
Convergence in law of the centered maximum of the
mollified Gaussian free field in two dimensions

A THESIS

SUBMITTED TO THE FACULTY OF THE GRADUATE SCHOOL

OF THE UNIVERSITY OF MINNESOTA

BY

Javier E. Acosta

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF

Doctor of Philosophy

Maury Bramson, Adviser

May, 2016



c© Javier E. Acosta 2016

ALL RIGHTS RESERVED



Acknowledgements

Firstly, my sincere thanks to my advisers Professors Maury Bramson and Ofer Zeitouni.

Their immense knowledge, help and patience have guided me throughout the writing of

this thesis.

Secondly, I thank the School of Mathematics of the University of Minnesota for

providing an optimal learning environment and encouraging all graduate students to

embrace mathematics.

Finally, I would like to express my sincere gratitude to my family: my parents and

my brothers, who have always been there to support and guide me.

i



Dedication

To my beloved mother.

ii



Abstract

Consider a family of centered Gaussian fields on the d-dimensional unit box, whose

covariance decreases logarithmically in the distance between points. In Part I of this

thesis, we prove tightness of the centered maximum of the Gaussian fields and provide

exponentially decaying bounds on the right and left tails.

Part II is devoted to the study of a specific and fundamental example of a log-

correlated Gaussian field in two dimensions, namely, the mollified Gaussian free field

(MGFF). The MGFF is a random field obtained by suitably mollifying the covariance

of the continuum Gaussian free field, which is a generalized random field defined on

measures in the unit square. We prove that the centered maximum of the MGFF

converges in law as the mollifier approaches the Dirac delta function. We moreover

show that this limit law does not depend on the specific mollifier that is employed, and

give a representation for it.

Our approach in both Part I and II is similar to the approach employed by Bramson,

Ding and Zeitouni in their papers on the centered maximum of the discrete Gaussian

free field.
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Chapter 1

Introduction

The standard Brownian bridge is usually defined as the stochastic process obtained by

conditioning the one-dimensional Brownian motion to have value 0 at time 1.

An equivalent definition of the Brownian bridge is as follows. Let I = [0, 1] and

denote by C∞0 (I) the space of test functions supported in the interior of I. For a given

h ∈ C∞0 (I), consider the Poisson problem of finding f ∈ C∞0 (I) such that

−∆f = h on I, (1.0.1)

where ∆ denotes the one-dimensional Laplace operator. An integral representation of

the solution of (1.0.1) is given by means of the Green function G : R × R → [0,∞)

defined by

G(x, y) =


x(1− y) if 0 ≤ x ≤ y ≤ 1,

y(1− x) if 0 ≤ y < x ≤ 1,

0 otherwise.

It is easy to check that, for any h ∈ C∞0 (I), the function

f(x) :=

∫
R
G(x, y)h(y)dy (1.0.2)

satisfies (1.0.1). The Brownian bridge can then be defined as the real-valued Gaussian

process Bt, indexed by t ∈ [0, 1], such that, for all s, t ∈ [0, 1],

E[Bt] = 0 and Cov(Bs, Bt) = G(s, t). (1.0.3)

1
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(Recall that the law of a Gaussian process is uniquely determined by the point-wise

expectation and the covariance structure of the process.)

Random fields can be viewed as generalizations of stochastic processes to higher

dimensions. For a stochastic process (Xt)t∈T , the index set T is typically a subset of

the real line, while, for a random field, the index set T is arbitrary. A Gaussian field is

a random field for which the collection of random variables (Xt)t∈T is jointly Gaussian

(see Chapter 2 for a precise definition of Gaussian fields).

We are interested in the continuum Gaussian free field (CGFF), which can be viewed

as a generalization of the Brownian bridge to higher dimensions. To define it, we now

let ∆ denote the d-dimensional Laplace operator and let G : Rd × Rd → [0,∞] be the

Green function for the analogous Poisson problem (1.0.1) on the d-dimensional unit box

I = [0, 1]d. We recall that the Green function has the following representation in terms

of Brownian motion (see [1, Chapter 3]): Let (Wt)t≥0 denote a d-dimensional Brownian

motion and let Ex denote the expectation with respect to the probability law of (Wt)t≥0

with starting point x ∈ Rd. Then, for all x, y ∈ Rd,

G(x, y) = Φ(‖x− y‖)− Ex[Φ(‖Wτ − y‖)], (1.0.4)

where τ = inf{t ≥ 0 : Wt /∈ [0, 1]d}, ‖ · ‖ denotes the Euclidean norm on Rd and

Φ(r) =

−
1

2π log(r) if d = 2,

1
d(d−2)ω(d)r

2−d if d ≥ 3,

for all r ≥ 0, where ω(d) denotes the volume of the d-dimensional unit ball. (Note that

G(x, y) = 0 if x or y belongs to Rd \ (0, 1)d.)

For d ≥ 2, the Green function diverges on the diagonal (i.e., G(x, x) = ∞ for all x

in (0, 1)d), hence, it can not be used to define the covariance structure of a Gaussian

field with index set [0, 1]d. Consider instead the collection M of probability measures

µ on Rd such that ∫∫
Rd×Rd

G(x, y)dµ(x)dµ(y) <∞,

and, analogously to (1.0.3), define the CGFF as the Gaussian field (X(µ) : µ ∈ M)

such that, for all µ, ν ∈M,

E[X(µ)] = 0 and Cov(X(µ), X(ν)) =

∫∫
Rd×Rd

G(x, y)dµ(x)dν(y).



3

This construction of the CGFF relies on the Green function being positive semi-definite.

We mention [2] as an excellent survey on the different ways to construct the CGFF.

We will be concerned here with the CGFF when d = 2. There are two main reasons

for this. First, the two-dimensional Green function G(x, y) in (1.0.4) is logarithmic in

the distance between x and y, so the CGFF fits naturally in the context of the log-

correlated Gaussian fields, which we define below and are the subject of Part I of this

thesis. The logarithmic covariance of the CGFF, when d = 2, produces a rich structure

that is absent in the CGFF when d ≥ 3: log-correlated Gaussian fields are conformally

invariant (and they therefore have applications in mathematical physics, see [2]) and

are related to additive cascade models and branching random walks (see [3]). The

second reason for focusing on d = 2 is given by the recent advances in the study of the

two-dimensional discrete Gaussian free field (DGFF), which we will define below. The

techniques developed in [4] for the DGFF can be extended and applied in the continuum,

as we will see throughout Part II.

A fundamental object of study for any random field is its supremum (or maximum,

when it is attained). In the case of the Brownian bridge, it is possible to compute

explicitly the distribution of the maximum using the reflection principle of Brownian

motion. For the CGFF, the problem of characterizing the distribution of the maximum

is considerably more complicated and the bulk of this thesis is devoted to this problem.

Instead of working with M as the index set, we will restrict ourselves to measures

in M induced by test functions, as follows. Let θ be a fixed test function on R2 with∫
R2 θ(u)du = 1. For a constant R > 0 and x ∈ [0, 1]2, define the measure ρR,x by

ρR,x(A) =

∫
A
R2θ(R(x− u))du (1.0.5)

for all Borel sets A ⊆ R2. (The exponent 2 in the scaling factor R2 is needed for ρR,x to

be a probability measure.) Note that ρR,x is (roughly) centered at x and it converges

weakly to the Dirac delta at x as R→∞. The field (X(ρR,x) : R > 0, x ∈ [0, 1]2) is the

mollified Gaussian free field (MGFF) associated with θ.

This thesis is devoted to the study of Θ∗R := maxx∈[0,1]2 X(ρR,x), the maximum of

the MGFF. In Part II, we prove that Θ∗R, after being appropriately centered, converges

in law as R → ∞. Furthermore, up to a shift in the centering, the limit law does not

depend on the test function θ. (See Theorem 6.1.1 for the precise statement of this
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result.)

As mentioned before, this work is motivated by recent advances for the discrete

Gaussian free field, which can be defined in analogy to (1.0.1) and (1.0.3), as follows.

Consider the discrete two-dimensional lattice VN = {0, 1, . . . , N − 1}2 ⊂ Z2 of size

N × N , and denote by ∂VN the points in Z2 \ VN that have neighbors in VN . Let

h : VN ∪ ∂VN → R be a given function such that h |∂VN= 0. The analog to the problem

(1.0.1) in this setting is to find a function f : VN ∪ ∂VN → R such that f |∂VN= 0 and

−∆f = h on VN , (1.0.6)

where ∆ is the discrete Laplace operator defined by

(∆f)(x) = −f(x) +
1

4

∑
e

f(x+ e)

for all x ∈ VN , and the sum is over the unit vectors e ∈ {(±1, 0), (0,±1)}.
When we view h and f as vectors in RVN , the discrete Laplace operator is the matrix

∆(x, y) = I(x, y) − P (x, y) in RVN×VN , where I(x, y) = 1{x=y} is the identity matrix

and

P (x, y) =


1
4 if x− y ∈ {(±1, 0), (0,±1)},

0 otherwise,

is the one-step transition probability matrix of the simple symmetric random walk on

VN . The discrete Green function is then defined, analogously to (1.0.2), as the matrix

GN in RVN×VN , so that

f(x) :=
∑
y∈VN

GN (x, y)h(y) for all x ∈ VN

satisfies (1.0.6). The DGFF is then defined, in analogy with (1.0.3), as the Gaussian

field (ηN,x : x ∈ VN ) such that, for all x, y ∈ VN ,

E[ηN,x] = 0 and Cov(ηN,x, ηN,y) = GN (x, y).

In [4], Bramson, Ding and Zeitouni established the convergence in law of the centered

maximum of the DGFF, η∗N := maxx∈VN ηN,x, as N →∞. Theorem 6.1.1 in Part II of

this thesis can be viewed as a continuum analog of Theorem 1.1 in [4].
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The MGFF is a two-dimensional example of the family of log-correlated Gaussian

fields. We say that a (point-wise zero-mean) Gaussian field Y = (Yε,x : ε > 0, x ∈ [0, 1]d)

is log-correlated if, together with additional technical conditions (see (3.1.2)),

Cov(Yε,x, Yε,y) =

− log ‖x− y‖+O(1) if ‖x− y‖ ≥ ε,

− log(ε) +O(1) if ‖x− y‖ < ε,
(1.0.7)

where the order 1 term depends on the family Y and the constant ε > 0 can be viewed

as a parameter that truncates the variance when x and y are close together.

In Part I, we investigate the question of tightness as ε → 0 of the maximum Y ∗ε :=

maxx∈[0,1]d Yε,x, after it is appropriately centered. We show that tightness holds and

prove that the left and right tails of the centered maximum exhibit exponential decay.

(See Theorem 3.1.1 for a precise statement of this result.)

Tightness is a weaker result than the convergence that we will be establish for the

MGFF, but this weaker result is partially offset by the generality of the Gaussian field

Y satisfying (1.0.7). The proof of the tightness result in Part I is relatively short

compared with that of the convergence result in Part II, but the question of tightness

of the centered maximum of the DGFF was an open conjecture for a number of years

before being resolved in [5], where the expectation of the maximum of the DGFF was

computed up to an order 1 term, from which tightness followed.

Main techniques

Slepian’s Lemma

An important tool employed throughout this thesis is Slepian’s Lemma, which we state

in Theorem 2.2.1. The intuition behind Slepian’s Lemma is simple: if two centered (that

is, point-wise zero-mean) Gaussian fields on the same index set have the same point-

wise variance, then the more “disordered” field (i.e., the field with smaller covariance)

has the greater supremum. More precisely, if two centered fields X and Y satisfy

V ar(Xt) = V ar(Yt) and Cov(Xs, Xt) ≤ Cov(Ys, Yt) for all s, t in the index set, then

the supremum of X stochastically dominates the supremum of Y . This result was

established by Slepian in [6].
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Slepian’s Lemma points to the following strategy when studying Gaussian fields: if

one desires to obtain tight bounds on the distribution of the supremum of a field, one

should compare it to other (carefully chosen) fields with known bounds. This idea will

be employed throughout this thesis.

Since the convergence of the centered maximum of the DGFF was established in [4],

we would like to compare the MGFF to the DGFF for the convergence result in Part II.

However, an immediate difficulty arises: the index of the DGFF is discrete, whereas the

index set of the MGFF is the continuum square [0, 1]2. At first sight, then, Slepian’s

Lemma is difficult to apply in this situation.

We surmount this difficulty as follows. First, Slepian’s Lemma can still be applied

directly to obtain lower bounds on the right tail of the MGFF, since its global maximum

is greater than the maximum over a finite subset of [0, 1]2. We can therefore compare

this maximum with the maximum of the DGFF and obtain lower bounds.

Second, we extend the DGFF to a continuum field in order to compare it to the

MGFF using Slepian’s Lemma, so that the maximum of this extension stochastically

dominates the maximum of the MGFF, while not being much greater than the max-

imum of the DGFF. This is accomplished by adding a Brownian sheet to each point

in the square lattice VN . The covariance structure of the Brownian sheet allows us

to accomplish our goal and to find the correct upper bounds of the right tail of the

MGFF. (Brownian sheet is the analog of Brownian motion when the time index set is

multidimensional. See Section 4.1 for a definition of the Brownian sheet.)

The tightness result in Part I will be proved by employing an analogous technique to

the one described above. We will compare a general log-correlated Gaussian field with

the continuous modified branching random walk (CMBRW), which is a continuous-time

extension of the modified branching random walk (MBRW), a field that was introduced

Bramson and Zeitouni in [5]. (See Section 4.1 for a definition of the CMBRW.)

Coarse and fine fields of the MGFF

As we will explain in detail in Section 7.1, the MGFF can be decomposed in the following

fashion. Let Q ⊆ [0, 1]2 be a closed sub-square and denote by F the sigma-algebra

generated by {X(µ) : µ ∈ M and is supported on ∂Q}. Following the nomenclature
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in [4], the Gaussian fields

(E[X(ρR,x) | F ] : supp(ρR,x) ⊆ Q)

and

(X(ρR,x)− E[X(ρR,x) | F ] : supp(ρR,x) ⊆ Q)

are called the coarse and fine fields, respectively. (Here, supp(ρR,x) denotes the support

of the measure ρR,x that was defined in (1.0.5).) By basic properties of Gaussian random

variables, the coarse and fine fields of the MGFF are independent of each other.

The fine field is independent of any X(ρR,y) with ρR,y supported on [0, 1]2 \Q. This

establishes a (spatial) Markov property of the MGFF, which is analogous to the Markov

property of Brownian bridge (Bt)t≥0: if 0 < t1 < t < t2, then Bt − E[Bt | Bt1 , Bt2 ] is

independent of Br for all r /∈ (t1, t2).

The fine field is also a re-scaled copy of the MGFF. More precisely, suppose for

simplicity that Q = [0, S]2, where 0 < S < 1. Then,

(X(ρR,x)− E[X(ρR,x) | F ] : supp(ρR,x) ⊆ Q)
law
= (X(ρx/S,R/S) : supp(ρR,x) ⊆ Q),

where the right hand side is again the MGFF on the unit square. This establishes a

self-similarity property of the MGFF, which is analogous to the self-similarity property

of Brownian bridge (Bt)t≥0: if 0 < t1 < t < t2, then Bt − E[Bt | Bt1 , Bt2 ] is again a

Brownian bridge on [t1, t2].

We can decompose the MGFF by partitioning the unit square into a number of

disjoint sub-squares of the same size. The fine fields on each sub-square are then i.i.d.

copies of the MGFF, which produces a tree-like structure. This decomposition will be

used repeatedly in Chapters 8, 9 and 10.

Outline of the thesis

The following outline summarizes each section of the thesis.

Part I, which consists of Chapters 2, 3, 4 and 5, establishes the tightness for the

centered maximum of a family of log-correlated Gaussian fields. The main result of Part

I is Theorem 3.1.1.
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In Chapter 2, we present some introductory material on the theory of general Gaus-

sian fields. In Section 2.1, we define Gaussian fields and state conditions for their

existence and almost sure continuity. In Section 2.2, we state the three main tools

for the study of the supremum of general Gaussian fields: Slepian’s Lemma (Theorem

2.2.1), Borell’s Inequality (Theorem 2.2.2) and Fernique’s Majorizing Criterion (Theo-

rem 2.2.3).

In Chapter 3, we define the log-correlated Gaussian fields. In Section 3.1, we state

our main result for tightness and also give upper bounds for the left and right tails

of the maximum, as well as discussing the main idea of the proof. In Section 3.2, we

provide motivation for the study of log-correlated Gaussian fields and outline the recent

related literature.

In Chapter 4, we introduce the CMBRW and recall the definition of the Brownian

sheet. We state some of the properties of these fields and provide proofs of these

properties.

In Chapter 5, we compare an arbitrary log-correlated Gaussian field to the CMBRW.

In Section 5.1, we employ the CMBRW in order to obtain an upper bound for the right

tail of the maximum of the log-correlated field. In Section 5.2, we compare the log-

correlated field directly with the CMBRW by restricting it to a discrete index set.

This allows us to compute an upper bound on the left tail of the maximum of the

log-correlated field.

Part II, which consists of Chapters 6, 7, 8, 9 and 10, is devoted to the proof of

convergence of the centered maximum of the MGFF. In Chapter 6, we formally introduce

the MGFF. In Sections 6.1 and 6.2, we state the main result of this part and explain the

main ideas behind its proof. In Section 6.3, we provide background and related work

for this result.

In Chapter 7, we state and prove preliminary results and properties that will be

used in the remaining chapters. In Section 7.1, we prove the spatial Markov and the

self-similarity properties of the MGFF. As explained before, these two properties imply

that the MGFF has a useful tree-like structure, which will be exploited in the remaining

chapters. In Section 7.2, we establish continuity of the MGFF and, using Theorem

3.1.1 from Part I, we establish tightness of the centered maximum. In Sections 7.3, 7.4

and 7.5, we recall the definitions of the DGFF, the Brownian sheet and the CMBRW,
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respectively, and we state and prove some of their properties.

Chapter 8 is the first step in the proof of Theorem 6.1.1. The main result of this

chapter is Proposition 8.0.1, which gives precise asymptotics for the right tail of the

MGFF and an asymptotic distribution for the point on the unit square where the

MGFF is maximized.

Chapter 9 employs the above self-similarity and Markov properties to decompose the

MGFF into the coarse and fine fields, as mentioned before. We do this by partitioning

the unit square, for a large integer K > 0, into (roughly) K ×K disjoint sub-squares

of side length (roughly) 1/K. The main result of Chapter 9 is Proposition 9.1.2, which

shows that the global maximum Θ∗R is approximated, as R → ∞ and then K → ∞,

by the maximum of the MGFF among the points that maximize the fine fields on each

sub-square.

In Chapter 10, we construct a coupling of the MGFF using the results in the previous

chapters. This coupling allows us to prove that the law of the centered maximum is

Cauchy with respect to the Lévy metric, from which Theorem 6.1.1 follows quickly.

Lastly, we use Theorem 6.1.1 to prove Theorem 6.1.2, thus obtaining a representation

for the limit law.

Parts I and II are self-contained. A variation of Part I has appeared as [7] (DOI:

10.1214/EJP.v19-3170). In it, tightness of the centered maximum of log-correlated fields

was established and this result was then applied to the two-dimensional MGFF. Part

II consists of a separate article that will be submitted in the future. The thesis has

been structured so that both parts can be read independently. With this in mind, the

auxiliary fields (DGFF, Brownian sheet and CMBRW) are introduced and explained in

both parts.



Part I

Tightness of the centered

maximum of log-correlated

Gaussian fields

10



Chapter 2

Gaussian fields

In this introductory chapter, we recall the definition of Gaussian random variables and

Gaussian fields, and state some properties of these fields that will be used in later

chapters. The following definitions can be found in [8, Chapter 1].

2.1 Existence and continuity

A real-valued random variable X with finite mean x0 = E[X] and finite variance σ2 =

E[(X − x0)2] > 0 is said to be Gaussian if it has a probability density of the form

1√
2πσ2

exp

(
−(x− x0)2

2σ2

)
for all x ∈ R.

We also consider deterministic constants to be (degenerate) Gaussian random variables.

A random field is a collection of random variables X = (Xt : t ∈ T ) defined over the

same probability space, where T is an arbitrary index set. We say that this collection

is a Gaussian field if, for any finite subset K ⊆ T and any α = (αk)k∈K ∈ RK , the

random variable
∑

k∈K αkXk is Gaussian. If T is finite, we say that X is a Gaussian

vector.

Given a Gaussian field (Xt : t ∈ T ), we define the mean function m : T → R and

the covariance function V : T × T → R by

m(t) = E[Xt] and V (s, t) = Cov(Xs, Xt)

11
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for all s, t ∈ T . The covariance function V is positive semi-definite: letting K ⊆ T be

finite and α = (αk)k∈K ∈ RK , we have

∑
j,k∈K

αjV (j, k)αk = V ar

(∑
k∈K

αkXk

)
≥ 0.

Suppose, on the other hand, that we are given a function m : T → R and a positive

semi-definite function V : T × T → R. Then, there exists a Gaussian field with index

set T , mean function m and covariance function V .

The proof of this statement is straightforward if T is finite and, for all s, t ∈ T ,

m(t) = 0 and V (s, t) = 1{s=t}: In this case, we can exhibit the multivariate probability

density
1√

(2π)|T |
exp

(
−1

2
‖x‖2

)
for all x ∈ RT , (2.1.1)

where ‖ · ‖ denotes the Euclidean norm on RT and |T | denotes the cardinality of T . A

Gaussian vector (Xt : t ∈ T ) with probability density as in (2.1.1) is called a standard

Gaussian vector.

If T is finite and V is an arbitrary positive semi-definite matrix, the existence state-

ment is a simple exercise in linear algebra: Since V is positive semi-definite, it can be

written as V = RR′ for some matrix R ∈ RT×T (where R′ denotes the transpose of

R). If Z = (Zt : t ∈ T ) is a standard Gaussian vector, then the field X = (Xt : t ∈ T )

defined by

Xt = m(t) +
∑
s∈T

R(t, s)Zs

is a Gaussian vector with mean function m and covariance function V .

When T is infinite, the existence of the Gaussian field follows from the existence in

the finite case and Kolmogorov’s Extension Theorem (see [9, Appendix I]), which we

state below.

Denote by B the Borel sigma-algebra on R and, for any set T , denote by BT the

product sigma-algebra on RT generated by finite-dimensional Borel sets. Also, for any

two sets S and T with S ⊆ T , let πT,S be the canonical projection from RT onto RS .

Theorem 2.1.1 (Kolmogorov’s Extension Theorem). Let T be an arbitrary set. For

each finite subset K ⊆ T , let νK be a probability measure on (RK ,BK) and suppose that
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the probability measures νK satisfy the following consistency condition: For any finite

sets K and L with K ⊆ L ⊆ T , and for all A ∈ BK ,

νL(π−1
L,K(A)) = νK(A).

Then, there exists a unique probability measure ν on (RT ,BT ) such that, for any finite

subset K ⊆ T and all A ∈ BK ,

ν(π−1
T,K(A)) = νK(A).

As a consequence of Kolmogorov’s Extension Theorem, the mean and covariance

functions m and V uniquely determine the law that the Gaussian field X induces on

(RT ,BT ).

Suppose now that X is a Gaussian field defined on T ⊆ Rd. Using the metric from

Rd, we can study the continuity, or lack thereof, of X.

We recall the notion of a modification of a random field. If X = (Xt : t ∈ T ) and

Y = (Yt :∈ T ) are two random fields defined on the same index set T , we say that X

is a modification of Y (and vice versa) if P(Xt = Yt) = 1 for all t ∈ T . In particular,

X and Y induce the same law on (RT ,BT ). The following theorem (see [10, Theorem

1.4.17]) provides sufficient conditions for the existence of continuous modifications when

the index set is the d-dimensional unit box [0, 1]d.

Theorem 2.1.2 (Kolmogorov’s Continuity Criterion). Let X be a random field with

index set [0, 1]d for some integer d ≥ 1. Suppose that there exist constants α, β, C ∈
(0,∞) such that

E[(Xs −Xt)
α] ≤ C‖s− t‖d+β

for all s, t ∈ [0, 1]d, where ‖ · ‖ is the Euclidean norm in Rd. Then, there exists a

continuous modification of X.

For a Gaussian field X with index set [0, 1]d, a sufficient condition for the existence

of a continuous modification is the existence of constants constants γ,C ∈ (0,∞) such

that, for all s, t ∈ [0, 1]d,

E[(Xs −Xt)
2] ≤ C‖s− t‖γ .

This statement follows from Kolmogorov’s Continuity Criterion and basic properties of

the moments of Gaussian random variables.
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2.2 Supremum of a Gaussian field

We now state three of the most fundamental results in the theory of Gaussian fields.

These results are stated for centered (i.e., point-wise zero-mean) Gaussian fields.

Slepian’s Lemma (see [8, Corollary 2.4]), which was mentioned in the introduction,

provides sufficient conditions for the supremum of one field to stochastically dominate

another.

Theorem 2.2.1 (Slepian’s Lemma). Let X and Y be almost surely bounded, centered

Gaussian fields on T , such that

V ar(Xt) = V ar(Yt)

and

Cov(Xs, Xt) ≤ Cov(Ys, Yt)

for all s, t ∈ T . Then, for all x ∈ R,

P
(

sup
t∈T

Xt > x

)
≥ P

(
sup
t∈T

Yt > x

)
.

The next result, known as Borell’s Inequality, informs us that the right tail of the

supremum of a Gaussian field decays like the right tail of a Gaussian random variable

with variance equal to the supremum of the variance of the field. This important result

was proved by Borell in [11] in a highly abstract setting by employing isoperimetric

inequalities. The following statement can be found in [8, Theorem 2.1].

Theorem 2.2.2 (Borell’s Inequality). Let X be an almost surely bounded, centered

Gaussian field on T . Then,

E
[
sup
t∈T

Xt

]
<∞

and, for all x > 0,

P
(

sup
t∈T

Xt − E
[
sup
t∈T

Xt

]
> x

)
≤ exp

(
− x2

2σ2
T

)
,

where

σ2
T := sup

t∈T
V ar(Xt).
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Note that Borell’s Inequality requires knowing (an upper bound of) the expected

supremum of the field. Fernique’s Majorizing Criterion (see [8, Theorem 4.1]) provides

such an upper bound.

If X is a Gaussian field on T , then

ρ(s, t) :=
√
E[(Xs −Xt)2]

is a pseudo-metric on T . It is called the canonical pseudo-metric on T for the Gaussian

field X. The next theorem relates the canonical pseudo-metric with the supremum of

X.

Theorem 2.2.3 (Fernique’s Majorizing Criterion). Let X be a centered Gaussian field

on T . For ε > 0, let B(t, ε) := {s ∈ T : ρ(t, s) < ε} denote the ε-ball under the canonical

pseudo-metric ρ. Assume that T is totally bounded under ρ. Then,

E
[
sup
t∈T

Xt

]
≤ C inf

µ
sup
t∈T

∫ ∞
0

√
− log(µ(B(t, ε)))dε, (2.2.1)

where C > 1 is an absolute constant and the infimum is taken over all probability

measures µ on T .

The probability measure µ is said to be a “majorizing measure” if the right hand

side of (2.2.1) is finite. These measures were introduced by Fernique in [12]. Note

that the existence of a majorizing measure is a sufficient condition for the finiteness of

the expected supremum. In [13], Talagrand showed that the existence of a majorizing

measure is also a necessary condition.



Chapter 3

Log-correlated Gaussian fields

3.1 Setup and main result

Let
{(
Y x
ε : x ∈ [0, 1]d

)}
ε>0

be a family of centered Gaussian fields indexed by the d-

dimensional unit box [0, 1]d, where d is any positive integer. Suppose that the family

satisfies, for some constant 0 < CY <∞ and all x, y ∈ [0, 1]d, ε > 0,

|Cov (Y x
ε , Y

y
ε ) + log (max{ε, ‖x− y‖})| ≤ CY (3.1.1)

and

E
[
(Y x
ε − Y y

ε )2
]
≤ CY ε−1 ‖x− y‖ if ‖x− y‖ ≤ ε, (3.1.2)

where ‖·‖ is Euclidean distance. Display (3.1.1) implies that the covariance is logarith-

mic for distant points and that the variance is nearly constant. The second condition

is imposed so that the field does not vary too much for close points. Display (3.1.2),

basic relations between the moments of Gaussian random variables and Kolmogorov’s

Continuity Criterion (see [10, Theorem 1.4.17]) imply that the fields have continuous

modifications.

When d = 2, an example of a field satisfying (3.1.1) and (3.1.2) is the bulk of the

mollified Gaussian free field (MGFF), which will be the object of our attention in Part

II.

Set mε = mε,d =
√

2d log(1/ε)− 3/2√
2d

log log(1/ε). The main result of this part is the

following.

16
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Theorem 3.1.1. There exist constants 0 < c,C <∞ (depending on CY and d) and a

small ε0 > 0 (depending on CY and d), such that, for all ε ∈ (0, ε0] and all λ ≥ 0,

P
(∣∣∣∣ max

x∈[0,1]d
Y x
ε −mε

∣∣∣∣ ≥ λ) ≤ Ce−cλ. (3.1.3)

Theorem 3.1.1 implies, in particular, that
{

maxx∈[0,1]d Y
x
ε −mε : ε ∈ (0, ε0]

}
is tight and

that, for all ε ∈ (0, ε0], ∣∣∣∣E [ max
x∈[0,1]d

Y x
ε

]
−mε

∣∣∣∣ ≤ C
for some constant C depending on CY and d.

The main idea of the proof of Theorem 3.1.1 is to use Slepian’s Lemma (see [8,

Corollary 2.4]) to compare the maximum of the field Yε with the maximum of the

continuous modified branching random walk (CMBRW), which is a continuous-time

version of the modified branching random walk (MBRW), a field introduced by Bramson

and Zeitouni in [5]. Since Slepian’s Lemma only allows comparison of fields with the

same index set, we will add an appropriately chosen independent continuous field to

the CMBRW. Adding an independent continuous field to the CMBRW does not change

the maximum much, provided the continuous field is small and smooth enough. These

auxiliary fields are defined in detail in Section 4.1. After defining the fields, we compare

the right and left tails in Sections 5.1 and 5.2.

A comment on constants: c will always denote a small positive constant and C

will always denote a large positive constant. Both constants are allowed to change

from line to line. The dependence of the constants will be explicit or will be clear

from the context. The phrase “absolute constant” will refer to fixed numbers that are

independent of everything.

3.2 Related work

Our approach is motivated by recent advances in the study of the two-dimensional

discrete Gaussian free field (DGFF). In [5], Bramson and Zeitouni computed the ex-

pected maximum of the DGFF up to an order 1 error and concluded tightness of the

centered maximum. In [14], Ding obtained bounds on the right and left tail of the

centered maximum of the DGFF. Later on, in [4], Bramson, Ding and Zeitouni proved
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convergence in distribution of the centered maximum. The approach of this line of

research is to use first and second moment methods, together with decomposition prop-

erties of the DGFF, to obtain good estimates on tail events. Previous work on the

DGFF includes [15], where Bolthausen, Deuschel and Giacomin obtained asymptotics

for the maximum of the DGFF, and [16], where Daviaud studied the extreme points

of the DGFF. On the other hand, previous work on the continuous Gaussian free field

(CGFF) includes [17], where Hu, Miller, and Peres studied the Hausdorff dimension of

the “thick points” of the MGFF, which are closely related to the work of Daviaud. We

also mention [18] for a nice discussion of Gaussian fields induced by Markov processes,

and [2] for a survey on the CGFF.

As mentioned before, our approach consists on extending the CMBRW by Brownian

sheet, so that it is possible to compare the extended field with scaled log-correlated

continuous fields. Log-correlated Gaussian fields are subject of current interest (see [19],

[20], [21]). In particular, in [20], Madaule proved convergence for stationary centered

Gaussian fields
(
Zε(x) : x ∈ [0, 1]d

)
whose covariance satisfies

Cov(Zε(0), Zε(x)) =

∫ log(1/ε)

0
k(erx)dr,

where the fixed kernel k : Rd → R is of class C1, vanishes outside [−1, 1]d, and satis-

fies k(0) = 1. Theorem 3.1.1 has weaker conditions on the covariance structure, and

consequently, only tightness is achieved.

In [21], the authors proved the so called “Freezing Theorem for GFF in planar

domains” for a sequence of Gaussian fields approximating the continuous GFF by

cutting-off white noise, so that the covariance kernel is proportional to the function

Gt : [0, 1]2 × [0, 1]2 → R given by

Gt(x, y) =

∫ ∞
e−t

p∂[0,1]2(r, x, y)dr,

where p∂[0,1]2(r, x, y) is the transition probability density of a Brownian motion killed

at ∂[0, 1]2.



Chapter 4

Auxiliary fields

4.1 Definition and properties of the auxiliary fields

In this section, we rigorously define the fields we mentioned in Chapter 3. A number of

properties of these fields will be stated; the proofs of these properties will be given at

the end of the chapter.

In order to define these fields, it will be notationally more convenient to use [0, 1)d

instead of [0, 1]d as the index set. This will not affect the proof of Theorem 3.1.1 because

the supremum of Yε over [0, 1)d is the same, due to continuity, as the maximum over

[0, 1]d.

Continuous modified branching random walk

We first divide [0, 1)d into boxes of side length ε > 0. Let Vε =
(
εZd
)
∩ [0, 1)d and,

for v = (vi)1≤i≤d ∈ Vε, let �v
ε = (

∏
1≤i≤d[vi, vi + ε)) ∩ [0, 1)d. Moreover, if x ∈ �v

ε , let

[x] := v. The set Vε is, of course, a discretized version of [0, 1)d.

We now define the continuous modified branching random walk (CMBRW) as the

centered Gaussian field {ξvε (t) : v ∈ Vε, 0 ≤ t ≤ log(1/ε)} with covariance structure

Cov(ξvε (t), ξuε (s)) =

∫ min{t,s}

0

∏
1≤i≤d

(1− er |vi − ui|)+dr (4.1.1)

for all 0 ≤ t, s ≤ log (1/ε) and v, u ∈ Vε, where (·)+ = max {·, 0}. For simplicity, write

ξvε = ξvε (log(1/ε)).

19
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Note that, for each point v ∈ Vε, the process (ξvε (t))t≥0 is a standard Brownian

motion. Moreover, for each pair v, u ∈ Vε, the Brownian motions are correlated until

t = − log ‖v − u‖∞, at which time their increments become independent. The end time

is t = log (1/ε), because, for the “usual” d-ary branching Brownian motion, it takes

log(1/ε) units of time to generate |Vε| particles (see the proof of Proposition 4.2.3 for a

definition of the usual d-ary branching Brownian motion).

