A LIMITING ABSORPTION PRINCIPLE FOR SEPARATED
DIRAC OPERATORS WITH WIGNER VON NEUMANN
TYPE POTENTIALS

HORST BEHNCKE* AND PETER REJTOf

1. Introduction. Several authors formulated a limiting absorption
principle for several classes of operators. For the physical significance of this
principle we refer to the paper of Eidus [Ei] and for brevity, for additional
references we only refer to the AMS Memoir of Ben-Artzi and Devinatz
[BD].

In this paper we establish the principle of limiting absorption for a
class of separated Dirac operators corresponding to a class of potentials
which contains the one of von Neumann - Wigner [VW], [RS].

In Section 2 we define this class of potentials and formulate our condi-
tions on the intervals. Then in Theorem 2.1, which is our main theorem,
we state the principle of limiting absorption. We prove Theorem 2.1 in the
four sections that follow.

In Section 3 we construct approximate solutions to our basic system
near infinity. The result of this construction is described in Theorem 3.1.
To prove Theorem 3.1, first we follow Levinson [Ea] and in Lemma 3.2 we
diagonalize the long range part of the potential. Then in Lemma 3.3 we
follow Harris-Lutz [HL] and with the help of an approximate solution to a
Riccati equation we achieve that the 21-element of the resulting system is
short range. To prove Lemma 3.3 we adapt the notion of a slowly varying
function to our class of potentials. Then we seek an approximate solution
to the basic Riccati equation with the help of slowly varying functions.
This construction is similar to the ones of [R], [DR] and [DMR].

In Section 4 we formulate estimates for the solutions of the basic system
near zero. First, we construct approximate solutions and then use a result
of Love-Erdelyi-Olver [L],[Er],[O],[RT] to show that the same estimates hold
for the exact solutions.

In Section 5 we formulate estimates for the basic system near infinity.
In Theorem 5.1 we show that the exact solutions satisfy the same estimates
as the approximate solutions of Theorem 3.1.

In Section 6, in Theorem 6.1 we formulate the weighted resolvent esti-
mates which imply the principle of limiting absorption. The proof of The-
orem 6.1 is based on the Weyl-Weidmann formula [We] for the resolvent
kernel and on the Schur-Holmgren-Carleman bound of an integral operator
[F], [Ok]. Since this construction is simpler under the additional assump-
tion (6.3), in this section we assume it. In Theorem 6.2 we choose a weight
and then show that the Schur-Holmgren-Carleman bound of the weighted
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resolvent operator with respect to this weight, is uniformly bounded. Here
we use the same Schur-Holmgren-Carleman weight as in [LR]. To prove
Theorem 6.2, we need global upper estimates for each of these two normal-
ized solutions and a lower estimate for their Wronskian. These estimates
are formulated in Lemma 6.3. We prove the upper estimates by giving up-
per estimates for the connection constants. We prove the lower estimates
using an adaptation of Lemma 3.3 of [DMR].

In Section 7 we complete the proof of Theorem 6.1 and hence of the
main Theorem 2.1 by removing the additional assumption (6.3).

For recent work on absolute continuity we refer to the papers of Behncke
[B], [B], Gilbert-Pearson [GP] and [St]. For the theory of embedded half-
bound states we refer Hinton-Klaus-Shaw [HKS] and for the question of
asymptotics near resonance points we refer to the paper of Klaus [K].

It is a pleasure to thank Professors Devinatz, Harris, McCarthy and
the referee for their valuable suggestions.

2. Formulation of the result. We consider Dirac operators with
spherically symmetric potentials and assume that they are real valued and
locally integrable on (0,00). The separated Dirac operator with electric
potential p and mass m can be written, at least formally, as

- _|p=m ]t
[x_[ o1 p+m]+DJ

0
1
diagonal elements of this matrix are equal. Hence this operator K is a
particular case of an operator of the form,

where, { = £1£2,...,J =

_01] and D = %. Note that the off

(2.1) K=V +DJ,
where the matrix V is of the form

Vi W
(2.2) V= [Vz V3:| .

From such a formal operator K selfadjoint operators can be derived in
a standard fashion, see e.g. [We] and we call these selfadjoint operators
Hamiltonians.

We start the formulation of the principle of limiting absorption for our
Hamiltonians by formulating assumptions on the potentials. Specifically,
we assume that in some neighborhood of infinity, say (e, 00), each V; admits
a decomposition of the form,

(2.3) Vi=S;+P+W;, 7=1,23 o0 V=S+P+W,
where the S; are short range in the sense that,

(2.4) S; € L(e, 00),
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and P; are long range in the sense that,
(2.5) Pl e L' c,0), j=1,2,3.

Clearly, assumption (2.5) implies that the matrix potential P converges to
a limiting matrix P(o0) for ¢ — oo, and we assume that P(o0) is such that,

(2.6) Pi(x0) = —m, P3(c0) =m > 0 and Py(c0) = 0.
Then, we assume that each W; can be written in the form,

(2.7) W; = fijsing;, j=1,2,3;

where, each f; is such that

(2.8) I € L£*(¢,00) and it is differentiable and f]/ € L (e, 0)
and g; is such that,

(2.9) tlir& g;(t) exists and g;(c0) > 0, or g5(t) tends to infinity.
Furthermore, each g; is 2-times differentiable and

g7
(2.10) (g#fj € L (e, 00).

Note that these assumptions define a class of potentials which contains the
oscillating part of the von Neumann Wigner potential,

W;(t) = (141t)""sint.

Finally, we assume that on the interval (0,¢) the matrix V' admits a de-
composition of the form

(2.11) V(t) =t JCo(e, £) + B(t),
where

(2.12) Cole, ) = [‘; _ge] , e€RL
and

(2.13) [1Bllzoe(o,e) < 0

We continue the formulation of the principle of limiting absorption for
our Hamiltonians by formulating assumptions on the interval Z. First, we
we assume that for each A € Z the limit matrix, P(o0) — A has two distinct
imaginary eigenvalues;

(2.14) Spee (P(00) = A) = {i(o0), —in(00)}, u(o0) # 0, u(oc) € R.
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Our second assumption is that for each j = 1,2, 3,

2.15 inf inf | 2 —gi(t 0.
(215) inf inf | 2p(o0) — g (1)] >

We complete the formulation of a principle of limiting absorption for
our Hamiltonians by introducing the family of operators,

(2.16) FE) = mM2R(A\)mY/? ImA # 0.

Here R(A) is the resolvent of a given selfadjoint extension of the formal
operator of the definition (2.1),

(2.17) R(A) = (M — K)™H ImA #0,
and my; is the operator of multiplication by the function,
(2.18) ms(€) = (1+&)7/%, ¢eRT, sER.

