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Well-posedness for the heat flow of harmonic maps and the liquid

crystal flow with rough initial data

Changyou Wang *

Abstract

We investigate the well-posedness of (i) the heat flow of harmonic maps from R to a compact
Riemannian manifold N without boundary for initial data in BMO; and (ii) the hydrodynamic
flow (u,d) of nematic liquid crystals on R™ for initial data in BMO~! x BMO.

1 Introduction

For k > 1, let N be a k-dimensional compact Riemannian manifold without boundary, isometrically
embedded in some Euclidean space R!. For n > 1, the equation of heat flow of harmonic maps from

R™ to N is given by:

u—Au = A(u)(Vu,Vu) in R" x (0, +00) (1.1)

ul,_, = u inR" (1.2)

where A(y) : T,N x T,N — (T,N)= is the second fundamental form of N C R! at y € N, and
ug : R™ — N is a given map.

(1.1)-(1.2) provides a very important approach to seek the existence of harmonic maps in various
topological classes. In their pioneering work [6] in 1960’s, Eells-Sampson established that (i) for
ug € C®(R™, N) there exists 0 < T = T'(¢) < 400 such that (1.1)-(1.2) admits a unique smooth
solution u € C*®(R™ x [0,T),N); and (ii) if, in addition, the sectional curvature Ky of N is

nonpositive, then u € C*°(R" x Ry, N) and

[ullc2@®nxryy < O, 19llc2@m))- (1.3)
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Without the curvature assumption, Hildebrandt-Kaul-Widman [9] established, in late 70’s, the

existence of unique, global smooth solution to (1.1)-(1.2) under the assumption that the image of

T

2\ /maXBR |KN‘
hand, it is well-known via the works by Coron-Ghidaglia [3], Chen-Ding [1], and Chang-Ding-Ye

ug is contained in a geodesic ball By in N with radius R < . In general, on the one
[2] that the short time smooth solution to (1.1)-(1.2) may develop finite time singularity; on the
other hand, Chen-Struwe [5] (see also Chen-Lin [4]) established the existence of partially smooth,
global weak solutions to (1.1)-(1.2) for smooth initial data wug.

Although there have been many important works to (1.1)-(1.2) (see for example Lin-Wang [16]
and references therein), it remains an interesting question the global (or local, resp.) well-posedness
of (1.1)-(1.2) for small (or large, resp.) rough initial data. If the initial data ug is in some Sobolev
spaces, Struwe [18] established, in dimension n = 2, the local well-posedness of (1.1)-(1.2) in the
space L7 H? for ug € W2(R?, N), and the global well-posedness provided ||Vugl| 12(gz2) is sufficiently
small. For n > 3, the well-posedness similar to that of [18] for ug € W™(R", N) was not available
in the literature previously, and the readers can refer to Wang [19] for some related earlier results.

Notice that (1.1) is invariant with respect to the parabolic scaling, i.e., uy(z,t) = u(Az, \2t)
solves (1.1) for any A > 0 provided u solves (1.1). Hence we need a scale and translation invariant
version of L2-boundedness:

sup R”/ |Vul|?(y, t) dydt < +oc.
z€R™,R>0 Br(z)x[0,R?]
This implies that the caloric extension of initial data ug needs to enjoy the above property.

In a very interesting paper [10], Koch-Lamm proved that (1.1)-(1.2) is (i) locally uniquely
solvable in C*°(R", N) provided ug is L>-close to a uniformly continuous map; and (ii) globally
uniquely solvable in C°°(R™, N') provided ug is L*>°-close to a point. The techniques employed by
Koch-Lamm in [10] were originated from the earlier work by Koch and Tataru [11] on the global

well-posedness of the incompressible Navier-Stokes equation for u : R™ x Ry — R™:

utu-Vu—Au+VP = 0 in R" x (0,+00) (1.4)
V.u = 0 inR" (1.5)
u|t=0 = up inR" (1.6)

for ug € BMO™!(R") with V - up = 0 and small |jug||gyio-1-
Partially motivated by [10] and [11], we address the well-posedness for both the heat flow of

harmonic maps and the hydrodynamic flow of nematic liquid crystals in this paper.



In order to state the results, we first recall the definitions of both the local and global BMO

spaces.