It will be proved (see Proposition 4.2.1) that the CMBRW exists and that it satisfies

V ar(ξvε ) = log(1/ε) (4.1.2)

and, for v 6= u (so that ‖v − u‖∞ ≥ ε),

− log ‖v − u‖∞ − C ≤ Cov(ξvε , ξ
u
ε ) ≤ − log ‖v − u‖∞ (4.1.3)

for some constant C depending on d. The CMBRW also satisfies (see Proposition 4.2.2)

P
(

max
v∈Vε

ξvε ≥ mε

)
≥ c > 0, (4.1.4)

where c is a constant depending only on d. It will also be proved (see Proposition 4.2.3)

that there exist constants 0 < c,C <∞ (depending on d) such that

P
(

max
v∈A

ξvε ≥ mε + z

)
≤ C

(
εd |A|

)1/2
e−cz (4.1.5)

for all A ⊆ Vε, z ∈ R and ε > 0 small enough, where |A| is the cardinality of A.

Brownian sheet

As mentioned before, we will need an additional continuous Gaussian field. For x =

(xi)1≤i≤d ∈ Rd+, let ψx denote the centered standard Brownian sheet. Recall that it

satisfies, for all x, y ∈ Rd+,

E [ψxψy] =
∏

1≤i≤d
min {xi, yi} .

Define a new field
(
ψxε : x ∈ [0, 1)d

)
, depending on a parameter p ≥ 1, as follows. For

v ∈ Vε, let l be the linear map from �v
ε onto [p, 2p)d sending v to (p)1≤i≤d = (p, p, . . . , p).

Set

(ψxε : x ∈ �v
ε ) :

d
=
(
ψl(x) : x ∈ �v

ε

)
=
(
ψl(x) : l(x) ∈ [p, 2p)d

)
(4.1.6)
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for each v ∈ Vε, and choose ψxε and ψyε to be independent if [x] 6= [y]. Note that the

collection of fields {(ψxε : x ∈ �v
ε )}v∈Vε consists of i.i.d. copies of Brownian sheet on

[p, 2p)d. Using the covariance structure of the Brownian sheet, it is not hard to see that

pd ≤ V ar (ψxε ) ≤ (2p)d (4.1.7)

for all x ∈ [0, 1)d, and that (see Proposition 4.2.5)

pdε−1 ‖x− y‖1 ≤ E
[
(ψxε − ψyε )2

]
≤ (2p)dε−1 ‖x− y‖1 (4.1.8)

for all [x] = [y]. Note that p can be chosen as large as desired.

To understand the motivation behind the previous definitions, we invite the reader

to compare the bounds (3.1.1) and (3.1.2) with (4.1.3) and (4.1.8), respectively. These

bounds will be used in Chapter 5.

4.2 Proofs of Chapter 4

We prove here the claims made in Chapter 4.

Proposition 4.2.1. The CMBRW, defined by display (4.1.1), exists and satisfies

V ar(ξvε (t)) = t

for all 0 ≤ t ≤ log(1/ε) and all v ∈ Vε, and

t− C ≤ Cov(ξvε (t), ξwε (t)) ≤ t

for all 0 ≤ t ≤ − log ‖v − w‖∞ and all v, w ∈ Vε, where C is a constant depending on

the dimension.

Proof. We show that the mapping (Vε × [0, log(1/ε)])2 → R given by

((v, t), (u, s)) 7→
∫ min{t,s}

0

∏
1≤i≤d

(1− er |vi − ui|)+dr

is positive semi-definite. Note first that∏
1≤i≤d

(1− er |vi − ui|)+ =

∫
Rd

1A(v,r)(z)1A(u,r)(z)dz,
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where dz is d-dimensional Lebesgue measure and A(v, r) is the d-dimensional box of

side length 1, centered at erv. Let {(vα, tα)}α be any finite subset of Vε × [0, log(1/ε)],

and let {cα}α be any finite set of real numbers. Then, applying the previous display,

we obtain

∑
α,β

cαcβ

∫ min{tα,tβ}

0

∏
1≤i≤d

(1− er
∣∣∣vαi − vβi ∣∣∣)+dr

=

∫ ∞
0

∫
Rd

∑
α,β

cαcβ1[0,tα](r)1[0,tβ ](r)1A(vα,r)(z)1A(vβ ,r)(z) dz dr

=

∫ ∞
0

∫
Rd

(∑
α

cα1[0,tα](r)1A(vα,r)(z)

)2

dz dr ≥ 0,

as desired. This shows that the CMBRW exists.

For any v ∈ Vε and t ≤ log(1/ε),

V ar(ξvε (t)) =

∫ t

0

∏
1≤i≤d

(1) dr = t.

Moreover, if v 6= w,

∏
1≤i≤d

(1− er |vi − wi|)+

> 0 if r < − log ‖v − w‖∞
= 0 if r ≥ − log ‖v − w‖∞

.

Therefore, if t < − log ‖v − w‖∞,

t ≥ Cov(ξvε (t), ξwε (t)) ≥
∫ t

0

∏
1≤i≤d

(1− er |vi − wi|) dr ≥
∫ t

0
(1− er ‖v − w‖∞)d dr,

where the last inequality follows because 1 − er |vi − wi| ≥ 1 − er ‖v − w‖∞ for all

i ∈ {1, 2, . . . , d}. Expanding and integrating, we obtain that the previous display is

≥ t+

d∑
k=1

(
d

k

)
(−1)k ‖v − w‖k∞

(
ekt − 1

k

)
≥ t−

d∑
k=1

(
d

k

)
‖v − w‖k∞

(
ekt + 1

)
. (4.2.1)

But, since ‖v − w‖∞ ≤ 1 and t < − log ‖v − w‖∞, we have

‖v − w‖k∞
(
ekt + 1

)
≤
(
‖v − w‖∞ e

− log‖v−w‖∞
)k

+ 1 ≤ 2.
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Therefore, display (4.2.1) is

≥ t− 2
d∑

k=1

(
d

k

)
≥ t− C

for some constant C <∞ depending on d only. Similarly, if t ≥ − log ‖v − w‖∞,

− log ‖v − w‖∞ ≥ Cov(ξvε (t), ξwε (t)) ≥ − log ‖v − w‖∞ − C.

Proposition 4.2.2. Let (ξvε : v ∈ Vε) be the CMBRW and let mε be the number defined

in the line preceding Theorem 3.1.1. Then, there exists a constant c > 0 (depending on

the dimension) such that

P
(

max
v∈Vε

ξvε ≥ mε

)
≥ c.

Proof. We use a second moment method. Let T = Tε = log(1/ε) and let

Av =
{
ξvε ≥ mε, ξ

v
ε (t) ≤ mε

T
t+ 1 for all 0 ≤ t ≤ T

}
,

Z =
∑
v∈Vε

1Av .

Note that

P
(

max
v∈Vε

ξvε ≥ mε

)
≥ P (Z > 0) ≥ (E [Z])2

E [Z2]
, (4.2.2)

where the second inequality follows from Cauchy-Schwarz. We first compute a lower

bound for E [Z]. Note that

E [Z] = ε−dP (Av) .

Let ξ̄vε (t) = ξvε (t)− mε
T t. Define a probability measure Q by

dP
dQ

= exp

(
−mε

T
ξ̄vε (T )− m2

ε

2T

)
.

Girsanov’s Theorem (see [10, Theorem 6.8.8]) implies that ξ̄vε (t) is Brownian motion

under Q. Note that

P (Av) =

∫
Av

exp

(
−mε

T
ξ̄vε (T )− m2

ε

2T

)
dQ ≥ exp

(
−mε

T
− m2

ε

2T

)
Q(Av)

≥ ce−
√

2dεdT 3/2Q(Av)
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for some absolute constant c > 0. It follows easily from the reflection principle (see [1,

Theorem 2.19]) that Q(Av) = Q(ξ̄vε ≥ 0, ξ̄vε (t) ≤ 1 for all 0 ≤ t ≤ T ) ≥ cT−3/2 for some

absolute constant c > 0. Combining the three previous displays, we obtain

E [Z] ≥ c (4.2.3)

for some constant c > 0, depending on the dimension d.

We now compute an upper bound for E
[
Z2
]
. Note that

E
[
Z2
]

=
∑

v,w∈Vε

P (Av ∩Aw) =
∑

v,w∈Vε

P
(
ξ̄vε , ξ̄

w
ε ≥ 0, ξ̄vε (t), ξ̄wε (t) ≤ 1 for all 0 ≤ t ≤ T

)
.

(4.2.4)

Both ξvε (·), ξwε (·) are Brownian motions, which have independent increments starting at

time s = sv,w = − log (max {ε, ‖v − w‖∞}). Therefore,

P (Av ∩Aw)

≤
∑

−∞<x,y≤1

p(x)p(y)×

P
(
ξ̄vε (t), ξ̄wε (t) ≤ 1 for all t ∈ [0, s], ξ̄vε (s) ∈ [x− 1, x], ξ̄wε (s) ∈ [y − 1, y]

)
≤

∑
−∞<y≤x≤1

2p(x)p(y)×

P
(
ξ̄vε (t), ξ̄wε (t) ≤ 1 for all t ∈ [0, s], ξ̄vε (s) ∈ [x− 1, x], ξ̄wε (s) ∈ [y − 1, y]

)
,

(4.2.5)

where

p(x) = sup
z∈[x−1,x]

×P
(
ξ̄vε (t) ≤ 1− z for all t ∈ [0, T − s], ξ̄vε (T − s) ≥ −z

)
.

Assume 0 < s < T . Applying Girsanov’s Theorem and the reflection principle, we

obtain

p(x) ≤ C exp

(
mε

T
x− m2

ε

2T 2
(T − s)

)
(1− x)

(T − s)3/2
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for some constant C. Therefore, from (4.2.5) and the previous display,

P (Av ∩Aw)

≤
∑

−∞<y≤x≤1

Cp(x)2×

P
(
ξ̄vε (t), ξ̄wε (t) ≤ 1 for all t ∈ [0, s], ξ̄vε (s) ∈ [x− 1, x], ξ̄wε (s) ∈ [y − 1, y]

)
≤

∑
−∞<x≤1

Cp(x)2P
(
ξ̄vε (t) ≤ 1 for all t ∈ [0, s], ξ̄vε (s) ∈ [x− 1, x]

)
.

Applying Girsanov’s Theorem and the reflection principle again,

P (Av ∩Aw) ≤ C
∑

−∞<x≤1

p(x)2 exp

(
−mε

T
x− m2

ε

2T 2
s

)
(1− x)

s3/2

≤ C 1

(T − s)3 s3/2
exp

(
− m

2
ε

2T 2
(2T − s)

)
(4.2.6)

for some constant C.

Consider now the case s = 0. Then, the independence between ξvε (·) and ξwε (·)
implies

P (Av ∩Aw) = P (Av)
2 = P

(
ξ̄vε (t) ≤ 1 for all t ∈ [0, T ], ξ̄vε (T ) ≥ 0

)2
≤ C 1

T 3
exp

(
−m

2
ε

T

)
, (4.2.7)

where the last bound follows from Girsanov’s Theorem and the reflection principle. In

the case s = T ,

P (Av ∩Aw) ≤ P (Av) ≤ C
1

T 3/2
exp

(
−m

2
ε

2T

)
. (4.2.8)

In consequence, for any pair v, w ∈ Vε, displays (4.2.6), (4.2.7) and (4.2.8) imply

P (Av ∩Aw) ≤ C 1

((T − s) ∨ 1)3 (s ∨ 1)3/2
exp

(
− m

2
ε

2T 2
(2T − s)

)
,

where (· ∨ ·) = max {·, ·}. For any fixed v ∈ Vε, there are O(e(d−1)(T−s)) points w such
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that − log ‖v − w‖∞ = s. Therefore, from (4.2.4) and the previous display, we obtain

E
[
Z2
]
≤ C

∑
0≤s≤T

|Vε| e(d−1)(T−s) 1

((T − s) ∨ 1)3 (s ∨ 1)3/2
exp

(
− m

2
ε

2T 2
(2T − s)

)

≤ C + C
∑

0<s<T

|Vε| e(d−1)(T−s)
exp

(
− m2

ε
2T 2 (2T − s)

)
(T − s)3 s3/2

= C + C
∑

0<s<T

edT e(d−1)(T−s)
exp

(
− m2

ε
2T 2 (2T − s)

)
(T − s)3 s3/2

.

But

∑
0<s<T

edT e(d−1)(T−s)
exp

(
− m2

ε
2T 2 (2T − s)

)
(T − s)3 s3/2

≤
∑

0<s<T

ed(2T−s)
exp

((
−d+ 3 log T

2T

)
(2T − s)

)
(T − s)3 s3/2

=
∑

0<s<T

exp
(

3
2

log T
T (2T − s)

)
(T − s)3s3/2

≤ C
∑

0<s<T/2

1

s3/2
+

∑
T/2≤s<T

exp
(

3
2

log T
T (T − s)

)
(T − s)3

T 3/2

s3/2

≤ C + C
∑

0<s≤T/2

T 3s/2T

s3
≤ C <∞,

because the last expression is (eventually) decreasing in T . Proposition 4.2.2 follows

from the previous display, (4.2.2) and (4.2.3).

Proposition 4.2.3. Let (ξvε : v ∈ Vε) be the CMBRW and let mε be the number de-

fined in the line preceding Theorem 3.1.1. Then, there exist constants 0 < c,C < ∞
(depending on the dimension d) such that

P
(

max
v∈A

ξvε ≥ mε + z

)
≤ C

(
εd |A|

)1/2
e−cz

for all A ⊆ Vε, z ∈ R and ε > 0 small enough.

Proof. We define the d-ary branching Brownian motion (BBM) as follows. Let ε = 2−n

for some n ∈ N. At each time Tk = k log 2; k = 0, 1, . . . , n, we partition [0, 1)d into 2kd

disjoint boxes of side length 2−k. For a pair v, w ∈ Vε, denote by l(v, w) the first time
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that v, w lie in different boxes of the partition. With this notation, define the BBM as

the Gaussian field (ηvε (t) : v ∈ Vε, t ∈ [0, Tn]) with

Cov(ηvε (t), ηwε (s)) = min {t, s, l(v, w)} .

For simplicity, let T = Tn and ηvε = ηvε (T ). It is not hard to show that such a field

exists. Note that our BBM can be interpreted as a branching Brownian motion that

splits every log 2 units of time into 2d independent Brownian motions. Following the

argument given in [22, Lemma 3.7], one can show that there exists C (depending on the

dimension) such that

P
(

max
v∈A

ξvε ≥ mε + λ

)
≤ CP

(
max
v∈A

ηvε/C ≥ mε + λ

)
for all A ⊆ Vε ⊂ Vε/C and all λ ∈ R. Therefore, it is enough to prove Proposition 4.2.3

for the BBM. We do so by following very closely the proof in [4, Lemma 3.8].

We will use the following estimate, which is proved in [4, Lemma 3.6]: let Ws be

standard Brownian motion under P and fix a large constant C1. Then, if

µ∗q,r(x) = P
(
Wq ∈ dx,Ws ≤ r + C1(min {s, q − s})1/20 for all 0 ≤ s ≤ q

)
/dx,

we have

µ∗q,r(x) ≤ C2r(r − x)/q3/2 (4.2.9)

for all x ≤ r, where C2 depends on C1.

We next define the event

G(λ) =
{
∃t ≤ T, v ∈ Vε : ηvε (t)− mε

T
t− 10 log (min {t, T − t})+ ≥ λ

}
and we prove the following claim.

Claim 4.2.4. There exists a constant C > 0 (depending on d) such that

P (G(λ)) ≤ Cλe−
√

2dλ

for all λ ≥ 1.

Proof. Following the proof of [4, Lemma 3.7], we define ψt = λ+10 log (min {t, T − t})+

and χTk(x) = P
(
ηvε (t)− mε

T t ≤ ψt for all t ≤ Tk, ηvε (Tk)− mε
T Tk ∈ dx

)
/dx. Then, by
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decomposing based on the first time such that ηvε (t)− mε
T t ≥ ψt, we obtain that

P (G(λ)) ≤
n∑
k=1

2dk
∫ ψTk

−∞
χTk(x)P

(
max
s≤log 2

ηvε (s) ≥ ψTk − x− C
)
dx,

where C is an absolute constant. Display (4.2.9) and Girsanov’s Theorem imply that

χTk(x) ≤ C2−dke−x(
√

2d−O(log T/T ))ψTk(ψTk − x),

where C depends on d. On the other hand,

P
(

max
s≤log 2

ηvε (t) ≥ ψTk − x− C
)
≤ Ce−(ψTk−x−C)

2
/2 log 2

for some absolute constant C. Therefore, by the three previous displays, we obtain

P (G(λ)) ≤ C
n∑
k=1

ψTk

∫ ψTk

−∞
e−x(

√
2d−O(log T/T ))(ψTk − x)e−(ψTk−x−C)

2
/2 log 2dx.

The change of variables u = ψTk − x yields

P (G(λ)) ≤ C
n∑
k=1

ψTke
−
√

2dψTk

= C
n∑
k=1

(λ+ 10 log (min {Tk, T − Tk} ∨ 1)) e−
√

2d(λ+10 log(min{Tk,T−Tk}∨1))

= C
n∑
k=1

(λ+ 10 log (min {Tk, T − Tk} ∨ 1))

(min {Tk, T − Tk} ∨ 1)10 e−
√

2dλ ≤ Cλe−
√

2dλ,

where (· ∨ ·) = max {·, ·}, and the convergence of the last sum is due the exponent 10

in the denominator (with room to spare).

We now finish the proof of Proposition 4.2.3. Fix A ⊂ Vε and z ∈ R. For z +

(|Vε| / |A|)1/4 ≥ 1, let λ = z + (|Vε| / |A|)1/4, and continuing with the notation of Claim

4.2.4, we let

Fv =
{
ηvε (t) ≤ mε

T
t+ ψt for all 0 ≤ t ≤ T, ηvε ≥ mε + z

}
,

where v ∈ Vε. We now compute

P (Fv(λ)) =

∫ ψT

z

dP
dQ

(x+mε)χT (x)dx

≤ C
∫ ψT

z
2−dne−x(

√
2d−O(log T/T ))ψT (ψT − x) dx

≤ C2−dnψT e
−
√

2dψT

∫ ψT−z

0
euu du ≤ C2−dnψT e

−
√

2dz (ψT − z) .
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Recalling that ψT = λ = z + (|Vε| / |A|)1/4, we obtain

P (Fv(λ)) ≤ C2−dn
(
z + (|Vε| / |A|)1/4

)
(|Vε| / |A|)1/4 e−

√
2dz

≤ C2−dn (|Vε| / |A|)1/2 e−cz.

Adding the previous display for v ∈ A and using Claim 4.2.4, we obtain

P
(

max
v∈A

ηvε ≥ mε + z

)
≤ C

(
εd |A|

)1/2
e−cz + C

(
z + (|Vε| / |A|)1/4

)
e−
√

2d(z+(|Vε|/|A|)1/4)

≤ C
(
εd |A|

)1/2
e−cz

for some 0 < c,C <∞ (depending on d only), as desired. The previous computation was

made under the assumption z+ (|Vε| / |A|)1/4 ≥ 1. Assume now (|Vε| / |A|)1/4− 1 ≤ −z.
In this case, (

εd |A|
)1/2

e−cz ≥ c
(
εd |A|

)1/2
ec(ε

d|A|)
−1/4

.

But inf0<x<1 x
1/2ecx

−1/4 ≥ c > 0, where c depends only d. Therefore, in this case,

Proposition 4.2.3 holds trivially by adjusting the constant C.

Proposition 4.2.5. Let (ψxε : x ∈ �v
ε ) be the Brownian sheet defined in (4.1.6). Then,

for all x, y ∈ �v
ε ,

pdε−1 ‖x− y‖1 ≤ E
[
(ψxε − ψyε )2

]
≤ (2p)dε−1 ‖x− y‖1 .

Proof. By (4.1.6),

E
[
(ψxε − ψyε )2

]
= E

[(
ψl(x) − ψl(y)

)2
]
, (4.2.10)

where l is the linear map from �v
ε onto [p, 2p)d sending v to (p)1≤i≤d = (p, p, . . . , p).

Call l(x) = x′ and l(y) = y′. Note that

E
[(
ψx
′ − ψy′

)2
]

=

 ∏
1≤i≤d

x′i −
∏

1≤i≤d
min

{
x′i, y

′
i

}+

 ∏
1≤i≤d

y′i −
∏

1≤i≤d
min

{
x′i, y

′
i

}
=: A+B. (4.2.11)

Consider the first term, A. Adding and subtracting the intermediate terms ∏
j≤i≤d

x′i

 ∏
1≤i≤j−1

min
{
x′i, y

′
i

}
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for j = 2, . . . , d, we obtain

A =
∑

1≤j≤d

 ∏
j≤i≤d

x′i

 ∏
1≤i≤j−1

min
{
x′i, y

′
i

}
−

 ∏
j+1≤i≤d

x′i

 ∏
1≤i≤j

min
{
x′i, y

′
i

}
=
∑

1≤j≤d

 ∏
j+1≤i≤d

x′i

 ∏
1≤i≤j−1

min
{
x′i, y

′
i

}(x′j −min
{
x′j , y

′
j

})
.

Since both x′ and y′ belong to [p, 2p)d, we obtain

pd−1
∑

1≤j≤d

(
x′j −min

{
x′j , y

′
j

})
≤ A ≤ (2p)d−1

∑
1≤j≤d

(
x′j −min

{
x′j , y

′
j

})
.

An analogous expression holds for B. Then,

pd−1
∑

1≤j≤d

(
x′j + y′j − 2 min

{
x′j , y

′
j

})
≤ A+B

≤ (2p)d−1
∑

1≤j≤d

(
x′j + y′j − 2 min

{
x′j , y

′
j

})
,

so, from the previous display, (4.2.10) and (4.2.11)

pd−1
∥∥x′ − y′∥∥

1
≤ E

[
(ψxε − ψyε )2

]
≤ (2p)d−1

∥∥x′ − y′∥∥
1
.

But, from the definition of x′ and y′, we see that ‖x′ − y′‖1 = ε−1p ‖x− y‖1. Therefore,

pdε−1 ‖x− y‖1 ≤ E
[
(ψxε − ψyε )2

]
≤ (2p)dε−1 ‖x− y‖1 ,

as desired.



Chapter 5

Comparison to CMBRW

We now proceed to the comparison of the right and left tail of the maximum of the field

Yε (which was defined in Chapter 3 and satisfies (3.1.1) and (3.1.2)) and the maximum

of an appropriate combination of the fields ξε and ψε (which will be specified in Sections

5.1 and 5.2). Note that we will only use Brownian sheet when comparing the right tail;

for the left tail, we will compare directly the CMBRW with the field Yε on a discrete

index set.

5.1 The right tail of (3.1.3)

Proposition 5.1.1. For ε > 0, let (ξvε : v ∈ Vε) and
(
ψxε : x ∈ [0, 1)d

)
be independent

fields, defined as in (4.1.1) and (4.1.6), respectively. Then, there exist δ > 0 small

enough and p large enough (depending on CY and d) such that, for all ε > 0 small

enough (depending on CY and d),

P

(
sup

x∈[0,1)d
Y δx
δε ≥ λ

)
≤ P

(
sup

x∈[0,1)d
a(x)ξ[x]

ε + ψxε ≥ λ

)

for all λ ∈ R, where a(x) :=

√(
V ar(Y δx

δε )− V ar(ψxε )
)
/V ar(ξ

[x]
ε ).

Proof. We first make sure that V ar(Y δx
δε ) − V ar(ψxε ) ≥ 0, so that a(x) is well defined.

Note that (3.1.1) and (4.1.7) imply

V ar(Y δx
δε )− V ar(ψxε ) ≥ log(1/ε) + log(1/δ)− CY − (2p)d ≥ 0

31



32

for all ε > 0 small enough (depending on CY , d and p). As we will see in this proof, p

depends only on CY and d, so a(x) is well defined for all ε > 0 small enough, depending

only on CY and d.

We now check the hypotheses of Slepian’s Lemma (see [8, Corollary 2.4]). The

variances of the fields Y δx
δε and a(x)ξ

[x]
ε +ψxε are equal by the definition of a(x). We first

choose p so that a(x) ≤ 1. Note that (3.1.1) and (4.1.7) imply

a(x)2 =
V ar(Y δx

δε )− V ar(ψxε )

V ar(ξ
[x]
ε )

≤ log(1/ε) + log(1/δ) + CY − pd

log(1/ε)
,

so, by choosing p large enough (depending on CY , d and δ), we obtain a(x) ≤ 1, for all

x.

We now compare the covariance for points x 6= y, for which we distinguish two cases:

1. [x] = [y] (that is, �[x]
ε = �[y]

ε ). In this case, (3.1.2) and (4.1.8) imply

E
[(
Y δx
δε − Y

δy
δε

)2
]
≤ CY (δε)−1 ‖δx− δy‖ ≤ pdε−1 ‖x− y‖1 ≤ E

[
(ψxε − ψyε )2

]
≤ E

[(
a(x)ξ[x]

ε + ψxε − a(y)ξ[y]
ε − ψyε

)2
]

for p large enough (depending on CY and d). The last inequality is due to the indepen-

dence between ξε and ψε.

2. [x] 6= [y]. In this case, we can apply (4.1.3) and the independence between ξε,

ψ
[x]
ε and ψ

[y]
ε to obtain

Cov(a(x)ξ[x]
ε + ψxε , a(y)ξ[y]

ε + ψyε ) ≤ a(x)a(y)Cov(ξ[x]
ε , ξ[y]

ε )

≤ a(x)a(y) (− log ‖[x]− [y]‖+ C) .

But a(x)a(y) ≤ 1, so

Cov(a(x)ξ[x]
ε + ψxε , a(y)ξ[y]

ε + ψyε ) ≤ − log ‖[x]− [y]‖+ C.

Note that − log ‖[x]− [y]‖ ≤ − log (max {ε, ‖x− y‖}) + C. Applying (3.1.1), we obtain

− log (max {ε, ‖x− y‖}) + C ≤ − log (max {δε, ‖δx− δy‖})− CY ≤ Cov(Y δx
δε , Y

δy
δε )

for some δ > 0 small enough (depending on CY ). Proposition 5.1.1 follows now from

Slepian’s Lemma.
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Proposition 5.1.1 provides an upper bound for the right tail of the supremum of Yδε

taken over the δ-box δ[0, 1)d. The same proof works for any δ-box. Therefore, a union

bound implies

P

(
sup

x∈[0,1)d
Y x
δε ≥ λ

)
≤
(

1

δ

)d
P

(
sup

x∈[0,1)d
a(x)ξ[x]

ε + ψxε ≥ λ

)
(5.1.1)

for all λ ∈ R.

We now provide an upper bound for the probability on the right hand side of the

previous display. We first prove an upper bound on the supremum of the Brownian

sheet.

Lemma 5.1.2. There exist constants 0 < c,C <∞ (depending on p and d) such that

sup
v∈Vε

P

(
sup
x∈�vε

ψxε ≥ λ

)
≤ Ce−cλ2

for all λ ≥ 0, ε > 0.

Proof. Let v ∈ Vε. Fernique’s Majorizing Criterion (see [8, Theorem 4.1]) implies that

E

[
sup
x∈�vε

ψxε

]
≤ C sup

x∈�vε

∫ ∞
0

√
− log (µ(B(x, r)))dr

for some absolute constant C, where µ is the normalized d-dimensional Lebesgue mea-

sure on �v
ε and B(x, r) =

{
y ∈ �v

ε : E
[
(ψxε − ψ

y
ε )

2
]
≤ r2

}
. But (4.1.8) implies

B(x, r) ⊇
{
y ∈ �v

ε : (2p)dε−1 ‖y − x‖1 ≤ r
2
}
.

Therefore, µ (B(x, r)) ≥ cr2d for some constant c > 0 depending on p and d. Applying

the previous display and Fernique’s Majorizing Criterion, we obtain

E

[
sup
x∈�vε

ψxε

]
≤ C

∫ ∞
0

√
− log (cr2d)dr ≤ C <∞,

where C depends on p and d. Borell’s Inequality (see [8, Theorem 2.1]) and (4.1.7)

imply

P

(
sup
x∈�vε

ψxε ≥ C + λ

)
≤ e−λ2/(2(2p)d),

where C is the constant obtained in the previous display. Lemma 5.1.2 now follows from

a change of variables.
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Proposition 5.1.3. Let p and δ be as in Proposition 5.1.1. There exist constants

0 < c,C <∞ (depending on CY and d) such that

P

(
sup

x∈[0,1)d
a(x)ξ[x]

ε + ψxε ≥ λ+mε

)
≤ Ce−cλ

for all λ ≥ 0 and all ε > 0 small enough (depending on CY and d).

Proof. By letting ψ
∗,[x]
ε = sup

y∈�[x]
ε
ψyε , we have

sup
x∈[0,1)d

a(x)ξ[x]
ε + ψxε ≤ max

x∈[0,1)d
a(x)ξ[x]

ε + ψ∗,[x]
ε .

The previous display implies

sup
x∈[0,1)d

a(x)ξ[x]
ε + ψxε ≥ mε + λ =⇒ sup

x∈[0,1)d
a(x)ξ[x]

ε + ψ∗,[x]
ε ≥ mε + λ.

We now compute an upper bound for the right hand side of the previous dis-

play. Define the random sets Γy =
{
v ∈ Vε : ψ∗,vε ∈ [y − 1, y)

}
for y ≥ 1, and Γ0 ={

v ∈ Vε : ψ∗,vε ≤ 0
}

. Note that

P

(
sup

x∈[0,1)d
a(x)ξ[x]

ε + ψ∗,[x]
ε ≥ mε + λ

)
≤
∑
y≥0

P

(
sup

x:[x]∈Γy

a(x)ξ[x]
ε ≥ mε + λ− y

)
.

By the definition of a(x) and the choice of p and δ in Proposition 5.1.1,

a(x)2 =
V ar(Y δx

δε )− V ar(ψxε )

V ar(ξ
[x]
ε )

≤ 1,

and by (3.1.1) and (4.1.7),

a(x)2 ≥ log(1/ε) + log(1/δ)− CY − (2p)d

log(1/ε)
≥ 1

2

for ε > 0 small enough (depending on δ, p, CY and d, all of which ultimately depend

on CY and d). Therefore, the last three displays imply

P

(
sup

x∈[0,1)d
a(x)ξ[x]

ε + ψ∗,[x]
ε ≥ mε + λ

)
≤
∑
y≥0

P
(

max
v∈Γy

ξvε ≥ mε + λ− 2y

)
. (5.1.2)
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But P
(
maxv∈Γy ξ

v
ε ≥ mε + λ− 2y

)
= E

[
P
(
maxv∈Γy ξ

v
ε ≥ mε + λ− 2y | Γy

)]
. Since ψε

and ξε are independent, from (4.1.5) we obtain

P
(

max
v∈Γy

ξvε ≥ mε + λ− 2y | Γy
)
≤ C

(
εd |Γy|

)1/2
e−c(λ−2y).

Then,

P
(

max
v∈Γy

ξvε ≥ mε + λ− 2y

)
≤ Ce−c(λ−2y)

(
E
[
εd |Γy|

])1/2
. (5.1.3)

But, by Lemma 5.1.2, E [|Γy|] =
∑

v∈Vε P
(
ψ∗,vε ∈ [y − 1, y)

)
≤ Cε−de−cy2 . For y = 0, we

simply use |Γ0| ≤ ε−d. Therefore, from displays (5.1.2) and (5.1.3), we obtain

P

(
sup

x∈[0,1)d
a(x)ξ[x]

ε + ψ∗,[x]
ε ≥ mε + λ

)
≤ Ce−cλ

for some constants 0 < c,C <∞ (depending on CY and d).

Proof of Theorem 3.1.1, (3.1.3), the right tail. Display (5.1.1) and Proposition 5.1.3 im-

ply that there exist constants 0 < c,C <∞ (depending on CY and d) such that, for all

ε > 0 small enough (depending on CY and d),

P
(

max
x∈[0,1)d

Y x
δε ≥ mε + λ

)
≤
(

1

δ

)2

P
(

max
x∈[0,1)d

a(x)ξ[x]
ε + ψxε ≥ λ+mε

)
≤ Ce−cλ.

It is easy to see from the definition that mδε ≤ mε +C ′ for some C ′ depending on δ and

d. Therefore,

P
(

max
x∈[0,1)d

Y x
δε ≥ mδε + λ− C ′

)
≤ Ce−cλ.

The upper bound (3.1.3) for the right tail follows by adjusting the constants.

5.2 The left tail of (3.1.3)

In this section we prove the upper bound (3.1.3) for the left tail. As previously men-

tioned, we can reduce the set under maximization to a discrete set. More precisely, if

{Dε : ε > 0} is any collection of subsets of [0, 1)d, then

P

(
sup

x∈[0,1)d
Y x
ε ≤ mε − λ

)
≤ P

(
sup
x∈Dε

Y x
ε ≤ mε − λ

)
. (5.2.1)

If we select Dε appropriately, we can perform a comparison with the CMBRW using

Slepian’s Lemma.
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Proposition 5.2.1. There exist δ, ρ > 0 small enough (depending on CY and d) such

that

P
(

max
u∈Vε/ρ

Y u
δε ≤ λ

)
≤ P

(
max

u∈Vε∩ρ[0,1)d
b(u)ξuε ≤ λ

)
for all ε > 0 and all λ ∈ R, where b(u) :=

√
V ar(Y u

δε)/V ar(ξ
u
ε ) for u ∈ Vε ∩ ρ[0, 1)d.

Proof. Note that (3.1.1) and (4.1.2) imply that b(u) ≥ log(1/ε)+log(1/δ)−CY
log(1/ε) , which is

greater than 1 for δ > 0 small enough (depending on CY ).

Let u, v ∈ Vε/ρ, with u 6= v. Then, for 0 < δ, ρ ≤ 1, we have ‖u− v‖ ≥ ε/ρ ≥ δε.

Display (3.1.1) therefore implies

Cov(Y u
δε, Y

v
δε) ≤ − log ‖u− v‖+ CY .

Choose ρ > 0 small enough (depending on CY and d) so that

− log ‖u− v‖+ CY ≤ − log ‖ρu− ρv‖ − C ≤ Cov(ξρuε , ξ
ρv
ε ) ≤ Cov(b(ρu)ξρuε , b(ρv)ξρvε ),

where the second to last bound follows from (4.1.3). All the hypotheses of Slepian’s

Lemma are satisfied, so

P
(

max
u∈Vε/ρ

Y u
δε ≤ λ

)
≤ P

(
max
u∈Vε/ρ

b(ρu)ξρuε ≤ λ
)

for all λ ∈ R. Proposition 5.2.1 follows by observing that ρVε/ρ = Vε ∩ ρ[0, 1]d.

Proposition 5.2.2. Let ρ > 0 and
{
b(u) : u ∈ Vε ∩ ρ[0, 1]d

}
be as in Proposition 5.2.1.

Then,

P
(

max
u∈Vε∩ρ[0,1]d

b(u)ξuε ≤ mε − λ
)
≤ P

(
max

u∈Vε∩ρ[0,1]d
ξuε ≤ mε − λ/2

)
for all λ ≥ 0 and all ε > 0 small enough (depending on CY ).

