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Chapter 1

Introduction

Integrated circuits (ICs) and other micro-electro-mechanical systems (MEMS) devices
have become integral components of technological tools we use in everyday life. There is
a growing demand for developing smaller and smaller circuit components, or designing
nano-fabricated devices that have many applications ranging from medicine to defense.
However, as these circuit components become smaller, problems arise in the manu-
facturing these elements, and one of the limitations at these small scales is achieving
accuracy.

A typical process used in production of ICs, also known as microchips, is optical
lithography. 1t is a process of transferring layout patterns to a substrate using a mask,
under an ultraviolet light source—very similar to photoprinting. We describe this pro-
cess in more detail in Section 1.1. Even though this is a very successful technique, for
a long time it has been predicted that the process would be limited in success due to
finite wavelength of the light used to project circuit images—the wavelength would be
too large to resolve the fine details demanded by the ever shrinking microchip designs.

However, both the semiconductor and nano-fabrication industry kept optical lithog-
raphy alive using several strategies such as i) decreasing the wavelength of light, ii)
improving the optical equipments, and iii) using the so-called resolution enhancement
techniques (RETS) to resolve finer details in designs by manipulating masks. We give a
brief introduction to these approaches in Section 1.2. The RETSs provide one of the most

promising approaches, and in the past decade there has been interest in formulating the



problem of designing enhanced masks as an inverse problem. The reader is introduced
to the field of inverse lithography in Section 1.3, where we also discuss our approach to

this inverse problem and give a brief outline of the thesis.

1.1 Photolithography Process

As mentioned earlier, photolithography is a key process used in semiconductor fabrica-
tion to create the integrated circuits [4]. The process is very similar to photoprinting,
in which the patterns that will become layers of an integrated circuit are exposed on a
semiconductor wafer, one layer at a time (see Figure 1.1).

The first step in the process is the preparation of the substrate—a silicon wafer—
typically coated with layers of silicon nitride and silicon dioxide, followed by a photo
sensitive polymer, called the photoresist (see Part 1 of Figure 1.1). These materials
are soluble when they interact with light, therefore upon exposing them to UV light
and developing, the surface can be rinsed off the polymer. One can, therefore, imprint
a particular design on the wafer by blocking light exposure to certain areas of the
substrate. This is done by using a mask between the projector and the substrate as
depicted in Part 2 of Figure 1.1. Such a mask is typically designed on the computer and
printed on a quartz plate by depositing chrome [1, 4]. The pattern creates dark and light
regions that correspond to physical elements of the IC—typically parts of transistors or
connections between them—to be reproduced on each chip location on the wafer [4]. Tt
is important to note that photoresists have threshold values beyond which they react
to light and become soluble, therefore the intensity of the light that is projected onto
the substrate also plays a crucial role [5].

Once the imprinting using the mask is complete, the wafer will have areas that
are protected by the photoresist together with exposed silicon dioxide. In the next
step, regions that are not protected by the phoresist are removed by a process called
etching. The duration of etching will determine the depth of the removed areas, and with
additional deposition of dielectric materials and metals, or ion implantation, the desired

electrical characteristics will be formed on the silicon [4]. This process is continued until
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finally a layer
of photoresist.

Photoresist

Silicon dioxide

Silicon nitride

Silicon wafer

Light from an illuminator

is projected through

amask that contains

the pattern to be created
onthe wafer. The light patterns
that pass through the mask are
reduced by a factor of four
by afocusing lens

and projected onto

the photoresist-coated
wafer. This step exposes
one chip on the wafer

and the process is
repeated for all the
chips on the wafer.

llluminator

Projected
light

The photoresist that is
exposed to the light
becomes soluble and is
rinsed away, leaving a
miniature image of the
mask pattern at each
chip location.

Prepared wafer

Patterns are projected
sequentially onto all chip
sites on the wafer.

e Regions unprotected by photoresist are etched by gases,
removing the silicon dioxide and the silicon nitride and
exposing the silicon.

Photoresist

9 Impurities can be added to the etched areas, changing
the electrical properties of the silicon as needed to form
the transistors.

Impurities

e Steps 1-5 can be repeated for as many layers as required
to form the transistors. Metal lines that connect
transistors are made using photolithography as well.
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Figure 1.1: Optical lithography, similar to photographic printing, creates patterns in a
layer of photoresist that coats a prepared silicon wafer. Once the patterns are created,
the elements of the integrated circuit are formed by etching, depositing material or ion
implantation (from [1]).



all the transistors and wires are assembled, layer by layer. As many as 30 masks are
used to produce the various layers of a typical IC.

One important component in this process is obviously the projector. Typically, very
high quality projectors and sophisticated lens and mirror systems are used to make sure
that the projected light has the desired coherence and intensity. A large lens collects the
transmitted light through the mask and focuses it on the wafer to create a scaled-down
image. As a result, patterns are projected sequentially onto all sites on the wafer as as
shown in Part 3 of Figure 1.1. The sine of the largest angle incident on the wafer is
called the numerical aperture (NA) of the lens. The aperture is similar to the f-stop in
photography, in that a larger aperture allows higher resolution but reduces the depth
of focus—like the depth of field in photography [1].

Even though lithography is a powerful technique, widely used by the semiconductor
industry, it has several limitations if one wants to manufacture ICs with nanometer
resolution. Several problems arise from the small dimensions of the features, the finite
size, and inherent limitations of the imaging system. First, the high frequency com-
ponents required to reproduce the sharp edges in mask features may fall outside the
lens. In addition, incident light passing through two locations on the mask within close
proximity interact and the final shapes may have rounded corners or may even bulge
towards adjacent shapes—possibly connecting wrong spots and rendering the chip de-
fective in worst case scenarios. In the next section, we discuss these limitations and

possible solutions.

1.2 Improvements in Photolithography Process

The limits of optical imaging were first described over a century ago by Ernst Abbe [1].
He showed that the narrow features in such as lines and spaces in patterns projected
by an optical system are directly proportional to the wavelength of the light used, and
inversely proportional to the numerical aperture, NA. Hence, the smaller the wavelength
and larger the NA of the lens, better the resolution. To overcome these limitations,

semiconductor industry continuously decreased the wavelength from 365 nm in the



1980s down to 193 nm in the most advanced systems today using argon-fluoride lasers.
These systems are producing ICs with hundreds of millions of transistors with smallest
features of the order of 100 nm. There are also some recent efforts using a laser with
fluorine alone to reduce the wavelength to 157 nm to be able to design ICs with features
of 65 nm or smaller [6].

To increase the numerical aperture for better resolution, lens designers have been
creating lenses with larger diameters and more lens elements to collect more of the light
emerging from the mask. When introduced in the 70s, the first reduction-system lenses
had a numerical aperture of 0.2 [1], and nowadays a value of 0.63 is quite common.
The newest lithography systems have been announced to have apertures of 0.85 [1]. A
numerical aperture at the theoretical maximum of 1 is possible only with an infinitely
large lens, collecting 100% of the light from the mask. In addition to the numerical
aperture, there are many other factors that affect image quality. Lenses do not always
form perfect images, and there is always some degree of distortion, also known as aber-
ration caused by the lens. By careful design of the lenses manufacturers try to minimize
these aberrations.

Besides improving lenses and lasers, IC manufacturers also use the so-called reso-
lution enhancement techniques (RETS), and in one way or another, they all coax the
light into resolving shapes much smaller than its wavelength. The main techniques are
Optical Proximity Correction (OPC), phase shifting masks, and modified, “off axis”
illumination [1]. Since the progress in developing better lasers and optical setups is
relatively slower, RETs are absolutely critical to the future progress of the rapidly de-
veloping semiconductor technology.

Optical Proximity Correction is one of the widely used enhancement techniques in
the mask design process. OPC is the process of modifying the masks that are drawn by
the designers to compensate for the non-ideal properties of the lithography process. The
process is illustrated in Figure 1.2. For instance, the approach proposed by Cobb and
Zakhor [7] for OPC mask design consists of parametrizing the mask using polygons,
and fragmenting the mast pattern into edges and corners. These elements are then

modified, moved around or additional small features are added to the mask until the
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Focusing
lens

Wafer
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circuit
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Figure 1.2: Tllustration of the optical proximity correction (OPC) approach. Taken from
Ref. [1].

final pattern on the substrate is satisfactory [8]. These modifications done at strategic
locations on the mask significantly improve the yield and process reliability. Figure 1.3
shows the effectiveness of the OPC approach for a sample mask [2]. After the correction

the resulting intensity is very close to the pattern of the ideal mask.
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Figure 1.3: The results of applying OPC to a simple mask layout to reduce corner round-
ing. (a) Overlayed original and optimized masks (b) overlayed original and optimized
intensities (taken from [2]).

1.3 Lithography as an inverse problem

While the OPC approaches mentioned above improve lithography, they have a number
of shortcomings. The approach is primarily local, i.e. the changes are done locally on
the edges and corners [8], and therefore the process can not be automated, and extra
verification steps are necessary [8]. Since trying to find the optimum mask design by
trial and error is an inefficient approach, there has been interest in formulating this as
an inverse problem, the so-called inverse lithography. Inverse lithography is an image
design problem which consists of finding an image that when used as an input to the
given imaging system results in the desired output image within error. In other words,
given a desired geometric pattern on the silicon wafer, we want to find a mask design
such that the final pattern remaining after a complete lithography process is as close as
possible to the desired pattern.

One of the earlier works on this inverse problem was done by Sayegh et al. [9] where



they have used a linear-programming technique to do OPC. Later iterative alternat-
ing projections [10] and mixed linear programming techniques [11] were employed to
improve accuracy. Pati and Kaliath [12] introduced a decomposition of partially co-
herent systems—the so-called Optimal Coherent Approximation (OCA)—as the sum
of coherent imaging systems (by using Mercer expansion) to design phase shift masks.
Liu and Zakhor [13] formulated the problem as the minimization of the Ly norm be-
tween the ideal and the actual wafer images, and used simulated annealing to synthesize
binary and phase shift masks. Improving on this approach, Peckerar and co-workers
used gradient based optimization techniques to minimize the cost function [14, 15, 16].
The reader is referred to the work by Granik [17] for a review of linear programming
based approaches. More recently Poonawala and Milanfar proposed a new framework
and used a gradient descent algorithm to design the optimum binary image masks, and
generalized their approach to coherent, incoherent and partially coherent systems [8].
We follow a similar path in this thesis, and describe the lithography process as
an inverse problem. In Chapter 2, we review the fundamentals of scalar diffraction
theory and introduce our notation. The forward problem is described in Chapter 3,
where we calculate the aerial image intensity on the substrate, given the properties of
the system and a mask. This is done using scalar diffraction theory, and the Helmholtz
equation under the Kirchoff approximation. We also employ the sum of coherent systems
approach (SOCS) described by Cobbs [2]. The SOCS structure is most similar to OCA
described in Ref. [12]. Once the forward problem is solved, we then formulate the inverse
problem, define a cost function and minimize it in a least square sense as described in
Chapter 4. The key difference in our approach is that we use level set methods to solve
the inverse problem. By using calculus of variations we show that solving the inverse
problem is equivalent of solving a Hamilton-Jacobi equation. In Chapter 4, we also
describe our numerical algorithm, give results for different size and design masks, and
discuss the convergence. In the final chapter, we provide a summary of the thesis, and

an outlook for the future.



