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OPEN QUESTIONS IN THE CONVERGENCE ANALYSIS
OF THE LANCZOS PROCESS
FOR THE REAL SYMMETRIC EIGENVALUE PROBLEM

7. STRAKOS* AND A. GREENBAUM**

Abstract. Some open questions related to convergence of Ritz values and vectors in the Lanczos
process are formed and studied. This leads to the feeling that the concept of stabilization of weights in the
inner products corresponding to the sequence of related orthogonal polynomials could play an important
role in the understanding the behavior of Lanczos process. Stabilization of weights is examined. In the
case of exact Lanczos algorithm a simple and almost complete answer to the question is received, while in
the finite precision case our attempt to prove the stabilization of weights failed and the question remains
open.

1. Introduction. The Lanczos algorithm applied to a given N by N real symmetric
matrix A with the initial vector r® will be considered. It is given e.g. by the recurrence

g =r°/|Irl,fr =0
ar = (Ag* - Bra* ™", q")
(1.1) w* = Ag* — arg® — Brg*?
Br+1 = [lwil|
¢ = w*/Bry, k=1,2,...

or in the matrix form

(1.2) AQk = QiT + Brpr1d" 1 (M)

where Qy is the N by k matrix with orthonormal columns ¢!, ¢?,...,¢*, e¥ = (0,0,...,1)7,
Ty is symmetric tridiagonal matrix

(43] ,32

Ty = b e , Ti = QF AQ.
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Let A =UAUT and T} = Sx©xS? be the eigendecompositions of 4 and T, A = diag(\;),
O = diag(G(k)) U and S; are matrices with the normalized eigenvectors of A and T}
as columns. The eigenvalues 9( ) of Ty (Ritz values) and the vectors z = Qk s(k)
then considered as approx1mat10ns to the eigenvalues and eigenvectors of the matrlx A
Consistently to the notation introduced above we denote the matrix with columns z( ) a
Zy. There are many results describing the convergence of Ritz pairs produced by (1 1)
to the original eigenpairs, for the comprehensive overview we refer to [Parlett—80] and

[Cullum-1985].

In practical computation the orthogonality among Lanczos vectors ¢* is lost due to
rounding errors and (1.2) must be replaced by the perturbed recurrence

(1.3) AQk = QiTk + Brr1 "1 (eM)T + Fy,

where Q, T} refer to the really computed values and Fj is the N x k matrix with columns
f®, ng), sgk) are the exact eigenpairs of Tj. Fundamental work in the analysis of (1.3)

was done by Paige. He proved that ||Fy|| < k'/2||A|le;, where'e; is a small multiple of the
machine roundoff unit ¢ [Paige-76]. Then

(1.4)  [|AZP — 60| = g* T B (eF, s ) + Fusl?) < 6ij + B2 Alley

where 6x; = Brt1l(e¥, ] )| = Br+ Is | s( Y is the bottom element of the j-th eigenvector

of the matrix T%. For ||z]( )H ~ 1 this gives a bound for the convergence of ng) because

(k) (k) (k)
. o, 1Az =672 1
(1.5) mim|)\,-—6§-’”)| < = ” (k)’” I—< “ (k)||(6kj+kl/2||A”51)-
z .

Paige analyzed the case ||z§-k) || < o(1) and proved in fact the next theorem (cf. [Paige-80],
p. 249).

THEOREM 1.1 (Paige). For any Ritz value 9§~k) determined at the k-th step of the
Lanczos process (1.3)

(1.6) miin |A; — Hgk)| < max{2.5(6x; + k2| Aller), (k 4+ 1)3| Alle2},
[

(1.7) (57,4 = =2,
kj

€D < Kl Alles = ea.

Thus, 6; < o(1) implies convergence of 9§~k) to some eigenvalue A; regardless the value

||z§k) || is small or not (e5 is a small multiple of the machine precision unit €, see [Paige-80]).
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Moreover, if the orthogonality among ¢**! and zg-k) is lost, then 9§~k) is convergent to some
eigenvalue \;. The reverse statement cannot be simply stated from (1.6) and (1.7). First,
it is not necessarily true that |\; — Gg.k)| < o(1) implies x; < o(1). Second, even if 8;; is
small then it can still be |£§’;)| & brj and (zg-k), ¢**1) can be small. We will return to this
point later.

We have not mentioned yet any assumption concerning the multiplicity of the matrix
A eigenvalues. In exact arithmetic this question has no real impact to the analysis, because
the initial vector ¢! projected to the invariant subspace corresponding to some eigenvalue
A; determine a unique eigenvector from the subspace participating in the process. Exact
Lanczos applied to A with a given ¢! can thus give no information about the multiplicity
of eigenvalues. In the finite precision Lanczos run the multiplicity can be effectively tested
[Paige—72, Cullum-85]. Although we touch this point in next sections, there is not our
aim to discuss it in detail here. Therefore from now on the eigenvalues of A are supposed
to be simple and ordered such that

AM <Ay <o < AN
Similarly, Ritz values are supposed to be ordered in a similar way,
6 <o < ... <o,

We assume moreover that the projection of initial vector ¢! to any eigenvector of the
matrix A is nonzero, i.e. (¢*,u;) #0,1=1,2,..., N.

Both the exact and finite precision Lanczos processes generate a sequence of real sym-
metric tridiagonal matrices with positive subdiagonals (Jacobi matrices). In the exact
arithmetic the process is terminated by Bny+1 = 0. In the finite precision arithmetic one
can hardly meet vanishing fj41; usually the process can be run for an unlimited num-

ber of steps with Br41 > 0. Using the notation introduced above we briefly recall some
properties of Jacobi matrices.

a) The eigenvalues of T} must be distinct, i.e. in previous notation
6" < 6 < ... < 6P,

b) If k£ < t, then for any Jacobi matrix T; with T} as its leading principal submatrix

there is an eigenvalue 6 in any open interval (9§~k), 0;’_]'_)1‘ , (—oo, 9§k)), (G(kk), +00).

c) Let ¥x(0) = det(6I — Ty) be the characteristic polynomial of Tk, t2 ; be the
characteristic polynomial of T5 ; (submatrix of T} obtained by cutting off the first
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row and column). Then

k) (k k
(18) sty sy Wk(67) = H Bi
(1.9) (15 VP94(65) = 9, (9(“) vi(6;7) = [0 — o)

T#j

k k k
(1.10) (Y HE) = (6

k - k k— k k
(1.11) (65 — 6=1)(sS )> (57 = B sty
where sglj-) is the top element of the j-th normalized eigenvector of the matrix Ty. Proof

for a), c) can be found in [Parlett-80], b) is well known property of orthogonal polynomials
and in the language of Jacobi matrices it is presented e.g. in [van der Sluis-87]. From
(1.8) we see that 31 7é 0 sk]) # 0.

Let now Ty is a Jacobi matrix with 9§N) = A;,7 = 1,2,...N. Then from (1.2) we
can easily derive that T is the Lanczos matrix produced in the step N of the Lanczos
algorithm applied to the matrix A = UAUT, A = diag();), U is arbitrary orthonormal
matrix with the initial vector ¢! defined as
(112) gt = UG sty sV = U0 = ()T
Moreover, the Lanczos run (exact or finite precision) applied to A, ¢! generates in the steps
1 thru n a sequence of Jacobi matrices T, T5, ..., T, which are equivalent to the matrices
produced by the (exact) Lanczos algorithm apphed to Ty, e!. This suggests that theoretical
properties of Jacobi matrices provide essential tool for the analysis of the Lanczos algorithm
and its behavior in finite precision arithmetic (cf. the basic result in [Greenbaum-1989}).

