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Abstract

Consider a family of centered Gaussian fields on the d-dimensional unit box, whose
covariance decreases logarithmically in the distance between points. In Part I of this
thesis, we prove tightness of the centered maximum of the Gaussian fields and provide
exponentially decaying bounds on the right and left tails.

Part II is devoted to the study of a specific and fundamental example of a log-
correlated Gaussian field in two dimensions, namely, the mollified Gaussian free field
(MGFF). The MGFF is a random field obtained by suitably mollifying the covariance
of the continuum Gaussian free field, which is a generalized random field defined on
measures in the unit square. We prove that the centered maximum of the MGFF
converges in law as the mollifier approaches the Dirac delta function. We moreover
show that this limit law does not depend on the specific mollifier that is employed, and
give a representation for it.

Our approach in both Part I and II is similar to the approach employed by Bramson,
Ding and Zeitouni in their papers on the centered maximum of the discrete Gaussian
free field.

iii



Contents

[Acknowledgements| i
[Dedicationl i
[Abstract] iii
[List of Figures| vii
(1__Introductionl 1

(I  Tightness of the centered maximum of log-correlated Gaussian |

fields 10
[2__Gaussian fields| 11
2.1 Existence and continuity|. . . . . . . . . ... ... 11
2.2 Supremum of a Gaussian field| . . . . . .. ... 00000 14
[3 Log-correlated Gaussian fields| 16
3.1 Setup and mainresult| . . . . . .. ... ... oL 16
B2 Related workl . . . . .. ... .o 17
[4  Auxiliary fields| 19
4.1 Definition and properties of the auxiliary fields| . . . . . . ... ... .. 19
4.2 Proofs of Chapterd| . . . . . . . . .. .. . 21

iv



[ Comparison to CMBRW]| 31
[5.1 The right tail of (3.1.3)] . . . . ... ... ... ... ... . ... 31

[5.2  The left tail of (3.1.3)[ . . . . . .. ... .. ... 35

(I’  Convergence in law of the centered maximum of the mollified |

G . f feld G . | 40
6 The mollified Gaussian free field| 41
6.1 Setup and main result| . . . . . .. ... Lo 41
[6.2  Main ideas of the proof of Theorem [6.1.1] . . . . . .. ... ... . ... 43
6.3 Related workl . . . . .. .. . 45
7 Preliog = 48
[7.1 Markov property and self-similarity ot the MGFF|. . . . . . ... .. .. 48
[7.2  Estimates on the MGFF, continuity and tightness| . . ... ... .. .. 49
[[.3 Discrete Gaussian free fieldl . . . . . . .. .. ... L 51
[r.4  Brownian sheet] . . . . . . ... oo 52
[7.5  Continuous modified branching random walk| . . . .. ... ... .. .. 53
[(.6 Proof of Lemmalr. 1.2 . . . . ... ... .. . .o 54
[(.7 Proof of Lemmalr2.1l . . . ... ... ... ... ... ... ... 55
(.8 Proofof Lemmalr.23 . . ... .. ... .. .. .. ... 58
[(.9 Proof of Lemmalr28l . . .. ... ... . 59
[(.10 Proof of Lemmalr.2.61 . . . . . . ... ... ... L 60
[(.11 Proof of Lemmalr2.7 . . . . . . . ... . oo 64
[(.12 Proof of Lemmalr2.8 . . . . .. ... ... . 65
[[.13 Proof of Lemmalr 5,11 . . . . . . ..o 66
[(.14 Proof of Lemmalrb.2 . . . . .. . ... Lo 67
[8  Asymptotics on the tail probability| 68
[8.1  Main ideas of the prootf of Proposition |8.0.1} . . . . . . .. ... ... .. 68
(8.2 Preliminary lemmas for the proofs of Chapter|§|. . . . . ... ... ... 75
[8.3  Proof of Proposition|8.1.2( . . . . . . ... ... ... ... ... 78
8.4 Proof of Proposition |8.1.4] . . . . . .. ... ... L oL 88




[8.5  Prootf of Proposition |8.1.6| . . . . . . .. ... ... . L. 91

[8.6  Prootf of Proposition |8.1.7] . . . . . . . . . ... ... ... 104
[9 Relationship with the fine field maximal) 111
9.1 The coarse and fine fields| . . . . ... ... ... ... ... .. 111
9.2 Prootf of Proposition[9.1.1) . . . . . . .. . ... ... L. 113
9.3 Prootf of Proposition[9.1.2( . . . . . ... .. ... ... ... ... 114
9.4 Proofs of Lemmas|9.3.1{[9.3.2]19.3.3|land [9.3.4 . . . . . . ... ... ... 116
(10 Coupling construction| 125
[10.1 Definition of the coupling and proot ot Theorem [6.1.1| . . . . . . . . .. 125
[[0.2 Proof of LemmallO.I.11 . . . . . . . .. ... . 127
[10.3 Proof of Proposition [10.1.3] . . . . . . .. .. .. ... ... ... ... 128
0.4 Proof of TheoremI6.1.2]. . . . . . . . . . ... ... ... ... ...... 135
(Bibliography| 139

vi



List of Figures

vil



Chapter 1

Introduction

The standard Brownian bridge is usually defined as the stochastic process obtained by
conditioning the one-dimensional Brownian motion to have value 0 at time 1.

An equivalent definition of the Brownian bridge is as follows. Let I = [0,1] and
denote by C§°(I) the space of test functions supported in the interior of I. For a given

h € C§°(I), consider the Poisson problem of finding f € C5°(I) such that
—Af=h onl, (1.0.1)

where A denotes the one-dimensional Laplace operator. An integral representation of
the solution of ([1.0.1)) is given by means of the Green function G : R x R — [0,00)
defined by
z(l—y) Hf0<zx<y<l,
Glr,y) =qy(l—xz) f0<y<az<l,

otherwise.

[an}

It is easy to check that, for any h € C§°(I), the function

fa) = / G, y)h(y)dy (1.0.2)

satisfies (1.0.1)). The Brownian bridge can then be defined as the real-valued Gaussian
process By, indexed by t € [0, 1], such that, for all s,t € [0, 1],

E[B:] =0 and Covu(Bs, B:) = G(s,1). (1.0.3)
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(Recall that the law of a Gaussian process is uniquely determined by the point-wise
expectation and the covariance structure of the process.)

Random fields can be viewed as generalizations of stochastic processes to higher
dimensions. For a stochastic process (X;)icr, the index set T is typically a subset of
the real line, while, for a random field, the index set T is arbitrary. A Gaussian field is
a random field for which the collection of random variables (X;)icr is jointly Gaussian
(see Chapter [2| for a precise definition of Gaussian fields).

We are interested in the continuum Gaussian free field (CGFF), which can be viewed
as a generalization of the Brownian bridge to higher dimensions. To define it, we now
let A denote the d-dimensional Laplace operator and let G : R¢ x R% — [0, 00] be the
Green function for the analogous Poisson problem on the d-dimensional unit box
I =1[0,1]%. We recall that the Green function has the following representation in terms
of Brownian motion (see |1, Chapter 3]): Let (W;)i>0 denote a d-dimensional Brownian
motion and let E* denote the expectation with respect to the probability law of (W:):>0
with starting point € R%. Then, for all z,y € R,

Glz,y) = B(| — yl)) — E7[@(|W; — yI}), (1.0.4
where 7 = inf{t > 0: W; ¢ [0,1]%}, || - || denotes the Euclidean norm on R? and
—-L log(r if d=2,
diry={ = g(r)

A _p2=d if >3,

for all r > 0, where w(d) denotes the volume of the d-dimensional unit ball. (Note that
G(z,y) = 0 if  or y belongs to R%\ (0,1)%.)

For d > 2, the Green function diverges on the diagonal (i.e., G(z,x) = oo for all =
in (0,1)%), hence, it can not be used to define the covariance structure of a Gaussian
field with index set [0,1]¢. Consider instead the collection M of probability measures
p on R? such that

//Rdxw Gz, y)dp(z)du(y) < oo,

and, analogously to ([1.0.3), define the CGFF as the Gaussian field (X (u) : p € M)
such that, for all u,v € M,

E[X(4)] =0 and <%wxmman=/£wwcuwmmww@»
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This construction of the CGFF relies on the Green function being positive semi-definite.
We mention [2] as an excellent survey on the different ways to construct the CGFF.

We will be concerned here with the CGFF when d = 2. There are two main reasons
for this. First, the two-dimensional Green function G(z,y) in is logarithmic in
the distance between x and y, so the CGFF fits naturally in the context of the log-
correlated Gaussian fields, which we define below and are the subject of Part |I| of this
thesis. The logarithmic covariance of the CGFF, when d = 2, produces a rich structure
that is absent in the CGFF when d > 3: log-correlated Gaussian fields are conformally
invariant (and they therefore have applications in mathematical physics, see |2]) and
are related to additive cascade models and branching random walks (see [3]). The
second reason for focusing on d = 2 is given by the recent advances in the study of the
two-dimensional discrete Gaussian free field (DGFF), which we will define below. The
techniques developed in [4] for the DGFF can be extended and applied in the continuum,
as we will see throughout Part [[I]

A fundamental object of study for any random field is its supremum (or maximum,
when it is attained). In the case of the Brownian bridge, it is possible to compute
explicitly the distribution of the maximum using the reflection principle of Brownian
motion. For the CGFF, the problem of characterizing the distribution of the maximum
is considerably more complicated and the bulk of this thesis is devoted to this problem.

Instead of working with M as the index set, we will restrict ourselves to measures
in M induced by test functions, as follows. Let @ be a fixed test function on R? with

Jg2 0(u)du = 1. For a constant R > 0 and z € [0,1]?, define the measure pg, by

pra(A) = /A R20(R(z — u))du (1.0.5)

for all Borel sets A C R?. (The exponent 2 in the scaling factor R? is needed for pg , to
be a probability measure.) Note that ppr, is (roughly) centered at z and it converges
weakly to the Dirac delta at x as R — co. The field (X (pgrz) : R > 0,z € [0,1]?) is the
mollified Gaussian free field (MGFF) associated with 6.

This thesis is devoted to the study of ©F 1= max,¢(p,1)2 X (pRrz), the maximum of
the MGFF. In Part E we prove that ©F, after being appropriately centered, converges
in law as R — oo. Furthermore, up to a shift in the centering, the limit law does not

depend on the test function 6. (See Theorem for the precise statement of this



result.)

As mentioned before, this work is motivated by recent advances for the discrete
Gaussian free field, which can be defined in analogy to and , as follows.
Consider the discrete two-dimensional lattice Viy = {0,1,..., N — 1}> C Z? of size
N x N, and denote by dVy the points in Z? \ Vjy that have neighbors in V. Let
h: VN UOVN — R be a given function such that h |y, = 0. The analog to the problem
in this setting is to find a function f : Viy U0V — R such that f |sy, = 0 and

—Af=h onVy, (1.0.6)

where A is the discrete Laplace operator defined by
1
(Af)(@) = —f() + Ee: fx+e)

for all € Vi, and the sum is over the unit vectors e € {(£1,0), (0, +1)}.

When we view h and f as vectors in RV¥ | the discrete Laplace operator is the matrix
Alz,y) = I(z,y) — P(z,y) in RYWYN_ where I(z,y) = l{z—y) is the identity matrix
and
if v —y e {(£1,0),(0,£1)},

ST

P(z,y) =
0 otherwise,

is the one-step transition probability matrix of the simple symmetric random walk on
Vn. The discrete Green function is then defined, analogously to ([1.0.2)), as the matrix

Gy in RYWXYN 50 that
f@):= )" Gn(z,y)h(y) forallz e Vy
yeVN

satisfies (1.0.6). The DGFF is then defined, in analogy with (|1.0.3), as the Gaussian
field (nn : @ € Vi) such that, for all z,y € Vy,

Enng] =0 and  Cov(nna,nny) = Gn(z,y).

In [4], Bramson, Ding and Zeitouni established the convergence in law of the centered
maximum of the DGFF, n} := max,cv, 7Nz, as N — oco. Theorem in Part [LI| of

this thesis can be viewed as a continuum analog of Theorem 1.1 in [4].



5

The MGFF is a two-dimensional example of the family of log-correlated Gaussian

fields. We say that a (point-wise zero-mean) Gaussian field Y = (Y., : € > 0,z € [0, 1]%)
is log-correlated if, together with additional technical conditions (see ({3.1.2)),

—log ||z —y|| + O(1 if ||z —y|| > e,
Conttnyy— | 18lE—all+0W) e 2 o

—log(e) + O(1) if [z —yll <e,
where the order 1 term depends on the family Y and the constant € > 0 can be viewed
as a parameter that truncates the variance when x and y are close together.

In Part [I we investigate the question of tightness as € — 0 of the maximum Y :=
max,e(o,1)4 Ye,s after it is appropriately centered. We show that tightness holds and
prove that the left and right tails of the centered maximum exhibit exponential decay.
(See Theorem for a precise statement of this result.)

Tightness is a weaker result than the convergence that we will be establish for the
MGFF, but this weaker result is partially offset by the generality of the Gaussian field
Y satisfying . The proof of the tightness result in Part [l is relatively short
compared with that of the convergence result in Part [[I, but the question of tightness
of the centered maximum of the DGFF was an open conjecture for a number of years
before being resolved in [5], where the expectation of the maximum of the DGFF was

computed up to an order 1 term, from which tightness followed.

Main techniques

Slepian’s Lemma

An important tool employed throughout this thesis is Slepian’s Lemma, which we state
in Theorem[2.2.1] The intuition behind Slepian’s Lemma is simple: if two centered (that
is, point-wise zero-mean) Gaussian fields on the same index set have the same point-
wise variance, then the more “disordered” field (i.e., the field with smaller covariance)
has the greater supremum. More precisely, if two centered fields X and Y satisfy
Var(X:) = Var(Y;) and Cov(Xs, Xt) < Cov(Ys,Y:) for all s,t in the index set, then
the supremum of X stochastically dominates the supremum of Y. This result was

established by Slepian in [6].
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Slepian’s Lemma points to the following strategy when studying Gaussian fields: if
one desires to obtain tight bounds on the distribution of the supremum of a field, one
should compare it to other (carefully chosen) fields with known bounds. This idea will
be employed throughout this thesis.

Since the convergence of the centered maximum of the DGFF was established in [4],
we would like to compare the MGFF to the DGFF for the convergence result in Part
However, an immediate difficulty arises: the index of the DGFF is discrete, whereas the
index set of the MGFF is the continuum square [0,1]%. At first sight, then, Slepian’s
Lemma is difficult to apply in this situation.

We surmount this difficulty as follows. First, Slepian’s Lemma can still be applied
directly to obtain lower bounds on the right tail of the MGFF, since its global maximum
is greater than the maximum over a finite subset of [0,1]>. We can therefore compare
this maximum with the maximum of the DGFF and obtain lower bounds.

Second, we extend the DGFF to a continuum field in order to compare it to the
MGFF using Slepian’s Lemma, so that the maximum of this extension stochastically
dominates the maximum of the MGFF, while not being much greater than the max-
imum of the DGFF. This is accomplished by adding a Brownian sheet to each point
in the square lattice Vy. The covariance structure of the Brownian sheet allows us
to accomplish our goal and to find the correct upper bounds of the right tail of the
MGFF. (Brownian sheet is the analog of Brownian motion when the time index set is
multidimensional. See Section for a definition of the Brownian sheet.)

The tightness result in Part [l will be proved by employing an analogous technique to
the one described above. We will compare a general log-correlated Gaussian field with
the continuous modified branching random walk (CMBRW), which is a continuous-time
extension of the modified branching random walk (MBRW), a field that was introduced
Bramson and Zeitouni in [5]. (See Section for a definition of the CMBRW.)

Coarse and fine fields of the MGFF

As we will explain in detail in Section[7.1] the MGFF can be decomposed in the following
fashion. Let @ C [0,1] be a closed sub-square and denote by F the sigma-algebra
generated by {X(u) : p € M and is supported on 9Q}. Following the nomenclature



in |4, the Gaussian fields

(E[X(pRrz) | F] : supp(prz) € Q)

and
(X(pR,:c) - E[X(pR,ac) ’ f] : Supp(pR,z) C Q)

are called the coarse and fine fields, respectively. (Here, supp(pr ) denotes the support
of the measure pg , that was defined in ) By basic properties of Gaussian random
variables, the coarse and fine fields of the MGFF are independent of each other.

The fine field is independent of any X (pr,) with pgr, supported on [0,1]?\ Q. This
establishes a (spatial) Markov property of the MGFF, which is analogous to the Markov
property of Brownian bridge (B:)i>0: if 0 < t1 < t < ta, then By — E[B; | By,, B,] is
independent of B, for all r ¢ (¢1,t2).

The fine field is also a re-scaled copy of the MGFF. More precisely, suppose for
simplicity that Q = [0, 5]?, where 0 < S < 1. Then,

(X(pra) — E[X (pry) | Fl:supp(prae) € Q) '™ (X(pus.m/s) - supp(pra) C Q),

where the right hand side is again the MGFF on the unit square. This establishes a
self-similarity property of the MGFF, which is analogous to the self-similarity property
of Brownian bridge (Bi)t>0: if 0 < t1 < t < tg, then B; — E[B; | By, Bt,| is again a
Brownian bridge on [t1, to].

We can decompose the MGFF by partitioning the unit square into a number of
disjoint sub-squares of the same size. The fine fields on each sub-square are then i.i.d.
copies of the MGFF, which produces a tree-like structure. This decomposition will be
used repeatedly in Chapters 8] [9] and

Outline of the thesis

The following outline summarizes each section of the thesis.
Part [, which consists of Chapters [ and [B] establishes the tightness for the

centered maximum of a family of log-correlated Gaussian fields. The main result of Part

[ is Theorem B.1.11
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In Chapter [2| we present some introductory material on the theory of general Gaus-
sian fields. In Section [2.1] we define Gaussian fields and state conditions for their
existence and almost sure continuity. In Section we state the three main tools
for the study of the supremum of general Gaussian fields: Slepian’s Lemma (Theorem
, Borell’s Inequality (Theorem and Fernique’s Majorizing Criterion (Theo-
rem Z23).

In Chapter [3, we define the log-correlated Gaussian fields. In Section [3.1] we state
our main result for tightness and also give upper bounds for the left and right tails
of the maximum, as well as discussing the main idea of the proof. In Section [3.2] we
provide motivation for the study of log-correlated Gaussian fields and outline the recent
related literature.

In Chapter [, we introduce the CMBRW and recall the definition of the Brownian
sheet. We state some of the properties of these fields and provide proofs of these
properties.

In Chapter |5} we compare an arbitrary log-correlated Gaussian field to the CMBRW.
In Section [5.1] we employ the CMBRW in order to obtain an upper bound for the right
tail of the maximum of the log-correlated field. In Section [5.2] we compare the log-
correlated field directly with the CMBRW by restricting it to a discrete index set.
This allows us to compute an upper bound on the left tail of the maximum of the
log-correlated field.

Part [[T, which consists of Chapters [6] [ and is devoted to the proof of
convergence of the centered maximum of the MGFF. In Chapter 6], we formally introduce
the MGFF. In Sections and we state the main result of this part and explain the
main ideas behind its proof. In Section [6.3] we provide background and related work
for this result.

In Chapter [T}, we state and prove preliminary results and properties that will be
used in the remaining chapters. In Section we prove the spatial Markov and the
self-similarity properties of the MGFF. As explained before, these two properties imply
that the MGFF has a useful tree-like structure, which will be exploited in the remaining
chapters. In Section we establish continuity of the MGFF and, using Theorem
from Part [[j we establish tightness of the centered maximum. In Sections
and we recall the definitions of the DGFF, the Brownian sheet and the CMBRW,



respectively, and we state and prove some of their properties.

Chapter [8] is the first step in the proof of Theorem [6.1.1l The main result of this
chapter is Proposition [8.0.1) which gives precise asymptotics for the right tail of the
MGFF and an asymptotic distribution for the point on the unit square where the
MGFF is maximized.

Chapter [9)employs the above self-similarity and Markov properties to decompose the
MGFF into the coarse and fine fields, as mentioned before. We do this by partitioning
the unit square, for a large integer K > 0, into (roughly) K x K disjoint sub-squares
of side length (roughly) 1/K. The main result of Chapter |§| is Proposition which
shows that the global maximum ©% is approximated, as R — oo and then K — oo,
by the maximum of the MGFF among the points that maximize the fine fields on each
sub-square.

In Chapter we construct a coupling of the MGFF using the results in the previous
chapters. This coupling allows us to prove that the law of the centered maximum is
Cauchy with respect to the Lévy metric, from which Theorem follows quickly.
Lastly, we use Theorem to prove Theorem thus obtaining a representation
for the limit law.

Parts [I] and [[I) are self-contained. A variation of Part [I| has appeared as [7] (DOLI:
10.1214/EJP.v19-3170). In it, tightness of the centered maximum of log-correlated fields
was established and this result was then applied to the two-dimensional MGFF. Part
[[T] consists of a separate article that will be submitted in the future. The thesis has
been structured so that both parts can be read independently. With this in mind, the
auxiliary fields (DGFF, Brownian sheet and CMBRW) are introduced and explained in
both parts.



Part 1

Tightness of the centered
maximum of log-correlated

(Gaussian fields
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Chapter 2

(Gaussian fields

In this introductory chapter, we recall the definition of Gaussian random variables and
Gaussian fields, and state some properties of these fields that will be used in later

chapters. The following definitions can be found in [8 Chapter 1].

2.1 Existence and continuity

A real-valued random variable X with finite mean ¢ = E[X] and finite variance o2 =

E[(X — m0)?] > 0 is said to be Gaussian if it has a probability density of the form

1 ( — 0)?
exp | ———— for all x € R.
V2ro? ( 202

We also consider deterministic constants to be (degenerate) Gaussian random variables.

A random field is a collection of random variables X = (X : ¢t € T') defined over the

same probability space, where T is an arbitrary index set. We say that this collection
is a Gaussian field if, for any finite subset K C T and any a = (ag)rex € RX, the
random variable ), .- a3 X}, is Gaussian. If T is finite, we say that X is a Gaussian
vector.

Given a Gaussian field (X; : ¢t € T), we define the mean function m : T — R and

the covariance function V : T x T — R by

m(t) =E[X;] and V(s t) = Cov(Xs, Xy)

11
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for all s,t € T. The covariance function V is positive semi-definite: letting K C T be

finite and o = (o )rex € RX, we have

Z a;V(j, k)og, = Var (Z oszk> > 0.

J,keK keK

Suppose, on the other hand, that we are given a function m : T' — R and a positive
semi-definite function V : T' x T' — R. Then, there exists a Gaussian field with index
set T, mean function m and covariance function V.

The proof of this statement is straightforward if T' is finite and, for all s,t € T,
m(t) =0 and V(s,t) = 1y, : In this case, we can exhibit the multivariate probability
density
for all z € R, (2.1.1)

1 1, s
e (5iee)
where || - || denotes the Euclidean norm on R” and |T'| denotes the cardinality of 7. A
Gaussian vector (X; : t € T') with probability density as in is called a standard
Gaussian vector.

If T is finite and V is an arbitrary positive semi-definite matrix, the existence state-
ment is a simple exercise in linear algebra: Since V is positive semi-definite, it can be
written as V' = RR' for some matrix R € RT*T (where R’ denotes the transpose of
R). If Z=(Z;:t € T) is a standard Gaussian vector, then the field X = (X; :t € T
defined by

Xy =m(t)+ > Rt s)Z,

seT
is a Gaussian vector with mean function m and covariance function V.

When T is infinite, the existence of the Gaussian field follows from the existence in
the finite case and Kolmogorov’s Extension Theorem (see |9, Appendix I]), which we
state below.

Denote by B the Borel sigma-algebra on R and, for any set 7', denote by B the
product sigma-algebra on R” generated by finite-dimensional Borel sets. Also, for any

two sets S and T with § C T', let 77 g be the canonical projection from RT onto RS.

Theorem 2.1.1 (Kolmogorov’s Extension Theorem). Let T be an arbitrary set. For

each finite subset K C T, let vk be a probability measure on (RK, BK) and suppose that
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the probability measures v satisfy the following consistency condition: For any finite

sets K and L with K C L C T, and for all A € BX,
vi(ny x(A) = v (A).

Then, there exists a unique probability measure v on (RT, BT) such that, for any finite
subset K C T and all A € BE,

v(r7x(A) = vic(A).

As a consequence of Kolmogorov’s Extension Theorem, the mean and covariance
functions m and V uniquely determine the law that the Gaussian field X induces on
(RT, BT).

Suppose now that X is a Gaussian field defined on 7' C R¢. Using the metric from
R?, we can study the continuity, or lack thereof, of X.

We recall the notion of a modification of a random field. If X = (X; : ¢t € T') and
Y = (Y; :€ T') are two random fields defined on the same index set T, we say that X
is a modification of Y (and vice versa) if P(X; = Y;) = 1 for all ¢t € T. In particular,
X and Y induce the same law on (RT, BT). The following theorem (see [10, Theorem
1.4.17]) provides sufficient conditions for the existence of continuous modifications when

the index set is the d-dimensional unit box [0, 1]¢.

Theorem 2.1.2 (Kolmogorov’s Continuity Criterion). Let X be a random field with
index set [0,1]% for some integer d > 1. Suppose that there exist constants a, 3,C €
(0,00) such that

E[(Xs — X,)*] < Clls — | **°

for all s,t € [0,1]%, where | - | is the Euclidean norm in R?. Then, there exists a

continuous modification of X.

For a Gaussian field X with index set [0, 1]¢, a sufficient condition for the existence
of a continuous modification is the existence of constants constants v, C' € (0, 00) such
that, for all s,¢ € [0,1]%,

E[(X, — X,)2] < Clls — ],

This statement follows from Kolmogorov’s Continuity Criterion and basic properties of

the moments of Gaussian random variables.
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2.2 Supremum of a Gaussian field

We now state three of the most fundamental results in the theory of Gaussian fields.

These results are stated for centered (i.e., point-wise zero-mean) Gaussian fields.
Slepian’s Lemma (see |8, Corollary 2.4]), which was mentioned in the introduction,

provides sufficient conditions for the supremum of one field to stochastically dominate

another.

Theorem 2.2.1 (Slepian’s Lemma). Let X and Y be almost surely bounded, centered
Gaussian fields on T, such that

Var(Xy) = Var(Vz)

and

Cov(Xs, Xy) < Cov(Ys,Yr)

for all s,t € T. Then, for all x € R,

P (supXt > x) >P <squt > :J:) .
teT teT

The next result, known as Borell’s Inequality, informs us that the right tail of the
supremum of a Gaussian field decays like the right tail of a Gaussian random variable
with variance equal to the supremum of the variance of the field. This important result
was proved by Borell in [11] in a highly abstract setting by employing isoperimetric

inequalities. The following statement can be found in [8, Theorem 2.1].

Theorem 2.2.2 (Borell’s Inequality). Let X be an almost surely bounded, centered
Gaussian field on T. Then,

E [sup Xt} < 00
teT

and, for all x > 0,
22
P <sup X —E [sup Xt] > x> < exp <—2> ,
teT teT 207
where

0% = sup Var(Xy).
teT
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Note that Borell’s Inequality requires knowing (an upper bound of) the expected
supremum of the field. Fernique’s Majorizing Criterion (see [8, Theorem 4.1]) provides

such an upper bound.
If X is a Gaussian field on 7', then

p(s,t) = VE[(Xs — X¢)?]

is a pseudo-metric on T'. It is called the canonical pseudo-metric on T' for the Gaussian
field X. The next theorem relates the canonical pseudo-metric with the supremum of
X.

Theorem 2.2.3 (Fernique’s Majorizing Criterion). Let X be a centered Gaussian field
onT. Fore>0, let B(t,e) :={s €T :p(t,s) < e} denote the e-ball under the canonical
pseudo-metric p. Assume that T is totally bounded under p. Then,

E [supXt} < C’infsup/ V= log(u(B(t, €)))de, (2.2.1)
teT K teT Jo

where C > 1 is an absolute constant and the infimum is taken over all probability

measures p on T

The probability measure p is said to be a “majorizing measure” if the right hand
side of is finite. These measures were introduced by Fernique in [12]. Note
that the existence of a majorizing measure is a sufficient condition for the finiteness of
the expected supremum. In [13], Talagrand showed that the existence of a majorizing

measure is also a necessary condition.