Definition 1.1 For 0 < R < +o0, a function f € L _(R™) is in BMORg(R") if the semi-norm

loc

[flemop@n = sup {T"/B()If(y)—fz,r!dy}

zeR",0<r<R

is finite, where fz, = m fBr(m) f(y) dy is the average of f over B.(z). We say f € VMO(R")
if
17}&)1 [f]BMOr(R”) = 0.

When R = 400, we simply write (BMO(R"), [-]pmo(rn)) for (BMOx(R"), [-]BMO. (R7))-

Now recall the space BMO ™!, introduced by Koch-Tataru [11], as follows.

Definition 1.2 For 0 < R < +oo, a function f € LL _(R") is in BMOR' (R™) if there exists

loc

(fi,++, fn) € BMOR(R™) such that f =3 ", ggz Moreover, the norm of f is defined by

HfHBMogl(Rn) ;= inf {Z[fi]BMOR(Rn) D f= Z O } .
i=1 "

=1

We say f € (VMO(R™))~! if
13&1 [f]BMo;l(Rn) =0.

When R = 400, we simply write (BMO™(R™), [1emo-1 (rny) for (BMOZ!(R™), [ Mozt @n))-

We also introduce the functional space X7 for 0 < T < +o00 as follows.

Xr = {f R [0, 7] = R | [Julllxy = sup [[f(0)]leo@n) + [ fllx, < +OO},
0<t<T
where
-n 2 1
1fllx, = sup VHIVF@®)llpe@m+  sup (R IV f|? dadt)?,
0<t<T z€R" 0<R<VT Pr(z,R?)

and Pr(z, R?) = Br(x) x [0, R?] denotes the parabolic cylinder with center (x, R?) and radius R.
It is easy to see that (X7, |||-|||x,) is a Banach space. When T' = 400, we simply write X for X,
I Il for [} - llxe, and [|] - [[[x for [|| - [[[x.. respectively.

For the heat flow of harmonic maps, we prove



Theorem 1.3 (local well-posedness) There exists eg > 0 such that for any R > 0 if [[uo|| Mo 5 rn) <
€0, then (1.1)-(1.2) has a unique solution u € Xp2 with small ||ulx,,. In particular, if uyg €
VMO(R"), then there exists To > 0 such that (1.1)-(1.2) admits a unique solution u € Xr, with

small [[ul|x, -
As a corollary, we have

Theorem 1.4 (global well-posedness) There exist g > 0 and Co > 0 such that if [uo]pvo®n) < €0,

then there exists a unique global solution w € X to (1.1)-(1.2) such that |ju||x < Cyeo.

Since W1m(R") c VMO(R"), it follows from Theorem 1.3 that for any initial data ug €
WLHn(R™), (1.1)-(1.2) admits a short time unique solution u € Xr, for some Ty > 0. Theorem
1.4 implies that such a unique solution u is a unique global solution in X provided [|[Vugl|zn(gn) is
sufficiently small.

Now we turn to the discussion on the well-posedness for the hydrodynamic flow of nematic
liquid crystals in the entire space.

The following equation modeling the hydrodynamic flow of nematic liquid crystal materials has

been proposed and investigated by Lin-Liu [13, 14] in 1990’s.

ut+u-Vu—Au+VP = —-V-(Vd® Vd) in R" x (0, 4+00) (1.7)
Vou = 0 in R" x (0, +00) (1.8)
di +u-Vd = Ad+|Vd*d in R™ x (0, +00), (1.9)

where u(-,t) : R® — R" represents the velocity field of the flow, d(-,) : R® — S2, the unit sphere in
R3, is a unit-vector field that represents the macroscopic molecular orientation of the nematic liquid
crystal material, and P(-,t) : R™ — R represents the pressure function. V- denotes the divergence
operator, and Vd ® Vd denotes the n x n matrix whose (i, j)-the entry is given by V;d - V;d for
1<4,j <n.

The above system is a simplified version of the Ericksen-Leslie model, which reduces to the
Ossen-Frank model in the static case, for the hydrodynamics of nematic liquid crystal materials
developed during the period of 1958 through 1968 (see [7, 8, 12]). It is a macroscopic continuum
description of the time evolution of the materials under the influence of both the flow field u(z,t),
and the macroscopic description of the microscopic orientation configurations d(z,t) of rod-like
liquid crystals. Roughly speaking, the system (1.7)-(1.9) is a coupling between the incompressible

Navier-Stokes equation and the transported heat flow of harmonic maps into S2.