The correspondence between Jacobi matrices and orthonormal polynomials (which is
well known since the time of classical development) can be formulated in the following

way. Let A\; < Ay < -+ < Ay be N distinct real points, and my, mo,...mny be N positive
values,

-

m; = 1.
1=1

The innerproduct of polynomials ¢, with respect to the discrete points Ay,..., Ay and
corresponding weights my,...,my is defined by the formula

N
(1.13) (0, 1) = Y mip(A)p(N).

i=1
For a given A\;,m;,1 = 1,..., N, (1.13) defines the unique set of orthonormal polynomials
1,01,...,9nN, where pr()) is of degree k with a positive coefficient corresponding to AF. Tt
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is not difficult to see that ¢1,...,pn are the normalized Lanczos polynomials ¥1,...,%¥n
generated by the Lanczos algorithm applied to the matrix A = UAUT, A = diag()\;), U is
arbitrary orthonormal matrix, with the initial vector ¢! given by

(1.14) ¢ =Um? md, . miT.
Comparing (1.12) and (1.14) gives

(1.15) mi = (52 = (uirq!)?
Lanczos polynomials ¥,()) can be expressed as

k+1
¢k(>‘): Hﬁ] ‘fok(A)a J:1)2’,N_17
(1.16) 7=

N
o) =18 eV
j=2
Moreover, each ¥,k =1,2,..., N, is determined uniquely by the minimizing property
(1.17) ||k || = min{||¥||,% is monic polynomial of degree at most k },

where || || is a norm induced by the innerproduct (1.13). From (1.16) immediately follows

k+1
¢t =yr(A)g'/ H Bj
(1.18) "
b+l = 1/)j(TN)61/ H,Bj, k=1,2,...N —1.
=2

For proofs see [Parlett—-1980]. Classical orthogonal polynomials are related to the results
reviewed here via the Gauss quadrature rule [Golub—1969]. For a simple description of the
relation to the continued fractions see [Gragg—1984], also [Strakos-1991b].

Thus, the Lanczos run (exact or finite precision) applied to A,¢' generates in steps 1
thru n a sequence of monic polynomials

1’¢la"'7¢n

ezactly orthogonal with respect to the innerproduct
(1.19) (0, 9) = D m{” (6" (65"),
j=1
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where Bgn) < 05") < - < 6% are the roots of ¥, (eigenvAalues of T},) and the weights mgn)
are given by

(1.20) m{™ = (sM)?, j=1,2,...,n.

Each ¢k, k =1,2,...,n is determined uniquely by the minimizing property (1.18), where
norm || || is induced by the innerproduct (1.19). In the next step {9;71) (n)} _, is replaced

by {9§-n+1) (n+1)}n+1 in such a way, that

1a¢1’--'7¢n

which were exactly orthogonal with respect to the innerproduct defined by n-points ng)
with weights mgn), Jj =1,2,...,n, are now ezactly orthogonal with respect to the n 41
dimensional innerproduct defined by n+ 1 points 9;n+1) with weights mg-"ﬂ), j=1,2,...,

n+1, and Yp41 (9§.n+1)) = 0. The real Lanczos run evaluates in this manner a sequence
of monic polynomials orthogonal in this special way with respect to a sequence of inner-
products. The innerproducts are changing with increasing dimension n while preserving
the orthogonality among the previously determined polynomials. One can expect that
the innerproducts tend to approach in some sense the original innerproduct (1.13), (1.15).
This raises a question about the convergence of Ritz values and the stabilization of weights
(1.20).

This paper is organized as follows. Next section specify the problems which motivated
the work. Section 3 collects some basic theoretical results. Most of them are known but
they are rather dispersed in the literature, some of them are thought to be new. Because
many answers remain incomplete, we present some preliminary results too. Hopefully they
can be used in the further work. Section 4 describes our numerical experiments. In sections
5-8 theoretical results are applied to the questions formulated in Section 2.

2. Questions. In this section we try to explain the motivation of our work on this
paper.

Question 1. Approximation bounds based on Ritz values at several consecutive
steps.

The value of 6;; .; Plays a key role in the approximation bounds (1.4), (1.6) developed by
Paige. Can the value é;; be bounded using only information about thz values in several
consecutive steps? In Section 5 we show that in many interesting cases the answer is
positive. If, e.g., Ritz values 0§k), 91(k+1) at steps k, k+1 are close to one another and both
of them are well separated from the other Ritz values at that steps, then the quantities

Okj, Ok+1, are small. From the relation

(2.1) d); > min |9§k) — W], t>k1<r<t,



(cf. [Paige-80, Wilkinson—65]) this implies that there must be Ritz value 6 close to
9§-k) in any subsequent step and from Theorem 1.1 these Ritz values are close to some
eigenvalue A; of A. Moreover, we develop bounds for 6;; (based on Ritz values in two or
three consecutive steps) which can be applied to the outer eigenvalues in a cluster, such
as might be generated by a finite precision computation. They lead to a practical test for
convergence which does not require computation of eigenvector elements of the tridiagonal
matrix. Unfortunately the formulas very rarely give approximation bounds of order less
than €!/2 and they do not establish small value of 6 ; for interior Ritz values in the cluster.

Question 2. Clustered Ritz values and eigenvector approximations in the finite
precision Lanczos computation.

For the clusters of Ritz values generated in the finite precision Lanczos computation
(cf. [Parlett—80], paragraphs 13.3 and 13.6) our experiments suggest much more. It was
observed that for any Ritz value 9§~k) in the tight well separated cluster the value 6y ; is small
and consequently the corresponding Ritz vector (if nonvanishing) is a good approximation
to some eigenvector of the matrix A. Theoretical affirmation of this empirical observation
could significantly simplify the error analysis of the Lanczos process given in [Greenbaum-
89]. We do not have a proof. Our partial results are discussed in Section 6.

Question 3. Stabilization of weights.

As it was recalled in the Introduction, Lanczos process (exact or finite precision) for the
matrix A and initial vector ¢! generates a sequence of innerproducts (1.19). It is natural to
ask in which sense the innerproducts (1.19) approximate the original innerproduct (1.13),
(1.15). Let e.g. Ritz values 955), 9§f+1)’ e 9§-Ik+l) computed in steps k,k +1,...,k + [,

approximate eigenvalue A; of A. Does it imply that the weights mgt), 7n§~f+l), e ,mgf-H)
are approximately equal to the value m;? For the exact Lanczos process, assuming that
Ritz values %), g+ glrty)
Jo ? "1 YUY
swer this question positively in Section 8. For a finite precision Lanczos process and well

are well separated from the other Ritz values, we an-

separated Ritz values a partial answer is given. For a finite precision Lanczos process and
a cluster of Ritz values the question is reformulated as follows: do Ritz values in a tight
well separated cluster approximating eigenvalue A; of A share the weight m;? Despite the
preliminary results of Section 8, this question remains practically open.

Question 4: Identification of spurious (ghost) eigenvalues.

The approach based on the identification of spurious Ritz values was developed by
Cullum and Willoughby, e.g. [Cullum-85]. It is a feasible alternative to the approach
determining convergent Ritz values based on Paige’s work. Spurious eigenvalues are those
Ritz values computed in the finite precision Lanczos run, which are the result of the loss of
orthogonality and can never be found among the Ritz values (even slightly perturbed) of
the exact process for the same data. We will focus on spurious Ritz values which are well
separated from theirs neighbors (we are not going to discuss the question of multiplicity
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of the original eigenvalues).

If we consider for simplicity only well separated Ritz values, then spurious Ritz values
computed at the step k are in [Cullum-85] identified with those eigenvalues B;k) of Ty which
are also (numerically) eigenvalues of T3 ;. The justification for this test is based on creating
the associated conjugate gradient procedure and proving its asymptotic convergence (cf.
[Cullum-80]). A more general consideration shows in Section 7 that spurious eigenvalues
may appear in the early stage of computation when the corresponding CG process is far
from convergence and in a part of the spectra which is unconverged. Moreover, there are
spurious Ritz values which are not (numerically) eigenvalues of T, ;. The discussion in
Section 7 shows that any general procedure that reliably identifies any spurious eigenvalue
must be very complicated.

3. Theoretical properties. Some theoretical properties of Jacobi matrices and of
the Lanczos algorithm will be presented followed by some results taking into account the
effect of roundoff in real Lanczos runs. First, we need to describe the relation between Ritz
values and weights (1.20) in the sequence of innerproducts (1.19). This is related to the
inverse eigenvalue problem for Jacobi matrices. In the language of orthogonal polynomials
and Lanczos method the situation is simple.