Chapter 2

Background in Scalar Diffraction Theory

In this chapter, we discuss scalar diffraction theory for monochromatic waves with a
single wavelength. We start with a short introduction to electomagnetic theory in
Section 2.1. In Section 2.2, we derive the Helmholtz equation and convert it into the
Helmholtz-Kirchhoff Integral equation by using the Green’s theorem. We then discuss
the application of this integral for diffraction by a plane screen. In Section 2.3, the
Kirchhoff boundary conditions are discussed. We then remove the inconsistencies of
the Kirchhoff theory by reformulating the problem using Rayleigh-Sommerfeld theory
of diffraction in Section 2.4. In Section 2.5, we discuss the angular spectrum of the

incident wave and we end the chapter with a summary.

2.1 A Short Introduction to Electromagnetic Theory

James Clerk Maxwell identified light as “an electromagnetic disturbance in the form of
waves propagated through the electromagnetic field according to electromagnetic laws”
[18]. The electromagnetic state of a point in vacuum is described by the electric, E, and
magnetic, H, fields. Electric fields are generated by electric charges. Magnetic fields are
generated by charges in motion, i.e. by electric currents. These two fields are coupled
and each can be generated (or induced) by time variation of the other. However, E

and H are de-coupled when the two fields do not vary with time. For time dependent



electric and magnetic fields, Maxwell equations are given by

V.-E = 0, (2.1)
V.H = 0, (2.2)
OH
OE

Here the constant ug is known as the permeability of vacuum and the constant eg is
called the permittivity of the vacuum [19]. By taking the curl of Egs. (2.3) and (2.4)
followed by some algebraic manipulations we find that both fields E and H separately

satisfy the following partial differential equation known as the wave equation;

10%()

Vi) =z

(2.5)

where ¢ = (uoeo)_l/ 2 is the speed of light in vacuum. Here, we have used the following

vector identity for an arbitrary field
Vx(VXE)=V(V-E)-V*E). (2.6)

Equation (2.5) implies that the changes in the fields E and H propagate through empty
space with a speed of light c¢. In SI units, ¢ is approximately equal to 3 x 10% m/s.
Since the vector wave equation given by Eq. (2.5) is obeyed by both E and H, an
identical scalar wave equation is obeyed by all components of these vectors. One can
therefore summarize the behavior of all components of E and H, in vacuum, through a
single wave equation
1 0%u(P,t)

2 =~ "~ 7
Vu(P,t) = 2 52 (2.7)

where u(P,t) represents any of the scalar field components, depending on position P

and time t.

10



2.2 The Helmholtz Equation

Let us now consider a scalar function, u(P, t), representing either an electric or magnetic
field component—call it the light disturbance—at position P = (z,y, z) and time ¢. For

a strictly monochromatic scalar wave, the scalar field u(P,t) could be written as
u(P,t) = A(P) cos [wt — ¢ (P)] (2.8)

where w = 27v is the angular frequency and v is the frequency of the wave. Eq. (2.8)

can be also expressed in the form
u(P,t) =Re{U(P)e ™"} (2.9)

where the complex function U(P), known as the complex amplitude or phasor of the

disturbance given by

U(P) = A(P) )

Here A(P) and ¢(P) are the real-valued amplitude and phase of the wave at the position
P, respectively.

Since u(P,t) represents an optical wave, it must satisfy the scalar wave equation
given by Eq. (2.7) at each source-free point. Substituting Eq. (2.9) into Eq. (2.7) yields

the following time-independent wave equation, known as the Helmholtz equation,
(V2+E*)U =0, (2.10)

for the complex-valued function U in vacuum. Here k = w/c = 27/ is called the wave

number and A is the wavelength.

2.2.1 Green’s Theorem

We now seek a solution to the Helmholtz equation in Eq. (2.10) in the presence of
obstacles, i.e. a solution that satisfies the boundary conditions imposed by the obstacles.

In order to find this solution we first need to implement the use of Green’s theorem which

11



can be stated as follows:
Let U(P) and G(P) be any two, complez-valued, scalar functions of position, and
let V' be a volume surrounded by a closed surface S. If U, G, and their first and second

partial derivatives are continuous within V and on S, then we have

// (GV?U — UV*G)d // (U— - GiZ) (2.11)

where 0/0n represents a directional derivative in the outward unit normal direction at
each point on S.

This theorem could be considered to be a primary foundation of the scalar diffraction
theory. It is important to note that a good choice of an auxiliary function G and a closed

surface S is needed for its direct application to a diffraction problem [20].

2.2.2 The Helmholtz-Kirchhoff Integral Theorem

Let Py = (z0, Yo, 20) be the observation point surrounded by an arbitrary closed surface
S and V be the volume bounded by S. We want to express the optical disturbance
at the observation point in terms of the surface integral over S, which in turn can be
evaluated by making certain approximations. In order to find this relation we need to
apply the Green’s theorem. Therefore we choose the function G, for an arbitrary point
P, = (z,y,2) on an arbitrary closed surface S, to be a three dimensional, free-space
Green’s function, i.e. in the form of a spherically symmetric wave traveling out from
the observation point P, as the origin. Namely
eikro

G(P) =~ (2.12)

where rg = |ro| = |PyPi| = \/(z — 20)2 + (y — y0)2 + (2 — 20)2. Note that k is the mag-
nitude of the wave vector, k = k ex + kyey + k.e,, previously defined in Eq. (2.10) .
However, since the continuity of the function G and its first and second partial deriva-
tives is required, we apply the Green’s theorem to a region of space surrounding, but

excluding, the observation point Py as shown in Figure 2.1 [20, 21]. Hence, we split

12



Figure 2.1: Surface of integration for Helmholtz-Kirchhoff Integral Theorem. Here P
is the observation point and n represents the outward and inward unit normals on the
surfaces S and Se, respectively.

the surface integral into two portions to exclude the discontinuity at Fy. One over
the surface S on which the incident wave disturbance is presumed known, and over a
small spherical surface S, of radius e centered at Py. Here V' is the volume bounded
by these two closed surfaces S and S, and we choose the Green’s function G given
in Eq. (2.12) for an arbitrary point P, = (x,y,z) on the new surface of integration
S = S+ S.. Within the volume V', the disturbance G then satisfies the Helmholtz
equation (V2 + k:z) G = 0. On the other hand, we assume that the sources that gen-
erate the actual wave U are all located outside of the surface S, so that U satisfies
the Helmholtz equation (2.10) in the volume V enclosed by the surface S. Therefore
by substituting these equations to the left hand side of the Green’s formula (2.11) we

observe that

[[f v v [fiove - vot=s. e
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Hence the Green’s formula over V' reduces to

// (Ua—n‘ g—g>ds:0,

=S5+5.

// (05 o) e // (o5 -5 )@ (214)

where the unit normal vector n is outward in the conventional sense on S, but inward,

or

towards Py on Se (see Figure 2.1).
In order to carry out the surface integrals we also need to evaluate the derivative of
the Green’s function on the surface S’. From Eq. (2.12), for an arbitrary point P; on

S’, we obtain

OG(P, 1Y eikro
8(n ) = VG -n = cos(n,rg) (zk‘ - %> ero , (2.15)
where cos(n,rg) is the cosine of the angle between the normal n and the vector rq
joining Py to P;. For any point P; on the surface Se, cos(n,rg) = cos(n,€) = —1 and
Egs. (2.12) and (2.15) become
eiks
G(Pl) = e’

and

ike
8G(P1) _ <1 —ik) € .
on €

In the limit of arbitrarily small € we obtain

ike
hm //G—ds = 11m47re <e ) <8—U> =0,
€ on
) 1 ‘ eike
hn%//U—ds—hmélﬂe - —ik U=4rU(P) .
€— € €

Substituting these into Eq. (2.14) and using the fact that U and its derivatives are

and

14



continuous at Py yields

[ (5 - o) o= ] (v - o) = -,

€

/(G T

This result, known as the Helmholtz-Kirchhoff integral theorem, allows the time-

or

harmonic scalar wave U at an observation point Py to be expressed in terms of its
“boundary values” over any enclosing surface S. We now need to carefully choose our

surface of integration and find reasonable approximations to these values on S [20, 21].

2.2.3 Application of the Integral Theorem for the Diffraction by a

Plane Screen

Let us now consider the problem of diffraction of light by a planar aperture in an
infinite opaque screen, as illustrated in Figure 2.2. In order to use Helmholtz-Kirchhoff
theorem, we need to choose a proper surface of integration. We chose the closed surface
S to consist of two parts, namely Sp and Sgr as shown in Figure 2.2. Here, the plane
surface Sp, lying adjacent to the diffracting screen, is joined by a large spherical cap,
Sr, which is of radius R and centered at the observation point Py. The closed surface

S is then the sum of Sp and Sk, and Eq. (2.16) becomes

L (e oY o

SP+SR

Let us now focus on the surface integral on Sr. At any point P; on Spg, the Green’s

function is given by
ikR

R )

e

G(P) = (2.18)
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Figure 2.2: Geometry used for Kirchoff formulation for diffraction by a planar apperture.
The apperture is illuminated by a known field U from the left. Surface of integration is
S = Sp + Sgr. P is the observation point.

where R = |R| = |PyP1| and from Eq. (2.15), considering cos(n,R) =1,

le 1 eikR eikR
9 ik — — ~ kS =ik
an (Z R> R YRR TG

for large R. The surface integral on Sg then reduces to

// (G_ - UaG) ds”// <__”“U> dS:/G@—Z— kU> R2dQ,

Q
(2.19)
where  is the solid angle subtended by Sgr at Py. Here, the last step in Eq. (2.19) is
nothing more than a simple transformation to spherical coordinates (see Appendix A).
On a plane screen, we assume that the disturbance U satisfies the Sommerfeld radiation

condition,

. ou |
nglgoR <% — ku> =0, (2.20)
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uniformly in angle, as R becomes arbitrarily large. This condition is used to eliminate
inward propagating waves at infinity, so that we are guaranteed to have outward prop-
agating waves only on Sg. Furthermore, since |RG| =1 (using Eq. (2.18)), the entire
integral over Si in Eq. (2.19) vanishes as R approaches infinity, and hence Eq. (2.17)

U(Py) = ﬁs// <Gg—g - U%f) ds (2.21)

Equation (2.21) allows us to express the disturbance at the observation point Py in terms

becomes

of the disturbance and its normal derivative over the infinite plane Sp immediately

behind the screen.