Chapter 3

Log-correlated Gaussian fields

3.1 Setup and main result

Let {(Y®:z € [0, 1]d)}6>0 be a family of centered Gaussian fields indexed by the d-
dimensional unit box [0,1]%, where d is any positive integer. Suppose that the family

satisfies, for some constant 0 < Cy < oo and all z,y € [0,1]¢, € > 0,
(Cov (Y2, YY) + log (max{e, |z — yl[})| < Cy (3.1.1)

and
E[(ve -] <Ovetla—yl i eyl <e (3.1.2)

where ||-|| is Euclidean distance. Display implies that the covariance is logarith-
mic for distant points and that the variance is nearly constant. The second condition
is imposed so that the field does not vary too much for close points. Display ,
basic relations between the moments of Gaussian random variables and Kolmogorov’s
Continuity Criterion (see [10, Theorem 1.4.17]) imply that the fields have continuous
modifications.

When d = 2, an example of a field satisfying and is the bulk of the
mollified Gaussian free field (MGFF), which will be the object of our attention in Part
I

Set me = m. 4 = V2dlog(1/e) — 32 1og log(1/€). The main result of this part is the

Vad
following.

16
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Theorem 3.1.1. There exist constants 0 < ¢,C < oo (depending on Cy and d) and a
small eg > 0 (depending on Cy and d), such that, for all € € (0, €] and all X > 0,

“(
Theorem |3.1.1|implies, in particular, that {maxze[o’l]d Y* —me:ee (0, 60]} is tight and
that, for all € € (0, €],

max Y —me
z€[0,1]¢

> )\> < Ce™ N (3.1.3)

’E[max Yf] —me| <C

z€[0,1]¢

for some constant C' depending on Cy and d.

The main idea of the proof of Theorem is to use Slepian’s Lemma (see |8}
Corollary 2.4]) to compare the maximum of the field Y, with the maximum of the
continuous modified branching random walk (CMBRW), which is a continuous-time
version of the modified branching random walk (MBRW), a field introduced by Bramson
and Zeitouni in [5]. Since Slepian’s Lemma only allows comparison of fields with the
same index set, we will add an appropriately chosen independent continuous field to
the CMBRW. Adding an independent continuous field to the CMBRW does not change
the maximum much, provided the continuous field is small and smooth enough. These
auxiliary fields are defined in detail in Section After defining the fields, we compare
the right and left tails in Sections [5.1] and

A comment on constants: ¢ will always denote a small positive constant and C
will always denote a large positive constant. Both constants are allowed to change
from line to line. The dependence of the constants will be explicit or will be clear
from the context. The phrase “absolute constant” will refer to fixed numbers that are

independent of everything.

3.2 Related work

Our approach is motivated by recent advances in the study of the two-dimensional
discrete Gaussian free field (DGFF). In [5], Bramson and Zeitouni computed the ex-
pected maximum of the DGFF up to an order 1 error and concluded tightness of the
centered maximum. In [14], Ding obtained bounds on the right and left tail of the

centered maximum of the DGFF. Later on, in [4], Bramson, Ding and Zeitouni proved
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convergence in distribution of the centered maximum. The approach of this line of
research is to use first and second moment methods, together with decomposition prop-
erties of the DGFF, to obtain good estimates on tail events. Previous work on the
DGFF includes [15], where Bolthausen, Deuschel and Giacomin obtained asymptotics
for the maximum of the DGFF, and [16], where Daviaud studied the extreme points
of the DGFF. On the other hand, previous work on the continuous Gaussian free field
(CGFF) includes |17, where Hu, Miller, and Peres studied the Hausdorff dimension of
the “thick points” of the MGFF, which are closely related to the work of Daviaud. We
also mention [18] for a nice discussion of Gaussian fields induced by Markov processes,
and [2] for a survey on the CGFF.

As mentioned before, our approach consists on extending the CMBRW by Brownian
sheet, so that it is possible to compare the extended field with scaled log-correlated
continuous fields. Log-correlated Gaussian fields are subject of current interest (see [19],
[20], [21]). In particular, in [20], Madaule proved convergence for stationary centered

Gaussian fields (Z(z) : z € [0,1]%) whose covariance satisfies
log(1/e)
Cov(Z(0), Ze(x)) :/ k(e"x)dr,
0

where the fixed kernel k : R? — R is of class C!, vanishes outside [—1,1]%, and satis-
fies k£(0) = 1. Theorem has weaker conditions on the covariance structure, and
consequently, only tightness is achieved.

In [21], the authors proved the so called “Freezing Theorem for GFF in planar
domains” for a sequence of Gaussian fields approximating the continuous GFF by
cutting-off white noise, so that the covariance kernel is proportional to the function
Gy 1 [0,1)% x [0,1]*> — R given by

Gilay) = [ pojoap(riz, )i

where pgjo,1)2(7; z,y) is the transition probability density of a Brownian motion killed
at 9[0, 1]2.



Chapter 4

Auxiliary fields

4.1 Definition and properties of the auxiliary fields

In this section, we rigorously define the fields we mentioned in Chapter [3] A number of
properties of these fields will be stated; the proofs of these properties will be given at
the end of the chapter.

In order to define these fields, it will be notationally more convenient to use [0, 1)¢
instead of [0, 1]¢ as the index set. This will not affect the proof of Theorem because
the supremum of Y, over [0, 1)d is the same, due to continuity, as the maximum over

[0, 1]¢.

Continuous modified branching random walk

We first divide [0,1)¢ into boxes of side length € > 0. Let V. = (eZ%) N [0,1)? and,
for v = (vi)1<jcq € Ve, let 07 = ([[1<i<qlvisvi +€)) N [0,1)¢. Moreover, if z € 07, let
[z] := v. The set V, is, of course, a discretized version of [0, 1)%.

We now define the continuous modified branching random walk (CMBRW) as the
centered Gaussian field {£(t) : v € V,0 <t <log(1/€)} with covariance structure

" " min{¢,s} .
Cong.6) = [ T] = los—ui)ads (411)
0 1<i<d
for all 0 < ¢,s <log(1/e) and v,u € V;, where (-) = max{-,0}. For simplicity, write

& = & (log(1/€)).

19
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Note that, for each point v € V, the process (§/(t));>q is a standard Brownian
motion. Moreover, for each pair v,u € V, the Brownian motions are correlated until
t = —log||v — ul|,, at which time their increments become independent. The end time
is t = log(1/e), because, for the “usual” d-ary branching Brownian motion, it takes
log(1/€) units of time to generate |V¢| particles (see the proof of Proposition for a
definition of the usual d-ary branching Brownian motion).
It will be proved (see Proposition that the CMBRW exists and that it satisfies

Var(gl) =log(1/e) (4.1.2)
and, for v # u (so that |lv —ul[ > ¢),
“log v — ull, — € < CoulE,€%) < —log [lo — (113)

for some constant C' depending on d. The CMBRW also satisfies (see Proposition [4.2.2)

P (max £ > me) >c>0, (4.1.4)

vEVe
where ¢ is a constant depending only on d. It will also be proved (see Proposition |4.2.3])
that there exist constants 0 < ¢, C' < oo (depending on d) such that

1/2
P (maxgg > me + z) <C (ed \A|) e (4.1.5)

veEA

for all A C V., z € R and € > 0 small enough, where |A| is the cardinality of A.

Brownian sheet

As mentioned before, we will need an additional continuous Gaussian field. For x =
(xi)1<i<d € R? | let ¢)* denote the centered standard Brownian sheet. Recall that it
satisfies, for all z,y € R,
E [v*yY] = H min {z;,y; } .
1<i<d

Define a new field (¢§ cx €0, 1)d), depending on a parameter p > 1, as follows. For
v € V,, let I be the linear map from [JY onto [p, 2p)¢ sending v to (P)i<i<da = (P, ps - -, D).
Set

(W x e ) 2 <¢l<~’v> ze Dg) - (Wﬂ L l(z) € [p, 2p)d) (4.1.6)
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for each v € V, and choose ¥ and 9?¢ to be independent if [x] # [y]. Note that the
collection of fields {(¢¢ : x € [0f)}, ¢y, consists of i.i.d. copies of Brownian sheet on

[p, 2p)d. Using the covariance structure of the Brownian sheet, it is not hard to see that

p? < Var (WE) < (2p)d (4.1.7)

for all 2 € [0,1)%, and that (see Proposition [4.2.5])

ple o=yl SE[@F )] < o) e -y, (4.18)

for all [z] = [y]. Note that p can be chosen as large as desired.

To understand the motivation behind the previous definitions, we invite the reader
to compare the bounds (3.1.1)) and (3.1.2)) with (4.1.3)) and (4.1.8)), respectively. These
bounds will be used in Chapter

4.2 Proofs of Chapter

We prove here the claims made in Chapter 4
Proposition 4.2.1. The CMBRW, defined by display , exists and satisfies
Var(§(t)) =t
for all 0 <t <log(1l/e) and all v € V,, and
t=C<CoulE(t),E(1) <t

for all 0 <t < —logllv —wl|,, and all v,w € V,, where C is a constant depending on

the dimension.

Proof. We show that the mapping (V. x [0,log(1/€)])* = R given by
min{¢,s} ;
(et as) = [T T e o= wiar
0 1<i<d

is positive semi-definite. Note first that

IT (=t =l = [ Tan (D agun (e

1<i<d
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where dz is d-dimensional Lebesgue measure and A(v,r) is the d-dimensional box of
side length 1, centered at e"v. Let {(v*,t%)}, be any finite subset of Vi x [0,log(1/€)],
and let {co}, be any finite set of real numbers. Then, applying the previous display,

we obtain

=0} |)4dr

> | " e

1<i<d

/ /Rd Z cacplio a1 (r) 1o e5) (1)L a@e ) (2)Lags ) (2) dz dr

2
:/0 /Rd <Z Cal[O,ta}(T)lA(vaW)(Z)) dz dr > ()7

as desired. This shows that the CMBRW exists.
For any v € V. and t < log(1/e),

Var(&X(t / =t.
0

1<z<d

o
Uy

Moreover, if v # w,

>0 ifr<-—-log|lv—w
T (= o —w), gllv—wl

1<i<d =0 ifr>—logllv—w|

Therefore, if t < —log [|v — w||

t > Cov(&l(t) / H (1—e€"|v; — wl)dr>/ (1—¢" HU*wHoo)ddTa

1<i<d
where the last inequality follows because 1 — € |v; —w;| > 1 — €” ||[v —w]|, for all
i€ {1,2,...,d}. Expanding and integrating, we obtain that the previous display is

d

> ¢ +Z< ) 1 (v — w||% <€ktk_1> >t-Y) (Z) lv — w]% (e’“+1>. (4.2.1)

k=1

But, since ||[v —w||,, <1 and t < —log||v — w||,,, we have

k
o=l (¢ +1) < (o —wllg el )" 41 < 2
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Therefore, display (4.2.1)) is

>t—2z<>>t—

for some constant C' < co depending on d only. Similarly, if t > —log ||v — w||
~loglv — wll,e > Cov(€(2),£2(2)) > —log Jv — wll,, — C.
O
Proposition 4.2.2. Let (¢! : v € V) be the CMBRW and let m be the number defined

in the line preceding Theorem|3.1.1. Then, there exists a constant ¢ > 0 (depending on

the dimension) such that

P (maxf6 > m6> > c.

vEVe

Proof. We use a second moment method. Let T'= T, = log(1/¢) and let

Ay ={er =m0 < %Hl forall 0< ¢ < T},

vEVe
Note that N
P max¢ >me ) >P(Z >0) > (E[Z]) (4.2.2)
veve ‘)= - E[z?]”’

where the second inequality follows from Cauchy-Schwarz. We first compute a lower
bound for E [Z]. Note that
E[Z] = e 9P (A,).

Let £2(t) = £¥(t) — et. Define a probability measure Q by

dp m2
Girsanov’s Theorem (see [10, Theorem 6.8.8]) implies that £’(t) is Brownian motion

under Q. Note that

2 2
P(4) = [ e (e - ) doz e (7 - ) )

ce‘medT3/2Q(Av)
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for some absolute constant ¢ > 0. It follows easily from the reflection principle (see |1}
Theorem 2.19]) that Q(A,) = Q(£Y > 0,£%(t) < 1forall 0 <t < T) > ¢T'~3/2 for some

absolute constant ¢ > 0. Combining the three previous displays, we obtain
E[Z] >¢ (4.2.3)

for some constant ¢ > 0, depending on the dimension d.

We now compute an upper bound for E [Z 2]. Note that

E[72] = Y PANA)= > P(EE >0, <1 forall0<t<T).

v, WEVe v,wEVe
(4.2.4)
Both £Y(+), &Y (+) are Brownian motions, which have independent increments starting at
time s = s, = —log (max {e, [[v — wl| }). Therefore,
P(A, N Ay)
< ) p@)py)x
—oo<z,y<1

P (2(t), €4 (t) < 1forall t € [0,s],£0(s) € [x — 1,2],£(s) € [y — 1,9])
< ) 2p(a)ply)x

—oo<y<z<l

P (&(t),€8(t) < 1forall t € [0,s],&(s) € [z —1,2],£(s) € [y — 1,9]) ,
(4.2.5)

where

p(z) = sup xP (1) <1—zforaltel0,T—s],(T—s)>—z2).
z€[z—1,x]

Assume 0 < s < T. Applying Girsanov’s Theorem and the reflection principle, we

me m? 1—x
p(x) < Cexp (T‘T - 272 (T - S)> (1("'_8)3)/2

obtain
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for some constant C'. Therefore, from (4.2.5) and the previous display,

P (A, N Ay)
< > Cpla)’x
—oo<y<z<l1

P (E(t), (1) < 1forall t € [0,s],€(s) € [ — 1,2].&7(s) € [y — 1, 4])
< Y Cp@)’P(E(t) < 1forallte(0,s],&(s) € [z —1,2]).

—oo<z<1

Applying Girsanov’s Theorem and the reflection principle again,

M mz 1—=x
P(A,NA)<C Y7 pla)exp (‘H B 2T> (/)

—oo<z<1
1 m?

for some constant C'.
Consider now the case s = 0. Then, the independence between £Y(-) and £¥(-)

implies
P (A, N Ay) =P(A,)2 =P (E(t) <1 for all t € [0,7],€(T) > 0)
1 m?2
< € 2.
_CTgexp< T)’ (4.2.7)

where the last bound follows from Girsanov’s Theorem and the reflection principle. In

the case s =T,
2

1 m
In consequence, for any pair v, w € V,, displays (4.2.6), (4.2.7) and (4.2.8]) imply

1 2

(T—s) V1P sV " <_ o721 - S)> ’

where (- V -) = max {-,-}. For any fixed v € V, there are O(e!D(T=%)) points w such

P(A,NAy) <C
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that —log ||v — w||, = s. Therefore, from (4.2.4]) and the previous display, we obtain

E[z}] <C V| eld=D(T=s) exp ( ! o — 8))
ogzs:g (T —s)V1)P(sv1)*/? 272
2
exp e (2T —
SCH+C ) |Ve|el D) ( i — )
0<s<T (T 8) S/
2
exp e (2T
_C—i—CZe (d-1)(T <2T2332 )
0<s<T (T — 5)° 3/
But
m?2 _
Z (T (1) (T~ 5P (_W(ST 5))
0<s<T (T — )" s3/2
3logT _ 3logT _
- Z ed(2T—3)eXp(< d+ )(QT s)) _ exp (2 o (2T2 s))
0<s<T (T - 5) s3/2 Nt (T — s)3s3/

1 exp 3l°gT(T—s) T73/2
<C Z @—i_ Z <(T—3)3 )33/2

0<s<T/2 T/2<s<T
T35/2T
<C+C > < C < o0,
0<s<T/2

because the last expression is (eventually) decreasing in 7. Proposition follows

from the previous display, (4.2.2) and (4.2.3)). O

Proposition 4.2.3. Let (§Y :v € V) be the CMBRW and let m. be the number de-
fined in the line preceding Theorem |53.1.1. Then, there exist constants 0 < ¢,C < o0
(depending on the dimension d) such that

p 1/2
P <max§f > me + z> <C (e |A|> e~
vEA
forall AC V., z€ R and € > 0 small enough.

Proof. We define the d-ary branching Brownian motion (BBM) as follows. Let e = 27"
for some n € N. At each time T}, = klog2;k = 0,1,...,n, we partition [0,1)? into 2~¢
disjoint boxes of side length 27%. For a pair v, w € V., denote by I(v,w) the first time



27
that v, w lie in different boxes of the partition. With this notation, define the BBM as
the Gaussian field (n?(t) : v € V,t € [0,T,]) with

Cov(n?(t),nd(s)) = min {t,s, (v, w)}.

For simplicity, let T = T,, and n? = n?(T"). It is not hard to show that such a field
exists. Note that our BBM can be interpreted as a branching Brownian motion that
splits every log2 units of time into 2¢ independent Brownian motions. Following the
argument given in [22, Lemma 3.7], one can show that there exists C' (depending on the

dimension) such that

U v
P (rlfleajcfe > me + )\> < (CP <I$1€ajcne/c > me + )\)

for all A C V. C V)¢ and all X\ € R. Therefore, it is enough to prove Proposition m
for the BBM. We do so by following very closely the proof in |4, Lemma 3.8].
We will use the following estimate, which is proved in |4, Lemma 3.6]: let W, be

standard Brownian motion under P and fix a large constant C;. Then, if
pyr(r) =P (Wq € dz,W, < r+ Cy(min{s,q— s})"/?° for all 0 < s < q) /dx,

we have
it (2) < Cor(r — 2) /g2 (1.2.9)

for all x < r, where Cy depends on (1.

We next define the event
me .
GO = {3 < T,0 € Vel (t) = 7t = 10log (min {1, T — 1)), > A}

and we prove the following claim.

Claim 4.2.4. There exists a constant C' > 0 (depending on d) such that
P(G(N)) < Che™ V2
for all A > 1.

Proof. Following the proof of [4, Lemma 3.7], we define ¢y = A+10log (min {¢,7" —t})
and xr,(z) = P (n?(t) — Bet < oy for all t < Ty, nY(Ty) — 5Ty € dz) /dz. Then, by
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decomposing based on the first time such that n¢(t) — 7¢t > 1, we obtain that

<Z2dk/ XTk )P(max ne()ZwTk_x_C>dxv

<log2
where C' is an absolute constant. Display (4.2.9) and Girsanov’s Theorem imply that
XTk (.T) S CQ*dke—w(m—O(logT/T))lka (wTk _ JI),
where C depends on d. On the other hand,

P (L 1) 2 i, 2 0) < G- (om0 i
s<log 2

for some absolute constant C'. Therefore, by the three previous displays, we obtain
) < CZ%/)T / 2(V2-0(0g T/T)) (4. — m)ef(wkaxfC)2/210g2d$.
The change of var1ables u = Y7, — x yields
P(G(N) <€ treH00n
k=1

=C Z (A =+ 10log (min {Tj, T — Tj;} V 1)) e~ V2AA+10log(min{Tp. T-Ti}v1))
k=1

_ CZ (A + 10log (min {7}, T — Tkl}o\/ 1))€_m/\ < C/\e_\/ﬁ)\’
(min {7y, T — T} V1)

where (-V ) = max{‘, -}, and the convergence of the last sum is due the exponent 10

in the denominator (with room to spare). O

We now finish the proof of Proposition 4.2.3] Fix A C V. and z € R. For z +
(Ve /1ADYA > 1, 1et A = 2z + (|Ve| / |A])Y*, and continuing with the notation of Claim
4.2.4] we let

Fo={n(t) < Dot o forall 0 < ¢ < Tl = m + 2,

where v € V.. We now compute

o
PEO) = [ o+ mr()ds

P
< C/ T 2_dn€fz(\/ﬁ70(logT/T))wT (wT _ l’) dx

Yr
< C2Mappe V2T / tudu < C2Mapre2% (i — 2).
0
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Recalling that ¢ = A =z + (|V¢|/ ]A|)1/4, we obtain

P(F,(\) < €27 (=4 (Vel / [ADY*) (Ve / 1Al /4 V2
< 2™ (V| /AP e,
Adding the previous display for v € A and using Claim we obtain

1/2
P (maxné} > me + Z) < C <6d ‘A|> e % 4 O (Z + (“/E| / ‘A‘)1/4> e—\/ﬁ(z+(|‘4|/|A‘)l/4)

vEA
<C (ed |A|>1/2 e=c?

for some 0 < ¢,C' < oo (depending on d only), as desired. The previous computation was
made under the assumption z+ (|Ve| / |A)Y* > 1. Assume now (|Ve| /|A)* =1 < —=.

In this case,
1/2 1/2 -
(e!14]) "o > c(e]4]) 7 geletian ™",

—1/4
1/2ecm

But infocpc1 @ > ¢ > 0, where ¢ depends only d. Therefore, in this case,

Proposition holds trivially by adjusting the constant C. O

Proposition 4.2.5. Let (¢? : x € OY) be the Brownian sheet defined in (4.1.6). Then,
for all x,y € OO0,

et llz =yl <E[(F - )] < 2o)% o -y,
Proof. By ,
E [(@Z}Z - ¢2)2} =E |:(¢)l(:c) _ w“y)ﬂ , (4.2.10)

where [ is the linear map from [0Y onto [p, 2p)¢ sending v to (p)i<i<a = (P, D,---,D)-
Call I(z) = 2’ and l(y) = y'. Note that

E[(w'_w)?] [T o~ T min{alowi} |+ TT v~ ] min{af o}

1<i<d 1<i<d 1<i<d 1<i<d

— A+ B. (4.2.11)

Consider the first term, A. Adding and subtracting the intermediate terms

H a:; H min{x;,yg}

j<i<d 1<i<j—1
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for j = 2,...,d, we obtain

A= Z H T} H min {z},y; }
1 1<i<j—1

<j<d \ \j<i<d

|| /
— z;

j+1<i<d

= Z H xé ( min{xg,y;} (:U;—mln{m;,y;})

1<j<d \j+1<i<d 1<i<j—1

H min {a:z,yZ

1<i<y

Since both z’ and g belong to [p,2p)?, we obtain

P Y (o min (o)) £ A< ) Y (o min (o))

1<j<d 1<j<d

An analogous expression holds for B. Then,

pd_1 Z (a:; —i—y; — 2min{x§-,y§-}) <A+ B
1<j<d

< (2p)¢! Z (x; + y; — 2min {x;,yg}) ,

1<j<d

so, from the previous display, and
P o =yl SE |2 - v2)?] < o) o -y,
But, from the definition of 2’ and y/, we see that ||z’ — y/[|; = e 'p ||z — y||;. Therefore,
et oyl <E [ —0)?] < @p)e o — gl

as desired. n



Chapter 5

Comparison to CM BRW

We now proceed to the comparison of the right and left tail of the maximum of the field
Y. (which was defined in Chapter [3| and satisfies (3.1.1)) and (3.1.2)) and the maximum
of an appropriate combination of the fields & and v (which will be specified in Sections
and . Note that we will only use Brownian sheet when comparing the right tail;
for the left tail, we will compare directly the CMBRW with the field Y, on a discrete

index set.

5.1 The right tail of (3.1.3)

Proposition 5.1.1. For e > 0, let (£ :v € V;) and (¥ : x € [0,1)9) be independent

fields, defined as in (4.1.1) and (4.1.6), respectively. Then, there exist 6 > 0 small
enough and p large enough (depending on Cy and d) such that, for all € > 0 small

enough (depending on Cy and d),

z€[0,1)¢ z€[0,1)¢

P ( sup YT > A) <P ( sup a(z)El + 7 > A)

for all X € R, where a(x) := \/(Var(Yff) - Var(d)?)) /Var({e[w]).

Proof. We first make sure that Var(YS®) — Var(y®) > 0, so that a(z) is well defined.

Note that (3.1.1) and (4.1.7)) imply
Var(Ye®) - Var(u#) > los(1/¢) + log(1/8) — Cy — (20)% > 0

31
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for all € > 0 small enough (depending on Cy, d and p). As we will see in this proof, p

depends only on Cy and d, so a(z) is well defined for all € > 0 small enough, depending
only on Cy and d.

We now check the hypotheses of Slepian’s Lemma (see [8, Corollary 2.4]). The

variances of the fields Y)* and a(z) Lzl +17T are equal by the definition of a(z). We first

choose p so that a(z) < 1. Note that (3.1.1)) and (4.1.7]) imply

_ Var(Yy?) = Var(y?) _ log(1/e) +log(1/6) + Cy — p*
Var( Lm]) B log(1/e) ’

a(x)?

so, by choosing p large enough (depending on Cy, d and §), we obtain a(x) < 1, for all
x.

We now compare the covariance for points x # y, for which we distinguish two cases:

1. [z] = [y] (that is, oF = Dgy]). In this case, (3.1.2) and (4.1.8)) imply

2
E {(Ks‘? -Y3Y) ] < Cy (36 oz — dyll < p*e”! e — yll, < E (w7 — 2]

< | (a0 + 07 - ) - v2)

for p large enough (depending on Cy and d). The last inequality is due to the indepen-
dence between & and ..
2. [z] # [y]. In this case, we can apply and the independence between &,
Lz] and ¢£y] to obtain

Cov(a(x)e + 97, aly)e + ¢¥) < a(z)aly)Cov(£, €¥)
a(x)a(y) (—log |[z] — [¥]ll + C).-

IA

But a(z)a(y) <1, so
Cov(a(@)ef” + v, a(y)e! +v¥) < —log||[z] - ]| + C.
Note that — log ||[z] — [y]|| < —log (max {e, ||z — y||}) + C. Applying (3.1.1), we obtain
~log (max {e, 2 — yl1}) + C < — log (max {3e, |5z — 5y]}) — Cy < Con(VEF, V)

for some 0 > 0 small enough (depending on Cy). Proposition follows now from

Slepian’s Lemma. O
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Proposition [5.1.1] provides an upper bound for the right tail of the supremum of Y,
taken over the d-box 6[0,1)¢. The same proof works for any d-box. Therefore, a union

bound implies

d
IP’( sup Yy > A) < <;> ]P’( sup a(z)e +¢F > )\) (5.1.1)

z€[0,1)4 x€[0,1)4
for all A € R.
We now provide an upper bound for the probability on the right hand side of the
previous display. We first prove an upper bound on the supremum of the Brownian

sheet.

Lemma 5.1.2. There ezist constants 0 < ¢,C < oo (depending on p and d) such that

supP | sup ¢ > A | < Ce=¥
veVe  \zel?

for all A >0,e¢ > 0.

Proof. Let v € V. Fernique’s Majorizing Criterion (see [8, Theorem 4.1]) implies that

E | sup v?

reld?

< C sup /0 " /log (B n)))dr

reld?
for some absolute constant C, where pu is the normalized d-dimensional Lebesgue mea-
sure on (Y and B(x,r) = {y ced:E [(¢f - 1/13)2} < 7“2}. But (4.1.8) implies

B(z,r) 2 {y ey @)ty -l <72},

Therefore, p (B(x,r)) > cr?? for some constant ¢ > 0 depending on p and d. Applying

the previous display and Fernique’s Majorizing Criterion, we obtain

SC/ —log (er2d)dr < C < oo,
Y (er??)

where C' depends on p and d. Borell’s Inequality (see [8, Theorem 2.1]) and (4.1.7))
imply

E | sup v?

ey

P (sup P > C + )\> < e_,\2/(2(2p)d)’

ey
where C is the constant obtained in the previous display. Lemma/5.1.2|now follows from

a change of variables. O
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Proposition 5.1.3. Let p and § be as in Proposition [5.1.1. There exist constants
0<e¢,C < oo (depending on Cy and d) such that

P( sup a(@)e® + 4% >A+m,. | < Ce™
x€[0,1)4

for all A > 0 and all € > 0 small enough (depending on Cy and d).
Proof. By letting ¢ lal SUp, WY, we have

sup a(z)El + 4% < max a(x)el 4yl
z€[0,1) z€[0,1)d

The previous display implies
sup a(x)fe[x] +Yf>mc+ A = sup a(a:)ﬁe[x] + 1/1:’[1] > me+ A\
z€[0,1)d z€[0,1)d

We now compute an upper bound for the right hand side of the previous dis-
play. Define the random sets I'y = {v eVl ely— 1,y)} for y > 1, and I'y =
{v eVl < O}. Note that

P ( sup a(z)e 4ol > m, + )\> < ZIP’ < sup  a(z)e > me+ 1 — y) )
z€[0,1)¢ y>0 x:[z] €Ty
By the definition of a(z) and the choice of p and § in Proposition

o _ Var(Yy') — Var(¥?)

a(iL‘) V(LT( e[x])

<1,

and by (3.1.1)) and (4.1.7)),

,  log(1/e) + log(1/5) — Cy — (2p)?
ale)” 2 log(1/9)

for € > 0 small enough (depending on ¢, p, Cy and d, all of which ultimately depend

1
>
-2

on Cy and d). Therefore, the last three displays imply

P < sup  a(z)€ + ol > me 4 )\) < Z]P’ (max{f >me+ A — Qy) . (5.1.2)

CEE[OJ.)d yZO
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But P (maxvepy & >me+ A — 2y) =E []P> (maxvepy & >me+A—2y | Fy)]. Since .
and & are independent, from (4.1.5) we obtain
1/2
P <maxfé’ >me+A—2y | Fy) <C <€d |I‘y\) o—c(A—2y)
vel'y
Then,
—e(A—2y) d 1/2
P max&) >me+ A —2y ) <Ce % <E [e |I‘y|D . (5.1.3)

vely
But, by Lemma E[Ty]] =Y cv. P(0" € ly—1y)) < Cede=V" . For y = 0, we
simply use |To| < e~¢. Therefore, from displays (5.1.2) and (5.1.3]), we obtain

P( sup a(2)el +y2H >m + 2| <Cem
z€([0,1)¢

for some constants 0 < ¢, C' < oo (depending on Cy and d). O

Proof of Theorem (3.1.3), the right tail. Display (5.1.1]) and Proposition|5.1.3/im-

ply that there exist constants 0 < ¢,C' < oo (depending on Cy and d) such that, for all
€ > 0 small enough (depending on Cy and d),
1\2
P YE>m.+A| < (=) P [ 4 > N+ < Ce M,
(g ve zmena) < (5) (g ot s or 22 <o
It is easy to see from the definition that mgs. < m.+ C’ for some C’ depending on 4 and
d. Therefore,

P ( max Yz > mse + A — C') < Ce A,
z€[0,1)?

