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ON EXISTENCE AND UNIQUENESS OF THE FORWARD AND INVERSE PROBLEM
IN REFRACTIVE INDEX BASED OPTICAL TOMOGRAPHY"*

TAUFIQUAR KHAN , ALAN THOMAS , AND JEONG-ROCK YOON

Abstract. In optical tomography, conventionally the diffusion approximation (DA) to the radiative transport equation
(RTE) with a constant refractive index is used. The existence, uniqueness, and non-uniqueness of the forward and the inverse
problem using conventional DA has been studied in the past. In this report, we investigate the existence, uniqueness, and
non-uniqueness of optical tomography forward and the inverse problem based on the DA to the RTE for a highly scattering
medium with a spatially varying refractive index. We establish criteria for existence and uniqueness of solutions. In particular,
we derive a nonlinear partial differential equation for the parameter constraint whose unique solvability guarantees uniqueness
of the inverse problem.
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1. INTRODUCTION. Media with spatially varying refractive index are among us in the form of
biological tissues and the atmosphere [13, 11]. Modelling photon transport in such media is potentially
better done when these variations are taken into account. Additionally, spatially resolved estimations of
refractive index may provide a means to distinguish between two types of such media, e.g. two kinds of
human tissue. This potential has prompted recent interest in the radiative transport equation (RTE) for a
medium with spatially varying refractive index [9, 10, 14, 8].

In optical tomography, conventionally the diffusion approximation DA to the RTE with a constant
refractive index is used. The existence, uniqueness, and non-uniqueness of the forward and the inverse
problem using the conventional DA has been studied extensively in the past [2, 3]. In this report, we
investigate the existence, uniqueness, and non-uniqueness of the optical tomography forward and inverse
problems based on the DA to the RTE for a highly scattering medium with a spatially varying refractive
index. We establish criteria for existence and uniqueness of solutions.

Let Q C R? (d = 2 or d = 3) be simply connected, open, and bounded with boundary 9§ which is
C2. Let pg € L®(Q), f € H-2(dQ), and n, D € H2(Q). Then the diffusion approximation to the radiative
transfer equation (RTE) with spatially varying refractive index is given by [9, 10]:

n(z) 0 2 B )
(1.1) ( w0 0t + ,ua(:lc)) v(z,t) =V - {D(x) (V - MVn(x)) v(ac,t)} =0 in Q
with the Robin boundary condition
0 2 0n ~
(1.2) v+2D (ay—nay)v—f on 0Q
and Neumann measurement
- ov
(1.3) g = —2D$ on 02

where v(x) denotes the outward unit normal to 02, n(z) is the spatially varying refractive index coefficient,
¢ = ¢g is the constant speed of light in vacuum, D(z) is the diffusion coefficient, and p,(z) is the absorption
coefficient. Here we assume that all of these parameters are time independent.

In optical tomography, there are three types of experiments [2]: (i) in the time domain, (ii) in the
frequency domain, and (iii) the time independent or DC case. In time domain, typically delta type laser
pulse f is used to generate the diffusion waves through the medium to be measured at the detectors and the
full parabolic model (1.1) should be used. In the frequency domain, a frequency (w) modulated laser pulse
is used to probe the media and in the time independent case, only continuous waves are sent by laser. In
our analysis, we will mainly consider frequency domain and DC optical tomography models. In fact, we will
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only consider frequency domain case and the DC case will automatically follow as w = 0 case. Therefore, we
take the time domain Fourier transform of equations (1.1)-(1.3) and we get the following:

9 .
(1.4) —V-[D(V—Vn)u}—i—(ua-klwn)u—() im0
n Co
with the following boundary condition
0 20n A
1. 2D — — —— = Q
(1.5) u+ (31/ nay)u f on 0
and the following Neumann measurement
(1.6) g= fQD% on 09

where /0t has been replaced by iw and u = u(z,w) = Flo(z,t)] and f = f(z,w) = F[f(z,1)], § = j(z,w) =
Flg(x,t)] are the corresponding Fourier transforms.