Proof. It follows from the definition of b(u) and the choices made in Proposition 5.2.1

that, for all u,

1 ≤ b(u) =
√
V ar(Y u

δε)/V ar(ξ
u
ε ) ≤

√
log(1/ε) + log(1/δ) + CY

log(1/ε)
≤ 2

for small enough ε > 0 (depending on CY and δ, which itself depends on CY ). Let ν be

the (a.s. well-defined) point that maximizes ξuε , for u ∈ Vε∩ρ[0, 1]d. Then, the previous

display implies

b(ν)ξνε ≤ mε − λ =⇒ ξνε ≤ mε/b(ν)− λ/b(ν) ≤ mε − λ/2.
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Our task is now to find an upper bound for the probability on the right hand side

of Proposition 5.2.2.

Proposition 5.2.3. There exist constants 0 < c,C < ∞ (depending on ρ and d) such

that

P
(

max
v∈Vε∩ρ[0,1]d

ξvε ≤ mε − λ
)
≤ Ce−cλ

for all λ ≥ 0 and all ε > 0 small enough.

Proof. We distinguish three cases for λ.

• λ ∈ [0, 2/ρ]. In this case, the proposition is trivially true by simply adjusting the

constants c and C so that Ce−cλ ≥ 1.

• λ ∈ (2/ρ,
√

1/ε]. Let n :=
⌊
ρλ
2

⌋
and let

{
Bi : i = 1, . . . , n

}
be a collection of boxes

of side length λ−1 inside ρ[0, 1)d, such that the distance between any pair of boxes

is at least λ−1. Set Bi
ε = Bi ∩ Vε. We claim that the field(

ξvε − ξvε (log λ) : v ∈ Bi
ε

)
is a copy of (ξvλε : v ∈ Vλε), and that the fields

{(
ξvε − ξvε (log λ) : v ∈ Bi

ε

)}
1≤i≤n are

independent. Indeed, if v, u ∈ Bi
ε, then (4.1.1) implies

Cov(ξvε − ξvε (log λ), ξuε − ξuε (log λ)) =

∫ log(1/ε)

log(λ)

∏
1≤j≤d

(1− er |vj − uj |)+ dr

=

∫ − log(λε)

0

∏
1≤j≤d

(1− er |λvj − λuj |)+ dr,

(5.2.2)

and the set λBi
ε =

{
λv : v ∈ Bi

ε

}
coincides with Vλε after a translation. This shows

that
(
ξvε − ξvε (log λ) : v ∈ Bi

ε

) d
= (ξvλε : v ∈ Vλε). Moreover, from (5.2.2), it is easy

to see that ‖v − u‖ ≥ λ−1 (which is true for points v, u in different boxes Bi
ε, by

construction) implies

Cov(ξvε − ξvε (log λ), ξuε − ξuε (log λ)) = 0,
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as desired.

Therefore, independence of the fields
{(
ξvε − ξvε (log λ) : v ∈ Bi

ε

)}
1≤i≤n and (4.1.4)

imply

P
(

max
v∈∪iBiε

(ξvε − ξvε (log λ)) ≤ mλε

)
≤ e−cn

for some constant c > 0 depending on d. But n ≥ cλ for some constant c > 0

depending on ρ. Therefore,

P
(

max
v∈∪iBiε

(ξvε − ξvε (log λ)) ≤ mλε

)
≤ e−cλ

for some constant c > 0 depending on both d and ρ. By letting

ν = arg max

{
ξvε − ξvε (log λ) : v ∈

⋃
i

Bi
ε

}
,

the previous display implies

P
(

max
v∈Vε∩ρ[0,1)d

ξvε ≤ mε − λ
)

≤ P (ξνε ≤ mε − λ)

≤ P (ξνε (log λ) ≤ mε −mλε − λ) + P (ξνε − ξνε (log λ) ≤ mλε)

≤ P (ξνε (log λ) ≤ mε −mλε − λ) + e−cλ.

Moreover, it is clear from (4.1.1) that the fields

(ξvε − ξvε (log λ) : v ∈ Vε) and (ξvε (log λ) : v ∈ Vε)

are independent. Hence, ν is independent from ξ
(·)
ε (log λ), and ξνε (log λ) is there-

fore a Gaussian random variable with mean zero and variance log λ. But

mε −mλε ≤
√

2d log λ.

Therefore, the last two displays imply

P
(

max
v∈Vε∩ρ[0,1)d

ξvε ≤ mε − λ
)
≤ Ce−c

(λ−
√
2d log λ)2

log λ + e−cλ ≤ Ce−cλ,

proving Proposition 5.2.3 in the case λ ∈ [2/ρ,
√

1/ε].
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• λ ∈ (
√

1/ε,∞). In this case, we have

P
(

max
v∈Vε∩ρ[0,1)d

ξvε ≤ mε − λ
)
≤ P (ξvε ≤ mε − λ) ≤ Ce−c

(λ−mε)2
log(1/ε) ≤ Ce−cλ

(where v is any point), which implies Proposition 5.2.3 in this case.

Using Propositions 5.2.1, 5.2.2 and 5.2.3, we are now ready to finish the proof of

Theorem 3.1.1.

Proof of Theorem 3.1.1, (3.1.3), the left tail. Propositions 5.2.1, 5.2.2 and 5.2.3 imply

the existence of constants 0 < δ, ρ, c, C <∞, depending on CY and d, such that

P
(

max
u∈Vε/ρ

Y u
δε ≤ mε − λ

)
≤ Ce−cλ

for all λ ≥ 0 and all ε > 0 small enough (depending on CY ). But mδε ≤ mε +C ′, where

C ′ depends on δ and d. Therefore,

P
(

max
u∈Vε/ρ

Y u
δε ≤ mδε − λ− C ′

)
≤ Ce−cλ.

The bound (3.1.3) for the left tail follows by adjusting the constants.



Part II

Convergence in law of the

centered maximum of the

mollified Gaussian free field in

two dimensions
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Chapter 6

The mollified Gaussian free field

6.1 Setup and main result

We begin by defining the continuum Gaussian free field (CGFF). Let (Wt)t≥0 be a two-

dimensional Brownian motion and let Ex denote the expectation with respect to the law

of (Wt)t≥0 with starting point x ∈ R2. Define the Green function GI : R2×R2 → [0,∞]

associated with I = [0, 1]2 by

GI(x, y) = − log ‖x− y‖+ Ex[log‖WτI − y‖], (6.1.1)

where τI = inf {t ≥ 0 : Wt /∈ I} and ‖·‖ denotes the Euclidean norm on R2. The Green

function GI is symmetric and positive semi-definite. (Note that the function GI differs

from the Green function G defined in (1.0.4) by a multiplicative factor; this change is

made here to simplify the notation.)

It is tempting to define a centered Gaussian field (X(x) : x ∈ I) with covariance

structure given by Cov(X(x), Y (y)) = GI(x, y). Unfortunately, such a field does not

exist because GI(x, x) = ∞ for all x ∈ (0, 1)2. To overcome this difficulty, we follow a

standard procedure (see, for example, [18]) and introduce a generalized field, which is a

function on measures instead of points in I. Denote by M the collection of probability

measures µ on R2 such that∫∫
R2×R2

GI(x, y)dµ(x)dµ(y) <∞, (6.1.2)

41
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and let (X(µ) : µ ∈M) be the centered Gaussian field with covariance structure

Cov(X(µ), X(ν)) =

∫∫
R2×R2

GI(x, y)dµ(x)dν(y)

for all µ, ν ∈ M. The field X is known as the continuum Gaussian free field (CGFF).

It is not difficult to show that supµ∈MX(µ) =∞ almost surely.

We next introduce a family of fields {(Θr,x : x ∈ I)}r>0 consisting of mollified

versions of the CGFF that has the advantages that (i) for each r > 0, the field Θr,x has

a version which is continuous in x ∈ I (see Remark 7.2.2) and (ii) the family of fields

Θr,(·) approximates the CGFF X as r →∞.

A mollifier is a compactly supported C∞ function θ : R2 → [0,∞) such that∫
R2 θ(x)dx = 1. For a fixed mollifier θ(·), define the family of mollifiers θr(·) = e2rθ(er(·))

for each r > 0. The family {θr}r>0 induces a collection of probability measures

{ρr,x : r > 0, x ∈ I}, with

ρr,x(D) :=

∫
D
θr(x− u)du

for all Borel sets D ⊂ R2. Note that ρr,x converges weakly to the Dirac delta function

at x as r → ∞. We define the mollified Gaussian free field (MGFF) with respect to

θ(·) as the centered Gaussian field (Θr,x : r > 0, x ∈ I) given by

Θr,x = X(ρr,x), (6.1.3)

where X is the CGFF. As mentioned before, we will show later (see Remark 7.2.2)

that, for each r > 0, the MGFF Θr,x has a version which is continuous in x ∈ I, so it

is possible to define, for any probability measure µ, a family of random variables Θr,µ

given by

Θr,µ =

∫
R2

Θr,xdµ(x).

Note that, for all µ, ν ∈M,

Cov(Θr,µ,Θr,ν) =

∫∫
R2×R2

(∫∫
R2×R2

GI(x+ u, y + v)θr(u)θr(v)dudv

)
dµ(x)dν(y),

(6.1.4)

so the covariance structure of (Θr,µ : µ ∈M) is simply a mollified version of the covari-

ance structure of the CGFF. The previous display implies that, for all µ, ν ∈ M, we
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have Cov(Θr,µ,Θr,ν)→ Cov(X(µ), X(ν)) as r →∞, so, in this sense, the CGFF is the

limit of the MGFF as r →∞. Note also that a simple convexity argument implies

Θ∗r := sup
µ∈M

Θr,µ = max
x∈I

Θr,x

almost surely for every r > 0.

The main result of this part is

Theorem 6.1.1. Let mr := 2r − 3
4 log(r). There exists a constant βθ (depending only

on the mollifier θ) and a probability law µ∗ on R (not depending on θ) such that

Θ∗r −mr + βθ → µ∗

in law as r →∞.

Since the MGFF approximates the CGFF as r → ∞, the law µ∗ can be viewed in-

formally as a centered version of supµ∈MX(µ). Additionally, we obtain the following

representation of µ∗.

Theorem 6.1.2. There exists a random variable Z > 0 such that

µ∗((∞, x]) = E
[
exp(−Ze−2x)

]
. (6.1.5)

Thus, the limit law can be viewed as a randomly shifted Gumbel distribution. The

random variable Z is the limit of a sequence of random variables with known distribution

(see Remark 10.4.2).

6.2 Main ideas of the proof of Theorem 6.1.1

The outline of the proof of Theorem 6.1.1 follows that of the analogous result in [4] for

the discrete Gaussian free field (DGFF), with the proof here being organized as follows.

The first step is to prove the existence of a constant α∗θ (depending on θ) and probability

density ζ on I (not depending on θ) such that, for any closed square A ⊆ I,

z−1e2zP
(

max
x∈A

Θr,x −mr ≥ z
)
→ α∗θ

∫
A
ζ(x)dx (6.2.1)

when first r → ∞ and then z → ∞; this is carried out in Chapter 8. We obtain in

display (8.0.1) an explicit formula for ζ in terms of a Brownian motion killed at ∂I.
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For the second step of the proof, for δ > 0 small and k ≥ 1 large, we divide [δ, 1−δ]2

into a collection of adjacent sub-squares {Sk,i}i of side length e−k. As will be explained

in detail in Chapter 7, the MGFF can be decomposed into two independent centered

Gaussian fields Θc
r,(·) and Θf

r,(·) by

Θr,x = Θc
r,x + Θf

r,x,

where Θc
r,x is the expected value of Θr,x conditioned on the values of the CGFF on the

boundary of the sub-square Sk,i containing x. We call Θc
r,(·) the coarse field and Θf

r,(·)

the fine field. On each sub-square Sk,i, the fine field is a copy of the MGFF Θr−k,(·),

and the fine fields on different sub-squares are independent. We will show in Chapter 9

that the maximum of the MGFF can be approximated by restricting our attention to

the points on each sub-square that maximize the corresponding fine field.

We then prove via a coupling argument (based in the above decomposition) that

the sequence Θ∗r − mr + βθ is Cauchy with respect to the Lévy distance, where βθ is

a constant that depends only on θ. At the same time, and using that the probability

density ζ mentioned before does not depend on the mollifier, we show that the limit law

does not depend on θ. The coupling argument is described in detail in Chapter 10.

Throughout Part II, we will use two techniques repeatedly. The first technique

consists of omitting the points near the boundary of the squares; that is, for δ > 0

small, we will consider the maximum of the MGFF restricted to sets such as Iδ =

{x ∈ I : dist(x, ∂I) ≥ δ}. These restricted maxima will approximate the global maxi-

mum as δ → 0. The reason for omitting points near the boundary is that the covariance

Cov(Θr,x,Θr,y) of the MGFF, for points x and y in Iδ, is logarithmic in ‖x − y‖ (see

(7.2.1)). Since we will be able to control the covariance on Iδ, we will be able to em-

ploy techniques from the general theory of Gaussian fields, such as Borell’s Inequality,

Slepian’s Lemma and Fernique’s Majorizing Criterion (see [8, Theorem 2.1], [8, Corollary

2.4] and [8, Theorem 4.1], respectively).

The second technique consists of comparing the maximum of continuum fields with

the maximum of discrete fields, by using Slepian’s Lemma. For Slepian’s Lemma, we

will need to employ fields with the same index set, which is accomplished by adding

small continuum fields to the corresponding discrete fields.

In each chapter, we first present the propositions and lemmas and their relationship,
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and then present the proofs. A number of the proofs follow closely the proofs of the

analogous results in [4]; it will only be necessary to make minor modifications to adapt

them to the continuum case. Other proofs follow the general outline of the proofs

presented in [4], but require special techniques in the context of the continuum. In both

cases, we will mention the analogous results in [4] and the corresponding modifications.

A comment on constants: c will always denote a small positive constant and C will

always denote a large positive constant, which will be allowed to change from line to line.

Any dependence on other parameters will be made explicit by introducing subscripts.

The phrase “absolute constant” will refer to fixed numbers that are independent of

everything.

6.3 Related work

As mentioned earlier, the discrete analog of the MGFF is the discrete Gaussian free

field (DGFF), which we will define in Chapter 7. We denote it here by (ηN,v : v ∈ VN ),

where VN is a square lattice of size N ×N .

The DGFF has been studied extensively. In [15], Bolthausen, Deuschel and Gia-

comin showed that

lim
N→∞

max
v∈VN

ηN,v
logN

= 2

√
2

π

in probability. In [16], Daviaud studied the number of extreme points of the DGFF and

showed that, for all 0 < b < 1,

lim
N→∞

log(HN (b))

logN
= 2(1− b2)

in probability, where HN (b) = #
{
v ∈ VN : ηN,v ≥ 2

√
2
π b logN

}
. In [5], Bramson and

Zeitouni showed that the sequence of centered maxima {maxv∈VN ηN,v −mN} is tight

(where mN =
√

2
π (2 logN − 3

4 log logN)), and later on, Bramson, Ding and Zeitouni

then established in [4] the convergence in law of maxv∈VN (ηN,v−mN ) as N →∞. More

recently, in [23], Biskup and Louidor studied the behavior of local maxima of the DGFF.

Setting

ζN,r(A×B) =
∑
v∈VN

1{v/N∈A}1{ηN,v−mN∈B}1{ηN,v=max‖u−v‖1≤r ηN,u}
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for all Borel sets A ⊆ [0, 1]2 and B ⊆ R, they showed that there exists an a.s. finite

random measure Z(dx) on [0, 1]2 that is a.s. strictly positive on open sets and such

that, for every sequence rN with rN →∞ and rN/N → 0,

ζN,rN → PPP (Z(dx)⊗ e−
√

2πydy)

in law as N → ∞, where PPP (Z(dx) ⊗ e−
√

2πydy) is a Cox process with random

intensity Z(dx)⊗ e−
√

2πydy.

A nice survey on the CGFF can be found in [2]. In [17], Hu, Miller and Peres studied

the so called “thick points” of the MGFF. More specifically, they studied the MGFF

Θr,x with respect to θ(w) = 1D(0,1)(w)/π and referred to x ∈ I as an a-thick point if

lim
r→∞

Θr,x

r
=
√
a/2.

(Note that the collection of a-thick points is a random set.) They showed that, for any

a ∈ [0, 2], the Hausdorff dimension of the set of a-thick points is 2− a a.s.

We also mention [21], where Madaule, Rhodes and Vargas study a sequence of

Gaussian fields that approximate the CGFF as follows. Let Wt be a Brownian motion

and, for x, y ∈ I, let

p∂I(t, x, y) = Px(Wt ∈ dy, τI > t)/dy,

where Px means that the Brownian motion is started at x and τI = inf{t ≥ 0 : Wt /∈ I}.
Consider the sequence of centered Gaussian fields {(Xn(x) : x ∈ I)}n≥1 with covariance

Cov(Xn(x), Xn(y)) = π
∫∞
e−n p∂I(t, x, y)dt (where the pre-factor π is chosen so that the

covariance is logarithmic in ‖x−y‖). Madaule, Rhodes and Vargas proved the so called

“Freezing Theorem for GFF”, which states that, for any γ > 2, the sequence of random

measures {
n3γ/4etn(γ/

√
2−
√

2)2Mγ
n (dx)

}
n≥1

,

where

Mγ
n (dx) = eγXn(x)−γ2n/2dx,

converges in law towards a purely atomic random measure. Note that, for all x, y ∈ I,

the covariance π
∫∞
e−n p∂I(t, x, y)dt → GI(x, y) as n → ∞, so this gives another way of

approximating GI . In this thesis, we approximate GI by mollifying it.
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More recently, in [24], Ding, Roy and Zeitouni proved convergence in law of the

centered maximum for a more general class of discrete Gaussian fields, in any dimension.

For d ≥ 1, they considered log-correlated Gaussian field (ϕN,v : v ∈ VN ) (where VN =

{0, 1, . . . , N − 1}d), and they showed the convergence in law of maxv∈VN (ϕN,v −mN,d)

(where mN,d =
√

2d logN − 3/2√
2d

log logN) under the assumption that the covariance

structure of ϕN converges off-diagonal in a macroscopic level, and it converges in finite

scale around the diagonal (for the precise statements, see assumptions (A.2) and (A.3)

in [24]).



Chapter 7

Preliminaries

In this chapter we present general results of the Gaussian free field and state a few

lemmas that will be useful in the sequel. The proofs are deferred to the end of the

chapter.

7.1 Markov property and self-similarity of the MGFF

Recall that M denotes the set of probability measures µ on R2 satisfying (6.1.2). For

any closed set K ⊆ I, denote by σ(K) the sigma-algebra generated by the collection

{X(µ) : µ ∈ M, supp(µ) ⊆ K}. When conditioning, we will abbreviate by using K

instead of σ(K). The CGFF satisfies the following Markov property (see [18, Theorem

1.2.1]): let Q ⊆ I be a closed square, and let µ, ν ∈ M have support on Q and Qc,

respectively. Then,

X(µ)− E[X(µ) | ∂Q] is independent of X(ν). (7.1.1)

Remark 7.1.1. Note that supp(µ) ⊆ Q is required for (7.1.1) to be true. In the case of

the MGFF, we need x+ supp(θr) ⊆ Q. In other words, the Markov property is true for

the MGFF only if x is away from the boundary of Q by a distance of order at least e−r.

The following lemma provides a self-similarity property for the MGFF. This impor-

tant property will be used repeatedly in the Chapters 8, 9 and 10. The proof uses basic

properties of the Green function.
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Lemma 7.1.2. Fix r > 0 and let Q ⊆ I be a sub-square with side length e−q, where

q ∈ [0, r). Then,

(Θr,x − E[Θr,x | ∂Q] : x+ supp(θr) ⊆ Q)
law
=
(
Θr−q,h(x) : x+ supp(θr) ⊆ Q

)
, (7.1.2)

where h : Q→ I is the map that stretches Q linearly onto I.

7.2 Estimates on the MGFF, continuity and tightness

In this section, we present some rough estimates on the covariance structure of the

MGFF and on the tail probabilities of its maximum. We also prove continuity of the

MGFF and tightness of the centered maximum.

For δ > 0, let Iδ := {x ∈ I : dist(x, ∂I) ≥ δ}, and recall that θ = θ(·) is a fixed

mollifier.

The following lemma follows from basic bounds by employing the logarithmic nature

of the two-dimensional Green function. Note that (7.2.1) is the continuum analog of

(7.3.2). On the other hand, (7.2.2) provides an upper bound on the intrinsic (i.e., L2)

distance of the MGFF for close points. This upper bound will be used in later proofs

(e.g., whenever Fernique’s Majorizing Criterion is employed).

Lemma 7.2.1. Fix δ > 0. There exists a constant Cδ,θ ∈ (0,∞) and a positive number

rδ,θ such that, for all x, y ∈ Iδ and all r ≥ rδ,θ,∣∣Cov(Θr,x,Θr,y) + log(max
{
e−r, ‖x− y‖

}
)
∣∣ ≤ Cδ,θ. (7.2.1)

Moreover, there exists a constant Cθ ∈ (0,∞) such that, for all r large enough (depend-

ing on θ), and all x, y ∈ I,

E
[
(Θr,x −Θr,y)

2
]
≤ Cθer ‖x− y‖ . (7.2.2)

(Note that the last bound is of interest when ‖x− y‖ ≤ e−r.)

Remark 7.2.2. Note that (7.2.2) and Kolmogorov’s Continuity Criterion (see [10, The-

orem 1.4.17]) imply that the MGFF Θr,x has a version which is continuous in x. From

now on, we assume we are working with this version. In particular, Θ∗r = maxx∈I Θr,x

is attained.
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We next prove that the MGFF has a unique maximum point. This property will

be useful in Chapter 10, where we employ the maxima of the fine fields. The main

tools used in its proof are the Markov property and the (only) lemma in [25], which

provides sufficient conditions for the maximum of a Gaussian field to have a continuous

distribution.

Lemma 7.2.3. Fix r ≥ 0. There exists almost surely a unique random point χ ∈ I that

maximizes the MGFF Θr,(·) over I.

Remark 7.2.4. Lemma 7.2.3 is also true if we replace I by any closed sub-square of I.

A consequence of Lemmas 7.2.1, 7.2.3 and [7, Theorem 1.1] is the tightness of the

centered MGFF.

Lemma 7.2.5. There exists rθ > 0 large enough (depending on θ) such that the collec-

tion {Θ∗r −mr : r ≥ rθ} is tight.

The following two lemmas are a continuum version of Lemma 7.3.2. Their proofs

use (7.3.3) and (7.3.4) together with comparison arguments employing Slepian’s Lemma

and Fernique’s Majorizing Criterion. As mentioned before, small squares of Brownian

sheet will be added to the DGFF in order to perform the comparison with the MGFF.

Lemma 7.2.6. There exist constants cθ, Cθ ∈ (0,∞) and a positive constant rθ such

that, for all r ≥ rθ,

cθλe
−2λ ≤ P (Θ∗r −mr ≥ λ) ≤ Cθλe−2λe−cθλ

2/r, (7.2.3)

where the lower bound holds for λ ∈ [1,
√
r] and the upper bound holds for all λ ≥ 1.

Lemma 7.2.7. There exist a constant Cθ ∈ (0,∞) and a positive constant rθ such that,

for all closed sub-squares A ⊆ I, all r ≥ rθ and all λ ∈ R,

P
(

max
x∈A

Θr,x −mr ≥ λ
)
≤ Cθ|A|1/2 max{λ, 1}e−2λ, (7.2.4)

where |A| is the Lebesgue measure of A.

For the next lemma, we let K =
[
δ, δ + e−k

]2
, where k > 0, and we let Kδ ={

x ∈ K : dist(x, ∂K) ≥ δe−k
}

. Then, by denoting Φr,x = E [Θr,x | ∂K], we have the

following estimates.
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Lemma 7.2.8. There exists a constant Cδ,θ ∈ (0,∞) such that, for all x, y, y′ ∈ Kδ,∣∣Cov(Φr,x,Φr,y)− Cov(Φr,x,Φr,y′)
∣∣ ≤ Cδ,θ‖y − y′‖ek. (7.2.5)

Additionally, there exist constants cδ,θ, Cδ,θ ∈ (0,∞) such that, for all x, y ∈ Kδ,

cδ,θ‖x− y‖2e2k ≤ E
[
(Φr,x − Φr,y)

2
]
≤ Cδ,θ‖x− y‖2e2k. (7.2.6)

Estimate (7.2.5) follows from basic properties of the Green function, similarly to the

proof of (7.2.1). On the other hand, (7.2.6) follows from analogous estimates on the

DGFF (see [4, Lemma 3.10]).

7.3 Discrete Gaussian free field

In this section we review the two-dimensional discrete Gaussian free field (DGFF) and

state some of its properties. The lemmas in this section will not be proved, as they are

immediate consequence of lemmas proved in [4].

For r ≥ 1, let Vr = I ∩ (e−rZ2), and, for x ∈ Vr, let Ex denote the expectation with

respect to the law of a simple symmetric random walk (Si)i≥0 on e−rZ2 started at x.

The discrete Green function Gr : Vr × Vr → [0,∞) associated with Vr is defined by

Gr(x, y) =
π

2
Ex
 ∑

0≤i<τr

1{Si=y}

 , (7.3.1)

where τr := min {i ≥ 0 : Si /∈ Vr} and the pre-factor π
2 is chosen so that Gr is logarithmic

(see (7.3.2)). For r ≥ 1, the DGFF on Vr is defined as the centered Gaussian field

(ηr,v : v ∈ Vr) with covariance structure

Cov(ηr,v, ηr,w) = Gr(v, w)

for all v, w ∈ Vr. Let V δ
r = {v ∈ Vr : dist(v, ∂I) ≥ δ}. Then, from [4, Lemma 3.1], it

follows easily that the Green function Gr satisfies:

Lemma 7.3.1. There exists a constant Cδ ∈ (0,∞) such that, for all v, w ∈ V δ
r ,

|Gr(x, y) + log(max{e−r, ‖x− y‖})| ≤ Cδ. (7.3.2)
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Additionally, from [22, Theorem 1.4] and [4, Lemma 3.8], it follows that the DGFF

satisfies the following estimates:

Lemma 7.3.2. There exist absolute constants c, C ∈ (0,∞) such that, for all r ≥ 1,

cλe−2λ ≤ P
(

max
v∈Vr

ηr,v −mr ≥ λ
)
≤ Cλe−2λe−cλ

2/r, (7.3.3)

where the lower bound holds for λ ∈ [1,
√
r] and the upper bound holds for all λ ≥ 1.

Additionally, for any closed sub-square A ⊆ I,

P
(

max
v∈Vr∩A

ηr,v −mr ≥ λ
)
≤ C|A|1/2 max{λ, 1}e−2λ (7.3.4)

for all λ ∈ R, where |A| is the Lebesgue measure of A.

7.4 Brownian sheet

We will need the Brownian sheet, which is defined as the centered Gaussian field(
φx : x ∈ [0,∞)2

)
with covariance structure

Cov(φx, φy) = min{x1, y1}min{x2, y2} (7.4.1)

for all x, y ∈ [0,∞)2. It is not difficult to show that, for any p ≥ 1, the Brownian sheet

satisfies the following properties: for all x, y ∈ [p, p+ 1)2,

p‖x− y‖1 ≤ E
[
(φx − φy)2

]
≤ (p+ 1)‖x− y‖1, (7.4.2)

p2 ≤ Cov(φx, φy) ≤ (p+ 1)2 (7.4.3)

and, for some constants cp, Cp ∈ (0,∞) and all λ ≥ 0,

P

(
sup

x∈[p,p+1)2
φx ≥ λ

)
≤ Cpe−cpλ

2
. (7.4.4)

Remark 7.4.1. A proof of (7.4.4) can be found in [7, Lemma 2.2]. Displays (7.4.2) and

(7.4.3) follow easily from the definition; hence, we omit their proofs.
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7.5 Continuous modified branching random walk

In this section we define the continuous modified branching random walk (CMBRW),

which is a continuum version of the modified branching random walk (MBRW), a field

introduced by Bramson and Zeitouni in [5]. We let (ξx(t) : x ∈ R2, t ≥ 0) be the centered

Gaussian field with covariance structure

Cov(ξx(t), ξy(s)) =

∫ min{t,s}

0

(
1− eh|x1 − y1|

)
+

(
1− eh|x2 − y2|

)
+
dh, (7.5.1)

where x = (x1, x2), y = (y1, y2) ∈ R2 and t, s ≥ 0, and (·)+ = max{·, 0}. Note that an

alternative expression for the covariance of the CMBRW is

Cov(ξx(t), ξy(s)) =

∫ min{t,s}

0
Area(B(h, x) ∩B(h, y))dh

where B(h, x) is a box with side length 1 centered at ehx. Points that are far apart

will produce processes ξx(t) and ξy(t) with low correlation, while points that are close

will produce processes with high correlation. Note that, for a fixed point x, the process

(ξx(t))t≥0 is a standard Brownian motion. A proof that the right hand side of (7.5.1) is

positive semi-definite can be found in [7, Proposition 4.1]. The structure of the CMBRW

satisfies the following properties.

Lemma 7.5.1. For a pair of different points x, y ∈ R2, let sx,y := − log(‖x − y‖∞).

Then, for all t ∈ [0, sx,y],

t− 2 ≤ Cov(ξx(t), ξy(t)) ≤ t. (7.5.2)

Moreover, for t ≥ sx,y,

Cov(ξx(t), ξy(t)) = Cov(ξx(sx,y), ξy(sx,y)). (7.5.3)

Additionally, the CMBRW satisfies the following estimates on the right tail distri-

bution of the maximum over Vr = I ∩ (e−rZ2).

Lemma 7.5.2. There exist constants c, C ∈ (0,∞) such that, for all λ ∈ [1,
√
r],

cλe−2λ ≤ P
(

max
v∈Vr

ξv(r) ≥ mr + λ

)
≤ Cλe−2λ. (7.5.4)
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Moreover, for any sub-square A ⊆ I, and all r large enough (depending on |A|),

c|A|λe−2λ ≤ P
(

max
v∈A∩Vr

ξv(r) ≥ mr + λ

)
(7.5.5)

for all λ ∈ [1,
√
r], where |A| is the Lebesgue measure of A.

Remark 7.5.3. The proof of (7.5.4) is given in [22, Lemma 3.7]. We will prove (7.5.5),

whose proof employs (7.5.4) and the stationarity of the CMBRW.

We now provide the proofs of Lemmas 7.1.2, 7.2.1, 7.2.3, 7.2.6, 7.2.7, 7.2.8, 7.5.1

and 7.5.2.

7.6 Proof of Lemma 7.1.2

Proof of (7.1.2). We choose Q = [0, e−q]
2

in order to keep the notation simple, but we

note that the proof for an arbitrary Q is analogous. Since the fields are Gaussian and

centered, it is enough to show that the covariance structures are equal. Let x, y ∈ Q be

such that x+ supp(θr), y + supp(θr) ⊆ Q, and note that

Cov (Θr,x − E [Θr,x | ∂Q] ,Θr,y − E [Θr,y | ∂Q])

= Cov (Θr,x − E [Θr,x | ∂Q] ,Θr,y) .

It follows from the definition in (6.1.3) and [18, Theorem 1.2.2] that the previous display

is

= Cov(X(ρr,x)−X(βρr,x), X(ρr,y)), (7.6.1)

where βρr,x is the harmonic measure on ∂Q of a Brownian motion with initial distribution

ρr,x. That is, for all Borel sets E ⊆ ∂Q,

βρr,x(E) =

∫
Pu(WτQ ∈ E)θr(x− u)du,

where Wt is a Brownian motion started at u and τQ = inf {t ≥ 0 : Wt /∈ Q}. Then,

(7.6.1) is

=

∫∫ (
GI(u, v)− Eu

[
GI
(
WτQ , v

)])
θr(x− u)θr(y − v)dudv, (7.6.2)
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where Wt is a Brownian motion started at u and τQ = inf {t ≥ 0 : Wt /∈ Q}. On the

other hand,

Cov(Θr−q,eqx,Θr−q,eqy)

=

∫∫
GI(u, v)Θr−q(e

qx− u)Θr−q(e
qy − v)dudv

=

∫∫
GI(e

qu, eqv)Θr(x− u)Θr(y − v)dudv, (7.6.3)

where the previous display follows from the change of variables (u, v) 7→ eq(u, v). There-

fore, the covariance structures (7.6.2) and (7.6.3) are equal if

GI(u, v)− Eu
[
GI
(
WτQ , v

)]
= GI(e

qu, eqv).

We now prove the previous display. From (6.1.1), we obtain

GI(u, v)− Eu
[
GI(WτQ , v)

]
= − log ‖u− v‖+ Eu[log ‖WτI − v‖]

− Eu
[
− log ‖WτQ − v‖+ EWτQ [log ‖WτI − v‖]

]
= − log ‖u− v‖+ Eu[log ‖WτQ − v‖],

where the last equality follows because, by the Markov property of Brownian motion,

Eu[EWτQ [log ‖WτI − v‖]] = Eu[log ‖WτI − v‖]. Note that, by elementary geometry,

Eu[log ‖WτQ − v‖] = Ee
qu[log (‖WτI − e

qv‖/eq)].

The last two displays imply

GI(u, v)− Eu
[
GI(WτQ , v)

]
= − log ‖u− v‖+ Ee

qu[log (‖WτI − e
qv‖/eq)]

= − log ‖equ− eqv‖+ Ee
qu[log ‖WτI − e

qv‖] = GI(e
qu, eqv),

as desired.

7.7 Proof of Lemma 7.2.1

Proof of (7.2.1). From (6.1.1),∣∣∣∣Cov(Θr,x,Θr,y) +

∫∫
log ‖x− u− y + v‖θr(u)θr(v)dudv

∣∣∣∣
≤
∫∫

Ex−u [|log ‖y − v −WτI‖|] θr(u)θr(v)dudv.
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We choose rδ,θ so that, for all r ≥ rδ,θ, we have (y + supp(θr)) ⊆ Iδ/2. Therefore, the

previous display is

≤ − log(δ/2).

Thus, in order to prove (7.2.1), it is enough to prove∣∣∣∣∫∫ log ‖x− u− y + v‖θr(u)θr(v)dudv − log
(
max

{
e−r, ‖x− y‖

})∣∣∣∣ ≤ Cθ.
We choose a large constant C ′θ ∈ (0,∞) such that, if ‖x−y‖ ≥ C ′θe−r, then ‖x−y‖/C ′θ ≤
‖x−u−y+v‖ ≤ C ′θ‖x−y‖ for all u, v ∈ supp(θr). It then follows that, if ‖x−y‖ ≥ C ′θe−r,∣∣∣∣∫∫ log ‖x− u− y + v‖θr(u)θr(v)dudv − log ‖x− y‖

∣∣∣∣ ≤ logC ′θ =: Cθ.