THEOREM 2.1. Let the given potential V satisfy assumptions (2.3) ...
(2.14) and let the given interval T satisfy assumption (2.15) with respect
to it. Then, for each selfadjoint extension of the operator of the definition
(2.1) the principle of limiting absorption holds over the interval IT. More
specifically, there are two continuous operator valued functions Fsi(A) of
the variable A € T such that,

(2.19) lim sup [|[FEA) - FEQA+o)|=0 s>1/2.
=0 X\eRr1(T)

To motivate assumption (2.14) we observe that assumption (2.6) and
formula (3.5), to be stated, show that for ReA = A assumption (2.14) is
equivalent to

(2.20) |ReA| > m.

This assumption, in turn, is equivalent to the assumption that for such a
A the basic system corresponding to the operator (2.1),

Vo =Vs+A

!/ _
(2.21) =10 T

u=(V=A )y,
has oscillatory solutions. In other words, A is in the continuous spectrum
of the Hamiltonian.

We shall prove the main Theorem 2.1 in the four sections that fol-
low. Our proof will make essential use of the Weyl-Weidmann formula
[We], which for ImA # 0 allows us to study the resolvent of the definition
(2.17) with the help of two solutions of the basic system (2.21) and their
Wronskian. More specifically, this formula allows us to study the asymp-
totic properties of this resolvent kernel with the help of the asymptotic
properties of two solutions of the basic system (2.21) and their Wronskian.
The technical part of the study of the asymptotic properties of such solu-
tions is isolated in the following Section 3. In it, we construct approximate
solutions to the basic system (2.21).
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3. Construction of approximate solutions to the basic system
(2.21) near infinity.

THEOREM 3.1. Let the potential V and interval T satisfy the assump-
tions of Theorem 2.1. Then for each A with ReX inZ there are approzimate
solutions z, and y, to the system (2.21) in the sense that there is a matriz
E, such that

(3.1) sup |[|E,(, Ml e1(e,00) =< 00
ReXxeZ

and z, and y, satisfy,

(3.2) v = (V= AT + By,
Furthermore,
(3.3) yr € L?((c,00),C2)  for ImX # 0.

We prove Theorem 3.1 by constructing an approximate fundamental
matrix to the system (2.21) by a repeated change of the dependent variable.
As is well known if u is a solution of the system (2.21) and if A is a given
smooth and invertible matrix, then the function v = A~ 1w satisfies,

(3.4) v =[ATHV = A)A — AT A v,

As a first step of the proof of Theorem 3.1 we follow Levinson [Ea] and
choose A to be a diagonalizing transformation for the the matrix P — AJ,
the long range part of V. — AJ. To do this, note that assumptions (2.6)
and (2.14) allow us to choose a far out region [¢, o) so that for ¢ in [¢, o0)
this matrix has two distinct eigenvalues, say +iu. Then elementary algebra
yields the formula,

(3.5) o= u(t,2) = (Pi(t) = N(Ps(t) = A) = PE(1) /2.

For future reference we choose the branch of the square root function so
that,

(3.6) Re ip < 0, for ImA > 0.

The lemma that follows formulates an elementary property of our class of
potentials. Tt was also verified in [BR].

LEMMA 3.1. Let the potential P and interval I satisfy the assumptions
of Theorem 2.1. Then for each A with ReX in T there is a transformation
A= A(t,A) such that,

(3.7) ATHP = M)A = diag(ip, —ip).
Furthermore,

(3.8) sup ||A(.,A)||£w(cyoo)+ sup ||A_1(.,A)||L:oo(cyoo) < 00,
ReXeZ ReXeZ
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and

(3.9) sup (|4, Mller(e o) < 00
Red€el

Conclusions (3.9) and (3.8) of Lemma 3.1 allow us to choose A in
formula (3.4) by this lemma. For future reference we define:

(3.10) R(1)= A7'SA— A~ A,
and
(3.11) U(1) = [diag(ig, —ip) + A~1W A].

Then combining the definitions (3.11) and (3.10) with conclusion (3.7) and
with assumption (2.3) we find,

(3.12) ANV = AN)A — A7YA = U(1) + R(1).
Hence replacing v by u; the system (3.4) can be written in the form,
(3.13) uh = [U(1) + R(D)]u;.

To motivate the definition (3.10) note that conclusions (3.8) and (3.9)
together with assumption (2.4) show that R(1) is short range. More specif-
ically, they show that

(3.14) sup [[R(D)(; Ml e3(e,e0) < 00
ReXxeZ

As a second step of the proof of Theorem 3.1 we choose A in this
formula so that the (2,1) element of the system resulting from (3.13) is
short range. We do this with the help of a transformation suggested by
Harris-Lutz [HL]. Tt is of the form I + @, where

(3.15) Qv=q:- [? 8]

and the properties of ¢; are described in the lemma that follows.

LEMMA 3.2. Let the potentials P, W and wnterval T satisfy the assump-
tions of Theorem 2.1 and let the matriz U(1) be given by the definition
(3.11). Then, for each A with ReX € T there is a function q@ = qu(t,N)
such that, for the corresponding matriz function of the definition (3.15),

(3'161)5&21”[(1 + Q)T UL+ Qo) — (I+ Qo)™ Qilotller(e,00) < 00

Furthermore,

(3.17) sup g Ml gose,00) < 00,
ReXxeZ
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and

(3.18) sup _{[ge(, Al e2(c00) < 00
ReXxeZ

We start the proof of conclusion (3.16) with the formula,
(3.19) [(7+ Q)T UM+ Q) — (I + Qo) ~'Qilzn
' = —q;+ U(L)21 — 2U(1)119e — U(1)1247 -

To prove this formula, we show that the definition (3.15) implies that for
each matrix B,

(I+Q)™ 'BI+Qi)—(I+Qu)™'Q; =
(3:20) Bi1 + ¢ B12 Bis
—q) + Ba1 — qi(B11 — Bas) — ¢?B12 Bas — q/B1»
To verify formula (3.20), note that the definition (3.15) yields,
(3.21) Qi =0andso (I+Q,) '=1-Q..
Formula (3.21), in turn, yields,
(I4+ Q) "'B(I+Qi) =B+ BQi— QB —QeBQ,.

Similarly, it follows from the definition (3.15) that
~(I4+Q)™'Qr=-Q;.

Combining these two formula with the definition (3.15) we find formula
(3.20). Then, applying formula (3.20) to the matrix B = U(1) and using
that according to the definition (3.11) trace U(1) = 0, we find formula
(3.19).