The upper bound (3.1.3)) for the right tail follows by adjusting the constants. O

5.2 The left tail of (3.1.3)

In this section we prove the upper bound (3.1.3|) for the left tail. As previously men-
tioned, we can reduce the set under maximization to a discrete set. More precisely, if

{D, : ¢ > 0} is any collection of subsets of [0,1)¢, then
Pl sup Y <me—A §IP’(sup Yfﬁme—)\>. (5.2.1)

x€[0,1)d z€D,
If we select D, appropriately, we can perform a comparison with the CMBRW using

Slepian’s Lemma.
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Proposition 5.2.1. There exist §, p > 0 small enough (depending on Cy and d) such
that

P ( max Yyr < /\> <P < max  b(u)¢ < )\>
u€Ve/, u€VeNpl0,1)4

for all € > 0 and all X € R, where b(u) := \/Var(Y) /Var(E¥) for u € Ven p[0,1)4.

Proof. Note that (3.1.0) and (L.1.2) imply that b(u) > 28/ e)ggl((’%ﬁ)/ 9=CY " which is

greater than 1 for 6 > 0 small enough (depending on Cy).
Let u,v € V/,, with u # v. Then, for 0 < d,p < 1, we have |[u —v|| > ¢/p > de.

Display therefore implies
Cov(Yse, Y5() < —log [|u — v + Cy.
Choose p > 0 small enough (depending on Cy and d) so that
—log[lu —v[| + Cy < —log|pu — pv|| = €' < Cov (&%, £2°) < Cov(b(pu)€Z”, b(pv)EL"),

where the second to last bound follows from (4.1.3). All the hypotheses of Slepian’s

Lemma are satisfied, so

P YYE< AN <P b U<\
(g vz < a) <2 (e bourer <)

for all A € R. Proposition follows by observing that pV,,, = V. N p[0, 1]4. O

Proposition 5.2.2. Let p > 0 and {b(u) : u € V. N p[0,1]¢} be as in Proposition |5.2.1,
Then,

P < max  b(u)& < m. — )\> < ]P’( max &' <me— )\/2>
u€VeNpl0,1]4 u€VeNp[0,1]¢

for all A > 0 and all € > 0 small enough (depending on Cy ).

Proof. Tt follows from the definition of b(u) and the choices made in Proposition
that, for all u,

log(1/e) + log(1/0) + Cy
log(1/e) =2

for small enough € > 0 (depending on Cy and §, which itself depends on Cy). Let v be

1< b(u) = \[Var(Vy) /Var(es) < \/

the (a.s. well-defined) point that maximizes £, for u € V.M p[0,1]%. Then, the previous
display implies

b)E < me — A = & <me/b(v) — A/b(v) < me — A/2.
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O

Our task is now to find an upper bound for the probability on the right hand side
of Proposition [5.2.2

Proposition 5.2.3. There exist constants 0 < ¢,C < oo (depending on p and d) such
that

P ( max & <me— )\) < Qe
veVeNnpl0,1]¢

for all A >0 and all € > 0 small enough.

Proof. We distinguish three cases for .

e )\ €[0,2/p]. In this case, the proposition is trivially true by simply adjusting the
constants ¢ and C so that Ce=* > 1.

o A€ (2/p,\/1/€]. Let n := L%J andlet {B":i=1,...,n} be a collection of boxes
of side length A~! inside p[0, 1)¢, such that the distance between any pair of boxes
is at least A™1. Set B! = B'N V.. We claim that the field

(& — & (log\) : v € BY)

is a copy of (€3, : v € V), and that the fields { (£’ — &(log A) : v € BY)
independent. Indeed, if v,u € Bf, then (4.1.1)) implies

}1§z’§n are

log(1/€)
Cov(€” — € (log A), £ — £4(log \) = / T (- fo; —uil), dr

log(\) 1<j<d

—log(Xe)
:/ H (1 —€" [Avj — Auyl)  dr,
0 1<j<d

(5.2.2)

and the set AB! = {)\v NS Bé} coincides with V). after a translation. This shows
that (¢ — £2(logA) : v € BY) 4 (&, 1 v € Vo). Moreover, from ([5.2.2)), it is easy

to see that |[v — u|| > A~! (which is true for points v,u in different boxes B!, by

construction) implies

Cov(& — & (log A), & — & (log A)) = 0,
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as desired.
Therefore, independence of the fields { (£ — &Y(log A) : v € BY) }1<i<n and (4.1.4)
imply
P ( g (€2 - Ioga) <) <

veEU; BY
for some constant ¢ > 0 depending on d. But n > ¢\ for some constant ¢ > 0

depending on p. Therefore,

P ( max (¢! — &Y(log X)) < m) <e A

veEU; B!
for some constant ¢ > 0 depending on both d and p. By letting

v= argmax{gé’ —&(logA) :v e UBz},

)

the previous display implies

]P’( max £g§m€—)\>
vEVeNp[0,1)4

<P (& (logA) < me —mye — A) + P (£ — & (log A) < mye)
<P (€7(log\) < me —mye — A) + e

Moreover, it is clear from (4.1.1)) that the fields
(& —&(logA):veVe) and  (&(logh):ve V)

are independent. Hence, v is independent from 56(')(log A), and & (log A) is there-

fore a Gaussian random variable with mean zero and variance log A. But
me — Mie < V2dlog .

Therefore, the last two displays imply
(A—v2dlog A)?

P max £ <me— M) <Ce ¢ Tex 4 < Cem
veVeNp[0,1)?

proving Proposition in the case A € [2/p, \/1/¢].



39
o )\ € (y/1/€,00). In this case, we have

_ (A*me)Q
P max & <me— A <P <me—\) <Ce “Tosll/ag < Ce™
veVeNp[0,1)4

(where v is any point), which implies Proposition in this case.
O

Using Propositions [5.2.7] [5.2.2] and [5.2.3] we are now ready to finish the proof of
Theorem 3.1.7]

Proof of Theorem (3.1.3), the left tail. Propositions [5.2.1}, |5.2.2 and [5.2.3| imply
the existence of constants 0 < 6, p, ¢, C' < 0o, depending on Cy and d, such that

P max Y <m.—\) < Ce™
ueVey,

for all A > 0 and all € > 0 small enough (depending on Cy). But mgs. < m.+ C’, where

C' depends on ¢ and d. Therefore,

P max Y <mg —A—C") < Ce N
ueVe,

The bound (3.1.3)) for the left tail follows by adjusting the constants. O



Part 11

Convergence in law of the
centered maximum of the
mollified Gaussian free field in

two dimensions
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Chapter 6

The mollified Gaussian free field

6.1 Setup and main result

We begin by defining the continuum Gaussian free field (CGFF). Let (W}):>0 be a two-
dimensional Brownian motion and let E* denote the expectation with respect to the law
of (Wy)¢>0 with starting point € R?. Define the Green function G : R? x R? — [0, o0]
associated with I = [0, 1]? by

Gi(a,y) = —log |l — || + E*[log]| W, -yl (6.1.1)

where 77 = inf {t > 0: W, ¢ I} and |-|| denotes the Euclidean norm on R2. The Green
function G is symmetric and positive semi-definite. (Note that the function G differs
from the Green function G defined in by a multiplicative factor; this change is
made here to simplify the notation.)

It is tempting to define a centered Gaussian field (X (z): x € I) with covariance
structure given by Cov(X(x),Y (y)) = Gr(z,y). Unfortunately, such a field does not
exist because Gy(z,7) = oo for all € (0,1)2. To overcome this difficulty, we follow a
standard procedure (see, for example, [1§]) and introduce a generalized field, which is a
function on measures instead of points in I. Denote by M the collection of probability

measures p on R? such that

// Gi(z,y)dp(z)du(y) < oo, (6.1.2)
R2xR2
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and let (X (u) : p € M) be the centered Gaussian field with covariance structure

Cov(X(n),X(v)) = //R2><]R2 Gi(z,y)du(z)dv(y)

for all p,v € M. The field X is known as the continuum Gaussian free field (CGFF).
It is not difficult to show that sup e X (1) = oo almost surely.

We next introduce a family of fields {(©,, : © € I)},~o consisting of mollified
versions of the CGFF that has the advantages that (i) for each r > 0, the field O, , has
a version which is continuous in x € I (see Remark and (ii) the family of fields
O,,() approximates the CGFF X as r — oo.

A mollifier is a compactly supported C°° function 6 : R? — [0,00) such that
Jg2 0(x)dz = 1. For a fixed mollifier §(-), define the family of mollifiers 6,.(-) = e*"6(e"(+))
for each r > 0. The family {6,},., induces a collection of probability measures

{pro@:r >0,z €I}, with
praz(D) = / 0, (x —u)du
D
for all Borel sets D C R%. Note that p,, converges weakly to the Dirac delta function

at x as r — oo. We define the mollified Gaussian free field (MGFF) with respect to
6(-) as the centered Gaussian field (0,4 :r > 0,z € I) given by

67",:]0 = X(pr,x)a (6.1.3)

where X is the CGFF. As mentioned before, we will show later (see Remark
that, for each r > 0, the MGFF ©,, has a version which is continuous in x € I, so it
is possible to define, for any probability measure p, a family of random variables ©,.,
given by

Orp = /R2 Oy edp(z).

Note that, for all u,v € M,

Cov(©r,0,.) = / /R - ( / /R L Cila sy v)9r(u)0r(v)dudv) dp(z)dv(y),
(6.1.4)

so the covariance structure of (0, , : 4 € M) is simply a mollified version of the covari-

ance structure of the CGFF. The previous display implies that, for all u,v € M, we
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have Cov(©;.;,,0,,) = Cov(X (1), X(v)) as r — oo, so, in this sense, the CGFF is the

limit of the MGFF as r — oo. Note also that a simple convexity argument implies

©; := sup O, , = max O, ,
WEM zel

almost surely for every r > 0.

The main result of this part is

Theorem 6.1.1. Let m, := 2r — %log(r). There exists a constant By (depending only
on the mollifier 0) and a probability law p* on R (not depending on 0) such that

O —my+ B — p*
m law as r — 0.

Since the MGFF approximates the CGFF as r — oo, the law p* can be viewed in-
formally as a centered version of sup,c X (1), Additionally, we obtain the following

representation of p*.
Theorem 6.1.2. There exists a random variable Z > 0 such that
p*((00, 7)) = E [exp(—Ze™ )] . (6.1.5)

Thus, the limit law can be viewed as a randomly shifted Gumbel distribution. The

random variable Z is the limit of a sequence of random variables with known distribution

(see Remark [10.4.2)).

6.2 Main ideas of the proof of Theorem [6.1.1

The outline of the proof of Theorem follows that of the analogous result in [4] for
the discrete Gaussian free field (DGFF), with the proof here being organized as follows.
The first step is to prove the existence of a constant «, (depending on #) and probability

density ¢ on I (not depending on ) such that, for any closed square A C I,

21 P <max Oy —my > z) — az/ ((z)dx (6.2.1)
€A A

when first r — oo and then z — oo; this is carried out in Chapter We obtain in
display (8.0.1) an explicit formula for ¢ in terms of a Brownian motion killed at O1.
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For the second step of the proof, for § > 0 small and k > 1 large, we divide [0, 1 — §]?
into a collection of adjacent sub-squares {S ;}, of side length e *. As will be explained
in detail in Chapter |7, the MGFF can be decomposed into two independent centered

Gaussian fields ©¢ | and ©/ | by

¢) Q)

67”,1 = Gg,z + @7{377

where OF , is the expected value of O, , conditioned on the values of the CGFF on the
boundary of the sub-square Sj; containing x. We call @ﬁ’(,) the coarse field and @fi(.)
the fine field. On each sub-square Sk ;, the fine field is a copy of the MGFF ©,_ (.,
and the fine fields on different sub-squares are independent. We will show in Chapter [J]
that the maximum of the MGFF can be approximated by restricting our attention to
the points on each sub-square that maximize the corresponding fine field.

We then prove via a coupling argument (based in the above decomposition) that
the sequence O — m, + By is Cauchy with respect to the Lévy distance, where [y is
a constant that depends only on #. At the same time, and using that the probability
density ¢ mentioned before does not depend on the mollifier, we show that the limit law
does not depend on . The coupling argument is described in detail in Chapter

Throughout Part [[T, we will use two techniques repeatedly. The first technique
consists of omitting the points near the boundary of the squares; that is, for 6 > 0
small, we will consider the maximum of the MGFF restricted to sets such as Iy =
{x €I:dist(x,0I) > d}. These restricted maxima will approximate the global maxi-
mum as § — 0. The reason for omitting points near the boundary is that the covariance
Cov(Oy 5, 0,,) of the MGFF, for points = and y in s, is logarithmic in ||z — y| (see
(7.2.1))). Since we will be able to control the covariance on Is, we will be able to em-
ploy techniques from the general theory of Gaussian fields, such as Borell’s Inequality,
Slepian’s Lemma and Fernique’s Majorizing Criterion (see [8, Theorem 2.1], [8, Corollary
2.4] and [8, Theorem 4.1], respectively).

The second technique consists of comparing the maximum of continuum fields with
the maximum of discrete fields, by using Slepian’s Lemma. For Slepian’s Lemma, we
will need to employ fields with the same index set, which is accomplished by adding
small continuum fields to the corresponding discrete fields.

In each chapter, we first present the propositions and lemmas and their relationship,
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and then present the proofs. A number of the proofs follow closely the proofs of the
analogous results in [4]; it will only be necessary to make minor modifications to adapt
them to the continuum case. Other proofs follow the general outline of the proofs
presented in [4], but require special techniques in the context of the continuum. In both
cases, we will mention the analogous results in [4] and the corresponding modifications.

A comment on constants: ¢ will always denote a small positive constant and C will
always denote a large positive constant, which will be allowed to change from line to line.
Any dependence on other parameters will be made explicit by introducing subscripts.
The phrase “absolute constant” will refer to fixed numbers that are independent of

everything.

6.3 Related work

As mentioned earlier, the discrete analog of the MGFF is the discrete Gaussian free
field (DGFF), which we will define in Chapter @ We denote it here by (nn, : v € Vi),
where Vyy is a square lattice of size N x NN.

The DGFF has been studied extensively. In [15], Bolthausen, Deuschel and Gia-
comin showed that

INv 9 2

lim max =
N—ooveVy log N s

in probability. In [16], Daviaud studied the number of extreme points of the DGFF and
showed that, for all 0 < b < 1,

log(Hn (b))

=2(1- b
N—oo log N ( )

in probability, where Hx (b) = # {U eV Ny > 2\/gb log N}. In [5], Bramson and
Zeitouni showed that the sequence of centered maxima {max,cv, Ny, —mpy} is tight
(where my = \/g(ﬂogN — 3loglog N)), and later on, Bramson, Ding and Zeitouni
then established in [4] the convergence in law of max,cy, (Nn —mn) as N — co. More
recently, in [23], Biskup and Louidor studied the behavior of local maxima of the DGFF.
Setting

CN,T(A X B) = Z 1{’”/N€A}1{77N,'u_mN€B}1{77N,v:maXHu—vH1§rnN,u}
veVN
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for all Borel sets A C [0,1]? and B C R, they showed that there exists an a.s. finite
random measure Z(dx) on [0,1]% that is a.s. strictly positive on open sets and such

that, for every sequence ry with ry — oo and ry /N — 0,
(N — PPP(Z(dz) @ eV 2™ dy)

in law as N — oo, where PPP(Z(dx) ® e_\/ﬂydy) is a Cox process with random
intensity Z(dzx) ® e VI dy.

A nice survey on the CGFF can be found in [2]. In [17], Hu, Miller and Peres studied
the so called “thick points” of the MGFF. More specifically, they studied the MGFF
Oy with respect to 6(w) = 1p g 1)(w)/7 and referred to = € I as an a-thick point if

)
lim —% = /a/2.
r—oo T

(Note that the collection of a-thick points is a random set.) They showed that, for any
a € [0,2], the Hausdorff dimension of the set of a-thick points is 2 — a a.s.

We also mention [21], where Madaule, Rhodes and Vargas study a sequence of
Gaussian fields that approximate the CGFF as follows. Let W; be a Brownian motion
and, for xz,y € I, let

por(t,z,y) = P*(W; € dy, 71 > t)/dy,

where P* means that the Brownian motion is started at = and 77 = inf{t > 0: W, ¢ I}.
Consider the sequence of centered Gaussian fields {(Xn(z) : € 1)}, with covariance
Cov(Xy(x), Xn(y)) = m [ =, por(t, @, y)dt (where the pre-factor 7 is chosen so that the
covariance is logarithmic in ||z — y||). Madaule, Rhodes and Vargas proved the so called
“Freezing Theorem for GFF”, which states that, for any v > 2, the sequence of random

measures

{n37/4et"(7/\/§_\/§)2Mg(dx)} ’

n>1
where

M) (dx) = e”X"(””)_%”ﬂdfn,

converges in law towards a purely atomic random measure. Note that, for all z,y € I,
the covariance wfeo_on por(t,x,y)dt — Gr(x,y) as n — oo, so this gives another way of

approximating Gy. In this thesis, we approximate G; by mollifying it.
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More recently, in [24], Ding, Roy and Zeitouni proved convergence in law of the
centered maximum for a more general class of discrete Gaussian fields, in any dimension.
For d > 1, they considered log-correlated Gaussian field (¢pn, : v € Viv) (where Vy =
{0,1,...,N — 1}%), and they showed the convergence in law of max,cvy (PN — MN,d)
(where my g = V2dlog N — \3/% loglog N) under the assumption that the covariance
structure of ¢y converges off-diagonal in a macroscopic level, and it converges in finite

scale around the diagonal (for the precise statements, see assumptions (A.2) and (A.3)

in [24)).



Chapter 7

Preliminaries

In this chapter we present general results of the Gaussian free field and state a few
lemmas that will be useful in the sequel. The proofs are deferred to the end of the

chapter.

7.1 Markov property and self-similarity of the MGFF

Recall that M denotes the set of probability measures 1 on R? satisfying (6.1.2). For
any closed set K C I, denote by o(K) the sigma-algebra generated by the collection
{X(u) : p € M,supp(p) € K}. When conditioning, we will abbreviate by using K
instead of o(K'). The CGFF satisfies the following Markov property (see [18, Theorem
1.2.1]): let @ C I be a closed square, and let u,v € M have support on Q and Q°,

respectively. Then,
X(p) —E[X(p) | 0Q] is independent of X (v). (7.1.1)

Remark 7.1.1. Note that supp(u) C @ is required for (7.1.1) to be true. In the case of
the MGFF, we need z 4 supp(6,) C Q. In other words, the Markov property is true for

T

the MGFF only if x is away from the boundary of ) by a distance of order at least e™".

The following lemma provides a self-similarity property for the MGFF. This impor-
tant property will be used repeatedly in the Chapters|[8] [0] and The proof uses basic

properties of the Green function.

48
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Lemma 7.1.2. Fiz r > 0 and let Q C I be a sub-square with side length e~9, where
q € [0,7). Then,

Oz —E[O,, | 9Q] : & + supp(6,) € Q) "2 (O,_gh(a) : @ +supp(d,) € Q), (7.1.2)

where h : Q — I is the map that stretches Q linearly onto 1.

7.2 Estimates on the MGFF, continuity and tightness

In this section, we present some rough estimates on the covariance structure of the
MGFF and on the tail probabilities of its maximum. We also prove continuity of the
MGFF and tightness of the centered maximum.

For § > 0, let I5 := {x € I : dist(x,0I) > ¢}, and recall that 6 = 6(-) is a fixed
mollifier.

The following lemma follows from basic bounds by employing the logarithmic nature
of the two-dimensional Green function. Note that is the continuum analog of
. On the other hand, provides an upper bound on the intrinsic (i.e., L?)
distance of the MGFF for close points. This upper bound will be used in later proofs

(e.g., whenever Fernique’s Majorizing Criterion is employed).

Lemma 7.2.1. Fiz § > 0. There exists a constant Csg € (0,00) and a positive number

rso such that, for all z,y € I5 and all v > rs9,
|Cov(O, 4, O,y) + log(max {7, ||z — y|| })| < Cse. (7.2.1)

Moreover, there exists a constant Cy € (0,00) such that, for all r large enough (depend-

ing on 0), and all z,y € I,
E[(©rs — Ory)?] < Cpe” |lz — vyl (7.2.2)

(Note that the last bound is of interest when ||z — y|| < e™".)

Remark 7.2.2. Note that (7.2.2) and Kolmogorov’s Continuity Criterion (see [10, The-
orem 1.4.17]) imply that the MGFF O, , has a version which is continuous in z. From
now on, we assume we are working with this version. In particular, ©F = maxgcs O,

is attained.
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We next prove that the MGFF has a unique maximum point. This property will

be useful in Chapter where we employ the maxima of the fine fields. The main
tools used in its proof are the Markov property and the (only) lemma in [25], which
provides sufficient conditions for the maximum of a Gaussian field to have a continuous

distribution.

Lemma 7.2.3. Fizr > 0. There exists almost surely a unique random point x € I that
mazimizes the MGFF ©,. .y over I.

Remark 7.2.4. Lemma is also true if we replace I by any closed sub-square of I.

A consequence of Lemmas and [7, Theorem 1.1] is the tightness of the
centered MGFF.

Lemma 7.2.5. There exists rg > 0 large enough (depending on 6) such that the collec-
tion {©F —m, 11 > 1y} is tight.

The following two lemmas are a continuum version of Lemma [7.3.2] Their proofs

use ([7.3.3)) and ((7.3.4]) together with comparison arguments employing Slepian’s Lemma

and Fernique’s Majorizing Criterion. As mentioned before, small squares of Brownian

sheet will be added to the DGFF in order to perform the comparison with the MGFF.

Lemma 7.2.6. There exist constants cg,Cyp € (0,00) and a positive constant rg such

that, for all r > g,

core ™ <P(OF —m, > \) < Core e 0N/, (7.2.3)
where the lower bound holds for A € [1,/r] and the upper bound holds for all A > 1.
Lemma 7.2.7. There exist a constant Cy € (0,00) and a positive constant r¢ such that,

for all closed sub-squares A C I, all > rg and all X € R,

z€EA

P (max Oy —my > )\> < Cy|A|M? max{\, 1}e=2, (7.2.4)

where |A| is the Lebesgue measure of A.

For the next lemma, we let K = [(5,(5—1—6%]2, where k > 0, and we let K5 =
{z € K : dist(z,0K) > 6e™*}. Then, by denoting ®,, = E[O,, | 0K], we have the

following estimates.
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Lemma 7.2.8. There ezists a constant Csg € (0,00) such that, for all z,y,y" € K,

‘C’ov(@m,, D,y) — Cov(Pry, )| < Csplly — y’Hek. (7.2.5)

Additionally, there exist constants cs5g,Csg € (0,00) such that, for all z,y € K,
csollz —ylPe* <E [(‘I’r,x - (I)T,y)ﬂ < Csgllz — y)*e*. (7.2.6)

Estimate (|7.2.5)) follows from basic properties of the Green function, similarly to the
proof of (7.2.1). On the other hand, (7.2.6) follows from analogous estimates on the
DGFF (see [4, Lemma 3.10]).

7.3 Discrete Gaussian free field

In this section we review the two-dimensional discrete Gaussian free field (DGFF) and
state some of its properties. The lemmas in this section will not be proved, as they are
immediate consequence of lemmas proved in [4].

For r > 1, let V, = I N (e "Z?), and, for = € V;, let E* denote the expectation with
respect to the law of a simple symmetric random walk (.S;);>¢ on e "Z? started at x.

The discrete Green function G, : V., x V. — [0, 00) associated with V,. is defined by

s
Gr(w,y) = 5B > sy | (7.3.1)

0<i<rr

where 7, := min {7 > 0: 5; ¢ V,.} and the pre-factor 7 is chosen so that G, is logarithmic
(see (7.3.2)). For r > 1, the DGFF on V, is defined as the centered Gaussian field

(M v € V;) with covariance structure
CO’U(nr,m nr,w) = Gr(v,w)

for all v,w € V,. Let V2 = {v €V, : dist(v,0I) > §}. Then, from [4, Lemma 3.1], it

follows easily that the Green function G, satisfies:

Lemma 7.3.1. There ezists a constant Cs € (0,00) such that, for all v,w € V}‘s,

|G (2, y) + log(max{e™, ||lz — y[[})] < Cs. (7.3.2)
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Additionally, from [22, Theorem 1.4] and |4, Lemma 3.8], it follows that the DGFF

satisfies the following estimates:

Lemma 7.3.2. There ezist absolute constants c¢,C € (0,00) such that, for all r > 1,

UET

e <P <mz‘xfx17r,v —m, > )\> < C)\e_Q’\e_C)‘Q/T, (7.3.3)

where the lower bound holds for \ € [1,+/r] and the upper bound holds for all A > 1.
Additionally, for any closed sub-square A C I,

P o — My > A ) < CJA|V? 1}e™2 3.4
<Ug€/?r>§An, m _)\> < C|AlY“ max{\,1}e (7.3.4)

for all X € R, where |A| is the Lebesque measure of A.

7.4 Brownian sheet

We will need the Brownian sheet, which is defined as the centered Gaussian field

(¢ : z € [0,00)?) with covariance structure

Cov(¢g, ¢y) = min{z1,y; } min{xs, yo } (7.4.1)

for all z,y € [0,00)2. It is not difficult to show that, for any p > 1, the Brownian sheet
satisfies the following properties: for all z,y € [p,p + 1),

ple = ylh <E [(62 - 6,)°] < 0+ Dlle — ylh, (7.4.2)

p? < Cov(pz, y) < (p+ 1)? (7.4.3)
and, for some constants ¢,, C, € (0,00) and all A > 0,
P sup ¢p> | <Cpe V. (7.4.4)
z€[p,p+1)?

Remark 7.4.1. A proof of (7.4.4) can be found in [7, Lemma 2.2]. Displays (7.4.2)) and
(7.4.3) follow easily from the definition; hence, we omit their proofs.
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7.5 Continuous modified branching random walk

In this section we define the continuous modified branching random walk (CMBRW),
which is a continuum version of the modified branching random walk (MBRW), a field
introduced by Bramson and Zeitouni in [5]. We let (£,(t) : © € R% ¢ > 0) be the centered

Gaussian field with covariance structure

min{t,s}
Cov(&x(t),&y(s)) = /0 (1 — eh]azl — yl\)+ (1 — eh\azg — y2|)+ dh, (7.5.1)

where © = (71,22),y = (y1,%2) € R? and ¢,s > 0, and ()4 = max{-,0}. Note that an

alternative expression for the covariance of the CMBRW is

min{t,s}
Cov(En(t), & (s)) = /0 Area(B(h, z) 0 B(h, y))dh

where B(h,r) is a box with side length 1 centered at e"z. Points that are far apart
will produce processes &,(t) and &,(t) with low correlation, while points that are close
will produce processes with high correlation. Note that, for a fixed point x, the process
(€2(t))e>0 is a standard Brownian motion. A proof that the right hand side of is
positive semi-definite can be found in [7, Proposition 4.1]. The structure of the CMBRW

satisfies the following properties.