On the other hand, when ‖x− y‖ ≤ Cθe−r,∣∣∣∣∫∫ (log (‖x− u− y + v‖) + n) θr(u)θr(v)dudv

∣∣∣∣
≤ max
‖z‖≤Cθ

∫∫
|log ‖z + (−u+ v)‖| θ(u)θ(v)dudv ≤ Cθ,

as desired. Display (7.2.1) follows by adjusting the constants and using basic properties

of log.

Proof of (7.2.2). Since

E
[
(Θr,x −Θr,y)

2
]

≤ |V ar (Θr,x)− Cov (Θr,x,Θr,y)|+ |V ar (Θr,y)− Cov (Θr,x,Θr,y)| ,

it is enough to bound |V ar(Θr,x)− Cov(Θr,x,Θr,y)| (because the bound for the other

term is analogous). Note that

|V ar(Θr,x)− Cov(Θr,x,Θr,y)|

=

∣∣∣∣∫∫ (GI(x− u, x− v)−GI(x− u, y − v)) θr(u)θr(v)dudv

∣∣∣∣
≤
∫∫
|log ‖u− v‖ − log ‖x− y − u+ v‖| θr(u)θr(v)dudv

+

∫∫
Ex−u [|log ‖x− v −WτI‖ − log ‖y − u−WτI‖|] θr(u)θr(v)dudv,
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where Wt is a Brownian motion started at x− u and τI = inf{t ≥ 0 : Wt /∈ I}. But

|log ‖u− v‖ − log ‖x− y − u+ w‖| ≤ ‖x− y‖
(

1

‖u− v‖
+

1

‖x− y − u+ v‖

)
.

For r large enough (depending on δ and θ), we have ‖x − v − WτI‖ ≥ δ/2 for all

v ∈ supp(θr). Therefore,

|log ‖x− v −WτI‖ − log ‖y − v −WτI‖|

≤ ‖x− y‖
(

1

‖x− v −WτI‖
+

1

‖y − v −WτI‖

)
≤ Cδ‖x− y‖.

The last three displays imply

|V ar(Θr,x)− Cov(Θr,x,Θr,y)|

≤ ‖x− y‖
∫∫ (

1

‖u− v‖
+

1

‖x− y + u− v‖

)
θr(u)θr(v)dudv + Cδ‖x− y‖

≤ 2‖x− y‖ sup
‖z‖≤C

∫∫
1

‖z + u− v‖
θr(u)θr(v)dudv + Cδ‖x− y‖

≤ Cθer‖x− y‖+ Cδ‖x− y‖ ≤ Cδ,θer‖x− y‖.

Therefore,

E[(Θr,x −Θr,y)
2] ≤ Cδ,θer‖x− y‖.

We now improve the previous display so that the constant term does not depend on

δ. Let Q0 be the square of side length e−1, which is concentric with I. Then, from the

previous display, we obtain that there exists a constant Cθ (depending only on θ) such

that

E[(Θr,x −Θr,y)
2] ≤ Cθer‖x− y‖

for all x, y ∈ Q0. Note that

E[(Θr,x − E[Θr,x | ∂Q0]−Θr,y + E[Θr,y | ∂Q0])2] ≤ E[(Θr,x −Θr,y)
2].

Therefore, the last two displays and (7.1.2) imply

E[(Θr−1,h(x) −Θr−1,h(y))
2] ≤ Cθer‖x− y‖ = Cθe

n−1‖h(x)− h(y)‖,

where h : Q0 → I is the linear map that stretches Q0 onto I. This finishes the proof of

(7.2.2).
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7.8 Proof of Lemma 7.2.3

Proof. Let H > 1 be an arbitrary integer. Divide I into H2 (closed) sub-squares of side

length 1/H. We show that, for any two non-adjacent sub-squares S1, S2, the probability

of the event

max
x∈S1

Θr,x = max
x∈S2

Θr,x

is 0. Augment S2 by considering the closed set S′2 = {x ∈ I : there exists y ∈
S2 such that x− y ∈ supp(θr)}. Let F denote the sigma-algebra generated by {X(µ) :

µ ∈M and supp(µ) ⊆ S′2}.
By a similar argument to that in the proof of Lemma 7.1.2, it is possible to conclude

that the field

(Θr,x − E[Θr,x | F ] : x ∈ S1)

has variance structure

V ar(Θr,x − E[Θr,x | F ]) =

∫∫
GS2(x− u, x− v)θr(u)θr(v)dudv

where

GS2(u, v) = − log ‖u− v‖+ Eu[log ‖Wτ − v‖],

Wt is a Brownian motion and τ = inf{t ≥ 0 : Wt ∈ S2 ∪ Ic}. Therefore, since GS2 is

strictly positive outside of S2 ∪ Ic, for any x ∈ S1,

V ar(Θr,x | F) > 0

almost surely. The previous display implies, by using the (only) lemma in [25], that

maxx∈S1 Θr,x, conditional on F , has a continuous distribution. In particular,

P
(

max
x∈S1

Θr,x = max
x∈S2

Θr,x | F
)

= 0

since maxx∈S2 Θr,x is a constant conditional on F . By taking the expectation,

P
(

max
x∈S1

Θr,x = max
x∈S2

Θr,x

)
= 0.

Since the previous display can be proved for any two non-adjacent squares, we obtain

that if the MGFF has two global maxima x and y, then they are within distance 2
√

2/H

of each other almost surely. Sinc H is arbitrary, we can take the union over all H > 1

and we obtain that the maximum is unique almost surely.
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7.9 Proof of Lemma 7.2.5

Proof. Let Q be the closed square centered at (1
2 ,

1
2) ∈ R2, with side length e−1. From

Lemma 7.2.1 and [7, Theorem 1.1], there exist constants cθ, Cθ, rθ > 0, depending only

on the mollifier θ, such that, for all r ≥ rθ,

P
(∣∣∣∣max

x∈Q
Θr,x −mr

∣∣∣∣ ≥ λ) ≤ Cθe−cθλ (7.9.1)

for all λ ≥ 0. (Note that the side length e−1 of Q is arbitrary: it can be changed to any

other side length less than 1 and (7.9.1) still holds by adjusting the constants cθ, Cθ.)

From this, it immediately follows that

P (Θ∗r −mr ≤ −λ) ≤ Cθe−cθλ (7.9.2)

for all λ ≥ 0.

For x ∈ Q, we decompose

Θr,x = Φr,x + E[Θr,x | ∂Q];

due to Lemma 7.1.2,

(Φr,x : x ∈ Q)
law
= (Θr−1,h(x) : x ∈ Q),

where h : Q→ I is the map that stretches Q linearly onto I.

Let χ be the (random) point that maximizes of Φr,(·) over Q, which is unique due

to Lemma 7.2.3. Then,

{Φr,χ −mr ≥ λ,E[Θr,χ | ∂Q] ≥ 0} ⊆ {max
x∈Q

Θr,x −mr ≥ λ}.

Since E[Θr,χ | ∂Q] is symmetric around 0, this display, (7.1.1) and (7.9.1) together imply

that

P(Θ∗r−1 −mr ≥ λ) ≤ 2Cθe
−cθλ.

Since mr = mr−1 +O(1), the previous display implies that, for all λ ≥ 0,

P(Θ∗r−1 −mr−1 ≥ λ) ≤ Cθe−cθλ (7.9.3)

for some constants cθ, Cθ > 0. Displays (7.9.2) and (7.9.3) together imply Lemma

7.2.5.
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7.10 Proof of Lemma 7.2.6

The proof of (7.2.3) is based on a comparison argument using Slepian’s Lemma. Recall

that (ηr,v)v∈Vr is DGFF on Vr = I ∩ (e−rZ2). We are comparing a continuum field (the

MGFF) with a discrete field (the DGFF). In order to perform the comparison, we will

add small patches of Brownian sheet to the DGFF. We will need the following notation.

For r ≥ 1 and v = (v1, v2) ∈ Vr, let �r,v = [v1, v1+e−r)×[v2, v2+e−r)∩I and, for x ∈
�r,v, set [x] = v. The notation [·] depends on r, but we keep this dependence implicit.

Let p and q be large constants that will be chosen later (see (7.10.3), (7.10.4), Claim

7.10.1 and (7.10.9)). Denote by Q the square of side length e−q that is concentric with

I, and let h : Q→ [1/4, 3/4]2 be the map that stretches Q linearly onto [1/4, 3/4]2 ⊂ I.

For the proof of the upper bound of (7.2.3), we will compare the fields

(Θr,x : x ∈ Q) and
(
ar(x)ηr,h([x]) + ψr,x : x ∈ Q

)
,

where ar(x) ≥ 0 is defined so that

V ar(Θr,x) = V ar(ar(x)ηr,h([x]) + ψr,x) (7.10.1)

for all x ∈ Q, and (ψr,x : x ∈ Q) is defined as follows. For each v ∈ Vr, let Pv be

the linear map from �r,v onto [p, p + 1)2 sending v to (p, p). Recall from (7.4.1) that

(φx : x ∈ [p, p+ 1)2) is a two-dimensional Brownian sheet. For each v ∈ Vr, let

(ψr,x : x ∈ �r,v) := (φPv(x) : x ∈ �r,v).

Note that the collection {(ψr,x : x ∈ �r,v)}v∈Vr consists of O(e2r) identical (not inde-

pendent) copies of a scaled Brownian sheet. On the other hand, for the proof of the

lower bound of (7.2.3), we will compare the fields

(ηr,v : v ∈ Vr ∩Q) and
(
br(v)Θr+p,h(v) : v ∈ Vr ∩Q

)
,

where br(v) ≥ 0 is defined so that

V ar(ηr,v) = V ar(br(v)Θr+p,h(v)) (7.10.2)

for all v ∈ Vr ∩Q.
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Note that, by applying (7.2.1), (7.3.2) and (7.4.3) on (7.10.1) and (7.10.2), we obtain

1

4
≤ r − Cθ − (p+ 1)2

r + C
≤ V ar(Θr,x)− V ar(ψr,x)

V ar(ηr,h([x]))
= a2

r(x) ≤ r + Cθ − p2

r − C
≤ 1 (7.10.3)

and

br(v)2 =
V ar(ηr,v)

V ar(Θr+p,h(v))
≤ r + C

r + p− Cθ
≤ 1 (7.10.4)

for p = pθ large enough and for all r large enough, depending on p and θ. (Here, C is

an absolute constant because h([x]) ∈ [1/4, 3/4]2.)

We first prove the upper bound of (7.2.3). We begin by proving the following claim.

Claim 7.10.1. There exist p = pθ and q = qθ large enough such that, for all r large

enough (depending on θ),

Cov(ar(x)ηr,h([x]) + ψr,x, an(y)ηr,h([y]) + ψr,y) ≤ Cov(Θr,x,Θr,y)

for all x, y ∈ Q.

Proof of Claim 7.10.1. We distinguish two cases:

• Case 1: [x] = [y]. In this case, (7.2.2) and (7.4.2) imply

E[(Θr,x −Θr,y)
2] ≤ Cθer‖x− y‖ ≤ per‖x− y‖1 ≤ E[(ψr,x − ψr,y)2]

for p = pθ large enough.

• Case 2: [x] 6= [y]. Using the upper bound of (7.10.3), together with (7.2.1), (7.3.2),

(7.4.3) and the definition of h(·),

Cov(ar(x)ηr,h([x]) + ψr,x, an(y)ηr,h([y]) + ψr,y)

≤ −q − log ‖[x]− [y]‖+ (p+ 1)2 + C

≤ − log(max{e−r, ‖x− y‖})− Cθ ≤ Cov(Θr,x,Θr,y)

for q = qp,θ large enough.
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Claim 7.10.1 and Slepian’s Lemma (see [8, Corollary 2.4]) imply

P
(

max
x∈Q

Θr,x ≥ λ
)
≤ P

(
sup
x∈Q

ar(x)ηr,h([x]) + ψr,x ≥ λ

)
(7.10.5)

for all λ ∈ R. We can now prove (7.2.3).

Proof of (7.2.3), the upper bound. Let ψ∗ = supx∈Q ψr,x. Then, by applying (7.10.5)

and decomposing according to the value of ψ∗,

P
(

max
x∈Q

Θr,x ≥ mr + λ

)
≤ P

(
sup
x∈Q

ar(x)ηr,h([x]) + ψ∗ ≥ mr + λ

)

≤
∑
z≥0

P

(
sup
x∈Q

ar(x)ηr,h([x]) ≥ mr + λ− z

)
(P (z ≤ ψ∗ < z + 1) + 1z=0), (7.10.6)

where the 1z=0 term accounts for the probability that ψ∗ < 0. By applying (7.10.3), we

obtain that the previous display is

≤
∑
z≥0

P

(
sup
x∈Q

ηr,h([x]) ≥ mr + λ− 2z

)
(P (z ≤ ψ∗ < z + 1) + 1z=0)

≤
∑
z≥0

P
(

max
v∈Vr

ηr,v ≥ mr + λ− 2z

)
(P (z ≤ ψ∗ < z + 1) + 1z=0)

≤
∑

0≤z<λ/2

P
(

max
v∈Vr

ηr,v ≥ mr + λ− 2z

)
(P (z ≤ ψ∗ < z + 1) + 1z=0)

+ P(ψ∗ > λ
2 ).

We now apply (7.3.3) and (7.4.4) to obtain that the previous display is

≤
∑

0≤z<λ/2

(λ− 2z)e−2(λ−2z)e−c(λ−2z)2/rCpe
−cpz2 + Cpe

−cpλ2

≤ Cpλe−2λe−cpλ
2/r.

(recall that the constant Cp is allowed to change from line to line). Thus, from (7.10.6)

and the previous display,

P
(

max
x∈Q

Θr,x −mr ≥ λ
)
≤ Cpλe−2λe−cpλ

2/r. (7.10.7)
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By letting, for x ∈ Q, Φx = E[Θr,x | ∂Q] and Ψx = Θr,x −Φx, we see from (7.1.2) that

(Ψx : x ∈ Q)
law
=
(
Θr−q,g(x) : x ∈ Q

)
, (7.10.8)

where g is the map that stretches Q linearly onto I. Let χ be the (random) point that

maximizes Ψx over x ∈ Q (which exists by Lemma 7.2.3). Using that Φ and Ψ are

independent, we obtain from the previous display

P
(

max
x∈Q

Θr,x ≥ mr + λ

)
≥ P (Ψχ ≥ mr + λ)P (Φχ ≥ 0)

= P
(
Θ∗r−q ≥ mr + λ

)
/2.

From (7.10.7) and the previous display,

P
(
Θ∗r−q ≥ mr + λ

)
≤ Cpλe−2λe−cpλ

2/r.

Since mr = mr−q +O(q), the upper bound in (7.2.3) follows by adjusting the constants

(all of which depend on θ).

Proof of (7.2.3), the lower bound. The proof of (7.2.3) is based on applying Slepian’s

Lemma together with [22, Theorem 1.4]. Let v, w ∈ Vr ∩ Q, and note that h(v) and

h(w) belong to [1/4, 3/4]2. Then, from (7.2.1), (7.3.2) and (7.10.4),

Cov(br(v)Θr+p,h(v), br(w)Θr+p,h(w)) ≤ −q − log ‖v − w‖+ Cθ

≤ − log ‖v − w‖ − C ≤ Cov(ηr,v, ηr,w) (7.10.9)

for q = qθ large enough. The previous display and Slepian’s Lemma imply

P
(

max
v∈Vr∩Q

ηr,v ≥ mr + λ

)
≤ P

(
max

v∈Vr∩Q
br(v)Θr+p,h(v) ≥ mr + λ

)
for all λ ≥ 1. Using (7.10.4), we obtain that the previous display is

≤ P
(

max
v∈Vr∩Q

Θr+p,v ≥ mr + λ

)
≤ P

(
Θ∗r+p ≥ mr + λ

)
for all λ ≥ 1. From the proof of [22, Theorem 1.4], we obtain that there exists a constant

cq ∈ (0,∞) such that, for all λ ∈ [1,
√
r],

P
(

max
v∈Vr∩Q

ηr,v ≥ mr + λ

)
≥ cqλe−2λ.



64

Therefore, from the last three displays,

P
(
Θ∗r+p ≥ mr + λ

)
≥ cqλe−2λ

for all λ ∈ [1,
√
r]. Since mr+p = mr + O(p), the lower bound in (7.2.3) follows by

adjusting the constants (all of which depend on θ).

7.11 Proof of Lemma 7.2.7

Proof of (7.2.4). Using the same arguments that were used in the proof of the upper

bound of (7.2.3), we see from (7.10.6) (and the display that follows it) that

P
(

max
x∈A

Θr,x ≥ mr + λ

)
≤
∑
z≥0

P
(

max
h(A)∩Vr

ηr,v ≥ mr + λ− 2z

)
Cpe

−cpz2

for all λ ∈ R and any closed sub-square A ⊆ Q. Applying (7.3.4), we obtain that the

previous display is

≤
∑
z≥0

|h(A)|1/2 max {λ− 2z, 1} e−2(λ−2z)Cpe
−cpz2 . (7.11.1)

Assume λ ≥ 1. Then, (7.11.1) is

≤ Cp |h(A)|1/2
 ∑

0≤z<λ/2

(λ− 2z)e−2(λ−2z)e−cpz
2

+
∑
z≥λ/2

e−2(λ−2z)e−cpz
2


≤ Cp|h(A)|1/2λe−2λ ≤ Cpeq|A|1/2λe−2λ.

Assume now λ < 1. Then, (7.11.1) is

≤ Cpeq|A|1/2e−2λ
∑
z≥0

e4ze−cpz
2

= Cpe
q|A|1/2e−2λ.

Therefore, the last two displays imply

P
(

max
x∈A

Θr,x ≥ mr + λ

)
≤ Cp,q|A|1/2 max{λ, 1}e−2λ.

By using the same argument as in (7.10.8) and the paragraph that follows it, we obtain

that

P
(

max
x∈g(A)

Θr−q,x ≥ mr + λ

)
≤ Cp,q|g(A)|1/2 max{λ, 1}e−2λ
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where g : Q → I is the concentric map that stretches Q linearly onto I. Since mr =

mr−q + O(q), (7.2.4) follows from the previous display by adjusting the constant Cp,q

(which depends on θ).

7.12 Proof of Lemma 7.2.8

Proof of (7.2.5). For y ∈ Kδ, let βr,y be the harmonic measure on ∂K of a Brownian

motion with initial distribution ρr,y. Then,

Cov(Φr,x,Φr,y) = Cov(E[Θr,x | ∂K],Θr,y) = Cov(X(βr,x), X(ρr,y))

=

∫
∂K

∫
I
GI(u, y + v)θr(v)dv βr,x(du).

Therefore, ∣∣Cov(Φr,x,Φr,y)− Cov(Φr,x,Φr,y′)
∣∣

≤
∫
I

∫
∂K

∣∣GI(u, y + v)−GI(u, y′ + v)
∣∣ θr(v)dv βr,x(du).

But

GI(u, y + v)−GI(u, y′ + v) ≤
∣∣log ‖u− y − v‖ − log ‖u− y′ − v‖

∣∣
+ Eu

[∣∣log ‖WτI − y − v‖ − log ‖WτI − y
′ − v‖

∣∣] ≤ Cδek,
where the last inequality follows from the the same argument as in the proof of (7.2.1).

Proof of (7.2.6). For x ∈ K, let ψr,x = Θr,x−Φr,x. Recall that the fields (Φr,x : x ∈ K)

and (ψr,x : x ∈ K) are independent. Therefore, for all x, y ∈ Kδ,

E
[
(Φr,x − Φr,y)

2
]

= E
[
(Θr,x −Θr,y)

2
]
− E

[
(ψr,x − ψr,y)2

]
.

Applying the self-similarity property (7.1.2) to the previous display,

E
[
(Φr,x − Φr,y)

2
]

= E
[
(Θr,x −Θr,y)

2
]
− E

[
(Θr−k,ekx −Θr−k,eky)

2
]
. (7.12.1)

From (6.1.1) and (6.1.4),

E
[
(Θr,x −Θr,y)

2
]

=
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(GI(x+ u, x+ v) +GI(y + u, y + v)− 2GI(x+ u, y + v)) θr(u)θr(v)dudv

=

∫∫
2 log

(
‖x+ u− y − v‖
‖u− v‖

)
θr(u)θr(v)dudv + (7.12.2)∫∫∫

∂I
(log ‖x+ u− z‖ − log ‖y + u− z‖)(pI(x+ v, z)− pI(y + v, z))dz θr(u)θr(v)dudv,

where pI(x+u, ·) is the density (with respect to the Lebesgue measure) of the harmonic

measure on ∂I of a Brownian motion started at x+u. We study the second term of the

previous display. Note first that there exist constants cδ, Cδ ∈ (0,∞) such that

cδ ≤
∫
∂I(log ‖x+ u− z‖ − log ‖y + u− z‖)(pI(x+ v, z)− pI(y + v, z))dz

−‖x− y‖2
≤ Cδ.

The lower bound on the previous display follows from log and pI being Lipschitz on Iδ

(where the Lipschitz constant depends on δ). The upper bound follows from [4, Display

(3.31)] and [4, Display (3.32)], by increasing the size of the lattice to infinity. From the

last two displays,

cδ ≤
E
[
(Θr,x −Θr,y)

2
]
−
∫∫

2 log
(
‖x+u−y−v‖
‖u−v‖

)
θr(u)θr(v)dudv

−‖x− y‖2
≤ Cδ.

Therefore, from (7.12.1), and applying the previous display on E[(Θr,x−Θr,y)
2] and on

E[(Θr−k,ekx −Θr−k,eky)
2],

cδe
2k‖x− y‖2 ≤ E

[
(Φr,x − Φr,y)

2
]
≤ Cδe2k‖x− y‖2,

as desired.

7.13 Proof of Lemma 7.5.1

Proof of (7.5.2). It is clear that Cov(ξx(t), ξy(t)) ≤ t. In order to prove the lower

bound, note that, for t ≤ sx,y = − log(‖x− y‖∞), we obtain from (7.5.1)

Cov(ξx(t), ξy(t)) = t− (et − 1)‖x− y‖1 +
1

2
(e2t − 1)|x1 − y1||x2 − y2|

≥ t− et‖x− y‖1 ≥ t− esx,y‖x− y‖1 = t− ‖x− y‖1
‖x− y‖∞

≥ t− 2.
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Proof of (7.5.3). Note that, for h ≥ sx,y, we have

(1− eh|x1 − y1|)+(1− eh|x2 − y2|)+ = 0.

Therefore, if t ≥ sx,y,

Cov(ξx(t), ξy(t))− Cov(ξx(sx,y), ξy(sx,y))

=

∫ t

sx,y

(1− eh|x1 − y1|)+(1− eh|x2 − y2|)+dh = 0.

7.14 Proof of Lemma 7.5.2

Proof of (7.5.5). Let A ⊆ I be a sub-square. Note that, for r large enough (depending

on |A|), A∩Vr is a sub-lattice of Vr, and we can cover Vr with O(1/|A|) copies of A∩Vr.
We denote these copies by {Ai}. Since ξv(r) is translation-invariant, the probability

P
(

max
v∈Ai

ξv(r) ≥ mr + λ

)
is the same for each copy Ai. Therefore, a simple union bound implies

P(max
v∈Vr

ξv(r) ≥ mr + λ) ≤ O(1/|A|)P( max
v∈A∩Vr

ξv(r) ≥ mr + λ).

Hence, (7.5.4) implies

c|A|λe−2λ ≤ P
(

max
v∈A∩Vr

ξv(r) ≥ mr + λ

)
,

as desired.



Chapter 8

Asymptotics on the tail

probability

The goal of this chapter is to prove the following strengthening of Lemma 7.2.6, which

will be needed in order to prove Theorem 6.1.1.

Proposition 8.0.1. There exists a constant α∗θ > 0 (depending on θ) and a continuous

function ζ : (0, 1)2 → (0,∞) (not depending on θ) with
∫

(0,1)2 ζ(x)dx = 1, such that, for

any closed square A ⊂ (0, 1)2,

lim
z→∞

lim sup
r→∞

∣∣∣∣z−1e2zP
(

max
x∈A

Θr,x ≥ mr + z

)
− α∗θ

∫
A
ζ(x)dx

∣∣∣∣ = 0.

Remark 8.0.2. As we will see in the proof of Proposition 8.1.7, the function ζ can be

obtained from (8.6.11) by taking the limit there as δ → 0, obtaining

ζ(x) := e2S(x)/

∫
I
e2S(y)dy, (8.0.1)

where S(x) = Ex[log ‖x−Wτ‖] and τ = inf{t ≥ 0 : Wt /∈ I}.

We will present first an outline of the propositions and lemmas needed for the proof

of Proposition 8.0.1, with their proofs being deferred until the end of the chapter.

8.1 Main ideas of the proof of Proposition 8.0.1

Because of Lemma 7.2.7, it is unlikely that the maximum of the MGFF occurs on a

given subset of I whose area is small. Therefore, we will restrict our attention to subsets

68



69

of I that cover most of the area. We proceed to define such a set, Ĩ. At the same time,

we define two collections, B and B̃, of small disjoint (except for the boundary) squares

inside the unit square. These squares will allow us to decompose the MGFF in a tree-like

fashion, using (7.1.1) and (7.1.2).

Let us fix a small δ > 0. We define two functions of z, l = l(z) and l̃ = l̃(z), such

that both l and l − l̃ increase to infinity as z → ∞. For the proofs of this chapter, we

will employ the following restrictions on l and l̃:

l ≥ ez1/20 and l − l̃ ≤ log log(z). (8.1.1)

We next divide I into two collections of sub-squares: B-boxes and B̃-boxes.

Figure 8.1: B-boxes

• The first collection of sub-squares is defined as follows. Set L = e−r+l. Con-

sider the square grid consisting of (b(1 − 2δ)/Lc)2 adjacent closed squares with

side length L, placed inside Iδ so that the left-bottom corner of the grid and the

left-bottom corner of Iδ coincide. The side length e−r+l is chosen so that it de-

creases exponentially as r →∞, together with the support of the mollified of the

MGFF. Note that the grid covers all of Iδ with the possible exception of a band
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of width strictly less than L at the upper and right sides of Iδ. Let B denote

the collection of all (b(1 − 2δ)/Lc)2 squares in the grid. For each B ∈ B, let

Bδ = {x ∈ B : dist(x, ∂B) ≥ δL}. We call B the collection of B-boxes (see Figure

8.1 above).

Figure 8.2: B̃-boxes

• The second collection of sub-squares is defined as follows. Set L̃ = e−r+l̃. Similarly

to the previous definition, for each B ∈ B, consider the square sub-grid consisting

of (b(1 − 2δ)el−l̃c)2 adjacent closed sub-squares with side length L̃, placed inside

Bδ so that the left-bottom corner of the grid and the left-bottom corner of Bδ

coincide. Note that the grid covers all of Bδ with the possible exception of a band

of width strictly less than L̃ at the upper and right sides of Bδ. For each B ∈ B,

let LB be the collection of sub-squares in the sub-grid. Also, let B̃B denote the

collection of squares that are concentric with those in LB, but with side length

(1− 2δ)L̃. Let B̃ =
⋃
B∈B B̃B. We call B̃ the collection of B̃-boxes (see Figure 8.2

above).

• Let Ĩ =
⋃
B∈B

⋃
B̃∈B̃ B̃. For x ∈ Ĩ, let Bx be the B-box containing x, B̃x be the
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B̃-box containing x, and let x̃ be the center of B̃x. Also, let Ξ =
{
x̃ : x ∈ Ĩ

}
be

the collection of center points of the B̃-boxes.

The bottom-left positioning of the grids described above is arbitrary; we choose this

positioning for concreteness. Note that the cardinality of Ξ is O(e2r−2l̃), and the number

of B̃-boxes inside each B-box does not depend on r. Also, note that Ĩ depends on δ,

and, for some absolute constant C > 0, the area of I\Ĩ, is at most Cδ.

We follow the same proof outline as in the proof of [4, Proposition 4.1]. Proposition

8.0.1 easily follows from Lemma 7.2.7 and the following proposition.

Proposition 8.1.1. For all δ > 0 small enough, there exist a constant αδθ > 0 (depend-

ing on δ and θ), a continuous function ζδ : [δ, 1−δ]2 → (0,∞), with
∫

[δ,1−δ]2 ζδ(x)dx = 1,

and a continuous function ζ : (0, 1)2 → (0,∞), with ζδ(x) → ζ(x) uniformly in x on

closed sets as δ → 0 (with neither ζ nor ζδ depending on θ), such that, for any closed

square A ⊆ [δ, 1− δ]2,

lim
z→∞

lim sup
r→∞

∣∣∣∣z−1e2zP
(

max
x∈Ĩ∩A

Θr,x ≥ mr + z

)
− αδθ

∫
A
ζδ(x)dx

∣∣∣∣ = 0.

In order to prove Proposition 8.1.1, we first replace Θr by a simpler field Θ̃r as

follows. For x ∈ Ĩ, and using the notation of Chapter 7, we decompose Θr,x = Θc
r,x+Θf

r,x,

where

Θc
r,x = E [Θr,x | ∂Bx] .

Following [4], we will refer to the fields Θc
r,x and Θf

r,x as the coarse and fine field,

respectively. These fields depend on z via l = l(z) and l̃ = l̃(z), but we keep this

dependence implicit. Note that (7.1.2) implies(
Θf
r,x : x ∈ B

)
law
=
(
Θl,h(x) : x ∈ B

)
, (8.1.2)

where h is the map that stretches B linearly onto I. We define the approximating field

Θ̃r,x = Θc
r,x̃ + Θf

r,x,

which can be viewed as a “semi-discretized” version of Θr. The fields Θr and Θ̃r are

related by:
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Proposition 8.1.2. There exists εz →z→∞ 0 such that, for all closed squares with

non-empty interior A ⊆ [δ, 1− δ]2,

lim sup
z→∞

lim sup
r→∞

P
(
maxx∈Ĩ∩A Θr,x ≥ mr + z

)
P
(

maxx∈Ĩ∩A Θ̃r,x ≥ mr + z − εz
) ≤ 1 (8.1.3)

and

lim inf
z→∞

lim inf
r→∞

P
(
maxx∈Ĩ∩A Θr,x ≥ mr + z

)
P
(

maxx∈Ĩ∩A Θ̃r,x ≥ mr + z + εz

) ≥ 1. (8.1.4)

Assuming Proposition 8.1.2, Proposition 8.1.1 follows from:

Proposition 8.1.3. For all δ > 0 small enough, there exist a constant αδθ > 0 (depend-

ing on δ and θ), a continuous function ζδ : [δ, 1−δ]2 → (0,∞), with
∫

[δ,1−δ]2 ζδ(x)dx = 1,

and a continuous function ζ : (0, 1)2 → (0,∞), with ζδ(x) → ζ(x) uniformly in x on

closed sets as δ → 0 (with neither ζ nor ζδ depending on θ), such that, for any closed

square A ⊆ [δ, 1− δ]2,

lim
z→∞

lim sup
r→∞

∣∣∣∣z−1e2zP
(

max
x∈Ĩ∩A

Θ̃r,x ≥ mr + z

)
− αδθ

∫
A
ζδ(x)dx

∣∣∣∣ = 0.

In order to prove Proposition 8.1.3, we first need some preparation. Recall that

the continuous modified branching random walk (CMBRW) is the centered Gaussian

field (ξx(t) : x ∈ I, t ≥ 0) with covariance structure defined in (7.5.1). For v ∈ Ξ, let

Tv = V ar(Θc
r,v). Fix R = Cδ,θ(l − l̃) large enough (which will be chosen in Proposition

8.1.4). For v ∈ Ξ, define the Brownian motion ξlw
r,v(t) by setting

ξlw
r,v(t) =


√
γv W (t/γv) for t ∈ [0, γv]

√
γv W (1) + ξv(t− γv) for t ∈ [γv, Tv]

,

where γv = Tv − r + l + R, and (W (t) : t ∈ [0, 1]) is an independent Brownian motion,

and define the Brownian motion ξup
r,v(t) by setting

ξup
r,v(t) =

ξv(t+ γv)− ξv(γv) for t ∈ [0, Tv − γv]

ξv(Tv)− ξv(γv) +Wv(t− Tv + γv) for t ∈ [Tv − γv, Tv]
,

where {Wv(t) : v ∈ Ξ} is a family of independent Brownian motions. To simplify some

notation, we let ξr,v = ξv(Tv), ξ
up
r,v = ξup

r,v(Tv) and ξlw
r,v = ξlw

r,v(Tv). The fields ξr,(·), ξ
up
r,(·),

ξlw
r,(·) and Θc

r,(·) are related by:
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Proposition 8.1.4. There exists R = Cδ,θ(l − l̃) such that, for all r large enough

(depending on θ, δ and z) and all v, w ∈ Ξ,

Cov(ξup
r,v, ξ

up
r,w) ≤ Cov(ξr,v, ξr,w) ≤ Cov(ξlw

r,v, ξ
lw
r,w) (8.1.5)

and

Cov(ξup
r,v, ξ

up
r,w) ≤ Cov(Θc

r,v,Θ
c
r,w) ≤ Cov(ξlw

r,v, ξ
lw
r,w). (8.1.6)

Moreover, if v = w, equality holds in (8.1.5) and in (8.1.6).

This last proposition and Slepian’s Lemma imply that, for any closed square A ⊆
[δ, 1− δ]2, both maxx∈Ĩ∩A(ξr,x̃ + Θf

r,x) and maxx∈Ĩ∩A Θ̃r,x (i) are dominated stochasti-

cally by maxx∈Ĩ∩A(ξup
r,x̃ + Θf

r,x), and (ii) dominate stochastically maxx∈Ĩ∩A(ξlw
r,x̃ + Θf

r,x).

Therefore, Proposition 8.1.3 follows from

lim
z→∞

lim sup
r→∞

∣∣∣∣∣∣
P
(

maxx∈Ĩ∩A(ξlw
r,x̃ + Θf

r,x) ≥ mr + z
)

P
(

maxx∈Ĩ∩A(ξup
r,x̃ + Θf

r,x) ≥ mr + z
) − 1

∣∣∣∣∣∣ = 0, (8.1.7)

together with Proposition 8.1.4 and the following proposition.

Proposition 8.1.5. For all δ > 0 small enough, there exist a constant αδθ > 0 (depend-

ing on δ and θ), a continuous function ζδ : [δ, 1−δ]2 → (0,∞), with
∫

[δ,1−δ]2 ζδ(x)dx = 1,

and a continuous function ζ : (0, 1)2 → (0,∞), with ζδ(x) → ζ(x) uniformly in x on

closed sets as δ → 0 (with neither ζ nor ζδ depending on θ), such that, for any closed

square A ⊆ [δ, 1− δ]2,

lim
z→∞

lim sup
r→∞

∣∣∣∣z−1e2zP
(

max
x∈Ĩ∩A

(ξr,x̃ + Θf
r,x) ≥ mr + z

)
− αδθ

∫
A
ζδ(x)dx

∣∣∣∣ = 0.

In order to prove (8.1.7) and Proposition 8.1.5, we define the following sets and

random variables. For v ∈ Ξ, let

Er,v(z) =

{
ξr,v(t) ≤

mr

r
t+ z for all t ∈ [0, Tv], ξr,v + max

x∈B̃v
Θf
r,x ≥ mr + z

}
and, for A ⊆ [δ, 1− δ]2, let

Λr,A(z) =
∑

v∈Ξ∩A
1Er,v(z).