We continue the proof of conclusion (3.16) by constructing an approx-
imate solution to the Riccati equation,

(3.22) — g+ U121 — 2011190 — U(1)1297 = 0,

which we obtained by setting the right member of formula (3.19) equal to
zero. Now we observe that there are functions ¢, r = 1,2, s = 1,2, and
Jj = 1,2,3 with the property that for r # s

]:3
(3.23) [ - expligy) + e [ - exp(—ig;)],

]:

—_

and each of these reduced coefficient functions is slowly varying in the sense
that,

(3.24) sup_ (&) 16,00 < 20
Rele
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To verify formula (3.23) we note that combining the definitions (3.11), (2.3)
and (2.21) with assumption (2.7) we find constants, §,,;5, such that,

j=3 k=2

Z Z 6rs]k - r] [eXP(igj) - eXp(_igj)]Aksa
j=1k=1
where 6,55, = £1 or 0.

Hence formula (3.23) holds with

:l: —
] = Zérsyk r]Aks

To establish estimate (3.24), we combine this formula for the reduced co-
efficient functions with conclusions (3.9) and (3.8) of Lemma 3.2 and use
that the product of two slowly varying functions is slowly varying. To see
that the product of two slowly varying functions is slowly varying note that
estimate (3.24) implies that for each j

sup (| (1, A)|| oo (e 00) < 00
AET

eAE

Similarly, 1t follows that
(3.25)  U(l)nn =ip+ Z cfi i -exp (igj) + 1 f] exp(—ig;)],

where, as before, the reduced coefficient functions clilj, are slowly varying.
Inserting formula (3.23) into the Riccati equation (3.22) and using formula
(3.25) to split the term 2U(1)11¢, into two we find,

—qy+ Z Cz1 - exp(ig;) + Cz1 i exp(—zg])] — 2upqe

(3.26) -2 Z ]f] exp(ig;) + ¢1; f] exp(— igj)]qz
] 3 . .
— > lefi £ - expligy) + c13 f; - exp(—ig;)la? = 0.
ji=1

We seek an approximate solution to the Riccati equation (3.26) in the class
of functions of the form,

ji=3

(3.27) ge =y _[a¥ fj - exp(ig;) + a™ f; - exp(—ig;)],

ji=1
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where the reduced coefficient functions, a*/ are slowly varying;

(3.28) sup_[[(a®)'( M)l| 1 00) < 0.
Red€el

Next we observe that assumption (2.8) implies that

' for,i=1,2,3;5=1,2,3k=1,2,3.

Combining estimates (3.29), (3.28) and (3.24) with assumption (3.27) we
see that the second and third order terms in the functions f; are short
range. Hence, inserting assumption (3.27) into the Riccati equation (3.26)
and dropping these short range terms in the resulting equation we find,

ji=3

— Z[a"’jig;fj -exp(ig;) — Cl_jig}fj ) exp(—igj)]
] 1

(3.30) + Z Cai f] exp(ig;) + c5f f] exp(—igj )]
] 3

-2 Z[iua"’jfj -exp(ig;) + ipa=d f; - exp(—ig; )] =0.
ji=1

Rearranging the terms in equation (3.30) and setting the coefficients of each
of the functions exp(ig;) and exp(—ig;) equal to zero leads to the formula,
(3.31%) , ,

aijfj = (2ip+ ig})_lfjczif, or at’ = (2ép + ig})_1 ~czi1], for j =1,2,3.

From now on we shall define these reduced coefficient functions by the
second set of formula of (3.314).

We complete the proof of conclusion (3.16) by combining these assump-
tions with the ones of Theorem 2.1. More specifically, define

(3.32) er1 = [(I+ Q) ' UM+ Q) — (I +Q)™'Qin

Then, since the left members of the equations (3.26) and (3.22) are equal,
we see from the equation (3.30), from assumption (3.27) and from formula

(3.19) that

ji=3
enn == D [(@ ;) expligg) + (a7 ;) exp(—igy)]
] 1
(333) —2 Z 611 j - €XpP Zg]) +611 f] eXp(—lg])]q
] 3

= > [l i - explig) + eid f; - exp(—ig;)a?.

ji=1
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Estimates (3.29) and (3.24) together with assumption (2.8) show that the
short range character of each of these three terms i1s implied by estimate
(3.28). Combining assumptions (2.15), (2.10), (2.9), and (2.5) with for-
mula (3.5) we see that the first factors of the definitions (3.314) are slowly
varying. Since according to estimate (3.24) so are the second factors, es-
timate (3.28) follows. Hence, each of the three terms in formula (3.33) is
short range and this completes the proof of conclusion (3.16). Similarly, we
see that assumptions (2.15), (2.9) and (2.8) imply conclusions (3.17) and
(3.18). Thus, the proof of Lemma 3.2 is complete.

Applying formula (3.20) to the matrix B = U(1) + R(1) and using the
definition (3.32) we find,

I+ Q)™ UM + RUNUI + Qo) — (I +Q0)™'Q; =

[(U(l) + R (UQ)+ R(1))12] N

(3.34) eor + R(1)o1 (U(1) + R(1))22

[t RO o]
—R(1)11+ R(1)22 — qeR(1)12 —(U(1) + R(1))12

Next define,

B R(1)11 4+ qeR(1)12 Rz
R2) = [621+R(1)21_QZ(R(l)ll_R(1)22)_qu(1)12 R(l)zz_qu(l)lz]
(3.35)
and
U1 + qeU (115 U(1)12
(3.36)  U@2)= [ g Oq W —(U(1)11(+)qu(1)1 ]

2)
Then using that according to the definition (3.11) trace U(1) = 0, we see
from formula (3.34) and from the definitions (3.36) and (3.35) that

(3:37) (I+ Q)™ UMW)+ RMW)I+Qe) — (I +Qu)™'Qy = U(2) + R(2).
We see from formula (3.37), in turn, that the transformation

(3.38) upr = (I+ Q) 'y

carries the system (3.13) into

(3.39) uy = [U(2) + (R(2)]us.

As a third step of the proof of Theorem 3.1 we choose A in this formula
so that the (12) element of the system resulting from (3.39) is short range.
We do this with the help of a transformation suggested by Harris-Lutz
[HL]. Tt is of the form I 4+ @, where,

(3.40) Qu = qu- [8 é]
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and ¢, will be an approximate solution of the linear differential equation
(3.46) to be stated in the proof of the following lemma.

LEMMA 3.3. Let the potentials P, W and wnterval T satisfy the assump-
tions of Theorem 2.1 and let the matriz U(2) be given by the definition
(3.36). Then, to each A with ReX € T there is a function qu = qu(t,A)
such that, for the corresponding matriz function of the definition (3.40),

(3.41) sup [[(7+Qu)" V@I +Qu) = (I +Qu) ™' Qulzller(e o) < 00
erE
Furthermore,
(3.42) sup g (., Ml gos(e,00) < 00
Red€el

We start the proof of conclusion (3.41) with the formula,

[([+Qu) T U 2)(I+Qu)~(I+Qu) ' Quliz =~ +U (2)124+2U (2)11¢u-
(3.43)
To prove this formula, note that the definition (3.40) shows that formula
(3.21) also holds for Q,,

(3.44) Q2=0andso (I +Qu) ' =1—Qu.