2.3 The Kirchhoff Boundary Conditions

As mentioned earlier, the screen is opaque except for the aperture which we denote as
Sa, (see Figure 2.2). Intuitively one might think that the major contribution to the
integral over Sp will come from the points that are located within the aperture S4 on
Sp. Kirchhoff accordingly stated this in the following assumptions known as Kirchhoff
boundary conditions [20, 21]:

i) Across the aperture S4, the disturbance U and hence its derivative oU/dOn are

exactly the same as they would be in the absence of the screen.

ii) Over the portion of Sp that lies in the shadow of the screen, i.e. Sp\ Sy, the

disturbance U and its derivative OU/On are identically zero.

By neglecting the presence of the screen, the first condition allows us to specify the dis-
turbance incident on the aperture whereas the second condition allows us to neglect all
of the surface of integration except at the aperture S4. Hence applying these boundary

conditions to Eq. (2.21) yields
1 ou oG
Sa
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Here one should note that even though Kirchhoff boundary conditions simplify the result
considerably, neither one of these conditions can exactly be true. It is inevitable that the
presence of the screen will distort the unperturbed fields on S4 to some degree. Hence
along the rim of the aperture, certain boundary conditions must be met that would
not be required in the absence of the screen. Furthermore, the shadow behind the
screen is never perfect since fields will inevitably extend behind the screen and diminish
gradually over a wavelength. However, if the dimensions of the aperture, although small
compared to the distances of both the observation point Py and the source point from
the screen, are large compared to the wavelength, these so-called fringing effects can
safely be neglected and these Kirchhoff boundary conditions give satisfactory results

which are in good agreement with experimental observations [19, 20, 21, 22].

2.4 Rayleigh-Sommerfeld Formulation of Diffraction

Suppose we modify the Green’s function of the Kirchhoff theory such that G or 9G/dn
vanishes over the entire surface Sp while our approach leading to Eq. (2.22) remains
valid. Such a modification removes the necessity of imposing the boundary conditions
on both U and 9U/dn and the inconsistencies of the Kirchhoff theory are eliminated.

Let us now suppose that the function G is generated not only by a point source
located at Py, but also simultaneously by a second point source at Py which is the
mirror image of Py on the opposite side of the screen, as illustrated in Figure 2.3. If
we take the source at Py be of the same wavelength as the source at Py, and suppose
that the two sources are oscillating with a 180° phase difference, the resulting Green’s
function is given by

~ oikro  pikio

G(P) = — (2.23)

7o 7o

— o—
where rg = |ro| = |PyPy|, 7o = |Fo| = |PoP1|- One can easily show that

~ ikro ikFo
0G(Pr) = cos(n,rg) <z/€ - i) S cos(n, o) <Zk - ~i> —.

on 70 70 70 70
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Figure 2.3: Mirror image of Py on the opposite side of a planar screen used in the
derivation of Rayleigh-Sommerfeld Diffraction Formula.

At any point P; on Sp we have

ro =70, and cos(n,rg) = —cos(n,Tp)

and therefore

G(P) =0, (2.24)

and

e ikrg
9G(P1) = 2cos(n,rg) (zk - i) ¢ ,
on ro) 1o

on the surface Sp. If we choose a coordinate system such that the screen Sp lies on the

z = 0 plane, then it is easy to show that

_
COS(I’I, I'0) - TO’
and ~ N
P 1Y ethro
0GR _ o2 (zk: - —> — (2.25)
on 0o To) To

As discussed earlier, the distance from the screen to the observation point Py is very

large compared to the wavelength, i.e. ro > A, and we therefore can re-write Eq. (2.25)
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as

ikro
0GP i €
on

2.26
- (226)

By substituting Eqs. (2.24) and (2.26) into Eq. (2.22)—which we obtained after ap-
plying the Kirchhoff boundary conditions for the Green’s function G—we obtain the

first Rayleigh-Sommerfeld diffraction formula for a single point source illuminating the

aperture, '
20 ezkro
) rH
Sa
or
20 eikro
U(zo,90,20) = ix U(%%O)T drdy. (2.28)
0
Sa

The intensity of a scalar monochromatic wave at point Py is defined as the squared

modulus of the complex amplitude U(FPp) of the disturbance [20], is the given by

22 eikro
17 = Urf = 33| [ v s (2.29)

It is important to note that both the Kirchoff solution and the Rayleigh-Sommerfeld
solutions are essentially equivalent at sufficiently large distances away from the aperture,
and deviations only occur close to the aperture. Despite the inconsistencies, Kirchoff

theory is more general since it does not require diffracting screens to be planar [20].

2.5 The Angular Spectrum

It is also possible to formulate scalar diffraction theory in Fourier space. If the complex
field distribution of a monochromatic disturbance is Fourier analyzed across any plane,
the various spatial Fourier components can be identified as plane waves traveling in
different directions away from that plane.

Let us consider a monochromatic wave incident, with sources on any negative z-

plane, propagating in the positive z-direction to a parallel plane at distance zy. The
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complex, monochromatic scalar field U(z,y,0) given at the aperture S4 in Figure 2.2,

can be represented by a two dimensional Fourier integral on U(z,y,0) [20] given by
U(z,y,0) = / / Uk, ky; 0) e Fet0o9) gk dke, (2.30)

where the Fourier transform U(k,, k,;0) is as follows

o

U(k:m,k:yﬁ 2 //U z,y,0) e Fem k) qo gy (2.31)

Including the time dependence, [j(k‘x, ky;0) eikeztkyy+wt)

, may be regarded as a plane
wave at z = 0, propagating with the direction cosines «, § and -y, where the wave vector
can be written as k = 277-((046,( + fBey +ve,). Ul(ky, ky;0) is also called the angular
spectrum of U(z,y,0) [20, 23].

Now consider the resulting field U(z,y, z) that appears across a parallel plane at

a distance z to the right of the aperture plane which is located at z = 0. Its two

dimensional Fourier representation in terms of its angular spectrum can be written as
U(z,y,z / / (ka, ky; 2) ke tRt) qrdk, (2.32)

and its angular spectrum U (k,, ky; z) is given by
U (ks ky; 2) // z,y,2) e " FeT k) g dy | (2.33)

The complex amplitude U(x, y, z) satisfies the Helmholtz equation, given by Eq. (2.10),

at all source-free points

V2U(x,y,2) + k°U(z,y,2) = 0.
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Substitution of U(z,y, z) in Eq. (2.32) into the Helmholtz equation yields

This is true for all waves only if the integrand is zero. Hence the angular spectrum U

277 . - )
W + (K2 — k2 = k2) Ulkg, kys 2) | e F=m M) dk, dky, = 0. (2.34)

satisfies the following differential equation,
Uso (b, ky; 2) + k20U (kgy kys 2) = 0, (2.35)

where

2 1.2 2 2
K2 = k2 — k2 k2. (2.36)

An elementary solution of this differential equation can be given by
Ulky, ky; 2) = Ulks, ky; 0) e 7022 (2.37)

in which the down-going waves were ignored for simplicity. Note that k, = |/k? — k2 — k2
is real valued if k2 + k‘g < k? and each angular spectrum component is just modified by
a phase factor e "7

The relation we found between U (k,, ky; 2) and U (ky, ky; 0) in Eq. (2.37) now allows

us to describe the wave field at (z,y, 2z) in terms of the initial angular spectrum, i.e.,

Ulx,y,2) = / / U (ky, ky; 0) ek thoy=k2) qrqp, . (2.38)

2.6 Summary

In this chapter we reviewed the scalar diffraction theory and introduced some of the
definitions. We gave a short introduction to electromagnetic theory in Section 2.1. In
Section 2.2 we derived the Helmholtz equation and showed that U satisfies the equation

at all source-free points, and, then converted it into the Helmholtz-Kirchhoff Integral
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equation by using the Green’s theorem. Later we discussed the application of this
integral for diffraction by a plane screen. In Section 2.3, we discussed the Kirchhoff
boundary conditions. We then removed the inconsistencies of the Kirchhoff theory by
reformulating the problem using Rayleigh-Sommerfeld theory of diffraction. Finally, we
introduced the angular spectrum of the incident wave and described the wave field in
terms of initial angular spectrum. We will use this description in the following Chapter

where we discuss the forward problem.
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Chapter 3

Forward Problem

In this chapter, we introduce the forward problem for which we investigate the intensity
output, given the mask. We introduce a mask function by which we define the mask
structure. The mask function allows us to write the transmitted field at the mask, and
using the angular spectrum we obtain the transmitted field at the image plane, namely
the silicon wafer used in production (see Chapter 1). We then discuss the Hopkins theory
of partially coherent imaging [22, 24|, which uses transmission cross coefficients (TCC)
to calculate the image intensity pattern. We employ the technique that was described
by Cobbs [2], called Sum of Coherent Systems (SOCS). We use this technique because of
the partial linearity of the resulting system approximation. The use of decompositions
to Hopkins imaging equations are found in the literature extensively [25, 26]. In this
method the TCC are first obtained as a matrix, then the Singular Value Decomposition
(SVD) algorithm is applied to obtain optical kernels of the system. Then, in order to
obtain an optimal approximation to Hopkins equation, the system is truncated to a low
order.

The organization of the chapter is as follows. In Section 3.1 we state the forward
problem in detail, followed by a derivation of the aerial image intensity using the Hop-
kins’ model in Section 3.2. In Section 3.3 numerical calculation of the coherent point
spread function is discussed, and some numerical results for the aerial intensity calcu-

lation are shown. We give a summary of the chapter in Section 3.4.
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Figure 3.1: Kirchoff boundary conditions for the near field of mask.