Similarly, define Eup
r,v(z), Λup

r,A(z) and Elw
r,v(z), Λlw

r,A(z) by replacing ξr,v by ξup
r,v and ξlw

r,v,

respectively. The previous definitions are employed in:
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Proposition 8.1.6. For any closed sub-square with nonempty interior A ⊆ [δ, 1− δ]2,

lim
z→∞

lim sup
r→∞

∣∣∣∣∣∣
P
(

maxx∈Ĩ∩A(ξup
r,x̃ + Θf

r,x) ≥ mr + z
)

EΛup
r,A(z)

− 1

∣∣∣∣∣∣ = 0

and

lim
z→∞

lim sup
r→∞

∣∣∣∣∣∣
P
(

maxx∈Ĩ∩A(ξlw
r,x̃ + Θf

r,x) ≥ mr + z
)

EΛlw
r,A(z)

− 1

∣∣∣∣∣∣ = 0.

Since EΛr,A(z) = EΛup
r,A(z) = EΛlw

r,A(z), Proposition 8.1.6 implies (8.1.7). Addition-

ally, Proposition 8.1.5 follows from Proposition 8.1.4, Proposition 8.1.6 and the following

proposition.

Proposition 8.1.7. For all δ > 0 small enough, there exist a constant αδθ > 0 (depend-

ing on δ and θ), a continuous function ζδ : [δ, 1−δ]2 → (0,∞), with
∫

[δ,1−δ]2 ζδ(x)dx = 1,

and a continuous function ζ : (0, 1)2 → (0,∞), with ζδ(x) → ζ(x) uniformly in x on

closed sets as δ → 0 (with neither ζ nor ζδ depending on θ), such that, for any closed

square A ⊆ [δ, 1− δ]2,

lim
z→∞

lim sup
r→∞

∣∣∣∣z−1e2zEΛr,A(z)− αδθ
∫
A
ζδ(x)dx

∣∣∣∣ = 0.

The rest of Chapter 8 is devoted to proving Propositions 8.1.2, 8.1.4, 8.1.6 and

8.1.7. We conclude this section by outlining how these propositions are employed and

comparing them to how similar results are employed in [4].

Proposition 8.1.2 has its analog in [4, Lemma 4.5]; however, the proof in our setting

requires extensive use of Slepian’s Lemma, together with the technique mentioned in

Chapter 6 of adding small patches of Brownian sheet to the field Θ̃. Proposition 8.1.6 has

its analog in [4, Proposition 4.8], although the proof in our setting employs properties

of the CBRW and estimates on the covariance structure of the MGFF. (See Lemmas

8.2.1 and 8.2.3 below.) Proposition 8.1.6 establishes an asymptotic equivalence between

the tail event of the maximum and a first order approximation that employs the events

En,v(z). The proof of Proposition 8.1.6 uses a fairly standard first and second moment

method to find tight bounds on the tail event (see Lemma 8.5.3 and (8.5.16)); we follow

almost verbatim the argument in the proof of [4, Proposition 4.8]. The above Proposition

8.1.7 also has its analog in [4, Proposition 4.12], although, in its proof here, we obtain
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the limit E[Λr,A(z)] as r →∞, with z > 0 fixed (see (8.6.9)). When subsequently taking

the limit of this expectation as z → ∞, we will explicitly employ the term ζδ from the

proposition (see (8.6.11)).

8.2 Preliminary lemmas for the proofs of Chapter 8

We will need the following estimates. Lemma 8.2.1 follows from the self-similarity

property of the MGFF, while Lemma 8.2.3 follows from tight bounds on the Green

functions of the square and a half-plane.

Lemma 8.2.1. There exists a constant Cδ,θ ∈ (0,∞) such that, for all z > 0, all r large

enough (depending on z), and all x, y ∈ Ĩ in the same B-box,∣∣Cov(Θc
r,x,Θ

c
r,y)− r + l

∣∣ ≤ Cδ,θ. (8.2.1)

Moreover, suppose that x, y, y′ belong to the same B-box. Then,∣∣Cov(Θc
r,x,Θ

c
r,y)− Cov(Θc

r,x,Θ
c
r,y′)

∣∣ ≤ Cδ,θer−l‖y − y′‖. (8.2.2)

Proof of Lemma 8.2.1. The proof of (8.2.2) is a straightforward application of (7.2.5).

We now prove (8.2.1). Note that (7.1.1) and (7.1.2) imply

Cov(Θc
r,x,Θ

c
r,y) = Cov(Θr,x,Θr,y)− Cov(Θl,h(x),Θl,h(y)),

where h is the map that stretches B linearly onto I. Applying (7.2.1) to both terms in

the right hand side of the previous display,∣∣∣Cov(Θc
r,x,Θ

c
r,y) + log max{e−r, ‖x− y‖} − log max{e−l, ‖h(x)− h(y)‖}

∣∣∣ ≤ Cδ,θ.
From the definition of a B-box, we obtain that ‖h(x)− h(y)‖ = er−l‖x− y‖. Then, the

previous two displays imply∣∣Cov(Θc
r,x,Θ

c
r,y)− r + l

∣∣ ≤ Cδ,θ,
as desired.

Remark 8.2.2. Note that (8.2.1) implies that Tv := V ar(Θc
r,v) satisfies

|Tv − r + l| ≤ Cδ,θ (8.2.3)

for all v ∈ Ξ.



76

We will also need the following extension of Lemma 7.2.8.

Lemma 8.2.3. There exist constants cδ,θ, Cδ,θ ∈ (0,∞) such that, for all r and l large

enough (depending on δ and θ), and for all x, y ∈ Ĩ in different B-boxes,

E[(Θc
r,x −Θc

r,y)
2] ≥ cδ,θ − Cδ,θ‖x− y‖2 (8.2.4)

and

E[(Θc
r,x −Θc

r,y)
2] ≥ 2 log ‖er−l(x− y)‖ − Cδ,θ. (8.2.5)

Remark 8.2.4. Display (8.2.4) is of interest when x and y are close, and (8.2.5) is of

interest when x and y are far apart.

Proof of Lemma 8.2.3. Note that, by the definition of a B-box, dist(x, ∂Bx) ≥ δe−r+l.

Therefore, (7.1.1) implies that the fine fields restricted to Ĩ on different B-boxes are

independent. Thus,

E[(Θc
r,x −Θc

r,y)
2] = E[(Θr,x −Θr,y)

2]− E[(Θf
r,x)2]− E[(Θf

r,y)
2].

From (7.12.2),

E[(Θr,x −Θr,y)
2] ≥

∫∫
2 log

(
‖x+ u− y − v‖
‖u− v‖

)
θr(u)θr(v)dudv − Cδ,θ‖x− y‖2

≥ 2 log ‖x− y‖ − Cδ,θe−r − 2

∫∫
log ‖u− v‖θr(u)θr(v)dudv − Cδ,θ‖x− y‖2

= 2 log ‖x− y‖ − Cδ,θe−r + 2r − 2

∫∫
log ‖u− v‖θ(u)θ(v)dudv − Cδ,θ‖x− y‖2.

On the other hand, by (6.1.1) and (7.1.2),

E[(Θf
r,x)2] =

∫∫
(− log ‖u− v‖+ Ex

′+u[log ‖x′ + v −WτI‖]) θl(u)θl(v)dudv

= l −
∫∫

log ‖u− v‖θ(u)θ(v)dudv − Cδ,θe−l + Ex
′
[log ‖x′ −WτI‖],

where x′ is the image of x after we map B onto I. By putting together the last two

displays, we obtain

E[(Θr,x −Θr,y)
2] ≥ 2 log ‖er−l(x− y)‖ − Cδ,θe−r + Cδ,θe

−l − Cδ,θ‖x− y‖2

− Ex
′
[log ‖x′ −WτI‖]− Ey

′
[log ‖y′ −WτI‖].
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Display (8.2.5) follows by observing that x′ ∈ Iδ, so ‖x′ −WτI‖ ≥ cδ,θ.
Display (8.2.4) requires a finer analysis. Note that

‖x− y‖ ≥ dist(x, ∂B) + dist(y, ∂B′).

Therefore, recalling that L denotes the side-length of the B-boxes, we obtain

‖x− y‖/L ≥ dist(x′, ∂I) + dist(y′, ∂I),

which implies

2 log(er−l(x− y)) ≥ log(2 dist(x′, ∂I)) + log(2 dist(y′, ∂I)).

The last two displays imply that to prove (8.2.4), it is enough to show there exists

cδ,θ ∈ (0,∞) such that, for any a ∈ Iδ,

log(2 dist(a, ∂I))− Ea[log ‖a−WτI‖] ≥ cδ,θ.

Since the last expression is continuous in a, it is enough to show that, for any a in the

interior of I,

log(2 dist(a, ∂I)) > Ea[log ‖a−WτI‖].

Let M be the line that contains the side of I that is closest to a, and let τM = min{t ≥ 0 :

Wt ∈M}. Note that WτM has a Cauchy distribution on M . Therefore, from [26, 4.295-

7], we deduce that

Ea[log ‖a−WτM ‖] = log(2 dist(a, ∂I)). (8.2.6)

It is therefore enough to show

Ea[log ‖a−WτM ‖] > Ea[log ‖a−WτI‖].

We will do so by using the Green functions GI (of the unit square) and GM (of the

half-space delimited by M). Since they do not exist along the diagonal, we consider

first a small disk D around a. Then,∫
w∈D

Ea[log ‖w −WτM ‖]− Ea[log ‖w −WτI‖] dw

=

∫
w∈D

(GM (a,w)−GI(a,w))dw = Ea
[∫ τM

τI

1D(Wt)dt

]
=

∫
z∈∂I

∫
w∈D

GM (z, w) dw pI(a, z) dz,
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where pI(a, ·) is the harmonic measure on ∂I of a Brownian motion started at a. By

continuity in a of the previous expression, we obtain

Ea[log ‖a−WτM ‖]− Ea[log ‖a−WτI‖] =

∫
z∈∂I

GM (z, a)pI(a, z)dz,

which is strictly positive. This completes the proof of (8.2.4).

8.3 Proof of Proposition 8.1.2

We will first prove the upper bound (8.1.3) by employing Slepian’s Lemma. Since Θ̃r

has a discretized part, we will add patches of Brownian sheet, similarly to what we did

in the proof of (7.2.3).

Let P : Ĩ → [p, p + 1]2 be the map that translates and stretches each B̃ ∈ B̃ onto

[p, p+ 1]2, where p > 0 is a large constant, independent of l and l̃, that will chosen later

(see Claim 8.3.1). For each B̃, define the field(
ψz,x : x ∈ B̃

)
law
:=
(
e(l̃−l)/2φP (x) : x ∈ B̃

)
, (8.3.1)

where φ is the standard Brownian sheet defined in (7.4.1), and assume the collection of

fields
{(
ψz,x : x ∈ B̃

)}
B̃∈B̃

is independent. We will compare the fields

(
Θr,x : x ∈ Ĩ

)
and

(
a′r(x)Θc

r,x̃ + Θf
r,x + ψz,x : x ∈ Ĩ

)
,

where a′r(x) ≥ 0 is defined so that

V ar(Θr,x) = V ar(a′r(x)Θc
r,x̃ + Θf

r,x + ψz,x) (8.3.2)

for all x ∈ Ĩ.

We first prove

Claim 8.3.1. For all p large enough (depending on δ and θ), all z > 0 and all r large

enough (depending on z),

Cov(a′r(x)Θc
r,x̃ + Θf

r,x + ψz,x, a
′
r(y)Θc

r,ỹ + Θf
r,y + ψz,y) ≤ Cov(Θr,x,Θr,y)

for all x, y ∈ Ĩ.
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Proof of Claim 8.3.1. Note that it is enough to prove

Cov(a′r(x)Θc
r,x̃ + ψz,x, a

′
r(y)Θc

r,ỹ + ψz,y) ≤ Cov(Θc
r,x,Θ

c
r,y).

We distinguish three cases:

• Case 1: x and y belong to the same B̃ box. In this case, (7.4.2), (8.2.2) and (8.3.1)

imply

E
[(

Θc
r,x −Θc

r,y

)2] ≤ Cδ,θer−l‖x− y‖ ≤ per−l‖x− y‖1 ≤ E
[
(ψz,x − ψz,y)2

]
≤ E[(a′r(x)Θc

r,x̃ + ψz,x − a′r(y)Θc
r,ỹ − ψz,y)2]

for p = pδ,θ large enough, where the last inequality follows from the independence

between ψz,(·) and Θc
r,(·).

• Case 2: x and y belong to different B̃-boxes but to the same B-box. Then,

Cov(a′r(x)Θc
r,x̃ + ψz,x, a

′
r(y)Θc

r,ỹ + ψz,y) = a′r(x)a′r(y)Cov(Θr,x̃,Θr,ỹ).

It is therefore enough to show

a′r(x)a′r(y) ≤
Cov(Θc

r,x,Θ
c
r,y)

Cov(Θc
r,x̃,Θ

c
r,ỹ)

.

We do this by showing that the right hand side is closer to 1 than the left hand

side. Note that (8.3.2) implies

1− a′r(x)2 = 1−
V ar(Θc

r,x)− V ar(ψz,x)

V ar(Θc
r,x̃)

=
V ar(Θc

r,x̃)− V ar(Θc
r,x) + V ar(ψz,x)

V ar(Θc
r,x̃)

. (8.3.3)

Then, displays (7.4.3) (8.2.1), (8.2.2) and (8.3.1) imply

1− a′r(x)2 ≥
−Cδ,θer−l‖x− x̃‖+ p2el̃−l

r − l + Cδ,θ
≥

(p2 − Cδ,θ)el̃−l

r − l + Cδ,θ
. (8.3.4)

On the other hand, displays (8.2.1) and (8.2.2) imply∣∣∣∣∣Cov(Θc
r,x,Θ

c
r,y)

Cov(Θc
r,x̃,Θ

c
r,ỹ)
− 1

∣∣∣∣∣ =

∣∣∣Cov(Θc
r,x,Θ

c
r,y)− Cov(Θc

r,x̃,Θ
c
n,ỹ)
∣∣∣

Cov(Θc
r,x̃,Θ

c
n,ỹ)

≤
Cδ,θe

l̃−l

r − l − Cδ,θ
.
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The previous two displays imply that for p = pδ,θ large enough,

1− a′r(x)a′r(y) ≥ min{1− a′r(x)2, 1− a′r(y)2} ≥

∣∣∣∣∣Cov(Θc
r,x,Θ

c
r,y)

Cov(Θc
r,x̃,Θ

c
r,ỹ)
− 1

∣∣∣∣∣ ,
as desired.

• Case 3: x and y belong to different B-boxes. Then, since the fine fields are

independent,

Cov(Θc
r,x,Θ

c
r,y) = Cov(Θr,x,Θr,y).

Therefore, it is enough to prove

a′r(x)a′r(y) ≤ Cov(Θr,x,Θr,y)

Cov(Θr,x̃,Θr,ỹ)
.

We proved in Case 2 that

1− a′r(x)a′r(y) ≥
(p2 − Cδ,θ)el̃−l

r − l + Cδ,θ
. (8.3.5)

We therefore study∣∣∣∣Cov(Θr,x,Θr,y)

Cov(Θr,x̃,Θr,ỹ)
− 1

∣∣∣∣ =
|Cov(Θr,x,Θr,y)− Cov(Θr,x̃,Θr,ỹ)|

Cov(Θr,x̃,Θr,ỹ)
.

By (7.2.1), the denominator of the previous display is bounded below by − log ‖x̃−
ỹ‖ − Cδ,θ. On the other hand, the numerator is not greater than

|Cov(Θr,x,Θr,y)− Cov(Θr,x,Θr,ỹ)|+ |Cov(Θr,x,Θr,ỹ)− Cov(Θr,x̃,Θr,ỹ)| .

By (6.1.4),

|Cov(Θr,x,Θr,y)− Cov(Θr,x,Θr,ỹ)|

≤
∫∫
|GI(x+ u, y + v)−GI(x+ u, ỹ + v)| θr(u)θr(v)dudv.

By (6.1.1), we can bound

|GI(x+ u, y + v)−GI(x+ u, ỹ + v)|

≤
∣∣∣∣log
‖x+ u− y − v‖
‖x+ u− ỹ − v‖

∣∣∣∣+ Ex+u

[∣∣∣∣log
‖WτI − y − v‖
‖WτI − ỹ − v‖

∣∣∣∣]
≤ Cδ

‖y − ỹ‖
‖x− y‖

+ Cδ‖y − ỹ‖ ≤ Cδ
‖y − ỹ‖
‖x− y‖

.
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Combining the last four displays, we obtain∣∣∣∣Cov(Θr,x,Θr,y)

Cov(Θr,x̃,Θr,ỹ)
− 1

∣∣∣∣ ≤ Cδ ‖x− x̃‖+ ‖y − ỹ‖
−‖x− y‖(log(‖x− y‖) + Cδ,θ)

.

But, since x and y belong to different B-boxes, we have ‖x− y‖ ≥ δe−r+l. There-

fore, the previous display is

≤ Cδ
el̃−l

r − l − Cδ,θ
.

The previous display and (8.3.5) imply

1− a′r(x)a′r(y) ≥
∣∣∣∣Cov(Θr,x,Θr,y)

Cov(Θr,x̃,Θr,ỹ)
− 1

∣∣∣∣
for p = pδ,θ large enough, completing the proof of Claim 8.3.1.

Slepian’s Lemma and Claim 8.3.1 imply that, for any closed square A ⊆ [δ, 1− δ]2,

P
(

max
x∈Ĩ∩A

Θr,x ≥ mr + λ

)
≤ P

(
max
x∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x + ψz,x

)
≥ mr + λ

)
(8.3.6)

for all λ ∈ R. In order to control the right hand side of (8.3.6), we will need:

Claim 8.3.2. Let a′r(x) be chosen as in Claim 8.3.1. Then, there exists a constant

Cθ ∈ (0,∞) such that, for all r and z large enough (depending on δ and θ),

P
(

max
x∈Ĩ∩A

(a′r(x)Θc
r,x̃ + Θf

r,x) ≥ mr + λ

)
≤ Cθ|A|1/2 max{λ, 1}e−2λ (8.3.7)

for all λ ∈ R and any closed square A ⊆ [δ, 1− δ]2. Moreover, for a fixed closed square

A ⊆ [δ, 1 − δ]2, there exists a constant cδ,θ ∈ (0,∞) such that, for all r large enough

(depending on δ, θ and |A|),

P
(

max
x∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + λ

)
≥ cδ,θ|A|λe−2λ (8.3.8)

for all λ ≥ 1.
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Proof of Claim 8.3.2, Display (8.3.7). The proof of (8.3.7) is analogous to that of (7.2.4).

All we need to check is the analog of Lemma 7.2.1 for the field (a′r(x)Θc
r,x̃+Θf

r,x : x ∈ Ĩ).

Suppose first that x and y belong to the same B-box. Then, displays (8.2.1), (8.3.4),

together with (7.1.2) and (7.2.1), imply

Cov(a′r(x)Θc
r,x̃ + Θf

r,x, a
′
r(y)Θc

r,ỹ + Θf
r,x)

= a′r(x)a′r(y)Cov(Θc
r,x̃,Θ

c
r,ỹ) + Cov(Θf

r,x,Θ
f
r,y)

= (1− O(1)el̃−l

r − l +O(1)
)(r − l +O(1))− log(max{er−l‖x− y‖, e−l}) +O(1)

= − log(max{‖x− y‖, e−r}) +O(1),

where the O(1) terms depend on δ and θ.

Suppose next that x and y belong to different B-boxes. Then,

Cov(a′r(x)Θc
r,x̃ + Θf

r,x, a
′
r(y)Θc

r,ỹ + Θf
r,x) = a′r(x)a′r(y)Cov(Θr,x̃,Θr,ỹ)

= (1− O(1)el̃−l

r − l +O(1)
)(− log ‖x̃− ỹ‖) +O(1)) = − log ‖x̃− ỹ‖+O(1),

where in the last equality we have used that ‖x−y‖ ≥ δe−r+l. Applying basic properties

of log and that ‖x̃−x̃‖ ≤ Cδe−r+l, we obtain | log(‖x−y‖/‖x̃−ỹ‖)| ≤ Cδel̃−l. Therefore,

the previous display is

= − log ‖x− y‖+O(1),

where the O(1) term depends on δ and θ. This proves the analog of (7.2.1).

We next prove the analog of (7.2.2). For points ‖x − y‖ ≤ e−r, we have x̃ = ỹ, so,

by applying (7.2.2),

E[(a′r(x)Θc
r,x̃ + Θf

r,x − a′r(y)Θc
r,ỹ −Θf

r,y)
2]

= (a′r(x)− a′r(y))2V ar(Θc
r,x̃) + E[(Θf

r,x −Θf
r,y)

2]

≤ |a′r(x)2 − a′r(y)2|V ar(Θc
r,x̃) + Cθe

r‖x− y‖.

But, by applying (8.2.2) to (8.3.3), we deduce that

|a′r(x)2 − a′r(y)2|V ar(Θc
r,x̃) ≤ Cδ,θer−l‖x− y‖+ |V ar(ψz,x)− V ar(ψz,y)|.

From the definition of ψz,x in (8.3.1), we can deduce that the previous display is

≤ Cδ,θer−l‖x− y‖ ≤ er‖x− y‖
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for z large enough (depending on δ and θ). Combining the last three displays, we obtain

the analog of (7.2.2) for the field (a′r(x)Θc
r,x̃ + Θf

r,x : x ∈ Ĩ). Therefore, the analog of

Lemma 7.2.1 holds, as desired.

Proof of Claim 8.3.2, (8.3.8). Let q be a large constant that we will choose below. We

will compare the fields(
a′r(x)Θc

r,x̃ + Θf
r,x : x ∈ A ∩ Vr−2q

)
and (b(x)ξxe−q(r − q) : x ∈ A ∩ Vr−2q)

where br(x) ≥ 0 is defined so that

V ar(a′r(x)Θc
r,x + Θf

r,x) = V ar(br(x)ξxe−q(r − q)).

It follows from (8.3.2) and the definition of the CMBRW that, for q large enough (de-

pending on δ and θ), we have br(x) ≥ 1 for all x ∈ A ∩ Vr−2q.

We compare the covariance of the previous fields. From the proof of (8.3.7), we

obtain that, for different points x, y ∈ A ∩ Vr−2q,

Cov(a′r(x)Θc
r,x̃ + Θf

r,x, a
′
r(y)Θc

r,ỹ + Θf
r,y) ≤ − log ‖x− y‖+ Cδ,θ.

Then, from (7.5.2) and (7.5.3), we obtain that, for q large enough (depending on δ and

θ), the previous display is

≤ − log ‖xe−q − ye−q‖ − 2 ≤ Cov(ξxe−q(r − q), ξye−q(r − q)).

Therefore, by using Slepian’s Lemma, we obtain

P
(

max
x∈A∩Vr−2q

a′r(x)Θc
r,x̃ + Θf

r,x ≥ mr + λ

)
≥ P

(
max

x∈A∩Vr−2q

b(x)ξxe−q(r − q) ≥ mr + λ

)
≥ P

(
max

x∈(e−qA)∩Vr−q
b(xeq)ξx(r − q) ≥ mr + λ

)
.

Since b(xeq) ≥ 1, we obtain that this is

≥ P
(

max
x∈(e−qA)∩Vr−q

ξx(r − q) ≥ mr + λ

)
.
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But mr = mr−q +O(q), so the previous display is

≥ P
(

max
x∈(e−qA)∩Vr−q

ξx(r − q) ≥ mr−q + λ+O(q)

)
.

By (7.5.5), the previous display is greater than cδ,θ|A|λe−2λ, as desired.

We are now ready to prove Proposition 8.1.2.

Proof of (8.1.3). For v ∈ Ξ, let ψ∗z,v = supx∈B̃v ψz,x. Define also, for integers y ≥ 1 and

for a closed square A ⊆ [δ, 1−δ]2, the random sets ΓA(y) = {x ∈ Ĩ∩A : ψ∗z,x̃ ∈ [y−1, y)}.
Then,

P
(

max
x∈Ĩ∩A

(
ar(x)Θc

r,x̃ + Θf
r,x + ψ∗z,x̃

)
≥ mr + z

)
(8.3.9)

≤ P
(

max
x∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

)
+
∑
y≥1

P
(

max
x∈ΓA(y)

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z − y

)
.

The independence of Θr,(·) and the random sets ΓA(y), together with (8.3.7) implies

that the previous display is

≤ P
(

max
x∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

)
+ Cθze

−2z
∑
y≥1

E[|ΓA(y)|]1/2e2y

But (7.4.4) and (8.3.1) imply that P
(
ψ∗z,v ≥ λ

)
≤ Cp exp(−cpel−l̃λ2). Therefore, the

previous display is

≤ P
(

max
x∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

)
+ Cθ|A|1/2ze−2z

∑
y≥1

Cp exp(−cpel−l̃y2 + 2y). (8.3.10)

Dividing this by P
(

maxx∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

)
and using both (8.3.6) and

(8.3.8), we obtain

P
(
maxx∈Ĩ∩A Θr,x ≥ mr + z

)
P
(

maxx∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

)
≤ 1 + Cδ,θ,A

∑
y≥1

Cp exp(−cpel−l̃y2 + 2y).
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The right hand side of the previous display converges to 1 as z →∞, because l− l̃→∞
as z →∞. Therefore,

lim sup
z→∞

lim sup
r→∞

P
(
maxx∈Ĩ∩A Θr,x ≥ mr + z

)
P
(

maxx∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

) ≤ 1. (8.3.11)

In order to finish the proof of (8.1.3), we must choose εz → 0 such that

lim sup
z→∞

lim sup
r→∞

P
(

maxx∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

)
P
(

maxx∈Ĩ∩A Θ̃r,x ≥ mr + z − εz
) ≤ 1. (8.3.12)

Note that

P
(

max
x∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

)
≤ P

(
max
x∈Ĩ∩A

(
Θc
r,x̃ + Θf

r,x

)
≥ mr + z − εz

)
+ P

(
min
x∈Ĩ∩A

(
1− a′r(x)

)
Θc
r,x̃ ≤ −εz

)
.

Dividing by the left hand side of the previous display and using (8.3.8), we obtain

1 ≤
P
(

maxx∈Ĩ∩A

(
Θc
r,x̃ + Θf

r,x

)
≥ mr + z − εz

)
P
(

maxx∈Ĩ∩A

(
a′r(x)Θc

r,x̃ + Θf
r,x

)
≥ mr + z

)
+

P
(

minx∈Ĩ∩A (1− a′r(x)) Θc
r,x̃ ≤ −εz

)
cδ,θ,Aze−2z

.

It is therefore enough to show that the second term in the right hand side of the

previous display goes to 0 as r → ∞. Applying (7.4.3), (8.2.1), (8.2.2) and (8.3.1) to

(8.3.3) and using that p = pδ,θ depends only on δ and θ, we obtain

1− a′r(x)2 ≤
Cδ,θe

l̃−l

r − l − Cδ,θ
.

Since 0 ≤ a′r(x) ≤ 1, it follows that

1− a′r(x) ≤
Cδ,θe

l̃−l

r − l − Cδ,θ
.
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Therefore,

P
(

min
x∈Ĩ∩A

(1− a′r(x))Θc
r,x̃ ≤ −εz

)
≤ P

(
min
v∈Ξ∩A

Θc
r,v ≤ −cδ,θ(r − l − Cδ,θ)el−l̃εz

)
(8.3.13)

≤
∑

v∈Ξ∩A
P
(

Θc
r,v ≤ −cδ,θ(r − l − Cδ,θ)el−l̃εz

)
.

From (8.2.3) and using |Ξ ∩A| ≤ O(|A|e2r−2l̃), this is

≤ C|A|e2r−2l̃ exp

(
−cδ,θ

(r − l − Cδ,θ)2

(r − l + Cδ,θ)
e2l−2l̃ε2z

)
.

Therefore, if we choose εz so that cδ,θe
l−l̃εz =

√
3, we obtain that the previous display

goes to 0 as r → ∞, as desired. Note that, since l − l̃ → ∞, then εz → 0 as z → ∞.

This concludes the proof of (8.1.3).

We will now prove the second half of Proposition 8.1.2, the lower bound (8.1.4). Let

(ψz,v : v ∈ Ξ) be a collection of centered Gaussian variables with variance pel̃−l, where

p > 0 is a large constant that will be chosen later (see (8.3.14)). We will compare the

fields (
Θ̃r,x : x ∈ Ĩ

)
and

(
br(x)Θc

r,x + Θf
r,x + ψz,x̃ : x ∈ Ĩ

)
,

where br(x) is defined so that

V ar(Θ̃r,x) = V ar(br(x)Θc
r,x + Θf

r,x + ψz,x̃)

for all x ∈ Ĩ.

Proof of (8.1.4). A proof analogous to that of Claim 8.3.1 shows that, for p large enough

(depending on δ and θ),

Cov(br(x)Θc
r,x̃ + ψz,x̃, br(y)Θc

r,ỹ + ψz,ỹ) ≤ Cov(Θ̃r,x, Θ̃r,y). (8.3.14)

for all x, y ∈ Ĩ ∩A. Therefore, Slepian’s Lemma implies

P
(

max
x∈Ĩ∩A

Θ̃r,x ≥ λ
)
≤ P

(
max
x∈Ĩ∩A

(br(x)Θc
r,x + Θf

r,x + ψz,x̃) ≥ λ
)



87

for all λ ∈ R. As in the proof of (8.1.3), using the argument starting in (8.3.9) and

ending in (8.3.11), we obtain

lim sup
z→∞

lim sup
r→∞

P
(

maxx∈Ĩ∩A Θ̃r,x ≥ mr + z
)

P
(

maxx∈Ĩ∩A(br(x)Θc
r,x + Θf

r,x) ≥ mr + z
) ≤ 1.

We therefore show, for some εz →z→∞ 0,

lim sup
z→∞

lim sup
r→∞

P
(

maxx∈Ĩ∩A(br(x)Θc
r,x + Θf

r,x) ≥ mr + z
)

P
(
maxx∈Ĩ∩A Θr,x ≥ mr + z − εz

) ≤ 1.

As in the proof of (8.1.3), using the argument starting in (8.3.12) and ending in

(8.3.13), we deduce that it is enough to show that

P
(

max
x∈Ĩ∩A

Θc
r,x ≥ cδ,θ(r − l − Cδ,θ)el−l̃εz

)
goes to 0 as n→∞. But the previous display is

≤
∑

v∈Ξ∩A
P
(

max
x∈B̃v

Θc
r,x ≥ cδ,θ(r − l − Cδ,θ)el−l̃εz

)
. (8.3.15)

Fernique’s Majorizing Criterion (see [8, Theorem 4.1]) and (8.2.2) imply

E
[

max
x∈B̃v

Θc
r,x

]
≤ C

∫ ∞
0

√
− log

(
cδ,θr4e2l−2l̃

)
dr = Cδ,θe

(l−l̃)/2.

Therefore, Borell’s Inequality (see [8, Theorem 2.1]) and (8.2.3) imply

P
(

max
x∈B̃v

Θc
r,x ≥ cδ,θ(r − l − Cδ,θ)el−l̃εz

)
= P

(
max
x∈B̃v

Θc
r,x ≥ cδ,θ(r − l − Cδ,θ)el−l̃εz − Cδ,θe(l−l̃)/2 + Cδ,θe

(l−l̃)/2
)

≤ C exp
(
−(cδ,θ(r − l − Cδ,θ)el−l̃εz − Cδ,θe(l−l̃)/2)2/(r − l + Cδ,θ)

)
.

By choosing εz → 0 so that cδ,θe
l−l̃εz =

√
3, the previous display is

≤ Cδ,θe−3rf(z)

for some function f(z) of z. This display, combined with (8.3.15), implies

P
(

max
x∈Ĩ∩A

Θc
r,x ≥ cδ,θ(r − l − Cδ,θ)el−l̃εz

)
≤ Cδ,θ|Ξ ∩A|e−3rf(z)

≤ Cδ,θ|A|e2r−2l̃e−3rf(z),

which goes to 0 as r →∞. This concludes the proof of (8.1.4).
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8.4 Proof of Proposition 8.1.4

The proof of the first inequality (8.1.5) only involves rough estimates on the covariance

of the CMBRW, and it is therefore simpler than the proof of (8.1.6), which requires

Lemma 8.2.3.

Proof of (8.1.5). By the definition of ξup
r,(·),

Cov(ξup
r,v, ξ

up
r,w) = Cov(ξv(Tv)− ξv(γv), ξw(Tw)− ξw(γw))

= Cov(ξv(Tv), ξv(Tw))− Cov(ξv(γv), ξw(γw)) ≤ Cov(ξr,v, ξr,w),

proving the lower bound of (8.1.5). For the proof of the upper bound, assume without

losing generality that Tv ≤ Tw. Note that for R = Cδ,θ(l − l̃) and r large enough

(depending on δ, θ and z), we have r − l −R ≤ Tv. Then,∫ Tv

r−l−R
(1− er|v1 − w1|)+(1− er|v2 − w2|)+dr ≤ Tv − r + l +R = γv ≤

√
γvγw.

Therefore, from the definition of ξlw
r,(·), we obtain

Cov(ξlw
r,v, ξ

lw
r,w) =

√
γv, γw + Cov(ξv(r − l −R), ξw(r − l −R))

≥ Cov(ξv(Tv), ξw(Tw)),

as desired.

Proof of (8.1.6), the lower bound. We distinguish two cases:

• Case 1: v and w belong to the same B-box. Then, by (8.2.1),

Cov(Θc
r,v,Θ

c
r,w) ≥ r − l − Cδ,θ.

On the other hand, from (7.5.1) and (7.5.2),

Cov(ξup
r,v, ξ

up
r,w)

= Cov(ξr,v − ξv(γv) +Wv(γv), ξr,w − ξw(γw) +Ww(γw))

= Cov(ξr,v, ξr,w)− Cov(ξv(γv), ξw(γw)) ≤ r − l −R+ Cδ,θ

≤ r − l − Cδ,θ.

for R = Cδ,θ(l − l̃) large enough.
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• Case 2: v and w belong to different B-boxes. In this case, (7.2.1) implies

Cov(Θc
r,v,Θ

c
r,w) = Cov(Θr,v,Θr,w) ≥ − log ‖v − w‖ − Cδ,θ.

On the other hand, if we let s = − log ‖x− y‖∞,

Cov(ξup
r,v, ξ

up
r,w) = Cov(ξv(s), ξw(s))− Cov(ξv(γv), ξw(γw))

≤ s−R+ Cδ,θ ≤ − log ‖v − w‖ − Cδ,θ

for R = Cδ,θ(l − l̃) large enough.