This formula allows us to repeat the proof of formula (3.20) and conclude
that for each matrix B,

I+ Q)™ 'BI+Qu)—(I+Qu)'Q, =
(3.45) Bi1 — quBa1  —q), + Biz + qu(B11 — Ba2) — ¢2 Boy
Bay Bas + qu B2y

Applying formula (3.45) to the matrix B = U(2) and using that according
to the definition (3.36) trace U(2) = 0 and U(2)2; = 0, we find formula
(3.43).

We continue the proof of conclusion (3.41) by constructing an approx-
imate solution to the linear differential equation,

(3.46) — ¢, +U(2)12 4+ 2U(2)11¢u = 0,

which we obtained by setting the right member of formula (3.43) equal to
zero. Inserting the definition (3.36) and formula (3.23) into the linear differ-
ential equation (3.46) and using formula (3.25) to split the term 2U(1)11¢y
into two, we find,

.
I
w

—q.+ [ f; - exp(igy) + e1d f; - exp(—ig;)] + 2inq,

.t
0
w =

(3.47) . .
+2 > {[eii f; - exp(ig) + if fi - exp(—ig;))]+

.
I
—

+[efd fi - exp(igy) + i f; - exp(—ig;)]ae fqu = 0.
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We seek an approximate solution to the equation (3.47) in the class of
functions of the form,

ji=3

(3.48) qu = _ [0V fj - explig;) + b7 f; - exp(—ig;)]

ji=1

where, the functions 6%/ are slowly varying. Inserting the definition (3.48)
into the linear differential equation (3.47) and dropping the derivatives of
these slowly varying functions and the second and third order terms in the
functions f; we find,

ji=3

ST [=ibti g f; - expligs) + b= g f; - exp(—ig; )] +

ji=1

(3.49) » +[efd ;- expigs) + 1 f; - exp(—ig;)] } +
i-

+2 [ipbt f; - exp(ig;) + ipb™ f; - exp(—ig;)] = 0.
ji=1

Rearranging the terms in equation (3.49) and setting the coefficients of each
of the functions exp(ig;) and exp(—ig;) equal to zero leads to the formula,

(3.504) bR f; = —(2ip£igl) T f el - for j=1,2,3.

From now on we shall define these coefficient functions by formula
(3.504).

We complete the proof of conclusion (3.41) by inserting the definitions
(3.48), (3.36) and formula (3.25), (3.23) into the formula (3.43). Then
defining,

(351) e =[[+Qu)TU@I +Qu) — (I +Qu) ™ Q]2,

and using the equation (3.49) we find,

.
I
w

ein=— > [(bT7f;) -exp(ig;) + (b77 f;) - exp(—ig;)]

o, o,
hn
w =

(3.52) . .
+2 ) { [cf{ fi -expligy) + i fi - exp(—ig;))]+
1

.
I

[ f; - exp(igy) + 3 £ - exp(—ig;)|ae b qu

Similarly to the way that formula (3.33), assumptions (2.15), (2.10), (2.9),
(2.8) and (2.5) and the definitions (3.314), (3.27) implied conclusion (3.16),
we see that formula (3.52), the definitions (3.504 ), (3.48) and these assump-
tions imply conclusion (3.41).

At the same time, we see that assumptions (2.15), (2.9) and (2.8) imply
conclusion (3.42). Thus the proof of Lemma 3.4 is complete.
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Applying formula (3.45) to the matrix B = U(2) + R(2) and using the
definition (3.51) we find,

(I +Qu)~ UR)+ RN+ Qu) — (I + Qu) '@, =
[(U(Q) + R(2)11 e12 + R(Q)S ] n

(3.53) (U(2)+ R(2)2 (U(2)+ R(2))a
(U(2)+ R(2))1 R(2)11 — R(2)22 — qu(2)21
*q“[ 0 —(U(2) + R(2))s ]
Next define,
R(2)11 e1a+ R(2)12
R(3) = [322;21 R(Q)iz) ]+
. R(2)21 R(2)11 — R(2) R(2) (1) 0
L e ek il R R A
and
(3.55) U(3) = [U(é)“ —Ugl)n]'

Combining the definitions (3.55), (3.54) and (3.36) with formula (3.53) we

have,

(3.56) (I+Qu) " (U(2)+R2))(I+Qu)—(I+Qu)~'Q, = U(3)+ R(3).
We see from formula (3.56) that the transformation

(3.57) us = (I + Qu) ™ tus

carries the system (3.39) into

(3.58) wh = [U(3) + (R(3)]us.

As a fourth and final step of the proof of Theorem 3.1 we define an
approximate fundamental matrix to the basic system (2.21) by,

Yo =Y, (6, A) = AT+ Q)T+ Qu(?)) ~exp[/t U(3)(s)ds], ¢ < t.
(3.59)

Then we see from the product rule of differentiation that the definition

Cr =AATV+ AQAT + AT+ Q)QL (I + Qo) A+

(3.60) AU+ Qo)+ QUGB + Qu)~ (I +Qe)~ A~
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implies,
(3.61) Y = C,Y,.

Next define,

(362) E,=—-AI+ Q)+ Qu)RB)I+Qu) " (I+Qu) A"

Then combining the definitions (3.62), (3.60) with formula (3.56), (3.37)
and (3.12) we find,

(3.63) C,=V-A+E,
and so, we see from the system (3.61) and from assumption (2.3) that,
(3.64) Y/ = [(V = M)+ E,)]Y,.

Finally, using the definition (3.59) we define

(3.65) sy, |}
_0_

and

(3.66) w=Y |

Then, clearly conclusion (3.2) of Theorem 3.1 holds for each of these two
vectors.
We start the proof of conclusion (3.1) by showing that,

(3.67) sup_[[R(3)(-, M)ller(e,00)< 00
Red€el

To verify estimate (3.67) first, we combine the definition (3.35) with con-
clusions (3.17) and (3.16) of Lemma 3.2 and with estimate (3.14). This
yields,

sup_[[R(2)(-; A)llere,00) < 00
ReleZ

Combining this estimate with conclusions (3.42) and (3.41) of Lemma 3.3
we find,

sup |[[(quR(2))(, Aller(e,00) < 00
ReleZ

Second, we claim that

(3.68) sup {JgelU (D12 Ml 21(e,00) < 00
Reled
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To see estimate (3.68) we need that formulae (3.27) and (3.23) together
yield,

j=3k=3
@U(Wr2 =Y > {[a* fj - exp(ig;) + a™ f; exp(—ig;)] -
j=1lk=1

[ty fi - exp(igr) + eiy fi - exp(—ige)] |-

Note that this formula contains only second order terms in the functions
f;, and so, combining it with estimates (3.29), (3.28) and (3.24) we obtain
estimate (3.68). Then, inserting these estimates into the definition (3.54)
we arrive at estimate (3.67).