Lemma 7.5.1. For a pair of different points x,y € R?, let s, = —log(||z — yllco)-
Then, for allt € [0, s5,],

t—2< Cov(&,(t),&(t) <t (7.5.2)
Moreover, fort > s;,

COU(fw(t), gy(t)) = COU({z(sz,y)a gy(sm,y))- (7.5.3)

Additionally, the CMBRW satisfies the following estimates on the right tail distri-

bution of the maximum over V, = I N (e""Z?).

Lemma 7.5.2. There ezist constants ¢, C € (0,00) such that, for all A € [1,/r],

e P <P (mf%/va(r) > my + )\> < Che 2, (7.5.4)
veVy
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Moreover, for any sub-square A C I, and all v large enough (depending on |Al),

< > 5.
clA|Ae ™ <P (Ug‘%)%/r &(r) > my + )\) (7.5.5)

for all A € [1,\/r], where |A| is the Lebesgue measure of A.
Remark 7.5.3. The proof of (7.5.4]) is given in [22, Lemma 3.7]. We will prove (7.5.5)),
whose proof employs (7.5.4]) and the stationarity of the CMBRW.

We now provide the proofs of Lemmas [7.1.2] [7.2.1], [7.2.3] [7.2.6] [7.2.7, [7.2.8, [7.5.1
and [.5.21

7.6 Proof of Lemma [7.1.2

Proof of (7.1.2). We choose @ = [0, e_q]2 in order to keep the notation simple, but we
note that the proof for an arbitrary @ is analogous. Since the fields are Gaussian and
centered, it is enough to show that the covariance structures are equal. Let x,y € @) be

such that = + supp(f,),y + supp(f,) C @, and note that

Cov (@r,m -E [Gr,w | 0Q)] a@ny —E [@T,y | 0Q))
=Cov (0, —E[O,, | 0Q],0r,).

It follows from the definition in (6.1.3]) and |18, Theorem 1.2.2] that the previous display
is
= Cov(X(prz) = X(Bp,...), X (Pry)); (7.6.1)

where 3, , is the harmonic measure on Q) of a Brownian motion with initial distribution

prz- That is, for all Borel sets £ C 0Q),

Bp,.(E) = /]P’U(WTQ € E)0,(z — u)du,

where W, is a Brownian motion started at u and 7g = inf{t > 0: W; ¢ Q}. Then,

"
= // (G1(u,v) —E" [G (Wry,v)]) 0p(x — u)0,(y — v)dudo, (7.6.2)
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where W; is a Brownian motion started at u and 79 = inf {t > 0: W; ¢ Q}. On the
other hand,

Cov(O,_g,caz, Or—geay)
= / Gr(u,v)0,_4(elx — u)0,_4(ely — v)dudv

= / Gr(elu, e?v)O,(z — u)O,(y — v)dudv, (7.6.3)

where the previous display follows from the change of variables (u,v) — e4(u,v). There-

fore, the covariance structures and are equal if
G1(u,v) —E" [Gr (W, v)] = Gr(eu, ™).
We now prove the previous display. From , we obtain
G1(u,v) —E" [G[(Wr,,v)]
= —log|lu — || + E*[log [|[Wr, — vl]
—E" |~ 1og||Wr, — vl + E"" log [ Wy, — v]]
= —log|lu — v|[ + E*[log [|[Wr, — v]|],

where the last equality follows because, by the Markov property of Brownian motion,

E“[E" " [log | Wy, — v||]] = E“[log | W5, — v|]. Note that, by elementary geometry,
E"[log |[Wr, —vl] = E““[log (|Wr, — ev]| /).
The last two displays imply
Gr(u,v) = E* [G1(Wry,v)] = —log|lu — vl + E“[log (|Wr, — ev]|/e?)]
= —log||etu — e%v|| + E““[log ||Wy, — e%v||] = Gr(eu, etv),

as desired. n

7.7 Proof of Lemma [7.2.1]

Proof of ([TZT). From E.L1),
Cov(Oy 4, 0,y) + // log ||z —u —y + 0|0, (u)6,(v)dudv

< // E*“[|log ly — v — W |||] 0r(w)0,(v)dudv.
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We choose 754 so that, for all r > rs9, we have (y + supp(0;)) C I5/5. Therefore, the
previous display is
< —log(9/2).
Thus, in order to prove (|7.2.1)), it is enough to prove
‘// log |z — u — y + v[|6r(u)6, (v)dudv — log (max {e™", ||z — y||})‘ < Cy.

We choose a large constant Cj) € (0, 00) such that, if ||z —y|| > Cpe™", then ||z —y||/C} <
|z—u—y+v| < Cyllz—y|| for all u,v € supp(#,). It then follows that, if [|[x—y|| > Che™",

[ 108k ==y o)t g =yl | < 0 €y = o
On the other hand, when ||z — y|| < Cge™",

‘//1% lz —u—y +vll) +n)0(w)0,(v)dudv

< IIHHH<D(S’ // [log ||z + (—u + v)||| O(w)8(v)dudv < Cp,
z{|=Ce

as desired. Display ((7.2.1)) follows by adjusting the constants and using basic properties
of log. O

Proof of (7.2.2)). Since

E|(©rs — 6ry)’]
<|Var(©,z;) — Cov (0;4,0,,)| + |Var (0,,) — Cov (0,4,0,,)|,

it is enough to bound |Var(©, ;) — Cov(0, 4, 0,,)| (because the bound for the other

term is analogous). Note that
|[Var(© — Cov(O,4,0,,)]
’/ (Gr(x —u,z —v) — Gr(x — u,y — v)) 0, ()0, (v)dudv
< [ hogllu = ol = 10glz ~y — -+ ol (w6, (0)duds

+ // E* " [|log ||z —v — W, | —log|ly — u — W |||] 0r(w)8(v)dudv,
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where W; is a Brownian motion started at  — v and 77 = inf{t > 0: W; ¢ I}. But

log flu— vl] — Tog fle — y — u+ wl| < | u( L, ! )
— vl — —y— wl| <||lz—y .
ol T e—y—utol

For r large enough (depending on ¢ and #), we have ||x — v — W, || > /2 for all
v € supp(f,). Therefore,

log |z — v — Wi, || = log |y — v — Wi |
< H( L1

S| =y

ooyl ly=o—Wy,]

) < cille—ul.
The last three displays imply

\Var(©,,) — Cov(O, 4, 0,,)|

1
< _
|z — y||// <Hu ]x u—v[) 0, (u)0,(v)dudv + Csl|lx — y||

< 2|jz —y|| sup // dudv + Csl|lx —y
I [[ e e~y

< Cye" |l — yll + Csllz — yl| < Cspe ||z -yl

Therefore,
E[(Ora = Ory)?] < Cspe” ||z — yll.

We now improve the previous display so that the constant term does not depend on
5. Let Qg be the square of side length e~!, which is concentric with I. Then, from the
previous display, we obtain that there exists a constant Cy (depending only on ) such
that
E[(©r2 — @r,y)Q] < Cpe"llz —y|

for all z,y € Qo. Note that
E[(©rs — E[Ora | 0Qo] — Oy + E[Ory | 0Q0))*] < E[(Or0 — O1ry)?].
Therefore, the last two displays and imply
E[(©, 1) — Or14(y)°] < Coe"llz —yl| = Coe™ || a(x) — h(y)|,

where h : Qg — I is the linear map that stretches Qg onto I. This finishes the proof of
(17.2.2)). O
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7.8 Proof of Lemma [7.2.3

Proof. Let H > 1 be an arbitrary integer. Divide I into H? (closed) sub-squares of side
length 1/H. We show that, for any two non-adjacent sub-squares Si, Sz, the probability
of the event

max 0, , = max 06, ,
TEST ’ TES2 ’

is 0. Augment Sy by considering the closed set S5 = {z € I : thereexistsy €
Sy such that © — y € supp(6,)}. Let F denote the sigma-algebra generated by {X (u) :
p € M and supp(u) C Sh}.
By a similar argument to that in the proof of Lemma it is possible to conclude
that the field
(O —E[O, | F]:xz € 51)

has variance structure
Var(©p, —E[©,, | F]) = / Gg,(z —u,x — v)0p(uw)b,(v)dudv

where
G, (u,v) = —log [lu —vf| + E*[log W7 — v][],
W is a Brownian motion and 7 = inf{t > 0 : W; € Sy U I¢}. Therefore, since Gg, is

strictly positive outside of Se U I€, for any x € S,
Var(©p5 | F) >0

almost surely. The previous display implies, by using the (only) lemma in [25], that
maxges, 6z, conditional on F, has a continuous distribution. In particular,
P (grs = mg0r| 7) =0
since maxgcg, © is a constant conditional on F. By taking the expectation,
P (m Ore = A @) =0

Since the previous display can be proved for any two non-adjacent squares, we obtain
that if the MGFF has two global maxima z and y, then they are within distance 2v/2/H
of each other almost surely. Sinc H is arbitrary, we can take the union over all H > 1

and we obtain that the maximum is unique almost surely. O
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7.9 Proof of Lemma [7.2.5]

Proof. Let @ be the closed square centered at (%, %) € R?, with side length e~!. From
Lemma and |7, Theorem 1.1], there exist constants cg, Cy, 9 > 0, depending only

on the mollifier 6, such that, for all » > ry,

"

for all A > 0. (Note that the side length e~! of @ is arbitrary: it can be changed to any
other side length less than 1 and ([7.9.1)) still holds by adjusting the constants ¢y, Cy.)

From this, it immediately follows that

> /\> < Cpe~ A (7.9.1)

max 0, ; —m,
zeQ

P (©F —m, < —\) < Cge* (7.9.2)

for all A > 0.

For = € (), we decompose
Ore = Pre + E[0,, | 0Q];
due to Lemma [7.1.2]
(@r0:z€Q)'Y (Or_1,h(x) : T € Q),

where h : Q — I is the map that stretches ) linearly onto I.

Let x be the (random) point that maximizes of ®,. () over (), which is unique due

to Lemma Then,

{®ry —my > N E[O,, | 0Q] >0} C {meaéi Oy —my > A}
xr

Since E[©,.,, | Q)] is symmetric around 0, this display, (7.1.1) and (7.9.1)) together imply
that

P(OF | —m, > \) < 20pe~ %™,
Since m, = m,_1 + O(1), the previous display implies that, for all A > 0,

P(OF_; —my_1 > X) < Cye (7.9.3)

for some constants cg,Cp > 0. Displays (7.9.2) and (7.9.3) together imply Lemma
[(.2.9) O
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7.10 Proof of Lemma [7.2.6

The proof of is based on a comparison argument using Slepian’s Lemma. Recall
that (1,4 )vey, is DGFF on V,. = I'N (e7"Z*). We are comparing a continuum field (the
MGFF) with a discrete field (the DGFF). In order to perform the comparison, we will
add small patches of Brownian sheet to the DGFF. We will need the following notation.
Forr > 1and v = (vi,v2) € V;,, let O, = [v1,v1+€7 ") X [vg, v2+€")NI and, for x €
Oy, set [z] = v. The notation [-] depends on r, but we keep this dependence implicit.
Let p and g be large constants that will be chosen later (see (7.10.3]), (7.10.4), Claim
[7.10.1} and (7.10.9)). Denote by @ the square of side length e~7 that is concentric with
I, and let h: Q — [1/4,3/4]? be the map that stretches @Q linearly onto [1/4,3/4]* C I.
For the proof of the upper bound of , we will compare the fields

(@r,x rz € Q) and (ar(x)nr,h([x}) +raix € Q) )
where a,(z) > 0 is defined so that
Var(©,.) = Var(a- ()0, n(2)) + Yra) (7.10.1)

for all z € Q, and (Y, : ¢ € Q) is defined as follows. For each v € V,, let P, be
the linear map from O, , onto [p,p + 1)? sending v to (p,p). Recall from (7.4.1]) that

(¢z : x € [p,p+ 1)?) is a two-dimensional Brownian sheet. For each v € V;., let

(¢r,x VS Dnv) = (¢Pv(:p) S S Dr,v)'

Note that the collection {(¢rz : © € Oy4) }uey, consists of O(e?") identical (not inde-
pendent) copies of a scaled Brownian sheet. On the other hand, for the proof of the
lower bound of ((7.2.3)), we will compare the fields

(M v €eV,NQ) and (br(v)@wp’h(v) veVen Q) ,
where b,(v) > 0 is defined so that
Var(ny) = Var(b:(v)O,4p new)) (7.10.2)

forallv e V., NQ.
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Note that, by applying (7.2.1)), (7.3.2)) and (7.4.3) on (7.10.1]) and (7.10.2), we obtain

1 — — 1 2 rax) 7, —p?
1 r—Cyp—(p+1) < Var(0,.) — Var(yrz) = a%(z) < r+Cp—p° <1 (7.10.3)
4 r+C Var(myp((2))) r-¢
and
b (o) Var(me) . r+C (7.10.4)

N Var(©, pnwy) ~ 1+p—Co ~
for p = pg large enough and for all r large enough, depending on p and 0. (Here, C is
an absolute constant because h([z]) € [1/4,3/4]2.)

We first prove the upper bound of . We begin by proving the following claim.

Claim 7.10.1. There exist p = py and ¢ = qg large enough such that, for all r large
enough (depending on #),

Cov(ar ()M p((2]) + Vra> G (V) p(y)) + Vry) < Cov(Op 4, Oy y)
for all z,y € Q.
Proof of Claim[7.10.1. We distinguish two cases:
e Case 1: [z] = [y]. In this case, and imply
E[(©r — Ory)°] < Coe'l|lz — yll < pe’llz =yl < E[(¥re — try)’]
for p = py large enough.

e Case 2: [z] # [y]. Using the upper bound of ((7.10.3)), together with (7.2.1)), (7.3.2)),
(7.4.3) and the definition of A(-),

COU(CLT (‘T)’rh’,h([a:]) + wr,xy Qn (y)777n7h([y]) + wr,y)
< —q—log|z] - Wl + (p+1)*+C
< —log(max{e™", |z = yl1}) = Co < Cov(Ora, Oy

for ¢ = g, ¢ large enough.
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Claim {7.10.1 and Slepian’s Lemma (see [8, Corollary 2.4]) imply

P (max Oy > )\> <P (sup ar (T) Ny p(2]) + Vra = )\> (7.10.5)
TEQ reQ ’

for all A € R. We can now prove (7.2.3)).

Proof of (7.2.3)), the upper bound. Let " = sup,cq ¥ra. Then, by applying (7.10.5)

and decomposing according to the value of ¥*,

P (mag)( Gr,x > my + )\) <P (Sup a?”<x)77r,h([a:}) + Tﬁ* > my + A)
TE

z€Q
< Z]P’ (sgg ar ()N () = M + A — z) (P(z<9¢*<z+4+1)4+1,—9), (7.10.6)
>0 \¥

where the 1, term accounts for the probability that ¥* < 0. By applying (7.10.3)), we
obtain that the previous display is

< ZIP’ <Sup Nrh([z]) = M + A — 22) P(z<9*<z41)+1,29)

2>0 S

< ZIP (maxnr,v >m, + )\ — 2z> (P(z<¢"<z+4+1)+1,0)
Z>0 ’UEVT

< > — < q* _
< Z P<£Ig/)rcnm > my + A 22> P(z<¢*<z4+1)+1,2)
0<z<A/2

+Py* > 3).
We now apply ((7.3.3) and ([7.4.4]) to obtain that the previous display is

< Z ()\ - 22)e—2(>\—2z)e—c(A—Qz)Q/GCe—csz + Cpe—cp)\z
0<z<A/2

< Cp}\672)\€fcp/\2/r.

(recall that the constant C), is allowed to change from line to line). Thus, from ([7.10.6))
and the previous display,

P <max Oy —my > )\> < Cp)\e*w‘e*cp)‘?/r. (7.10.7)

zEQ
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By letting, for z € Q, ®, = E[©,, | 0Q] and ¥, = O, , — ®,, we see from (7.1.2)) that

(Up:2€ Q)2 (0, 4o T €Q), (7.10.8)

where g is the map that stretches @ linearly onto I. Let x be the (random) point that
maximizes ¥, over x € @ (which exists by Lemma [7.2.3). Using that ® and ¥ are

independent, we obtain from the previous display

P <maé<@,«,m > mr+/\) >P(¥y >mp+ AP (P, >0)
xre

=P(0;_,>m + ) /2.

From ([7.10.7)) and the previous display,
P (0:_, > my + ) < Cpre PemenX/r,

Since m, = my_q + O(q), the upper bound in ([7.2.3) follows by adjusting the constants
(all of which depend on ). O

Proof of (7.2.3), the lower bound. The proof of (7.2.3) is based on applying Slepian’s
Lemma together with [22, Theorem 1.4]. Let v,w € V., N @, and note that h(v) and

h(w) belong to [1/4,3/4)%. Then, from (7.2.1)), (7.3.2)) and (7.10.4),

COU(bT(U)®r+p,h(v)a b?"(w)@r—f—p,h(w)) < —q—log HU - wH + Cy
< —logl|lv —w| — C < Cov(nyw, Nrw) (7.10.9)

for ¢ = gy large enough. The previous display and Slepian’s Lemma imply

> < >
P <vg/?r?\(Q N > My + )\> <P <vg‘1/?%<Q br(V)Oytp h(v) = M + )\>

for all A > 1. Using (|7.10.4), we obtain that the previous display is

<P <vgl/?%<Q Ortpv = My + A) <P (Or, >m +A)

for all A > 1. From the proof of |22, Theorem 1.4], we obtain that there exists a constant
¢q € (0,00) such that, for all A € [1, /7],

P (%1/?%(@ Nrw = My + )\> > cq)\e*”.
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Therefore, from the last three displays,

P (G):er > m, + )\) > cq)\e*”‘

for all A € [1,4/r]. Since m,4, = m, + O(p), the lower bound in (7.2.3)) follows by
adjusting the constants (all of which depend on 6). O

7.11 Proof of Lemma [7.2.7]

Proof of (7.2.4). Using the same arguments that were used in the proof of the upper
bound of ([7.2.3), we see from (7.10.6) (and the display that follows it) that

_ 2
P (g 0ne 2 s ) < 0 (g e - 22) G

for all A € R and any closed sub-square A C Q. Applying (7.3.4]), we obtain that the
previous display is
< Z |h(A))Y? max {\ — 22,1} 6_2(’\_23)01,6_01”22. (7.11.1)
220

Assume A > 1. Then, (7.11.1)) is

<Gy |h(A)’1/2 Z (A — 2Z)e_2()‘_2z)e_cp22 + Z e—2(A—22) ;—cpz®
0<z<\/2 Y

< Cplh(A)|Y2he™? < Cped|A]Y 2 e,

Assume now A < 1. Then, (7.11.1)) is
< Cpeq]A\1/26_2/\ Z P Cpeq]A\l/Qe_z/\.
2>0
Therefore, the last two displays imply

P <majc Oy > m, + )\) < C'p7q|A|1/2 max{\, 1}e~ 2},
re

By using the same argument as in ([7.10.8]) and the paragraph that follows it, we obtain
that

P < m%}g) Or_qaz > My + )\> < Cpalg(A)V? max{\, 1}e 2
reyg
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where g : ) — [ is the concentric map that stretches @ linearly onto I. Since m, =
mr—q + O(q), (7.2.4) follows from the previous display by adjusting the constant Cp 4
(which depends on 6). O

7.12 Proof of Lemma [7.2.8

Proof of (7.2.5). For y € K;, let (3, be the harmonic measure on 9K of a Brownian

motion with initial distribution p,,. Then,
Cov(®, 5, @) = Cov(E[O,, | OK],O,y) = Cov(X (Brz), X(pry))
= / /GI (’LL, y+ U)er (’U)d’U Br,:}c (du)
oK JI
Therefore,
|C’ov(®m, @) — Cov(Prp, ryr)

< /I/8K ‘GI(U, y+v)—Gr(u,y + v)\ 0,-(v)dv By (du).

But

Gr(u,y+v) — Grlu,y +v) < |logllu —y — v]| —log |lu—y' — vll|
+E" [[log [[Wr;, —y — o|| = log [Wy, — ¢ — o] < Cset,

where the last inequality follows from the the same argument as in the proof of (7.2.1).
O

Proof of (7.2.6). For z € K, let ¢, = O, 5 — ®, ;. Recall that the fields (®,, : z € K)
and (¢, : « € K) are independent. Therefore, for all z,y € K,

E[(@re — Pry)’] = E [(Orz = Ory)°] — E [(¢re — ¥ry)°]

Applying the self-similarity property (7.1.2]) to the previous display,

E[(®re — Pry)’] =E [(Ore — O1y)*] —E (O, _keks — Op_gery)’] - (7.12.1)
From and ,

E (02— 6ry)%] =
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// (Grz+u,z+v)+Grly+u,y +v) —2Gr(x + u,y + v)) 0, (u)8,(v)dudv

_ // 21og (”:” tuzy - “”) 0, (u)0, (v)dudv + (7.12.2)

lw =]

///M(log |z +u—z|| —log|ly +u— z||)(pr(z + v, 2) — pr(y + v, 2))dz 0, (u)6,(v)dudv,

where pr(x+u,-) is the density (with respect to the Lebesgue measure) of the harmonic
measure on 0/ of a Brownian motion started at x 4+ u. We study the second term of the

previous display. Note first that there exist constants cs, Cs € (0, 00) such that

< o0l 0 = 2l =g ly + u = 20)(pra +0.) = prly + 0,2z _

—llz —yll?
The lower bound on the previous display follows from log and p; being Lipschitz on I
(where the Lipschitz constant depends on ¢). The upper bound follows from [4, Display
(3.31)] and |4}, Display (3.32)], by increasing the size of the lattice to infinity. From the

last two displays,

E[(© — Ory)?] — [[21og (”mJﬂZ zH U”) 0,-(u)0, (v)dudv
—[lz —yl|?

Therefore, from (7.12.1)), and applying the previous display on E[(©,., — ©,,)?] and on

E[(Grfk:,ekx - @rfk,eky)Q]a

cs < < Cs.

cse” |z = yl? S E[(@ro — Pry)’] < Cse™ |z — g,

as desired. O

7.13 Proof of Lemma [7.5.1]

Proof of (7.5.2). It is clear that Cov(&:(t),&y(t)) < t. In order to prove the lower
bound, note that, for ¢t < s, , = —log(||x — y||«), we obtain from (|7.5.1)

Cov(&(t), & (1)) =t — (¢' = Dz —ylh + %(6% = D1 — y1l|w2 — y2]

Nz =yl

>t—2.
lz =yl

t—elz—ylh 2t—e=|o—ylh =
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Proof of (7.5.3). Note that, for h > s, ,,, we have

(1= ez —y1)+ (1 = e"|wa — y2|)4 = 0.
Therefore, if t > 544,

Cov(&x(t),&y(t)) — Cov(&x(sz.y), Ey(Say))

t
= [ Mo = ) (L Mo — pal)dh =0
Sz,y

7.14 Proof of Lemma [7.5.2]

Proof of (7.5.5)). Let A C I be a sub-square. Note that, for r large enough (depending
on |A|), ANV, is a sub-lattice of V;., and we can cover V, with O(1/|A|) copies of ANV;.
We denote these copies by {4;}. Since &,(r) is translation-invariant, the probability

P (max &(r) > m, + )\)

vEA;

is the same for each copy A;. Therefore, a simple union bound implies

P(max&y(r) 2 my +A) < O(1/|AP( max, &(r) = my +A).

Hence, ([7.5.4)) implies

clAxe™ <P ( max & (r) > my + )\) ,
vEANV,

as desired. O



Chapter 8

Asymptotics on the tail
probability

The goal of this chapter is to prove the following strengthening of Lemma which
will be needed in order to prove Theorem

Proposition 8.0.1. There exists a constant aj > 0 (depending on 0) and a continuous
function ¢ : (0,1)2 = (0,00) (not depending on ) with f(o )2 ((x)dx =1, such that, for
any closed square A C (0,1)2,

=0.

lim lim sup

27 1e?* P ( max©,5, > m, + 2 —aZ/ ((x)dx
200 p_so0 €A ’ A

Remark 8.0.2. As we will see in the proof of Proposition the function ¢ can be
obtained from (8.6.11)) by taking the limit there as 6 — 0, obtaining

((x) == ezs(w)//e”(y)dy, (8.0.1)
I

where S(z) = E*[log ||x — W.||] and 7 = inf{t > 0: W, ¢ I}.

We will present first an outline of the propositions and lemmas needed for the proof
of Proposition with their proofs being deferred until the end of the chapter.
8.1 Main ideas of the proof of Proposition [8.0.1

Because of Lemma [7.2.7] it is unlikely that the maximum of the MGFF occurs on a

given subset of I whose area is small. Therefore, we will restrict our attention to subsets

68
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of I that cover most of the area. We proceed to define such a set, I. At the same time,
we define two collections, B and B, of small disjoint (except for the boundary) squares
inside the unit square. These squares will allow us to decompose the MGFF in a tree-like
fashion, using (7.1.1)) and (7.1.2).

Let us fix a small § > 0. We define two functions of z, [ = I(z) and [ = [(z), such

that both  and [ — [ increase to infinity as z — oco. For the proofs of this chapter, we
will employ the following restrictions on [ and [:

»1/20

[>e and | — [ < loglog(z). (8.1.1)

We next divide I into two collections of sub-squares: B-boxes and B-boxes.

Figure 8.1: B-boxes

1
L
T
1
(1—28)L |:|
T I
1 — 1
i
T

B; B

e The first collection of sub-squares is defined as follows. Set L = e "t!. Con-
sider the square grid consisting of (|(1 — 28)/L])? adjacent closed squares with
side length L, placed inside Is so that the left-bottom corner of the grid and the
left-bottom corner of I coincide. The side length e " is chosen so that it de-
creases exponentially as r — oo, together with the support of the mollified of the

MGFEF. Note that the grid covers all of I5 with the possible exception of a band
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of width strictly less than L at the upper and right sides of I5. Let B denote
the collection of all ([(1 — 2§)/L])? squares in the grid. For each B € B, let
Bs ={x € B :dist(x,0B) > §L}. We call B the collection of B-bozes (see Figure

above).

Figure 8.2: B-boxes

1
L
.
1
(1—26)L D
;
B;
— B
5Lt
;

e The second collection of sub-squares is defined as follows. Set L = eTH, Similarly
to the previous definition, for each B € B, consider the square sub-grid consisting
of ([(1— 25)61*”)2 adjacent closed sub-squares with side length L, placed inside
Bs so that the left-bottom corner of the grid and the left-bottom corner of B
coincide. Note that the grid covers all of Bs with the possible exception of a band
of width strictly less than L at the upper and right sides of Bs. For each B € B,
let L5 be the collection of sub-squares in the sub-grid. Also, let Bg denote the
collection of squares that are concentric with those in Lg, but with side length
(1—26)L. Let B =Jp.sBp. We call B the collection of B-bozes (see Figure

above).

o Let [ = UpesUpes B. For z € I, let B, be the B-box containing z, B, be the
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B-box containing z, and let Z be the center of B,. Also, let = = {53 1T € I} be

the collection of center points of the B-boxes.

The bottom-left positioning of the grids described above is arbitrary; we choose this

positioning for concreteness. Note that the cardinality of = is 0(62’”*21~ )

, and the number
of B-boxes inside each B-box does not depend on r. Also, note that I depends on 4,
and, for some absolute constant C' > 0, the area of I \f , is at most C'4.

We follow the same proof outline as in the proof of [4, Proposition 4.1]. Proposition

easily follows from Lemma and the following proposition.

Proposition 8.1.1. For all § > 0 small enough, there exist a constant ag > 0 (depend-
ing on & and 6), a continuous function (s : [5,1—6]% — (0, 00), with f[&lfa]g (s(z)de =1,
and a continuous function ¢ : (0,1)% — (0,00), with (s(x) — ((x) uniformly in z on
closed sets as § — 0 (with neither ¢ nor (s depending on 0), such that, for any closed
square A C [5,1 — 6]?,

lim limsup = 0.

270 r—oo

2L P ( max O,, > m, + z> — ozg/ Cs(x)dx
zelNA A

In order to prove Proposition we first replace ©, by a simpler field ©, as
follows. For z € I, and using the notation of Chapter we decompose O, ; = @%ﬁ-@,{x,
where

0%, =E [0, | 0B,].