Proof of (8.1.6), the upper bound. Note that, by definition,

E
[(
ξlw
r,v − ξlw

r,w

)2
]

= E
[
(ξv(r − l −R)− ξw(r − l −R))2

]
+
(√

Tv − r + l +R−
√
Tw − r + l +R

)2
.

Let s = min{r − l −R,− log ‖v − w‖∞}. Then, by (7.5.1),

E
[
(ξv(r − l −R)− ξw(r − l −R))2

]
= 2(r − l −R)− 2

∫ s

0
(1− er|v1 − w1|)(1− er|v2 − w2|)dr

≤ 2(r − l −R− s) + 2‖v − w‖1es.

On the other hand, using (8.2.3),(√
Tv − r + l +R−

√
Tw − r + l +R

)2
≤ Cδ,θ(Tv − Tw)2/R.

Combining the last three displays, we obtain:

E
[(
ξlw
r,v − ξlw

r,w

)2
]
≤ 2(r − l −R− s) + 2‖v − w‖1es + Cδ,θ(Tv − Tw)2/R. (8.4.1)

We now distinguish four cases, according to the positions of v and w:

• Case 1: v and w belong to the same B-box. Then, ‖v−w‖∞ ≤ L, so s = r− l−R.

Therefore, (7.2.5) and (8.4.1) imply

E
[(
ξlw
r,v − ξlw

r,w

)2
]
≤ C‖v − w‖er−l−R + Cδ,θ‖v − w‖2e2r−2l/R.
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On the other hand, by (7.2.6),

E
[(

Θc
r,v −Θc

r,w

)2] ≥ cδ,θ‖v − w‖2e2r−2l

Therefore, a sufficient condition for

E
[(
ξlw
r,v − ξlw

r,w

)2
]
≤ E

[(
Θc
r,v −Θc

r,w

)2]
is

C‖v − w‖er−le−R ≤ cδ,θ‖v − w‖2e2r−2l.

Since v and w belong to Ξ, their distance is at least e−r+l̃. Therefore, a sufficient

condition for the previous inequality is

R = Cδ,θ(l − l̃).

The previous choice of R depends only on z, δ and θ, as desired.

• Case 2: v and w belong to different B-boxes, but ‖v − w‖ ≤ e−r+l+R/2. Then,

s = r − l −R and we obtain from (8.4.1)

E
[(
ξlw
r,v − ξlw

r,w

)2
]
≤ Ce−R/2 + Cδ,θ/R

which is smaller than

cδ,θ ≤ E[(Θc
r,v −Θc

r,w)2]

for R large enough, with the last display following from (8.2.4).

• Case 3: v and w satisfy e−r+l+R/2 ≤ ‖v−w‖ ≤ e−r+l+R. We still have s = r−l−R,

so (8.2.3) and (8.4.1) imply

E
[(
ξlw
r,v − ξlw

r,w

)2
]
≤ Cδ,θ.

On the other hand, (8.2.5) implies that, for R large enough,

E[(Θr,v −Θr,w)2] ≥ R/2 ≥ Cδ,θ,

as desired.
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• Case 4: ‖v − w‖ ≥ e−r+l+R. In this case, s = − log ‖v − w‖∞, so

Cov(ξlw
r,v, ξ

lw
r,w) ≥ √γvγw +

∫ s

0
(1− er|v1 − w1|)(1− er|v2 − w2|)dr

≥ R− Cδ,θ − log ‖v − w‖∞.

On the other hand, since v and w belong to different B-boxes,

Cov(Θc
r,v,Θ

c
r,w) = Cov(Θr,v,Θr,w),

and (7.2.1) implies

Cov(Θr,v,Θr,w) ≤ − log ‖v − w‖+ Cδ,θ.

Therefore, the desired inequality follows from the previous three displays by taking

R large enough (with R depending on δ and θ).

8.5 Proof of Proposition 8.1.6

In order to prove Proposition 8.1.6, we will first prove a series of properties of the

events Er,v(z) and the random variables Λr,A(z) defined in Section 8.1. We will need

the following estimate, whose proof is almost verbatim that of [4, Lemma 4.9].

Lemma 8.5.1. There exist constants cδ,θ, Cδ,θ ∈ (0,∞) and r0 = rδ,θ,z ≥ 1 such that,

for any B̃1 6= B̃2, any λ1, λ2 ≥ 1 and any r ≥ r0,

P
(

max
x∈B̃1

Θf
r,x ≥ l

mr

r
+ λ1,max

x∈B̃2

Θf
r,x ≥ l

mr

r
+ λ2

)
≤ Cδ,θeCδ,θ(l−l̃)l−3(λ1 + log l)(λ2 + log l)e−2(λ1+λ2)e−cδ,θ(λ21+λ22)/l. (8.5.1)

Moreover, for λ ≥ − log l + 1,

P
(

max
x∈B̃1

Θf
r,x ≥ l

mr

r
+ λ

)
≤ Cδ,θeCδ,θ(l−l̃)l−3/2(λ+ log l)e−2λe−cδ,θλ

2/l. (8.5.2)
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Proof of Lemma 8.5.1. We give a proof of (8.5.1); the proof of (8.5.2) is similar, but

simpler. For i = 1, 2, let B̂i be a box of side length (1− δ)e−r+l̃ that is concentric with

B̃i, and note that B̃i ⊂ B̂i. For x ∈ B̃i, let

Φr,x = E[Θf
r,x | ∂B̂i] and Ψx,r = Θf

r,x − Φr,x.

Then, from (7.2.6),

E
[
(Φr,x − Φr,y)

2
]
≤ Cδ,θ‖x− y‖2e2r−2l̃.

An application of Fernique’s Majorizing Criterion and the previous display imply that,

for i = 1, 2,

E[Φ(i)
r ] ≤ Cδ,θ,

where Φ
(i)
r = maxx∈B̃i Φr,x. Furthermore, by the same argument as in the proof of

(8.2.1), we see that

max
x∈B̃1∪B̃2

V ar(Φr,x) ≤ l − l̃ + Cδ,θ.

Therefore, the last two displays and Borell’s Inequality imply that there exist constants

cδ,θ, Cδ,θ ∈ (0,∞) such that, for i = 1, 2,

P(Φ(i)
r ≥ λ− 1) ≤ Cδ,θe−cδ,θλ

2/(l−l̃) (8.5.3)

for all λ ≥ 0. We can now find the upper bound (8.5.1) as follows

P
(

max
x∈B̃1

Θf
r,x ≥ l

mr

r
+ λ1,max

x∈B̃2

Θf
r,x ≥ l

mr

r
+ λ2

)
≤ C

∫ ∞
0

max
i=1,2

P
(

Φ(i)
r ≥ λ− 1

)
P
(

max
x∈B̂1

Ψr,x ≥ l
mr

r
+ λ1 − λ

)
× P

(
max
x∈B̂2

Ψr,x ≥ l
mr

r
+ λ2 − λ

)
dλ

= C

∫ ∞
0

max
i=1,2

P
(

Φ(i)
r ≥ λ− 1

)
× P

(
max
x∈B̂1

Ψr,x ≥ ml + 3
4 log(l) + λ1 − λ+O(l log(r)/r)

)
× P

(
max
x∈B̂2

Ψr,x ≥ ml + 3
4 log(l) + λ2 − λ+O(l log(r)/r)

)
dλ,
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where the last equality follows because l mr/r = ml+
3
4 log(l)+O(l log(r)/r). By (8.5.3),

and by applying (7.1.2) and (7.2.3) to the MGFF Ψr,x in the boxes B̂i, we obtain that

the previous display is

≤ Cδ,θ
∫ ∞

0
e−cδ,θλ

2/(l−l̃)l−3(λ1 + log l)(λ2 + log l)

× e−2(λ1+λ2−2λ)e−cδ,θ((λ1−λ)2+(λ2−λ)2)/ldλ

≤ Cδ,θeC(l−l̃)l−3(λ1 + log l)(λ2 + log l)e−2(λ1+λ2)e−cδ,θ(λ21+λ22)/l,

as desired.

In order to study Er,v(z) and Λr,A(z), we define the following auxiliary sets. For

v ∈ Ξ, let

Dr,v(z) = {ξr,v(t) ≤
mr

r
t+ z + z1/20

+ 10 log+(min{t, Tv − t}) for all t ∈ [0, Tv]},

Fr,v(z) = Dr,v ∩ {ξr,v + max
x∈B̃v

Θf
r,x ≥ mr + z}

and

Gr(z) =
⋃
v∈Ξ

Dr,v(z)
c,

where (·)c means complement. We also define, for A ⊆ [δ, 1− δ]2, the random variables

Γr,A(z) =
∑

v∈Ξ∩A
1Fr,v(z).

Similarly, we define Dup
r,v(z), F

up
r,v (z), Gup

r (z), Γup
r,A(z), Dlw

r,v(z), F
lw
r,v(z), G

lw
n (z) and

Γlw
r,A(z). An application of Slepian’s Lemma and [4, Lemma 3.7] imply that there exist

constants cδ,θ, Cδ,θ, γ ∈ (0,∞) such that, for all r large enough,

P (Gup
r (z)) ≤ Cδ,θze−2(z+zγ)e−cδ,θz

2/r, (8.5.4)

where the argument to prove the previous display is analogous to that of the proof

of [4, Display (4.50)].

Using Lemma 8.5.1 and (8.5.4), we can show that Λr,A(z) and Γr,A(z) have asymptot-

ically the same expectation, which is an important property necessary to prove Propo-

sition 8.1.6. The following proof is almost verbatim that of [4, Lemma 4.10].
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Lemma 8.5.2. For any closed sub-square with nonempty interior A ⊆ [δ, 1− δ]2,

lim
z→∞

lim sup
r→∞

∣∣∣∣EΛr,A(z)

EΓr,A(z)
− 1

∣∣∣∣ = 0.

Proof of Lemma 8.5.2. For v ∈ Ξ ∩ A and t ∈ [0, Tv], let ξ̄r,v(t) = ξr,v(t)− mr
r t. Define

the probability measure Q by

dP
dQ

= exp

(
−mr

r
ξ̄r,v(Tv)−

m2
r

2r2
Tv

)
,

and note that, by Girsanov’s Theorem, the process ξ̄r,v(t) is a standard Brownian motion

under Q. Define the probability densities µv = µr,v,z and µ̂v = µ̂r,v,z on R by

µv(y) = Q
(
ξ̄r,v(Tv) ∈ dy, ξ̄r,v(t) ≤ z for all t ∈ [0, Tv]

)
/dy

and

µ̂v(y) = Q(ξ̄r,v(Tv) ∈ dy, ξ̄r,v(t) ≤ z + z1/20

+ 10 log+(min{t, Tv − t}) for all t ∈ [0, Tv])/dy.

Then, conditioning on the value of ξ̄r,v(Tv), we obtain

P (Fr,v(z)\Er,v(z))

=

∫ z+z1/20

0
exp

(
−mr

r
y − m2

r

2r2
Tv

)
µ̂v(y)

× P
(

max
x∈B̃v

Θf
r,x ≥

mr

r
(r − Tv) + z − y

)
dy

+

∫ 0

−∞
exp

(
−mr

r
y − m2

r

2r2
Tv

)
(µ̂v(y)− µv(y))

× P
(

max
x∈B̃v

Θf
r,x ≥

mr

r
(r − Tv) + z − y

)
dy

=: I1 + I2.

We first bound I1. By (8.2.3),

P
(

max
x∈B̃v

Θf
r,x ≥

mr

r
(r − Tv) + z − y

)
≤ P

(
max
x∈B̃v

Θf
r,x ≥

mr

r
l + z − y − Cδ,θ

)
.

Applying (8.5.2), we obtain that the previous display is

≤ Cδ,θeCδ,θ(l−l̃)l−3/2(z − y + log l)e−2(z−y)e−cδ,θ(z−y)2/l.
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Therefore,

I1 ≤ Cδ,θeCδ,θ(l−l̃)l−3/2

×
∫ z+z1/20

0
exp

(
−mr

r
y − m2

r

2r2
Tv

)
µ̂v(y)(z − y + log l)e−2(z−y)e−cδ,θ(z−y)2/ldy

≤ Cδ,θeCδ,θ(l−l̃)l−3/2

×
∫ z+z1/20

0
e−(2−O( log r

r
))ye−2TvT 3/2

v µ̂v(y)(z − y + log l)e−2(z−y)e−cδ,θ(z−y)2/ldy.

But, by [4, Lemma 3.6], we know that µ̂v(y) ≤ Cz(z + z1/20 − y)T
−3/2
v . Therefore, the

previous display is

≤ Cδ,θeCδ,θ(l−l̃)l−3/2ze−2ze−2Tv

×
∫ z+z1/20

0
eO( log r

r
)y(z + z1/20 − y)(z − y + log l)e−cδ,θ(z−y)2/ldy

≤ Cδ,θeCδ,θ(l−l̃)l−3/2z3e−2ze−2r+2l(z + log l). (8.5.5)

On the other hand, [4, Lemma 3.6] implies that there exists δz → 0 as z →∞ such

that

(µ̂v(y)− µv(y)) ≤ δzµv(y)

for all y ≤ 0. Therefore,

I2 ≤ δzP(Er,v(z)). (8.5.6)

Together, (8.5.5) and (8.5.6) imply

P (Fr,v(z)\Er,v(z)) ≤ Cδ,θeCδ,θ(l−l̃)l−3/2z3e−2ze−2r(z + log l) + δzP(Er,v(z)).

Adding the previous display over all v ∈ Ξ ∩A, and using that the cardinality of Ξ ∩A
is of the order of |A|e2r−2l̃ (where |A| is the Lebesgue measure of A), we obtain

E[Γr,A(z)]− E[Λr,A(z)] ≤ Cδ,θeCδ,θ(l−l̃)l−3/2z3e−2z(z + log l)|A|+ δzE[Λr,A(z)].

Dividing the previous display by E[Γr,A(z)], we obtain

1− (1 + δz)
E[Λr,A(z)]

E[Γr,A(z)]
≤ Cδ,θeCδ,θ(l−l̃)l−3/2z3e−2z(z + log l)|A|/E[Γr,A(z)]. (8.5.7)
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In order to finish this upper bound, we show that there exists a constant cδ,θ ∈ (0,∞)

such that E [Γr,A(z)] ≥ cδ,θ|A|ze−2z, and we argue as follows. First, set A = Iδ. A

straightforward decomposition shows that

P
(

max
x∈Ĩ

(ξup
r,x̃ + Θf

r,x) ≥ mr + z

)
≤ P (Gup

r (z)) + E[Γup
r,Iδ

(z)].

Applying Lemma 7.2.6, Propositions 8.1.2 and 8.1.4 and display (8.5.4) to the previous

display, we obtain, for some small absolute constant γ > 0,

cδ,θze
−2z ≤ Cδ,θze−2(z+zγ) + E[Γup

r,Iδ
(z)].

So, for z large enough (depending on δ and θ), we obtain

cδ,θze
−2z ≤ E[Γup

r,Iδ
(z)] = E[Γr,Iδ(z)].

Consider two B-boxes B1 and B2. Since the CMBRW ξr,v is translation invariant

and the fine field Θf
r,x is identical for different B-boxes, it follows that

Γr,B1(z)
law
= Γr,B2(z).

This implies that, for any B-box, E[Γr,B(z)] = E[Γr,Iδ(z)]/|B|, where B is the collection

of all B-boxes. Therefore,

E[Γr,A(z)] ≥ #{B ∈ B : B ⊂ A}
|B|

E[Γr,Iδ(z)] ≥ |A|cδ,θze
−2z. (8.5.8)

Applying the last inequality in (8.5.7), we obtain

1− (1 + δz)
E[Λr,A(z)]

E[Γr,A(z)]
≤ Cδ,θeCδ,θ(l−l̃)l−3/2z2(z + log l).

A pair of sufficient conditions for the right hand side of the previous display to converge

to 0 as z → ∞ are given by (8.1.1). Therefore, using the trivial inequality Λr,A(z) ≤
Γr,A(z), the previous display implies

lim
z→∞

lim sup
r→∞

∣∣∣∣1− E[Λr,A(z)]

E[Γr,A(z)]

∣∣∣∣ = 0,

as desired.
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We now study the second moment of Λlw
r,A(z) and show that it is asymptotically equal

to its first moment. Together, Lemmas 8.5.2 and 8.5.3 are the essential tools employed

in the first and second moment method that we use to prove Proposition 8.1.6. The

proof of Lemma 8.5.3 is almost verbatim that of [4, Lemma 4.11].

Lemma 8.5.3. For any closed sub-square with nonempty interior A ⊆ [δ, 1− δ]2,

lim
z→∞

lim sup
r→∞

∣∣∣∣∣∣
E
[
(Λlw

r,A(z))2
]

E
[
Λlw
r,A(z)

] − 1

∣∣∣∣∣∣ = 0.

Proof of Lemma 8.5.3. Note that

E
[
(Λlw

r,A(z))2
]

E
[
Λlw
r,A(z)

] − 1 =

∑
v,w∈Ξ∩A,v 6=w P(Elw

r,v(z) ∩ Elw
r,w(z))

E[Λlw
r,A(z)]

. (8.5.9)

We will find an upper bound for the right hand side of (8.5.9). We know from Lemma

8.5.2 and (8.5.8) that

lim sup
z→∞

lim sup
r→∞

|A|ze−2z

E[Λlw
r,A(z)]

≤ Cδ,θ. (8.5.10)

Therefore, it suffices to find an upper bound for P(Elw
r,v(z) ∩ Elw

r,w(z)) for v 6= w. Let

ξ̄lw
r,v(t) = ξlw

r,v(t)− mr
r t and s = − log ‖v−w‖∞+R+Cδ,θ. Note that (ξ̄lw

r,v(t)− ξ̄lw
r,v(s)) and

(ξ̄lw
r,w(t) − ξ̄lw

r,w(s)) are independent for t ≥ s. We distinguish three cases: (i) s ≤ z/3,

(ii) z/3 ≤ s ≤ r − l − z/3 and (iii) z/3 ≥ r − l − z/3.

• Case (i): s ≤ z/3. Note that, in this case, v and w belong to different B-boxes.

Therefore,

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤
∑

−∞<x,y≤z
pv(x)pw(y)

× P(ξ̄lw
r,v(t) ≤ z for all t ∈ [0, s], ξ̄lw

r,v(s) ∈ [x− 1, x], ξ̄lw
r,v(s) ∈ [y − 1, y]),

(8.5.11)

where we define pv(x) as the supremum over γ ∈ [x− 1, x] of

P(ξ̄lw
r,v(t) ≤ z − γ for all t ∈ [0, Tv − s], ξ̄lw

r,v(Tv − s) + Θf,∗
r,v ≥ l

mr

r
+ z − γ),
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and Θf,∗
r,v := maxv′∈B̃v Θf

r,v′ . By decomposing according to the value of ξ̄lw
r,v(Tv−s),

we obtain

pv(x) ≤
∑
x′≤z

p′v(x
′)×

P(ξ̄lw
r,v(t) ≤ z − x for all t ∈ [0, Tv − s], ξ̄lw

r,v(Tv − s) ∈ [x′ − x− 1, x′ − x]),

where

p′v(x
′) = P(Θf,∗

r,v ≥ l
mr

r
+ z − x′).

Applying Girsanov’s Theorem and the reflection principle, we obtain

pv(x) ≤
∑
x′≤z

e−2(x′−x)− 1
2

(mr/r)2(Tv−s)(z − x)(z − x′)p′v(x′)/(Tv − s)3/2.

By (8.5.2), this display is

≤ Cδ,θ
∑
x′≤z

e−2(x′−x) e
− 1

2
(mr/r)2(Tv−s)

(Tv − s)3/2
(z − x)(z − x′)eCδ,θ(l−l̃)l−3/2

× (z − x′ + log l)e−2(z−x′)e−cδ,θ(z−x′)2/l

≤ Cδ,θe2xe−
1
2

(mr/r)2(Tv−s)(z − x)eCδ,θ(l−l̃)e−2z/(Tv − s)3/2 (8.5.12)

≤ Cδ,θe2x−2(Tv−s)(z − x)eCδ,θ(l−l̃)e−2z.

Using (8.5.11), we obtain

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤
∑

−∞<x≤z
Cpv(x)2P(ξ̄lw

r,v(t) ≤ z for all t ∈ [0, s], ξ̄lw
r,v(s) ∈ [x− 1, x]). (8.5.13)

On the other hand,

P(ξ̄lw
r,v(t) ≤ z for all t ∈ [0, s], ξ̄lw

r,v(s) ∈ [x− 1, x]) ≤ P(ξ̄lw
r,v(s) ∈ [x− 1, x])

≤ Cδ,θe−
mr
r
x− 1

2
(mr
r

)2se−
1
2
x2/s/

√
s ≤ Cδ,θe−2x−2sse−

1
2
x2/s.
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The last three displays and (8.2.3) imply

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤ Cδ,θ
∑

−∞<x≤z
e−2x−2ssex

2/2se4xe−4(r−l−s)(z − x)eCδ,θ(l−l̃)e−4z

≤ Cδ,θe−4r+4le2sseCδ,θ(l−l̃)e−4z
∑

−∞<x≤z
(z − x)2e2xe−x

2/2s

≤ Cδ,θe−4r+4le5sz2eCδ,θ(l−l̃)e−4z.

For a fixed point v ∈ Ξ, we sum over all points w such that s ≤ z/3, and obtain∑
w:s≤z/3

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤ Cδ,θe−2r+2lz2e−4zeCδ,θ(l−l̃)
∑

−∞<s<z/3

e3s

≤ Cδ,θe−2r+2lz2e−3zeCδ,θ(l−l̃).

Summing over all points v ∈ Ξ ∩A, it follows that∑
v,w∈Ξ∩A:
s≤z/3

P(Elw
r,v(z) ∩ Elw

r,w(z)) ≤ Cδ,θ|A|z2e−3zeCδ,θ(l−l̃).

Consequently, from (8.5.10) and the previous display,∑
v,w∈Ξ∩A:
s≤z/3

P(Elw
r,v(z) ∩ Elw

r,w(z))

E[Λlw
r,A(z)]

→z→∞ 0

uniformly in r, as desired for (8.5.9).

• Case (ii): z/3 ≤ s ≤ r − l − z/3. Note that v and w still belong to different B-

boxes. By the same argument as in the previous case, we obtain (8.5.13). Using

Girsanov’s Theorem and the reflection principle, we obtain the bound

P
(
ξ̄lw
r,v(t) ≤ z for all t ∈ [0, s], ξ̄lw

r,v(s) ∈ [x− 1, x]
)

≤ Cδ,θe−2x−2sz(z − x)
exp (3 log(r)

2r s)

s3/2
.
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Then, from the previous display, (8.5.12) and (8.5.13), we obtain

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤ Cδ,θ
∑
x≤z

e2xe−4re4le2s(z − x)3ze−4zeCδ,θ(l−l̃) (r − l)3/2

s3/2(r − l − s)3/2
,

where, in the last inequality, we have used that e
3 log r

2r
(r−l) ≤ (r − l)3/2 and

e
3 log r

2r
(r−l−s) ≤ (r − l − s)3/2. Fix v ∈ Ξ. Summing over all w ∈ Ξ such that

z/3 ≤ s ≤ r − l − z/3, we obtain∑
w:z/3≤s≤r−l−z/3

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤ Cδ,θe−2r+2lze−2zeCδ,θ(l−l̃)(r − l)3/2
∑

z/3≤s≤r−l−z/3

s−3/2(r − l − s)−3/2

≤ Cδ,θe−2r+2lze−2zeCδ,θ(l−l̃)z−1/2.

Adding over all v ∈ Ξ ∩A, we obtain:∑
w,v∈Ξ∩A:

z/3≤s≤r−l−z/3

P(Elw
r,v(z) ∩ Elw

r,w(z)) ≤ Cδ,θ|A|z1/2e−2zeCδ,θ(l−l̃).

From (8.5.10) and the previous display, it follows∑
v,w∈Ξ∩A:

z/3≤s≤r−l−z/3

P(Elw
r,v(z) ∩ Elw

r,w(z))

E[Λlw
r,A(z)]

→z→∞ 0

uniformly in r, as desired for (8.5.9).

• Case (iii): s ≥ r − l − z/3. We employ the decomposition

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤
∑

−∞<x′,y′≤z
P(Θ∗,fr,v ≥ l

mr

r
+ z − x′,Θ∗,fr,w ≥ l

mr

r
+ z − y′)×

P(ξ̄lw
r,v(t), ξ̄

lw
r,w(t) ≤ z for all t ≤ Tv, Tw, ξ̄r,v ∈ [x′ − 1, x′], ξ̄r,w ∈ [y′ − 1, y′])

(8.5.14)
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The second term in the right hand side of the previous display can be decomposed

further by

P(ξ̄lw
r,v(t), ξ̄

lw
r,w(t) ≤ z for all t ≤ Tv, Tw, ξ̄r,v ∈ [x′ − 1, x′], ξ̄r,w ∈ [y′ − 1, y′])

≤
∑

−∞<y≤x≤z
qv(x)qw(y)

× P(ξ̄lw
r,v(t), ξ̄

lw
r,w(t) ≤ z for all t ≤ s, ξ̄lw

r,v(s) ∈ [x− 1, x], ξ̄lw
r,w(s) ∈ [y − 1, y]),

where

qv(x) = P(ξ̄lw
r,v(t) ≤ z − x for all t ∈ [0, Tv − s], ξ̄lw

r,v(Tv − s) ∈ [x′ − x− 1, x′ − x]).

Since qv(x) ≤ P(ξ̄lw
r,v(Tv − s) ∈ [x′ − x− 1, x′ − x]), we obtain

qv(x) ≤ Cδ,θe−
m2
r

2r2
(r−l−s)e−

mr
r

(x′−x) e
−(x′−x)2/2(r−l−s)
√
r − l − s

.

The last three displays imply

P(ξ̄lw
r,v(t), ξ̄

lw
r,w(t) ≤ z for all t ≤ Tv, Tw, ξ̄r,v ∈ [x′ − 1, x′], ξ̄r,w ∈ [y′ − 1, y′])

≤ Cδ,θ
∑

−∞<x≤z
P(ξ̄lw

r,v(t) ≤ z for all t ∈ [0, s], ξ̄lw
r,v(s) ∈ [x− 1, x])

× e−
m2
r

r2
(r−l−s)e−

mr
r

(x′+y′−2x)(r − l − s)−1e
− (x′−x)2+(y′−y)2

2(r−l−s) .

Applying Girsanov’s Theorem and the reflection principle, the previous display is

≤ Cδ,θe−
mr
r

(x′+y′)e−
m2
r

2r2
(2r−2l−s)s−3/2(r − l − s)−1

×
∑

−∞<x≤z
(z − x)e

mr
r
xe
− (x′−x)2+(y′−x)2

2(r−l−s) . (8.5.15)

On the other hand, the first term in the right hand side of (8.5.14) can be bounded



102

using (8.5.1). Therefore, from (8.5.1), (8.5.14) and (8.5.15), we obtain

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤ Cδ,θe−
m2
r

2r2
(2r−2l−s) eCδ,θ(l−l̃)ze−4z

(r − l − s)s3/2l3

×
∑
x≤z

e2x(z − x)

∑
x′≤z

(z − x′ + log l)e
− (x′−x)2

2(r−l−s)

2

≤ Cδ,θe−
m2
r

2r2
(2r−2l−s) e

Cδ,θ(l−l̃)ze−4z

s3/2l3

∑
x≤z

e2x(z − x+ log l +
√
r − l − s)3

≤ Cδ,θe−
m2
r

2n2
(2n−2l−s) e

Cδ,θ(l−l̃)ze−2z

s3/2l3
(log l +

√
r − l − s)3

≤ Cδ,θe−4r+4l+2s(r − l − s)3/2eCδ,θ(l−l̃)ze−2zl−3(log l +
√
r − l − s)3

≤ Cδ,θe−4r+4l+2s(r − l − s)3eCδ,θ(l−l̃)ze−2zl−3(log l)3.

For fixed v ∈ Ξ, we sum the previous expression over all w such that s ≥ r−l−z/3,

and obtain ∑
w:s≥r−l−z/3

P(Elw
r,v(z) ∩ Elw

r,w(z))

≤ Cδ,θe−2r+2leCδ,θ(l−l̃)ze−2zl−3(log l)3

r−l+Cδ,θ(l−l̃)∑
s=r−l−z/3

(r − l − s)3,

where the upper bound of this last sum comes from the definition of s. The

previous display is

≤ Cδ,θe−2r+2leCδ,θ(l−l̃)ze−2zl−3(log l)3z4.

Summing the previous expression over all v ∈ Ξ ∩A, we obtain∑
v,w∈Ξ∩A:
s≥r−l−z/3

P(Elw
r,v(z) ∩ Elw

r,w(z)) ≤ Cδ,θ|A|eCδ,θ(l−l̃)ze−2zl−3(log l)3z4.

From (8.5.10) and the previous display, we obtain∑
v,w∈Ξ∩A:
s≥r−l−z/3

P(Elw
r,v(z) ∩ Elw

r,w(z))

E[Λlw
r,A(z)]

≤ Cδ,θeCδ,θ(l−l̃)l−3(log l)3z4 → 0
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as z →∞, because l ≥ ez1/20 . This concludes the proof of Lemma 8.5.3.

We now have all the ingredients to prove Proposition 8.1.6.

Proof of Proposition 8.1.6. Note that

P(maxx∈Ĩ∩A ξ
up
r,x̃ + Θf

r,x ≥ mr + z)

E[Λup
r,A(z)]

≤
P(Gup

r (z)) + E[Γup
r,A(z)]

E[Λup
r,A(z)]

.

It follows from (8.5.4) and (8.5.10) that, for some small absolute constant γ > 0, the

previous display is

≤ Cδ,θe−2zγ +
E[Γup

r,A(z)]

E[Λup
r,A(z)]

;

using Lemma 8.5.2, we conclude that

lim sup
z→∞

lim sup
r→∞

P(maxx∈Ĩ∩A ξ
up
r,x̃ + Θf

r,x ≥ mr + z)

E[Λup
r,A(z)]

≤ 1.

On the other hand,

P
(

max
x∈Ĩ∩A

ξlw
r,x̃ + Θf

r,x ≥ mr + z

)
≥ P

(⋃
v∈Ξ

Elw
r,A(z)

)
≥

(E[Λlw
r,A(z)])2

E[(Λlw
r,A(z))2]

. (8.5.16)

Therefore, from Lemma 8.5.3,

lim inf
z→∞

lim inf
r→∞

P(maxx∈Ĩ∩A ξ
lw
r,x̃ + Θf

r,x ≥ mr + z)

E[Λlw
r,A(z)]

≥ 1.

Proposition 8.1.6 follows by observing E[Λlw
r,A(z)] = E[Λup

r,A(z)] and

P
(

max
x∈Ĩ∩A

ξlw
r,x̃ + Θf

r,x ≥ mr + z

)
≤ P

(
max
x∈Ĩ∩A

ξup
r,x̃ + Θf

r,x ≥ mr + z

)
,

for r large enough (depending on δ, θ and z). (This last inequality follows from Propo-

sition 8.1.4 and Slepian’s Lemma.)
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8.6 Proof of Proposition 8.1.7

We first study, for a fixed z > 0, the convergence of E[Λr,A(z)] as r →∞. Recall that

Λr,A(z) =
∑

v∈Ξ∩A
1Er,v(z)

and that

Er,v(z) =
{
ξ̄r,v(t) ≤ z for all [0, Tv], ξ̄r,v + Θf,∗

r,v ≥
mr

r
(r − Tv) + z

}
, (8.6.1)

where ξ̄r,v(t) = ξr,v(t) − mr
r t and Θf,∗

r,v = maxy∈B̃v Θf
r,y. We will show that the limit of

E[Λr,A(z)] as r →∞ is of the form

ze−2z
∑
w∈Φ

∫
A

Υw,l(x)dx, (8.6.2)

where Υw,l(x) is defined in (8.6.8), and Φ is defined shortly.

Note that the distribution of Θf,∗
r,v depends only on l, l̃ and the position of v in Bv.

We will make the previous sentence more precise by using the following definitions. For

each B ∈ B, let h : B → I be the linear function that stretches B onto I. For v ∈ Ξ,

denote h(v) by v̂. Then, by (7.1.2),

max
y∈B̃v

Θf
r,y

law
= max

y∈h(B̃v)
Θl,y =: Θ∗l,v̂.

Let Φ = {v̂ : v ∈ Ξ}, and note that it has cardinality O(e2(l−l̃)). Note also that (Θ∗l,w :

w ∈ Φ) does not depend on r.

In order to study Tv = V ar(Θc
r,v), we define the function S : (0, 1)2 → R by

S(w) = Ew[log ‖w −Wτ‖], (8.6.3)

where τ = inf{t ≥ 0 : Wt /∈ I}. For r ≥ 1, define similarly

Sr(w) =

∫∫
Ew+y[log ‖w + x−Wτ‖]θr(x)θr(y)dxdy. (8.6.4)

With the previous notation, we can improve the bound (8.2.3) by the following lemma.

Lemma 8.6.1. There exists a constant Cδ,θ ∈ (0,∞) such that, for each z > 0 and all

r large enough (depending on z),

|Tv − r + l + Sl(v̂)− S(v)| ≤ Cδ,θe−r,

for all v ∈ Ξ.
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Proof of Lemma 8.6.1. By the definition of Θc
r,v and the harmonicity of the Green func-

tion,

Tv =

∫∫∫
∂Bv

GI(v + x, u)p∂Bv(v + y, u)du θr(x)θr(y)dxdy,

where p∂Bv(v + y, ·) is the harmonic density on ∂Bv of a Brownian motion started at

v + y. Applying (6.1.1) to the previous display, we obtain Tv = Jv + Sr(v), where

Jv = −
∫∫∫

∂Bv

log ‖v + x− u‖p∂Bv(v + y, u)du θr(x)θr(y) dxdy.

By changing variables,

Jv = r − l −
∫∫∫

∂I
log ‖v̂ + x− u‖p∂I(v̂ + y, u) θl(x)θl(y)dxdy

= r − l − Sl(v̂).

Therefore,

Tv = Jv + Sr(v) = r − l − Sl(v̂) + Sr(v).

It is not difficult to check that there exists a constant Cδ,θ ∈ (0,∞) so that

| log ‖v + x− w‖ − log ‖v − w‖| ≤ Cδ,θe−r (8.6.5)

for all x ∈ supp(θr), all w ∈ ∂I and all v ∈ Iδ. We also know that, if we denote by

p∂I(v, ·) the harmonic measure on ∂I with starting point v, then there exists a constant

Cδ,θ ∈ (0,∞) such that

|p∂I(v, w)− p∂I(v + y, w)| ≤ Cδ,θe−r (8.6.6)

for all y ∈ supp(θr), all w ∈ ∂I and all v ∈ Iδ. The last three displays and (8.6.4) imply

the existence of Cδ,θ ∈ (0,∞) such that

|Tv − r + l + Sl(v̂)− S(v)| ≤ Cδ,θe−r,

as desired.