Let Gg-n),j =1,...,n and 9;2’"),]' =1,...,n — 1 be any sets of real numbers with the

interlacing property
o < 6P <M << gBM < gl

Then there is unique Jacobi matrix T, with 9;"'), j = 1,...,n, as its eigenvalues and
95-2_’70,]' =1,2...,n—1, as eigenvalues of T ,,. Clearly, let ¢,,(8) = [] (6 H(n)) Yo n(0) =
j=1

n—1

I1(6- 0(2 n)) Then the Lanczos algorithm applied to the diagonal matrix D,, = dlag(ﬂ(n))
j=1

with the initial vector ¢! = s° = (s (1711), . sg?) where 31? is determined by (1.9), gives
the result. Applying the previous argument to the matrix T, transposed according the
skew-diagonal (or using the Lanczos in the reverse ordering, see [Parlett—80]) the result is
modified as follows. Let 9;"'),]' =1,...,n and 9§-n_1),j =1,...,n — 1 be any sets of real

numbers with the interlacing property

(n) (n—1) (n) (n—1) .
6, < 6," "V <8 << <o,
then there is unique Jacobi matrix T}, with the eigenvalues 95-") ,J=1,...,n,and G(n b ] =
1,...,n — 1, as eigenvalues of T},_;. Similar or related results were published by many

authors, cf. [Gantmakher-50], [Atkinson-64], [Wendroff-61], [Hochstadt—74], [Hald-76],
[deBoor-78], [Hochstadt-79], [Deift-84|, [Gragg-84] and [deBoor-86]. Scott used the re-
sult to find the initial vector for which the orthogonality among Lanczos vectors is well

preserved in the real Lanczos run and gave thus a nice application of the Paige’s theory.

8



The correspondence of Jacobi matrices and orthogonal polynomials was exploited by de
Boor and Golub, who gave first (to our knowledge) the simple and elegant proof of these
results and pointed out the connection to the Lanczos method [de Boor-78], [Golub—83].
We recall some other results presented in these works.

The vector of weights
(3.1) m® = (m", - m)T = (57 (T

is the solution of the linear system

(3.2) VM = (1,(T)11, (T2)11, -5 (T~ 1) T
1 e 1
9(") egln)
where V(") = 1, ,
Myt L (g
is the Vandermonde matrix based on 9§n),. L6 X1y is the (1,1) element of the matrix

X. Indeed, (T})1, = (S, diag(6{™)ST) )11 = (Sa(diag(6\"™))*ST)1, = z(e(’“) (s8)2.

Using
(T i = (T Lk/2J) .(T1£(k+1)/2J).1,

where X; and X ; denotes the first row and column of the matrix X, |y| is the largest

integer < y, it is not hard to see, that the value (T¥);; is thus determined by the val-

ues ai,Qg,..., 0 k), ,82,/63,...,,8LL-}1J, and the right side in (3.2) is determined by
2 2

01,5 nj2)s BaseeosBlny2). We want explicit formulas for the weights (3.1). From
(1.8)—(1.10)

(3.3) 2,0 (6 (88)) = B, B = H B2, j=1,2,...,n,
r=2
(34) gV = (1)) = '”’"((fy;)) -
Dn(60;"7) (6790 (6;")
and the orthonormality condition i} mg-") =1 gives
j=
. -1
(3.5) B = | D (o (0 1 (657)) 7
j=1



(3.4)-(3.5) was proved directly in [de Boor-78]. These relations determine the weights in
(1.19) from the Ritz values at steps n — 1 and n. The analogy of (3.4) for the squared
bottom elements of the normalized eigenvectors can be found quite analogously

n— 9(") (n)
(3.6) (s17)” = ! , 1((;) I (f) o)
vr(6;7) e (6 ) (6;")
or
n+1
Il s
(3.7) 6. = — —.
T (65 (67
Inversely, explicit formulas for polynomials ¢y, 95, ..., %, _; based on 357;) , ng) ,7=1,2,...,n,

were given by Cybenko [Cybenko-87].

Next result gives a relation among the innerproducts (1.19), cf. Lemma 5.9 of the
paper [van der Sluis—87).

THEOREM 3.1. Using the previous notation, the weights m(rk), r=1,2,...,k, in the k-
g p g

th innerproduct, 1 < k < n, defined by the Lanczos run (exact or finite precision) for A, q*,

are related to the values mg."), 9;"'),]' =1,2,...,n, ank),r =1,2,...,k, by the formula

n (n) n (n) 2
! m ¥r(6;7) 1 o [ Ye(67)

(38) mP)=— "NV T o PSRN ol MU b
w09 56 oD e T\ - e

Especially, for k =n — 1
1 - B
mit Y = e — — =
NG T A )

= i Zn: ¢n—1(9§~n))
(W (87002 5 (8565 — D)2

(3.9)

Proof. (3.9) follows from (3.8), (3.4). We denote

k()
(3.10) wir(A) = E(A —0") = (T_km

Clearly wk,(0$k)) = zpi(GSL)) Let p(\) be any polynomial of degree at most 2k — 1.
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Then we could write p(A) in the expansion form
p(A) = ¥ (VBN + p(N),  H(A),p(N) has degree at most k — 1,

k = (k) (k)

x p(6:") p(6r")

p(A) = vewir(A), vy = — = —
; wier(07)  wir(6)

Thus, using the fact that k() is orthogonal to p(A) with respect to the n-th innerproduct

- n n = n)x n n p(e n
Som6) = S = 3o S ) -
j=1 j=1

1=1

> S| g00) 2 3 et
' n k r - r r
r=1 /lbk(e(k)) 1=1 ! (95 - 95‘ ))

r=1

Moreover, m(n LS 0,r=1,2,...,k, »Zﬁ:l m&"“k) = 1. To show this, we use the expansion
wi,r(A) = wk’r(O,(rk)) + (A - ng))r{()\), K is polynomial of degree at most £ — 2. Then

S miMwt (857) = wi (09 3 m M (67) + S miM (657 )s(65),
j=1 i=1 i=1

but the last term vanishes because of orthogonality property. Then

(nk) _ n) (n)
mr O(k)) Zm Wk r( ) -

wkr

n

(i (e“))) Dy (ke (67))" > 0

Zm(n k) = Z??‘L&"‘k)zbo(@gk)) = Zm(")t/) 9(1") Zm(n) 1,

r=1 1=1
where ¥y(1) = 1.
To finish the proof we need to show that m£~ = msn ). But the set of monic polynomials
1,1,...,%K—1 is orthogonal with respect to both innerproducts defined by points {9,(~k)}k=1
and weights {m )} or {my (, )} This 1mphes m™ = m{™® =12,k which can be

directly proved as follows. The weights m') , where (%) is elthel (k) or (n k), satisfy the
relations

m{*) =
'I"

m(r*)ibj(G(fk)) =0, 57=1,2,...k—1,
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which can be written in the matrix form as
(3.11) Xm® =l

where m®*) = (mg*), e ,mgc*))T, el =(1,0,...,0)T,

1 .. 1
(3.12) ¥ (60 ()
| Yo (87) L e (6)

The matrix X is nonsingular (using row operations X can be transformed into the Van- .
dermonde matrix). The difference vector m(™*) —m(*) thus solves homogeneous system
with nonsingular matrix and must vanish. []

COROLLARY 3.1. For any Jacobi matrix T, which has T} as its leading principal
submatrix, k =1,2,...,n—1,

(3.13)  mSP(r(65))? < (w8926 — 62 j=1,2,.. .m0 =1,2,... k.

Proof. From Theorem 3.1

n

1 (n) (n)y\2 (k)
m Zm]- (wkr(Bj )N =my <1
T r ]:1

which gives
mi" (wir(6;")F < (wir(61))”

and multiplying both sides by (9;") - 99))2 finishes the proof. [

One must be careful in the interpretation of Corollary 3.1. If there are two eigenvalues

)

of T} which forms a close pair, then for any eigenvalue 9;”’ of any Jacobi matrix which has

T} as its leading principal submatrix either (d)k(ﬂgn))f is “as small as (¢L(9£k)))2(9§n) -

ng))z”, or the weight mgn) is small. This is worthy of two comments.

First, if e.g. 65’“) and Hgi)l form a close pair, then one intuitively expects |1/)§\(9(TL))| < 1.
But %k is a monic polynomial of degree k and thus the value |1/)'k(9£k))| can be very large.

It may be relatively small, of course, in comparison e.g. to ‘1/)2(95’"_)1” in the case that Gf,k_)l
is well separated from other eigenvalues.

Second, if 9;") was not approached by any 9,§k),i = 1,2,...,k, and there is a close pair
0(’0) 9(") (n)

r 50,11, then one could vaguely expect |¢2(9§71))| > |¢2(9£k))| which implies m;"" <1
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supposin ot — 0£k) < o(1)). This conclusion is wrong, of course, because even in this
pposing |6 < g

case it can be |¢2(9;k))| < |t/);c(9(r}”)| due to inhomogeneity in the eigenvalue distribution.
This shows very clearly, that the phenomena described here are determined by the distri-
bution of all eigenvalues and one must be very careful in using arguments based on the
local information only.