When considering the initial and boundary value problem of (1.7)-(1.9) on bounded domains
Q C R%
d)|QX{0} = (uo,do), (u, d)|am(o,+oo) = (0,do), (1.10)
where ug : Q — R? is a given divergence free vector field and dy : Q@ — S? is a given unit-
vector field. In a very recent paper, Lin-Lin-Wang [15] proved, among other results, that for any
(ug,do) € L*(Q,R?) x H'(2,S?) with V - ug = 0, there is a global Leray-Hopf type weak solution
(u,d) to (1.7)-(1.9) and (1.10) that is smooth away from at most finitely many singular times.
In this paper, we want to address both local and global well-posedness issues on the Cauchy
problem of (1.7)-(1.9) on R™ with rough initial data. Notice that (1.7)-(1.9) is invariant with respect

to the parabolic scaling, namely, if (u, P, d) solves (1.7)-(1.9) then for any A > 0,
(ur, Pr,dy) (z,1) = (Mu(Az, A%), N2P(Az, \*), d(\z,\*t))

is also a solution of (1.7)-(1.9). Thus we need to look for space of initial data (ug, dp) such that its

caloric extension (g, dp) has bounded normalized energies:

sup R™" (]110|2 + ]VCZ()]Q) dydt < +o0.
z€R™,R>0 Bgr(z)x[0,R?]

For this, we need to introduce another functional space in order to handle the velocity field w.

For 0 < T < +o00, let Zp be the space consisting of functions f : R™ x [0, 7] such that

Il = s VOl + s il <

z€R™,0<r<VT
When T = 400, we simply write Z for Z, and || - ||z for || - || z.. -
It turns out that, by combining the techniques of Koch-Tataru [11] and Theorem 1.3 on the

heat flow of harmonic maps, we are able to prove the following theorems.

Theorem 1.5 There exists g > 0 such that for any R > 0 if ug € BMOEl(R”,R"), with V-ug = 0,
and dy € BMOR(R™, S?) satisfies

HUOHBMogl(Rn) + [dO]BMOR(R") < €0, (1.11)
then there exists a unique solution (u,d) € Zr2 X Xpe with small (|lullz,, + ||ld||x,,) to (1.7)-(1.9)

and

’t o = (uo,do) on R™. (1.12)

In particular, if (ug,do) € (VMO(R"))~! x (VMO(R™)), then there exists Ty > 0 such that (1.7) —
(1.9) and (1.12) admits a unique solution (u,d) € X, with small (|lulz5, + [|d]l x4, )-
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As a corollary, we have

Theorem 1.6 There exist eg > 0 and Cy > 0 such that if ug € BMO™Y(R™, R"), with V - ug = 0,
and dy € BMO(R", S?) satisfies

[[wollgrno-1@n) + [do)pro@n) < €0, (1.13)

then there exists a unique global solution (u,d) € Z x X to (1.7)-(1.9) and (1.12) with (||u|lz +
1l x) < Coeo-

We also remark that Theorem 1.5 implies that (1.7)-(1.9) and (1.12) is locally well-posed in X7
for any initial data (ug,dg) € L™(R",R™) x WL"(R", §2), and is globally well-posed in X provided
(lluoll o mny + | Vdol| Ln(rny) is sufficiently small.

The remaining of this paper is organized as follows. In section 2, we establish some basic
estimates on the caloric extension of BMO functions. In section 3, we prove Theorem 1.3 and 1.4.

In section 4, we prove Theorem 1.5 and 1.6.

2 Preliminary results

In this section, we first review Carleson’s well-known theorem on the characterization of a BMO
function in terms of its caloric extension, see Stein [17] Page 159, Theorem 3. Then we show a
crucial estimate of the distance between the caloric extension of ug and the manifold V.

Let G(z,t) be the fundamental solution of the heat equation in R™ x R :

G(x,t) = e 1, xeR™ t>0. (2.1)
Let @g : R” x R; — R! be the caloric extension of wuq:

to(z,t) = - G(z —y,t)uo(y) dy. (2.2)

Carleson’s characterization of the BMO space asserts that ug € BMO(R™) iff |Vig|? dzdt is a

Carleson measure on R™ x R, i.e.

sup 7“_”/ |Viig|? dadt < 400,
TER™,r>0 Pr(z,r?)

and one has the equivalence of the norms:

[uo]pno@n) & Sup (T”/ |Viig|? dmdt)%. (2.3)
zeR" >0 P (z,r?)
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If ug € BMOR(R"™) for some 0 < R < +o00, then the same characterization as above gives