For each w ∈ Φ and A ⊆ [δ, 1− δ]2, define the auxiliary quantity

Υw,l
r,A =

∑
v∈Ξ∩A:v̂=w

2e2Sl(w)−2S(v)

√
2πe2r−2l

∫ ∞
0

e2λλP(Θ∗l,w ≥ 2(l + Sl(w)− S(v)) + λ)dλ,

where the convergence of this integral is guaranteed by (8.5.2). (Recall that Θ∗l,w
law
=

maxy∈B̃v Θf
r,y, for some v ∈ Ξ.) Using Lemma 8.6.1, we show the following lemma.
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Lemma 8.6.2. For any closed sub-square with nonempty interior A ⊆ [δ, 1 − δ]2 and

any z > 0,

lim
r→∞

ze−2z
∑

w∈Φ Υw,l
r,A

E[Λr,A(z)]
= 1.

Proof of Lemma 8.6.2. By applying Girsanov’s Theorem and the reflection principle,

we obtain from (8.6.1)

P(Er,v(z)) =
e−

mr
r
z−m

2
r

2r2
Tv

√
2πT

3/2
v

×
∫ ∞

0
e
mr
r
λ

[∫ λ+z

λ−z
ρe−ρ

2/2Tvdρ

]
P(Θ∗l,v̂ ≥

mr

r
(r − Tv) + λ)dλ.

Note that

e−
mr
r
z/e−2z →r→∞ 1.

Additionally, Lemma 8.6.1 implies

e−
m2
r

2r2
Tv

T
−3/2
v

/
e2Sl(v̂)−2S(v)

e2r−2l
→r→∞ 1,

uniformly in v ∈ Ξ. The last three displays imply that E [Λr,A(z)] is asymptotically

equivalent to∑
v∈Ξ∩A

e−2ze2Sl(v̂)−2S(v)

√
2πe2r−2l

×
∫ ∞

0
e
mr
r
λ

[∫ λ+z

λ−z
ρe−ρ

2/2Tvdρ

]
P(Θ∗l,v̂ ≥

mr

r
(r − Tv) + λ)dλ (8.6.7)

as r →∞.

We next study the inner integral in (8.6.7). Note that∣∣∣∣∫ λ+z

λ−z
ρe−ρ

2/2Tvdρ− 2zλ

∣∣∣∣ ≤ ∫ λ+z

λ−z
|ρ|
∣∣∣e−ρ2/2Tv − 1

∣∣∣ dρ
≤
∫ λ+z

λ−z
ρ2(λ+ z)dρ/Tv ≤

2z(λ+ z)3

Tv
.

Displays (8.2.3) and (8.5.2) imply∫ ∞
0

e
mr
r
λ

[
2z(λ+ z)3

Tv

]
P(Θ∗l,v̂ ≥

mr

r
(r − Tv) + λ)dλ→r→∞ 0,
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uniformly in v. Therefore, by plugging the last two displays in (8.6.7), we obtain that

E[Λr,A(z)] is asymptotically equivalent to

∑
v∈Ξ∩A

e−2ze2Sl(v̂)−2S(v)

√
2πe2r−2l

∫ ∞
0

e
mr
r
λ2zλP(Θ∗l,v̂ ≥

mr

r
(r − Tv) + λ)dλ

as r → ∞. But |e
mr
r
λ − e2λ| ≤ λ(2 − mr

r )e2λ. Thus, similar reasoning shows that

E[Λr,A(z)] is asymptotically equivalent to

∑
v∈Ξ∩A

e−2ze2Sl(v̂)−2S(v)

√
2πe2r−2l

∫ ∞
0

e2λ2zλP(Θ∗l,v̂ ≥
mr

r
(r − Tv) + λ)dλ

as r →∞.

Note next that Lemma 8.6.1 implies

mr

r
(r − Tv) = 2(l + Sl(v̂)− S(v)) +O(l log r/r)

A change of variables therefore implies∫ ∞
0

e2λλP(Θ∗l,v̂ ≥
mr

r
(r − Tv) + λ)dλ

=

∫ ∞
O( l log rr )

e2λ+O( l log rr )(λ+O

(
l log r

r

)
)P(Θ∗l,v̂ ≥ 2(l + Sl(v̂)− S(v)) + λ)dλ.

Another application of (8.5.2) shows that E[Λr,A(z)] is asymptotically equivalent to

∑
v∈Ξ∩A

2ze−2ze2Sl(v̂)−2S(v)

√
2πe2r−2l

∫ ∞
0

e2λλP(Θ∗l,v̂ ≥ 2(l − Sl(v̂)− S(v)) + λ)dλ

= ze−2z
∑
w∈Φ

Υw,l
r,A,

as r →∞, as desired. This finishes the proof of Lemma 8.6.2.

Note that Υw,l
r,A is a Riemann sum. Therefore, by defining

Υw,l(x) =
2e2Sl(w)

√
2πe2S(x)

∫ ∞
0

e2λλP(Θ∗l,w ≥ 2(l + Sl(w)− S(x)) + λ)dλ (8.6.8)

and using that Υw,l(x) is continuous in x, we obtain

Υw,l
r,A →r→∞

∫
A

Υw,l(x)dx.



108

From the previous display and Lemma 8.6.2, we obtain, for any z > 0,

E[Λr,A(z)]→ ze−2z
∑
w∈Φ

∫
A

Υw,l(x)dx (8.6.9)

as r →∞, as asserted in (8.6.2).

We next study the asymptotic behavior of the right hand side of (8.6.9) as z →∞.

We define a simplified version of Υw,l, which we denote by Υ̃w,l, as follows:

Υ̃w,l(x) =
2e2S(x)

√
2πe2Sl(w)

∫ ∞
0

e2λλP(Θ∗l,w ≥ 2l + λ)dλ. (8.6.10)

The functions Υw,l(x) and Υ̃w,l(x) are related as follows.

Lemma 8.6.3. For any closed sub-square with nonempty interior A ⊆ [δ, 1− δ]2,

lim
z→∞

∑
w∈Φ

∫
A Υ̃w,l(x)dx∑

w∈Φ

∫
A Υw,l(x)dx

= 1

Proof of Lemma 8.6.3. Using that Sl(w) and S(x) are both O(1) (depending on δ and

θ), we obtain by a change of variables

Υw,l(x) =
2e2S(x)

√
2πe2Sl(w)

∫ ∞
O(1)

e2λ(λ+O(1))P(Θ∗l,w ≥ 2l + λ)dλ.

Therefore, for some Cδ,θ ∈ (0,∞),

|Υ̃w,l(x)−Υw,l(x)|

≤ Cδ,θ
2e2S(x)

√
2πe2Sl(w)

(
P(Θ∗l,w ≥ 2l) +

∫ ∞
0

e2λP(Θ∗l,w ≥ 2l + λ)dλ

)
.

Using that cδ,θ ≤ S(x), Sl(w) ≤ Cδ,θ, and applying (8.5.2), we obtain that the right

hand side of the previous display is

≤ Cδ,θ log(z)Cδ,θ l−1/2.

Since |Φ| ≤ Cδe2(l−l̃) = Cδ log(z)Cδ,θ ,∣∣∣∣∣∑
w∈Φ

∫
A

Υ̃w,l(x)dx−
∑
w∈Φ

∫
A

Υw,l(x)dx

∣∣∣∣∣ ≤ Cδ,θ|A| log(z)Cδ,θ l−1/2.
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Thus, ∣∣∣∣∣
∑

w∈Φ

∫
A Υ̃w,l(x)dx∑

w∈Φ

∫
A Υw,l(x)dx

− 1

∣∣∣∣∣ ≤ Cδ,θ|A| log(z)Cδ,θ l−1/2∑
w∈Φ

∫
A Υw,l(x)dx

.

From (8.5.10) and (8.6.9), we obtain that the denominator in the last expression is

greater than cδ,θ|A|. Therefore, the previous display is

≤ Cδ,θ log(z)Cδ,θ l−1/2 → 0

as z →∞, as desired, which finishes the proof of Lemma 8.6.3.

We now prove the last proposition of Chapter 8.

Proof of Proposition 8.1.7. We first define the function ζδ in Proposition 8.1.7. Note

that, by (8.6.10),

e−2S(x)
∑
w∈Φ

Υ̃w,l(x)

depends only on δ, l, l̃ and θ. We therefore define

ζδ(x) = e2S(x)/

∫
Iδ

e2S(y)dy, (8.6.11)

where, we recall, S(x) := Ex[log ‖x − Wτ‖], as in (8.6.3). Note that ζδ converges

uniformly on compact sets as δ → 0. Additionally, we define

αl,l̃δ =
∑
w∈Φ

Υ̃w,l(x)/ζδ(x).

Note that αl,l̃δ depends only on δ, l, l̃ and θ (but not on x). Lemmas 8.6.2 and 8.6.3

imply

lim
z→∞

lim
r→∞

E[Λr,A(z)]

αl,l̃δ ze
−2z

=

∫
A
ζδ(x)dx (8.6.12)

for all closed squares A ⊆ [δ, 1 − δ]2. Therefore, in order to prove Proposition 8.1.7, it

is enough to prove

lim
z1,z2→∞

lim sup
r→∞

|z−1
1 e2z1E[Λr,Iδ(z1)]− z−1

2 e2z2E[Λr,Iδ(z2)| = 0.
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For z1 < z2, let l̃ = ez
1/20
2 and l − l̃ = log log(z1). Note that (8.5.10) and (8.6.12) imply

that αl,l̃δ ≥ cδ,θ. Therefore,∣∣z−1
1 e2z1E[Λr,Iδ(z1)]− z−1

2 e2z2E[Λr,Iδ(z2)]
∣∣

≤ Cδ,θ

∣∣∣∣∣E[Λr,Iδ(z1)]

αl,l̃δ z1e−2z1
−

E[Λr,Iδ(z2)]

αl,l̃δ z2e−2z2

∣∣∣∣∣ .
An application of (8.6.12) implies that the previous display converges to 0 as first r →∞
and then z1, z2 →∞, as desired.



Chapter 9

Relationship with the fine field

maxima

In this chapter, we study of the relationship between the maxima of the fine field and

the maximum of the MGFF. We will show that the global maximum of the MGFF can

be approximated by the maximum of the MGFF restricted to the set of maxima of the

field fields. We defer all proofs to the end of the chapter.

9.1 The coarse and fine fields

We modify here the definition of the fine field used in Chapter 8: the side length of the

sub-squares will be a fixed value e−k, with k > 0 not depending on r (as opposed to the

fine field in Chapter 8, where the sub-squares had side length e−r+l, depending on r).

Let k > 0 and consider the square grid consisting of K := b(1 − 2δ)2e2kc adjacent

squares of side length e−k, placed inside Iδ = [δ, 1 − δ]2 so that the left-bottom corner

of the grid coincides with the left-bottom corner of Iδ. Denote the collection of squares

in this grid by {Sk,i : 1 ≤ i ≤ K}. Also, let Sδk,i = {x ∈ Sk,i : dist(x, ∂Sk,i) ≥ δe−k} and

Sδk =
⋃
i≤K S

δ
k,i (see Figure 9.1 below).
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Figure 9.1: Sk,i and Sδk,i squares

For x ∈ Sδk,i, define the coarse field Θc
r,x and fine field Θf

r,x by

Θc
r,x = E[Θr,x | ∂Sk,i] (9.1.1)

and

Θf
r,x = Θr,x −Θc

r,x. (9.1.2)

Note that both fields depend on k, but we will keep this dependence implicit. Also, let

Θ∗,δr := max
x∈Sδk

Θr,x.

We will prove the following relationship between Θ∗r and Θ∗,δr . Its proof is a straight-

forward application of [7, Theorem 3.7] and (7.2.4).

Proposition 9.1.1. The maximum Θ∗r of the MGFF satisfies:

lim
δ→0

lim sup
k→∞

lim sup
r→∞

P
(

Θ∗,δr 6= Θ∗r

)
= 0 (9.1.3)
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Because of Proposition 9.1.1, we will study Θ∗,δr . For 1 ≤ i ≤ K, choose z(i) =

z(i, r, k, δ) so that

max
x∈Sδk,i

Θf
r,x = Θf

r,z(i)

and z̄ = z̄(r, k, δ) so that

max
1≤i≤K

Θr,z(i) = Θr,z̄.

The main result of this chapter is:

Proposition 9.1.2. For any fixed ε > 0 and small enough δ > 0,

lim
k→∞

lim sup
r→∞

P(Θ∗,δr ≥ Θr,z̄ + ε) = 0. (9.1.4)

Additionally, there exists a function g : [0,∞) → [0,∞), with g(k) → ∞ as k → ∞,

such that

lim
k→∞

lim sup
r→∞

P(Θf
r,z̄ ≤ mr−k + g(k)) = 0. (9.1.5)

The proofs of Propositions 9.1.1 and 9.1.2 follow the same outline as the proofs

of [4, Proposition 5.1] and [4, Proposition 5.2]. However, in the present setting, we will

employ Slepian’s Lemma and Fernique’s Majorizing Criterion to compare the maxima

of continuum and discrete fields, as in the comparisons in the previous chapters (see the

proofs of Lemmas 9.3.1, 9.3.2, 9.3.3 and 9.3.4). Proposition 9.1.1 allows us to restrict the

index set of the MGFF so Iδ, so that the covariance of the MGFF becomes logarithmic

in the distance between points (see Lemma 7.2.1). Proposition 9.1.2 will be instrumental

in the proof of Theorem 6.1.1; it allows us to replace the maximum of the MGFF over

Iδ by the maximum over the set of points that maximize the fine field.

9.2 Proof of Proposition 9.1.1

Proof of (9.1.3). Let ε > 0. From [7, Theorem 3.7], we know that {Θ∗r −mr}r is tight

for r large enough. Thus, we can choose M = Mε ∈ (0,∞) such that

lim sup
r→∞

P(Θ∗r −mr ≤ −M) ≤ ε.
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Applying the previous display and (7.2.4),

lim sup
δ→0

lim sup
k→∞

lim sup
r→∞

P( max
x∈I\Sδk

Θr,x = Θ∗r)

≤ lim sup
δ→0

lim sup
k→∞

lim sup
r→∞

(
P(Θ∗r −mr ≤ −M) + P( max

x∈I\Sδk
Θr,x −mr ≥ −M)

)
≤ ε+ lim sup

δ→0
Cθe

2Mδ1/2 = ε.

Since ε > 0 is arbitrary, display (9.1.3) follows.

9.3 Proof of Proposition 9.1.2

Note that {
Θ∗,δr ≥ Θr,z̄ + ε

}
⊆
{

Θ∗,δr ≥ Θr,z(i∗) + ε
}

(9.3.1)

where i∗ is the index of the square containing arg maxx∈Sδk
Θr,x. Fix two large constants

C1, C2 ∈ (0,∞). The right hand side of the previous display is contained in the union

of the following four events:

A1 =
{

Θr,x < mr − C1 for all x ∈ Sδk
}

A2 =
{
∃x, y ∈ Sδk such that ‖x− y‖ ≤ e−r+k and Θc

r,x −Θc
r,y ≥ ε

}
A3 =

{
∃x, y ∈ Sδk such that e−r+k ≤ ‖x− y‖ ≤ e−k and

Θr,x ≥ mr − C1,Θr,y ≥ mr − 2C1 − C2}

A4 =
{
∃i and x, y ∈ Sδk,i such that Θr,x + Θc

r,x −Θc
r,y ≥ mr + C2

}
In Lemmas 9.3.1, 9.3.2, 9.3.3 and 9.3.4, we will obtain an upper bound on the probability

of the events A1,A2,A3 and A4, respectively. The proofs of the lemmas will be deferred

to the next section.

Lemma 9.3.1. For any small enough δ > 0,

lim
C1→∞

lim sup
k→∞

lim sup
r→∞

P
(

Θ∗,δr < mr − C1

)
= 0

Lemma 9.3.2. Let T =
{

(x, y) ∈ (Sδk)2 : ‖x− y‖ ≤ e−r+k
}

. Then, for any fixed ε > 0,

lim
r→∞

P
(

max
(x,y)∈T

(Θc
r,x −Θc

r,y) ≥ ε
)

= 0.
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Lemma 9.3.3. Let R = Rr,k = {(x, y) ∈ (Sδk)2 : e−r+k ≤ ‖x− y‖ ≤ e−k}. Then,

lim
k→∞

lim sup
r→∞

P
(

max
(x,y)∈Rn,k

(Θr,x + Θr,y) ≥ 2mr − λ
)

= 0

for any λ ≥ 0.

Lemma 9.3.4. There exists Cδ,θ ∈ (0,∞) such that, for all λ large enough,

P

(
max

1≤i≤K
max

x,y∈Sδk,i
(Θr,x + Θc

r,x −Θc
r,y) ≥ mr + λ

)
≤ Cδ,θ/λ.

Using Lemmas 9.3.1, 9.3.2, 9.3.3 and 9.3.4, we prove both (9.1.4) and (9.1.5) of

Proposition 9.1.2.

Proof of (9.1.4). As we remarked earlier (in the paragraph following (9.3.1)), for any

pair of constants C1, C2 ∈ (0,∞) the following holds:

P(Θ∗,δr ≥ Θr,z̄ + ε) ≤ P(A1) + P(A2) + P(A3) + P(A4)

Applying Lemmas 9.3.1, 9.3.2, 9.3.3 and 9.3.4, we obtain

lim sup
k→∞

lim sup
r→∞

P(Θ∗,δr ≥ Θr,z̄ + ε)

≤ lim sup
C1,C2→∞

lim sup
k→∞

lim sup
r→∞

(P(A1) + P(A2) + P(A3) + P(A4)) = 0,

as desired.

We now prove the second claim of Proposition 9.1.2.

Proof of (9.1.5). Let ε > 0. We know from Lemma 9.3.1 that

lim
λ→∞

lim sup
k→∞

lim sup
r→∞

P
(

Θ∗,δr < mr − λ
)

= 0.

The previous display and (9.1.4) imply

lim
k→∞

lim inf
r→∞

P (Θr,z̄ ≥ mr − ε log k) = 1.

Thus, display (9.1.5) follows from the previous display and

lim
k→∞

lim sup
r→∞

P
(

max
1≤i≤K

Θc
r,z(i) ≥ 2k − ε log k − g(k)

)
= 0. (9.3.2)
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Set g(k) = γ log k and γ′ = γ + ε, and decompose

P
(

max
1≤i≤K

Θc
r,z(i) ≥ 2k − γ′ log k

)
≤

∑
1≤i≤K

P
(

Θc
r,z(i) ≥ 2k − γ′ log k

)
.

Since z(i) is independent of the coarse field Θc
r,(·), the variance of Θc

r,z(i) is k + O(1)

(where the order 1 term depends on δ, θ). Therefore, the previous display is at most

Cδ,θ exp

(
2k − (2k − γ′ log k)2

2k − Cδ,θ

)
/
√
k − Cδ,θ ≤ Cδ,θk2γ′−1/2.

So, any choice of γ′ with γ′ < 1/4 is enough to show (9.3.2), which finishes the proof of

(9.1.5).

9.4 Proofs of Lemmas 9.3.1, 9.3.2, 9.3.3 and 9.3.4

Proof of Lemma 9.3.1. From the proofs of [7, Proposition 2.4] and [7, Proposition 2.5],

we obtain that, for p, q large enough (depending on δ and θ),

P

(
max

x∈Vr−q∩Sδk
Θr+p,x < mr+p − λ

)
≤ P

(
max

x∈Vr∩e−qSδk
ξx(r) < mr+p − λ/2

)

for all λ ≥ 0, where Vr = I ∩ (e−rZ2). Recall that Sδk is the union of (1−2δ)2e2k squares

of side length (1− 2δ)e−k, so its total area is (1− 2δ)4. Therefore, it is possible to map

one-to-one all the points in Vr ∩ e−qSδk to the set Vr ∩ e−q[0, (1− 2δ)2]2, which does not

depend on k. Moreover, this can be done such that every pairwise distance between

points decreases. Since the CMBRW covariance Cov(ξx(r), ξy(r)) decreases with the

Euclidean distance between x and y, a straightforward application of Slepian’s Lemma

implies

P

(
max

x∈Vr−q∩Sδk
Θr+p,x < mr+p − λ

)
≤ P

(
max

x∈Vr∩e−q [0,1−2δ]2
ξx(r) < mr+p − λ/2

)
.

Note that the right hand side does not depend on k. Therefore, [7, Proposition 2.6]

implies

P(Θ∗,δr < mr − λ) ≤ Cδ,θe−cδ,θλ (9.4.1)

for λ ≥ 0. This finishes the proof of Lemma 9.3.1.
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Proof of Lemma 9.3.2. Note that, if r is large enough (depending on δ and k), and if

(x, y) ∈ T , then x and y belong to the same sub-square Sδk,i. Therefore, it is enough to

prove Lemma 9.3.2 when T is replaced by Ti := {(x, y) ∈ (Sδk,i)
2 : ‖x− y‖ ≤ e−r+k}.

For a fixed i, let Z ⊂ Sδk,i be a collection of O(e2r−4k) points such that every point

x ∈ Sδk,i is within distance e−r+k of some point z ∈ Z. Note that if (x, y) ∈ Ti and

(Θc
r,x −Θc

r,y) ≥ ε, then there exists z ∈ Z within distance 2e−r+k of x and y, and such

that either |Θc
r,x−Θc

r,z| ≥ ε/2 or |Θc
r,y−Θc

r,z| ≥ ε/2. Therefore, in order to prove Lemma

9.3.2, it is enough to show

lim
r→∞

P
(

max
z∈Z

max
‖x−z‖≤2e−r+k

|Θc
r,x −Θc

r,z| ≥ ε/2
)

= 0.

We will employ Fernique’s Majorizing Criterion and Borell’s Inequality to prove the

previous display. Let x, x′ be within distance 2e−r+k of z. Then, from (7.2.6),

E[(Θc
r,x −Θc

r,x′)
2] ≤ Cδ,θ‖x− x′‖2e2k.

Therefore, for a fixed x′, the Lebesgue measure of the set {x : E[(Θc
r,x−Θc

r,x′)
2] ≤ ρ2} is

at least cδ,θρ
2e−2k. On the other hand, the Lebesgue measure of the set {x : ‖x− z‖ ≤

2e−r+k} is at most 4e−2r+2k. An application of Fernique’s Majorizing Criterion implies

E
[

max
‖x−z‖≤2e−r+k

Θc
r,x −Θc

r,z

]
≤ Cδ,θe−r+2k.

Therefore, by Borell’s Inequality and (7.2.6),

P
(

max
‖x−z‖≤2e−r+k

|Θc
r,x −Θc

r,z| ≥ Cδ,θe−r+2k + λ

)
≤ 2 exp(−cδ,θλ2e2r−4k).

By letting λ = ε/4 in the previous display, we obtain, for r large enough (depending on

ε, θ, δ and k),

P
(

max
‖x−z‖≤2e−r+k

|Θc
r,x −Θc

r,z| ≥ ε/2
)
≤ 2 exp(−cδ,θε2e2r−4k).

By a union bound, we obtain

P
(

max
z∈Z

max
‖x−z‖≤2e−r+k

|Θc
r,x −Θc

r,z| ≥ ε/2
)
≤ C exp(2r − 4k − cδ,θε2e2r−4k)→ 0

as r →∞, as desired.
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Proof of Lemma 9.3.3. Recall that Vr = I ∩ e−rZ2. From the proof of [22, Theorem

1.1], we obtain

lim
k→∞

lim sup
r→∞

P
(

max
(v,w)∈Vr:e−r+k‖v−w‖≤e−k

(ηr,v + ηr,w) ≥ 2mr − λ
)

= 0 (9.4.2)

for any λ ≥ 0. We will use the previous display to prove Lemma 9.3.3 by employing

Slepian’s Lemma.

Let p, q be large numbers that will be chosen later (see (9.4.3),(9.4.4) and (9.4.5))

and let ψ(1) and ψ(2) be independent copies of a Brownian sheet defined on [0, e−r−q]2

with covariance structure

Cov(ψ(1)
x , ψ(1)

y ) = (er+q min{x1, y1}+ p)(er+q min{x2, y2}+ p)

for all x = (x1, x2), y = (y1, y2) ∈ [0, e−r−q]2. Define Q and Q0 as the squares with the

same center as I and with side length e−q−1 and e−1 respectively. Let g be the linear

map that stretches Q onto Q0. Also, for x ∈ I, define the point [x] = ([x]1, [x]2) to be

the closest point to x in Vr+q such that [x]1 ≤ x1 and [x]2 ≤ x2.

We will compare, with index set Uq := {(x, y) ∈ Q2 : e−r+k−q ≤ ‖x− y‖ ≤ e−k−q},
the fields

Θd
r+q,x,y := Θr+q,x + Θr+q,y

and

ηdr+q,x,y := ar(x, y)(ηr+q,g([x]) + ηr+q,g([y])) + ψ
(1)
x−[x] + ψ

(2)
y−[y],

where ar(x, y) ≥ 0 is defined so that V ar(Θd
r+q,x,y) = V ar(ηdr+q,x,y) for all (x, y) ∈ Uq.

We will show that the maximum of the second field of the previous display stochastically

dominates that of the first field. Note that (7.2.1), (7.3.2) and (7.4.3) imply

2(r + q)− 2 log ‖x− y‖ − 2(p+ 1)2 − Cδ,θ
2r − 2 log ‖[x]− [y]‖+ Cδ,θ

≤ ar(x, y)2 ≤
2(r + q)− 2 log ‖x− y‖ − 2p2 + Cδ,θ

2r − 2 log ‖[x]− [y]‖ − Cδ,θ
.

(Note that [x] 6= [y] because (x, y) ∈ Uq.) From the previous display, by choosing

p2 ≥ q + Cδ,θ, (9.4.3)

we obtain ar(x, y) ≤ 1. Moreover, for r large enough (depending on p, q, δ and θ), we

obtain ar(x, y) ≥ 1/2.
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We now compare the covariance structure of the fields Θd
r+q,x,y and ηdr+q,x,y by dis-

tinguishing three cases:

• Case 1: [x] = [x′] and [y] = [y′]. Then, from (7.2.2),

E[(Θr+q,x + Θr+q,y −Θr+q,x′ −Θr+q,y′)
2] ≤ Cθ(‖x− x′‖+ ‖y − y′‖)er+q.

From (7.4.2), we conclude that this display is at most

p(‖x− x′‖1 + ‖y − y′‖1)er+q ≤ E[(ψ
(1)
x−[x] + ψ

(2)
y−[y] − ψ

(1)
x′−[x′] − ψ

(2)
y−[y′])

2],

provided

p ≥ Cδ,θ. (9.4.4)

Combining the last three displays, we obtain

E[(Θd
r+q,x,y −Θd

r+q,x′,y′)
2] ≤ E[(ηdr+q,x,y − ηdr+q,x′,y′)2],

as desired.

• Case 2: [x] 6= [x′] and [y] = [y′]. Since ar(x, y) ≤ 1 and dist(Q0, ∂I) > 0, displays

(7.3.2) and (7.4.3) imply

Cov(ηdr+q,x,y, η
d
r+q,x′,y′)

≤ − log(‖[x]− [x′]‖‖[x]− [y′]‖‖[y]− [x′]‖) + r − 2q + 2(p+ 1)2 + C.

On the other hand, from (7.2.1),

Cov(Θd
r+q,x,y,Θ

d
r+q,x′,y′)

≥ − log(max{e−r−q, ‖x− x′‖}‖x− y′‖‖y − x′‖) + r + q − Cδ,θ

Therefore, the condition

3q/2 ≥ (p+ 1)2 + Cδ,θ (9.4.5)

implies

Cov(Θd
r+q,x,y,Θ

d
r+q,x′,y′) ≥ Cov(ηdr+q,x,y, η

d
r+q,x′,y′),

as desired.
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• Case 3: [x] 6= [x′] and [y] 6= [y′]. Then, using (7.2.1), (7.3.2) and (7.4.3) again, we

obtain

Cov(ηdr+q,x,y, η
d
r+q,x′,y′)

≤ − log(‖[x]− [x′]‖‖[x]− [y′]‖‖[y]− [x′]‖‖[y]− [y′]‖)

− 4q + 2(p+ 1)2 + Cδ

≤ − log(‖x− x′‖‖x− y′‖‖y − x′‖‖y − y′‖)− Cδ,θ

≤ Cov(Θd
r+q,x,y,Θ

d
r+q,x′,y′)

under the condition 2q ≥ (p+ 1)2 + Cδ,θ (which is ensured by (9.4.5)).

Conditions (9.4.3), (9.4.4) and (9.4.5) can be simultaneously satisfied by choosing

q = p2 −Cδ,θ and p large enough so that p ≥ Cδ,θ and 3p2 − 2(p+ 1)2 ≥ 5Cδ,θ. Cases 1,

2 and 3 imply

Cov(ηdr+q,x,y, η
d
r+q,x′,y′) ≤ Cov(Θd

r+q,x,y,Θ
d
r+q,x′,y′)

for all (x, y), (x′, y′) ∈ Uq. The previous display and an application of Slepian’s Lemma

imply

P
(

max
(x,y)∈Uq

Θd
r+q,x,y ≥ 2mr+q − λ

)
≤ P

(
max

(x,y)∈Uq
ηdr+q,x,y ≥ 2mr+q − λ

)
for all λ ≥ 0. Next, define ψ∗ = sup(x,y)∈Uq(ψ

(1)
x−[x]+ψ

(2)
y−[y]). An application of Fernique’s

Majorizing Criterion and Borell’s Inequality yields P(ψ∗ ≥ w) ≤ Cδ,θ exp(−cδ,θw2) for

all w ≥ 0. Therefore, by conditioning on the value of ψ∗, we obtain that the previous

display is at most∑
w≥0

P
(

max
(x,y)∈Uq

ar(x, y)(ηr+q,g([x]) + ηr+q,g([y])) ≥ 2mr+q − λ− w
)
Cδ,θe

−cδ,θw2
.

But, since 1/2 ≤ ar(x, y) ≤ 1, the previous display is at most∑
w≥0

P
(

max
(x,y)∈Uq

(ηr+q,g([x]) + ηr+q,g([y])) ≥ 2mr+q − 2λ− 2w

)
Cδ,θe

−cδ,θw2
.

An application of (9.4.2) and the Lebesgue dominated convergence for infinite sums

imply that the previous display converges to 0 as r →∞ and then k →∞. Therefore,

the last three displays imply

lim sup
k→∞

lim sup
r→∞

P
(

max
(x,y)∈Uq

Θd
r+q,x,y ≥ 2mr+q − λ

)
= 0 (9.4.6)
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for any λ ≥ 0. Let Qδ be the square with side length (1 − 2δ)e−q−1 that is concentric

with Q. Let h denote the map that stretches Q linearly onto I. Then, from (7.1.2),

(Θd
r+q,x,y − E[Θd

r+q,x,y | ∂Q] : (x, y) ∈ Q2
δ with e−r+k−q ≤ ‖x− y‖e−k−q)

law
= (Θr−1,h(x) + Θr−1,h(y) : (x, y) ∈ Q2

δ with e−r+k−q ≤ ‖x− y‖e−k−q).

Let (x̄, ȳ) be the point that maximizes Θd
r+q,x,y − E[Θd

r+q,x,y | ∂Q] over {(x, y) ∈
Q2
δ with e−r+k−q ≤ ‖x− y‖e−k−q)} (which exists by an argument similar to that of the

proof of Lemma 7.2.3). Since (x̄, ȳ) is independent of E[Θd
r+q,x,y | ∂Q] and E[Θd

r+q,x,y |
∂Q] is centered,

P
(

max
(x,y)∈Uq

Θd
r+q,x,y ≥ 2mr+q − λ

)
≥ P

(
Θd
r+q,x̄,ȳ − E[Θd

r+q,x̄,ȳ | ∂Q] ≥ mr+q − λ,E[Θd
r+q,x̄,ȳ | ∂Q] ≥ 0

)
= P

(
max

x,y∈Iδ:e−r+k+1≤‖x−y‖≤e−k+1
Θr−1,x + Θr−1,y ≥ 2mn+q − λ

)
/2.

Lemma 9.3.3 follows from (9.4.6) and the previous display, by observing that mr+q −
mr−1 = O(q) (which depends only on δ and θ).

Proof of Lemma 9.3.4. Define Θd
r,x,y = Θr,x+Θc

r,x−Θc
r,y for all (x, y) ∈ Uk :=

⋃
i(S

δ
k,i)

2.

Note that, for all (x, y), (x′, y′) ∈ Uk,

E[(Θd
r,x,y −Θd

r,x′,y′)
2]

= E[(Θr,x −Θr,x′)
2] + E[(Θc

r,x −Θc
r,x′ −Θc

r,y + Θc
r,y′)

2]

+ 2E[(Θc
r,x −Θc

r,x′)(Θ
c
r,x −Θc

r,x′ −Θc
r,y + Θc

r,y′)
2]. (9.4.7)

We will define a field (Zdx,y : (x, y) ∈ Uk) such that

E[(Θd
r,x,y −Θd

r,x′,y′)
2] ≤ E[(Zdx,y − Zdx′,y′)2] (9.4.8)

for all (x, y), (x′, y′) ∈ Uk. Let p = pδ,θ ∈ (0,∞) be a constant that will be chosen

later. For each Sδk,i, let h : Sδk,i → [p, p+ 1]2 be the map that stretches Sδk,i linearly onto

[p, p+ 1]2. For j = 1, 2, define two i.i.d. centered Gaussian fields (Zjx : x ∈ Sδk) by

Cov(Zjx, Z
j
x′) =

Cov(φh(x), φh(x′)) for x, x′ in the same Sδk,i,

0 otherwise,
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where φ is the standard Brownian sheet. We first will show that there exists a constant

p = pδ,θ ∈ (0,∞) such that

E[(Θc
r,x −Θc

r,x′ −Θc
r,y + Θc

r,y′)
2]

+ 2E[(Θc
r,x −Θc

r,x′)(Θ
c
r,x −Θc

r,x′ −Θc
r,y + Θc

r,y′)
2]

≤ E[(Z1
x − Z1

x′)
2] + E[(Z2

y − Z2
y′)

2] (9.4.9)

for all (x, y), (x′, y′) ∈ Uk. We distinguish two cases:

• Case 1: x and x′ belong to the same square Sδk,i. In this case, by applying (7.2.6),

we obtain that the left hand side of (9.4.9) is

≤ Cδ,θe2k(‖x− x′‖2 + ‖y − y′‖2).

On the other hand, by the definition of Zjx and (7.4.2), the right hand side of

(9.4.9) is

≥ pek(‖x− x′‖1 + ‖y − y′‖1) ≥ Cδ,θe2k(‖x− x′‖2 + ‖y − y′‖2)

for p large enough (depending on δ and θ).