Following [4], we will refer to the fields ©5 , and 9{;,; as the coarse and fine field,
respectively. These fields depend on z via | = I(z) and [ = I(z), but we keep this
dependence implicit. Note that (7.1.2)) implies

(@{x RS B) fa (@l,h(x) 1T € B) ) (8.1.2)
where h is the map that stretches B linearly onto I. We define the approximating field
(:)"“,x = @ﬁj} + @{,xv

which can be viewed as a “semi-discretized” version of ©,. The fields O, and (:)T are

related by:
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Proposition 8.1.2. There exists €, —, oo 0 such that, for all closed squares with
non-empty interior A C [5,1 — 6]?,

P (max Or > my + z)

zeINA

<1 (8.1.3)

lim sup lim sup =
z—o00  r—oo P (maxmefmA Opp >my + 2z — ez>

and

lim inf lim inf P (maxﬂﬁEfﬁA Orz = my + Z)

Z—00 T—00 B e
P (maXxEmA Orp >m, + 2+ ez>

> 1. (8.1.4)

Assuming Proposition Proposition follows from:

Proposition 8.1.3. For all § > 0 small enough, there exist a constant ag > 0 (depend-
ing on & and 6), a continuous function (s : [5,1—6]% — (0, 00), with f[&l_a]g (s(z)de =1,
and a continuous function ¢ : (0,1)% — (0,00), with (s(x) — ((x) uniformly in z on
closed sets as § — 0 (with neither ¢ nor (s depending on 0), such that, for any closed
square A C [5,1 — 6]?,

lim limsup =0.

270 r—oo

2L P < max ér,z > m, + z) — ag/ (s(x)dx
zelINA A

In order to prove Proposition we first need some preparation. Recall that
the continuous modified branching random walk (CMBRW) is the centered Gaussian
field (&,(t) : x € I,¢t > 0) with covariance structure defined in (7.5.1). For v € =, let

T, =Var(0O;,). Fix R = Csy(l — 1) large enough (which will be chosen in Proposition
. For v € 2, define the Brownian motion {%(t) by setting

Eo(t) = Vo W(t/v) for ¢ € [0,7]
" VI W) + &t — ) fort €y, T]

where v, =T, —r+ 1+ R, and (W(t) : t € [0,1]) is an independent Brownian motion,

and define the Brownian motion &5 (¢) by setting

u (1) — &t + ) — &o(w) for t € [0, T, — o]
v - ’
fv(Tv) - 61}(’71}) + Wv(t -1, + ’Yv) for t € [Tv — Yo, Tv]
where {W,(t) : v € 2} is a family of independent Brownian motions. To simplify some
notation, we let &, = &(Ty), & = &n(Ty) and &%, = &% (T,). The fields &, (), 5;11;),

fiv,%.) and @i,(l) are related by:
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Proposition 8.1.4. There exists R = Csg(l — Z) such that, for all v large enough
(depending on 6, § and z) and all v,w € Z,

Cov( ;{ga 71},2;) < Cov(&rp; &rw) < Cov( 1‘?{;7 1“:‘1]11) (8.1.5)
and
Cov(§h,&,5,) < Cov(Oy ,,05,,) < Cou( }f:‘{), mu) (8.1.6)

Moreover, if v =w, equality holds in (8.1.5) and in (8.1.6]).

This last proposition and Slepian’s Lemma imply that, for any closed square A C
[6,1 — 6]%, both max . 4(&rz + e/,) and max, i 4 O, (i) are dominated stochasti-
cally by max 74 (§5 + ©/.), and (ii) dominate stochastically max, i 4 (6% + o/.).
Therefore, Proposition follows from

P (maxxdmA(E% + @{m) > m, + z)

lim limsup -1/ =0, (8.1.7)

Z—=0 00 P (maxxefmA (é-;l}% —+ G);J) 2 my -+ Z)
together with Proposition [8.1.4] and the following proposition.

Proposition 8.1.5. For all § > 0 small enough, there exist a constant ag > 0 (depend-
ing on & and 6), a continuous function (s : [§,1—0]* — (0,00), with 11[6’1_5]2 (s(x)dr =1,
and a continuous function ¢ : (0,1)? — (0,00), with (5(x) — ((z) uniformly in x on
closed sets as & — 0 (with neither ¢ nor (s depending on 0), such that, for any closed
square A C [5,1 — 6]?,

lim limsup =0.

200 r—oo

18 (o (654 OL) > mr 4 2) — of [ Gy
xeclINA A

In order to prove (8.1.7) and Proposition we define the following sets and
random variables. For v € &, let

E,.(z) = {gm(t) < %t + z for all t € [0,T,], &m0 + man @f:x >my + z}
rEDLy

and, for A C [6,1 — 6]?, let
ArjA(Z) = Z 1ET,U(Z)'
vEENA
Similarly, define E;%(2), AP (2) and E}Y(2), A)%(2) by replacing &, by &% and &7,

respectively. The previous definitions are employed in:
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Proposition 8.1.6. For any closed sub-square with nonempty interior A C [5,1 — 6]?,

P (mix, oy (675 + OF) = my + )

lim li —1/=0
oo TSI EAT, (2)
and
o P (maxmefmA( },“% + @fg;) > my + z)
lim lim sup T — 1| =0.
2900 p_soo EAT‘:VA(Z')

Since EA, a(z) = EAY, (2) = EAYY,(2), Proposition implies (8.1.7). Addition-
ally, Proposition follows from Proposition[8.1.4] Proposition[8.1.6 and the following

proposition.

Proposition 8.1.7. For all § > 0 small enough, there exist a constant ag > 0 (depend-
ing on § and 6), a continuous function s : [5,1—8]* — (0, 0), with f[6,1—5]2 Cs(x)dr =1,
and a continuous function ¢ : (0,1)2 — (0,00), with (5(x) — ((z) uniformly in = on
closed sets as 6 — 0 (with neither ¢ nor (5 depending on 0), such that, for any closed
square A C [5,1 — 6]?,

lim limsup |2 e*EA, 4(2) — ag/ (s(z)dx| = 0.
A

2700 r—oo

The rest of Chapter [8] is devoted to proving Propositions [8.1.2] [8.1.4] [8.1.6] and

We conclude this section by outlining how these propositions are employed and
comparing them to how similar results are employed in [4].

Proposition has its analog in [4, Lemma 4.5]; however, the proof in our setting
requires extensive use of Slepian’s Lemma, together with the technique mentioned in
Chapter@of adding small patches of Brownian sheet to the field ©. Proposition has
its analog in [4, Proposition 4.8], although the proof in our setting employs properties
of the CBRW and estimates on the covariance structure of the MGFF. (See Lemmas
and below.) Proposition establishes an asymptotic equivalence between
the tail event of the maximum and a first order approximation that employs the events
E, +(z). The proof of Proposition uses a fairly standard first and second moment
method to find tight bounds on the tail event (see Lemma|8.5.3[and (8.5.16])); we follow

almost verbatim the argument in the proof of [4, Proposition 4.8]. The above Proposition

8.1.7 also has its analog in |4, Proposition 4.12], although, in its proof here, we obtain
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the limit E[A, 4(z)] as r — oo, with z > 0 fixed (see (8.6.9)). When subsequently taking

the limit of this expectation as z — oo, we will explicitly employ the term (5 from the

proposition (see (8.6.11)).

8.2 Preliminary lemmas for the proofs of Chapter

We will need the following estimates. Lemma follows from the self-similarity
property of the MGFF, while Lemma follows from tight bounds on the Green

functions of the square and a half-plane.

Lemma 8.2.1. There exists a constant Csg € (0,00) such that, for all z > 0, all r large
enough (depending on z), and all x,y € I in the same B-boz,

|Cov(©5,,05,) —r+1| < Csp. (8.2.1)

[ )
Moreover, suppose that x,y,y’ belong to the same B-box. Then,

|Cov(65 ,,05.,) — Cov(O

T T

Proof of Lemma[8.2.1. The proof of (8.2.2)) is a straightforward application of ([7.2.5]).
We now prove (8.2.1)). Note that (7.1.1]) and (7.1.2)) imply

05 y)| < Cape™ My — o/l (8.2.2)

COU(@%I, @ﬁ,y) = Cov(Or4,0;y) — COU(@l,h(x)a el,h(y))7

where h is the map that stretches B linearly onto I. Applying (7.2.1) to both terms in
the right hand side of the previous display,

Cov(8,,,65,) +logmax{e ™, |z — yl|} ~ logmax{e™", [h(x) — Ay} < Cso.

From the definition of a B-box, we obtain that ||h(z) — h(y)|| = ¢"~!||z — y|. Then, the

previous two displays imply
}COU(@C @;fy) —-r+ l’ < Cs.,

T,

as desired. ]
Remark 8.2.2. Note that (8.2.1) implies that T, := Var(©y,) satisfies
T, —r+1| < Cs.o (8.2.3)

for all v € E.
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We will also need the following extension of Lemma [7.2.8]

Lemma 8.2.3. There exist constants cs,Cs9 € (0,00) such that, for all v and | large

enough (depending on 6 and 6), and for all x,y € I in different B-bozes,
E[(©7, — 9?,;,)2] > c59 — Csollr — y|? (8.2.4)

and
E[(©f, — ©5,)% > 2log |le" ! (z — y)|| — Csp. (8.2.5)

Remark 8.2.4. Display (8.2.4) is of interest when z and y are close, and ({8.2.5)) is of

interest when x and y are far apart.

Proof of Lemma[8.2.3 Note that, by the definition of a B-box, dist(z,0B,) > de "
Therefore, (7.1.1) implies that the fine fields restricted to I on different B-boxes are
independent. Thus,

E[(6f, — ©7,)*] = E[(Ore — Ory)*] — E[(O],)*] — E[(©],)?].

From ([7.12.2),

E[(Orx — ©,y)?] > // 2log <||x —'—”Z : z”_ v||> 0,(1)0, (v)dudv — Csg||x — yl|?

> 2log||z — yl| — Croe™ — 2 / / log [ — w6, (w)6, (v)dudv — Csgllx — gl

=2log|lz —y|| — Cspe™" +2r — 2 // log [|u — v||0(u)8(v)dudv — Csgl|x — yH2

On the other hand, by (6.1.1) and (7.1.2)),

BI(OL,)] = [ (~log u— vl + B flog [« + v = Wy )6 (w)6u(0)dudy
=1[— // log |lu — v||0(u)8(v)dudv — Csge™" + E* [log ||’ — Wl

where 7’ is the image of x after we map B onto I. By putting together the last two
displays, we obtain
E[(@r,m - @r,y)Q] > 2log ||€r_l($ -yl - Cd,ée_r + C&,ee_l - 06,6"33 - y”2
— B [log||2" — W |[] — B [log [ly" — W |].
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Display (8.2.5) follows by observing that 2’ € I5, so ||’ — W, || > cs.
Display ({8.2.4)) requires a finer analysis. Note that

|z — yl| > dist(x,dB) + dist(y,dB’").
Therefore, recalling that L denotes the side-length of the B-boxes, we obtain
|z —yl||/L > dist(z',0I) + dist(y', O1),
which implies
2log(e"(z — ) > log(2dist(z',OI)) + log(2 dist(y', dI)).

The last two displays imply that to prove (8.2.4), it is enough to show there exists
cs0 € (0,00) such that, for any a € I,

log(2 dist(a, dI)) — E*[log |la — Wy, [|] = cso.

Since the last expression is continuous in a, it is enough to show that, for any a in the
interior of I,

log(2 dist(a, dI)) > E*[log |la — W, |].

Let M be the line that contains the side of I that is closest to a, and let 73y = min{t > 0:
Wi € M}. Note that W, has a Cauchy distribution on M. Therefore, from [26, 4.295-
7], we deduce that

E®[log ||la — W,,||] = log(2dist(a,0I)). (8.2.6)

It is therefore enough to show
E*{log [|[a — Wr, ||| > E*[log [la — Wr[[].

We will do so by using the Green functions G (of the unit square) and Gjs (of the
half-space delimited by M). Since they do not exist along the diagonal, we consider
first a small disk D around a. Then,

/ | E{log a0 = Wy [] = E*[log [l = Wy ] o
we

_ /wED(GM(a,w) — Gr(a,w))dw = E° U;M 1D(Wt)dt}

T

= / Gur(z,w)dwpr(a,z) dz,
z€0l JweD
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where pr(a,-) is the harmonic measure on dI of a Brownian motion started at a. By

continuity in a of the previous expression, we obtain

E*[log [la — Wr, [I] — E*[log la — W, ||] = Gum(z,a)pi(a,z)dz,
z€01
which is strictly positive. This completes the proof of (8.2.4)). O

8.3 Proof of Proposition 8.1.2

We will first prove the upper bound (8.1.3)) by employing Slepian’s Lemma. Since O,

has a discretized part, we will add patches of Brownian sheet, similarly to what we did

in the proof of (7.2.3)).

Let P: 1 — [p,p + 1]? be the map that translates and stretches each B € B onto
[p,p+1]2, where p > 0 is a large constant, independent of I and [, that will chosen later
(see Claim [8.3.1)). For each B, define the field

(1&2@ tx € B) law <€(l~_l)/2¢P(I) tx € B) , (8.3.1)

where ¢ is the standard Brownian sheet defined in ([7.4.1]), and assume the collection of
fields {(1/&@ tx € B) }B 5 is independent. We will compare the fields
€

(@r,x tx € f) and (a;,(x)@ﬁj + @f}x +Y, i€ f) ,
where a..(z) > 0 is defined so that
h ' (x) >0 is defined h
Var(9,,) = Var(aj(z)0% ; + 0/, + . (8.3.2)

for all = € I.
We first prove

Claim 8.3.1. For all p large enough (depending on § and ), all z > 0 and all r large
enough (depending on z),

Cov(ai(m)@ﬁi + 67{2 + Y20, (¥)O7; + @Z,y +1.y) < Cov(Or 4, 0ry)

for all z,y € I.



79
Proof of Claim[8.3.1. Note that it is enough to prove

Cov(al ()05 5 + ez, 6 ()05 5 + 12 y) < Cov (65, 05,

We distinguish three cases:

e Case 1: z and y belong to the same B box. In this case, (7.4.2), (8.2.2) and (8.3.1))
imply

E (65, - 05,)°] < Cooe Mz =yl <pe e — ylh S B [($on — 2)’]
< E[(ay.(2)05 z + Y20 — a,.(y)O 5 — Vz)?]

for p = ps ¢ large enough, where the last inequality follows from the independence

between ¢, () and ©F ()
e Case 2: z and y belong to different B-boxes but to the same B-box. Then,
COU((L’T (l’)@?i + @Z}z,m a; (y)@i,g + wz,y) = a;“ ({E)a; (y)COU(@r,fca 67“,37)'

It is therefore enough to show
Cov(©%,,

r(y) < Cov(O¢

T’

o,)
o)

We do this by showing that the right hand side is closer to 1 than the left hand
side. Note that implies

1—d(z)?=1

(z)a

Var(©;,) — Var(v,.)
N Var(@ﬁ,i)
Var(07z) —Var(7,) + Var(y..)
B Var(©¢;)
Then, displays (7.4.3) (8.2.1), (8.2.2) and (8.3.1]) imply
—Cype” !|w — @ + p2el! L= Csg)el™
T—l—i—C(;’.g - T—l-i—C(;’g '
On the other hand, displays (8.2.1) and (8.2.2)) imply

. (8.3.3)

1—al.(z)? > (8.3.4)

Con(©%,,65,) | _ |Cov(®5.,0%,) — Coul®r5.65,)
Cou(O:;,05.) | Cov(©7 3,07, 5)
06 06[ l
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The previous two displays imply that for p = ps¢ large enough,
Cov(©%,,

Cov(O¢

raT’

Ory)
©75)

1 - a(2)al(y) > min{l - a(2)%, 1 dl(y)’} >

)

as desired.

Case 3: z and y belong to different B-boxes. Then, since the fine fields are
independent,

Cov(©y ,,07,) = Cov(Or 1, Ory).

Therefore, it is enough to prove

We proved in Case 2 that

1 - dl(2)al(y) > (8.3.5)

We therefore study
Cov(Orz, Ory) 1 = |Cov(©;2,0,y) — C’ov(@r,;ﬁ,@ng)\'

Cov(0Oy.z,0,5) Cov(O,5,0,5)

By (7.2.1]), the denominator of the previous display is bounded below by — log ||z —

gl — Cs9. On the other hand, the numerator is not greater than
|Cov(Oy. 4, Ory) — Cov(Ory, Or )| + |Cov(O4, 0, 5) — Cov(©r7,0,5)] .
By (6.1.4),
[Cov(Orz, Ory) — Cov(Orz, O )]
</ Gr(z + 1,y + ) — Cr(@ +u,§ + )] 0, (w)by (v)dudo.
By , we can bound

|G[($+U,y+’0)—G[(.'E—F’U,,g—{—v”

SP%Hx+u—g—wl+EHUN%HW5—q—MW
Iz +u =5 — ol IWr, =G —
y—y . y—y
< oI Gyl — g < cs =L
lz =yl lz =yl
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Combining the last four displays, we obtain

Cov(Oy 4, 0,y)
COU(@TV:;;, @T’g)

le =2 +ly -3l
~lz = yllog(lz — y]) + Cso)

—1| < Cs

But, since x and y belong to different B-boxes, we have ||z — y|| > de™"*!. There-
fore, the previous display is

-1

e
< _
- 057“ -1 — 0579

The previous display and (8.3.5) imply

L)@l y) > |Gt Ora)

—1
- CO’U(@T,E,@T,Q)

for p = psp large enough, completing the proof of Claim [8.3.1}
O

Slepian’s Lemma and Claim imply that, for any closed square A C [5,1 — 6]?,

P < max ©,, > m, + A) <P ( max (a;(x)@ﬁj +0/ + 1/)27;3) > m, + )\) (8.3.6)
zelnA zelnA ' ’

for all A € R. In order to control the right hand side of (8.3.6]), we will need:

Claim 8.3.2. Let al.(x) be chosen as in Claim m Then, there exists a constant
Cy € (0,00) such that, for all r and z large enough (depending on § and 0),

P ( max (a,. ()05 ; + @,{E) > my + A) < Cy|A|M? max{\, 1}e=2A (8.3.7)
xelnA

for all A € R and any closed square A C [§,1 — §]2. Moreover, for a fixed closed square
A C [5,1 — 6]?, there exists a constant csp € (0,00) such that, for all r large enough
(depending on 4,6 and |A|),

P ( max (a;(:n)@ﬁj + @{x) > my + )\> > csol e (8.3.8)
zelINA

for all A > 1.
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Proof of Claim Display (8.3.7)). The proof of (8.3.7)) is analogous to that of ([7.2.4)).
All we need to check is the analog of Lemma for the field (a;.(7)©y ; —I—G{ix cxel).

Suppose first that x and y belong to the same B-box. Then, displays (8.2.1)), ,
together with (7.1.2) and (7.2.1)), imply

Cov(ay()05 ; + O], ar(y)O5 ;5 + O] )

= a,(z)a,(y)Cov (O ;, 05 ;) + Cov(©],, 0] )
_ O(1)el! r—l -1
=(1- m)(r — 1+ 0(1)) — log(max{e""|lz — y[l,e™"}) + O(1)

= —log(max{|lx — y|l,e”"}) + O(1),

where the O(1) terms depend on ¢ and 6.
Suppose next that x and y belong to different B-boxes. Then,

Cov(a, ()08 5 + O . al(y)O%; + O],) = d\(2)al(y)Cov(O,.5,O1z)

O(1)el~!

=(1- m)(—log 12 = gll) + O(1)) = —log ||z — g[ + O(1),

where in the last equality we have used that ||z —y|| > de~"*!. Applying basic properties
of log and that ||Z —Z|| < Cse™"*, we obtain |log(||z—yl|/||Z—F)| < Cyel=. Therefore,
the previous display is
= —log ||z —y| + O(1),
where the O(1) term depends on ¢ and #. This proves the analog of .
We next prove the analog of (7.2.2). For points ||z — y|| < e™", we have & = 7, so,
by applying (7.2.2),
E[(a,(x)O5 z + @f,x —a. ()05 ; — @Z,y)Q]
— (dl(2) — a\(1))*Var(6%,) + E[(6L, - Of )
< lay(2)* = ap(y)*|Var(6; ;) + Coe"[|lz — .

But, by applying (8.2.2)) to (8.3.3)), we deduce that

|ar(2)? = a4, (y)?[Var(65;) < Cspe’ " lz — yll + [Var($z) — Var(dsy)-
From the definition of ¢, , in (8.3.1), we can deduce that the previous display is

< Cspe™ |z =yl < €z —y]
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for z large enough (depending on ¢ and #). Combining the last three displays, we obtain
the analog of (7.2.2)) for the field (a;(2)0y ; + ©f, : x € I). Therefore, the analog of
Lemma, holds, as desired. ]

Proof of Claim (8.3.8). Let g be a large constant that we will choose below. We

will compare the fields
() (2055 + O, i 2 € ANViay) and (B(@)eaealr —a) 12 € AN Vo))
where b, (z) > 0 is defined so that
Var(a,(2)05, + 0/,) = Var(by(2)e-(r — a))-

It follows from and the definition of the CMBRW that, for ¢ large enough (de-
pending on ¢ and ), we have b,(x) > 1 for all z € ANV, _gq.

We compare the covariance of the previous fields. From the proof of , we
obtain that, for different points z,y € ANV,_y,

Cov(a, ()05 5 + OL,.al(y)O%; + ©f,) < —loglle — yl| + Cig.

@ YT

Then, from ((7.5.2) and ([7.5.3)), we obtain that, for ¢ large enough (depending on § and
6), the previous display is

< - IOg eriq - yequ -2 < COU(fxe—q (T - Q)7 gye*q (T - Q))

Therefore, by using Slepian’s Lemma, we obtain

P (xe pax ay(2)05; + O], > m, + A)

> _ — >
> P <z€ pax b(2)pe—a(r —q) > my + A)

> P b(we?)E,(r — q) = my + A ).
> <E(E—T§)}fm_q (ze!)&u(r —q) =2 m +)

Since b(ze?) > 1, we obtain that this is

> P Jr—q)>m,+ A,
> <ze(el‘111/?))§ﬁvrq€ (r—q) >m,+ >
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But m, = m,_q + O(q), so the previous display is

> P 2(r—q) =me—g+A+0(q) ) .
> <€(6_1512)xm_q€(7“ q) 2 My—q + A+ (Q)>

By (7.5.5)), the previous display is greater than 0579|A|)\€_2>\, as desired. O
We are now ready to prove Proposition [8.1.2]

Proof of (8.1.3). For v € E, let ¢% , = sup, . 9. .. Define also, for integers y > 1 and
for a closed square A C [8,1—0]2, the random sets T4 (y) = {z € INA : Viz€ly—Lyt
Then,

P ((max (or(2)055 + O, + i) 2 m 4 2) (339)
zelNA

<P < max (a’r(x)@fni + @,fo> > my, + z)
z€INA ’ '

+ Z]P’ < max) (a;(a:)@ﬁ@ + @{w> >my + 2z — y> .
y>1

z€l 4 (y

The independence of ©,.(.) and the random sets I'4(y), together with (8.3.7)) implies
that the previous display is

<P ( max (a}(m)@ﬁ,f + e{@) > my + z) + Cpze > 3 E[|Ta(y))) /2>
z€INA y>1

But (7.4.4) and (8.3.1) imply that P (1/1:’” >\ <G exp(—cpel_[)\2). Therefore, the

previous display is

<P < max (a;,(a:)@ﬁ’j + @fx) >m, + z)
xelnA

+ Cy|A| 222 Z Cp exp(—cpel*[y2 + 2y). (8.3.10)
y=>1
Dividing this by P (maxzeﬂm (a;(x)@f,j + @fx) >m, + z) and using both (8.3.6|) and
(8.3.8)), we obtain
P (108, 11 e 2 s+ 2)
P <maxx€fﬂA (alr(aj)@?i + @7]“c,x> > my + Z)

<1+Cspay  Cpexp(—cpe'y” + 2y).
y21
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The right hand side of the previous display converges to 1 as z — oo, because | — [ —

as z — oo. Therefore,

P (maxxeij Or o > my + z) <1 (8.3.11)

lim sup lim sup
=00 r—00 [P (maxxefmA (aﬁ,(x)@ﬁj: + @ffx) > my + z)

In order to finish the proof of (8.1.3), we must choose €, — 0 such that

P (maxxefmA (a}(m)@ﬁﬁ + @f;,;) > my + z)

lim sup lim sup — <1 (8.3.12)
Z—00  T—00 P (maxmefmA Orp >my + 2z — ez)
Note that

P < max <a;(ﬂs)@$i + @Zz> > my + z>
zelnA ’ ’

SP(m@x (@ii—l-@fx) Z’mr—I—z—eZ)
z€lnA ’ '

+P ( min (1 —a,(z)) ©F; < —6z> .
xelnA

Dividing by the left hand side of the previous display and using (8.3.8)), we obtain
. P <maX:peimA (@fn@ + @,J:x) >my +2z— ez)
T p (maxxeimA (a;(az)@ﬁj + G)fx) > m, + z)

P (min, ey (1 - af(2)) ©5, < —.)

c(;,g,Aze_%

_.|_

It is therefore enough to show that the second term in the right hand side of the
previous display goes to 0 as r — co. Applying (7.4.3), (8.2.1), (8.2.2) and (8.3.1)) to
(8.3.3) and using that p = psp depends only on § and 6, we obtain

C{gﬁel—l

1—d(z)? < —22——.
ar(@)” < r—1—Csg

Since 0 < a).(x) < 1, it follows that

L—ap(v) < ————



86

Therefore,

P ( min (1 — a;.(2))6; ; < —62) <P ( min 07, < —csp(r —1 — 0579)€l_l~62>

zelnA vEENA
(8.3.13)
< Z P (Gﬁyv < —csp(r—1— Cg’g)el*iez> .
vEENA

From (§.2.3) and using |Z N A| < O(|A|e>"~2]), this is

; 1= Cs)? gy

Therefore, if we choose €, so that c(wel_iez = /3, we obtain that the previous display
goes to 0 as r — o0, as desired. Note that, since [ — [ — oo, then €, — 0 as z — oo.
This concludes the proof of (8.1.3). O

We will now prove the second half of Proposition the lower bound (8.1.4)). Let
(2 1 v € E) be a collection of centered Gaussian variables with variance pei_l, where
p > 0 is a large constant that will be chosen later (see (8.3.14)). We will compare the
fields

(ém 1x € f) and (br(x)(%ﬁ@ + @f@ +.z: 7€ f) ,
where b,(z) is defined so that
Var(9,.) = Var(b,(2)0%, + 0], + . z)
for all = € I.

Proof of (8.1.4). A proof analogous to that of Claim shows that, for p large enough
(depending on ¢ and 6),

Cov(by(2)0O7 7 + V22, br(¥)O7 5 + V2 5) < Cov(Oyz,0,y). (8.3.14)

for all 2,y € I N A. Therefore, Slepian’s Lemma implies

P < max (:)m: > /\> <P ( max (b, ()0, + @f:x +p.z) > )\>
zelnA zelnA
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for all A € R. As in the proof of (8.1.3]), using the argument starting in (8.3.9) and
ending in (8.3.11)), we obtain

P (maxwdmA Oz > m, + z)

lim sup lim sup <1

z=00  r—00 P (maxxefmA(br(:c)@%x + Gfx) > my + z)
We therefore show, for some €, —, .o 0,

P (maxxe ia(br(2)0C, +0f,) > m, + z)

lim sup lim sup <1.

Z—00 =00 P (maxzefmA 67"733 >my+ 2z — 62)

As in the proof of (8.1.3]), using the argument starting in (8.3.12) and ending in
(18.3.13)), we deduce that it is enough to show that

P ( max 05, > cso(r — 1 — Cg’g)ellez>
zelnA

goes to 0 as n — oco. But the previous display is

< Z P (ma)( OF . > csp(r —1— 0579)61_[6,2) . (8.3.15)

veEnA  \FEDBv

Fernique’s Majorizing Criterion (see [8, Theorem 4.1]) and ({8.2.2)) imply

E [mag( @7‘3@] < C/ \/_ log (Cé,9r4€2z—2i> dr — Ca,ee(l_i)/Q.
0

J?EBU

Therefore, Borell’s Inequality (see 8, Theorem 2.1]) and (8.2.3)) imply

P (mag( o5, > 6579(7“ —1— ngg)el_l6z>
xEB, ’

=P (mag( Or . = csp(r —1— C(;,e)el*[ez - C&ge(l*m2 + Cg,ge(li)m)
TEB,

< Cexp (—(65’9(7’ -1 — Cg7g)el_l~€z — Cg}ge(l_i)/Q)Q/(r -1+ Cgﬂ)) .