Now, we can define the forward problem as: given sources fj on 0N and a vector of model parameters
q in @, for example the coefficient of diffusion D, spatially varying refractive index n, and the coefficient
of absorption p, (i.e. ¢ = (D,n,u,)T) that belongs to a parameter set @, find the data g; on 092. The
associated inverse problem is defined as: given sources fj and data §; on 0 find the ¢ in @, that yields this
data. In the literature, typically there are two approaches for analysis of the inverse problem: (i) output least
square formulation [4] and (ii) Dirichlet-to-Neumann (DtoN) formulation [12]. In this report, we will address
both formulation, in section 3, we will investigate output least square formulation and in section 4, we will
investigate the DtoN formulation. The outline of the report is as follows. In section 2, we will investigate
the existence and uniqueness of the forward problem. In section 3, we will investigate the existence of the
least square inverse problem. In section 4, we will investigate uniqueness and non-uniqueness of the inverse
problem. In section 5, we discuss the future direction of our work.

2. EXISTENCE AND UNIQUENESS OF THE FORWARD PROBLEM. We shall now devote
our attention to the weak formulation of the boundary value problem

—V-[D(V—2Vn>u}+<ua+wn>uzo im0
n Co
(2.1) u+2D < ——— Ju=f on OO

We work primarily in H'(2) = W12(2) the Sobolev space of degree 2 and order 1. Define the inner
product (-, )y by

(2.2) (u, p)v = (Vu,Vo)r20) + (u, #) 12(00)
It is well known that the induced norm || - ||y, given by

1

3
(2.3) el := (IVulE0) + lulz o))

is an equivalent norm to || - || g1 () [1, 5]. When using || - ||y, we will denote H'(2) by V(£2).
The weak form of (2.1) is obtained by multiplying both sides by a test function ¢(x) and integrating
over the spatial domain §2:

/(uaer)wbd:v—/v- [D(V—QVn>u]¢dm:0.
Q Co Q n

Integrating by parts and applying the boundary condition yields

2 wn 1 1 2
(2.4) [0 (v=29n)uoars [ (wn+ " Yusdos g [ wois=3 [ fois
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Now define the bilinear form B[, -] by

_ 2 _ i _ 1 _
(25)  Blu,¢] = /QDVu-V¢dx—/Q (DnVn> u~V¢dx+/Q (ua + ZZ’:) ugdz + 5/,99 ugds.

Then we may express (2.4) as
(2.6) Blu,p] = F(¢) forall ¢eV(Q)

where

Fo):= [ fois
o
Note that F is a bounded linear functional on H'(Q), because f € H~2(99) and ¢|sq € H=(9Q). We will
proceed to verify the continuity and coercivity conditions of the Lax-Milgram lemma (see [6]) for the form
BJ-, ], thus showing that (2.4) has a unique solution u € V for all ¢ € V.
Suppose that 0 < by < D < ay, 0 < i, |[a + “2[|oc < a2, and that [|2Vn||o < ag. Also let a4 satisfy

co

9l 2 () < aal|@|lv for all ¢ € V. Further assume that min {b1,1/2} > ajazas.

2.1. Continuity.
_ _ _ 1 _
| Blu, ¢]| Sal/ \Vu~V¢|dx—|—a1a3/ lul - |V¢|dm+a2/ \u¢|dm—|—§/ luglds.
Q Q Q o0

Applying Holder’s inequality we get

1/2 1/2 1/2 1/2
|Blu, ¢]| <a1 </Q|Vu|2dx> (/Q|V¢|2dx) +ayaz (/Q |u2dx> (/Q|V¢|2dx)
1/2 /2 4 1/2 1/2
2 2 2 2
oa ()~ (forae) g (f ) (] o)

9 9 1/2 9 9 1/2
<ar (IVulFa + [l )~ (IV6132) + 19113 0n))
1/2
+arazlul| L2 (||V¢||%2(Q) + ||¢H%2(an)) + azlull 2 |9l 22 ()
1 1/2 1/2
+5 (IVullie@ + lult20m) * (IV6l32a) + 19113200

1
< (o1 + cvasea + aaad + 3 ) Bulvloly,

Letting o = (a1 + ar1asaq + asa? + 1) we obtain |B u, ¢|| < allu|lv||¢l|v as desired.
4 2