~ 1
[UO]BMOR(Rn) ~ sup (7“_”/ |Viig|? dedt)?. (2.4)
z€R™ 0<r<R Py (z,r2)

Since g solves the heat equation on R™ x R4, the standard gradient estimate implies that for

any t > 0,

vﬂvm@mwwﬁswpwﬁj‘ (Viiol? dydr)3 (2.5)
FISING P s(zt)

In particular, we have that (i) if up € BMO(R™), then
sup V| Vit Lo ny S Tuo]progn) » (2.6)
and (ii) if up € BMORg(R") for some R > 0, then

sup \/%HVQOHLOO(R”) S [UO]BMOR(R")' (2.7)
0<t<R?
Now we need to estimate the distance of g to the manifold N in terms of the BMO norm of

ug, which plays an important role in the proof of Theorems. More precisely, we have

Lemma 2.1 For any 0 > 0, there exists K = K(6,N) > 0 such that if ug : R™ — N belongs to
BMORg(R"™) for some 0 < R < 400, then
R2
dist(@o(z,t), N) < K" [uo]gpiomny 0, V2 ER™, 0<t < 7k (2.8)

In particular, if ug € BMO(R"™) then
dist(to(z,1), N) < K" [uo]gyomn) +0, V(z,t) € R" x Ry (2.9)

Proof. Since (2.9) follows directly from (2.8) with R = +oo0, it suffices to prove (2.8). For any

z € R t >0, and L > 0, denote

o
ek, = uo(z — Vtz) dz.
B0 Sy Y

Since

N

1 2
m@w—/’ e up(z — Vi) dy,
R’i’l



we have

- 1 _ly?
‘uo(x,t)—c£t| < / e 4 uo(x—\/iy)—cxt dy
) Rn (47‘() 2
N P I
- e ol — V) — k|
BL(0) JRM\BL(0) )] (47)>
_lw?
< [ Junle = Vi) - ok dyt 2ol [y
Br(0) R™\BL(0)
< L™ [ug] n—l—C’N/ e ar"dr
BMO,, ;(R™) .
< 04 L [uolgmo, u(rm) (2.10)
provided we choose a sufficiently large L = L(d, N) > 0 so that
[e 9] T2
CN/ e~ Tr" Ldr <6.
L
On the other hand, since ug(R™) C N, we have
dist(cy e, N) < |ezy — uo(x — Viy)|, Yy € Br(0)
and hence
1
dist(ck,, N) < ——— ek —up(z — Viy)|dy < [u ny - 2.11
( z,t ) = |BL(O)‘ BL(O)‘ x,t 0( y)| Y= [ O]BMOL\/Z(R ) ( )
Putting (2.9) and (2.11) together yields
diSt(ﬂO(m7t)v N) <o+ (Ln + 1) [UO]BMOL\/Z(R”) :
Hence (2.8) holds for ¢ < %22, provided that we choose L =~ K. This completes the proof. O

3 Proof of Theorem 1.3 and 1.4

This section is devoted to the proof of Theorem 1.3 and 1.4. The idea is to choose a suitable ball
in X such that the operator T" determined by the Duhamel formula has a fixed point in the ball.
For 0 < T < 400, besides the space X7 introduced in section 1, we also need to introduce Y
as follows. Y7 is the space consisting of all functions f : R” x [0,7] — R such that
I£va = sup Al @lm+ s B[ f|dude < 4.
0<t<T zeR",0<R<VT Pr(z,R?)
It is also easy to see (Yr,| - ||y, ) is a Banach space. When T' = +o00, we simply write Y for Y,

and | - ||y for || - [y



For f € Yp, define
t
Sf(z,t) = / - G(x —y,t—s)f(y,s)dyds, (x,t) € R" x Ry. (3.1)
It is well-known that u : R” x Ry — N solves (1.1)-(1.2) iff
u(z,t) = ap(x,t) + S(A(u)(Vu, Vu))(z, t). (3.2)
The following Lemma plays the critical role in the proof.
Lemma 3.1 For 0 <T < o0, if f € Y7, then Sf € Xp. Moreover,
HISFllxz < Clifllve (3.3)
for some C = C(n) >0

Proof. By suitable scalings, we may assume 7" > 1. Since the norms are invariant under both

scaling and translation, it suffices to show

[NIES

ISf(O,l)IHV(Sf)(O,l)H(/P (01)|V(Sf)|2> < Ol flva- (3-4)

Set W =Sf. Then

w(0,1) = / RnG (y,1—3s)f(y,s)dyds

{/ I //B //RR\BQ (4.1~ )f(y, 5) dyds

= L+ L+ 1.