3.1 The Statement of the Forward Problem

Assume that an opaque screen containing a structure of apertures, namely the mask,
is introduced in the plane z = 0. Let us consider the effects of the mask on the
angular spectrum of the incident field. We define a binary mask function, m(z,y), of
an aperture structure under Kirchhoff boundary conditions, such that the transmitted
field amplitude U(z,y;0) at any (x,y) point across the aperture in the z = 0 plane is
given by

U(z,y,0) = Ui(z,y,0) m(z,y). (3.1)

Here, U;(z,y,0) is the complex amplitude of the incident field (see Figure 3.1). Mask
function m takes the value “one” where there is an aperture and takes the value “zero”
at the screen. The Kirchhoff boundary conditions are therefore satisfied. Kirchhoff
approximation for the near field of mask ignores scattering and it is only accurate in the

middle of large uniform areas. For a single plane incident wave at z = 0, we can write

i(k 24k y)

Ui(z,y,0) =e (3.2)

In order to describe the wave field at the image plane in terms of the initial spectrum,

given by Eq. (2.38), we need the Fourier transform of U(z,y,0). It follows once from
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Eq. (2.31) and Eq. (3.1) that angular spectrum of U(z,y,0) is
U(kz, ky3 0) = / / (2,9,0) m(z,y) e~ FemH5u¥) 4y dy (3.3)

Replacing m(z,y) with its inverse Fourier transform and by substituting Eq. (3.2), we
can write Eq. (3.3) as

U(ki;0) = / / / (ke ®er) diky | (k) Tige, 0 (3.4)

where (k) denotes the Fourier transform of m(xz,y). Here and in the remaining of
this chapter, we use, for brevity, the vector notation k| and r; to denote (k;,k,) and
(z,y), respectively. By re-arranging the terms in the integrand and using the Fourier
representation of the two-dimensional delta function, i.e.,

Skl —k, +k,) ikl Rtk )Ty g (3.5)

we obtain
kJ_, / ka_ —kJ_—I—l_{J_)dl_{J_:’ﬁL(kJ_—kiJ_). (3.6)
Here we used the shifting property of delta function which is given by

7/ F()6 (x — xo) dx = f(xo).

Hence by substituting Eq. (3.6) into Eq. (2.38) we obtain the propagated near field

Ulry,z k) :/ m(ky — k) ek Ti—k2) g (3.7)
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If we take into account that the field propagates through a lens, the field at the image

plane could be written as
Ulry,z k) = // m(ky — ki) Pk, )elkeri—kezthWik) g (3.8)

where P (k) and W (k) denote the pupil function and the lens aberration, respectively.
As mentioned in Chapter 1, these aberrations are typically caused by the imperfections
in the lenses. Aberrations result in wavefronts with a phase error, typically represented
by kW (k) [20]. One can therefore see that W is an effective path-length error. For
simplicity, however, we assume an optical system that is aberration-free, i.e. Wik, ) =
0. We also assume that a circular pupil is used and hence the pupil function P(k,) is
given by

1 |k | <k
Pk,)=cirek,) = (3.9)

0, |ki|>k.
Equation (3.9) will be frequently used in the calculations of the coherent point spread

function and the image intensities in Section 3.3.

3.2 The Hopkin’s Model

In this section, we derive the aerial image intensity using the Hopkin’s theory. Aerial
image is the pattern on the top of the resist that is produced by the incident wave. For
modeling aerial images under partially coherent illumination one needs to superimpose
the effect of each illumination source that makes up the partially coherent source. The
aerial image intensity, I, is therefore given by an integral over the incident wave vectors
kiJ_, i.e.

I(r),2) = / / Uer. 20| PO e (3.10)

ki in the illuminator pupil

which is also known as the Abbe representation [27]. Here P(k ) is known as the pupil

illumination function.
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We know that
.12 . .
Ury,z;k )| =U(ry,zk ) U (ry, k), (3.11)

where asteriks denotes the complex conjugate. By substituting Eqs. (3.7) and (3.11)

into Eq. (3.10), one can write for the aerial image intensity

I(ry,z //dk‘ Pkl //dk’ // dk/ ! (Tikz) k) — K eire(K) )

emi(K i —klz) 7 m* (k] — k! Deire(k]).  (3.12)

Here and in the following, we omit the integral limits (—o0, 00) to simplify the notation.

Using the Fourier transform of m(r, ) ,
mky) = S / m(ry )e KT dr, (3.13)
(2m)?
yields
I(r ,2) = 27T //drl//dr K (ry —1";2)K(ry — 1 ;2)m(r)
/ dki R LT pdl ) (3.14)

Here,

K(ry;z) = / dk | e Tike2) cire(k ) (3.15)

is called the coherent point-spread function and it describes properties of the imaging

system [12]. Furthermore, by defining

J(ry) = / / ki e rL Pk ) | (3.16)

as the mutual intensity function, which describes coherence properties of the illumination
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[12], one gets

I(r;,z)= (271T)4 // dr’, // de'l m* (e ) K*(ry —2))J(@', =) KL —1/))m(r)).

(3.17)
If we then re-definer’, — r, — 1/, and r’| — r; —r'[, we obtain the aerial image inten-
sity in the spatial domain as

I(ry,2) = ﬁ / / ', / / drl m*(ry — ) (K" 2) T — ¥ K@ 2)] m(rs — ).

H

(3.18)
The form shown in Eq. (3.18) is also known as Hopkins model [22, 28] . Hopkins model
is based on the exchange of the integration order over the point source contributions
and the diffraction amplitudes. Let us define the term in square brackets in Eq. (3.18),
i.e.

HI' v ;2)= K ;2)J@] - ) K({;2), (3.19)

as the Hopkins transmission cross coefficients (TCC) function for the calculations of the
aerial image intensity [27]. In other words, the discrete Hopkins expansion is simply
an expression of the transmission cross coefficient function as a tensor product. Such
a definition has the advantage that a given optical system with fixed illumination,
numerical aperture, defocus, and other aberrations can be easily described and that the
TCC need to be calculated only once and these results can be used again for aerial
image calculation of different mask patterns [27].

First, let us look into the calculation of J(r ) in Eq. (3.16). Commonly the pupil
illumination function, which is also known as the Fourier transform of the mutual in-

tensity function, P(k' ) is chosen as follows [2] :

A2 o S2(NA)?
i ms2(NA)2’ et |7 < A?
Pkl) = ' 2(NAY? (3.20)
0, |k1J_|2 > T
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Figure 3.2: The pupil illumination function approximated by a Gaussian form. We set
the half width at half maximum (HWHM) of the Gaussian curve equal to the half of
the maximum of Eq. (3.20).

where s is the partial coherence factor given by

NA of condenser

= i 21
* T NA of imaging optics (3.21)
We approximate the pupil illumination function with a Gaussian form
. i |2
Pk) = PyePlELl (3.22)
2
as illustrated in Figure 3.2. It is straightforward to show that Py = ———— and by
ns?(NA)?
using the HWHM value
sNA 1 2
P == 3.23
( A > 2 s2(NA)? (3.23)
one finds 2]
n2
= —Q—. 3.24
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Equation (3.16) in one dimension then becomes

. _ AIn2 1.2 s2(NA)?
J) = —— / e<m“’°‘x 52(NA)2kx>dkw _ L oot (3.25)
V/7Ts(NA) VIn 2
Hence in two dimensions J(r ) is found to be
1
J(ri) = — e IrLl’/48 (3.26)

In2

This calculation also shows that the mutual intenstiy function J is a real valued function.
With this result one can show that H(r' ,r’[; z) in Eq. (3.19) is a positive, semi-definite

hermitian operator [2], i.e.
H* (v x' 5 2) = [K*(r';2) J(o, =Y K('[;2)] = HX v/ 52) . (3.27)

Since digital images are essentially matrices, we have to work in discretized coordinates.

For an image of size L, x L,, H can be written as
H(r'| =iAzex +j Ayey, v =i Azex + j' Ayey;2) = H(i, 5,7, j), (3.28)

where Az = L;/N and Ay = L,/N with ¢,5,7,7" = 1,... N. For brevity in notation,
we omit the z dependence of H. We can represent the discretized H as a matrix by

defining a linear mapping H : RN*N — N x N ;

N

N
HX))ig =YY H(i,j, i, 5) X (3.29)
=1

i'=1j

for a given matrix X € RN*N. This is performed first by stacking the columns
of matrix as a vector from RV and then writing the operation as a matrix vector
multiplication.

The column stacking function C : RN*N —— RN * is defined by
C(Xij) = Xjxn+i, (3.30)
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where X is an N x N matrix. That is, for

T11 T12 T1N
T21 922 ToN

X=1 Col=1x oxe . oxy |- (3.31)
N1 N2 ... INN

the column stacking operation yields

X
xocx)=| 1. (3.32)

XN

The operator H can be represented as a matrix, H,

H(1,1,1,1) H@1,1,2,1) ... H(1,1,N,1) H(1,1,1,2) ... H(1,1,N,N)
H(2,1,1,1) H(2,1,2,1) H(2,1,N,N)
H(N,1,1,1) H(N,1,2,1) H(N,1,N,N)
H(1,2,1,1 :
o ( ) ’
H(2)27]‘)1)
H(N,2,1,1)
| H(N,N,1,1) H(N,N,2,1) ... ... H(N,N,N,N) |
(3.33)

operating on the stacked vector X. We then apply singular value decomposition (SVD)
to decompose H into its eigenspectrum. However, since TCC matrix is positive semi-

definite hermitian matrix, SVD is equivalent to an eigenfunction expansion [29]
N
H=> oWV, (3.34)
n=1
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(for more details please also see B.1). Furthermore, the eigenvectors of H form a com-
plete orthonormal basis and the eigenvalues are real and non-negative [30]. The inverse

column stacking operation then yields
Ve =C1(V,). (3.35)

Hence one can write

H(r' ,v'] ;2 Zanvv (3.36)

where {0,} and {V,,} are the non-negative eigenvalues and the corresponding eigen-
functions of the Hermitian operator H, respectively. However, it has been shown that
the eigenvalues decrease rapidly to zero [2]. Hence the summation given in Eq. (3.36)
is dominated by the first several terms, for the eigenvectors sorted in descending order
01 > o9 > -+ >opn2. The series therefore could be truncated after few terms as

follows

H(r' |, v'];2 Zanvv (3.37)

where Ny denotes maximum number of terms that are used for the approximation. The

intensity in Eq. (3.18) then can be written as

I‘J_7 E Un I‘J_7 E On

//drl —riz)m (rl)Q, (3.38)

where « denotes two-dimensional convolution. Hence with this decomposition, the com-

putation of the image intensity is reduced to a two-dimensional convolution. To summa-
rize, we showed that the overall aerial image intensity matrix of the partially coherent
optical system can be approximated by a finite sum of the image matrices produced by

coherent systems.
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3.3 Numerical Calculations

Calculation of the Coherent Point Spread Function, K(r|;z)

In order to calculate the integral given by Eq. (3.15) we use polar coordinates,i.e. k, =

k|| cos¢ and k, = |k, | sin ¢, and obtain

oo 27

K(rL;z)://exp{i\kl\aj coso+ i|ky|ysing — ik, z}cire(k,) |k |dodk, |,
0 0

(3.39)
where k, = /k? — ki as discussed in Section 2.5. We also know that k., would be real
valued under the condition of |k, | < k (using the definition of circ function). Under

this assumption the integral above becomes

k 2w

K(r132) = K(o,2) = [ [ exp (il cosot ifk|ysing — ik 2 k] dodlk |
0 0

(3.40)

Note that, If z = 0 one can represent Eq. (3.40) as Jinc function. However, for z # 0

one can approximate this integral by applying the composite trapezoidal rule given by

Eq. (B.10) (see Appendix B.2 for details), namely

N+1M4+1
Ak | A
K(rL;z)mil Z‘ (bg E wij F(ry, kili, ¢5;2), (3.41)
i=1 j=1

to numerically evaluate K(r;z) in Eq. (3.40). Here w; ; are the weighting coefficients,
Alk)| = k/N and |k |, = (i —1)Alky |, for i=1,2,..., (N+1), Ap = 2r/M and
pj=(—1)A¢,forj=1,2,..., M and

F(ry,lkili,¢5:2) = exp{i]kj_],-(x cos ¢; + y sing;) — i 24/ k? — ]kﬂ?} k|-
(3.42)
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x10

Figure 3.3: Eigenvalues o}, obtained using the singular value decomposition for param-
eters z =0, A =193 nm, s =0.5, NA =0.85, and N = 128.

