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§1. The physical problem. In this paper we consider an aerosol model describing
the evolution of soot in a combustion chamber. If we denote by n(v,t) the density number

of the soot particles of “size” v at time ¢ then n satisfies the hyperbolic differential equation
[2-4]

on
(1.1) e =5 —— (1/)n) Rn + C[n]

where S(v,t) is a source term, ¥(v,t) is the rate of change of particle size, R(v,t) is a
loss rate due to settling, leakage or deposition, and C[n] is a nonlinear nonlocal functional
representing the coagulation rate.

In this paper we make the usual assumption (see [4] [5] [11]) that the particles are
spherical, and we shall measure the “size” of a particle by its volume v; the radius of a v
size particle, is (3v/4w)!/3. We shall also assume that

(1.2) S—0, R=o0, =20,

where k(t) is the surface reaction, p is the density of the soot particle, and Bv?/3 is the
surface area of a ball with volume v, i.e.

3 2/3
B =47 (E) .

We shall always assume that k(t) > 0; this means that the surface reaction increases the
size of the particle. :

The coagulation occurs as size u particles. and size v particles collide to form size u +v
particles. If we denote the smallest size particles by v; and the largest size particles by v,
then the coagulation rate is given by ([4] [5] [11])

Cln](v, ) = % / B(v — u,w)n(v — u, )n(u,t) du
(1.3) v o
- n(v,t)/ﬁ(u,v)n(u,t) du;
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typically

vy =107 em? |, v, =107 emd.

The formula (1.3) presupposes that at each time ¢ the distribution of size v particles is
homogeneous in space, for each v. If, further, the mean free path (between collisions) is
large with respect to the size of the particles, then one can derive the formula (see [4])

1 1\'/? 2
(1.4) B(u,v) =~ <; + ;) (u1/3 + v1/3) , 7 constant.

The final ingredient in the problem is the inception of new particles of smallest size v,
as a by-product of the ongoing combustion. We shall denote the inception rate by I(t);
this translates into the boundary condition

p I(t)

(15) n(vl,t) = __BUNT(t) .

For the initial condition we take, for simplicity,
(1.6) n(v,0) = 0.

We shall refer to the system (1.1)-(1.6) as the direct problem. ‘We shall actually be
more interested in the inverse problem: find I and % in terms of the first two moments on
n(v,t). More precisely, if we shine a laser beam through the aerosol we can measure both
the average absorption f(t) and the average scattering g(t). These quantities are given by

(see [2])

(1.7) (1) = / on(v,t) dt,

n

Ve

(1.8) g(t) =/ v2n(v,t) dt.

v

The problem is then:

(1.9) given f and g, determine I and k.

This problem was initiated and studied by Harris, Weiner and Ashcraft [1] who have
also carried out the optical measurements mentioned above; the problem was further stud-
ied by S.P. Marin and S.J. Harris (private notes) in case of no coagulation (or very small
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coagulation). Before describing our results let us normalize the problem by introducing
the following scaling (as in [11]):

v =19, t =1, n(v,t) = nAn(d,1), kt) = kk(),
I(t) = II(9), €[n)(v,t) = CE[A|(5,7)

with appropriate constants t.,n, k¢, I, Cc. Dropping the superscript “*” we arrive at a
similar system

61’1, . a 2/3 _ ~

5 +3L(t)8$ (z°n)=Cn], 1<v<v, t>0,
(1.10) _ 1@

n(1,t) 3k(t) t>0,

n(v,0) =0, 1<v<oo,

and « in (1.4) is replaced by another constant ; k. and I, are chosen to have the order of
magnitude of k and I, and typically

f= 2 =10°, ~e[10710°
v

In the sequel we shall not need the special form of the function f(u,v) as defined in
(1.4) for 1 < v < ¥; we shall assume however that for v > 1,v > 1.

(1.11) B(u,v) = B(v,u), 0 < B <M, M  constant.

Since ¥ is a “large” number, it is natural to consider both the direct and inverse
problems for ¥ = co.

In §82, 3 we consider the direct problem for the case ¥ = oo, making the assumptions
in (1.11). We shall prove that this problem has a unique solution n and we shall derive
some asymptotic bounds n(v,t) as v — oo. (Existence and uniqueness for the case ¥ < co
can similarly be established). In §4 we establish Lipschitz continuity of n(v,t) in v.

In §§5-7 we consider the inverse problem. We assume that f(t) and ¢(t) are in C*[0, o)
and satisfy at t = 0 conditions which must necessarily hold if I(0) > 0,k(0) > 0. We
then reduce the system (1.7), (1.8) to a system of first order nonlinear functional integral
equations in the pair (J, k) where J(t) = (I(t) — I(0))/t, and prove that the system has a
unique Lipschitz solution as long as the resulting I and k satisfy: 1 >0, k> 0.

Finally, §8 we consider the direct problem in case B(u,v) is unbounded, and prove

existence of a global solution.

There has been quite a bit of work on the transport equation

on
(1.12) ot
" n(v,0) =ne(v) ,1<v <00

= C[n], 1<v<oo,t>0,
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and its discrete analog

1—1

N~

on; >
5 = Bji—imini—j —ni ) _ Bijnj,
Jj=1

ni(0) = no;.

(1.13)

J=1

Melzak [10] proved global existence and uniqueness for (1.12) provided f satisfies the
assumptions in (1.11); his proof, which uses power series expansion in ¢, does not extend
to our case. Mcleod [9] established existence and uniqueness for (1.12) in the special case
B(u,v) = uv. Problem (1.13) has been studied under variety of assumptions on the f;;.
Mcleod [7] [8] proved local existence and uniqueness provided ng; = 0if ¢ > 1and f;; < Cij.
White [13] has proved global existence in case f;; < C(¢ + j), and Leyvraz and Tschudi
[6] proved global existence in case f;; < cicj with ¢, = o(n). The occurrence of gelation
and mass-loss in case f;; = rir; with r; > Cj (C > 0) was established by Hendriks,
Ernst and Ziff [3]; see also Mcleod [9]. The transport equation with terms accounting
for fragmentation was studied by Melzak [10] and Spouge [12]. We finally mention the
discrete coagulation—fragmentation equation of Becker-Déring where, in the coagulation
coefficients, f1; = fj1 > 0 and all other f;; vanish; a detailed study of properties of the
solutions is given in Ball, Carr and Penrose [1].