It is easy to see

1
11l = ( sup Hf(S)HLOO(R”)> (ﬁ Gly,1 =) dyds> < Cllf 1l
$<s<1 7 JR7

Ll < (sup [[G(,1— 8|z / 1y, 5)| dyds)
BQX[,%

1
0<s<1

< C ’f(f’J:S)‘ dyds < CHfHY17
Byx[0,3]



and

|13

IN

1
2
/ / Gly,1 - 8)|f (. 5)| dyds
0 ”\BQ
3 W
C// 51y, )| dyds
0 Rn\BQ
> 2
c(Sowte ) (sup [ ()l dyds
yeR? Pl(y,l)

k=2
Cllfllys-

IN

IN

IN

Putting these three inequalities together implies |W(0,1)| < C||f|ly,. The estimate of |VW (0, 1)]

can be done similarly. In fact, denote

H(z,t) = V,G(x,1) = —%G(m,t).

Then )
/2/ |H(z,t)| <C,  sup  |H(z,t)| < C.
0 JR" z€R, 1 <t<1
Since
VW(O.1) = /0 1 | H (9,1 9)f(y,5) dyds,
we have

1
VWO < [ [ = 9l )] duds

{[/g/j/B2+/jAH\BQ}|H<—y,1—s>\|f<y,s>dyds

= 4+ 15+ Ig.

It is readily seen that

mi<e([” [ 10D (s 176 llen) < Clfly.

1<s<1
[Is| < C( sup \H(wat)\)(/ |f(y, 8)| dyds) < C||fllv:,
z€R?, 1 <t<1 By x[0,1]

and

6]

IN

3 _ w2
c / / e £y, 9)
0 R”\Bz

0 2
Y ke s |- sup/ £ (y, 5)| dyds
k=2 yER” Pl(y,l)

Cllfllys-

IA

IN
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Putting these estimates together yields VW (0,1)| < C|| f]lv;-

The estimate of [|[VW{[2(p, 0.1)) follows from the energy inequality as follows. Since W satisfies
Wi — AW = f in R" x [0,1]; W|,_,=0.

Let n € C3(B2) be a cut-off function of By. Multiplying the equation of W by n?W and integrating
over R" x [0, 1], since

/ WP (2, 0) de = 0,

we obtain

[ooawwE <o qwpei)

P1(0,].) BQX[O,].}
< C(IWIB oy + IW o Baxio.) 112 Baxio))
< ClfIE

where we have used in the last step the inequality, which was proved in the previous step,

Wl oo (B2 xp0,1)) < ClIf -

This completes the proof. O

In order to construct the solution to (1.1) in the space Xy2, we need to extend the second
fundamental form A(-)(-,-) from N to R!, still denoted as A. For this, recall that there exists
§n > 0 such that the nearest point projection map II : N5, = {y € R' : dist(y, N) < on} — N is
smooth. Let I € C>®(R!, RY) be a smooth extension of II, i.e. M=1in Njs, . Define

A(y)(V,W) = —DL(y)(V, W), Vy e R', VW € T,R".
Now we define the mapping operator T on Xpe by letting
Tu(z,t) = g + S(A(u)(Vu, Vu))(z,t), = €R™, 0 <t < R? u€ Xpa. (3.5)

If up € BMOg(R™), then (2.4), (2.7), and the maximum principle of the heat equation imply that

’ELQ S XRQ and

HﬂOHXRz S [uO]BMOR(Rn) . (3.6)

For € > 0, let

B (o) :=={ue X :| [[|w — ol x,, < €}

11



be the ball in X2 with center @y and radius e. By the triangle inequality, we have
lullx e < liiollxe + llu—dinllx_, < e+ liolly,, < ¢+ C lunlpyonqe) - Yu € Beli).  (3.7)
In particular, we have
Lemma 3.2 . For 0 < R < +o00, if up : R" = N satisfies [uo]gmoy(rn) < €, then
[ell oo rrxpo,r2)) < €, lullx,, < Ce Vu € Be(to) (3.8)
for some C = C(n) > 0.
Now we are ready to prove Theorem 1.3. First we need the following two Lemmas.