2.2. Coercivity. Now consider
2 1
Re(B[u,u]):/D|Vu|2dx—/ <DVn)u.Vudx+/,ua|u|2dx+/ |u|?ds
Q o\ 7 0 2 Joq

1 2
> min {bl, 2} ||| — / (DVn) u - Vudx —|—/ fha|ul?de.
Q n Q

Taking note that p,(z) > 0 for all € Q we may neglect the last integral and write
1 2
Re(Blu, u]) > min {bl, 2} l|ul|Z — / D=Vnu - Vudz.
Q n

Using Holder’s inequality to estimate the second integral, we get:

1 1/2
Re(Blu,u]) > min{bl7 2} lul|? — aas3 (/ u|2dx) </ |Vu|2d$c>
Q Q

. 1
> min {bh 2} ||UH%/ - a1a3a4Hu||%/

1
Z(mm{mn}amwaﬂa

1/2
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Letting 8 = min {b1,1/2} — ajasays, we obtain
Bllull? < Re(Blu, u)).

Having satisfied the continuity and coercivity conditions of the Lax-Milgram lemma, we conclude that
the boundary value problem (2.1) has a unique solution « which satisfies the a priori estimate

(2.7) [ull72(q) + lullZ2p0) < C||f||%2(aﬂ)

for some constant C' > 0 which is dependent only on the parameters D,n and p,. Otherwise stated, the
solution is continuous with respect to data.

3. OUTPUT LEAST SQUARE FORMULATION OF THE INVERSE PROBLEM. In this
section we shall concern ourselves with the existence of local solutions that minimize a particular cost func-
tional, which is important to computational methods. In general, measurement of u(q) may not be possible,
only some observable part Cu(q) of the actual state u(q) may be measured. In this abstract setting, the
objective of the inverse or parameter estimation problem is to choose a parameter ¢* in ), that minimizes
an error criterion or cost functional J(u(q),Cu(q),q) over all possible ¢ in @ subject to u(q) satisfying the
diffusion approximation. A typical observation operator is,

ou "
(3.) chute) = { D5 wiia 1)
v i=1
where x; is in 02, m is the number of measurements. A typical cost functional Jy is given as,
@2 D=3 23l L[ e i

where zf ? is the measured data at the boundary for a given source f; and X is the Tikhonov regularization
parameter. Now composing u(q) and Cu(q) we obtain the parameter-to-output mapping: T[q] = Cu. This is
the nonlinear mapping of refractive index based diffusion optical tomography in abstract setting.

In this section, we will define g as

q=(D,n, pta)

Let Q = WHP(Q) x W1(Q) x L>=(Q2) where WP is the standard Sobolev space with the norm || - ||y 5.
and p > 1. Suppose @)1 is the subspace of ) such that

(3.3) Q1={q€Q:[[Dllwir < ar,[[nflwi~ < az,|[pallL= < az}.
Now @1 endowed with the topology

(34) Wwea Wwwk X Loe 1

is a metric space. This follows from the facts i) Ww P . is metrizable because closed unit sphere of a reflexive
Banach space is compact in weak topology and ii) the L2 .. coordinates are metrizable because these
coordinates can be shown to be compact using Alaoglu’s theorem together with separability of L!. If we

further restrict our parameter set Q1 to the following

(3-5) Q={q€Qi:|Dllwr» < an, Inllwre < az, i < pallz= < a3}

It can be shown that Q is a compact subset of Q, we refer the reader to Lemma 1.3 p. 223 [4] for further
details. It can also be shown that there exists unique weak solution u(q) € H* for all ¢ € Q and moreover
there exists uniform continuity in H' N H? with respect to data over Q mainly |u(q)||g> < K||f||z> where
K is independent of ¢ € Q, see Corollary 1.1, p. 222 [4] and Lemma 1.4, p. 223 [4] for a proof.
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3.1. Continuity With Respect to Parameters. Let {¢"} be a sequence in Q such that ¢* — ¢. We
claim that ¢ € Q and u(q*) — u(q) weakly in H2. The fact that ¢ € () is obvious because we assume @ is
compact and there is at least a subsequence ¢ that converges to ¢ in Q). Furthermore u(q) exists from the

regularity of u(q) over Q. Now let u(q) satisty the following weak formulation of the refractive index diffusion
equation

Vn wn 1 1
(3.6) /QD <V - 2n) u(q) - Vodx + /Q (ua + Co) u(q)oddx + 3 /(mu(q)qbds =3 /6Q fods

and let u(q") satisfy the following weak formulation:

k _ @k ky . ( 2 iw”k) k 1 k _1
(3.7) /QD (V 2 - )u(q) qudx-i—/Q L + o u(q )¢dm+2/(99u(q Ypds = 5 ) fods.