By choosing €, — 0 so that 05796l_lez = /3, the previous display is
< Cspe™ f(2)
for some function f(z) of z. This display, combined with (8.3.15)), implies

P < max O;, > cso(r—1— Cg7g)el_l~ez) < Csp|EN A\e_g”"f(z)
zelnd

< Cygl Al 237 f(2),

which goes to 0 as r — oo. This concludes the proof of (8.1.4)). O
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8.4 Proof of Proposition |8.1.4

The proof of the first inequality (8.1.5)) only involves rough estimates on the covariance
of the CMBRW, and it is therefore simpler than the proof of (8.1.6)), which requires
Lemma R.2.3

Proof of (8.1.5). By the definition of 5:1().),

COU( 71“1,11))7 71"1,5)0) = CO’U(&)(TU) - gv(Vv)vgw(Tw) - €w(’7w))
= COU(&J (T’U)7 v (Tw>) — Cov(&y (71))7 Sw <7w)) < COU(fnvv é‘r,w)a

proving the lower bound of (8.1.5)). For the proof of the upper bound, assume without

losing generality that T, < T,,. Note that for R = Cs54(l —[) and r large enough
(depending on 4, 6 and z), we have r — [ — R < T,,. Then,

T,
/ (1— |1 — wi]) (1 — €vg — wa|)adr < Ty — 1+ 1+ R =75 < v/YoTw
r—I—R

Therefore, from the definition of f}q“g_), we obtain
Cov(&%, &%) = VAo Jw + Cov(&y(r — 1 — R),&u(r — 1 — R))
> Cov(&u(Tv), &uw(Tw)),

as desired. O

Proof of (8.1.6)), the lower bound. We distinguish two cases:

e Case 1: v and w belong to the same B-box. Then, by (8.2.1),

Cov(OF,

T,

On the other hand, from (7.5.1) and (7.5.2)),

Cov( ;175’}, ;,15’1})
= Cov(é-r,v - fv(%) + Wv(’)/v)a fr,w - fw(’)/w) + Ww(’)/w))
= Cov(&,v, &rw) — Cov(&(), §w(w)) <7 —1— R+ Csp

§7’—Z—C(;79.

@?w) >r—1—Csg.

for R = Cs4(l — 1) large enough.



e Case 2: v and w belong to different B-boxes. In this case, ((7.2.1)) implies

Cov(O5

> Or) = Cov(044,0p ) > —log [[v — wl| — Csp.
On the other hand, if we let s = —log || — y||c0,

Cov( 71"1,11);7 ;l,lz)u) = Cov(&u(5),&w(s)) — Cov(§u (), Ew(w))
<s—R+Cs9 < —logllv —w| — Csg

for R = Cs4(l — 1) large enough.

Proof of (8.1.6)), the upper bound. Note that, by definition,
2
E [( ) ] —E|(&(r— 1~ R) = &u(r— 1= B))’|

+(\/Tv—r+l+R—\/Tw—r+l+R)2.

Let s = min{r — — R, —log||v — w||oo}. Then, by (7.5.1)),
E|(€(r 1= R) = &ulr =1 = R))?|
o —1—-R)— 2/05(1 oy — wn])(1 = €[vs — wo|)dr
<2(r—I0l—R—s)+2|v—wlie’.
On the other hand, using ,

2
(\/Tv—r+l+R— \/Tw—r+l+R) < Cs4(Ty — Tw)?/R.

Combining the last three displays, we obtain:

89

2
E [(E}rz —m) ] <2r—1—R—s)+2lv—wlle* + Csp(Ty, — Tw)?/R. (8.4.1)

We now distinguish four cases, according to the positions of v and w:

e Case 1: v and w belong to the same B-box. Then, |[v—w|| < L,s0s=r—1—R.

Therefore, (7.2.5) and (8.4.1) imply

2
E |:( Iw _ ¢lw ) :| < CH’U . wHerflfR + C&,GHU o wH2e2r72l/R‘

v W
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On the other hand, by ([7.2.6),

2 _
E[(65, — 65.,)°] 2 csollv — wle* 2

Therefore, a sufficient condition for

E[<m_;mf]gEﬁwm—&@ﬂ

18
Cllo —wlle" e ™ < esgllv — w|?e® 2.

Since v and w belong to =, their distance is at least e, Therefore, a sufficient

condition for the previous inequality is

R=Csp(l —1)
The previous choice of R depends only on z, § and 6, as desired.

Case 2: v and w belong to different B-boxes, but |Jv — w| < e "H*/2. Then,
s =71 —1— R and we obtain from (8.4.1])

E [( he 13;,)1 <Ce ’24+ Cs54/R

which is smaller than
cso < E[(OF, — ©65,,)%]
for R large enough, with the last display following from (8.2.4]).

Case 3: v and w satisfy e " HHE/2 < |ly—w]|| < e "THE, We still have s = r—1—R,

so (8.2.3) and (8.4.1)) imply

2
B |(en-en)| < o
On the other hand, (8.2.5)) implies that, for R large enough,
E[(©rp — Oy,0)%] > R/2 > Csp,

as desired.
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e Case 4: ||v —wl|| > e "H+F In this case, s = —log ||v — W] s, SO

S
Cov(€, %) > /Ao + /0 (1= for — wi)(1 — vy — wal)dr
>R—Cs9 —log lv — w]|oo-

On the other hand, since v and w belong to different B-boxes,

Cov(OF,

Lk

(H)i,w) = CO’U(®T’,U7 G)r,w),
and ((7.2.1) implies
Cov(Oy4,0,,,) < —logllv —wl|| + Csp.

Therefore, the desired inequality follows from the previous three displays by taking
R large enough (with R depending on ¢ and 6).

8.5 Proof of Proposition |8.1.6

In order to prove Proposition [8.1.6] we will first prove a series of properties of the
events E, ,(z) and the random variables A, 4(z) defined in Section We will need

the following estimate, whose proof is almost verbatim that of |4, Lemma 4.9].

Lemma 8.5.1. There exist constants cs59,Csp € (0,00) and ro = 159, > 1 such that,

for any By # Ba, any A1, A2 > 1 and any r > o,
P (max of, > 1™ 4\, max©f, > 1™ 4 )\2>
z€By r z€By r
< 067066’6,0@—[)[—3()\1 + log l)()\g + log l)e—Q(/\l-i-)\z)e—c(;,g(/\%-i-)\%)/l. (851)

Moreover, for A > —logl+1,

P (ma}( el > oy )\> < 0579605’9@_[)[_3/2()\ + logl)e_Q’\e_C‘Wv/l. (8.5.2)
xeBy ’ r
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Proof of Lemma[8.5.1. We give a proof of (8.5.1)); the proof of (8.5.2) is similar, but
simpler. For i = 1,2, let B; be a box of side length (1 — 5)€_T+i that is concentric with
BZ-, and note that Bi C BZ For x € BZ-, let

(pr,x = E[@f,z ‘ 83@] and \leﬂ" = 97{»1 — Pra

E

Then, from (|7.2.6]),
E (@1 = @,)°| < Caallx =yl 2.

An application of Fernique’s Majorizing Criterion and the previous display imply that,
fori=1,2,
E[@{] < Csg,
(4)

where ®;’ = max ®, .. Furthermore, by the same argument as in the proof of

:EEBZ'
(8.2.1)), we see that

max_ Var(®,,) <l — [+ Cs.p-
r€B1UB2

Therefore, the last two displays and Borell’s Inequality imply that there exist constants
5,0, Cs9 € (0,00) such that, for i =1, 2,

P(®) > X — 1) < Cjge 50X /(D) (8.5.3)
for all A > 0. We can now find the upper bound ({8.5.1)) as follows

P (max@fx > 1™ A, max©f, > 17" +)\2>
b 7/. ~ Pl 74

z€B, z€B>
0 ) m
<C maxp(w) > A—l)P(maX\I/m >zT+A1—A>
0 22172 IEBl T
x P <max R AL P A) X
I'GBQ r
00 .
=C max [P (<I>7(f’) >\ — 1)
0 i=1,2

x P (maAX Uz > my + %bg(l) + A -2+ O(l log(r)/r)
r€B,

x P <ma3< Uyp > my + 2log(l) + Ao — A+ O(1 log(r)/r)) dA,
r€Bsy
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where the last equality follows because I m, /r = m;+ 2 log(l)+O(llog(r)/r). By (85.3),
and by applying and to the MGFF W, , in the boxes Bi, we obtain that
the previous display is
) N
< Csg /0 e~/ U=D =3\ 4+ 1og 1) (A + log )

% 6_2(>\1+)\2_2)\)6_65’6((/\1_>\)2+(>\2_>\)2)/ld)\
< C59eCUDI73 (A + log ) (Ag + log l)e~2A1HA2) g =ess (\FHAD/L,
as desired. n

In order to study E,,(z) and A, 4(z), we define the following auxiliary sets. For

v € Z, let
Dro(2) = {&0(t) < %t + 24 Y%
+ 10log, (min{t, T, — t}) for all t € [0,T,]},
Fry(2) = Dyy N {&» + max vax > my + 2}
z€B,
and

- U Dr,v(z)ca

VEE
where (-)¢ means complement. We also define, for A C [§,1 — ]2, the random variables
> 1r.0
vEENA

Similarly, we define Dy} (2), Fi(2), GrP(z2), T)0(2), D}Y";(z), F,lf,‘[}(z), G¥(z) and
r LV,VA (z). An application of Slepian’s Lemma and [4, Lemma 3.7] imply that there exist

constants c5 9, Cs9,7 € (0,00) such that, for all r large enough,
P (GIP(2)) < Csgze 2+ o0/, (8.5.4)

where the argument to prove the previous display is analogous to that of the proof
of |4, Display (4.50)].
Using Lemma(8.5.1|and (8.5.4), we can show that A, 4(z) and I'; 4(2) have asymptot-

ically the same expectation, which is an important property necessary to prove Propo-
sition The following proof is almost verbatim that of |4, Lemma 4.10].
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Lemma 8.5.2. For any closed sub-square with nonempty interior A C [5,1 — 6]?,

EA, A(2)

lim limsup BT, 4(2)
r,A\Z

2= r—o00

_1’:0_

Proof of Lemma[85.2 Forv € 2N A and t € [0,T,], let &, (t) = &.0(t) — Zrt. Define
the probability measure Q by

dP my - m?
@ = eXp <_T€T,U(T’U) - 272Tv> )

and note that, by Girsanov’s Theorem, the process ﬁ_m,(t) is a standard Brownian motion

under Q. Define the probability densities 1, = fi4,. and fi, = fir . on R by

po(y) = Q (&0(Ty) € dy,&0(t) < 2 for all t € [0,T,]) /dy

and

ﬂv(y) = Q(gr,v(Tv) S dyagr,v(t) <z+ 21/20
+ 10log, (min{t, T, — t}) for all ¢ € [0,T,])/dy.

Then, conditioning on the value of &, ,(T},), we obtain

P (Frw(2)\Erw(2))

z+21/20 2
my ms )
= ——1y— —T
/0 exXp ( , ) o2 v> fo(y)

x P <ma~x@,fm > W(T—Tv)—kz—y) dy
IEGBU ’ r

[ e (-1 - ;”ZT) () — 1))

x P (m@x@{fm > mT(T—Tv)—i-z—y> dy
{L‘EBU ’ r

=11 + Is.
We first bound 1. By (8.2.3)),
P(qu@fx > mT(r—Tv)—i—z—y) SP(qu@,{cm > mrl—i-z—y—0579>.
z€B, r z€By r

Applying (8.5.2), we obtain that the previous display is

< CspeCo0=D1=3/2(, 4 log[)e 2V e=cs0(z=1)*/1,
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Therefore,

Il S 05 060&9071)[73/2

24 21/20 9
X / exp (_ﬂ:fy - ;Z;ﬂ;) o (y)(z —y + logl)e*Z(Z*y)e*C”(Z*y)mdy
0

< 05 9606’9 (l*[)l73/2

2421/20
2 / o~ (2-0(*E Ne=2Tor3/2 (y) (2 — y + logl)e 2EWe=cao(z=v)*/lgy
0

But, by [4, Lemma 3.6], we know that /i, (y) < Cz(z + 2/20 — y)TU_S/Q. Therefore, the
previous display is

< C&gecéﬂ(lil)l73/22672z€72Tv

2421/20 1
< / O (5 4 21/20 _ ) (2 — y + log l)e 00 (=) L gy
0

< O peCo0I=D78/2,8=22= 2042 (1 4 1og]), (8.5.5)

On the other hand, |4, Lemma 3.6] implies that there exists J, — 0 as z — oo such
that

(ﬂv(y) - Mv(y)) < 52Nv(y)

for all y < 0. Therefore,
I, < 5, P(Ey(2)). (8.5.6)

Together, (8.5.5) and (8.5.6|) imply

P (Fru(2)\Eru(2)) < Cspe@0 0017323672672 (2 - log ) + 6. P(Er0(2)).

Adding the previous display over all v € ZN A, and using that the cardinality of 2N A

is of the order of |A\62’”*21~ (where |A] is the Lebesgue measure of A), we obtain

E[T, 4(2)] — E[Ar4(2)] < CipeCo0-D13/223¢2 (2 4 log )| A| + 6.E[A, (2)].
Dividing the previous display by E[I'; 4(z)], we obtain

1—(1+ 5z)m < CypeCs0UD13/2,3c722 (5 1 log 1) | A|/E[Tya(2)].  (8.5.7)
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In order to finish this upper bound, we show that there exists a constant cs59 € (0, 00)
such that E ([, 4(2)] > csg|A|ze72%, and we argue as follows. First, set A = I;. A

straightforward decomposition shows that

r,I,
xzel o

P <maz<<s:f,§ 1el,)>m ) < P(C™(2)) +E[[ (2)].

Applying Lemma Propositions and and display (8.5.4) to the previous

display, we obtain, for some small absolute constant ~ > 0,

057926_2Z < 05,926_2(Z+Z’Y) + E[Fﬁ}}é (2)].

So, for z large enough (depending on § and #), we obtain

c(;ﬂze—% <E[Y (2)] = E[T) 1, (2)].

s

Consider two B-boxes B1 and Bp. Since the CMBRW ¢, is translation invariant
and the fine field @,f,x is identical for different B-boxes, it follows that

!
Iy, (2) = Ly, (2).
This implies that, for any B-box, E[I'; g(2)] = E[I', 1,(2)]/|B|, where B is the collection
of all B-boxes. Therefore,

_#{BeB:BC A}

E[l'y4(2)] > Bl [T).1,(2)] > |Alcsgze . (8.5.8)

Applying the last inequality in (8.5.7)), we obtain

E[Ar4(2)] [

_ < C,gyg(l*l) 73/2 2 ]
1-(1+ 62)]}3[1—‘7‘714(2)] < Cspe [727%2%(z + logl)

A pair of sufficient conditions for the right hand side of the previous display to converge
to 0 as z — oo are given by (8.1.1). Therefore, using the trivial inequality A, a(z) <
I';. 4(2), the previous display implies

E[A; a(
E[T, a(

N
=

lim limsup |1 —
200 r—oo

R
=

as desired. O
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We now study the second moment of Alr‘jVA(z) and show that it is asymptotically equal

to its first moment. Together, Lemmas [8.5.2| and are the essential tools employed
in the first and second moment method that we use to prove Proposition [8.1.6 The

proof of Lemma is almost verbatim that of [4, Lemma 4.11].

2

2

Lemma 8.5.3. For any closed sub-square with nonempty interior A C [§,1 — 0]

E | (A7 ()]
lim limsup | —————= — 1| = 0.
% s | E AN (2)]
Proof of Lemma[8.5.3. Note that

B[R] % e PERG) N B
E Al (2)] B E[AY (2)] '

(8.5.9)

We will find an upper bound for the right hand side of (8.5.9). We know from Lemma
8.5.2 and (8.5.8) that

) ) ‘ | 6722
limsup limsup ————— < Cjp. 8.5.10
e el E[A ()] T (8.5.10)

Therefore, it suffices to find an upper bound for P(ELY,(2) N EN,(z)) for v # w. Let
TT"ZJ(t) = }:’Z,(t)—%t and s = —log [|[v—w| oo+ R+ Csp. Note that (TT"ZJ(t)— 1‘%(8)) and

(f_lr‘:"w(t) - &fvw(s)) are independent for ¢ > s. We distinguish three cases: (i) s < z/3,
(ii) z/3<s<r—I1l—z/3 and (iii) 2/3 >r—1—z/3.

e Case (i): s < z/3. Note that, in this case, v and w belong to different B-boxes.

Therefore,

P(EY(2) N B, (2))
< Y po(@)pu(y)

—oo<x,Yy<z

x P(E%,(t) < z for all t € [0, 5], &% (s) € [ — 1,2], % (5) € [y — 1,9)),
(8.5.11)

where we define p,(z) as the supremum over v € [z — 1, z] of

P(EN (t) < z — for all t € [0, T, — s, (T, — s) + O Zl&—i-z—'y),
’ r

v » Sryv
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and @,Jf: = max,cp G)f By decomposing according to the value of f " (Ty—s),
we obtain

<) p)x
' <z

]P’(gm(t) <z—zforallte0,T,— s, (T, —s)€a' —x—1,2 —z]),

7,0

where
Pp(a) = (@f’yzl +2z—a).

Applying Girsanov’s Theorem and the reflection principle, we obtain

Z e—2(z —x) % (my/7)2(Ty—s) (Z _ iL')(Z o l’l)pg(l‘/)/(Tv o 8)3/2.

/SZ

By (8.5.2)), this display is

(z'—z) e 3(me/r*(To—s) N Cs.o(l—D)1—3/2
<C(;926 T —S>3/2 (z—x)(z—g;)e 5,0 l

’'<z

x (z — 2’ +logl)e 2= Ne=csolz—a)*/l
< Cyge2mem2(me/m*(Toms) ( _ 2y Cool=D =22 (0 _ 5)3/2 (8.5.12)

< 06,96238—2(Tv—8) (Z _ x)ec&g(l—l)e—Zz'

Using (8.5.11)), we obtain

P(EY,(2) N EY,(2))
< Z Cpy ()2 P( 1W( t) <zforallte [0,5},51‘7’2(5) €lx—1,z]). (8.5.13)

—oo<z<z

On the other hand,

IP( M( ) < zforalltelo,s],&) (s) €lzr—1,2]) < P(_}nﬁ)(s) €z —1,z])

me myr 1
< Csge o3 () e 3w /s/\/E < Cype 22556~ 3% /5,
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The last three displays and (8.2.3) imply

P(Ey, (2) N EyY,(2))
< Csyg Z 672x72sSex2/2364zef4(rflfs) (z — $)605’0(lil~)674z

—oco<r<Lz

N 2
< 05796 4r+4l€258605’0(l l)e 4z E : (Z—l’)2€2x€ x%/2s

—oo<r<lz

< 06,06 4r+4le5sz2605 o(l— l)e—4z.

For a fixed point v € =, we sum over all points w such that s < z/3, and obtain

S B(EN(2) N B, (2))

w:s<z/3

S 05,96_2T+2ZZ2€_4Z€C(5‘0(l_l) E 638
—00<s<z/3

< 05796_2T+2ZZ2€_3z606’6(l_l) )

Summing over all points v € ZN A, it follows that

3" P(EN(2) N EY,(2)) < CsglAlz2e37eCo0(D,

v,WEENA:
s<z/3

Consequently, from ([8.5.10)) and the previous display,

> ) P(E,(2) N EY,(2))
v, WEENA:
s<z/3

z o0 0
E[AN, (2)] e

uniformly in 7, as desired for (8.5.9).

e Case (ii): 2/3 < s <r—1—2z/3. Note that v and w still belong to different B-
boxes. By the same argument as in the previous case, we obtain (8.5.13)). Using

Girsanov’s Theorem and the reflection principle, we obtain the bound

P (7714"2(75) < zforall t €[0,s],Y () € [x — 1,:6])
310g( )s)

53/2

ex
< 0679672:27232(2: . 1,) p (
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Then, from the previous display, (8.5.12) and (8.5.13), we obtain

P(E%(2) N Eply(2))

2z, —4r 4l 2 3 4z Cso(l—1 (T—l)3/2
<CMZ€‘”*T (z—x)’ze e s.0(1=0)

= 83/2(r — 1 — 5)3/2

logr
where, in the last inequality, we have used that Tt < (r — 1)32 and

3logr
i (r —1 —s)%2. Fix v € Z. Summing over all w € Z such that

z2/3 <s<r—1—z/3, we obtain

> P(E%(2) N By (2)

w:z/3<s<r—I—z/3

< 06796_2T+2l26_22606’9(l_l)(T o l)3/2 Z 8_3/2(7’ —]— S)_3/2
z/3<s<r—l—z/3

< 05796_2T+2l26_2z606’6(l_l)Z_l/Q.

Adding over all v € 2N A, we obtain:

Z IP’(E}X}(Z) N E}”VZU(Z)) < C'(;,g\A|z1/26_2zec‘5’9(l_l~).

w,WEENA:
z/3<s<r—l—z/3

From ([8.5.10)) and the previous display, it follows

2 | P(Ey, (2) N EpY,(2))
v, weZNA:
z/3<s<r—l—z/3

E[AY(2)]

uniformly in 7, as desired for (8.5.9).

— 200 0

e Case (iii): s > r — 1 — z/3. We employ the decomposition

B(EM (2) n B, (2))
S S (S L A P
—oo<z!,y' <z r "
IP’(_}X)(t) 7%U( )< zforallt < Tv,Tw,gm € x - 1,%’],5_“1, ely -1,y
(8.5.14)
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The second term in the right hand side of the previous display can be decomposed

further by

P(&}"‘X;(t)vf_lw (t) <zforalt<T,,T,, gr,v € [xl - 1733/],5_7",10 S [y/ - 179/])

< D w@wy)
—oo<y<er<z
X P (1), %, (1) < = for all ¢ < 5,E%(s) € [z — 1,2],8%,(s) € [y — 1)),
where

qu(z) = P(iif‘l’)(t) <z—gforallte(0,T,— s, (T, —s) €[z’ —x—1,2" —x]).

» Srv
Since gy(z) < P(E% (T, — s) € [/ — x — 1,2’ — ]), we obtain

—(z'—x)?/2(r—1—s)

Jr—l-s

77L2
(r—l—s)

qo(z) < Csge” 22

)

The last three displays imply

P(f}m(t),f_},ﬁu(t) <zforallt <T,, Ty, & €2 — 1,2, 6w €Y — 1,9])
<Csp Y. PEW(t)<zforalltel0,s],§%(s) €[z — 1 a])

—oo<r<z
2 ’ 2 / 2
m r (@ —2)°+(y —y)
x e F T8 = BE@ Y =20) ()"l st

Applying Girsanov’s Theorem and the reflection principle, the previous display is

2
my (o 0 _9]— _ _
< 06,0677(‘% +y)€ 22 (2r—21 S)S 3/2(7. - S) 1
my . _ @ =)+ —0)?

X Z (z—xz)er e 2Ar=T=s) (8.5.15)

—oo<z<z

On the other hand, the first term in the right hand side of (8.5.14]) can be bounded
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using (8.5.1). Therefore, from (8.5.1)), (8.5.14) and (8.5.15)), we obtain

P(EY,(2) NV EY,(2))
eCJ,G(Z—Z)Ze—sz

(r—1—s)s3/2[3

m2
< Chpe” Evs (2r—21—ys)

2
_ (x/_x)Q
x Y (e —a) | D (z = +logle =0
<z ' <z
Co.0(1—1) 54z
< Csgpe 2r2(27"_2l_ )€ 3 e Ze% x+logl+\/r—l—s)3
SR
<z
ngg(l—[) 2z
< Cspe” 2n2(2n 26-5) € =¢ (logl+Vr —1—s)?

S3/2l3
< 05’96741“+4l+25(r S - 8)3/2605yg(l7l~)2672zl—3(logl + m)?)

< Cg,ge_4r+4l+28(r —1— 8)3605’9“4)ze_zzl_g(logl)3.

For fixed v € E, we sum the previous expression over all w such that s > r—[—z/3,

and obtain

Y. BENG)NEN()

wis>r—l—z/3
. T*l+05’9(l7i)
< 06706—27‘-{-%60579(l—l)ze—QZl—S(log l)3 Z (’I” —_]— 3)3’
s=r—l—z/3
where the upper bound of this last sum comes from the definition of s. The

previous display is
< 05796’2”21605’9([’2)ze’QZl’:g(log l)3z4
Summing the previous expression over all v € ZN A, we obtain

> PEN(2) NEN(2) < Cis.0lAleCo0 0D 2e=2213(1og )3 24

v,wWEENA:
s>r—l—z/3

From (8.5.10) and the previous display, we obtain
> PEN(2)NEN,(2))

v,wWEENA:
s>r—l—z/3

< C5.9eC500=D1=3 (100 1324 5 0
BT, () = Che osl)=
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as z — 0o, because [ > ¢#'/*° . This concludes the proof of Lemmam

We now have all the ingredients to prove Proposition [8.1.6
Proof of Proposition[8.1.6. Note that

xelNA
E[AG(2)] N E[A 7 (2)]

P(max__7 5;1’2 + @ff,x > m, + 2) < P(GyP(2)) + E[Fﬁ,}l(z)]

It follows from (8.5.4)) and (8.5.10) that, for some small absolute constant v > 0, the
previous display is
E[T}5(2)]
< Cspe ™ + — w0
E[A; 5 (2)]

using Lemma [8.5.2) we conclude that

. . P(max, 54 o+ @Zﬂﬂ > my + 2)
lim sup lim sup y

<
2—00  T—00 E[AE,I,JA (2)] B

On the other hand,

(E[AY (2)])?
max IV[ f m z Iw Py 7-’7 5
P <LL'EI~OA é"r’,w + @7‘,:5 > r+ > > P (ULEJE ET’A( )) > ]E[(Aij (Z))Q] (8 5 16)

Therefore, from Lemma [8.5.3

lim inf lim inf P(maXinmA f}f:% i GZ"T = me +2)
Z—00 Tr—00 E[A}"WA(Z)] -

Proposition follows by observing E[AET’A(Z)] = IE[A;pA (z)] and
P(max &% +0l, Zmr+z> sIP’(max &h+el, Zmr+z),
zelnA ’ zelnA ' ’

for r large enough (depending on J, 6 and z). (This last inequality follows from Propo-
sition and Slepian’s Lemma.) O
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8.6 Proof of Proposition [8.1.

We first study, for a fixed z > 0, the convergence of E[A, 4(z)] as  — co. Recall that

Ar,A(Z): Z ]-E’mj(z)

veEENA
and that

Epa(2) = {Galt) < 2 for all [0, 7], + Of7 = "(r=T) + 2}, (86.1)

where &.,,(t) = &-.,(t) — ¢t and @,f{f = max @ff,y. We will show that the limit of

E[A, a(2)] as 7 — oo is of the form

ze_QZZ/ATw’l(x)dw, (8.6.2)

wed
where Y% (z) is defined in (8.6.8), and ® is defined shortly.
Note that the distribution of G){fff depends only on I, [ and the position of v in B,.

yEB,

We will make the previous sentence more precise by using the following definitions. For

each B € B, let h : B — I be the linear function that stretches B onto I. For v € =,

denote h(v) by 0. Then, by ((7.1.2)),
max O/ faw max O, =: ;.
yEBv ’ th(Bv) ’

Let ® = {0 : v € £}, and note that it has cardinality O(e2(")). Note also that (0},
w € ®) does not depend on r.
In order to study T, = Var(©5,,), we define the function S: (0,1)*> — R by

S(w) = E*flog | — W |, (3.6.3)
where 7 = inf{t > 0: W; ¢ I}. For r > 1, define similarly

S,(w) = [ [ B log -+ 2 = W, 116, (2)0, () dod. (8.6.4)
With the previous notation, we can improve the bound by the following lemma.