We continue the proof of conclusion (3.1) by combining conclusion
(3.42) of Lemma 3.3 with the definition (3.40) and by combining conclusion
(3.17) of Lemma 3.2 with the definition (3.15). This yields,

sup [|(1 + Qe(, A)( + Qul-, M)l zoo(e,00) < 00
ReleZ

and so, we see from the first half of conclusion (3.8) of Lemma 3.1 that

(3.69) sup [JAC, A+ Qe M)+ Qul, M))lleos(e,00) < 00

ReleZ
Combining estimate (3.69), in turn, with formula (3.44), (3.21) and with
the second half of conclusion (3.8) of Lemma 3.1 we find,

(3.70) sup [[(Z 4+ Qu(, A))7HI 4+ Qel(-, A) T AL, A) M| goe(e,00) < 00
ReleZ
Finally, combining estimates (3.70), (3.69) and (3.67) with the definition
(3.62) we obtain conclusion (3.1) of Theorem 3.1
To verify conclusion (3.3) we note that it is an immediate consequence
of the definitions (3.66) and (3.6). In fact, this property motivated the
choice of the branch in the definition (3.6).

4. Estimates for the solutions of the basic system (2.21) near
zero. We start this section by describing approximate solutions to the basic
system (2.21) on the interval (0, ¢). For this purpose, first with the help of
the definition (2.12) define an approximate system by,

1
(4.1) Y/(t) = ;JCo(e,E)Yg(t).
To motivate this choice, note that by assumptions (2.13) and (2.12) the
coefficient matrices of the systems (4.1) and (2.21) differ by a bounded

matrix. Since the function values of the coefficient matrix of the system
(4.1) commute, it has a fundamental matix of the form,

(4.2) Yo(t) = exp[/ %JCQ(@,E)CZO’].
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Second, we need the elementary fact that the spectrum of this coefficient
matrix is given by,

(4.3) Spec (I Cole, ) = {—(E% = 2)112, (2 — )12},
Hence there are vectors a4, such that

(4.4) JCo(e,O)ay = (02 — ) 2ay.

Then, we define the approximate solution y, by,

(4.5) ye = Ye(t)ay,

and the corresponding weight function by

(4.6) we(t) = ye(t)].
With the help of this weight function for each f in C'(0,¢) we define the

norm,
(4.7) 1/ llw, = sup [f(O)we(t)™",
0<t<e

and denote by By, the space of those functions for which this norm is finite.

In the following theorem we show that the basic system (2.21) also
admits a solution which is asymptotic to y(¢,A) at £ = 0 and for which
this norm is finite.

THEOREM 4.1. Let the assumptions of Theorem 2.1 hold, let the ap-
prozimate solution y; be given by the definition ({.5) and let the space By,
be given with the help of the definition ({.7). Then, on the interval (0,c)
the basic system (2.21) admits a solution f, in By, such that,

(4.8) sup || fe(, Mlw, < o0
ReleZ
and
(4.9) sup_lim [£5(t, %) = e(t, )] - [ye(t, )]~ = L.
Rexez t—0

We start the proof of Theorem 4.1 by deriving a Volterra equation
for such a solution of the basic system (2.21). To do this, first define the
error potential to be the difference of the coefficient matrices of the original
system (2.21) and of the approximate system (4.1),

1
(4.10) Egt)y=(V(@t)—-AJ) — ngo(e,E).
Then adding Eyu to both sides of the basic system (2.21) we find,

(4.11) ' — %JC’O(e,E)u = Fyu.
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Second, with the help of the definitions (4.4) and (4.2) define,
(4.12) ze = Yi(t)a—.

Then it is clear from the definitions (4.5) and (4.12) that each of these two
approximate solutions satisfies the homogeneous equation corresponding to
the system (4.11). Third, with the notation of [LR], define the kernel

(4.13) Qe(t,5) = (ye(t) >< Jze(s)—ze(t) >< Jye(s)) < ye, Jze >~ Ee(s)

and the corresponding operator

(4.14) Quft) = /Ot Qu(t,8)f(s)ds, [feC5((0,¢),Ca).

Then, we know that (e.g. [LR]

(4.15) (D= (V=AM +E]Quf = Eof, J€C5((0,¢),Ca).

We see from the definitions (4.10) and (4.5) that

(4.16) (D—(V—=AJ)+ Edye =0,

and so, relation (4.15) shows that each solution f; of the Volterra equation

(4.17) fe=ye+ Qe

also satisfies the basic system (4.11).

We continue the proof of Theorem 4.1 by making essential use of a re-
sult of Love [L], Erdelyi [Er] and Olver [O], [RT]. To formulate it, following
them we define

(@18)  NQLEO,w) = [ supwre) ) Qelé. mld

Z&>n

LEMMA 4.1. Let the Volterra operator Q¢ be given by the definition
(4.14) and let the space By, be given with the help of the definition (4.7).

Assume that

(4.19) 1Qe(LEO, we) < 0.

Then,

(4.20) Qe € B(By,) and  [|Qe|l(we) < [|Qe(I(LEO, we).
Furthermore, for each A # 0 in C,

(4.21) (M —Q¢)~' € B(By,)

and

(4.22)  NIOM = Q&)™ HI(we) < A7 exp(|ATH|Qel(LEO, wy)).

We complete the proof of Theorem 4.1 by noting that application of
the LEO Lemma 4.1 to the Volterra operator of the definition (4.14) yields
Theorem 4.1.
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5. Estimates for the solutions of the basic system (2.21) near
infinity. We start this section by defining a weight function with the help
of the approximate solution of the definition (3.66). More specifically, we
define,

(>.1) wy (1) = [y ()]

Then, with the help of this weight function for each f in C(e,00) define
the norm,

(5.2) | fllw, = sup | £(t)|wr (),

and denote by B(w,) the space of those functions for which this norm
is finite. In the following theorem we show that the basic system (2.21)
admits a solution which is asymptotic to y.(¢,A) at ¢ = oo and for which
this norm is finite.

THEOREM bH.1. Let the assumptions of Theorem 2.1 hold, let the ap-
prozimate solution y, be given by the definition (3.66) and let the space B,
be given with the help of the definition (5.2). Then, the basic system (2.21)

admits a solution f. in B, such that,

(5.3) sup_||f(+, M, <oo
ReleZ
and
(5.4) sup_ lim £t \) = e (V)] - o (6 )7 = 1
ReXeZ t—0

We start the proof of conclusion (5.3) by deriving Volterra equations
for the solutions of the basic system (2.21). To do this, first note that
adding an arbitrary function F,u to both sides of the basic system (2.21)
we find,

(5.5) u — (V=X )u+ E.u= E,u.