When {f;;} is unbounded, the only known uniqueness result for (1.13) is that due to
1 .
Mcleod [7]; it asserts uniqueness in time < o provided fB;; < Cij and ng; = 0 if ¢ > 1.
This result can be extended to (1.10) with ¥ = co and B unbounded; see §8.

§2. The direct problem; a priori estimates. We shall denote independent space
variables by z,y (rather than u,v) and the solution n by u.

Consider the hyperbolic problem:

(2.1) %% + 3k(t)—é% (?*u) = Cu)(z,t) if 1<z<o0, t>0,
(2.2) u(1,t) = h(t) if t>0,
(2.3) u(z,0) =ug(z) if 1<z<o0
where
Clu)(z,t) = -;— / B(z — y,y)u(z — y,t)u(y,t) dy
(2.4) !

—u(z,?) / B(z,y)u(y,1) dy
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and fB(z,y) is a function satisfying:

(i) B(z,y)>0for 22>1,y>1,
(i) B(z,y) uniformly continuous for =z > 1, y > 1,
(iii) B(z,y) = B(y,z) for z>1, y>1,
(iv) B(z,y) <M for >1, y>1; M positive constant.

(2.5)

It is to be understood that the first term on the right-hand side of (2.4) is to be dropped
out when 1 <z <2.

We assume that

: h(t), k(t) are continuous for ¢t > 0, and
(2.6)

uo(z) is continuous for z > 1,

(2.7) h(t) >0, k(t) > 0for t >0, ug(z) >0 for z > 1.

Note that we do not assume that h(0) = uo(0).

We introduce the characteristic curves y = ¢(z,t,s) for (1.1); the function s — ¢
satisfies:

% = 3k(s)¢*/® forall s> 0,
p=z if s=t.

We can actually solve ¢ explicitly:

(2.8) #(z,t,8) = {x1/3— / k(r) dr} .

S

Denote by 7(z,t) the smallest value of s such that the curve y = ¢(z,t,s') with s’ > s lies
in the domain

Q={(z,t); 1<z <00, t>0}
Thus

t
if 21/3 — /k(r)dr > 1 then 7(z,t) = 0, whereas

0
t t

if z1/% — /k(r)dr < 1 then 7 satisfies: z'/% — / k(r)dr = 1.

0 (z,t)



Notice that 7(z,t) is continuous in (z,t) and is decreasing in z. Also, ¢(z,t,s) > 1 if
7(z,t) <s<tand ¢(z,t,7)=1i 7 > 0.

Integrating (2.1)—(2.3) along characteristics we obtain the following equation:

t

(2.9) u(z,t) = / B Clu)(4, s)ds + ua(z, t)

(z,1)

where ¢ = ¢(z,t,s) and

r(z, )z~ if 1(z
(2.10) w(z, 1) = {h( (z,1)) f 7(z,t)>0

uo ($(2,4,0))2~ 2 §(2, 1,002 it r(z,8) =0,

or

h(r(z,t))e™?® i 7(z,t) >0

2.11 ug(z,t) = f f
(211) (1) ug ((z/3 —/k(r)dr)3)x~2/3(a:1/3 - /k(r)dr)2 if 'r.(x,t) = 0.

Let

Q= {(z,t);z>1,t>0, z<(1+ k(r)dr)s},

Q2 ={(z,t);z>1,t>0, z>(1+ k(r)dr)}.

t
b/

t
6/
If A(0) = uo(0) then u«(z,t) is continuous in Q; if however h(0) # uo(0) then u.(z,t) is

uniformly continuous in bounded subsets of @, and of @2, but has a jump discontinuity

across 0Q, N 0Q;.

DEFINITION 2.1. By a solution of (2.1)-(2.3) we mean a function u such that u is
uniformly continuous in bounded subsets of @ and of @, and (2.9) is satisfied in @; and

in Qg.

It follows that u is differentiable along all characteristic curves in @; and in @Q)3; the
intersection 0Q; N 0Q), consists of course of the (single) characteristic curve z = (1 +

jk(r)dr):*, t>0.



o
LEMMA 2.1. Ifu is a solution of (2.1)-(2.3) fort < T, satisfying sup / lu(z,t)|dz < oo,
<T

1
then

(a) u > 0;

o0 T oo
(b) fgg /u(m,t) dz < 3/k(s)h(s) ds + /uo(y)dy =975

(c) if Ny(z,t)= sup [y'u(y,r)] < oo for some real number ! > 0, then
1<y<z
0<r<t

Ny(z,T) < @HT+2Mm)T {sup h(s) + sup y’uo(y)}
s<T 1<y<sz

where K1 = sup, <7 k(t).
Proof. (a) Set u(s) = u(¢(z,t,s),s)d(z,t,)2/3. Then

du

(2.12) o = Clu)(¢(z, t,5),8)d(z,t, )3

If z < 2 then the first term in C[n| drops out and we get

& eu(s)
where -
o) = [ B dat)uln,5) .
Hence

= [ oty ar

u(s) =u(r)e -
and u(7) > 0 since h > 0, ug > 0. It follows that u(z,t) > 0if z < 2.

Next, if 2 < z < 3 then we can write

(2.13) B —pls)u(s) +o(s)

where p(s) is defined as before and

$—1
a(s) = % $?/3 / B¢ — y,y)u(é — v, 8)u(y,s) dy.
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But since u(z,t) > 0 if z < 2, the function o(s) is > 0 and we can now deduce from (2.13)
that u(s) >0, i.e., u(z,t) 20if2<z < 3.

Continuing in the same way step-by-step, we conclude that u > 0 for 3 <2 <4, 4 <
z < 5, etc.

(b) We begin by showing that

8

(2.14) /x_2/3 / é(z,t, )22 Clu)(4(z,t,5) ds dz < 0.

1 m(z,1)

Denote the left-hand side of (2.14) by N(t). Then

t oo
N(t) = / | / 2234203 Clu)(4, ) dz ds
0 t
(1+ [ K(r)dr)?

where ¢ = ¢(z,t,s). Changing variables ¢(z,t,8) = z (dz/dz = ¢*/°z~2/%), we get

N(t) = /7€[u](z;s) dz ds

t

/{

z—1
% / ,B(y’z - y)u(z - y,s)u.(y,s) dy dz
1

u(z s)/ﬁ(y,z)u y,s) dy dz} ds.