A simple but interesting relation can be derived directly from (1.8)-(1.10) and (3.3)

(n)

(M2, (my2 _ _B :

(3.14 sy = £ j=1,2,...,n,
) e e vn(6;”)

which gives

m™ 52 ,(9(n.)) 2
(3.15) | L= || 1<iisn
mi nj ;7(9] )

If now e.g. 6n; < 6,; than either |7,Z):l(9§n))| < |1/);l(9§n))|, or mg.") < mgn). We warn again
that the values z/J;l(G;-")), 1/);(91(")) depend strongly on the global eigenvalue distribution
and on the position of Ogn),ﬂgn) in the spectra. It cannot be simply stated without any
additional assumption that e.g. 95") well separated imply 1&;(95")) = o(1).

(3.6)-(3.15) show that stabilization and clustering of Ritz values affect the weight of
every other eigenvalue in the innerproduct (1.19). The strength of these connections are
determined by the global eigenvalue distribution.

Previous results can be entirely described in the language of Jacobi matrices. In the
rest of this section we present a few results concerning the Lanczos algorithm and its run
in finite precision arithmetic. Subtracting

k k k k) k
u?{Az; ) _ 9; )zg- ) — 5k+13§;]‘)qk+1}

and

(z](.k))T{Aui — Aiu; =0}

gives useful result

(3.18) i = 0 (wir =) = st (i, ).

For the finite precision Lanczos run (3.16) is modified to

(3.17) i = 0 (i, 29) = Brgr s (uiy F 1) + T Frsl,

13



where ||u,TFk3§-k)|| < &4, €4 = k'/?||A|e;, see Introduction.

LEMMA 3.1. For any step k of the exact or finite precision Lanczos process applied to
A g

(k) (k) _
(3.18) ZSIJ 5 =4,
(k k
(3.19) mi? = |(ui, ¢')| = IZSU)(UH #59).
Proof.
ngﬁ) (k) _ ngj) gk) = QkSkso = Qre; = ¢'.

(3.19) immediately follows. []

(3.16)-(3.19) relates the weights in the original innerproduct to the weights in the k-
th innerproduct and to the convergence of Ritz vectors. Next two lemmas assume exact
arithmetic.

LEMMA 3.2. For any step k of the Lanczos algorithm applied to A, ¢*

k
Pr(Mi) _
420 20 RGO

j=1

Proof. Using (3.18), (3.16) and (3.14)

LI (b)) £ Brprsi) sty
(ui,ql) = Zslj (uh Y ;(k)] (u iaqk+l) =
i=1 =1 AT
k41
k l—[ /Br
_ r=2 k41
- k k ( l’q )
= = 6w (67
From (1.18)
k+1 k41

(i, ¢*1) = (ui, ¥i(A)g")/ T Br = @xQi)uir ')/ ] 8-

14



which gives

Pi(Ai)
(u,,q ) - (u“q )Z ()\ o e(k))wk(g(k))

Lemma 3.3 gives an analogy of (1.18) for Ritz vectors.
LEMMA 3.3. The Ritz vectors determined at the step k of the Lanczos algorithm
applied to A, ¢* are given by

k k k k
(3.21) “—sgnw< P, wl® = w(4)g!, i) = Hﬂr Bl

where wy; Is defined by (3.10) and sgn = Sk])/ls |, or equivalently by
kj

(k) N n
k 1
(3.22) zg- ) — k’ E (uiy g wij(Ni)u; = ———(k)¢ (6(")) E (wiy ¢ wij(ANi)us
=1 k =1

Proof. From [Parlett—80], Corollary (12-3-7)

(k k k :
zg ) — sgn z( D = wl )/||w( )|| wgk) = wkj(A)ql.
kj

Then (u,-,ég.k)) = %(u,,q ). But from (3.16), (1.18)

l|w

) _ s &
(ui,zj )= ;T,{)(u' gt = A wij(A; )(uirg")
I1 A~
r=2
which comparing to the previous relation gives
k
H :Br
sgn [} = 1
k k k
ki (]) A )d) (9( ))

Next bound can be found e.g. in Paige’s thesis [Paige—71]. The proof is very instructive,
that is why it is included.
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LEMMA 3.4. For any Ritz vector ng)’ 7 = 1,2,...,k, at any step k of the finite

precision Lanczos process applied to A, ¢!

(k) (k) Okj + €4
(3.23) 1287 — ePus|| < ]

m;?])\r —0;
Wheref = (2, (k) ui),t=1,2,...N.

Proof. Let zﬁk) = {gf)u,- be the expansion of z;k) to the matrix A eigenvectors.
i=1

Then

1/2
1/2 [2(@ — 6By ]

0 - e = ey <F
rii min [A, — 637
- (k) &
)‘rfr'ur —~0; ér'ur (k) (k) _(k)
< | rzz:l ’ ’ r; i _ ”Azj —0;z |
S mGe-6 min [\ 6"
< Orj + €4
© min|\, — H(k)l
ri

For the cluster of Ritz values, relation (3.24) in the following lemma complements (1.7).

LEMMA 3.5. For any step k of the finite precision Lanczos process applied to A, ¢!

(3.24) 6|28, T < kI6W — 657 + &5, 1<rj <hor £

Proof. Let Ry be the strictly upper triangular matrix defined by

Qi Qx = R{ + diag((¢*,¢")) + Ru,

then

TiRi — RiT = Brr1 QF ¢* ' e* + 6 Ry,
where ||6Ri|| < ||6Rx||F < €3, [Paige-76). Multiplying by (s' ))T from the left and s(k)
from the right gives

(99) o egk))(sgk))TRksgk) = Brs1 (k)(z(k) L+1) + 65;)’
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where |€$;€)| < €3 and considering || Ri|| < ||Rk||r < k, the proof is finished. [

Lemma 3.5 says that if 6 and 6 form a close pair (whether this pair is separated
y ; p

from other Ritz values or not), then at least one value of é;;, (z,(nk),qk“) must be small

(the property is of course symmetric). It will be used in Section 6. When ||z£k) || is “small”,

which is the troubled case in the Paige’s analysis, then éi; must be also “small”, because
from (1.3) and using (3.48) in [Paige-80]

k k k 3 k
(3.25) 8kj < (114237 — 682 eg) /") < 20141 11257 ]| + 2k° (| Alle.

Finally, we recall the well known result describing the angleé among Ritz vectors (see e.g.

[Parlett—80], 13.4.7)

. 13 . . . L .
(3:26) (89 = 65)(29, 2{7) = Braasi (219, ¢*H) = Braasil) (2, ") + o(ea).

(k)

If Hﬁk) is separated from 9;“, the corresponding Ritz vectors do not vanish and both s/,

si’? are “sufficiently small” or “sufficiently large”, then the corresponding Ritz vectors are
approximately orthogonal.

4. Numerical experiments. Experimental results discussed in Sections 5-8 were
obtained for diagonal matrix A = diag();) and randomly generated initial vector r°.
Following [Strakos-91, Greenbaum-92] we use

Il
&

N=24 X =01, Ay =100,
v—1 —
Ay A1+N_1(AN—A1)-/)N . v=23,...,N—1,

where parameter p € (0.5,1). For some values of p (e.g. p € (0.6,0.8)) the orthogonality
is lost very quickly even for a very small dimension N. Our experiments were performed
using Matlab, machine precision was ¢ = 2.22 x 10716, Real runs of algorithm (1.1) were
compared with the “exact” Lanczos run, i.e. process including double reorthogonalization
of the each Lanczos vector against all previously computed ones [Greenbaum-92]. For each
step ¢ we monitored the values of 8,41, H;ilz Bj, max |¢>§(9§i))|, =8 /1rCl, max ||z§-i) Il
which are on the figures denoted as bt, pbt,d,r and z, ||r|| is the norm of the i-th residual
for the corresponding conjugate gradient process solving

0
Az =% 2% = 0.
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Results of our computations will be presented in a graphic form as shown in Figure 4.1.
It describes the step 30 of the Lanczos process for p = 0.8. The figure window is divided
into two fields, separated by the virtual line y = 107°. There are two rows of cross-points
in the lower field — the lower shows the distribution of original eigenvalues A, the upper
the distribution of Ritz values computed in step 7. In the upper field there are four points
above each Ritz value Hgi):

(¥) I

*  denotes ||z§l)||/ max [E>

o denotes |b(1'])|
+ denotes le;)l
denotes (8;")1/ max 916,
J

values less then 107? are set to 1072, If there were two or three Ritz values approaching
the same eigenvalue )., then there would be a pair or a triple of the corresponding points
above A,.