Lemma 8.6.1. There exists a constant Csg € (0,00) such that, for each z > 0 and all
r large enough (depending on z),

Ty — 7+ 14+ 5/(0) — S(v)| < Cspe",

forallv e E.
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Proof of Lemma[8.6.1, By the definition of ©f , and the harmonicity of the Green func-
tion,

T, = // Gr(v+x,u)pop, (v + y,u)du 0, ()0, (y)dzdy,
0By

where psp, (v + v, ) is the harmonic density on 0B, of a Brownian motion started at

v+ y. Applying (6.1.1)) to the previous display, we obtain T, = J,, + S;(v), where

Jy = /// log [[v -+ & — ullpas, (v + y, u)du b, (2)0 (y) ddy.

By changing variables,
Jo=r=1= [[[ 1og i+ ulpor(s +v.)0x)0nt)dnay
=r—1—5(v).
Therefore,
Ty =Jv+ S (v) =r—1—5/(0) + Sy (v).
It is not difficult to check that there exists a constant Cjsg € (0,00) so that

[log lv + 2 — w|| —log |lv — w||| < Cspe™" (8.6.5)

for all = € supp(f,), all w € OI and all v € I5. We also know that, if we denote by
por(v,-) the harmonic measure on 0I with starting point v, then there exists a constant
Cs € (0,00) such that

Ipor(v,w) — par(v+y,w)| < Cspe™" (8.6.6)

for all y € supp(6,), all w € OI and all v € I5. The last three displays and (8.6.4) imply
the existence of Cs4 € (0, 00) such that

|Tv —r+1l+ Sl(’f}) — S(’U)‘ < C(;’ge*r,
as desired. O

For each w € ® and A C [§,1 — §]?, define the auxiliary quantity

S

vEENA:D=w

2e251 (w)—285(v)

N /0 MNP(O],, > 2(1+ Si(w) — S(v)) + A)dA,

where the convergence of this integral is guaranteed by (8.5.2). (Recall that O w faw

max @f,w for some v € Z.) Using Lemma [8.6.1] we show the following lemma.

yEB,
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Lemma 8.6.2. For any closed sub-square with nonempty interior A C [5,1 — §]> and
any z > 0,
_ 1
I ze”? 2 wed T:jA
im

T ERAG]

Proof of Lemma[8.6.2. By applying Girsanov’s Theorem and the reflection principle,

we obtain from (8.6.1)

Note that

e_%z/e_zz v
Additionally, Lemma [8.6.1] implies

my
e 22 lv [ o251(0)—-25(v)
T73/2 e2r—21 —r—oo 1,

v

uniformly in v € =. The last three displays imply that E[A, 4(2)] is asymptotically
equivalent to

022251 ()25 (v)

Z 2re2r—2l

vEENA

00 Atz
></ er [/ pep2/2T“dp} P(O;; > T (r —Ty) + A)dA (8.6.7)
0 A r

—Zz

as r — oo.
We next study the inner integral in (8.6.7)). Note that

Az 9
/ pe P 12Tedn — 20| <
A

—Zz

Az ) 3
< / P2\ + 2)dp/T, < Z(AT“)
A

—z v

Displays (8.2.3) and (8.5.2]) imply

o mr 2 )\ 3 r
/ e A [Z(TM} }p(@?@ > E(T _ Tv) + )\)d)\ — o0 0,
0 v ' r
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uniformly in v. Therefore, by plugging the last two displays in (8.6.7)), we obtain that
E[A, 4(2)] is asymptotically equivalent to

672ze2Sl(ﬁ)723(v)

/27T€2T_2l

/ eTAUAP(O] > T (r — T,,) + A)dA
vEENA 0 "

as r — co. But |e7* — e < A(2 — mr)e?A. Thus, similar reasoning shows that
E[A, 4(2)] is asymptotically equivalent to
672z€231(f1)723(v)

. /27T62r—2l

/ 2NP(O], > L (r — T,) + \)dA
vEENA 0 "

as r — oQ.

Note next that Lemma [8.6.1| implies

M~ ) = 20+ 8y(9) — S()) + O(llog r/7)

r

A change of variables therefore implies

/ ePNP(O] 5 > (1 — T,) + A)dA
0 ’ T

r

_ /OO HO(HE) (V4 0 <“Ogr>)zp>(@;ﬁ > 2(1 + Sy(0) — S(v)) + A)dA.
o(texr)

Another application of (8.5.2)) shows that E[A, 4(z)] is asymptotically equivalent to

2 —2z 25[(’0)—25(1}) [e'e)
Z - 26 2r—21 / P NP(07F, > 2(1 — Si(9) — S(v)) + N)dA
e 0 '

vEENA
=ze * Z Tt
wed
as r — 00, as desired. This finishes the proof of Lemma [8.6.2 O

Note that T;"ﬁ is a Riemann sum. Therefore, by defining

26251(11)) 0 .
) = s /0 PAP(O], > 21+ Si(w) — S(x) + NdA  (8.6.8)

and using that Y%!(z) is continuous in x, we obtain

T4 —roo / T (2)da.
A
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From the previous display and Lemma [8.6.2] we obtain, for any z > 0,

2z wil () dx: .6.
E[A 4(2)] — ze %/AT (z)d (8.6.9)

as r — 00, as asserted in (8.6.2)).
We next study the asymptotic behavior of the right hand side of (8.6.9)) as z — oc.

We define a simplified version of Y%, which we denote by Yl as follows:

Tol(z) = 220 20P(OF, > 20 4+ A)dA 8.6.10
() = P e, = 2+ an (86.10)

A /27-‘-6251(w
The functions Y**(z) and T¥*(z) are related as follows.

Lemma 8.6.3. For any closed sub-square with nonempty interior A C [5,1 — 6]?,

o uen [y T @)de
Z—00 Zwer fA Tw’l(l‘)dl‘

Proof of Lemma[8.6.3, Using that Sj(w) and S(z) are both O(1) (depending on ¢ and

6), we obtain by a change of variables

=1

2625’(1}) 9
Twi :/ AN+ O(1)P(OF, > 21 + N\)dA.
(z) NGr BT 0(1)6 ( (1)P(e7,, > )

Therefore, for some Cs9 € (0, 00),

T ) = T ()]
2625(:):)
< -
< Csp o35, (w) (

Using that ¢59 < S(z),Si(w) < Csp, and applying (8.5.2), we obtain that the right
hand side of the previous display is

PO, >20) + / e?P(O],, > 21 + A)dA) .
0

< Cyglog(z) 017 1/2,

Since |P| < 0562(l_z) =Cj ]Og(z)ca,e,

3 /A Tol(a)dr — 3 /A T (2)da

wed weP

< Csgl|A| log(z)cwl_l/?.
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Thus,

Yeo [y T @)dz | (x)Coo1=112
ZwGCD fA Tw7l(ﬂf)d$ B Zwei) fA TwJ(ZL‘)d.’L' '

From (8.5.10) and (8.6.9), we obtain that the denominator in the last expression is
greater than csg|A|. Therefore, the previous display is

< Csglog(z) 501712 5 0
as z — 00, as desired, which finishes the proof of Lemma [8.6.3 O

We now prove the last proposition of Chapter

Proof of Proposition[8.1.7. We first define the function {5 in Proposition Note
that, by (8:6.10),
—25 Z Tw l

wed

depends only on 9, I, [ and 6. We therefore define

G(x) = / Wdy, (8.6.11)

where, we recall, S(z) := E®[log |z — W;||], as in (8.6.3). Note that (s converges

uniformly on compact sets as § — 0. Additionally, we define

0‘5 = erl )/Cs(x

wed

Note that ozfs’l~ depends only on 8, [, [ and 6 (but not on z). Lemmas [8.6.2] and [8.6.3

imply
lim lim - / Cs(x (8.6.12)

—00 r—
4 oxr oo a Z@

for all closed squares A C [6,1 — §]2. Therefore, in order to prove Proposition it

is enough to prove

lim limsup|z; 'e** ' E[A,. 1, (21)] — 25 "e*2E[A, 1, (22)| = 0.

21,2200  p_ 500
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For z1 < 2, let | = e and 1 —1 = loglog(z1). Note that (8.5.10) and (8.6.12]) imply

that ag’[ > c59. Therefore,
|27 [y ()] — 27 P2 ElA g, (20)]|
, E[Ar 1, (21)]  E[Ar g, (22)]
l )

a(s’lzle_%l af;lZQe_?Z?

<C5

— )

An application of (8.6.12)) implies that the previous display converges to 0 as first r — co

and then zq, z0 — 00, as desired. ]



Chapter 9

Relationship with the fine field

maxima

In this chapter, we study of the relationship between the maxima of the fine field and
the maximum of the MGFF. We will show that the global maximum of the MGFF can
be approximated by the maximum of the MGFF restricted to the set of maxima of the
field fields. We defer all proofs to the end of the chapter.

9.1 The coarse and fine fields

We modify here the definition of the fine field used in Chapter [§} the side length of the
sub-squares will be a fixed value e, with & > 0 not depending on r (as opposed to the
fine field in Chapter [8, where the sub-squares had side length e~"*!, depending on 7).

Let k& > 0 and consider the square grid consisting of K := | (1 — 20)2e?*| adjacent
squares of side length e~*, placed inside I5 = [§,1 — 6] so that the left-bottom corner
of the grid coincides with the left-bottom corner of I5. Denote the collection of squares
in this grid by {Sk,;: 1 <1i < K}. Also, let Sg’i = {x € Sk, : dist(x,08);) > se~*} and
S) = Ui<x S,‘z’i (see Figure m below).

111
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Figure 9.1: S ; and Sgﬂ- squares

1
ex
T
1
(1—28)e" [ ]
1 — 1
5
T
.1IQJ' ~
l.{)lill._|l i-(jj.'_,f
For z € S}i,w define the coarse field ©f , and fine field @{@ by
65, = E[O, 4 [0Sk, (9.1.1)
and
0f, =0,, — 0%,. (9.1.2)

Note that both fields depend on k, but we will keep this dependence implicit. Also, let

@i’é ‘= max O, .
xESg

We will prove the following relationship between @ and @i’é. Its proof is a straight-
forward application of |7, Theorem 3.7] and ([7.2.4).

Proposition 9.1.1. The mazimum O of the MGFF satisfies:

im lim sup lim sup P (@i’é # @:) =0 (9.1.3)

|
6—0 k—oo r—>00
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Because of Proposition we will study ©;°. For 1 < i < K, choose z(i) =
z(i,7,k,d) so that

I —_of
seg, Ore = Ot

and z = z(r, k,0) so that

max 0O, ;) = O, s.
1<i<K r,z(4) rZ

The main result of this chapter is:

Proposition 9.1.2. For any fized € > 0 and small enough § > 0,

lim limsup P(©° > O, +¢) = 0. (9.1.4)

k—oco rooo

Additionally, there exists a function g : [0,00) — [0,00), with g(k) — oo as k — oo,
such that
lim lim sup ]P’(@{ig <m,_+g(k))=0. (9.1.5)

k—00  r—o0

The proofs of Propositions and follow the same outline as the proofs
of |4, Proposition 5.1] and [4, Proposition 5.2]. However, in the present setting, we will
employ Slepian’s Lemma and Fernique’s Majorizing Criterion to compare the maxima
of continuum and discrete fields, as in the comparisons in the previous chapters (see the
proofs of Lemmas[9.3.1] [9.3.2] [9.3.3|and [0.3.4)). Proposition[9.1.1]allows us to restrict the
index set of the MGFF so I, so that the covariance of the MGFF becomes logarithmic
in the distance between points (see Lemmal7.2.1]). Proposition[9.1.2]will be instrumental

in the proof of Theorem [6.1.1} it allows us to replace the maximum of the MGFF over

Is by the maximum over the set of points that maximize the fine field.

9.2 Proof of Proposition [9.1.1

Proof of (9.1.3)). Let ¢ > 0. From |7, Theorem 3.7], we know that {©} — m,}, is tight
for r large enough. Thus, we can choose M = M, € (0,00) such that

limsupP(©; —m, < —M) <e.

T—00
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Applying the previous display and ([7.2.4]),

lim sup lim sup lim sup P( max ©,., = ©;.)
50  k—oco r—00 z€I\SP

< lim sup lim sup lim sup <]P’(@;'f —m, < —M)+P( max ©,, —m, > —M))

6—0  k—oo r—00 ze€l\SP
< e+ limsup Coe?M§1/2 = ¢.
6—0
Since € > 0 is arbitrary, display (9.1.3) follows. O

9.3 Proof of Proposition [9.1.2
Note that
{@:’6 >0,z + 6} - {@:’6 > @7‘72(7:*) + 6} (9.3.1)

where 7* is the index of the square containing arg max, S8 O, .. Fix two large constants
C1,C5 € (0,00). The right hand side of the previous display is contained in the union

of the following four events:
A = {@r,x <m,—Cqforall z € Sg}
Ay = {Elaf:,y € Sy such that ||z —y|| < e "** and 5, — 7, > e}
Az = {Hx,y € 59 such that e "* < ||z — y|| < e* and
Oz > my — C1,0,y > m, — 20 — Ca}
Ay = {Eli and x,y € S,‘;i such that ©,, + ©7, — ©7 > m; + Cg}

In Lemmas[9.3.1][9.3.2], [0.3.3]and [0.3.4], we will obtain an upper bound on the probability
of the events A1, A, A3 and Ay, respectively. The proofs of the lemmas will be deferred

to the next section.

Lemma 9.3.1. For any small enough 6 > 0,

lim lim sup lim sup P <@;f’5 <my — Cl> =0

C190 koo 00

Lemma 9.3.2. Let T = {(z,y) € (S))%: ||z — y|| < e "**}. Then, for any fized e > 0,

lim P < max (O, — O, ) > 6> =0.
r—00 (z,y)ET ’ ’



115
Lemma 9.3.3. Let R = R,j, = {(z,y) € (S))?: e "% < ||z — y|| < e *}. Then,
lim lim sup P < max (Org + O,,) > 2m, — )\> =0
k—00 r—co (z,y)ERn

for any A > 0.

Lemma 9.3.4. There exists Csg € (0,00) such that, for all X large enough,

P ( max  max (0., + 67, —05,)>m, + A) < Csg/ A

Using Lemmas [9.3.1} [9.3.2 [9.3.3| and [9.3.4] we prove both (9.1.4) and (9.1.5) of
Proposition [9.1.2

Proof of (9.1.4). As we remarked earlier (in the paragraph following (9.3.1])), for any
pair of constants C1,Cy € (0,00) the following holds:

P(0:° > O, +¢) < P(A1) +P(As) + P(A3) + P(Ay)

Applying Lemmas [9.3.1], [9.3.2] [9.3.3] and [9.3.4] we obtain

lim sup limsup P(©%° > ©,.; + )

k—o0 r—00

< limsup limsup limsup(P(A;) + P(Az2) + P(A3z) + P(A4)) =0,

C1,Co—00 k—oo T—00

as desired. n

We now prove the second claim of Proposition [9.1.2

Proof of (9.1.5). Let ¢ > 0. We know from Lemma that

lim lim sup lim sup P (9:’5 <my — )\> =0.

=0 k—oo r—oo
The previous display and (9.1.4)) imply

lim liminf P (O, > m, —elogk) = 1.

k—oo r—o0

Thus, display (9.1.5]) follows from the previous display and

k0o rosoo 1<i<k  "#(0)

lim limsup P < max OF . > 2k —elogk — g(k:)> =0. (9.3.2)
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Set g(k) = vlogk and ' = v + €, and decompose

c / c /
P (12%( OF .y = 2k — ' log k> < 1<Z<:KP (65 = 2k =+ 1og k).

Since z(i) is independent of the coarse field ©¢ ()» the variance of ©F ) is k + 0(1)

r,z(i)

(where the order 1 term depends on 9, 6). Therefore, the previous display is at most

2k — ~'log k)? /
0579 exp <2k — W) /\/ k— 06,9 < Cé,ek% _1/2-
— U0

So, any choice of 7" with 4/ < 1/4 is enough to show ({9.3.2]), which finishes the proof of
©.1.5). 0

9.4 Proofs of Lemmas [9.3.1], (9.3.2] 9.3.3| and

Proof of Lemma([9.3.1] From the proofs of |7, Proposition 2.4] and [7, Proposition 2.5],

we obtain that, for p, g large enough (depending on § and ),

P < max Opppz < Myyp — A) <P ( max (1) < mpqp — )\/2>

xGVr_qﬁS,‘i xGVTﬂe*qS]‘z

for all A > 0, where V,. = IN(e~"Z?). Recall that S is the union of (1 —26§)2e?* squares
of side length (1 — 28)e™*, so its total area is (1 — 28)*. Therefore, it is possible to map
one-to-one all the points in V. N e_qS,‘z to the set V. Ne~9[0, (1 — 28)?]?, which does not
depend on k. Moreover, this can be done such that every pairwise distance between
points decreases. Since the CMBRW covariance Cov(&;(r),&,(r)) decreases with the
Fuclidean distance between = and y, a straightforward application of Slepian’s Lemma

implies

P max © <m A <P max r)<m —A/2].
<zev,~_qms;§ . e >_ (zeVrﬁeq[O,l—ZSP&C() T+p />

Note that the right hand side does not depend on k. Therefore, |7, Proposition 2.6]
implies
P(07° < m, — \) < Csge” 0 (9.4.1)

for A > 0. This finishes the proof of Lemma [9.3.1 O
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Proof of Lemma[9.3.3. Note that, if r is large enough (depending on ¢ and k), and if
(z,y) € T, then x and y belong to the same sub-square S,‘;i. Therefore, it is enough to

prove Lemmawhen T is replaced by T; := {(z,y) € (S’,‘;i)2 Hlz =yl < et
For a fixed i, let Z C S,‘g’i be a collection of O(e?"~**) points such that every point

T € Sg’i is within distance e™"** of some point z € Z. Note that if (x,3) € T; and

(©7, —©O5,) > ¢, then there exists z € Z within distance 2¢7"+k of 2 and y, and such

that either |©7 , —©O7 .| > ¢/2 or [©F  —©Of .| > ¢/2. Therefore, in order to prove Lemma

it is enough to show

lim P (max max [O7, —O7 |> 6/2> =0.

r—00 2€Z ||z—z||<2e~ Ttk
We will employ Fernique’s Majorizing Criterion and Borell’s Inequality to prove the
previous display. Let z, 2’ be within distance 2¢7"** of z. Then, from (7.2.6)),

E[(G)?,x - 676",3:’)2] < C&g”ﬂ? - :LJHQer'

Therefore, for a fixed 2/, the Lebesgue measure of the set {x : E[(©¢, —0¢ ,)?] < p*} is
at least c5gp’e”2F. On the other hand, the Lebesgue measure of the set {z : [|Jz — z|| <

2¢7"+F1 is at most 4e~2" 2%, An application of Fernique’s Majorizing Criterion implies

—r+2k
E |: T|rl<aQX—r+k @10",90 - @7C°7z:| < 05796 r+ :
r—z[|<2e

Therefore, by Borell’s Inequality and ((7.2.6)),

P < max [SHIREC R Cspe "2 1 )\) < 2exp(—cspAZe? IR,

lo—zf|<2e=r+k T
By letting A = €/4 in the previous display, we obtain, for r large enough (depending on
€,60,0 and k),

P < max ‘@70"717 - @10”,2" Z 6/2> S 2€Xp(—0579€2€27’—4k’)'

|lz—z||<2e—Ttk

By a union bound, we obtain

P (max max ’@f",x - 9?,2’ > 6/2> < Cexp(2r — 4k — 657962627'74]6) —0

2€Z ||lz—z||<2e~ Ttk

as r — 00, as desired. ]
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Proof of Lemma[9.3.3 Recall that V, = I N e "Z?. From the proof of [22, Theorem
1.1], we obtain

lim limsupP max + Nrw) = 2m, — A | =0 9.4.2

k—o0 r—)oop ((v,w)GVT:e—T""kvw||<e—k(nr7v g ,w) o ) ( )

for any A > 0. We will use the previous display to prove Lemma by employing

Slepian’s Lemma.

Let p,q be large numbers that will be chosen later (see (9.4.3)),(9.4.4) and (9.4.5))

and let ) and 1/1(2) be independent copies of a Brownian sheet defined on [0, e~"~4]?

with covariance structure
Cov(y{M, (M) = ("™ min{z1,y1} + p)(e" " min{ws, yo} + p)

for all z = (z1,22),y = (y1,92) € [0,e7""92. Define Q and Qp as the squares with the
same center as I and with side length e 97! and e~! respectively. Let g be the linear
map that stretches @ onto Qp. Also, for x € I, define the point [z] = ([z]1, [z]2) to be
the closest point to x in V,44 such that [z]; < z1 and [z]2 < 9.

We will compare, with index set U, := {(z,y) € Q% : e "+ =4 < ||z — y| < e F79},
the fields

d o
@rJrq,x,y = Origz + Origy

and

d ._ (1) (2)
Nrsgay = (2, Y) riqgal) T Trtag@) T Vol T Yyl

where a,(x,y) > 0 is defined so that Var(©¢

aay) = Var(nﬁlﬂ’x’y) for all (z,y) € U,.

We will show that the maximum of the second field of the previous display stochastically

dominates that of the first field. Note that (7.2.1)), (7.3.2) and (7.4.3)) imply
2(r +g) — 2log|le — y|| — 2(p + 1)* ~ Cio
2r — 2log ||[2] — [y]l| + Cs.p
2(r + q) — 2log|lz — y|| — 2p* + Csp
2r — 2log [|[z] — [y]|| — Cs0

< ap(2,y)* <
(Note that [z] # [y] because (z,y) € U,.) From the previous display, by choosing
p* > q+ Csg, (9.4.3)

we obtain a,(z,y) < 1. Moreover, for r large enough (depending on p,q,d and 0), we

obtain a,(z,y) > 1/2.
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d

We now compare the covariance structure of the fields ©7,, ,

and ng+q,x,y by dis-

tinguishing three cases:
e Case 1: [z] = [2/] and [y] = [¢]. Then, from ((7.2.2)),
E[(©r4g¢2 + Ortqy — Ortqar — ®r+q,y’)2} < Cy([lz —2'| + ly — ¢/[)e .

From ([7.4.2)), we conclude that this display is at most

p(le =2/l +lly — ') SB[ + 2, — o8 oy = o203,

provided
p > Csyp. (9.4.4)

Combining the last three displays, we obtain
d d 2 d d 2
E[(@r—l—q,x,y - @r—l—q,a:’,y’) ] < E[(nr—l-q,x,y - 77r+q,:c’,y’) ]7
as desired.

e Case 2: [z] # [2'] and [y] = [¢/]. Since a,(z,y) < 1 and dist(Qg,dI) > 0, displays
(32 and (F43) imply

d d
Cov(nr—i-q,a:,ya 77r+q,a:’,y/)

< —log(ll[=] — [N lIf] = WINIY] — [1N) + 7 — 2 +2(p + 1)* + C.
On the other hand, from ,

d d
Cov(O74 0y Oriqary)

> —log(max{e™" ™ [z — 2'|[}lz — ¢/[llly — 2'|]) + r + ¢ — Csp
Therefore, the condition
3¢/2> (p+1)* + Csp (9.4.5)

implies
d d d d
Cov(O7 1 g,2,y1 Ortaary) = COVlriqay: Mrrqay):

as desired.
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e Case 3: [z] # [2'] and [y] # [¢/]. Then, using (7.2.1)), (7.3.2) and (7.4.3)) again, we

obtain

Cov( s g0 Mt g0 4)
—log(ll[z] = [l [=] = W]IIITy] = [T Ty) = [W)I1)
—4g+2(p+1)*+ Cs
< —log([lz — '[l[lz — ¥/lllly — 2'[llly = ¥[) = Cs0
< Cov (6 o?

r+q,z,y) Y r+q,2’ y)

under the condition 2¢g > (p + 1)? + Cs (which is ensured by (9.4.5)).

Conditions (9.4.3)), (9.4.4) and (9.4.5) can be simultaneously satisfied by choosing

qg=7p>— Cs,p and p large enough so that p > Cs and 3p? —2(p+1)% > 5C5,. Cases 1,
2 and 3 imply
Cov(nd d ) < Cov(04 o4 )
O\ +q,2,y> Tr+q.a' ) = ©COU T rpgmy Frtqay
for all (x,y), («',y’) € U;. The previous display and an application of Slepian’s Lemma
imply

P| max ©¢ > 2m - A max > 2m - A

X 1 2 o o
for all A > 0. Next, define ¥* = sup(, \cp, (wi_)[x]+1/1?§_)[y]). An application of Fernique’s
Majorizing Criterion and Borell’s Inequality yields P(¢* > w) < Csgexp(—csgw?) for
all w > 0. Therefore, by conditioning on the value of ¥*, we obtain that the previous
display is at most

—C ’11)2
E:P<HMXawﬁwwﬁwmm+mﬂmwﬂ22mHn—A—W>Gw€6ﬂ~
wso  \@WEUs

But, since 1/2 < a,(z,y) < 1, the previous display is at most

_ 2
E:P<I§g,mwmmy+mﬂmwﬂ>2qu—2k—%06kwC“w-
w>0 ’

An application of (9.4.2)) and the Lebesgue dominated convergence for infinite sums
imply that the previous display converges to 0 as r — oo and then & — oo. Therefore,
the last three displays imply

limsuplimsupP | max @f+q 2y
k—oo  T—00 (z,y)€Uq "

> 2myyq — A>:0 (9.4.6)
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for any A > 0. Let Qs be the square with side length (1 — 2§)e~9~! that is concentric
with @. Let h denote the map that stretches @ linearly onto I. Then, from ([7.1.2)),

(C

T+q7 7y

law

= (@rfl,h(:v) + @rfl,h(y) : (xv y) € Q% with e*TJrqu < HLL’ - yHeikiq)'

B[O 40y | Q) : (2,y) € QF with ¢ "0 < [l — yfle )

Let (Z,7) be the point that maximizes ©%, . —E[OL | 0Q] over {(z,y) €
Q3 with e 7" T%4 < ||z — y|le™*~%)} (which exists by an argument similar to that of the
proof of Lemma [7.2.3 - Since (7, %) is independent of E[O tqmy | 0Q] and E[@g+q vy |
0Q)] is centered,

P <(zI2)ae}%J @;‘LQ@ y = 2Mpgq — )\>

> P (O 0g ~ B0 gy | 001 = mpiq — NEOL ;1 0Q] 2 0)
=P O,_ Op_14>2 -] /2.
(x,yEIazer+kE?ﬁm—y||Sek+1 r=le ¥ Or-ly 2 Mnte >/

Lemma follows from (9.4.6) and the previous display, by observing that m,, —
my_1 = O(q) (which depends only on § and 6). O

Proof of Lemma | Define ©¢, ) = 0,,4+0¢,—0¢, forall (z,y) € Uy := Ui(S,‘z’i)Q.
Note that, for all (x,y), («',y) € U,

[(@gx,y @g,:c’,y’)Q]

= E[(Gﬁf - @T,ZE')Q] + E[(Gi @r ' @i,y + (H)ﬁ,y’)Q]
+2E[(65, — ©¢,)(05, — ©f,, — 05, + 65 ,,)%]. (9.4.7)

We will define a field (Zg’y : (x,y) € Uy) such that

E[(©f,, - O )] <E(Z, - Z% )7 (9.4.8)

T x?y T7:B 7y

for all (z,y),(2',y) € Ug. Let p = psp € (0,00) be a constant that will be chosen
later. For each Sg,i, let h: Sg’i — [p,p+1]? be the map that stretches Sg’i linearly onto
[p,p+ 1]2. For j = 1,2, define two i.i.d. centered Gaussian fields (Z% 2 € 59) by
Cov(Pn(z)s Ph(zry) for z,2’ in the same Sg?i,

C’ov(Zj;,Zi,) = .
0 otherwise,
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where ¢ is the standard Brownian sheet. We first will show that there exists a constant
p = psp € (0,00) such that

E[(©5, - ©5. —©5, + 65 )7
+2E[(67, — 67,)(67, — 6 — OF, + 67,)’]
<E((Z, — Z)") +El(Zy — Z}))°] (9.4.9)

for all (z,y), («',y") € Ux. We distinguish two cases:

e Case 1: x and 2’ belong to the same square S,‘: ;- In this case, by applying (7.2.6)),
we obtain that the left hand side of (9.4.9) is

< Cspe*(lz —2'|> + ly — ¢/|I*).