H\.8 n\'g

Changing the order of integration in the first integral on the right-hand side we get

-

0

N

7 7 By, 2z = y)u(z — y, s)uly, s) dz= dy

1+y

7ﬂ(y,z)u(y,3)ﬁ(z,s) dy dz}.

8



Substituting z — y = ( in the first integral we find that

N = / {3 77ﬂ(y,ou(<,s)u(y,s)dc dy

1 1
oo

(2.15) _ / 7ﬁ(y,z)u(y,s)u(z,s) dy dz}ds

1
t oo

_ _% / / 7ﬁ(y,z)u(y,s)u(z,s) dy dz ds < 0,

since u > 0, and (2.14) is thus proved.
Integrating (2.9) with respect to = and using (2.14), we deduce that

oo oo

/u(x,t) dz < /u*(a:,t) dz,
1 1
and easy computation shows that the right-hand side is bounded by 47 as asserted in (b).

(c) We compute formally

Ou
ot

+ 23y . (l — §> 3kz!1.

(2.16) (:v u) + 3k:1:2/3 (x ) < &' Cu)(z,t) + 3k(t)lz'w.

(w u) + 3kz?/3 aa (zlu) =z [ + 3k — (m2/3u)

Consequently

One can easily Justlfy (2.16) in the sense of differentiation along characteristics; this is
actually the way we shall be using (2.16) in the sequel.

If £ > 2 then

e'eul(e,1) < 5 o' / B(y,z — y)uly, u(z — 3,1) dy

. 1 I/2 1 z—1
— — I . o 0 — I . e o
=37 / T3 /
1 z/2
z/2
<5 02 [ o= )ute - vutut) &
1
z—1
+ / y'u(y,t)u(x—y,t)dy}
z/2



and, using (b),

(2.17) 2'Cu)(z,t) < M2'yr Ni(z,1t).

Since z'Clu)(z,t) < 0 for 1 < z < 2 it follows that (2.17) holds for all z > 1.
Using (2.17) in (2.16) we get

& (@) < (M9 +3IK)N(S,9)

where ¢ = ¢(z,1,s); also Ni(¢,s) < Ni(z,s) if s <t since ¢ < z. It follows that

t

clu(z,t) < /(M2I7T + 3IK7)Ni(z,s) ds + 4z, t)

T

where

h(r(z,t)) if 7(z,t)>0

i(e,t) = { U (qﬁ(m,t,O))qﬁ(w,t,O)' if 7(z,t) =0;

consequently

¢
Ni(z,t) < /(MZI’yT + 3IKT)N(z,s) ds
, .

+sup h(s)+ sup yluo(y),
s<t 1<y<

and (c) follows.

§3. Existence and uniqueness.

THEOREM 3.1. Assume, in addition to (2.5)~(2.7), that ug € L'. Then there exists a
unique solution u of (2.1)-(2.3) such that u > 0 and

(3.1) sup /u(m,t) dz <vyr VT<o.
t<T
1

Recall that y7 was defined in Lemma 2.1(b).

Proof. For any n > 0, introduce the Banach space X, of functions w(z,t) measurable
in @y = {(z,t); 1 <z < o0, 0 <t <n} and having finite norm

oo

|lw|| = ess sup /Iw(:c,t)[ dz.
- 0< J

<tln

10



Denote by Xg the ball {w € X, ||w|]| <1+ +,} where yr is defined in Lemma 2.1 (b) for
any T > 0.

Forany w e X g we define

t

(3.2) (Sw)(z,) = / 222 13Cw)(4, s) ds + ua(z, 1)

m(z,t)

where ¢ = ¢(z,t,s) and u, is defined by (2.11).

We shall prove that if n is sufficiently small then S maps Xg into itself and is a
contraction

We begin by estimating

oo e o]

co t
|Sw(z,t)| dz < 2P Clw)(¢, )| ds dz + [ |u(e,t)| da

<N@)+7y

where N(t) is defined as N(t) in Lemma 2.1 (b) except that Clu] is replaced by |C[w]].
Proceeding as in the proof of Lemma 2.1 (b) we obtain (cf. (2.15))

W) < / {3 77ﬂ(y,<)|w(<,s)| oy, $)ld¢ dy

+]°7ﬂ(y,z) [y, 9) e, ) dy d s

t oo

< 2M/{ /7|w(y78)l |w(z, 5)|dy dZ} ds
1

< 2Mn(1 2«1 if —_——

"For such a choice of 7 we then have ||[Sw|| < 1+ 7y, i.e., S maps X into itself.

To prove that S is a contraction, take any w, @ in X 2 and compute

J(t) = / I(Sw — S6)(z, 8)] dz = / / =213 §213|CLw](4, ) — Cl](4, )| dz ds.

11



By a change of variables ¢(z,t,s) = z, we get

) < / / 1C[w](, s) — C[i5](2, )| d= ds

z—1

<M / / { / 0z = 4,5) = (2 = ,5)| ol )| dy

/ [z — y, )| [w(y, s) — B(y, )| dy
iz, 5) - w(z,5)| / [y, )| dy

Fw(z,s) 71w<y,s) ~ w(y,s)| dy} dz ds.

It follows that
J(t) <4Mn(l +7,) |lw =) L fllw—-b|| (6 <1)

by the choice of n made above. Consequently S is a contraction in X 3 .

By the Contraction Mapping Theorem we now conclude that S has a unique fixed
point in X,?. Clearly, if u is a solution of (2.1)-(2.3) for ¢ < 5 then it is necessarily a fixed
point of S.

In order to complete the proof of Theorem 3.1 for ¢ < 7, it remains to show that the
fixed point of S, which we shall designate by u(z,t), is uniformly continuous in bounded
subsets of @); and of Q).

Set QI =Qin{z <j}n{t<n}, Q) =Q:n{z<j}n{t<n}. We shall prove that
for each j = 2,3,...,

lu(z,t) — u(zo,t)] < aJ(|a: — z¢|) if both z and z

belong to Q’ or to 3, where ¢; is a modulus of continuity.
Consider first the case where 1 < z,z¢ < 2 and let
N(s) = u(¢(:c,t,s),s) - u(¢(:1:0,t,s),s).

Suppose for definiteness that 7(z,t) > 7(o,t), and set ¢(s) = é(z,t,3), do(s) =
qS(ﬂJO,t,S)- |

12



Observe that since © = Su , for 1 < z < 2, we have along characteristics, du/ds = fu
where f is a bounded function. This implies that there is a version of u such that along
any characteristic,

(3.5) lu(é(s),s) — u(g(s'),s")] < Cls — |

and such that (2.9) holds everywhere.