Since we have uniform regularity of the solutions u(¢*) in Q, we have u(q*) converges to some w € H'(Q)
which satisfies equation (3.6). Furthermore because of our parameters in ¢* are bounded both above and
below by zero, we can approximate these functions by continuous functions and the fact that wu.,(¢")¢ is
in L'(Q2), we can take the limit in equation (3.7) and get (3.6). But the uniqueness of the solution to the
refractive index diffusion approximation (see section 4), we deduce that u = w in H*(§2). Therefore we have
shown that u(¢¥) — u(q). This also guarantees that there exists a minimum of .J(g) in equation (3.2) because
the compactness of the parameter space Q combined with continuity of the solutions u(gq) with respect to
the parameters ¢ € Q as well as the fact that H?(Q2) is embedded in the space of continuous functions C/()
and the fact that point evaluation of u(q) is a continuous operator.

4. UNIQUENESS OF THE INVERSE PROBLEM USING DtoN FORMULATION. In this
section, we will investigate the Dirichlet-to-Neumann formulation of the inverse problem. From (1.4)-(1.6),
our frequency domain inverse problem is to determine (n, D, u,) € H?(2) x H?(2) x L>(Q) from all possible
Robin-to-Neumann pairs ( 1, §) € H1/2(0Q) x H~'/2(99Q) which are related by the following boundary value
problem, note that u € H*(Q):

(4.1) —~V - (DVu) + DVInn? - Vu + <V~ (DV Inn?) + pg + zwn) u=0 in €,
Co

0 20n p
4.2 2D — — —— = Q
(4.2) U+ (81/ n81/>u on 09,
(4.3) 7= -2 on a0
) = — —_— n .

g v

Here we need an additional assumption that %g—z # 1 on 0Q. Otherwise, the measurement information is

nothing but the input information; § = —f.
Now, we will transform (4.1) to Schrédinger type equation and the Robin-to-Neumann boundary condi-
tions (4.2)-(4.3) to Dirichlet-to-Neumann boundary conditions.

4.1. Absorbing the first order term. If we note that

D 1 1
n?V - =Vu | =n?=V-(DVu) +n’DVu-V [ — :V~(DVU)72D@~VU
n? n2 n2 n

=V - (DVu) — DVInn?- Vu,

then (4.1) becomes

D - (DV Inn? )
(4.4) v (nvu> + (V(Vnn) 4 Ha an) 0 W O

n? n? = con?
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4.2. Converting to Schrodinger type equation. If we further utilize the Liouville transformation
w = yu where v := ‘/> , then
D D n 90 W 9 1
V- (nQVu> =V <n2v (\@w)) v ( v) =V-[¥*V( ") w+Vuw]

=V . (—wVy +9Vw) = —wAvy + yAw.

Using this transformation (4.4) becomes

Ay V- (DVInn?) pu,  iwn .
4.5 —Aw _— = — =0 Q
(4.5) + ( 5 + D D + oD w = in
where we used the fact that n24? = D. On the other hand, we have
=V(n*y) = (n*y) V7.

DVInn? = n?*4?VInn? = 2ny?Vn = 42Vn? = v (V(n?y) — n2V'y)

(From this we can simplify the sum of first two terms in the parenthesis of (4.5)
A(nv/D)

Ay V- (DVInn?) Ay | 7A(n?y) = (n*)Ay _ An?y) _
v D gl n?y? n?y nvD

Hence (4.5) is now
(nvD)  pe  iwn .