Singular Value Decomposition of H(r' ,r';z)

In order to obtain the eigenvalues and the corresponding eigenfunctions shown in Eq. (3.37)
we used the “eigs” command in MATLAB which is based on the Arnoldi iteration
method. In general “eigs” command is used to find largest eigenvalues and eigenvectors
of a sparse matrix. Note that the eigenfunctions we need are N x N matrices. There-
fore we used the column stacking operation that we described in Section 3.2 to define a
function in the form of y = fun(x) that is needed to use “eigs” command in the form
of d = eigs(fun,n, k, sigma, options) as it was given in Matlab “eigs” documentation.
n is N? so that stacking method is used, and for the given k& number “eigs” command

returns the k£ many largest magnitude eigenvalues.
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Numerical Intensity Calculation Results

In Figure 3.3, the first ten largest magnitude eigenvalues that are obtained after per-
forming singular value decomposition for z = 0, A = 193 nm, s = 0.5, NA = 0.85, and
N = 128 are shown. As expected, the eigenvalues decay rapidly, therefore, our assump-
tion of truncating the series given in Eq. (3.37) is justified. Here and in the remainder of
the thesis we used the first ten eigenvalues in our calculations. Figure 3.4 shows the first
six kernels corresponding to these eigenvalues for z = 0, A = 193 nm, s = 0.5, NA =
0.85, and N = 128. These results are in good agreement with that of shown in [2, 31].
Note that these eigenvalues and eigenfunctions are needed to be calculated only once
for specific z, A, NA, s, and N values and then one could use any desired mask pattern
to calculate the intensity using Eq. (3.38).

In order to see the final aerial image patterns, we designed two different masks as
shown in Figures 3.5 (top) and 3.6 (top). Some of the features in these masks are
especially chosen to illustrate the interactions between close elements. The resulting
aerial image intensities are shown in Figures 3.5 (bottom) and 3.6 (bottom) for z = 0,
A =193 nm, s = 0.5, NA = 0.85, and N = 256. As can be seen from these images,
when mask designs become complicated, it becomes harder to resolve the small features.
Therefore, it is crucial to come up with better ways to accurately imprint mask designs

on these substrates.
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Figure 3.4: First six optical kernels (eigenfunctions), from (a) to (f), for a partially
coherent system with parameters z = 0, A = 193 nm, s = 0.5, NA = 0.85, and

N =128.
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Jol

Figure 3.5: An example mask (top) that is used as the mask function m to obtain the
aerial image intensity (bottom). Parameters: z = 0, s = 0.5, A = 193 nm, NA = 0.85,
and N = 256.
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Figure 3.6: An example mask (top) that is used as the mask function m to obtain the
aerial image intensity (bottom). Parameters: z = 0, s = 0.5, A = 193 nm, NA = 0.85,
and N = 256.
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3.4 Summary

In this chapter, we introduced the forward problem, that is, for any desired pattern find
the aerial image intensity output. We used a mask function that allowed us to write
the transmitted field at the mask, and using the angular spectrum we obtained the
transmitted field at the image plane. We then discussed the Hopkins theory of partially
coherent imaging that uses TCC to calculate the image intensity pattern by representing
our partially coherent system as finite the sum of image matrices produced by coherent
imaging systems. TCC are first obtained as a matrix, then the SVD algorithm is applied
to obtain optical kernels of the system. We used MATLAB to calculate these singular
values, and the optical kernels for commonly used set of parameters in the literature.
These singular values, and optical kernels will be necessary to calculate each aerial
image intensity when we introduce a level set formulation of inverse problem in the next

chapter.
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Chapter 4

The Inverse Problem

In this chapter, we begin by defining the inverse problem of mask design and the level
set formulation of the forward problem. We the give a preliminary on volume and
surface integrals in Section 4.2. These results will then be used in the calculations of
Section 4.3. In Section 4.3, by calculating the variation of the cost function we show that
the problem is equivalent of solving a Hamilton-Jacobi equation. We then review the
standard Level Set Methods, introduced in [32], and Fast Marching Methods (FMM)
[33], for tracking propagating interfaces in two and three dimensions, in Section 4.4.
Both sets of techniques are based on a partial differential equations view of interface
motion, and rely on the use of the theory of viscosity solutions, upwind schemes for
hyperbolic conservation laws, and the theory of curve and surface evolution developed
in [34]. In Section 4.5, we discuss the numerical results for different target mask layouts.

Finally, in Section 4.6, we give a summary of the chapter.

4.1 The Inverse Problem for Mask Design

Problem statement: Given a binary target mask pattern T'(x,y) we would like to
find a binary function m(z,y) such that the pattern on the exposed region S(z,y) is
close to the target pattern.

Here we define the exposed region as the set of points such that the aerial image

intensity I(x,y;z) given by Eq. (3.38) is greater than some prescribed threshold 7 (the
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intensity threshold required for the photoresist to react),
D=A{(z,y) : I(x,y;2) > T}, (4.1)
where the boundary of D is
0D ={(z,y) : I(z,y)—T =0}. (4.2)
In level set notation, we can describe the exposed region by the function S(z,y):

Sing =1 if {(z, s I(x,y; 2 T
S(ry) = H(w,y2) - T) = tow) s oy = Th )

Sezt =0 if {(z,y) : I(z,y;2) < T} .

Under this description, S(z,y) is tied to the image intensity function which is now used
as the level set function of the forward problem. By the definition of the exposed region
function S(x,y), one can now state an inverse problem to find a desired mask pattern.

In order to achieve our goal, we formulate a least squares problem by defining a cost

function

¢~ [[ 1) - Sta)l dedy. (1.4)

where the target mask pattern T'(z,y) is given.
Here, we can think of the binary mask function m(z,y) as the desired unknown.

Consider a region M defined by a function ¢(z,y) as follows;

M ={(z,y) : ¢(x,y;2) <0}, (4.5)

where the boundary of M is

OIM={(z,y): ¢(z,y) = 0}. (4.6)

Now, in level set notation, we can link this unknown function ¢(z,y) to the desired
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mask function m(z,y) by

Megt = 0 if {(z, : o, 0
m(z,y) = H(—b(z.y)) = tow) = olvy) =03 (4.7)

Ming = 1 if {(:Evy) : ¢($7y) < 0} :

Hence m(x,y) is defined by a level set function ¢(z,y) of the inverse problem. We
discuss these in detail in Section 4.3.

Now, in order to attack the least squares problem given in Eq. (4.4) we will follow
the calculation of variations approach detailed in [35, 36]. This approach will then
lead us to a Hamilton-Jacobi equation. However, we first discuss a preliminary on
volume and surface integrals of a function f over some region {2, and some boundary

0, respectively.

4.2 Preliminary on Volume and Surface Integrals

Here, we follow the preliminary on volume and surface integrals outlined in [37] closely.

Let us first define the characteristic function x~ of an interior region 2~ as

1, if¢(x) <0
X (x) = 76 (4.8)
0, ifo(x) >0,

where the boundary is arbitrarily included with the interior region. Here x = (x,y).

The characteristic function T of an exterior region Q% is defined in a similar way as

0, ifp(x)<0
Y (x) = 709 = (4.9)
1, if ¢(x) >0,

again including the boundary with the interior region. For simplicity we restrict our-

selves to work with functions of one-dimensional variable ¢, and use the one-dimensional
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Heaviside function
0, ifp<0
H(¢) = (4.10)
1, ifp>0,
where ¢ depends on x. This allows us to work with H in one spatial dimension. Note
that Y7 (x) = H(¢(x)), and x~ (x) = 1 — H(¢(x)) for all x. The volume integral (area
or length integral in R? or R, respectively) of a function f over interior region Q2 is

then defined as
/ £y~ (x)dx. (4.11)
Q

Since Q™ prunes out the exterior region Q7 automatically, the region of integration of
this integral is all of 2. One can use the Heaviside function given in Eq. (4.10) to rewrite
Eq. (4.11) as
[ #6001~ Ho0)dx. (1.12)
Q

representing the integral of f over the interior region 2. Similarly,

/ F () H($(x))dx (4.13)
Q

is the integral of f over the exterior region Q.
The definition of the Dirac delta function can be given by the directional derivative

of the Heaviside function H in the normal direction N as follows

5(x) = VH(4(x)) - N, (4.14)
which is again a function of variable x. Note that this distribution is nonzero only on
the surface 9 where ¢ = 0. One can rewrite Eq. (4.14) as

3x) = H'(6(x))Volx) - Lo = H'(0x)IVox). (115)

using the chain rule and the fact that Vé(x) - Vé(x) = |[Vé(x)|*>. Similarly in one
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dimension, the delta function can be defined as the derivative of the one-dimensional

Heaviside function

() = H'(9), (4.16)

where H(¢) is given by Eq. (4.10). Once again, the delta function §(¢) is identically
zero everywhere except at ¢ = 0. This allows us to rewrite equations (4.14) and (4.15)

as

d(x) = 6(o(x))[Vo(x)!, (4.17)

using the definition in Eq. (4.16).
The surface integral (line or point integral in R? or R, respectively) of a function f

over the boundary 92 is defined as
/f(x)é(x)dx7 (4.18)

where the integration is over all of €2, since § prunes out everything 02 automatically.