Therefore, if 1 < z,z¢ < 2 then we can write

N() = u(z,t) - u(zo,t) = — / N(s)§2/35=2/3 / B(6,y)uly, s) dy ds

T(z,t)

; / (62252 _ 21352 )u(zq, 5) / B(4,y)uly, s)dy ds
1

7(z,t)

/ 227 (g0, ) / (B(do,v) — B(,))uly, ) dy ds

7(z,t)

r(z,t) o
+ / 85" *u(40,) / By, do)u(y, ) dy ds
7(zo,t) 1

+ [u*(:c,t) - u*(mo,t)].

The second, third and fourth terms on the right-hand side of (3.4) are bounded by o(|z —
zo|), where o is a modulus of continuity; the last term is also similarly bounded provided

(z,t) and (zo,t) both belong to either @Q? or to @3. Applying Gronwall’s inequality we
conclude that

(3.6) lu(z,t) — u(zo,t)| < o2(|z — z0]).

Combining (3.5), (3.6) we deduce that u has uniformly continuous versions in Q% and
in Q2, i.e., u is uniformly continuous in @? and in Q2.
To prove the continuity in @Q3,Q3, we proceed as before. However, if 2 < z,29 < 3,

then there appear additional terms on the right-hand side of (3.4), namely,

t .’Bo—l

L(t) = / 2/3, =2/ / 1By, do — v)uldo —y,8) — By, 6 — W)uld — v, $)July, s) dy ds
7(z,t)

13



plus terms involving
z—1 T(z,t)

[

zo—1 T(.‘L‘o,t)

The last two terms are clearly bounded by o(|z — z¢|), where ¢ is a modulus of continuity.
As for L(t), as long as the points (¢ — y, s) and (¢ — y, s) both belong to either @2 or to
Q2 we can estimate the integrand by o(|z — zo|) where ¢ is a modulus of continuity. On
the other hand, for each s, the set of points y such that ¢g —y € Q7, d—y ¢ Q? for [ =1
or for | = 2 has measure < C|¢ — ¢o|. It follows that also L(t) is bounded by o(|z — z]),
with a suitable modulus of continuity o.

We can therefore proceed as before to establish (3.5) in @3\Q? and in Q3\Q2 with an-
other modulus of continuity 3. Since (3.6) remains valid as before, the uniform continuity
of u(z,t) in Q3 and in Q3 follows.

Similarly we continue step-by-step, in the same way, to establish the uniform conti-
nuity of v in @’ and QJ for j =4,5,....

We have established so far the existence and uniqueness of a solution of (2.1)—(2.3) (in
the sense of Definition 2.1) which belongs to X,. By Lemma 2.1, u > 0. The choice of n
depended only on an upper bound on 7,. In view of the a priori estimate (b) of Lemma
2.1, we can extend the solution uniquely step-by-step for all ¢ > 0.

From Theorem 3.1 and Lemma 2.1 (c¢) we obtain

COROLLARY 3.2. Ifz’uo(x) < Cy < oo for some l > 0 then, for any T > 0,
(3.7) z'u(z,t) < Cr; forall 1<z<o00, 0<t<T

where Cr, is a constant; if in particular, uq has compact support, then (3.7) holds for all
[ >0.

The next result is concerned with the total mass

(o]

(3.8) m(t) = / zu(z, 1) da.

1

THEOREM 3.3. (a) If m(t) < oo for all 0 <t < T, then

m(t) < 3/(1 + /k(r)dr)sk(s)h(s) ds
(3.9) ) L
+ /(mI/B + /k(r) dr)*ug(z) dz for 0 <t < T;

14



(b) if m(t) < oo for all 0 <t < T, then

m(t) = B/k(s)h(s)ds + /:L'uo(a:)dm
(3.10) 0 !

t o)

+ /3k(s)/x2/3u(a:,s)dxds for 0<t<T.

0 1

Proof. Multiplying (2.9) by z and integrating over z we obtain

(3.11) /xu(w,t)dm = /xu*(z,t) de +J
1 1

where

oo t
J=/xdm / =3 P2 3C(¢, s) ds
(3.12) i

t

_ / 7(3;1/3 / ) Clul(z, $)dz ds

8

by changing variables ¢(z,t,s) = z and then replacing the dummy variable z by z. Also

t
1+ [ k)
0

[ee]

7wu*(w,t)dz= / 22 h(7(z,1))dz + / 2 Pug (a1 - / B (/9

1 t
1+ [ k)3
0

=3/t(1+/k)3k(s)h(s) ds+7(:c1/3+/tk)3uo(w) dz

by a change of variables.

0

t

/

k) dz

Therefore in order to complete the proof (3.9) it is clearly sufficient to show that for
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Jo(s) = /m“(‘f[u](m,s) dz

(%) z—-1

(3.13) = -;— / dz / 2Bz —y,y)u(z — y, s)u(y,s) dy

2 1
—/ da:/x“ﬂ(m,y)u(a:,s)u(y,s) dy <0.
1 1

In the first integral we change the order of integration, obtaining

oo (o]

5 [ v [ e - vauta - v suty,s) de.

1 14y

If we now substitute in the inner integral z = y + z, we obtain

dy /(y + 2)*B(z,y)u(z, s)u(y, s) dz

[

< / / v Bz, y)ulz, s)uly, s) dz dy

N | =

by symmetry of B(+,-). Substituting this into (3.13), we see that J,(s) <O0.
To prove (3.10), formally, we multiply (2.1) by « and integrate in = to obtain

(3.14) m'(t) — 3k(t)h(t) — 3k(t) /x2/3u(x,t)dz =0;

we have used here the fact, which follows from the proof of (3.13), that

[e ]

(3.15) /me[u](m,t)da: =0.

1

Integrating (3.14), the assertion (3.10) follows. In order to prove (3.10) rigorously we use
the representation (2.9); multiplying both sides by z and integrating over z, we can arrive
at (3.10) after some manipulations which involve another application of (2.9) and some
integrations by parts. An alternative rigorous proof is as follows: If (z,y) and the initial
and boundary data are Lipschitz continuous (and uo(0) = h(0)) then the solution u is
Lipschitz continuous (as is proved in §4) and then the above formal proof of (3.10) is valid.
By approximation we can then establish the assertion (3.10) for general # and wuo, k.