Figure 4.1 shows Ritz values in different stages of convergence. There are clusters of
three Ritz values near Ayy and )3 (at least one copy still does not have a small value of
8k;), two copies approximating Ag, first copy perturbed by the second copy approximating
Ago (c.f. [Parlett-80], p. 270). There are Ritz values with a moderate size of ;; (near
A16, As — A13). Some of the eigenvalues are still not approximated by any Ritz value (e.g.
A7). An example of the cluster development is shown in Figure 4.2, where crosspoints
denote the position of Ritz values near the eigenvalue Ajg = 13.24. We see the “moving”
of Ritz values caused by the forming of multiple copies near previously approximated
eigenvalues or discovering the hidden eigenvalues (cf. [Parlett-81], graph of “bottom-pivot
function” §;).
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i=30,bt=2.476,pbt=4.591e+15,d=1.164e+35,1=1.02¢-06,z=1 .174,t=2.144¢-13

100 L S B I B B S A LN oy - T T ey g ¥ TE T
g o ° °
1().l [~ o _‘}'5»? o + o -
P : o + o
2 L o o ) i
10 9 .
103 ¢+ ° o o R
. . o °
104 \6(30) T
2050
10-5 B + + > -
106 + . i
+ o
107 | . . 7
L, (30) -9 + *
106 | W8 )1/d <g . -
+ [ {3
109 | .<\A. o + + ® ® + ° - Q )
4
A S O A S S S S S O S SO S S S R O
10-10 [ 1 1 1 11 1 41 1 i A 1 At 1 1 1 1 ¥l 1 1 i1 4 1 _<T
10-! 100 10! 102 [3
leo)}] >\g eigenvalues,Ritz values,lan
5 A A
1
second 5, , Hrst Copy  three copies
WPY  yoderate  perturbed
i coming by the second one
Figure 4.1
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rho=0.7lam=13.24

40 M ) ]
3st * i
30+ : * : N
. :
25t : B i
=) + 1
S +
:; +
£ wf : _
15 « —3 . T . ]
10 ]
5 B =
0 1 1 1 1 1
. . . -1l _ ~
100 QS 107" <10 10" 1G° 40°

%’\'{K \JO(MC/.‘E: - (@\Q’\\‘\)G d&”‘éf‘@ﬂcq .}/O\M kQM&

Figure 4.2

5. Approximation bounds based on Ritz values in several consecutive
steps. This section gives bounds for ;; based on Ritz values in two or three consec-

utive steps.

First the upper and lower bounds for the bottom elements of the eigenvectors of Jacobi

matrices is given (cf. [Hill-91], [Strakos-90]).
LEMMA 5.1. For any Jacobi matrix T
k k—1)
o(F) — g

(5.1a) (M2 <l __
k1 9§k) B ng)

(k) (k=1)  p(k) (k-1)

(k)2
(k) (k) (k) (k)
91‘ - 91—1 91‘ B 91+1

(k) (k—1)
9k — 9k—1

(k)\2
(5'16) (‘Skk) S H(k)—é(k)
k k—1

Proof. Immediately follows from rewriting (1.10) in terms of Hgk) and 921‘.7”. 0
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LEMMA 5.2. For any Jacobi matrix T}

k k-1
o) _ g(k=1)

(5.22) (si) ) 2
Ok
4 . L L .
(5.2b) (s0)2 > ?(95.“ S i () S N S WY S|
k

(k (k-1
0k )~ 91;—1 :

9

(5.2¢) (si))? >

Ok

where o}, = Gik) - Gik).

Proof. For j =2,..., k-1

j—1 o(k k-1 k k k-1
e A et
J 9§k) _ egk) 921.:) _ egk)

r=1 r=j+1

1 [j—? 6,gk) _ gD

~ o g 11 o _¢®

k k-1 k k-1
} (659 — 8{ D) (g0 — glk1)y
r+1

r=1

kﬁ egk) _ gtk 1

(k) (k) (k) (k)

Using the interlacing property and |(9§-k) - ng))(é?;k) - Gik))| < 2o} finishes the proof (the
special cases are trivial). []

Lemma 5.2 is used for proving next result.

21



THEOREM 5.1. For any Jacobi matrix Txy1,k > 1

(5.3a) S < a7 (88 — ot/
(5.3b) bk < U,tfl(a;clfll) — 6/
; gk _ gkt \ 1/
k+1 J J -
(53(3) 6kj§ 5 (9(k+1)_9(k) ) ] —2,...,k—1,
J Jj-1
oray [ BEHD _g® 1/2 .
. ) +1 j+1 J N »
(53d) 5k] < ) (9“) 9(k+1)> 7] —2,...,k—1,
i+1 7 Yk
and
(5.4a)
5 < ,Bk+101/2 ng—l) . 99)
— ﬁk k—1 (ng—2) . ggk—l))l/g
(5.4b)

(k) (k—1)
S < ﬁk+101/2 O — 0y
= Y V)
B Ok’ — 6y V2

(5.4c)
§; < Dbt Tk oy -0 j=9. k-1
) = k—1 k—2 k—2 k— T Srera
B 2 (ol gDyl — glE I
(5.4d)
(k) (k—1)
y Br+1 Tk—1 9]‘ — 9]'—1 j=2 E—1
= k— k— - k— IR
B 2 q(6%T) — o6 — gl

where o = Bgck) — 9§k).

Proof. We prove (5.3c) and (5.4c), the other inequalities are given quite analogously.
Using (1.11)

-1 : p -1
(5:5) 067 = 07701 2 6yl = 5l e o

V)
o



Considering the first part of (5.5) withn=k+1,v=¢(=

g®) _ glk+1)

§p; < L—2
J |S(k+1)|
k+1,5

and bounding |5§:++111)| by (5.2b) gives (5.3¢c).

Considering the second part of (5.5) withn =k, v=¢ =7

(k-1) (k)
Brs1 b; —9;

5kj <
=3 (k—1
k |Sk—l,;|

and using (5.2b) to bound |sik__ll;| gives (5.4c). 0

Note that (5.1) multiplied by 5%4—1 relate the bound for 6;; to the Ritz values computed
at steps k,k — 1, while (5.3) relate the bounds for 6;; to the Ritz values at steps k,k + 1
and (5.4) to the Ritz values at steps k,k — 1,k — 2. Thus, local properties of Ritz values
in two or three subsequent steps can ensure convergence, cf. (1.4), (1.6), (2.1) and (3.23).

Using only neighbor Ritz values and two or three iterations substantially weakens the
result. If, e.g. for it~y b1—1» < 1 and |9£t) - 9£t_1)| =0 < 8;—1,r, then using (2.1) there
must be some 9;?4_[) within 26;_; , of th) for any [ > 1 but (5.1) gives

o1/2

— 6y

Otr < Bit1 ;
(6%,

ie. for 8 well separated from 9,(,21 the bound is ~ ¢!/? only. Experiments confirmed
that for the early stage of convergence (until §;; drops below ~ ¢'/2) (5.1) gives a sharp
bound. Similarly, for outer Ritz values in the cluster perturbed by a new copy beginning
to approach the cluster, the estimates (5.3) and (5.4) are realistic. Many relations similar

to (5.1)—(5.4) can be developed, we choose the forms which looked simple enough.

It is natural to ask if (5.3), (5.4) proves the convergence of at least one Ritz value in
any well separated cluster. The answer is negative. Let e.g. there are two close Ritz values
at the steps k and k — 2, followed by only one Ritz value at their neighborhood at the steps
k 4+ 1 and k — 1 and all these Ritz values are well separated from the others at the same
steps, as i1s shown in the scheme



k41 + glk+1)

Jj+1
k 68 4+ 6
k—1 + gy
k-2 0 +4 gt
iteration step Ritz values
near 9§k), 95',4:-)1

Without additional assumptions (5.1)-(5.4) give in this case no reasonable bound for 6;
and 6k j+1. A similar situation may occur e.g. after discovering a hidden eigenvalue
in the spectra (cf. [Parlett—87] pp. 17-19, Figure 3) or forming multiple copies of the
previously approximated eigenvalue. On the other hand one can expect a Ritz value the
convergence of which is proved by (5.1)—-(5.4) in the “history” of any cluster. This offers
a justification for the statement that in the Lanczos process for A, ¢! every cluster of Ritz
values approximates some eigenvalue A; of A (c.f. e.g. [Cullum-85]). This statement was
in fact proved by Greenbaum’s result [Greenbaum-89], it follows from the correspondence
between the real and exact Lanczos runs. But this does not give a realistic bound for the
precision of approximation.