On the other hand, by the definition of ZZ and (7.4.2), the right hand side of
(9.4.9) is

> pet([lz = 'lli + lly = ') = Cspe (o = 2" 1> + ly — /[
for p large enough (depending on 6 and ).

e Case 2: x and 2’ belong to different squares S,‘z ;- In this case, since the fine fields

are independent for different squares S,‘g ;» We obtain

El©7.(05, — 67 — 67, +67,)]
= Cov(Orz, Oy — Oy ) + Cov(O7 ,, 07, — O7 )
S CO'U(@TJ;, @'r,y’ - @r,z’) + 05,97

where in the last inequality we have used (8.2.1). But ||z — 2'||, |z — ¢/|| > cse™*,
so (|7.2.1]) implies that the previous display is

< Csgeflla’ — o || + Cs < Csyp,

where the last inequality follows because 2’,3’ belong to the same S,‘z , square.
Repeating the same argument for the rest of the terms in the left hand side of
(9.4.9), we obtain that the left hand side of (9.4.9) is bounded above by Cjg.

On the other hand, the right hand side of (9.4.9) is at least 4p®>. Therefore, by
choosing p large enough (depending on § and 6), we obtain (9.4.9).
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We now define Ziy = Opo + Z3 + Z for all (z,y) € Up. Then, (9.4.7) and

(19.4.9) imply (9.4.8), as desired. An application of the Sudakov-Fernique Inequality
(see |8 Theorem 2.9]) implies

E [ max Zgy] >E { max (O, + 07, — 67, ). (9.4.10)
(w»y)EUk ’ (m,y)GUk ’ ’

Let Sg’i(z) be the square Sg’i containing x, and define

Zy:= max (ZL+ Zsf)
'y €8] i(a)

for all # € S. Consider, for z > 1, the collection of random sets I'(z) := {z € S0 : Z, €

[z —1,z)}. Then,

IP’( max Zgy Zmr—i—)\) SIP’(@;f"s Zm,»kA)%—Z]P’(max O Zmr—i—)\—z).
(zy)€Ux ™ = \eel()

Applying ((7.2.4]), we obtain that the sum in the previous display is at most

Csphe Y "E[|T(2)[]'/%e*.

z>1

We claim that there exist constants csg,Csg € (0,00) such that, for all z € S,‘g,
P(Z, > z) < Csge” 00 (9.4.11)

for all z > 0. Let us assume (9.4.11)) momentarily. Then, from the previous two displays,

we obtain

P <( m)a)ij Z;l,y >m, + )\> < IP’(@:"S >my+ N+ C’(;,g)\e_”‘.
z,y)cUx

Integrating the previous display over A > 0, and applying (9.4.10f), we obtain that

E| max (©,,+ 05, —05_ )| <m, + Csp.
|:(93,y)€XUk( ’ ’ y):| 58

On the other hand, it follows by definition that

*,0
(mr;lfae)%]k(@r’w +Or, —Ory) 26y
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a.s.. Furthermore, [7, Theorem 1.1] implies that E[(@;ﬁ’g —my)4] < Csp and (9.4.1)

implies ]E[(@:"; —my)—] < Cs9. Therefore, a first moment argument applied to
max (0., +0., —06; )—m
(fc,y)GUk( LYY r,x r,y) T

implies Lemma [9.3.4]

We now prove (9.4.11)). Let z,2',y,vy' € Sg i(z)- Note that (7.4.2]) implies

T y — La T Ly - x T Lyt y — Ly
B(Z; + 2y — Zy — Zy)") = El(Z; — Z,)*) + El(Z, — Z,)°]
< (p+ et (lle = 'l + [ly = o/'ll).

An application of Fernique’s Majorizing Criterion implies E[Z,] < Csg. And, since
Var(Z} —i—Zg) < Csp, an application of Borell’s Inequality implies ((9.4.11]). This finishes
the proof of Lemma [9.3.4 O



Chapter 10

Coupling construction

In this chapter we construct a coupling of the coarse field and fine fields based on the
results of the preceding chapters. The proofs of the results presented here are deferred

until the end of the chapter.

10.1 Definition of the coupling and proof of Theorem |[6.1.1

Note that Proposition [8.0.1] produces an asymptotic approximation for the right tail of
the MGFF, while Propositions and state that the global maximum of the
MGFF can be approximated by first taking the maximum of the MGFF among the
points maximizing the fine fields.

We will employ the collection of squares {Si; : 1 <i < K} (and their union S,‘z), the
fine field @,{x and coarse field ©7 ,, which were all defined at the beginning of Chapter
ﬁ We first find the limiting behavior of the coarse field G);(.) as r — oo.

Lemma 10.1.1. Fiz a small enough 6 > 0 and a large enough k > 0. Then, there

evists a centered Gaussian field (Z9(z) : x € S) with covariance structure
Cov(Zp(x), Zp(y)) = hi(x,y)
k 1y 4p\Y)) - k\L YY),
with hi : Sg X S,‘z — R defined by

hi(x,y) = E*[log [|Wr — yll] — E*[log [[Wr, —yll] for z,y in the same 56,1‘7
K\
E*[log [|[W7 — yll] — log [z — y]| otherwise,

125
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for all z,y € SO, where T := inf{t >0: W, ¢ 1}, 7 :=inf{t > 0: Wy & Si;} and Wy is

a two-dimensional Brownian motion started at x. Moreover,

sup |kl (x,y) — Cov(05 , 07 )| —r—00 0. (10.1.1)

ac,yESg
We then proceed to define the coupling construction mentioned before that will be
used to prove Theorem It is immediate that Proposition [8.0.1| can be re-stated as

follows.

Proposition 10.1.2. There ezists a constant By (depending only on 0) and a continuous
probability density ¢ : (0,1)2 — (0,00) (not depending on ) such that, for any closed
square A C I,

lim lim sup ‘)\_162)\1[]) <max Orz —my + By > )\> — / ((x)dz| = 0.
T€EA A

A—00  r—00

We construct a random variable GZ’(S which will be coupled with ©) —m, + 8. We
first need a series of definitions. Set bs = f[571_5]2 ¢(z)dr and ¢°(x) = ((x)/bs. Let
29 € I5 be a random point with probability density ¢° on I5. That is,

P(z’ € E) = /E@(x)dx (10.1.2)

for all Borel sets E C [5,1 — ]2, Let also pi be an independent Bernoulli random
variable with
P(p), = 1) = bsg(k)e %), (10.1.3)

where g(k) = vlog(k) is defined as in the proof of (9.1.5). Additionally, let Y be an

independent random variable satisfying, for all A > 0,

g(k) + )\672,\
g(k) '

Using 2%, pi and Yy, we define the following collections of random variables. We let

{Ypi:1<i< K} and {piﬂ- : 1 <i < K} beiid. copies of Yy and pi, respectively.

P(Yj, > A) = (10.1.4)

Additionally, we set {z/,‘gZ : 1 < i < K} to be an independent collection of random
points, where, for each i, the random point zgi has a density which is a scaled version
of ¢% on Sg’i.
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Using all the previously defined random variables and points, we define

G = max (g(k) + Yis & Z0(af,) - 26). (10.1.5)
i:pk’izl

Note that the law of GZ’(S does not depend on r or 6.

Proposition 10.1.3. Let p,9 denote the law of ©y —m, + By and let Vg denote the law
of GZ"S. Then,

lim lim sup lim sup d(j,.9, v5) = 0,
0=0 kooo r—oo

where d(-,-) is the Lévy distance.

Remark 10.1.4. Recall that the Lévy distance between any two probability measures
u,v on RY for d > 1, is defined as

d(p,v) = inf{d > 0 : u(B) < v(B%) + § for all open sets B C R%},

where B% := {y : ||z —y|| < § for some x € B}. For two random variables X, Y, we also
denote by d(X,Y’) the Lévy distance between the law of X and the law of Y.

Theorem follows easily from Proposition [10.1.3}

Proof of Theorem [6.1.1], assuming Proposition[10.1.5 Note that, if ¢ > 0, then there
exists k(e, ), d(e,0) such that, for all & > k(e,0) and 0 < § < d(e, 0),
lim sup d(ju,.9, ) < €.
r—00

Therefore, the sequence fi, 9 is Cauchy and it converges to a limit p;. Applying Propo-
sition [10.1.3| again, and using that Vg does not depend on #, we obtain that the limit
ty = p* does not depend on 6. O

10.2 Proof of Lemma 10.1.1]

The existence of the Gaussian field Z,‘z is a consequence of (|10.1.1]), because a uniform

limit of positive semi-definite functions is a positive semi-definite function. We proceed

to prove (|10.1.1J).
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Proof of (10.1.1). Note that, if z and y belong to different S? ., then Cov(05,,05,)
= Cov(Oy 4, 0,y). Then, by (6.1.1)),

Cov(Oy4,0ry)
= // E*[log |W, —y — v||] — log ||z + u — y — v|| 0, (w)0,.(v)dudv
= E*[log [[Wr —yll] = log [z — y[| + O(e™"),

where, in the previous display, the O(e™") term depends on § and . Similarly, if x and

y belong to the same S,‘;w then
Cov(6%,,05,) = Cov(Or4,Oyy) — Cov(f . 0/,)
— [[ B tog IWr — g — ol B og | W,y — o) 6, ()0 (0)dud
= B*[log | W — y[|] — E*[log [ Wy, — yl]] + O(e™),

where the O(e™") term depends on § and 6, and the last equality follows from (8.6.5)
and (8.6.6)). Display ([10.1.1]) follows from the last two displays. O

10.3 Proof of Proposition [10.1.3

We first prove the following three lemmas. Recall from (10.1.2)), (10.1.3) and ((10.1.4])
the definitions of 2°, pi and Yy, respectively. The proof of the following lemma is almost
verbatim that of [4, Lemma 6.2].

Lemma 10.3.1. For j > 0, there exist numbers aﬁ,k(j) = a(j,r, k,0,0) satisfying

P(pp = DP(Yy > j) =P (glealx Or—ka = Mr—k + By = aiﬂj)) '
5
Furthermore,

sup lim sup |Ozf’,€(j) —g(k)—4]—0 (10.3.1)

j>0 r—o0

as k — oo, where g(k) = vlog(k) is defined as in the proof of (9.1.5).

Proof of Lemma [10.5.1. We first prove that max,cs; ©,_1, has a continuous distribu-

tion. Note that Var(©,_j ;) is continuous in x € I5 and

min Var(0y,_x) > 0.
z€l;
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Therefore, the (only) lemma of [25] implies that max,er; ©,_ , has a continuous dis-

tribution. Thus, there exist numbers af}k( Jj) such that

P (max Or ke — My + By = afk(j)>
z€l; ’

= bs(g(k) +7)e WD) = P(p) = )PV, > j)
for all j > 0. Note that o, (0) < a?,(1) < ..., and a3, (0) — 0o as k — co. Therefore,
applying Proposition [10.1.2] we obtain

(9(k) + 3>+
Oé(rs k(j)QZ(g(k)“‘j)

sup lim sup -1 =0

720 r—o0

as k — oco. By the continuity of log, this implies

i .
sup lim sup |log 9(5)7—’_,‘7 +2(a8 4 (j) — 29(k) — 25)| = 0
J20 00 ap (4) ’
as k — oo. The previous display and basic properties of log imply
suplimsup [af () — g(k) = j| = 0
j>0 r—oo ’
as k — oo, as desired. ]

Note that Proposition [10.1.2] implies the existence of a constant C' € (0, 00) such
that
limsup P <max Or ko — Mp_j + Bo > 2k‘> < Ce 3k (10.3.2)

r—$00 zels
for all K > 0. We next use the finite sequence a?k(j),j =1,2,...,2k, to construct the
following coupling. Define z:fk to be the point that maximizes ©,_y, , over x € Is. The

proof of the following lemma is almost verbatim that of |4, Proposition 6.3].

Lemma 10.3.2. Let ﬁfk to be the indicator function of the event {maxyer, ©p_f s —
My_+5o > Ozi,k(())}. Then, we can construct (157‘2’,?,mauxscgtS Or—k.zs z:fk) and (p3, Yy, 2°)
on the same probability space, such that ﬁfk = pi almost surely, and such that, on the

event {maxyer; Or kg — My + By < af’k(Qk‘)},

Pl |g(k) + Yy — max Op_ +mp_1, — Po

x€Els

+ ‘z‘s - z:fk‘ < ek (10.3.3)
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almost surely, where €, > 0 are deterministic numbers satisfying

lim limsupe,; = 0. (10.3.4)

k—o0o r—oo

Proof of Lemma[10.3.3. Define a piece-wise linear function L : [ad,(0),al,(2k)] —
[9(k), g(k) + 2], such that, for j = 0,1,...,2k, L(af’k(j)) = g(k) + j. Lemma|10.3.1

then implies that, on the event {a;fk(O) <maxger; Or—kz — Mp— + o < aik(2k)},

’L (max Grfk,x — My + ﬁ@) - Ineajx @rfk,m +my_p — Po| < €r.ks
xrCls

z€ls

where €, > 0 satisfies (10.3.4). Therefore, it is enough to prove display ([10.3.3) with
maxger; Or—kz — My—i + B replaced by L(maxgzer; ©p— o — mr—i + Bp). Next, define,
for each 7 = 0,1,...,2k — 1, the probability measures ué and pd on [j,j + 1) x I5 by

(4,5 +y) x A)
P(L(maxzvelg @rfk,x — My—k + 69) - g(k) € []7] + y)a z:fk c A)

= — 10.3.5
P(L(maxxelg @Tfk,x — My_k + /39) - g(k) € [.77.7 + 1)) ( )
" (Vi € 1,4 +9),2° € 4)
(T s P Yk € ]a] +Y), 2" €
g j+y) xA) = —
(4,3 +y) x A) PV € [j.j +1))
for all y € [0,1) and all closed squares A C I5. We claim
lim limsup max d(,ué,uz) =0. (10.3.6)

k=00  posoco  0<j<2k—1

Assuming , we can finish the proof of Lemma as follows. We note
that HZ has a positive density that is uniformly bounded below by a positive number
not depending on j or k. Therefore, and [27, Theorem 1.2] imply the existence
of a coupling satisfying the analog of but restricted to the interval [j,j + 1).
Lemma follows by combining the couplings for different ;.

We now prove ([10.3.6). We first study the denominator of 1 ([5,7 +y) x A) in

(10.3.5)). By definition of L and Lemma (10.3.1

P (L <Imn€8g< Or—kz — Myp_k + 59) —g(k) €[5,5 + 1)) =P(p) = )PV € [4,] 201)3).7)
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Setting y' = y(af,k(j +1)— aik(j)), the numerator of 1 (4,7 + y) x A) in (10.3.5) is

. é
=P (Iznean @r—k,x —my_p+ By > Oég,k(J)a Z:Lk € A>
8

—P (mealx O ko —Mp_+ By > aik(j) + 9/, z:fk € A) : (10.3.8)
xCls

We claim

lim limsup (A"'e®*P ( max ©, g, — m,_i + Bg > A, z*fk cA)— / ¢(x)dx| = 0.
A—=00  r—s00 z€ls ’ " A
(10.3.9)

Assuming ((10.3.9)), we can prove ((10.3.6). We apply the definitions ((10.1.3) and (10.1.4)
to (10.3.7)), and displays ([10.3.1)) and (10.3.9) to (10.3.8]), obtaining

WG +y) X A) - T

lim limsup max
k=0 rooo 0<j<2k—1

On the other hand, by applying (10.1.2), (10.1.4) and (10.1.3) to u, we obtain from
the previous display that holds.

We now prove . Note that the event {max e, Or gz —mr—+5s > A, z:fk c
A} is contained in the event {max,c O,_p—m,_r+LFp > A\}. Therefore, (10.3.9) follows

from

A—=00  r—00

lim limsup A~ 'e?'P <gleaz< Or ke — Mp_i + Bp = A,

max O, ., — my_k + By > )\> = 0.

TEAC
The previous display follows easily from the inclusion-exclusion principle and Proposi-
tion applied to the sets A, A¢ and AU A¢ = I. This finishes the proof of Lemma
10.3.2) O

We also need the following lemma, which has its analog in [4, Lemma 6.4]. Recall
from Chapter |§| that we denote by z(i) = z(i,r, k,0) the point that maximizes @f:x for
T € S,‘z,i.

Lemma 10.3.3. Let {2} : 1 < i < K} denote a family of independent points, chosen
so that z| is measurable with respect to the sigma-algebra generated by {@f:x rx € ng}
and so that €|z} — 2(i)|| < €.k, where €., > 0 satisfies (10.3.4). Then,

lim limsup d < max (@fz(i) + 67 ;) max (@fz(i) + @?,z/.)> =0. (10.3.10)

k=00 00 1<i<K™ D 1<i<K
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Proof of Lemma[10.3.3 From Proposition [0.1.2] we conclude that, for any e > 0,

lim limsup P (‘@:’5 — max (®£z(i) + ®1€,z(i))‘ > e) =0.

k=00 r—o0 1<i<K

It is therefore enough to show (10.3.10) with maxlgigK(@fz(i) + O/ ;) replaced by
@i’(s. Note that
> 6>

<P <@j’6 — max (@Zz(i) +05.) > e> +P (—@:’6 + max (@Zz(i) + @ﬁ,zf_) > €).

P (|0 — max (6 . +6°,)
1<i<K r,2(1) 7,2

1<i<K 1<i<K
(10.3.11)

The first term in the right hand side of the previous display is bounded by an argument
analogous to that of the proof of Proposition [0.1.2] We now bound the second term.
By a first-moment bound, we obtain

P (—@jﬁ + max (@m(i) +67.,) > 6) < eflE[g‘:”,f — o,

1<i<K

where () = max{©,, +O7, — O, : ¥ € S Nz —yll < e Fe ). Divide S into
O(e%e;i) adjacent sub-squares with side length e ¥e,. ;.. Denote the collection of centers
of these sub-squares by G, and, for g € G, j, denote by Df,k the sub-square centered
at g.

For each g € G, define an independent centered Gaussian field on Df ;. as follows.

Let r = €., and h = € /(e” — 1). Choose Zy ), S0 that
l
(Z7y -z e,) Z (e(r)ia € 090

where ¢ is the CMBRW. From (7.5.1)), it follows that the field Z, satisfies, for all
x, y € Dg’ka
Var(Zy) = e

and
ce|lw —yll <E[(Z7), — Z2,)"] < Ce*|lz —y,

for some absolute constants ¢, C' € (0,00). Let p > 0 be a large constant that will be
chosen later. We consider two independent copies of the field pZ7, for x € Df i and
denote them by (Zﬁlk)JD cxe0,) and (Z(Qk)’x cxeld?)).

Ty
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We now follow the same line of reasoning as in the proof of Lemma [0.3.4 Let

T ={(z,y) :x €S, ||z —y| <eFeyl, and let, for all (z,y) € T,
= O + 05, — O, and Y = O, + 200" + 2007
for some p > 0 large enough that will be chosen later. We will show
(¢ = 6% < Bl — o))

for all (z,y), (¢/,y) € T. By expanding the squares in the previous inequality, we obtain

that it is equivalent to the following inequality:

]E[(Gi,.r - Gi,x’ - Gi,y + Qﬁ,y’)2]
+ 2E[(65,, — 07,,)(65, — Of0 — 65, +65,)]
<E[(2)° - 250 + Bl(Z8)Y - 28V, (10.3.12)

In order to prove ((10.3.12]), we distinguish three cases:

e Case 1: z and 2’ belong to the same sub-square (07, . Then, (7.2.6) implies that the
left hand side of (10.3.12)) is less than Csge?*(||z —2'||2 + |ly — ¢/[|?). On the other
hand, E[(Z)* — Z8)2] > epeb ||z — 2/||. Additionally, E[(Z()Y — z(¥)2) i

greater than cpe|ly — /|| (if ¥, %' belong to the same sub-square) or greater than

2p26nk (due to independence if y,y’ belong to different sub-squares). In either
case, by choosing p = ps¢ large enough, we obtain (|10.3.12]).

e Case 2: z and 2’ belong to different sub-squares Dg i» but the same square S,‘g ;- In

this case, (7.2.5) implies that the left hand side of (10.3.12) is less than Cjs ge® (|| —
yll+ 12" =v'||) < Csgér . On the other hand, we know that E[(Zﬁlk)x —Zy(qlk)’x/)z] >

p26,~,k. Therefore, (10.3.12) is satisfied for p = ps ¢ large enough.

e Case 3: x and 2’ belong to different squares S,‘z ;- Then, from similar reasoning

to the proof of ((7.2.2), we obtain that the left hand side of (10.3.12) is less than
Csper - As in Case 2, by choosing p = psg we obtain ((10.3.12)).

From ({10.3.12)) and Slepian’s Lemma, we obtain

= | ] <= e 2 1313
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The same reasoning that was used to obtain (8.3.10)) implies

P <(m;)xxT Yol > my + )\> <P(OX >m, + \) + Cys,p max{\, 1}6_2>\‘/67«7k
z,Y)€E )

for all A € R. By applying the previous display when A > —log(e,x)/8 and applying
(9.4.1)) for A < —log(eyx)/8, we obtain

E Y| < RO 4 Oy e

Therefore, from (10.3.13)), we obtain

B mas, 2] - E0) < Cuaclt 0
x7y

as r — oo and then k — oco. This finishes the proof of Lemma [10.3.3 O

Using Lemmas [10.3.1], [10.3.2] and [10.3.3], we can now prove Proposition [10.1.3] We
follow almost verbatim the proof of [4, Theorem 2.4].

Proof of Proposition [10.1.5 Let € > 0. For r and k large, let z(i) be the point that
maximizes the fine field @{:x over S,‘z’i. Define
Of, = max CH

el emetezatiy

r,z(1)

where g(k) = vlog(k) is defined as in (9.1.5)). Applying Propositions and we

obtain that, for small enough § = d(e) > 0,

+ eﬁ,z(i)%

limsup limsup P(6; > O, +¢) <.

k—oo  T—00

Since ©} > ©F, almost surely, we obtain

lim sup lim sup d(pr.9, Up k.0) < €, (10.3.14)

k—o0 r—00

where 7,1, g is the law of (:):fk — m, + Bg. Next, let

pék =107 5
T,k {© —mr_g+Bo=c ; (0)}

r,z(1)

where a2, (0) is chosen as in Lemma [10.3.1} and let {(pS,, Yii, 22 .)}i<k be an iid.

sequence of random vectors, with each (pi}i, Yii, z,‘;i) coupled to (ﬁikﬂ-, e/

rz(i) My—f +
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B, 2(1)) as in Lemma [10.3.2l From (10.3.3), we obtain [|z(i) — 23 ;|| < e *¢,.x, where
er i > 0 satisfies ((10.3.4)). It follows from Lemmas|10.3.2{and [10.3.3|and display ((10.3.2))
that

lim sup lim sup d(7, 1. ¢, Vr/,,k,e) <, (10.3.15)

k—o0 r—>00
where v/, o is the law of max ;s ,:1}(g(k) + Yy +0¢ 5 +my_ —m;). Additionally,
o Ty ki
from Lemma [10.1.1} we obtain

lim d(v 1,4, 1) = 0,
r—00 v

where 1/2 is the law of GZ’é, which was defined in ((10.1.5)). Together with ((10.3.14)) and
(10.3.15)), this implies

lim sup lim sup d(fir.9, I/g) < 2¢

k—o00 r—00

for all 6 = §(e¢) > 0 small enough, which finishes the proof of Proposition [10.1.3 O

10.4 Proof of Theorem [6.1.2

We now prove Theorem Recall the definitions of Z,f in Lemma [10.1.1| and z,‘z’i in
the paragraph before (10.1.5)). Let Z,‘z i = Z,‘z (z,‘z ;). We need the following lemma, which

is analogous to [4, Lemma 6.5].

Lemma 10.4.1. There exists v > 0 so that

lim P ( max Z,‘;i > 2k — 710gk:> = 0.

k—oo \1<i<K

Proof. Tt follows from Lemma (10.1.1) that, conditionally on the collection {zg ;}, the
Gaussian random variables Zgﬂ- have mean zero and variance bounded above by o*,%, 5=
k + Cs. Therefore,

[ _ < 2k (S _

P <1I§n%>§< Zyi > 2k —vlogk | < Cse max P(Zg; > 2k — ylogk)
< 051627_1 —0

as k — oo, for v < 1/2. O

The proof of Theorem is almost verbatim that of [4, Proof of Theorem 2.5].
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Proof of Theorem[6.1.4 We will construct random variables ZJ > 0 such that

%im lim sup ‘,u*((—oo,x]) - E[exp(—de_zz)]‘ =0 (10.4.1)
_>

0 k—oo

for all x € R. Theorem follows from (|10.4.1)): The expectation term in ((10.4.1))

is, after a change of variables, the Laplace transform of Zg. By the continuity theorem
of the Laplace transform (see [28, Theorem XIII.1.2]), there exists a random variable
Z > 0 such that holds and Z is the limit in distribution of Z,‘z as k — oo and
then § — 0. Moreover, it is immediate from that Z > 0 almost surely.

We now prove . Let v be as in the proof of Lemma and let 0 <~/ < 7.
Set g(k) = +'logk, where g(k) is the function used to define GZ’(S in (10.1.5)).Let F*
denote the sigma-algebra generated by the random variables {Zgz}l Then, for any
z € R,

PGy’ <z)=E |P ({ max }(g(k) +Yii+ 2, - 2k) <@ | F, {sz}z>]
iy ;=1 ’ ’

—E| I =P, =P (Yei+gk) 22— 20, | F9)) |, (1042)
1<i<K

where Zg’i = Z,‘gﬂ. — 2k. But, from Lemma [10.4.1{ and the choice of +/, there exists a
function h(k) — oo such that the event Dy = {—max; ZJ, — g(k) > h(k)} satisfies
P(Dy) — 1 as k — oo. Therefore, from the definitions of pi ; and Yy ;, there exists a

large k, > 0 (depending on x) such that, for all k& > k,, on the event Dy,
Pyi = P(p); = DP(Yii+g(k) > 2 — Z0 ;| F°) = bs(x — Z5 )e 2o 5h) < ¢,
for all i = 1,2,..., K, where ¢, > 0 satisfies
klirgo €,z = 0.
This implies, on the event Dy,
exp(—(1 + €xq)Pri) <1 — Pr;i < exp(—Pry).

5. 58 270
Let Py = —Zp ;"7 ki On the event Dy,

Py
1—€pps5) < =<1
( s Ly ) Pk71672z

i
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where €y, , s > 0 satisfies lims_,o lim supy_, €x,2,s = 0. The previous two displays imply
exp(—(L + ehe5)Pri) <1 Pri < exp(—(1 = ep5) i)
on the event Dj, and hence

K
exp(—(1+ €x s Zke 2a) H 1—Pg;) <exp(—(1-— ek,Lg)Z}ze*Zlﬂ), (10.4.3)

where
K K s
2 =S Pu= > 2
i=1 i=1

Since lims_,o lim sup,_, o €5 = 0 and limy_, o P(Dy) — 1, display (10.4.3) implies

K
lim lim sup H(l — Ppi) —exp(—Zpe )| = 0 (10.4.4)
00 koo i1

in probability. Moreover, Z,‘z > 0 on the event Dy, and so (10.4.4]) still holds if we
replace Z,‘j with Zg = maX(Z,‘j, 0). Additionally, since exp(—de*QI ) < 1 almost surely,

we obtain from ((10.4.4))

lim lim sup P(G < z) — Elexp(—ZPe %)) ): 0.

=0 koo
Display (|10.4.1)) follows from this and Proposition [10.1.3 O

Remark 10.4.2. The random variable Z in Theorem [6.1.2] was defined as the limit in

distribution of the random variables

k-max( ZZ,“ )

where Z,‘z’i = Z,‘g’i — 2k. It is therefore possible to compute the distribution of Z,‘z from

the distributions of Zg ;- In order to compute the distribution of Z,‘g ;» recall that
6 6(.0
Zk,z' = Zk(zk,i)a

where Z,‘z was defined in Lemma [10.1.1] and zg ; was defined in the paragraph before
(10.1.5]).
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Since the field (Z{(z) : @ € SY) is independent of the random variables {z,ii 1<
i < K}, the random variables {Z,‘;i : 1 < i < K} are jointly Gaussian conditional on the
sigma-algebra G generated by {z,‘;i : 1 <i < K}. Moreover, their conditional covariance
is given by
E[Zlg,izg,j 1G] = hi(z,‘;i, Zg,j)?

for all 1 < 4,57 < K, where hi was explicitly defined in Lemma The (un-
conditional) covariance between Zg’l- and Zl‘z’ ; can therefore be computed explicitly by
integrating the right hand side of the previous display and using that the distribution of
the (independent) random points z,‘ii and Z}i, ; are known explicitly. (Recall that these
points are scaled versions of z%, whose distribution was defined in using the

function ¢ in (8.0.1)).)
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