From Theorem 3.3 (b) we get:
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COROLLARY 3.4. The function m(t) is nondecreasing and, consequently, if u(z,to) = 0
for some ty > 0 then u(z,t) =0 for 0 <t < ty.

§4. Lipschitz continuity. In this section we establish Lipschitz continuity of the
solution u(z,t) as a function of z. We shall assume, in addition to (2.5)-(2.7), that

(4.1) 1B(z,y) — Bz, ¥ )| < Mu(lz —2' |+ |y —¢']) Vae,y,2,y in [1,00),

h(t) and k(t) are Lipschitz continuous for 0 < ¢ < oo,

so that for any T > 0 there is a constant K1 < oo such that
(4.2) h(t) + k(t) < Kr forall 0<t<T, '

|R'(®)| + |K'(#)| < Kr for a.a. te€]0,T],

k(t) > kr >0 forall 0<t<T,

uo(z) is Lipschitz continuous in z, and there
exist positive constants [, Uy such that
x'“uo(a:) <Uy forall z2>1,

c'luh(2)| < Uy for a.a. z>1.

(4.3)

THEOREM 4.1. Under the assumptions (4.1)-(4.3), for any T > 0 there exists a positive
constant Ct depending only on T, K1, kr,Uy, M and M, such that the solution u of (2.1)-
(2.3) satisfies:

Crlalz™! if |a|<

4.4 1) —u(z, 1) <
(4.4 O L

wle wl8

provided both points (¢ + a,t) and (z,t) belong to either Q; or Q and t < T.

Proof. We shall first establish (4.4) for T sufficiently small. Set ¢(z,t,s) = ¢g, é(z+
a,t,s) =¢, 7(z,t) =1, 7(z+ a,t)=r7 and assume for definiteness that o < 0; then
¢o > ¢ and T > 1.

Let N(s) = |u(¢, s) — u(¢o, s)|. Then, by (2.9),
N(t) < |us(z + a,t) — uu(z,t)]

t t
+l/¢2/3(m+a)-2/3e[u](¢,s) ds—/¢§’3x2/3e[u](¢o,s) ds| ,

17



and using (2.4) we get

N(t) < Jus(z + a,t) — us(z, t)]

t ¢—1
+| /¢2/3(:c +a)72/3 / B(¢ — y,y)u(é — y,8)u(y,s) dy ds
(4.5) T 1

t ¢o—1
- / 23521 / 8o — yoy)u(do — v, 8)u(y,s) dy ds

1

+( ¢2/3(a;+a)-2/3 B(69)u(d, $)uly, s) dy ds
/ /

i ()
- / §23g=18 / B(do, v )u(do, s)uly, s) dy ds
T 1 ’
=Ji+ J2 + Js.

We can write (for |a| < z/2)

T ¢o—1
Jo < M/ / u(do — y, $)u(y,s) ds

To 1
t
+M/

$o—1

§2 2523 _ 23 (g + o) ”2/° / u(go — y, s)u(y, s) dy ds
1

t o—1 t ¢-1 .
0 [ [ wtgo—vihutvns) dyds+ 34, [ [ lgn = blutgo v, sJuty, )iy ds
T ¢-1 T 1
t ¢o—1

M / / [u(do — v, s) — u(é — 3,8y, s) dyds

1
1

t ¢—
< Co {Mz:v"lozl + / lu(do — y,8) — u(d —y,s)|u(y,s) dy dS}

T 1

where 50 is a constant depending only on M, M., K, kr,U, and

M;= sup z'tlu(z,t);
1<z<0
0<t<T

18



note that M; < oo by Corollary 3.2, and M; depends only on M, K7, Uy.
A similar bound can be established for J3. Using these bounds in (4.5), we get

M) Slhua(a + a,0) = w(a,0) + Cof o~

t -1
o

o

l—l\'

lu(do — y,8) — u(d — v, s)|u(y, s)dy ds + /N(s) ds},

or

t .
N(t) < co{ /N(s) ds + |a|z™!(1 + K7 + Up)

(4.6) ¢ ot

* / / lu(do — y,8) — u(é — y,s)[u(y,s) dy ds}

where ¢ is a constant depending only on Krp,kr,Uy, M and .M

Now let T be such that (1 + f k)® <2 and set

Ro= {5t < Tz <+ [BP),

t
R, = {(z,t);tST,(1+/k)3 <z <2},
0

Rp={(z,1);t<Tym<z<m+1},m=2,3,...

Suppose first that both (z,t) and (z + @, t) belong to Ry. Then (4.6) yields

N(t) <co {/N(s) ds + |ajz~!(1 +KT+U0)} .

By Gronwall’s inequality,
(4.7) N(t) < coeTlale™' (1 + K1 + Up),

and (4.4) follows.
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In the sequel we shall use the formula

¢—1
/ fu(do — v,5) — u(d — v, )lu(y, 5) dy

¢—1
- / u(z, ) — ulz + o — 6, )lu($ — z,) dz
(4.8) 1
(1+ [ k)*~(g0—9) (a+ [ k)?
0 0 ¢—1

1/ - / ...+/

U+ [ B3 =(do—¢) (14 [ k)
1] 0

Consider next the case where both (z,t) and (z + a,t) belong to R; U R,. Using (4.7)
and Corollary 3.2 we find that the right-hand side of (4.8) is bounded by

1

¢_
51{ / wé—2s) dz) coldo — 8leT(1 + K1 + Us) + |do — ¢II"}
(4.9) 1

2!

<cizMale®Teo(1 4+ Kp+Upy) i Ja| <

N8R

Using this estimate in the last integral on the right-hand side of (4.6), we get

t
N(t) < co{ /N(s) ds + |a|z™l(1 4+ K1 + Uy)
+laje~le;TeT(1 + K1 + UO)}.
Choosing T such that
(4.10) e;Te*T <1
we obtain the inequality
(4.11) N(t) € 2cpe®T|alz™!(1 + K1 + Up)

provided both (z,t) and (z + «a,t) belong to R; U R,.
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Next we consider the case where these two points belong to R; U Ry U R;. Using
(4.11) and Corollary 3.2 we can estimate the last integral on the right-hand side of (4.6),
obtaining analogously to (4.9), the bound

2cz[a|w_’e°°Tco(1 + K1 + U)).
If we choose T (analogously to (4.10)) such that
(4.12) 2¢,TeT < 1,

we again get the inequality (4.11). We can now proceed to extend (4.11) to RjUR,UR3UR,
using the fact that this inequality holds in R; U Ra U R; (in order to estimate the last
integral on the right-hand side of (4.6)) and making the choice (4.12) for T'. This results
again in the inequality (4.11).