6. Clustered Ritz values and eigenvector approximations in the finite pre-
cision Lanczos computation. Let CEk) =
{9,(,k), ceeh 0,(,’2,’} be the cluster of Ritz values approximating A; at the step & of the finite
precision Lanczos process for A4, ¢!,

£ = 609, — 00 s o = minfol® — 6, 0%, ~o%,)

its diameter and separation, dgk) < gl(k), dgk) <1l,n>1 (Hék) and 9&)1 are formally set
to —oo and +oo respectively). Let J = {v,v+1,...;v+ 17}, \; € (95,“,0,(,}2,]). For any
Ritz value ng) € ka) with 6x; < 1 the Ritz vector zgk) is a perturbed scalar multiple of
u;. If ||z§-k)|| > 0, then ng) gives a good approximation of u; (Lemma 3.4). But there is
still no proof for the experimentally based conjecture that é;; < 1 for each Ritz value in
the cluster and the relation

(6.1) ST~

Jj€J

proved by Paige ([Paige-71, 80]) gives no argument that ][zgk) || > 0 for 6’;“ with 6, small
(cf. (3.25)). Onme can intuitively expect that the subspace spanned by the Ritz vectors
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corresponding to the cluster C'gk) is just the slightly perturbed one-dimensional subspace
generated by u;, but considering (1.4) this is equivalent to the convergence proved by the
small value 8;; for each Ritz value in C,-(k). We will discuss some points related to this
view on the problem.

From Lemma 3.5 and (1.7) immediately follows that if max |(z§-k),qk+l))| # 0, then
j

kd®
(6.2) max 0; < ’(k)+ =
1€J max |(z;, ¢kt D)
J€EJ

i.e. if the orthogonality is lost in the direction of at least one Ritz vector corresponding
to the Ritz value in the cluster, then each of the clustered Ritz values has small value éx;.

We examine in detail the loss of orthogonality among the Ritz vectors zgk), Lanczos vector

¢**1 and eigenvectors u,.

For 6§-k) # A; the relation (3.17) together with (2.12) and (2.15) of [Paige-80] gives the
bound

: Opj + €3
(6.3 |(ui, 2M)| < L2
: eSS e

i.e. if éj; is small and ) approximate some A, well separated from A; (e.g. |A, — X\;| >
J J ]. g

Orj), then 2P s approximately orthogonal to u;.
J 7 g

Let ng) € Cl-(k) and 8x; > 0. Then ¢! and u; must be approximately orthogonal,
because using (3.17)

(k .
< |Ai — 0 | +eq < d® + ey

6.4 iy gkt
(64 (0,0 41)] € S i

But then using (3.17) again for some ng) well separated from A;

(k) Ope + €4 dﬁ"') + €4 Ore + €4 dEk) + &4
(6:5) (i z¢)] < max(6x;) |\ — ¥ - max () (k)
jEJ i) |Ai =6, jeg 9;

i.e. if there is any 9§-k) € C,(k) with dr; > 0, then the eigenvector u; is approximately
orthogonal to any Ritz vector which has the Ritz value separated from A;. This is a little
more than (3.26) would suggest. We hoped to use these results to prove that 6;; is small
for any Ritz value in Cl-(k) but we failed to complete the proof. At the beginning of our
work we hoped for the result justifying that for any Ritz value in C'fk) dx; is less or equal
to the quantity proportional to

(k) /2

d:

(95“> |
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In our experiment using p = 0.7 and studying Céln - Céil) we receive e.g. approximate

values shown in the next table:

step k 17 18 19 20 21
TR 107! 107 | 107 | 107¢ | 1077
179"
(first copy) <107° <107? 108 108 107
Okk-1
(second copy) 5 1071 1073 1073 10~¢

It is clear that dzp—1 > (dg’;) /géi))l/2 for £ = 17,18,19. The maximal ratio between these
two factors is of order ||A|| = 100. We feel that more experiments are needed.

7. Identification of spurious (ghost) eigenvalues. The approach using spurious
eigenvalues was introduced and extensively studied by Cullum and Willoughby in many
papers (e.g. [Cullum-85, 86,80]). They proposed a test for spuriosity based on theoretical
arguments referring to the situation at the late stage of computation The occurrence of
spurious Ritz values is examined in this section in a more general way.

Experimental results related to this subject and discussed below are shown in two
series of figures. Figures 7.1-7.5 describe the results of the “exact” Lanczos (Figure 7.1,
i+ = 24) and finite precision Lanczos (Figures 7.2-7.5, i = 18 — 21) for p = 0.8 and vector
r0 generated randomly. Figures 7.6-7.10 show similar Lanczos runs for p = 0.8 and the
vector ¥ taken as the fourth power of the randomly generated vector (this gives a wide
range of weights). Figure 7.1 and 7.6 show a final step of the “exact” Lanczos runs.

DEFINITION 7.1. Ritz value 9§k) computed in the step k of the finite precision Lanczos
process for A, ¢' is called spurious, if it is a result of the loss of orthogonality (caused by
rounding errors) and has no analog in any step of the exact Lanczos process for A4, ¢'.

This definition is a bit vague but hopefully it describes sufficiently those Ritz values
in the real Lanczos process which can never be found among the Ritz values (even slightly
perturbed) of the exact process for the same data. We are not interested in those spurious
Ritz values, which form multiple copies of some eigenvalue (we are not concerned about
the multiplicity of eigenvalues). The main idea is to identify those spurious Ritz values,
which do not correspond to any original eigenvalue.

Our discussion is based on the relations (3.7), (3.15). It is e.g. clear that if there
appeared Ritz value ng) with large 0; near some Ritz value ng) with small §;; and
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|¢L(9(k))| ~ |} (O(k))| then the weight of G(k) would be small. On the other hand, if there

occurred a Ritz value 0( ) with large 6;; and small weight mg ) hear some Ritz value GEk)
k k k k k

with substantially larger weight m( ), 5 ) > mg ), and |1/)k(9§ ))I, |¢£(6’§ ))l are of the

same order, then §;; must be small. In both cases |¢2‘k(9§-k))| < |¢2‘k(95k))[. So the Ritz

value with the value |¢2,k(9§-k))| relatively small in comparison to their neighbors has some
interesting properties.

DEFINITION 7.2. Ritz value 9§~k) computed in the step k of the finite precision Lanczos
process for A, q' is called cw-spurious, if it is within a small multiple of the machine
precision of the exact root of 13 j.

We point out that it may be \¢2,k(9;k))| > 1 for 9;’:) cw-spurious, because 2 ; can be
a high order polynomial.

In [Cullum-85] the equivalence between spurious and cw-spurious Ritz values is stated.
We show that this relation is more complicated which doubt the existence of a simple (single
number based) and reliable spuriosity test.

First, let a spurious Ritz value 9(~k) appears between two well separated Ritz values 9§ )1,

0(+1 which just began to converge. One can expect |¢k(9(k) )| ~ |1,Z);~(9(k))| |¢L(9(k)

]+1)|
and thus (3.7) implies [$2.x(69)] ~ [24(85")] ~ |¢“(9§’;31)| and k)
()

J 1~ my
miiy ~ 0(1) > 0. Then either 9( ) may not be marked cw-spurious, or 9 1 and 9(+1 may
be also marked cw-spurious. In any case it looks hl\e a counterexample for the statement in

[Cullum-85]. Moreover, m( ) > 0. Ritz value 9( in Figure 7.10 gives an example of such

spurious Ritz value. We see that |s1 6 | |s (23)| 10_2|5(12’$)|. Figure 7.11 shows how this

spurious Ritz value change its position in the spectra to form a second copy approaching

A21.