Second, we choose this arbitrary function by the definition (3.62) and define
the kernel

(5626)(15,5) = (9 (t) >< Jzr(5)=2r (1) >< Ty (5)) < yr(s), J2r(s) >~ Ep(s)

and the corresponding operator

(5.7) Qrf(t) = / Qr(t,s)f(s)ds, [feC5((c,),Ca).
t
Then, it is not difficult to show that

(5.8) (D= (V=A)+E]Q.f=Ef, [€C;((c,00),Ca).
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We see from conclusion (3.2) of Theorem 3.1 that
(5.9) [(D—=(V=XJ])+ E]yr =0,
and so, relation (5.8) shows that each solution f. of the Volterra equation

(5.10) fr=uw+Qrfr,

also satisfies the system (5.5).

We continue the proof of conclusion (5.3) by showing that the Volterra
operator of the definition (5.7) satisfies the assumptions of the LEO Lemma
4.1, which is the statement of the lemma that follows. Here of course, we
use @@, 1n place of @), and w, in place of wy. For completeness, we display
the definition (4.18) with these two replacements,

11 (Q(LEO, w,) = / sup (€)1 (1)@ (€, ).

LEMMA 5.1. Let the Volterra operator @, be given by the definition
(5.7) and let the space B(w,) be given with the help of the definitions (5.2)
and (3.66). Then,

(5.12) sup [|Q-|[(LEO,w,) < 0.
ReleZ

We start the proof of Lemma 5.1 by showing that it holds for the first
term of formula (5.6);

S supgs w (8) " wp(s) |y () >
(513) < Tz(s)| | < yr(s), Tz (s) >V [Ep(s)]ds < oc.

To prove estimate (5.13), first we show that,

(5.14) ssli[c) wr(8)] 2z (8)] < 0.

To see estimate (5.14) note that according to the definition (3.55) the ma-
trix U(3) is diagonal and trace U(3) = 0. Hence the definition (3.66) yields,

(5:19) 40(0) = A+ QuONT + Qu(t)) - expl | U(B)aalo)do)- [(j] ,
and the definition (3.65) yields,

# 1
(5:16)2:(5) = A+ QNI+ Qule)) - exol [ UBes(onaol: [ ]

Taking the absolute values of formula (5.16) and (5.15) and multiplying
the resulting formula together we find,

(5.17) |9 ()] - |2 ()] < [JAGS)T + Qe(s)(L + Qus))II*-



20 HORST BEHNCKE AND PETER REJTO

Combining estimate (5.17) with the definition (5.1) and with estimate
(3.69) we find estimate (5.14). To prove estimate (5.13), second we show
that,

(5.18) Rg{fe’zng <yr(s),Jz(s) > | #0.

To see estimate (5.18) note that formula (5.16) and (5.15) together yield,
1
< yr(8), Jzp(s) >= {< A()(T 4+ Qe(s) (T + Qu(s)) [0] ,

TAGHT+ Q)T+ Quie) |§] >}

Since an invertible matrix maps linearly independent vectors into linearly
independent vectors, we see from this formula and from estimate (3.70) that
estimate (5.18) holds. Finally, we note that combining estimates (5.18) and
(5.14) with conclusion (3.1) of Theorem 3.1 and with the definition (5.1)
we find estimate (5.13).

We continue the proof of Lemma 5.1 by showing that it also holds for
the second term of formula (5.6);

 supys w0 (0)~ 0 (5) 20 (8) >< Tun (5]
(5-19) J e Ton () S |- [ E(s))ds < .

As a first step of the proof of estimate (5.19) we show the existence of a
constant v, such that,

(5.20) wnl) e (9 < 7 expl=Re2 [ ino)de

To see this, we note that similarly to estimate (5.17),

wrl) )] < AT+ QNI+ QuNI explRe2 [ U (3)ss(o)do].
(5.21)

Inserting estimate (3.69) into this one we find a constant v such that
(5.22) wr(s) - |yr(s)| < v - exp[Re2 /cs U(3)a2(0)do].

Next we claim that there is a possibly different constant v such that,
(5.23)  exp[Re2 /s U(3)aa(0)do] < v - exp[—Re2 /s in(o)do].

To prove estimate (5.23) note that the definition (3.55) and formula (3.25)
together yield,
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5

exp[2 /s U(3)a2(0)do] = eXp[—Q/ ip(o)do] -

c

sJ=3
~exp| /ch ;- exp zg])—l—c11 I exp(—zg])](a)da].

An integration by parts together with estimate (3.24) and assumptions
(2.9) and (2.8) shows that the supremum of the absolute value of the sec-
ond factor is finite. Hence, denoting this supremum by v and taking the
absolute value of this formula we find estimate (5.23).

As a second step of the proof of estimate (5.19) we show that there is
a constant 4 such that

(5.24) w ()7 |z (1)] < 'yexp[ReQ/ in(o)do].

In fact, combining the definition (5.1) with formula (5.15), (5.16) we find
that the constant v of estimate (3.69) is such that

w ()7 |z (1)] < 'yexp[—ReQ/ U(3)a2(0)do].

The proof of estimate (5.23) also shows that

(5.25)  exp[—Re2 /s U(3)aa(0)do] <7 - exp[Re2 /s in(o)do].

Now combining estimate (5.25) with the previous one, we find estimate
(5.24).

As a third and final step of the proof of estimate (5.19) we multiply
estimates (5.24) and (5.20) together. This yields,

(5:26)  wrlt)™" e Olus) -l (9] < 7 exlRez [ ity

Now we need that according to the definition (3.6) the integrand on the
right of estimate (5.26) is negative. In fact, this property motivated the
choice of the branch of the square root function in the definition (3.5).
Hence the exponential in estimate (5.26) is majorized by 1, and so,

(5.27) ()™ 2 (O)wn(5) - [y (5)] < 77

Combining estimates (5.27) and (5.18) with conclusion (3.1) of Theorem
3.1 we obtain estimate (5.19).

We complete the proof of Lemma 5.1 by noting that inserting estimates
(5.19) and (5.13) and the definition (5.6) into the definition (5.11) we find

conclusion (5.12).
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We complete the proof of conclusion (5.3) by noting that Lemma 5.1
allows us to apply the LEO Lemma 4.2 to the Volterra operator of the
definition (5.7) and to the weight function of the definition (5.1). Then
conclusion (4.21) with A = 1, yields the invertibility of the Volterra equation
(5.10) and conclusion (4.21) yields,

(5.28) 1 M, < exp((|@- I(LEO, wr)) - |97 [l -

We see from the definitions (5.2) and (5.1) that ||y-||w, < 1 and so, com-
bining estimate (5.28) with conclusion (5.12) of Lemma 5.1, we obtain
conclusion (5.3).