Proceeding in this way step-by-step, the proof of (4.4) follows provided T satisfies
(4.12) and |a| < /2. The proof for the case |a| > 2/2 is similar (and slightly simpler).

Finally, to prove (4.4) for any T we proceed step-by-step on time intervals of size 7,
where '

2c2neC°T <1.

§5. Reformulation of the inverse problem. In studying the inverse problem we
assume that, in addition to (2.5), § satisfies a uniform Lipschitz condition:

(5.1) B(z,y) = B, y')| < Mu(lz — 2" + [y — ¥/'])-
We shall consider (2.1)—(2.3) with

I(t)

where I(t), k(t) are continuous functions for ¢ > 0, and
(5.3) k(t)> ko >0, I(0)>0

Let

(5.4) f(®)

zu(z,t) dz

Tt~ " —3

z?u(z,t) dz

(5.5) g(t)

where u is the solution of (2.1)-(2.3). Our aim is to show that f and ¢ uniquely determine
I and k.
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LEMMA 5.1. The functions f, g are in C*[0,00) and

f'it) = I(t)+{ / 3(1+ / k(r)dr)*I(s) ds

(5.6) o
+ / 345 + / K(r) dr)Clul(y, ) dy ds}km,
g’(t):I(t)+{ ] 6(1 + /t k(r)dr)°I(s) ds
(5.7) / / 6(y'/° + / KOl ) ds bt

4 / y2Clul(y, ) dy.

Proof. We have, by (2.9),

(o]

f(t) = / zu(z,t) dz = 7:}:1/3 (223u(z,t)) do

oo

= /wllg / ¢($,t,3)2/3€[u](¢(z,t,s),s) ds + z2Pu,(z,t)| de
(58) 1 T(z,t)

(1+ [ K(r)dr)®

. ° 213 [(r(z
_ / / $1/3¢2/3€[u](¢,s)dxds + / 3k(€—((x( t;;)) dz

t

(1+f k(r) dr)3

and the last integral is equal to

j (1+ ] k(r)dr)’I(s) ds.

Substituting ¢(z,t,s) = y into the first integral on the right-hand side of (5.8) we find
that

t

(5.9)  f(t)= /t 7(y1/3+ ] k(r)dr)*Cu)(y, s) dy ds + / (1+ / k(r)dr)*I(s)ds.

s 0 s
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It follows that f € C! and

oo t oo t

Nw=/www@@+//a¢”+/mwm%m%m%s@@
(510) 1 tO 1 t K]
HI(t) + / 3(1 4+ / k(r)dr)2k(t)I(s) ds.

Recalling (3.15), the assertion (5.6) follows.
The proof of (5.7) is similar.
From (5.6), (5.7) it follows that

(5.11) f'(0)=¢'(0) =a where a = I(0);

by (5.3), a > 0.

Setting
= =072 - 00
and
(5.13) J(t)_%g

and introducing the functions

(5.14) Au)(t / / 3k(t) ( 13 4 / k(r)dr>2 Cu)(y, s)dyds,

(5.15) Bu)(®) = By(w(t) + Bau(t)

where

(5.16) Biw)(t) =+ [ y*Clul(y, ) dy,

(5.17) Bz(u):% / / 6k (1) (y1/3+ / k(r)dr) Clu](y,s) dy ds,

1 K]

~& | =
\'8
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we can rewrite (5.6), (5.7) in the form

J(t)+{-1— / 3(1+ / k(r)dr)QI(s)ds}k(t)z A(t) = A()(®),
(5.18) 0 ’

IO+ Y e+ [kr)driis)ds b k) = g1(t) — Bu)(®).
t

Solving for J, k, we obtain:

(5.19)
A1(8) - A 60+ [ £YS(at J(s)s)ds])—[g1(t) — B(w)(£)] [£ J30+ [E (a4 7(s)s)ds]

J(t): t t
1 [6(1+ [k)S(a+ J(s)s)ds —

s

N

0j3(1 + jk)z(a + J(s)s) ds

(5.20) °
k(t) = g1(t) — f1(t) + A(u)(t) — B(u)(?)

1 Ojﬁ(l IRt J(s)s)ds — 1 [3(1+ [R)(a+ J(s)s)ds

0 )

LEMMA 5.2. Given I(t), k(t), let f(t),g(t) be defined by (5.4), (5.5) where u(z,t) is the
solution of (2.1)-(2.8), (5.2) (for the given I, k). Then I,k satisfy the system of nonlinear
integral equations (5.19), (5.20).

We remark that the assumption a = I(0) > 0 ensures that the denominators in (5.19),
(5.20) do not vanish as t — 0.

DEFINITION 5.1. The inverse problem consists of reconstructing the pair I, k in terms
of the functions f,g.

In view of Lemma 5.2, the inverse problem has a solution for 0 < ¢t < T if we can
establish that the system (5.19), (5.20) has a solution J,k for 0 <t < T

In §7 we shall solve the inverse problem globally under the assumptions that "(0), ¢"(0)
exist and f"(0) # g"(0). (Observe that formally g"(0) — f"(0) = 3ak(0).) Some auxiliary

results are proved in §6.

§6. Lipschitz dependence of u on I, k. When (5.2) holds the function u, defined
in (2.11) is given by

M -2/3 .
u*(x,tf{ 3k(r(z,1) it (z,t)>0

0 if  71(z,t)=0.

(6.1)
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LEMMA 6.1. The following identity holds:

(6.2) | t
/x2€[u](x,t)d:c://ﬁ((1+/k)3,(1+/k)3)(1+/k)3(1+/k)3I(r)I(s) dr ds

ﬁ((1+/k)3,(y1/3 +/k)3)(1+/’C)‘*(y’/3 +/k)3f(r)@[u}(y,8) dy drds

r s
t

,3((21/3 +/k)3,(y1/3+/k)3)(21/3 +/k)3 (y'/3 + /k)3€[u](y,s)@[u](z,r)(lydzdrds

r

Proof. We have

(o]

7w26[u](x,t)d$ :% /3:2 7lﬂ(y, z —yu(z —y,t)u(y,t) dy dz

2
00 oo

- [#uta,t) [ Bl utw,t) dy d

1

and the first integral on the right-hand side is equal to

7 7 2?B(y, = — y)u(z — y, t)u(y,t) dz dy

1 14y

= / (v + 2)2B(y, 2)u(z, t)u(y,t) dz dy.