Second, if there were some eigenvalue in the original spectra with a small weight (like
A2 in figure 7.6), then the Ritz value “looking for” this eigenvalue might be marked cw-
spurious even if they were result of the exact Lanczos process. This situation is discussed
in [Cullum-85]. That may be the case of 95125) in Figure 7.7 (i = 15). Ritz value 9-(,16)
in Figure 7.8 (1 = 16) is an example of another Ritz value changing its position in the
spectra very quickly (in Figure 7.8 it finally approaches A;¢ as 6517)), which is caused by
the difference in the weights m;s and ms. None of these Ritz values are spurious (our
statement is based on the experiment with double reorthogonalized Lanczos).

In [Cullum-85] an associated conjugate-gradient process is defined for the real Lanczos
run. Then it is shown that the relative norm of the k-th residual r* of this process converge
asymptotically to zero and this argument is used to establish the spuriosity test. To our
opinion the existence of spurious or cw-spurious Ritz values cannot be in general related
to the small values of ||r¥||. The spurious Ritz value 9%8) shown in Figure 7.2 has a good
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chance to be a cw-spurious, but ||r¥|| = 0.1744.This value was computed using the formula

k12 IIEIQIBI2
(7.1) [Ea = (e (02

cf. [Cullum-85] Lemma 4.5.2. For the spurious Ritz value 9%0) in Figure 7.4 ||7¥|| = 0.2141.

Figures 7.3 and 7.5 show how the position of these spurious Ritz values is changed in the
next iterations.

This discussion shows that there is no hope for a simple (a single number based) and
reliable test for spuriosity. It is necessary to combine several approaches, e.g. the test for
cw-spuriosity proposed by Cullum with the test for stabilization based on 5.1. The general

purpose procedure reliably marking any spurious Ritz value must be very complicated.

i=24,bt=2.656e-16,pbt=8.75¢-06,d=1.177c+44,r=5.03le-19,z=1,t=1.1 13e-13
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8. Stabilization of weights. It is very natural to ask a question about the stabiliza-
tion of weights corresponding to the (well separated or clustered) Ritz value approaching
some original eigenvalue. In general, it can be formulated in the next way.

Question 8.1. Let (,)n, n = 1,2,... be a sequence of innerproducts (1.19)—(1.20)
defined by the exact or finite precision Lanczos process for A, ¢!. In which way does the
innerproduct (, ), approximate the original innerproduct (,) defined by (1.13), (1.15)?

The next conjecture formulates the question more specifically.

Conjecture 8.1. Let Bfk) = {9£k), e ,9,(}2"} be a nonempty set of Ritz values approx-
imating an eigenvalue A; dt the step k of the exact or finite precision Lanczos process for
A, q'. Let these Ritz values be separated from the other Ritz values by g(k)

1 )

k ) ' k k k
gz( ) = m1n{9,(,k) - 95,_)1, ef/-I-)n+1 - 9574-)'/}’

and

dgk) = 957’2,, — 6% for n 0,
d®

= min |69 — ¢kt for n=0.

r=v,v+1

(ng) and 92’21 are formally set to —oco and +o0). Then

v+n v+n

(8.1) Z m(rk) = z:(s(]k;))2 =m; + h(dgk),g§k))

r=v
and dﬁ’“) < ggk) implies h(dgk),ggk)) L m;.
In the language of Jacobi matrices a slightly different conjecture may be formulated.

Conjecture 8.2. Let T} be any Jacobi matrix, Bl(,fc,; = {H,Sk), e ,9,(}2,7} be a nonempty
set of its eigenvalues, J = {v,...,v + 1},

(k) _

Gom = min{6{*) — oih  gk) ()

v—1>Yv4n+1 9u+n}’

where ng) and 9&_)1 are formally set to —oco and +o0o. Let Ty be any left principal sub-

matrix of T} for which there is a nonempty set B,(;,-]) = {95—,1) e 95-,?_,-’} of its eigenvalues

approaching some of the eigenvalues in Bf,f,), J={v,...,v+17}. Let

,(72 = min{@f—,t) — oW o)

()
g p—13 p+i+1 —9.7+r;}-
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9(()t) and 9&21 are formally set to —oco and +oo. Let the distance o ,7) between B,(,,,) and
B,g,tn—) be defined as

a,(,’:}?ﬁ = max{|9§-k) — 95”[, jeldJ, reld}.
Then
= o O (k)
¢ t ¢
(8.2) 3 (82 Z(S )2+ h(gSh), guar Tumin
j=v 7
and

k NE k
o0 > ol s hl§ o, i) < S ADP

In this section Conjecture 8.1 is proved for some special cases and preliminary results for
the general case is discussed with some partial results.

We first examine the case corresponding to the exact Lanczos algorithm applied to
A q'. Let g; = m;n|)\j — Ai| be the separation of A; from the other eigenvalues. For
FE)

Ritz values with small bottom elements of the corresponding eigenvectors the situation is
simple.

LEMMA 8.1. Exact Lanczos process for A, q' is considered. Let 9§-k) and 9,(»n) approx-
imate the same eigenvalue \;, k <n < N, let

6 = max{bj, bnr} < gi.

Then
. 6
(8.3) mg-k) = m(" 4 p1/2 O(gi — 6) .
Proof. From Lemma 3.4
160 < ) - P < —H <
min [A¢ — 6| gi— 6
0#i
n n 6
1 -] <l — e ui] < :
gz - 6

because |A; — 9;“] <6, |\ — oL | <4, and consequently

(k)
A9 b, é (n),,. . i &\ 6
=& v <gi—5) Gt 2’?+O(gi—5>_zr t\s s/




Using the definition of Ritz vectors and the fact that the matrix @, has orthonormal

columns
(n) _ [ & _ 6
On [S’" (Sé )] o<gi - 5)

OIRONPIRONN RO T J 12 o 9
o =< 162 = (49 ) < 1o ) <o 755)

Because of

m{™ —m{?] = (537 — )57 + 537
the proof is finished. []
Similarly for well separated Ritz value 95”).

LEMMA 8.2. Exact Lanczos process for A, q' is considered. Let G;k) and Ein) approx-

imate the same eigenvalue A\, k < n < N, let 63; < ¢; and 95"') are well separated from
the other Ritz values, i.e.

min 6" — 6] > 79 > 61",
Then
572 I
(k) _ . _(n) 1/2 Bat1 kj ( kj )
8.4 m . =m + n o) + o .
(8.4) ! " [(70:’)]/2 <gi_25kj g; — Ok;

Proof. Using (2.1), (5.1)

260 1/2
611.1‘ S ﬂn.+l%
(vgi)Y/

and repeating with slight modification the proof of Lemma 8.1 gives (8.4). [

For n = N and G(T") = A; the result proved in Lemma 8.1 and 8.2 is rewritten in the
next theorem.

THEOREM 8.1. Exact Lanczos process for A,q' is considered. Let 95}:), 1<k <N,
1 <3 <k is close to some \; so that

oy < gi = I?;i?(/\[ — ).
Then

k) _ . ar1)2 Okj
8.5 m;’ =m; +N 0(—> .
(8:5) ’ gi — Ok;j
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Let now the Ritz value 9( ™) is not well separated Then from the interlacing property
there can be at most one other Ritz value, say 9, 41, approaching A; and from the next
lemma at least one of the values 6,,,, 6,41 must be large.

LEMMA 8.3. Exact Lanczos process for A,q! is considered. Let 95‘"), 051)1 approach
the same eigenvalue A\;, 1 <n < N, let

16 — 60| < 9gi, 9 < 1.

Then

nl/2

(8.6) smx(burboria} = o LU0,

Proof. Let max{nr,bnr+1} < ﬁ’ﬂnll;_—;’l, £ < 1. Then analogously to the proof of
Lemma 8.1

4
/2’

(n) () () §
1= &l < llzphn = & will < nl/2’

(") (n) €
Zry1 =2 O (771/2>

I]- (71)| < ”z (n) _ (")uz|

Then

E_‘_)l =s{" 4 0(¢) and
(531, 587) = 1] = 0(§)

which contradicts the orthonormality property of eigenvectors. []

One would like to prove that in this case one of the values 8, 6nr+1 must be small,
but the discussion of relations (5.1)—(5.4) in section 5 showed that this question remains
open. We will analyze the situation in more detail. Let under the assumptions of Lemma
8.3 e.g. the original eigenvalue \;4; is not approached by any Ritz value at the step n and
is well separated from the other eigenvalues so that

2
{)\wn()\i+;3)} > ( ¢n(9(n)l))2

+1 — Uy
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Then for any subsequent step t, n < t < N at which A;4; is sufficiently closely approxi-
mated by some 9?) we receive from (3.13)

(n) \ () p(n) (n) (n) \1?
<t><[¢'(er+1 (6% om)} [w;,_(arﬂ)(x,.ﬂ_orﬂ) .l

n(65") Ya(Ais1)

i.e. the weight of A\;;1 must be small. This gives an indication how the strange situation
from Lemma 8.3 might eventually occur in practical computation. We have not found this

PORPS)

case in our experiments. Fo 41 sufficiently close

¢/ (9("))
|

and thus using (3.15) the weights mim m(r +)1 are inversely proportional to the values é,,,
5n.1‘+1 .