One can rewrite this surface integral as

/ F(x)3(6(x)) |V (x) | dx (4.19)
Q

by using Eq. (4.17). This equation will be used in the derivation of the Hamilton-Jacobi

equation in the next section.

4.3 Calculation of Variations

We now use a variational approach to find the mask function m(z,y) that minimizes
the cost function C given by Eq. (4.4). Our approach is similar to that of Refs. [35, 36].
We begin by finding the variation of the cost function C, i.e.

0C ==2 [ [ (T —S)(x,y)dSdxdy. (4.20)
[
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Figure 4.1: The geometry of the variation of the curve {(z,y) : I(z,y) —7 = 0} under
a variation 01 (z,y).

Let us now study the geometry of the zero level set 9D given in Eq. (4.2) under a
variation in I(x,y). Consider the situation depicted in Figure 4.1. The solid curve is
the zero level set before I(x) is varied, and the dashed curve is the zero level set of +41.
Once again x denotes x = (z,y). Suppose the set D becomes D’ under the variation in
I(x). A point x on the zero level set has been displaced by dx. If the variation 45 is

integrated against a test function f(x) then

<88, f >: —/ 5S(x // (x)dx, (4.21)

sym. diff. (D,D’)

where sym. diff. (D,D") = (DUD’)\(DNTD’) is the symmetric difference of the sets D
and D’. We can reduce the area integral to a line integral since the difference between

D and D’ is infinitesimal. Let n; = denote the unit normal along the opposite

\
VI
direction of gradient of intensity. Here, we use the fact that JS(x) is either plus or

minus (Sjns — Sext); plus when 0x - np(x) is negative, and minus otherwise. Hence, the
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integral becomes
<08, f >:= /(Smt — Seqt) 0% - 11 (x) f(x)ds(x), (4.22)
oD

where ds(x) is the incremental arclength.

One can now identify that

VI

08 = (Sint — Sext) M1 - 0X |5p = M- 60X |yp = — W-éx . (4.23)
oD
If we then go back to Eq. (4.20), we write
0C = -2 //(T —8)(x)0S dx =2 /(T —5)(x) % - 0x ds(x). (4.24)
R2 oD
In order to remove dx, consider the variation of
I(x)—7T =0. (4.25)
One can easily show that
VI-6x = —oI. (4.26)
By substituting Eq. (4.26) into Eq. (4.24) we obtain
ol
5C = —2 / (T = $)() gy ds(x). (4.27)

oD

Previously we showed in Eq. (3.38) that
I(x) = Y on [(Vaxm)(x)]P =Y o (Vi xm) (x) (Vi xm)(x), (4.28)
where m(x) is real valued. The variation of I(x) is then given by

oI =2 Z on Re [(Vi xm) (V,, + 6m)] . (4.29)
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Figure 4.2: The geometry of the variation of the curve {(z,y) : é(z,y) = 0} under a
variation d¢(z,y).

Let us now study the geometry of the zero level set OM given in Eq. (4.6) under a
variation in ¢(x). Consider the situation depicted in Figure 4.2. The solid curve is the
zero level set before ¢ is varied and the dashed curve is the zero level set of ¢ + d¢.
Suppose the set M becomes M’ under the variation in ¢(x). A point x on the zero level
set has been displaced by dx. If the variation dm is integrated against a test function

f(x) then

<om, f >= // Im(x) f(x)dx = // Im(x) f(x)dx, (4.30)
R?

sym. diff. (M, M’)

where sym. diff. (M, M’) = (MUM')(MNM’) is the symmetric difference of the sets
M and M’. We can now reduce the area integral to a line integral since the difference
between M and M’ is again infinitesimal. Let ny = % denote the unit normal along
the direction of gradient of ¢(x). Here, we use the fact that dm(x) is either plus or

minus (Mt — Mege); Plus when 0x - na(x) is positive, and minus otherwise. Hence, the
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integral becomes

<om, f >= / (Mijnt — Megt) 0X - Na(x) f(x)ds(x),
oM

where ds(x) is again the incremental arclength.

One can now identify that

Vo

om = (mint_mext)n2'5X |5M=n2-5x |8M: W&X .
oM

In order to remove 0x consider the variation of ¢(x) = 0. We find that

V- ox = —06,

_ (%9
om = <\v¢r>

By substituting this back into Eq. (4.29) we get

o = —2;% Re [(vn «m) (x) <Vn x <|é_¢;|>
The substitution of Eq. (4.35) into Eq. (4.27) then yields
5C = 44 % {Zn:an Re {(vn ) (%) (Vn ; (%)

Since (T' — S)(x) is real valued, one can rewrite Eq. (4.36) as

oD

and therefore obtain

oM

mii
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By re-arranging this integral one gets

0C = DyC - ¢ = / F(x) % ds(x'), (4.38)
oM

where

F(x)=3 Re / KT — S)(x) o (Vi 5m) (%) Vin(x — X') (I(x) — T) dx,  (4.39)

where §(I(x) —t) is a Delta function as used in Eq. (4.19). Let us now consider the
situation where the surface ¢(x) is altered so that the points on the level curve will

move perpendicular to it, that is
0o +v(x)|Vo|=0. (4.40)

This equation is equivalent to a Hamilton-Jacobi equation (see Section 4.4 for more
details) if we view the change as occurring continuously in time [36]. The function v(z)
denotes the velocity of the level curves.

Choosing the velocity field is equivalent of choosing a descent direction for the op-

timization. We choose a steepest descent direction by setting
0p=—F|Veg| . (4.41)

By substituting d¢ given in Eq. (4.41) into Eq. (4.38), we can conclude that it is a

descent direction and we can identify the velocity field v(x) as
v(x) = F(x). (4.42)

Here, one must note that we have naturally extended the velocity from its value on the
zero level set OM to the entire domain R? using the fact that 7, S, V, and m are
all defined on R?. The only requirement for the velocity to correspond to a descent

direction is for its value to be specified as F' on OM [36].
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Figure 4.3: An interface evolving with the speed function F'.

4.4 The Level Set Method

The level set method was developed by Osher and Sethian [32] for problems involving
the motion of curves and surfaces. Consider a closed moving interface I'(t) in R™.
Let ©(t) be the region that I'(¢) encloses. We associate with 2(¢) an auxiliary function
¢(z,t), called the level set function that is Lipschitz continuous and satisfies the following
conditions

¢(x,t) <0, in Q(1);

d(x,t) =0, on I'(t); (4.43)

B(x,t) >0, in R\ (1),

where x € R” and t € RT. The initial condition of the auxiliary function is defined by

the signed distance function

d(x,t = 0) = +d(x) . (4.44)

Here d(x) is the distance from x to the initial interface I'(t = 0), and the sign is
determined so that it is negative on the inside of the initial interface, while positive on
the outside [38].

The evolution equation for the interface can be written in terms of ¢. Assume that
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x(t) is a point on the interface that evolves with the interface, then

d(x(t),t) = 0. (4.45)

Differentiating Eq. (4.45) with respect to ¢ gives

¢+ Vo(x,t) - %x=0. (4.46)

Since F' is the speed in the outward normal direction, one can write X -n = F', where
n = V¢/|V¢| is the unit normal [39] (See Figure 4.3) . This yields an evolution equation

that is an initial value partial differential equation (PDE) for ¢, namely

¢t + F Vo[ =0
o(x,t =0) given, (4.47)

which is also known as the level set equation that was introduced in [32]. Through this

equation, the motion of the interface I'(¢) is captured so that at anytime ¢,

T(t) = {x | ¢(x,t) = 0}. (4.48)

The motion of the interface is illustrated in Figure 4.4. With this formulation, the
construction of the initial value partial differential equation given in Eq. (4.47) means
that the velocity F' is now defined for all the level sets, not just the zero level set
corresponding the interface itself [3, 39].

One can be more precise by rewriting the level set equation as

¢t + Fext [Vo| =0, (4.49)

where Feyt is some velocity field that equals to the given speed F' at the zero level set.
In other words,

Fot =F on ¢=0. (4.50)
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Figure 4.4: Transformation of front motion into initial value problem given in Eq. (4.47)
(From [3]).

This implies that the level set method presented in [32] requires the level set function ¢"
to be updated at every grid point in the computational domain, using a speed function
F' that has been defined at every point in the computational domain [3]. This new

velocity field Feyt is known as the extension velocity.

4.4.1 Numerical Implementation of The Level Set Method

One important aspect of the paper by Osher and Sethian [32] was the use of the meth-
ods borrowed from hyperbolic conservation laws for discretizing the level set equation
(4.47). This concept was generalized in [40], where numerical flux functions designed

for hyperbolic conservation laws were used to solve Hamilton-Jacobi equations of the
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form

¢r+ H(Vp) =0. (4.51)

Here, the function H(V¢) is called the Hamiltonian, and it is a function of the gradient
of ¢ [39].

In the case of the level set method, the Hamiltonian is given by
H(V¢)=F|V|. (4.52)

Viscosity Solutions of Hamilton-Jacobi Equations

One can rewrite Eq. (4.47) as

b+ F (2 +02) " =0, (4.53)
in two dimensions. By letting u = ¢, and v = ¢,, and by differentiating both sides with
respect to z and y, one gets a pair of equations for v and v. We cannot simply take the
theory of viscous solutions and entropy conditions for hyperbolic conservation laws and
integrate this equation upwards. Instead, a better approach would be to work directly
with the level set equation, and add a viscosity term to the right-hand side.

More generally, consider the following Hamilton-Jacobi equation,
uy + H(Du,x) =0, (4.54)

where Du represents the partials of u in each variable. Assume that the Hamiltonian
H is a smooth function of its arguments. We want to admit non-smooth solutions, that
is, those that allow corners. We do this by adding a viscosity term to Eq. (4.54), that
is,

u + H(Du,x) = eAu, (4.55)

where € is a positive constant. Given a solution u., one would ideally want to show that
such solution is smooth, and that its limit as € goes to zero gives an appropriate weak

solution. However, instead of defining the weak solution as a limit of smooth solutions,
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one can follow the approach of Refs. [3, 41, 42], and define a weak solution as follows
Definition: w is said to be a viscosity solution of Eq. (4.54), if for all smooth test

functions v,

1. if u — v has a local maximum at a point (z,t) then

v¢(o,to) + H(Dv(zo,10),70) <0, (4.56)

2. if u — v has a local minimum at a point (xg, %) then

v (zo,t0) + H(Dv(zo,to),x0) > 0. (4.57)

Note that, first, the definition does not differentiate u, but v, and second, it follows the
trick of integration by parts, and passes all the derivatives off of u onto v. This turns
out to be a reasonable and valuable definition of the solution, since one can show the

following [41]:

e If u is a smooth solution of the Hamilton-Jacobi equation, then it is a viscosity
solution. In other words, any classical solution that stays smooth for all time

satisfies the two inequalities in the definition above.

e If a viscosity solution u is differentiable at some point, then it satisfies the Hamilton-
Jacobi equation there. That is to say, where the viscosity solution is smooth, it

gives the same answer as the classical solution.
e Given the appropriate initial conditions the above viscosity solution is unique.

e The solution produced by taking the limit of the smooth solutions u. as € tends to

zero is a viscosity solution; by uniqueness, this solution must be one given above.

