan, Stationary plans need not be uniformly
adequate for leavable, Borel gambling problems, Proc. Amer. Math. Soc. 102
(1988), 1024-1027.

C. Deiiacherie, Les dér vations en théorie degcriptive des ensembles et le
théor e de la borne, Séminaire de Probabilités X1 (Strasbourg 1975-76),
Lecture Notes in Math. 581, Springer-Verlag, Berlin and New York (1977),
34-46,

, Transforzations analytiques: Zhéorémes de capacit bilité, de
séparation et d’'ineration transfinie, §_g%ggLgg_lgigig;iggb__llégglxgg 20,
Publications Mathematiques de 1l’Université Pierre et Marie Curie 46 (1980-
81) 16-01-16-27.

———————, Quelgques résultats sur les maisons de jeux analytiques, Séminaire
de Probabilitées XIX (Strasbourg 1983-84), Lecture Notes in Math. 1123,
Springer-Verlag, Berlin and New York (1985), 222-229.

~——————, Les sous-noyoux élémentaires, Theorie du Potentiel Proceedings
(Orsay 1983) Lecture Notes in Math. 1096, Springer-Verlag, Berlin and New

York (1983), 183-222.

C., Dellacherie and P.A. eyer, Ensembles analytiques et temps d'arret,
Séminaire de Probabilités IX (Strasbourg 1973-74), Lecture Notes in Math.
465, Springer-Verlag, Berlin and New York (1975), 373-389.

— grobabil;tés et Potentiel, Hermann, Paris (Chapters I-IV, 1975 and
Chapters IX to XI, 1983).

L.E. Dubins and D.A., Freedman, Measurable sets of measures, Pacific J.
Math. 14 (1964), 1211-1222.

L.E. Dubins and L.J. Savage, Inequalities for Stochastic Processes, Dover,
New York (1976).

L.E. Dubins and W.D. Sudderth, Countably additive gambling and optimal
stopping, Z. Wahrsch. Veriv, Gebiete 41 (1977), 59-72.

———, On stationary strategies for absolutely continuous houses, Ann.
Probab. 7 (1979), 461-476.

K. Kuratowski, Topology, Vol. 1, Academic Press, New York (1966).

39



15.

l6.

17.

18.

19.

20.

o 21.

22.

23.

Cur

. S. Louveau, Capacitabilité et sélections Boreliennes, SémZna;re Initiation
1’'Analyse 21, Publications Mathematiques de 1l’'Université Pierre et Marie

ie 54 (1981-82) 19-01-19-21.

A, Maitra, V. Pestien and S. Ramakrishnan, Domination by Borel stopping
times and some separation properties, preprint (1988).

D.A. Martin and R.M. Solovay, Internal Cohen extensions, Ann, Math. logic 2
(1970), 143-178.

P.A. Meyer ,and M. Traki, Réduites et jeux de hasard, Sémigaige de
Probabilités VII (Strasbourg 1971-72), Lecture Notes in Math. 321,

Spr
Y.N

K.R
New

inger-Verlag, Berlin and New York (1973), 155-171.

. Moschovakis, Descriptive Set Theory, North-Holland, Amsterdam (1980).

. Parthasarathy, Probability Measures on Metric Spaces, Academic Press,
York (1967).

S. Ramakrishnan and W.D. Sudderth, The expected value of an everywhere
stopped martingale, Ann, Probab. 14 (1986), 1075-1079.

R.E
(19

W.D
Ame

. Strauch, Measurable gambling houses, Trans., Amer. Math. Soc. 126
67), 64-72. (Correction 130 (1968), 184).

. Sudderth, On the existence of good stationary strategies, Trans.
r. Math, Soc. 135 (1969), 399-414.

40