From Lemma 3.3, relation (3.22

() (. () ¥n(Ai)
(8'7) S1e (t Liy 2y ) - (/\i _ 0211)) ;2(0gn))(ui,ql)-

We give a bound for the terms sgz)(ul,zgn)) ¢ # r,r + 1. Let max{énr,bnr+1} =
kgi(1 —9)/n'/?, k = o(1). Then using (6.5) with &4 = 0

1/2 1/2 9
RGN In < n Bt
(8.8) (i 2] < "Rl —0)gi = w1 - )y
so
o 1/2
n n n & n —-———nﬂn 29
(8.9) Z ) (uz, 2| < Z(s( )2 Z (ui, 25> < +1; -
=1 = S
et j#ETr,T+1

The result is summarized in the next theorem.

THEOREM 8.2. Exact Lanczos process for A, q! is considered. Let Gﬁn), 91(,'_:_)1 approach
the same eigenvalue A\;;1 <n < N,1<r <n, let

6 — 6151 < dgi g =minAe— X, 9 <1,
max{8,r, Onr+1} = Kgi(1 — 19)/17,1/2, k = o(1).
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Then

1/2 n n (n) (n) nﬂn—{—l v
(8.10) mi/ = Sgr)(ui’zv(‘ )) + syrp1 (Ui, 2,40 + P 0((1 —19)91').

Proof. 1t is given by considering (8.9) with (3.19). 0

Note that the terms sg'rl)(u,-, zﬁ")) and sgﬁl_l(u,’, z,(“i)l) have the same sign, which follows
from (8.7). Using (3.16) the relation (8.10) is rewritten as
nﬂn+1 9
#20o{)

That is all we are able to say about the case corresponding to the exact precision Lanczos
run. We feel that the “point of discovery” idea introduced in [Parlett—87] might be used
to cope with the case when \; is close to some other eigenvalues (and ideally — using the
sequence of Jacobi matrices — it could be applied also to the finite precision case). This

(n) (n) (n) _(n)
(8.11) mi/? = Bnt1l(ui, g )] Siy Snr n S1r415nr41

' A—60 x — 6

needs further extensive work.

Now we turn to the finite precision case. ¢**! cannot be expressed as polynomial in
A applied to ¢', there are no analogies of the related results for a finite precision Lanczos
run. Supposing well separation of the Ritz value at some step we easily derive the analogy
of Lemma 8.2.

LEMMA 8.4. Finite precision process for A, ¢' is considered. Let ng), 9$n) approximate
the same eigenvalue \;,1 < k < n, let

1 (n) — ms 9(") _O(n) )
» kj <<gr I&?l 14 r |

Then

. Sk
(8.12) m'® = (W /2o K
J r (n) Sus
gr kj

Proof. Assume hypothetical exact Lanczos process for T, e!. (from Introduction this
process produces exactly the same tridiagonal matrices like the original finite precision
process for A, q! in the steps 1 thru n). Applying Theorem 8.1 the proof is finished. ]

If we assume only a small values of bottom elements of the corresponding eigenvectors,
things become more complicated. Let 9;“, 95"') approximate the same eigenvalue A;, let
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0= max{afj),a( )} where 35?, a(”) are bounds for |A; — ng)|, A — G(Tn)l given by (1.6),
let

W2 Aler < 8 = max{6k;;6nr}
0 < gi=min|he— il

Then from Lemma 3.4

*) k) 26 ) €M) < 26
” é || 8?“2r l” gl__ a‘

Let the columns of @), are linearly independent, let 0 < ¢ be the smallest singular value

1/2
of Qn, let £ = mm{f,] , (")} > ( ) . Then

‘ m® _m | 2R s 2] ( m)
- - n s n Sj -
(€ ("))2 (¢ (n))z ¢ 5( ) 6(’~) £ 6( #(n) f(k) 2
n k
L2 L 1 ()2 A Y
S A VON o\ % T o™ T ®
&r 3 & &
4 4§
< —
€09, — 0
and finally
(n) (k)
mr m; 4 )
(8.13) o B + e, o( — 8) ,
(&ir')? (E )? 9i

which is some analogy of Lemma 8.1. This is of course a very weak result, because the
assumption that the linear dependency among the columns of @, is well preserved is too
strong. We show that if there are at some step n two Ritz values o 9(")1 close to the
same eigenvalue \; so that

n1/2HA“€1 < 6= n]a'x{énraénr-}-]} < ¢i,

then the linear independency among the columns of @, is lost enough to make (8.13)
worthless. Indeed, from the derivation of (8.13)

(n) (n)

2 0 4 6
8.14 o< Crt1 < —
(8.14) ~ ¢ g(”) M e -0 T 2gi-0

where the right inequality is valid because s and 55.7_:_)1 are orthogonal. We note at this

. . . . . n n
point one interesting experimental observation we have made. We met ||z£ )“ < ||z£ +)1 I
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(or ||z£n)|| > ||z$'_:_)1||) very rarely in our experiments and if it occurred, then the weights
of the corresponding clustered Ritz values were almost equivalent. We have not clarified
this observation theoretically.

In the finite precision case we have no termination property so no analogy of Theorem
8.1 can be proved in a way similar to the exact case.

The hard result proved by Greenbaum [Greenbaum-89, (8.21)] relates the original
weights m;, 1 = 1,2,..., N, to the weights of the corresponding clusters produced in the
final step of the exact Lanczos process for A,q;, where A is some larger matrix with
the eigenvalues clustered around the original A’s eigenvalues. It can be combined with
Conjecture 8.2 to prove Conjecture 8.1 and the trouble with the finite termination is thus
avoided. But there is still a need for a proof of Conjecture 8.2. We try to use (3.19) and
develop some analogy of Theorem 8.2. This theorem is based on Lemma 8.3 which again
cannot be extended to the finite precision Lanczos. Note that in the exact case the cluster
of Ritz values might occur only occasionally and is “unstable”, while in the finite precision
case we cope with “stable” and “growing” clusters.

Let B(k) = {G(k) . ,95’2,7} be a nonempty set of Ritz values approximating \; defined
in Conjecture 8.1, let d(k) < g(’”). Let J be the set of indices {v,...,v +n}, n > 1,
A€ (69,609, K ={1,2,...,v— Ly +n+1,...,k}. Using (3.19)

(8.15) (ui,g") = > s (ui, 28 + 37 W (i, ).

JE€J JEK

The first sum is determined by the cluster itself. The last sum account for the effect of
the other Ritz values, which are supposed to be well separated from the cluster. For any
J € K (using 3.17 and supposing 6; > €4)

(ui, 28] = o(6x;/9t).

(%)
Let for a given small {, Ky = {5 € I, é;; < C%{W,O < (<1}, K_ =K+ Ky. Then
clearly

(8.16)

(k) L (k)
2 sy; (wirz;)

J'GIX.*.

= o(¢).

We are not able to say anything about the sum over _ in the case 6, < 1, 7 € J. If for
at least one £ € J the value ¢ is large, i.e.

(k)
(8pp) > T2
r?ea}*( ke) >0,

Tg'
="y
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then we have in fact the situation which is assured by Lemma 8.3 for the exact case and

using (6.5)

(k)
2 :
T oGy, 50| < g2k &t

= PG
jeK- max(6ee) g}

and supposing dgk) > €4

d(k)
(3.17) (i g ) =1 857 (i 75)] + 0(0) + kBiar o| —5— | »
JEJ T(gz )

i.e. if for at least one Ritz value in the sufficiently tight and well separated cluster é;; is
not small, than the |(u;,q')| is a small perturbation of the sum

ng (us, (L))

JjEJ

This is of course a very partial result. The question remains open and needs further work.
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