Lemma 3.3 There exists 1 > 0 such that if for R > 0, [uo]pnmogrey < €1 then T maps Be, (o)
to B61 (110)

Proof. Tt follows from the formula (3.5) that T(u) — @y = S(A(u)(Vu, Vu)) for u € B, (tg). Hence

Lemma 3.1 and Lemma 2.1 imply

T (w) = ol x
R

< CllAwW)(Vu, Vu)ly,,
= C| sup t[|A(u)(Vu, Vu)(t)||peomny +  sup r"/ |A(u)(Vu, Vu)|
0<t<R2 z€R™ 0<r<R Py (z,r?)
2
< (sup \/£||vu"Lw(R7L)+ sup (r"/ |Vu|2)é>
0<t<R2 z€R”,0<r<R P.(z,r?)

2 2
S lullk,, < Cd <e,
provided €; > 0 is chosen to be sufficiently small. This completes the proof. O

Lemma 3.4 There exist 0 < e < €1 and 0y € (0,1) such that if for R > 0 [ug]pmomrn) < €2 then

T : B, () — Be, (o) is a Og-contraction map, i.e.

T (u) = T()l[xze < bolllu—vlllx,,, Yu,v € Be(to).

Proof. For u,v € B, (o), we have
|Tu —Tv| = [S(A(u)(Vu,Vu) — A(v)(Vv, Vv))]
S O IS(A(w)(Vu, Vu) — A(w)(Vo, Vo)) | + [S(A(uw) (Ve, Vo) — A(v) (Vo, Vo))|
< S((IVul + VUV (u — v)|) + S(IVo|u - v]).

12



Hence, by Lemma 3.1, we obtain

IITu = Tolllx e S IVl + Vo)V (u = )lllvge + Vol |u = vllly,, =1+ 11

R2 v

I and I can be estimated as follows.

I

= sup t|(|Vu| + |Vu])|V(u = v)(@®)]|| Loo mr)
0<t<R2
+  sup 7"_”/ (V| + Vo)V (1 — )|
z€R™ 0<r<R Pr(z,r?)

IN

sup \/%(Hvu(t)HLDO(R”) +[[Vo(t)|| oo (rny) sup V|V (u - V) ()| Loo (mn)
0<t<R? 0<t<R?

2 2
+ sup r_"/ |Vul|? + |Vu|? sup r_"/ IV (u — v)|?
z€R” 0<r<R P (z,r?) z€R" 0<r<R P (z,r?)

%
< Ce | sup Vi|V(u-— v) ()| peomny +  sup <r_”/ Vul|? + |Vv|2>
0<t<R2 z€R™,0<r<R Pr(x,r2)
< Celllu—vlllx,,-
11

= s IV @l + s [ Teuol
0<t<R2 zeR™ 0<r<R Pr(z,m2)

2

sup |[[(u — v)(#)| oo mm)

< | sw VIRl s o [
Pr(z,r?) 0<t<R2

0<t<R? zeR",0<r<R

IN

Cllollk,, sup [I(u—v)(B)l|zo0@n) < Caeil|lu—vlllx

0<t<R2
where we have used Lemma 3.2 in the last step. Putting these two estimates together yields
(I Tu = Toll|x,, < CQ+ e)eafllu—vll[x,, < 0olllu—vlllx,

for some 6y = Op(e2) € (0, 1), provided ez > 0 is sufficiently small. O
Proof of Theorem 1.3. It follows from Lemma 3.3, 3.4, and the fixed point theorem that there
exists €9 = €o(n, V') > 0 such that if [uo]pmo,wn) < €0 for some R > 0, then there exists a unique
u € Xpe such that

u = iig + S(A(u)(Vu, Vu)) on R" x [0, R?],

or equivalently
ug — Au = A(u)(Vu, Vu) on R x (0, R?); u‘t:o = ug. (3.9)
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Now we need to show u(R"™ X

0<t<
dist(u, N) <
<
<
provide § < ‘SN and ¢y < Thi

2(1+K”)'
A()(-,-) imply
A(u)(Vu, Vu) =

Set Q(y) =y — Il(y) for y € N5y, and p(u) =

any y € Nsy,
VQ(y)(v)

and

V2Q(y)(v,

Since u € Xg2, it follows from the defin

higher order regularity theory of (3.9) implies u € C?(R™ x

w) = =V2I(y)(v,

[0, R?]) C N. First, observe that Lemma 2.1 implies that for

dist(iio, N) + |[u — @

Wl o (grxpo. 22))