To prove conclusion (5.3) note that the already established conclusion
(5.3) allows us to conclude that

lim Qe f ()] - [y (D] = 0.

Then combining this estimate with the Volterra equation (5.10) we obtain
conclusion (5.4). This completes the proof of Theorem 5.1.

6. Proof of the main theorem 2.1 under the additional as-
sumption (6.3). In this section we prove the main Theorem 2.1 under
the additional assumption (6.3), to be stated. The considerations of [DR]
show that it is implied by the following Theorem 6.1. In it, for a given
angle 0 < 8 < 71 we define

(6.1) Re(Z)={A€C:|ReX €Z,0< targh < 0}.

THEOREM 6.1. Let the assumptions and notations of the main Theo-
rem 2.1 hold. Then, there are regions of the form (6.1) such that,

(6.2) sup  ||mi2R(\)mi/?|| < 0o, s > 1/2.
AERL(T)

To prove Theorem 6.1 first we need the Weyl-Weidmann construction
[We], [DS] for the resolvent kernel of the operator of the basic system (2.21).
To describe this construction we make the additional assumption that the
constant e of the definition (2.12) is such that,

(6.3) le| < (€% —1/4)Y/?

and denote by f, and f; the solutions of Theorem 5.1 and of Theorem 4.1,
respectively, extended to all of RT. Then according to this construction,
in the notation of [LR] this resolvent kernel is given by;

[r(&A) >< fe(n, A), fornp<¢
fT(naA) >< fﬁ(gaA)a for n > €

To prove Theorem 6.1 second we need the Schur-Holmgren-Carleman
bound of a given integral operator R with reference to a given positive

(6.4) ROE ) =< fo, T [, > {
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measurable function ¢, [F] [Ok]. This is defined by,

_ _ -1/2
I1710) = (o297 [ 1RE i drsup ™ [ IR mlea) ™
(6.5)
where the supremum is taken over the support of . According to their

result [F],[Ok], if the support of ¢(£)t(n) contains the support of R(¢,n),
then

(6.6) 1RIl < [IB]I(1)),

where the left member is the operator norm. In view of the bound (6.6)
Theorem 6.1 is implied by the following theorem.

THEOREM 6.2. Let the assumptions of Theorem 6.1 hold, let the real
number e satisfy assumption (6.3) and let the function t be given by,

(6.7) t(n) =n~""%
Then, there are regions of the form (6.1) such that,

(6.8) sup ||mi/2R(/\)mi/2||(t) < o0,
AERL(T)

In the following lemma we isolate the key estimates that we need to
prove Theorem 6.2. In it, we extend the weight function of the definition
(4.6) to all of R*. More specifically, with the help of the approximate
solutions of the definitions (4.5) and (3.65) we define,

Ol fort e (0,¢)
(6.9) w"€<”‘{|zr<t>||yz<c>|, for 1 € (e, 00)

Similarly, we extend the weight function of the definition (5.1) to all of RT,

_ |Zz(t)|| r(c)|’ for t € (O’C)
(6:10) w0 = { O vt ele

LEMMA 6.1. Let the assumptions of the main Theorem 2.1 hold and let
the fo and f, be the solutions of Theorems 4.1 and 5.1 respectively. Then,
the weight functions of the definitions (6.9) and (6.10) are such that,

(6.11) sup [ fe(, Alw,,. < o0
ReleZ

and

(6.12) sup [1fr (1, Mfw,.. < 0.
ReleZ

Furthermore, the boundary value of their Wronskian, as A +ie — XA € T
from above, is such that,

(6.13) inf | < (M), T () > | £0.



24 HORST BEHNCKE AND PETER REJTO

As a first step of the proof of conclusion (6.11) define the weight func-
tion

(6.14) wr1(t) = |2-(2)], fort e (e, 0).

Then, similarly to the proof of Theorem 5.1 we see that the basic system
(2.21) admits a solution g, such that,

(6.15) sup_{|gr(, Mlfw,, < o0
ReleZ
and
(6.16) sup_lim (Jgy (£, A) — 2 (6, M)] - |2 (8, )] 1) = L.
RexeZ t—o°

The asymptotic formula (6.16), conclusion (5.4) of Theorem 5.1 and the
definitions (3.66), (3.65) together show that the solutions f, and g, are
linearly independent. Hence there are constants e, (A) and 3,(A), such
that

(6.17) Fo@, ) = ar (M) fr (8, A) + Br(N)gr (B, A) for t € (e,00).
As a second step of the proof of conclusion (6.11) we show that

(6.18) sup |ar(A)] < oc.
ReleZ

To prove estimate (6.18) first note that formula (6.17) yields,
(6.19)  a.(A) =< fi(e, ), Jgr(e,N) > (< fr(c, ), Jgr(e,A) >)7 1.

Combining conclusion (4.8) of Theorem 4.1 with the definition (4.6) and
combining estimate (6.15) with the definition (6.14), we see that there is a
constant v such that,

(620) | < fZ(ca /\)a Jgr(ca /\) > | < 7|yl(cat)||zr(cat)|'

Combining this estimate, in turn, with the definitions (4.5), (3.65) and with
estimate (3.69) we find,

(6.21) sup | < fi(e, A), Jgr(c,A) > | < 0.
ReleZ

In other words, estimate (6.18) holds for the first factor of formula (6.19).
To see that it also holds for the second factor we need that the trace of the
coefficient matrix of the basic system (2.21) is 0, and so,

< fr(e, X)), Jgr(c, A) >= tlim < fr(t,A), Tgr(t, X)) >
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Conclusion (5.4) of Theorem 5.1 and the asymptotic formula (6.16) together
show that

tlim < fr(t, ), Jgr(t,A) >= tlim <y (B, A), Tz (8, A) > .

Combining this formula with estimate (5.18) we find,

(6.22) Ri§£I|(< frle, X)), Jge(e, A) >) # 0.

Hence estimate (6.18) holds for the second factor of formula (6.19), and
this completes the proof of estimate (6.18).
As a third step of the proof of conclusion (6.11) we show that

(6.23) sup |5-(A)] < 0.
ReleZ

To prove estimate (6.23) first note that formula (6.17) yields,
(6.24)  B.(A) =< fole,A), Jfr(e,A) > (< gr(e, A), T frl(e, A), >) 71

Similarly to the way that conclusion (4.8) of Theorem 4.1 did imply esti-
mate (6.21), we see that conclusion (5.3) of Theorem 5.1 implies,

(6.25) sup | < fi(e,A), J fr(e,A) > | < o0.
ReleZ
Inserting estimates (6.25) and (6.22) into formula (6.24) we find estimate
(6.23).
As a fourth step of the proof of conclusion (6.11) we note that com-
bination of estimates (5.25) and (5.23) with formula (5.16) and (5.15) and
with the definition (3.6) yields,

(6.26) lyr ()] < v |2 (t)], fort € (c,00).