The reader is referred to [42, 43, 44] for the precise statements and proofs. The scheme
we will discuss in the next section is an approximation to the level set equation that has

a convex Hamiltonian H. A number of studies have been done to show that this scheme
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along with others converge to above viscosity solution [41]. For example, Crandall and

Lions analyze an explicit finite difference scheme in [42].

Numerical Approximation of the Level Set Equations

Entropy-satisfying upwind viscosity scheme for initial value formation was introduced by
Osher and Sethian [32], leading to the numerical method known as the level set method.
Following their approach, we use the following first order finite difference approximation

to solve Eq. (4.47)

B = 6y — At (max(F,0) Y+ min(F,0) V) (4.58)
where
_ Q12
max (D_x ?jk,()) + min <D+x¢”ka ) +
V:T]k) = max (D y¢l_]k’ ) + min <D+y¢1jk’ > + ’ (459)
2 2
| max (D‘Z ;’jk,0> —|—min< +Z¢wka ) ]
and
_ ) 5 71/2
1n( ik > -+ max <D+x¢”k’ ) 4
2
Vi_jk = | min ( wk’ > + max <D+y¢ . > + ) (4.60)
2
I min ( D% ?jk’()) + max <D+Z¢”k, )

for a convex speed function F [3, 41]. Here, D™ denotes the forward difference operator

in the z-direction,

ik — Pie1jk
1,7, 1—1,7,
D+w¢z] ks 0= jA—ﬂj‘] ) (461)
whereas D" denotes the backward difference operator,
oo .
D" wk,o_%ﬂ. (4.62)

Eq. (4.58) is an explicit scheme and hence can be solved directly. The time step re-
quirement depends on the nature of the speed function F. For an F' that depends

At
only on the position, time step behaves like A—F <1, [3]. This is also known as the
x
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Initial Curve T’

Figure 4.5: Transformation of front motion into boundary value problem given in
Eq. (4.65) (From [3])

Courant-Friedrichs-Lewy (CFL) condition .

4.4.2 Initialization with the Fast Marching Method

The Fast Marching Method (FMM) was introduced and developed by Sethian in [34]
for solving the problem of front propagation efficiently. Imagine a closed curve I" in the
plane propagating normal to itself with speed F'. One way to characterize the position
of this expanding front is to compute the arrival time 7'(x) of the front as it crosses
each point (x,y) as shown in Figure 4.5.

Using “time X velocity = distance”, one gets

dl'-F =dzx, (4.63)
and hence
ar
—F=1. 4.64
7 (4.64)
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More generally, the spatial derivative becomes the gradient, hence we have

IVT|F=1, T=0onTl. (4.65)

This boundary value problem is also known as the Eikonal equation [3]. This time we
discretize Eq. (4.65) with a slightly different upwind scheme than the one we used for
the level set equation that was given in Eq. (4.58), i.e.,

2 1/2
max (DT, ~DFT,0) +
-y +y 2 — 1 4
max (DT, ~DAT.0) + | = i (4.66)

max (DjjiT, ~D}iT,0) i
The forward and backward operators D~Y, D™ D™% and D"* in the coordinate direc-
tions are similar to the one defined earlier for the x direction.

The central idea behind the FMM is to systematically construct the solution in a
“downwind” fashion. The upwind difference structure of Eq. (4.66) means that informa-
tion propagates one way, that is, from smaller values of T to larger values (See Figure
4.6). Hence, the algorithm rests on solving Eq. (4.66) by building the solution outward
from the smallest T value [3, 45].

Algorithm for The Fast Marching Method

The algorithm proceeds as follows: First, we tag points in the initial conditions as
“Accepted”, we then tag all points one grid point away as “Close”, and finally, we
denote all other grid points as “Far”. The inner loop therefore consists of the following

operations [3],
1. Begin loop: Let Trial be the point in Close with the smallest value for T'.
2. Add the point Trial to Accepted; remove it from Close.

3. Tag as Close all neighbors of Trial that are not Accepted. If the neighbor is in

Far, remove it from that list and add it to the set Close.
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4. Recompute the values of T at all neighbors according to Eq. (4.66) by solving and

selecting the largest possible solution to the quadratic equation.
5. Return to the top of the loop.

Consider a two dimensional Eikonal equation, in which the boundary value is known
at the origin, see Figure 4.6(a). The black sphere at Tj o stands for a grid point where
the value of T is known, and the light grey spheres show the grid points where the
solution is unknown. We start the algorithm by marching “downwind” from the known
value and computing new values at each of the four neighboring grid points as shown in
Figure 4.6(a) and Figure 4.6(b). This provides possible values for T" at each grid point
T 1,0, Th0, To,—1, Tp,1 that are shown in Figure 4.6(b). We now choose the dark grey
sphere with the smallest value (for example A in Figure 4.6(c)), and march downwind
again from this point as shown by the arrows in Figure 4.6(c). Because of upwinding,
no point can be affected by grid points containing larger values of T. Hence, we may
freeze the value of T' at this smallest dark grey sphere A, and turn it into a black sphere
to consider its value known, see Figure 4.6(d). We may then proceed ahead with the
algorithm as shown in Figure 4.6(e) and 4.6(f).

This algorithm works because the process of recomputing the 7' values at upwind
neighboring points cannot yield a value smaller than any of the Accepted points. This is
known as the “monotone property” and means that we can march the solution outward,
always selecting the narrow band grid point with minimum trial value for 7' , and
readjusting the neighbors, without having to go back and correct an Accepted value.
For a rectangular mesh with NV grid points, this algorithm scales with the mesh size N

as O(N log N)[3]. We also use periodic boundary conditions.

4.5 Numerical Procedure

In this section we discuss numerical results obtained by using the level set method
described above for the solution of Eq. (4.47). First, the aerial intensity image is cal-

culated using Eq. (3.38) for each target mask pattern. Note that the eigenvalues and
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Figure 4.6: (a) Update downwind, (b) Compute new possible values for neighboring
points (c¢) Choose the smallest value (for example A), (d) Freeze value at A, update
neighboring points (e) Choose the smallest value (for example B), (f)Freeze value at B,
update neighboring points. Continue until all grid points are frozen.

eigenfunctions necessary for this calculation are only computed once for a given set of
system specific parameters, and is independent of the mask. The FMM is then used to
compute the initial ¢ values from a target pattern layout T'. By using this initial value,
the level set method (using Eq. (4.58)) yields an exposed pattern S and the output mask
layout m that would produce it. We monitor the convergence of the algorithm during

the iterations using an error defined as

Number of pixel error
N2

Error = (4.67)

where N? is the grid size. Here, the “number of pixel error” refers to the number of

pixels in S that deviate from the desired target pattern 7. Results in this section are
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Figure 4.7: A sample error data plot for NV = 128.

shown for the minimum error that the scheme has reached. A typical error plot is shown
in Figure 4.7. As seen in this figure the error rapidly decreases until it starts to oscillate
and a base level is reached.

The results are obtained either for N = 128 or for N = 256. For N = 128, each
pixel has a length of Ax = 12.5 nm, and for N = 256 the pixel length is Az = 6.25 nm.
Since this is a pixel length and width, Az and Ay are always taken to be equal to each
other. We used a wavelength of A = 193 nm, numerical aperture value of NA = 0.85,
partial coherence factor of s = 0.5.

We start by analyzing the mask pattern, shown in Figure 4.8(a) that has features
with width of 6 pixels for N = 128, namely 75 nm. The features are 14 pixels apart from
each other. For N = 128, Figure 4.8(b) shows the mask found as the numerical solution
of the inverse problem with 0.09% error. If we take the threshold for exposing the

substrate to be of 40% of the intensity, then the resulting exposed pattern is shown in
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Figure 4.8: (a) Target mask, (b) outcome mask (c) exposed region for 40% (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N =128, z = 0, and 0.09% error.

Figure 4.8(c). For better comparison, the contour plots of target mask and the exposed
region are plotted in Figure 4.8(d). The exposed region shows slightly rounded corners
as expected in Figure 4.8(d), otherwise does an excellent job producing the desired
target mask.

We then analyze the mask pattern shown in Figure 4.9(a) that have features with
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Figure 4.9: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N =128, z =0, and 0.15% error.

width of 26 pixels. These features are again 14 pixels apart from each other. We used
this mask layout to compare the results that are shown in Figure 4.8. The outcome
mask is shown in 4.9(b) for N = 128 with 0.15% error. The 40% exposed region, shown
in Figure 4.9(c), is almost in perfect agreement with the target pattern as shown in

Figure 4.9(d). The exposed region has corners that are more square looking.
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Figure 4.10: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N =128, z = 0, and 0.4% error.

In Figure 4.10(a) we show a mask that has features with width of 6 pixels and a
rectangle feature in the middle, with a width of 11 pixels. These features are 14 pixels
apart from each other. We used this mask layout to compare with results that are
shown in Figure 1.3(b) (the same mask used by Cobb [2]). The outcome mask is shown
in 4.10(b) for N = 128 with 0.4% error. Note that here z = 0. The 40% exposed region,
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Figure 4.11: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N = 128, z = 60 nm, and 0.6% error.

shown in Figure 4.10(c) and (d), is almost in perfect agreement with the one shown
in Figure 1.3. A more detailed comparison shows that our exposed pattern has more
square looking corners, and thus would enable better accuracy in manufacturing.

In Figure 4.11(a) we used the same target mask shown in Figure 4.10(a), however

the results are shown for z = 60 nm, which represent a more realistic optical system.
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The outcome mask is shown in 4.11(b) for N = 128 with 0.6% error. Then 40% of the
intensity that is exposed by using this outcome mask is shown in Figure 4.11(c). The
contour plots of target mask and the exposed region are once again plotted in Figure
4.11(d) for comparison. The exposed region is again in perfect agreement with the one
shown in Figure 1.3(b). The change in z does not seem to affect the results for the
exposed region dramatically.