• Case 2: x and x′ belong to different squares Sδk,i. In this case, since the fine fields

are independent for different squares Sδk,i, we obtain

E[Θc
r,x(Θc

r,x −Θc
r,x′ −Θc

r,y + Θc
r,y′)]

= Cov(Θr,x,Θr,y′ −Θr,x′) + Cov(Θc
r,x,Θ

c
r,x −Θc

r,y)

≤ Cov(Θr,x,Θr,y′ −Θr,x′) + Cδ,θ,

where in the last inequality we have used (8.2.1). But ‖x− x′‖, ‖x− y′‖ ≥ cδe−k,
so (7.2.1) implies that the previous display is

≤ Cδ,θek‖x′ − y′‖+ Cδ,θ ≤ Cδ,θ,

where the last inequality follows because x′, y′ belong to the same Sδk,i square.

Repeating the same argument for the rest of the terms in the left hand side of

(9.4.9), we obtain that the left hand side of (9.4.9) is bounded above by Cδ,θ.

On the other hand, the right hand side of (9.4.9) is at least 4p2. Therefore, by

choosing p large enough (depending on δ and θ), we obtain (9.4.9).



123

We now define Zdx,y := Θr,x + Z1
x + Z2

y for all (x, y) ∈ Uk. Then, (9.4.7) and

(9.4.9) imply (9.4.8), as desired. An application of the Sudakov-Fernique Inequality

(see [8, Theorem 2.9]) implies

E
[

max
(x,y)∈Uk

Zdx,y

]
≥ E

[
max

(x,y)∈Uk
(Θr,x + Θc

r,x −Θc
r,y)

]
. (9.4.10)

Let Sδk,i(x) be the square Sδk,i containing x, and define

Z̄x := max
x′,y′∈Sδ

k,i(x)

(Z1
x′ + Z2

y′)

for all x ∈ Sδk. Consider, for z ≥ 1, the collection of random sets Γ(z) := {x ∈ Sδk : Z̄x ∈
[z − 1, z)}. Then,

P
(

max
(x,y)∈Uk

Zdx,y ≥ mr + λ

)
≤ P(Θ∗,δr ≥ mr + λ) +

∑
z≥1

P
(

max
x∈Γ(z)

Θr,x ≥ mr + λ− z
)
.

Applying (7.2.4), we obtain that the sum in the previous display is at most

Cδ,θλe
−2λ

∑
z≥1

E[|Γ(z)|]1/2e2z.

We claim that there exist constants cδ,θ, Cδ,θ ∈ (0,∞) such that, for all x ∈ Sδk,

P(Z̄x ≥ z) ≤ Cδ,θe−cδ,θz
2

(9.4.11)

for all z ≥ 0. Let us assume (9.4.11) momentarily. Then, from the previous two displays,

we obtain

P
(

max
(x,y)∈Uk

Zdx,y ≥ mr + λ

)
≤ P(Θ∗,δr ≥ mr + λ) + Cδ,θλe

−2λ.

Integrating the previous display over λ ≥ 0, and applying (9.4.10), we obtain that

E
[

max
(x,y)∈Uk

(Θr,x + Θc
r,x −Θc

r−y)

]
≤ mr + Cδ,θ.

On the other hand, it follows by definition that

max
(x,y)∈Uk

(Θr,x + Θc
r,x −Θc

r,y) ≥ Θ∗,δr
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a.s.. Furthermore, [7, Theorem 1.1] implies that E[(Θ∗,δr − mr)+] ≤ Cδ,θ and (9.4.1)

implies E[(Θ∗,δr −mr)−] ≤ Cδ,θ. Therefore, a first moment argument applied to∣∣∣∣ max
(x,y)∈Uk

(Θr,x + Θc
r,x −Θc

r,y)−mr

∣∣∣∣
implies Lemma 9.3.4.

We now prove (9.4.11). Let x, x′, y, y′ ∈ Sδk,i(x). Note that (7.4.2) implies

E[(Z1
x + Z2

y − Z1
x′ − Z2

y′)
2] = E[(Z1

x − Z1
x′)

2] + E[(Z2
y − Z2

y′)
2]

≤ (p+ 1)ek(‖x− x′‖+ ‖y − y′‖).

An application of Fernique’s Majorizing Criterion implies E[Z̄x] ≤ Cδ,θ. And, since

V ar(Z1
x+Z2

y ) ≤ Cδ,θ, an application of Borell’s Inequality implies (9.4.11). This finishes

the proof of Lemma 9.3.4.



Chapter 10

Coupling construction

In this chapter we construct a coupling of the coarse field and fine fields based on the

results of the preceding chapters. The proofs of the results presented here are deferred

until the end of the chapter.

10.1 Definition of the coupling and proof of Theorem 6.1.1

Note that Proposition 8.0.1 produces an asymptotic approximation for the right tail of

the MGFF, while Propositions 9.1.1 and 9.1.2 state that the global maximum of the

MGFF can be approximated by first taking the maximum of the MGFF among the

points maximizing the fine fields.

We will employ the collection of squares {Sk,i : 1 ≤ i ≤ K} (and their union Sδk), the

fine field Θf
r,x and coarse field Θc

r,x, which were all defined at the beginning of Chapter

9. We first find the limiting behavior of the coarse field Θc
r,(·) as r →∞.

Lemma 10.1.1. Fix a small enough δ > 0 and a large enough k > 0. Then, there

exists a centered Gaussian field (Zδk(x) : x ∈ Sδk) with covariance structure

Cov(Zδk(x), Zδk(y)) := hδk(x, y),

with hδk : Sδk × Sδk → R defined by

hδk(x, y) =

Ex[log ‖Wτ − y‖]− Ex[log ‖Wτi − y‖] for x, y in the same Sδk,i,

Ex[log ‖Wτ − y‖]− log ‖x− y‖ otherwise,
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for all x, y ∈ Sδk, where τ := inf{t ≥ 0 : Wt /∈ I}, τi := inf{t ≥ 0 : Wt /∈ Sk,i} and Wt is

a two-dimensional Brownian motion started at x. Moreover,

sup
x,y∈Sδk

|hδk(x, y)− Cov(Θc
r,x,Θ

c
r,y)| →r→∞ 0. (10.1.1)

We then proceed to define the coupling construction mentioned before that will be

used to prove Theorem 6.1.1. It is immediate that Proposition 8.0.1 can be re-stated as

follows.

Proposition 10.1.2. There exists a constant βθ (depending only on θ) and a continuous

probability density ζ : (0, 1)2 → (0,∞) (not depending on θ) such that, for any closed

square A ⊆ I,

lim
λ→∞

lim sup
r→∞

∣∣∣∣λ−1e2λP
(

max
x∈A

Θr,x −mr + βθ ≥ λ
)
−
∫
A
ζ(x)dx

∣∣∣∣ = 0.

We construct a random variable G∗,δk which will be coupled with Θ∗r −mr + βθ. We

first need a series of definitions. Set bδ =
∫

[δ,1−δ]2 ζ(x)dx and ζδ(x) = ζ(x)/bδ. Let

zδ ∈ Iδ be a random point with probability density ζδ on Iδ. That is,

P(zδ ∈ E) =

∫
E
ζδ(x)dx (10.1.2)

for all Borel sets E ⊆ [δ, 1 − δ]2. Let also pδk be an independent Bernoulli random

variable with

P(pδk = 1) = bδg(k)e−2g(k), (10.1.3)

where g(k) = γ log(k) is defined as in the proof of (9.1.5). Additionally, let Yk be an

independent random variable satisfying, for all λ ≥ 0,

P(Yk ≥ λ) =
g(k) + λ

g(k)
e−2λ. (10.1.4)

Using zδ, pδk and Yk, we define the following collections of random variables. We let

{Yk,i : 1 ≤ i ≤ K} and {pδk,i : 1 ≤ i ≤ K} be i.i.d. copies of Yk and pδk, respectively.

Additionally, we set {zδk,i : 1 ≤ i ≤ K} to be an independent collection of random

points, where, for each i, the random point zδk,i has a density which is a scaled version

of ζδ on Sδk,i.
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Using all the previously defined random variables and points, we define

G∗,δk = max
{i:pδk,i=1}

(g(k) + Yk,i + Zδk(zδk,i)− 2k). (10.1.5)

Note that the law of G∗,δk does not depend on r or θ.

Proposition 10.1.3. Let µr,θ denote the law of Θ∗r −mr +βθ and let νδk denote the law

of G∗,δk . Then,

lim
δ→0

lim sup
k→∞

lim sup
r→∞

d(µr,θ, ν
δ
k) = 0,

where d(·, ·) is the Lévy distance.

Remark 10.1.4. Recall that the Lévy distance between any two probability measures

µ, ν on Rd, for d ≥ 1, is defined as

d(µ, ν) = inf{δ > 0 : µ(B) ≤ ν(Bδ) + δ for all open sets B ⊆ Rd},

where Bδ := {y : ‖x− y‖ < δ for some x ∈ B}. For two random variables X,Y , we also

denote by d(X,Y ) the Lévy distance between the law of X and the law of Y .

Theorem 6.1.1 follows easily from Proposition 10.1.3:

Proof of Theorem 6.1.1, assuming Proposition 10.1.3. Note that, if ε > 0, then there

exists k(ε, θ), δ(ε, θ) such that, for all k ≥ k(ε, θ) and 0 < δ ≤ δ(ε, θ),

lim sup
r→∞

d(µr,θ, ν
δ
k) < ε.

Therefore, the sequence µr,θ is Cauchy and it converges to a limit µ∗θ. Applying Propo-

sition 10.1.3 again, and using that νδk does not depend on θ, we obtain that the limit

µ∗θ = µ∗ does not depend on θ.

10.2 Proof of Lemma 10.1.1

The existence of the Gaussian field Zδk is a consequence of (10.1.1), because a uniform

limit of positive semi-definite functions is a positive semi-definite function. We proceed

to prove (10.1.1).
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Proof of (10.1.1). Note that, if x and y belong to different Sδk,i, then Cov(Θc
r,x,Θ

c
r,y)

= Cov(Θr,x,Θr,y). Then, by (6.1.1),

Cov(Θr,x,Θr,y)

=

∫∫
Ex+u[log ‖Wτ − y − v‖]− log ‖x+ u− y − v‖ θr(u)θr(v)dudv

= Ex[log ‖Wτ − y‖]− log ‖x− y‖+O(e−r),

where, in the previous display, the O(e−r) term depends on δ and θ. Similarly, if x and

y belong to the same Sδk,i, then

Cov(Θc
r,x,Θ

c
r,y) = Cov(Θr,x,Θr,y)− Cov(Θf

r,x,Θ
f
r,x)

=

∫∫
Ex+u[log ‖Wτ − y − v‖]− Ex+u[log ‖Wτi − y − v‖] θr(u)θr(v)dudv

= Ex[log ‖Wτ − y‖]− Ex[log ‖Wτi − y‖] +O(e−r),

where the O(e−r) term depends on δ and θ, and the last equality follows from (8.6.5)

and (8.6.6). Display (10.1.1) follows from the last two displays.

10.3 Proof of Proposition 10.1.3

We first prove the following three lemmas. Recall from (10.1.2), (10.1.3) and (10.1.4)

the definitions of zδ, pδk and Yk, respectively. The proof of the following lemma is almost

verbatim that of [4, Lemma 6.2].

Lemma 10.3.1. For j ≥ 0, there exist numbers αδr,k(j) = α(j, r, k, δ, θ) satisfying

P(pδk = 1)P(Yk ≥ j) = P
(

max
x∈Iδ

Θr−k,x −mr−k + βθ ≥ αδr,k(j)
)
.

Furthermore,

sup
j≥0

lim sup
r→∞

|αδr,k(j)− g(k)− j| → 0 (10.3.1)

as k →∞, where g(k) = γ log(k) is defined as in the proof of (9.1.5).

Proof of Lemma 10.3.1. We first prove that maxx∈Iδ Θr−k,x has a continuous distribu-

tion. Note that V ar(Θr−k,x) is continuous in x ∈ Iδ and

min
x∈Iδ

V ar(Θx,r−k) > 0.
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Therefore, the (only) lemma of [25] implies that maxx∈Iδ Θr−k,x has a continuous dis-

tribution. Thus, there exist numbers αδr,k(j) such that

P
(

max
x∈Iδ

Θr−k,x −mr−k + βθ ≥ αδr,k(j)
)

= bδ(g(k) + j)e−2(g(k)+j) = P(pδk = 1)P(Yk ≥ j)

for all j ≥ 0. Note that αδr,k(0) ≤ αδr,k(1) ≤ . . ., and αδr,k(0)→∞ as k →∞. Therefore,

applying Proposition 10.1.2, we obtain

sup
j≥0

lim sup
r→∞

∣∣∣∣∣(g(k) + j)e2αδr,k(j)

αδr,k(j)e
2(g(k)+j)

− 1

∣∣∣∣∣→ 0

as k →∞. By the continuity of log, this implies

sup
j≥0

lim sup
r→∞

∣∣∣∣∣log

(
g(k) + j

αδr,j(j)

)
+ 2(αδr,k(j)− 2g(k)− 2j)

∣∣∣∣∣→ 0

as k →∞. The previous display and basic properties of log imply

sup
j≥0

lim sup
r→∞

∣∣∣αδr,k(j)− g(k)− j
∣∣∣→ 0

as k →∞, as desired.

Note that Proposition 10.1.2 implies the existence of a constant C ∈ (0,∞) such

that

lim sup
r→∞

P
(

max
x∈Iδ

Θr−k,x −mr−k + βθ ≥ 2k

)
≤ Ce−3k (10.3.2)

for all k ≥ 0. We next use the finite sequence αδr,k(j), j = 1, 2, . . . , 2k, to construct the

following coupling. Define z∗,δr−k to be the point that maximizes Θr−k,x over x ∈ Iδ. The

proof of the following lemma is almost verbatim that of [4, Proposition 6.3].

Lemma 10.3.2. Let p̄δr,k to be the indicator function of the event {maxx∈Iδ Θr−k,x −
mr−k+βθ ≥ αδr,k(0)}. Then, we can construct (p̄δr,k,maxx∈Iδ Θr−k,x, z

∗,δ
r−k) and (pδk, Yk, z

δ)

on the same probability space, such that p̄δr,k = pδk almost surely, and such that, on the

event {maxx∈Iδ Θr−k,x −mr−k + βθ ≤ αδr,k(2k)},

pδk

∣∣∣∣g(k) + Yk −max
x∈Iδ

Θr−k +mr−k − βθ
∣∣∣∣+
∣∣∣zδ − z∗,δr−k∣∣∣ ≤ εr,k (10.3.3)
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almost surely, where εr,k > 0 are deterministic numbers satisfying

lim
k→∞

lim sup
r→∞

εr,k = 0. (10.3.4)

Proof of Lemma 10.3.2. Define a piece-wise linear function L : [αδr,k(0), αδr,k(2k)] →
[g(k), g(k) + 2k], such that, for j = 0, 1, . . . , 2k, L(αδr,k(j)) = g(k) + j. Lemma 10.3.1

then implies that, on the event {αδr,k(0) ≤ maxx∈Iδ Θr−k,x −mr−k + βθ ≤ αδr,k(2k)},∣∣∣∣L(max
x∈Iδ

Θr−k,x −mr−k + βθ

)
−max

x∈Iδ
Θr−k,x +mr−k − βθ

∣∣∣∣ ≤ εr,k,
where εr,k > 0 satisfies (10.3.4). Therefore, it is enough to prove display (10.3.3) with

maxx∈Iδ Θr−k,x −mr−k + βθ replaced by L(maxx∈Iδ Θr−k,x −mr−k + βθ). Next, define,

for each j = 0, 1, . . . , 2k − 1, the probability measures µjg and µjc on [j, j + 1)× Iδ by

µjg([j, j + y)×A)

=
P(L(maxx∈Iδ Θr−k,x −mr−k + βθ)− g(k) ∈ [j, j + y), z∗,δr−k ∈ A)

P(L(maxx∈Iδ Θr−k,x −mr−k + βθ)− g(k) ∈ [j, j + 1))
(10.3.5)

and

µjc([j, j + y)×A) =
P(Yk ∈ [j, j + y), zδ ∈ A)

P(Yk ∈ [j, j + 1))

for all y ∈ [0, 1) and all closed squares A ⊆ Iδ. We claim

lim
k→∞

lim sup
r→∞

max
0≤j≤2k−1

d(µjg, µ
j
c) = 0. (10.3.6)

Assuming (10.3.6), we can finish the proof of Lemma 10.3.2 as follows. We note

that µjc has a positive density that is uniformly bounded below by a positive number

not depending on j or k. Therefore, (10.3.6) and [27, Theorem 1.2] imply the existence

of a coupling satisfying the analog of (10.3.3) but restricted to the interval [j, j + 1).

Lemma 10.3.2 follows by combining the couplings for different j.

We now prove (10.3.6). We first study the denominator of µjg([j, j + y) × A) in

(10.3.5). By definition of L and Lemma 10.3.1,

P
(
L

(
max
x∈Iδ

Θr−k,x −mr−k + βθ

)
− g(k) ∈ [j, j + 1)

)
= P(pδk = 1)P(Yk ∈ [j, j + 1)).

(10.3.7)
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Setting y′ = y(αδr,k(j + 1)− αδr,k(j)), the numerator of µjg([j, j + y)×A) in (10.3.5) is

= P
(

max
x∈Iδ

Θr−k,x −mr−k + βθ ≥ αδr,k(j), z
∗,δ
r−k ∈ A

)
− P

(
max
x∈Iδ

Θr−k,x −mr−k + βθ ≥ αδr,k(j) + y′, z∗,δr−k ∈ A
)
. (10.3.8)

We claim

lim
λ→∞

lim sup
r→∞

∣∣∣∣λ−1e2λP
(

max
x∈Iδ

Θr−k,x −mr−k + βθ ≥ λ, z∗,δr−k ∈ A
)
−
∫
A
ζ(x)dx

∣∣∣∣ = 0.

(10.3.9)

Assuming (10.3.9), we can prove (10.3.6). We apply the definitions (10.1.3) and (10.1.4)

to (10.3.7), and displays (10.3.1) and (10.3.9) to (10.3.8), obtaining

lim
k→∞

lim sup
r→∞

max
0≤j≤2k−1

∣∣∣∣µjg([j, j + y)×A)− 1− e−2y

1− e−2

∫
A
ζδ(x)dx

∣∣∣∣ = 0.

On the other hand, by applying (10.1.2), (10.1.4) and (10.1.3) to µjc, we obtain from

the previous display that (10.3.6) holds.

We now prove (10.3.9). Note that the event {maxx∈Iδ Θr−k,x−mr−k+βθ ≥ λ, z∗,δr−k ∈
A} is contained in the event {maxx∈A Θr−k−mr−k+βθ ≥ λ}. Therefore, (10.3.9) follows

from

lim
λ→∞

lim sup
r→∞

λ−1e2λP
(

max
x∈A

Θr−k,x −mr−k + βθ ≥ λ,

max
x∈Āc

Θr−k,x −mr−k + βθ ≥ λ
)

= 0.

The previous display follows easily from the inclusion-exclusion principle and Proposi-

tion 10.1.2 applied to the sets A, Āc and A∪ Āc = I. This finishes the proof of Lemma

10.3.2.

We also need the following lemma, which has its analog in [4, Lemma 6.4]. Recall

from Chapter 9 that we denote by z(i) = z(i, r, k, δ) the point that maximizes Θf
r,x for

x ∈ Sδk,i.

Lemma 10.3.3. Let {z′i : 1 ≤ i ≤ K} denote a family of independent points, chosen

so that z′i is measurable with respect to the sigma-algebra generated by {Θf
r,x : x ∈ Sδk,i}

and so that ek‖z′i − z(i)‖ ≤ εr,k, where εr,k > 0 satisfies (10.3.4). Then,

lim
k→∞

lim sup
r→∞

d

(
max

1≤i≤K
(Θf

r,z(i) + Θc
r,z(i)), max

1≤i≤K
(Θf

r,z(i) + Θc
r,z′i

)

)
= 0. (10.3.10)
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Proof of Lemma 10.3.3. From Proposition 9.1.2, we conclude that, for any ε > 0,

lim
k→∞

lim sup
r→∞

P
(∣∣∣∣Θ∗,δr − max

1≤i≤K
(Θf

r,z(i) + Θc
r,z(i))

∣∣∣∣ > ε

)
= 0.

It is therefore enough to show (10.3.10) with max1≤i≤K(Θf
r,z(i) + Θc

r,z(i)) replaced by

Θ∗,δr . Note that

P
(∣∣∣∣Θ∗,δr − max

1≤i≤K
(Θf

r,z(i) + Θc
r,z′i

)

∣∣∣∣ > ε

)
≤ P

(
Θ∗,δr − max

1≤i≤K
(Θf

r,z(i) + Θc
r,z′i

) > ε

)
+ P

(
−Θ∗,δr + max

1≤i≤K
(Θf

r,z(i) + Θc
r,z′i

)
> ε).

(10.3.11)

The first term in the right hand side of the previous display is bounded by an argument

analogous to that of the proof of Proposition 9.1.2. We now bound the second term.

By a first-moment bound, we obtain

P
(
−Θ∗,δr + max

1≤i≤K
(Θf

r,z(i) + Θc
r,z′i

) > ε

)
≤ ε−1E[ζ∗,δr,k −Θ∗,δr ],

where ζ∗r,k = max{Θr,x + Θc
r,y − Θc

r,x : x ∈ Sδk, ‖x − y‖ ≤ e−kεr,k}. Divide Sδk into

O(e2kε−2
r,k) adjacent sub-squares with side length e−kεr,k. Denote the collection of centers

of these sub-squares by Gr,k, and, for g ∈ Gr,k, denote by �g
r,k the sub-square centered

at g.

For each g ∈ Gr,k, define an independent centered Gaussian field on �g
r,k as follows.

Let r = εr,k and h = 1
2e
k/(er − 1). Choose z∗r,k so that

(Zxr,k : x ∈ �g
r,k)

law
= (ξhx(r) : x ∈ �g

r,k),

where ξ is the CMBRW. From (7.5.1), it follows that the field Zr,k satisfies, for all

x, y ∈ �g
r,k,

V ar(Zxr,k) = εr,k

and

cek‖x− y‖ ≤ E[(Zxr,k − Z
y
r,k)

2] ≤ Cek‖x− y‖,

for some absolute constants c, C ∈ (0,∞). Let p > 0 be a large constant that will be

chosen later. We consider two independent copies of the field pZxr,k for x ∈ �g
r,k, and

denote them by (Z
(1),x
r,k : x ∈ �g

r,k) and (Z
(2),x
r,k : x ∈ �g

r,k).
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We now follow the same line of reasoning as in the proof of Lemma 9.3.4. Let

T = {(x, y) : x ∈ Sδk, ‖x− y‖ ≤ e−kεr,k}, and let, for all (x, y) ∈ T ,

ζx,yr,k := Θr,x + Θc
r,y −Θc

r,x and ψx,yr,k := Θr,x + Z
(2),y
r,k + Z

(1),x
r,k

for some p > 0 large enough that will be chosen later. We will show

E[(ζx,yr,k − ζ
x′,y′

r,k )2] ≤ E[(ψx,yr,k − ψ
x′,y′

r,k )2]

for all (x, y), (x′, y′) ∈ T . By expanding the squares in the previous inequality, we obtain

that it is equivalent to the following inequality:

E[(Θc
r,x −Θc

r,x′ −Θc
r,y + Θc

r,y′)
2]

+ 2E[(Θc
r,x −Θc

r,x′)(Θ
c
r,x −Θc

r,x′ −Θc
r,y + Θc

r,y′)]

≤ E[(Z
(1),x
r,k − Z(1),x′

r,k )2] + E[(Z
(2),y
r,k − Z(2),y′

r,k )2]. (10.3.12)

In order to prove (10.3.12), we distinguish three cases:

• Case 1: x and x′ belong to the same sub-square �g
r,k. Then, (7.2.6) implies that the

left hand side of (10.3.12) is less than Cδ,θe
2k(‖x−x′‖2 + ‖y− y′‖2). On the other

hand, E[(Z
(1),x
r,k − Z(1),x′

r,k )2] ≥ cpek‖x − x′‖. Additionally, E[(Z
(1),y
r,k − Z(1),y′

r,k )2] is

greater than cpek‖y − y′‖ (if y, y′ belong to the same sub-square) or greater than

2p2εr,k (due to independence if y, y′ belong to different sub-squares). In either

case, by choosing p = pδ,θ large enough, we obtain (10.3.12).

• Case 2: x and x′ belong to different sub-squares �g
r,k, but the same square Sδk,i. In

this case, (7.2.5) implies that the left hand side of (10.3.12) is less than Cδ,θe
k(‖x−

y‖+‖x′−y′‖) ≤ Cδ,θεr,k. On the other hand, we know that E[(Z
(1),x
r,k −Z

(1),x′

r,k )2] ≥
p2εr,k. Therefore, (10.3.12) is satisfied for p = pδ,θ large enough.

• Case 3: x and x′ belong to different squares Sδk,i. Then, from similar reasoning

to the proof of (7.2.2), we obtain that the left hand side of (10.3.12) is less than

Cδ,θεr,k. As in Case 2, by choosing p = pδ,θ we obtain (10.3.12).

From (10.3.12) and Slepian’s Lemma, we obtain

E
[

max
(x,y)∈T

ζx,yr,k

]
≤ E

[
max

(x,y)∈T
ψx,yr,k

]
(10.3.13)
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The same reasoning that was used to obtain (8.3.10) implies

P
(

max
(x,y)∈T

ψx,yr,k ≥ mr + λ

)
≤ P(Θ∗,δr ≥ mr + λ) + Cδ,θ max{λ, 1}e−2λ√εr,k

for all λ ∈ R. By applying the previous display when λ ≥ − log(εr,k)/8 and applying

(9.4.1) for λ < − log(εr,k)/8, we obtain

E
[

max
(x,y)∈T

ψx,yr,k

]
≤ E[Θ∗,δr ] + Cδ,θε

cδ,θ
r,k .

Therefore, from (10.3.13), we obtain

E
[

max
(x,y)∈T

ζx,yr,k

]
− E[Θ∗,δr ] ≤ Cδ,θε

cδ,θ
r,k → 0

as r →∞ and then k →∞. This finishes the proof of Lemma 10.3.3.

Using Lemmas 10.3.1, 10.3.2 and 10.3.3, we can now prove Proposition 10.1.3. We

follow almost verbatim the proof of [4, Theorem 2.4].

Proof of Proposition 10.1.3. Let ε > 0. For r and k large, let z(i) be the point that

maximizes the fine field Θf
r,x over Sδk,i. Define

Θ̄∗r,k = max
{i:Θf

r,z(i)
−mr−k+βθ>g(k)}

(Θf
r,z(i) + Θc

r,z(i)),

where g(k) = γ log(k) is defined as in (9.1.5). Applying Propositions 9.1.1 and 9.1.2, we

obtain that, for small enough δ = δ(ε) > 0,

lim sup
k→∞

lim sup
r→∞

P(Θ∗r > Θ̄∗r,k + ε) ≤ ε.

Since Θ∗r ≥ Θ̄∗r,k almost surely, we obtain

lim sup
k→∞

lim sup
r→∞

d(µr,θ, ν̄r,k,θ) ≤ ε, (10.3.14)

where ν̄r,k,θ is the law of Θ̄∗r,k −mr + βθ. Next, let

p̄δr,k,i := 1{Θf
r,z(i)

−mr−k+βθ≥αδr,k(0)},

where αδr,k(0) is chosen as in Lemma 10.3.1, and let {(pδk,i, Yk,i, zδk,i)}i≤K be an i.i.d.

sequence of random vectors, with each (pδk,i, Yk,i, z
δ
k,i) coupled to (p̄δr,k,i,Θ

f
r,z(i)−mr−k +
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βθ, z(i)) as in Lemma 10.3.2. From (10.3.3), we obtain ‖z(i) − zδk,i‖ ≤ e−kεr,k, where

εr,k > 0 satisfies (10.3.4). It follows from Lemmas 10.3.2 and 10.3.3 and display (10.3.2)

that

lim sup
k→∞

lim sup
r→∞

d(ν̄r,k,θ, ν
′
r,k,θ) ≤ ε, (10.3.15)

where ν ′r,k,θ is the law of max{i:pδk,i=1}(g(k) + Yk,i + Θc
r,zδk,i

+mr−k −mr). Additionally,

from Lemma 10.1.1, we obtain

lim
r→∞

d(ν ′r,k,θ, ν
δ
k) = 0,

where νδk is the law of G∗,δk , which was defined in (10.1.5). Together with (10.3.14) and

(10.3.15), this implies

lim sup
k→∞

lim sup
r→∞

d(µr,θ, ν
δ
k) ≤ 2ε

for all δ = δ(ε) > 0 small enough, which finishes the proof of Proposition 10.1.3.

10.4 Proof of Theorem 6.1.2

We now prove Theorem 6.1.2. Recall the definitions of Zδk in Lemma 10.1.1 and zδk,i in

the paragraph before (10.1.5). Let Zδk,i = Zδk(zδk,i). We need the following lemma, which

is analogous to [4, Lemma 6.5].

Lemma 10.4.1. There exists γ > 0 so that

lim
k→∞

P
(

max
1≤i≤K

Zδk,i ≥ 2k − γ log k

)
= 0.

Proof. It follows from Lemma (10.1.1) that, conditionally on the collection {zδk,i}, the

Gaussian random variables Zδk,i have mean zero and variance bounded above by σ2
k,δ :=

k + Cδ. Therefore,

P
(

max
1≤i≤K

Zδk,i ≥ 2k − γ log k

)
≤ Cδe2k max

1≤i≤K
P(Zδk,i ≥ 2k − γ log k)

≤ Cδk2γ−1 → 0

as k →∞, for γ < 1/2.

The proof of Theorem 6.1.2 is almost verbatim that of [4, Proof of Theorem 2.5].
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Proof of Theorem 6.1.2. We will construct random variables Z̄δk ≥ 0 such that

lim
δ→0

lim sup
k→∞

∣∣∣µ∗((−∞, x])− E[exp(−Z̄δke−2x)]
∣∣∣ = 0 (10.4.1)

for all x ∈ R. Theorem 6.1.2 follows from (10.4.1): The expectation term in (10.4.1)

is, after a change of variables, the Laplace transform of Z̄δk . By the continuity theorem

of the Laplace transform (see [28, Theorem XIII.1.2]), there exists a random variable

Z ≥ 0 such that (6.1.5) holds and Z is the limit in distribution of Z̄δk as k → ∞ and

then δ → 0. Moreover, it is immediate from (6.1.5) that Z > 0 almost surely.

We now prove (10.4.1). Let γ be as in the proof of Lemma 10.4.1 and let 0 < γ′ < γ.

Set g(k) = γ′ log k, where g(k) is the function used to define G∗,δk in (10.1.5).Let Fc

denote the sigma-algebra generated by the random variables {Zδk,i}i. Then, for any

x ∈ R,

P(G∗,δk ≤ x) = E

[
P

(
max

{i:pδk,i=1}
(g(k) + Yk,i + Zδk,i − 2k) ≤ x | Fc, {pδk,i}i

)]

= E

 ∏
1≤i≤K

(1− P(pδk,i = 1)P
(
Yk,i + g(k) ≥ x− Z̄δk,i | Fc)

) , (10.4.2)

where Z̄δk,i = Zδk,i − 2k. But, from Lemma 10.4.1 and the choice of γ′, there exists a

function h(k) → ∞ such that the event Dk = {−maxi Z̄
δ
k,i − g(k) ≥ h(k)} satisfies

P(Dk) → 1 as k → ∞. Therefore, from the definitions of pδk,i and Yk,i, there exists a

large kx > 0 (depending on x) such that, for all k ≥ kx, on the event Dk,

Pk,i := P(pδk,i = 1)P(Yk,i + g(k) ≥ x− Z̄δk,i | Fc) = bδ(x− Z̄δk,i)e
−2(x−Z̄δk,i) < εk,x

for all i = 1, 2, . . . ,K, where εk,x > 0 satisfies

lim
k→∞

εk,x = 0.

This implies, on the event Dk,

exp(−(1 + εk,x)Pk,i) ≤ 1− Pk,i ≤ exp(−Pk,i).

Let P̃k,i := −Z̄δk,ie
2Z̄δk,i . On the event Dk,

(1− εk,x,δ) ≤
Pk,i

P̃k,ie−2x
≤ 1,
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where εk,x,δ > 0 satisfies limδ→0 lim supk→∞ εk,x,δ = 0. The previous two displays imply

exp(−(1 + εk,x,δ)P̃k,i) ≤ 1− Pk,i ≤ exp(−(1− εk,x,δ)P̃k,i)

on the event Dk, and hence

exp(−(1 + εk,x,δ)Z̃
δ
ke
−2x) ≤

K∏
i=1

(1− Pk,i) ≤ exp(−(1− εk,x,δ)Z̃δke−2x), (10.4.3)

where

Z̃δk :=

K∑
i=1

P̃k,i = −
K∑
i=1

Z̄δk,ie
2Z̄δk,i .

Since limδ→0 lim supk→∞ εk,x,δ = 0 and limk→∞ P(Dk)→ 1, display (10.4.3) implies

lim
δ→0

lim sup
k→∞

∣∣∣∣∣
K∏
i=1

(1− Pk,i)− exp(−Z̃δke−2x)

∣∣∣∣∣→ 0 (10.4.4)

in probability. Moreover, Z̃δk ≥ 0 on the event Dk, and so (10.4.4) still holds if we

replace Z̃δk with Z̄δk := max(Z̃δk , 0). Additionally, since exp(−Z̄δke−2x) ≤ 1 almost surely,

we obtain from (10.4.4)

lim
δ→0

lim sup
k→∞

∣∣∣P(G∗,δk ≤ x)− E[exp(−Z̄δke−2x)]
∣∣∣ = 0.

Display (10.4.1) follows from this and Proposition 10.1.3.

Remark 10.4.2. The random variable Z in Theorem 6.1.2 was defined as the limit in

distribution of the random variables

Z̄δk = max

(
−

K∑
i=1

Z̄δk,ie
2Z̄δk,i , 0

)
,

where Z̄δk,i = Zδk,i − 2k. It is therefore possible to compute the distribution of Z̄δk from

the distributions of Zδk,i. In order to compute the distribution of Zδk,i, recall that

Zδk,i = Zδk(zδk,i),

where Zδk was defined in Lemma 10.1.1 and zδk,i was defined in the paragraph before

(10.1.5).
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Since the field (Zδk(x) : x ∈ Sδk) is independent of the random variables {zδk,i : 1 ≤
i ≤ K}, the random variables {Zδk,i : 1 ≤ i ≤ K} are jointly Gaussian conditional on the

sigma-algebra G generated by {zδk,i : 1 ≤ i ≤ K}. Moreover, their conditional covariance

is given by

E[Zδk,iZ
δ
k,j | G] = hδk(z

δ
k,i, z

δ
k,j),

for all 1 ≤ i, j ≤ K, where hδk was explicitly defined in Lemma 10.1.1. The (un-

conditional) covariance between Zδk,i and Zδk,j can therefore be computed explicitly by

integrating the right hand side of the previous display and using that the distribution of

the (independent) random points zδk,i and zδk,j are known explicitly. (Recall that these

points are scaled versions of zδ, whose distribution was defined in (10.1.2) using the

function ζ in (8.0.1).)
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