Combining estimate (6.26), in turn, with conclusion (5.3) of Theorem 5.1
and with the definition (6.14) we find,

(6.27) sup [|fr (4, Mllwr1 < o0
ReXxeZ

Inserting estimates (6.27), (6.23), (6.18) and (6.15) into formula (6.17) we

obtain,

(6.28) sup_[|fe(, Mllwr,1 < o0
ReXxeZ

Finally, combining estimate (6.28) with conclusion (4.8) of Theorem 4.1
and with the definition (6.9), we arrive at conclusion (6.11).

The proof of conclusion (6.12) is similar and for brevity we skip the
details.
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We start the proof of conclusion (6.13) by showing that for large enough
[

bl

(6.29) Fa(t) £0 and  foo(t) £ 0.

Here, of course the subscripts 1,2 denote the components of this vector.
We see from assumption (2.14) that to show relation (6.29) it suffices to
show that

(6.30) Jim fro(t)fr1 (07" = (ip(o0) + m) - A7

To see relation (6.30), we need that the definitions (3.66), (3.59) and (3.55)
together with conclusions (3.42) and (3.17) of Lemmata 3.3 and 3.2 yield,

(6.31) yr(t)rv(—exp/ctU(l)H(a)da)~A(oo)[(1)], for {— .

We see from conclusion (3.7) of Lemma 3.1 that the vector on the right
is an eigenvector of the matrix P(oo) — AJ with eigenvalue —iu(o0). This
fact, assumption (2.6) and the asymptotic formula (6.31) together allow us
to verify the asymptotic formula (6.30) for the approximate solution y,.
Combining this asymptotic formula with conclusion (5.4) of Theorem 5.1
we find the asymptotic formula (6.30) for the solution f, itself.

We continue the proof of conclusion (6.13) by showing that if ¢ is so
large that relation (6.29) holds, then

(6.32) Im{< fo(A), Jf(A) > fu ()7 () = Im { fra () fr1 (1) 71},
' for for(t)=t #£0,

and

(6.33) Im{< fo(A), Jfr(X) > foa(®) ™ fron ()71} = Im { for () fra(8) ™"}
’ for fea(t)= #£0,

For brevity we verify formula (6.32) only. The definition of J yields,

< o), TH ) > fa(@)7 @)™ = fra@) fra ()7 = fra() fr (1)1,
for fru (1) #0
(6.34)
We see from the additional assumption (6.3) that,

(6.35) Im (02 —eHH? =0

and so, by formula (4.3) the eigenvalues of the matrix JC(e,£) are real.
Since according to the definition (2.12) this matrix is real, it follows that
the eigenvectors are also real. Combining these two facts with the definition
(4.5) we find that the approximate solution y, is real;

(6.36) Imy, = 0.
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Combining this relation, in turn, with conclusion (4.9) of Theorem 4.1 and
with the fact that the coefficients of the basic system (2.21) are real, we
obtain that the solution f; is also real;

(6.37) Imf,=0.

Inserting formula (6.37) into formula (6.34) we arrive at formula (6.32).
We see from the uniqueness of the Cauchy problem of the basic system
(2.21) and from conclusion (4.9) of Theorem 4.1 and the definition (4.5)
that for each ¢, f.(¢) # 0. Hence one of the components of this vector is
not 0, and so either formula (6.32) or formula (6.33) holds. Combining this
fact with the the asymptotic formula (6.30) and with assumption (2.14) we
obtain,

(6.38) < V), T (A) ># 0.

We see from Theorems 4.1 and 5.1 that the left member of relation (6.38)
depends continuously on A € Z and so, conclusion (6.13) follows. This
completes the proof of Lemma 6.2.

Now it is straightforward to show that Lemma 6.2 implies Theorem
6.2. Since in Lemma 5.1 of [LR] we proved a similar implication, we omit
the details and consider the proof of Theorem 6.2 complete. This also
completes the proof of the main Theorem 2.1

7. Removal of the additional assumption 6.3. In this section we
remove the additional assumption (6.3). Accordingly, let

(7.1) el > (% — 1/4)'/%.

Then the closure of the formal operator of the definition (2.1) is no longer
self-adjoint and the Weyl-Weidmann construction leading to formula (6.4)
breaks down. However, we can use this construction for the resolvent of a
given self-adjoint extension of this formal operator.

To describe this construction we need that assumption (7.1) yields,
|Re (¢2—¢?)'/?| < 1/2 and so, the definitions (4.12), (4.4) and (4.2) together
show that,

(7.2) ye € £2(0,¢) and z € £*(0,¢).
For brevity we only consider the case of),
(7.3) le] < ¢,

since the other case is quite similar. In this case relation (6.35) is still
valid and hence so is formula (6.36). Replacing the definition (4.5) by the
definition (4.12) in the proof of formula (6.36) we find,

(7.4) Imz, = 0.
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Hence, each linear combination with real coefficients of these two approxi-
mate solutions is also real. To be specific let @ € R be given and define,

(7.5) Yo, = SN - Yo + cOS - 2.

Replacing the approximate solution y, by ¥, in the proof of Theorem 4.1
we see that the basic system (2.21) admits a solution f o for which con-
clusions (4.8) and (4.9) hold. Since y  satisfies a real boundary condition
at zero, it follows from conclusion (4.9) that so does f; ». Similarly, it fol-
lows that we can also replace fr by fi » in conclusion (6.13) of Lemma 6.3.
Combining these two facts we see that we can make the same replacement
in the Weyl-Weidmann formula (6.4). This yields;

_ -1 fr(ga/\) >< fZ,a(na/\)a f0r77<€
RaONE ) =< fea ). T 0) >~ { (03 7S oottt o <,
(7.6)

Then we know [We] that the corresponding operator is the resolvent of the
self-adjoint extension of the formal operator (2.2) given by the boundary
condition of f; o(A). We denote this resolvent operator by R.(A). Similarly,
it follows that we can also replace fe by f; o in conclusion (6.11) of Lemma
6.2. Thus, we can replace f; by f; o in each of the two conclusions of
Lemma 6.2. This fact allows us to repeat the proof of Theorem 6.1 under

assumptions (7.1) and (7.3) and conclude that

(7.7) sup  ||mi2Ro(N)ml/?|| < 0o, s> 1/2.
AER(T)

Since we have seen in Section 6 that Theorem 6.1 implies the main Theorem
2.1, estimate (7.7) yields the Main Theorem 2.1 under assumptions (7.1)
and (7.3).
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