—A — = Q.
w + ( D + = D + 5) w=0 in

(4.6)
4.3. DtoN boundary condition. We consider Dirichlet-to-Neumann boundary conditions for (4.6)
0
w = f, v g on 0.
ov
We can find a linear relation between (f,§) and (f,g) as follows: From (4.2) and (4.3), we have
4D On ou ou
4. 1——— — = —2D— =g .
(4.7) ( né‘) +2D6V f, 2D8V g on 909
Since w = yu, we have
1 1 ou  oy~! 1 0w 1 0y 1
=-—w=— — = =—— - 09Q.
“ ’yw ’yf’ v " v ov 28uf+ on

Plugging the above into (4.7), we get the following linear relation

- 2D
g T ~
The determinant of the above matrix is —%{—? (1 %%) = —2n2 (1 4D 6”) # 0, so the linear relation is
also invertible, namely,
4D 9 4D on\ 1 ;
(f>:<;(—naﬁ) ) 87(1—75)1 ><f>
4D dn\~ 4D 9n\~ 5
g w(1-25%)  Z0-2%) -5 9

Therefore, knowing (f,§) is equivalent to knowing (f,g) as long as n and D are known on 9. Note
= wlpq € HY?(9Q) although it is represented by a linear sum of f € H~'/2(9Q) and § € H~/2(9Q)

f —
since we already know w € H*(£2). In summary, we have proved the following theorem.
THEOREM 4.1. Assume n and D are known on 092 and satisfy 45 g" %1 on 0. Then our frequency

domain inverse problem is equivalent to determine (n,D,p,) € H2(Q) x H?(Q) x L*>®(Q) from all possible
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Dirichlet-to-Neumann pairs (f,g) € HY?(0Q) x H='/2(0Q) which are related by the following Schridinger
type boundary value problem:

A(nvVD)  pg  iwn .
“Aw+ | ——+—=+— |w=0 in
( nv D D coD

w = f, a—w =g on O
ov

We will now deduce uniqueness conditions for the inverse problem which follow from the results of
Sylvester and Uhlmann [12] and Grinberg [7] for the Schrodinger equation.

THEOREM 4.2. Assume n and D are known on 92 and satisfi %g—ﬁ # 1 on 09, and consider non-DC
case (w # 0). In 2D, we need an additional assumption that (n, D, p,) are close to constants, while we do
not need any extra assumptions in 3D. Then from the complete Dirichlet-to-Neumann data (f,g), we can
uniquely determine

n ta  A(nVD)

—=ta and —+ ——— = in Q.

D D" wvp P
Furthermore, £ := nv/D satisfies the following Dirichlet boundary value problem of nonlinear PDE;
(4.8) A — B(x)E + pa(@)[a(z)]365 =0 in Q, E=nVD on Q.

Proof. From [12, 2] and [7], we know that the potential of Schédinger equation is uniquely determined by
the complete Dirichlet-to-Neumann map. So the real part, 8, and the imaginary part, wa/c, of the potential
are individually determined.

Since & = nv/D and a = n/D, we have D = (£/a)?/3. Substituting it into the second equation, we get

0= A& — BE+ pa(&/a)2/3¢ = A& — BE + a3, e1/3.

d

From the above theorem, we can readily deduce the following corollary for uniqueness in refractive index
based optical tomography.

COROLLARY 4.1. Under the same assumptions as in Theorem 4.2, we have the followings cases.

(a) If n is known, then D and p, are uniquely determined as follows:

_ Bn AR/ Va)

T Ha o van ’

(b) If D is known, then n and p, are uniquely determined as follows:

A (ozD3/2)
avD

(¢) If uq is known then D and n are uniquely determined subject to the unique solvability of the nonlinear
equations (4.8). Note also, when p, =0 (non-absorbing medium), (4.8) is linear.
Proof. (a) and (b) are obvious. For (c), once we have £ = nv' D and a = n/D, we can uniquely determine
n = (a€?)Y/3 and D = (¢/a)?/3. Note that when n(x) = 1, this result coincides with that of Arridge [2]. O
In our future works, to study the uniqueness of the inverse problem when p, is known, we will investigate
when (4.8) possess a unique solution.

5. CONCLUSIONS AND DISCUSSIONS. Insummary, we derived a refractive index based optical
tomography model, the inverse problem of which is to determine (n, D, u,). Through Dirichlet-to-Neumann
formulation, we established two quantities that could be uniquely determined. In particular, (n, D, u,) can be
uniquely determined if either n or D is assumed to be known. When pu, is known, the unique identifiability is
dependent on the unique solvability of the Dirichlet boundary value problem of a semilinear elliptic PDE. We
are currently investigating this unique solvability condition and how we can take advantage of this condition
as well as the nonlinear equation for the reconstruction of parameters.

3

n=aD, e = BD —
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