It follows that

(6.3) 7m2€[u](x,t) dz = 77y:rﬂ(y,x)u(y,t)u(m,t) dy dz.

Substituting u from (2.9) into the right—hand side of (6.3) we get

(6.4) / 22€u)(z, ) dz = Dy + D + D
1
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where

t

m(z,t)

/ y 22y, t,s)*Clu] ((y, 1, 5), 5) dS}dy dz,

7(y,t)

oo t

Dy = 27/yxﬁ(y,w)[ / 273 ¢(z,1,5)**Clu) (4(z, 1, 5), s) dS]u*(y,t)dy dz,

T(z,t)

1 1
Do = [ [aBty,apunty, e, ) dy da.
1 1

By the change of variables

y—z=4¢(yt,r) and z— (= ¢(z,t,53)

(with r and s fixed) we find that D; reduces to the last term on the right-hand side of
(6.2) (with y replaced by ().

Using the change of variables
7(y,t) =r and z — (=¢(z,t,s) (s fixed)

we find that D, is equal to the second term on the right-hand side of (6.2). Finally, using
the substitutions

(y,t)=r, 71(z,t)=s
we can show that D, is equal to the first term on the right-hand side of (6.2).

LEMMA 6.2. Fromany T > 0 there exists a constant Ct depending on M, ||k|| e 0,1y, [ T]lz=(0,7)
such that

(6.5) : /$2|€[u](a:,t)|d:c < Crt? forall 0<t<T.
1

Proof. Let -
| F(t) = /azzle[u](:c,t)l dz.
1
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Then

F(t) < /a:2 / B(y,z — y)u(y,t)u(z — y,t) dy dz

[V

1
+ 7:1:2 7u(w t)B(y, z)u(y,t) dy dz
1

<M {/ (y + 2)u(y, t)u(z,t) dy dz +//x2u($,t)u(y,t) dy d:c} .

1
Thus

(6.6) F(t) <3M (/ y2u(y,t) dy) (/ u(z,t) dz) + (/yu(y,t) dy)

1 1 1

From (2.9) and a change of variables,

/y u(y,t) dy—// (213 + / °Clu)(z, s) dz ds
+/( +/k) I(s) ds ,

0 L]
so that .
/yQU(y,t) dy < (1+Tk[))° {/F(S) ds + IIIHt}
1 0
N [e o]
where || - || = || - ||z (0,7)- Also [ u(z,t)dz < ¢||I]| by Theorem 2.1 (b), and
' 1
[vutut) ay < e+
1
by (3.9).

Using these inequalities we can estimate the right-hand side of (6.6) and thus obtain
t
F(t)<3M [(1 + T|k[])° /F(s) ds] t|lI)| + Crt?,

and the assertion (6.5) follows.

We now state the main result of this section.
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THEOREM 6.3. Let @ be a solution of (2.1)~(2.3) corresponding to k,I and assume
that k, I satisfy the same assumptions (5.2), (5.3) as k,I, and that k, I, k,T are Lipschitz
continuous for t > 0. Then for any T > 0 there exists a constant Ct depending only on
T,M, M, and the Lipschitz norms of k, I, lz,fin 0 <t<T, such that

oo

(6.7) /ﬁl@[u](x,t) — Cli)(z,t)| dz < Crt? (“k — k| + Ilé - % [|)

1

and
i 2 ~ ~ I I
(6.8) 2*fu(e,t) —i(e,t)| dz < Crt { |k~ k|| +]I7 - 7 I
1
where || - || refers to the C%! normin0 <t < T.

Proof. The left-hand side of (6.7) is bounded by
z—1

/ 22B(y,z — y)lulz — 1,1) — iz -y, Ou(y, 1) dy da

/ 22B(z, y)u(y, Dlu(z, 1) — iz, )| dy d

N~
N\'g

z—1

/ 22B(y, v — y)ilz — v, Dlu(y, t) — iy, 8)| dy de

N =

+

+

"‘\'8 "‘\8

t / 22B(z, )iz, )[u(y, £) — iy, £)| dy da.
1

Changing order of integration in the first two integrals and then substituting z —y = z
(y fixed), we easily get the crude estimate

/mzle[u](x,t) — Clu)(z, t)| dz

(6.9) 22y B(z, y)u(y, t)| u(z,t) — iz, )| dy dz

1
/ 24?8z, y)i(y, 1) |ulz,t) — iz, 1)|dy d
1
+ 3E;.
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In order to estimate Ey, set

t

¢(:z:,t,s):(x1/3—/k)3, q"s(z,t,s):(xl/i*_/;;f

S

and define 7(z,t) with respect to @ in the same way that 7(z,t) was defined with respect
to u. Using the representation (2.9) and (6.1) we obtain, after a change of variables

z= ¢(x7 t’ S)’

©o t oo t t t
/:c2u(a:,t)dx = //(zl/3 + /k)GC[u](z,s) dz ds + /(1 +/k)6I(s) ds
1 01 s 0 s
t oo
< (1+ Ikl { [ [#en o1 ¢ ds+tllfll}
0 1
where || || = || - || (0,t), and applying Lemma 6.2 we get
(6.10) /IL‘ZU(II!,t) dz < Crt.
1

To complete the estimate of E; we need to estimate

z?|u(z,t) — i(z,t)| de

1
(e o]
S/w2
1
oo

z?|u,(z,t) — t4(z,t)| dz, by (2.9).