6+ K™ [uo]gniop(rny + €0

d+ (1 —I—Kn)EO < 5N,

OR

s yields u(R™ x [0, 25

[

]) C Ns,. This and the definition of

2

—V21I(u)(Vu, Vu) on R™ x ﬁ]

[0,

1

5|Q(u)|>. Then direct calculations imply that for

= (Id — VII(y))(v), Yo € R,

w), Yo,w € R%.

x [€2

[€2, R?]) for any € > 0. Hence we have

ition of Xpe that Vu € L*>°(R" , R?)) for any € > 0, the

(0 = A)p(u)
= (Q(u), VQ(u)(dru — Au) = V?Q(u)(Vu, Vu)) — [V(Q(u))]”
= (Q(u), ~VQ(u)(VI(u)(Vu, Vu)) = V?Q(u)(Vu, Vu)) — [V(Q(u))|*
= {(Qw), VII(w)(V*IL(w)(Vu, Vu))) — [V(Q(u))|*

~|V(Q(w)I* <0,

where we have used the fact that Q(u)

step.

Since p(u)|t=0 = 0, the maximum principle for (3

can repeat the same argument to show

is complete.

Proof of Theorem 1.4. It follows directly from Theorem 1.3 with R replaced by +o0.

(3.10)

L Ty N and VIL(u)(V2I(Vu, Vu)) € Ty N in the last

.10) implies p(u) = 0 on R™ x [0, I@Q]) One

that u(R™ x [%22, R?]) C N. Thus the proof of Theorem 1.3
O

O
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4 Proof of Theorem 1.5 and 1.6

This section is devoted to the proof of Theorem 1.5 and 1.6 on local and global well-posedness of
hydrodynamic flow of liquid crystals.

For (ug,dg) : R™ — R™ x S2, let (@ig,dp) : R™ x Ry — R™ x R? denote the caloric extension of
(ug, dp).

First, we recall the Carleson’s characterization of ug € BMO%I(R”) for R > 0, due to Koch-
Tataru [11], which asserts that the following is equivalent

[uo]BMoﬁl(Rn) ~ sup (7“_"/ |a0|2)%_ (4.1)
z€R",0<r<R Py (z,r2)
Notice that since @y solves the heat equation on R", the Harnack estimate of heat equation

implies that

[un

2
sup Vit|dolle S sup (7‘_"/ |@0\2> ~ [uolgyo-1 (&) (42)

0<t<R2 2€R™,0<r<R
In particular, ug € BMOR'(R") implies that g € Zz2 and
”’aOHZR2 S HUOHBM()El(Rn)- (4.3)

Let P: L?2(R") — PL?(R") denote the Leray projection operator. Then (1.7)-(1.8) and u|i—o =
ug is equivalent to

w(t) = T1[u, d](t) := @o(t) — V[u @ u+ Vd © Vd|(%), (4.4)

where the operator V is defined by
t
VE(t) = / e~E=9APY . f(s)ds, Vf : R" x R, — R™. (4.5)
0
The following estimate on the operator V has been proved by Koch-Tataru ([KT] Lemma 3.2).

Lemma 4.1 For 0 <T < +4oo, if f = (f1, -, fn) € Y1, then

IV fllze < Clifllvz (4.6)
for some constant C = C(n) > 0.

Observe that (1.9) and d|;—o = dp is equivalent to
d(t) = Tou, d)(t) := do(t) + S[-V* g (d)(Vd, Vd) — u - Vd)(t), (4.7)
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where S is the operator defined by (3.1), and g2 € C°°(R3,R?) has the property

Let (ug,do) € BMORZ!(R") x BMOR(R™) for some R > 0. Then (iig,do) € Zg> X Xp.

e > 0, we define the ball B,([ig, dp]) in Zp2 x X g2 with center (iig,dy) and radius e by

B ([fio, do]) = { (u,d) € Zpa x Xpo : [lu = il 5, + llld — ol < e}

H32(d) = |d|

d 1 3
f:SEE{y€R3:§§IyIS§}—>SQ-
2

Define the mapping operator 1" on Zr2 X Xpg2 by

T(u,d] = (T1[u,d], T2[u,d]).

Analogous to Lemma 3.2 and 3.3, we have the following two Lemmas.