In the mask pattern shown in Figure 4.12(a), most of the features have a width of
6 pixels, and they are mostly 6 pixels apart from each other for N = 128. Here we
again take z = 0. In Figure 4.12(b), the outcome mask we were able to produce with
1.4% error does not pick up all the features. The intensity that is exposed by using this
outcome mask (again at 40%) is shown in Figure 4.12(c). The contour plots of target
mask and the exposed region are then plotted in Figure 4.12(d). Next we increase the
width of the feature that did not show up in the outcome mask to 8 pixels as shown
in Figure 4.13(a). The outcome mask is shown in Figure 4.12(b) for N = 128 obtained
with 1.4% error. This mask is able to pick up all the features. The 40% exposed region,
shown in Figure 4.13(c), is mostly in good agreement with the target pattern as shown
in Figure 4.13(d).

We now present results for the same target mask patterns for N = 256. Each mask
pattern that was for N = 128 is now scaled to N = 256. In Figure 4.14(b) the desired
outcome mask looks more symmetric, and the features in the exposed region for 40%
of intensity is shown Figure 4.8(c) and (d). Here the error is 1.4%. In Figure 4.15(a)
the target mask pattern is shown for N = 256. These features are 28 pixels apart from
each other. We again used this mask layout to compare the results that are shown in
Figure 4.14. The outcome mask is shown in 4.15(b) with 0.4% error. The 40% exposed
region, shown in Figure 4.15(c), is almost in perfect agreement with the target pattern
as shown in Figure 4.15(d). In Figure 4.16(a) we show the target mask pattern that
we used to compare results of Figure 1.3(b) for N = 256. The outcome mask is shown
in 4.16(b) with 0.7% error. Note that here z = 0. The 40% exposed region, shown in
Figure 4.16(c) and (d), is again in good agreement with the one shown in Figure 1.3(b).

Our result shows more square looking corners in the exposed region compared to the
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Figure 4.12: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N =128, z =0, and 1.4% error.

result of N = 128 (Figure 4.10(d)).

In Figure 4.17(a) the same target mask shown in Figure 4.16(a) is used. However,
the distance z is taken to be 60 nm. The outcome mask is shown in 4.17(b) for N = 256
with 0.7% error. The exposed intensity by using this outcome mask is shown in Figure

4.17(c). For comparison, the contour plots of target mask and the exposed region are

67



L

20 40 60 80 100 120

(d)
120¢

1001

801

60

40}

v

20}

20 40 60 80 100 120

Figure 4.13: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N =128, z =0, and 1.4% error.

once again plotted in Figure 4.17(d). The exposed region is again in perfect agreement
with the one shown in Figure 1.3(b). Similar to case for N = 128, the change in z does
not seem to make a dramatic change in the results for the exposed region. In the mask
pattern shown in Figure 4.18(a) most of the features have a width of 12 pixels and they

are mostly 12 pixels apart from each other. The linear size of the mask is N = 256. In
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Figure 4.14: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N = 256, z = 0, and 1.4% error.

Figure 4.18(b), the outcome mask, produced with 1.6% error for z = 0, once more does
not pick up all the features. Furthermore the mask seems to be not manufacturable
since some of the features are conjoined. Then 40% of the intensity that is exposed by
using this outcome mask is shown in Figure 4.18(c). The contour plots of target mask

and the exposed region are then plotted in Figure 4.18(d).
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Figure 4.15: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N = 256, z = 0, and 0.4% error.

Finally, we use a mask that has an increased width of 16 pixels for the feature that
did not show up in the previous mask (see Figure 4.19(a)). The resulting outcome mask
is shown in Figure 4.19(b) for N = 256 with 1.4% error. Again this mask does not
look manufacturable, however it once more picks up all the features. The 40% exposed

region, shown in Figure 4.19(c), is mostly in good agreement with the target mask
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Figure 4.16: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N = 256, z = 0, and 0.7% error.

pattern shown in Figure 4.19(d).
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Figure 4.17: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N = 256, z = 60 nm, and 0.7% error.

4.6 Summary

In this chapter, we discussed the level set method for the inverse lithography problem.
We defined a cost function, and using the calculus of variations we derived a particular

Hamilton-Jacobi equation for the system, that is also known as the level set equation.
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Figure 4.18: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N = 256, z = 0, and 1.6% error.

We then discussed the implementation of the level set method and the fast marching
method used to generate the initial surface. We then presented our numerical results
obtained using different mask patterns.

Our results showed excellent agreement with the earlier work of Cobb [2]. In fact,

our approach was able to capture the sharp corners in their mask much more accurately.
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Figure 4.19: (a) Target mask, (b) outcome mask, (c) exposed region for 40%, (d) contour
plot of target mask and the exposed region (exposed region is shown in dark blue color)
for N = 256, z = 0, and 1.4% error.

We tested the accuracy of our results by using two different mask sizes, namely N = 128,
and N = 256. Using higher resolution for mask increased our accuracy as expected. To
compare with more realistic optical set up we also used finite values for z, and did not
observe any significant change. We also tried mask with more complicated, smaller and

narrowly spaced features. Even for these masks, our approach gave satisfactory results.
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Chapter 5

Conclusions

In this thesis, we addressed one of the problems that arise in photolithography, that is
the design of an optimum mask which can produce the desired pattern on a silicon wafer.
Our goal was to formulate this as an inverse problem, and develop an algorithm that
can be used to design such masks efficiently. After an introduction to scalar diffraction
theory, and introducing our notation, we described the forward problem. One strong
point of the SOCS approach was to write the aerial image intensity using singular value
decomposition. This enabled us to calculate the eigenvalues and eigenfunctions once,
and use the same values for different mask patterns. Note that these eigenvalues and
eigenfunctions only depend on the optical parameters of the system.

We then formulated the inverse problem by defining a cost function. By using the
calculus of variations, we showed that minimizing the cost function is equivalent to
solving a level set equation. Our numerical results compared well with the existing
literature, and we were able to successfully obtain mask designs that produced exposed
patterns very close to the initially chosen complicated target patterns. Compared to
traditional OPC in mask design, where corrections are done locally and sometimes by
trial and error, this approach is more efficient, and is able to capture interactions caused
by nearby features.

There are many other variables in mask design that may affect the outcome of a
fabricated pattern. For instance optical aberrations may play a role, something we

have ignored in our current study. In the future, we would like to incorporate such
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lens aberrations in the intensity calculations and study their affect on the optimum
mask design. In addition, the ability to capture sharp corners effectively still presents a
challenge. Even though our algorithm produced better results compared to earlier work,
we believe the results could even further be improved by choosing a more appropriate
cost function.

We also would like to test these algorithms in close collaboration with experimental-
ists in nanofabrication. The masks obtained as an outcome of our numerical approach
can be manufactured, and tested on real substrates, and final outputs can be compared.
Similarly, more complicated designs that experimentalists are not able to manufacture
on a wafer at a desired accuracy, can be tested with our model, without the actual cost

of mask fabrication or etching.
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Appendix A

A.1 Solid angle

Solid angles are analogous to simple angles in two dimensions (see Figure A.1). In two
dimensions, an angle can be measured in radians. A radian is the arc length of a unit

circle subtended by an angle, 6, defined as

arc length
f=—"—">—.
radius

(/
) 2

Figure A.1: The analogy between an angle and a solid angle

Similarly in three dimensions, a solid angle can be measured in steradians. A stera-

dian is the surface area of a unit sphere subtended by the solid angle, w. Hence one can
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write
surface area

radius®

The surface area of a unit sphere has a steradian measure of 47, whereas the circum-
ference of a unit circle has a radian measure of 27.

The differential area element and the solid angle are given by

dA = (rdb)(r sinfde) = r?sinf df dep

dQy = % =sinfdfdo,
r

respectively.
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Appendix B

B.1 Hermitian Matrices and Quadratic Form.

The matrix (¢;;) of the transformation T is said to be Hermitian symmetric if ty; =t}
or equivalently if we have

(Tx,2") = (x,T2") (B.1)

for all vectors z and 2/, there exist n characteristic vectors
ei = (€i1,€2,...,€in), (1=1,2,...,n) (B.2)

corresponding to the characteristic values p; and forming an orthonormal system. Let
z; denote the components of the vector x with respect to the new system of coordinates

formed with respect to those vectors ¢; as follows:
T = z161 + 2969 + ... + znen . (B.3)

Then the quadratic (Hermitian) form

n
(Tx,z) = Z tik; Tk, (tri = t33,) (B.4)
ik=1
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transforms into purely quadratic form

n n
> pizz=Y  pilal (B.5)
i—1 =1

This is the so called theorem of principal axes from algebra [46].

B.2 Composite Trapezoidal Rule

Consider the integral

b
A:/f(ac) dx. (B.6)

Suppose that the interval [a,b] is divided into N subintervals [z;, z;11] of width Az =
(b —a)/N by using equally spaced nodes z; =a+ (i — 1) Az, fori =1, 2,..., (N +1).
The trapezoidal rule—which approximates the area under one strip by the area of a

trapezoid—can then be expressed as

Az Ax N
A~ — > f@i)+ flaiv) = - (fl@1) + flzn+1)) + Az f(wi). (B.7)
=1 i=2

In two dimensions, the double integral

S:/ab/cdf(az,y)dxdy, (B.S)

extended to a rectangle x =a, xt =0, y =c¢, y = d, can be evaluated numerically by
applying two successive integrations, using the trapezoidal rule for single integration
shown in Eq. (B.7), in the z and y directions. Assume that this rectangle is divided into
equally spaced, N x M rectangles with sides Ax = (b—a)/N and Ay = (d—c)/M. Then

by applying the trapezoidal rule twice, one in x direction and another in y direction, we
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obtain,

Az A
S = $4 Y f(z1,91) + f(xng1,v1) + f(z,yme) + fonet, yvar))]
Az Ay | & M
+ SIS (i) + fa ) + Y () + flanin,v)
i=2 Jj=2
N M
+ AxAy > N fla ), (B.9)
i=2 j=2

where z; = a + (i — 1) Az, for i=1,2,..., (N+1) and y; = ¢+ (j — 1) Ay, for
j=1,2,..., (M +1). By introducing weighting coefficients w;; one can write Eq.

(B.9) as
N+1M+1

Ax A

i=1 j=1

where the weighting coefficients are chosen as

w;; = 1 for (i,5) = (1,1), A, M +1), (N+1,1), (N+1,M +1)
= 4 for 1=2,3,...,N and j=2,3,..., M

= 2 for other ¢ and j combinations. (B.11)
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