Lemma 4.2 There exists €1 > 0 such that if

||u0"BMogl(R") + [dO]BMOR(R”) <a

then T maps B, ([do, do]) to Be, ([iio, do]).-

Proof. For (u,d) € By, ([iig, do]), we have that ||| oo mnx[0,r2)) < € and

Tlu, d] — (i, do) = (~V[u® u+ Vd ® Vd], S[-V?ILg(d)(Vd,Vd) —u - Vd]).

Therefore, applying Lemma 3.1 and Lemma 4.1, we have

in the last step.

N

N

<

T [u, d] — dioll z,, + || T2[u, d] — doll|x,,

lu @ u+Vd® Vd|y,, + |V 1s2(d)(Vd, Vd) —u- Vd|y,,

2
(Il + 1l )

(1= ol + 4= o

Ce% < e

Il 7, + || o]

o ol +||do]

R

<

16

2
XR2>

provided €; > 0 is chosen to be sufficiently small, where we have used the estimate

For



Lemma 4.3 There exist 0 < €3 < €1 and 6y € (0,1) such that if

||UOHBMOI_%1(R”) + [dO]BMOR(R”) < €

then T : Be, ([ig, do]) — Be, ([0, do)) is bo-contractive, i.e.

I T1fur, di] = Tilug, dall| 2,0 + |[|T2ur, di] — Taolug, da]|l[x . < Oo(llur — w2z, + [lldi — dalllx )
for any (u1,dy) (ug,d2) € BGQ([QO,JO]).
Proof. For any (u1,d;) (ug2,ds) € Be,([iio, do]), we have

Ty [w1,d1] — Tyfug, do]|
= |V[u1 Qui+Vdi @ Vdy —us @ ug — Vdy ® de”
S V((Jur] + [uz])ur — ua| + (IVdi| + [Vd2|)|V(d1 — d2)]),

~

and

| To[u1, d1] — Talug, da]|

= |S[-V?Lg(d1)(Vdy, Vdy) — uy - Vdy + Vg2 (dy)(Vdy, Vida) + ug - Vds]|

N

S((IVdi| + [Vda| + [u1])|V (dr — d2)| + [Vd2[*|di — do| + |1 — u2|[Vda)).
Thus Lemma 3.1 and Lemma 4.1 imply

[ T1[u1, di] — Tilug, doll| 2,5 + [|[T2[ur, di] — Talug, do]l[|x .

S (ual + fuz))ur —ua| + (IVdi| + [Vd2]) [V (d1 — d2)||ly,,

+ (V| + [Vda| + [ur]) |V (dy — do)| + |Vda|*|dy — do| + [u1 — ua||Vdy|ly,,
< Ce [llur — sz, + |lldi = dal||x,, ]

< O [[lur = u2llz,, + lldr = dof||x, ]

for some 6y € (0,1), provided €3 > 0 is chosen to be sufficiently small, where we have used
[uillz,s + dill x,, < Ceay i=1,2

in the last steps. This completes the proof. O
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Proof of Theorem 1.5. It follows directly from Lemma 4.2, Lemma 4.3, and the fixed point
theory that there exists ¢y > 0 such that if

[uollgro !y + [do]BMOR(RR) < €0,
then there exists (u,d) € Zg2 x Xpe such that (1.7), (1.8), (1.12), and (1.9) replaced by
di +u-Vd — Ad = —V* g (d)(Vd, Vd) (4.8)

hold. To complete the proof, we need to show d(R"™ x [0, R?]) C S?. This step is similar to the

R2

proof of Theorem 1.3. First, Lemma 2.1 implies that for ¢ < 2%,

1
diSt(d, 52) <e+06+ KQ[dO]BMOR(R”) < (1 + Kn)EO +46< 5,

provided 6 < Land ¢ <

i Thus d(R™ x [0 RZ]) C S%. Now consider the function
2

1
4(1+Km)" VK2

p(d) = 1|d — g2 (d)[>. Then the same calculation as in the proof of Theorem 1.3 gives
(p(d))e +u - V(p(d)) — Alp(d)) = —|V(d — g2(d))|* < 0.

Since p(d) |t:0 = 0, the maximum principle implies p(d) = 0 on R™ x [0%22] and d(R"™ x [0, %22]) cC S2.
Repeating the same argument can imply d(R™ x [%22, R?)) € S%. The proof is complete. O

Proof of Theorem 1.6. It follows directly from Theorem 1.5 with R replaced by R = +o00. O
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