\8

t

/m_2/3¢2/3e[u](¢,s) ds —

T

22323 C[E)($, s) ds|dx

“!2\'“

By

.._.\
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We can write

t

[#Htute) — e 0idz < [a* [a08 P 1epu6,5) - elal(s,5)| ds ds

T

[} t

22 [ 2=2/38231Ca1(b. s) — Clal(d. s)| ds dz
+/ / 23 (Cla)(, 5) — Cla)($, )] ds d

pa
t

2 / 22318215 _ 323\ Cla)(§, 5)| ds da

\'8"‘

(6.11) +

T

1
+ [ 2?| [ e PP ICla)(4, )] ds|da
[]

T

+ | 2 |us(z,t) — Gy (2, t)|dz = Jy + Jo + T3 + Jy + Js.

b—l\

We proceed to estimate the J; for 1 = 2,3,4,5. Since ¢ < z.
oo t ¢—1
s [ [ [ 106 - v,9) = 56— v, 9liln,s) dy ds do
1 T 1
(<] it oo
+M / z? / / li(¢,s) — a(d,s)|i(y,s) dy ds dz
1 T 1

1

oo t ¢— [e%)
o [ |<5—¢|‘ #(6— y,5)iily,s) dy+ [ (g, )ily,s) dy
[ fie=a ] /

[ee] t
o [ [1
1 T

ds dz

é—1
(¢ — y,s)i(y,s) dy|ds dz = Ly + Ly + L3 + Ls.
¢—1
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Making a change of variables ¢(z,t,s) = z, we find that

(6.13)

L, < M//(zl/3 + /k)6 li(z —y,s) — a((z1/3 + /(k - l::))3 -y, $)|d(y, s) dydzds
<D [ [ [erutiates) - ale+ 9 + [-B) ~y,9)fity,e) de dy ds
< c///m2y2|ﬁ(x,s) —U(z + a)|i(y,s) dz dy ds

where ,

a=3(x+y)2/3/(k—l”c)+3(:c+y)’/3 (/(k—i&)) + (/(k-ic)) ;

clearly

(6.14) la| < ||k — k||z2/3y2/3.

We now use Theorem 4.1 and Corollary 3.2 in order to estimate the right-hand side of
(6.13); here we should notice that for |a| > z/2 we have, by (6.14), z < cy?. We find, after
some simple calculations, that

Ly < ct||k — k]

We can estimate Ly in a similar way. The other terms L3, Ly in (6.12) are estimated very
easily by ct||k — k||. Hence

(6.15) Ty < ct||k —E||.

Next, it is easy to see that J3 and Jy can be estimated by ct||k — k[, and

(1+]k)3 (1+f7c)3
_ / 2 1(7(z,1)) 72213 dp 0 72 f(;(%t)) =213 4z
J5‘\ 1/ TEE) T 1/ D) |

<cct (k= kIl + 117k — T/RY))

Combining the estimates on the J; we deduce from (6.11) that

o0

(616) /:L‘QIU((E,t) - ﬁ(l,t)l dz < c//z2le[u](2,3) _ G’[ﬁ](z,s)[ dz ds
tet||k — k|| + ct||I/k — T/E].
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Using (6.16) and (6.10), we can now estimate E; in (6.9), and similarly also E,, and
obtain

[ 2 ietule,) - e, )] do < et (I~ F + 17k - T/

t oo
+ct//22|(3[u](z,s) — Cla)(z, )| dz ds;
01
the assertion (6.7) then follows by the Gronwall 1nequahty Finally, (6.8) follows from
(6.16) and (6.7).

REMARK 6.1. Later on we shall need the estimate

< Crtft —t'|

(6.17) I 7y2€[u](y, t) dy — 7y2(3[u}(y, t') dy

1

for 0 < t' <t < T. This can be established by using Lemmas 6.1 and 6.2; the details are
omitted.

87. Solution of the inverse problem. We now return to the set-up of §5. We shall
assume that f”(0) and ¢"(0) exist. Setting

(7.1) ff=m, ¢"0)=

we can formally deduce from (5.19), (5.20) that

Jo=J0)=271 -7 =7,

7.2 —
(7.2) ko_:_k(o)z”ﬁ_l =5 where e =7 —m7

3a 3a
and « is defined in (5.11). We first prove a local result:

THEOREM 7.1. Assume that fq, g; are Lipschitz continuous and that f"(0), ¢"(0) exist
and ¢"(0)— f"(0) = € > 0. Then there exists a unique Lipschitz continuous solution (J, k)
of (5.19), (5.20) for all 0 < t < n, provided n is a sufficiently small positive constant.

Proof. Introduce the set
X, ={(J, DecHnIxClm, 0=, J0)=2m —
|J(t) = J()] < Ki|t —t'], |k(t) — k(t')] < K|t — ¢'| for all ¢,2' in [0, n}}
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as a subset in the Banach space of X of continuous functions (J,%) on 0 <t < n with the
L*(0,7n) norm.

Denote the right-hand sides of (5.19), (5.20), respectively by Si(J, k), So(J,k). We
want to show that, for suitable positive constants K, K7 and small > 0, S = (5;,5,) is
a contraction on X,; this will complete the proof of the theorem

Let
D=7 [6+ [BF(a+a)s) as
Dat) =7 [30+ [BP(a+ 2)s) ds,

D(#) = Di(t) - Da(2).

Setting J= S1(J, k), k= So(J, k) we can then write
5 — A)D; — (g — B)D
(7.3) J=SI(J,k)=(f1 ) 1D(gl )D, ,

_ _f+A-B
(7.4) F= Sy k)= L fl;

LEMMA 7.2. (a) D; and D, are differentiable and
/ , 3
DI(O) = 1501k0 + 3]0, DZ(O) = 3ak0 + 5 ]0;

(b) for allt <n <1,

D (£) = D} (0)] < el Tllcon (14 [lkllcor)’t,
|D5(£) = D5(0)] < ¢l Tllcon (1 + [lkllcor)’ ¢

where c is a constant independent of .
t
Proof. Let g(t,s) = 6(1 + [ k)°. Then
t t

Di(t)= 7 / o(t,5)I(s)s + = / ot s) = Ey(t) + Ea(t).

0 0

33



It is easy to see that E}(t), E(t) exist for t > 0. Further, since E;(0) = 0, E2(0) =
6a, g(0,0) = 6,

B0 =lim 7 [l6(t,5)7()s ~ 6(0,0)(0)s) + 5 0(0,0)7(0) = 32,

t

1
Ey(0) = %grg) 2 (ag(t,s) — 6at)
0
1 t
= lim / a(g(t,5) — 9(0,0) — (0, 0)¢ — g,(0,0)s)
0

. .
+ ag:(0,0) + 3 ags(0,0) = 15k a.

The proof for D, is similar.
To prove (b) for D; we write
1D1(t) — D1(0)] < |Ex(2) — E1(0)] + | Eo(t) — E3(0))]

t t

- Elg /g(t,s)](s)s + -1— g(t,t)J(t)t + % /gt(t,s)J(s)s —-3Jo

(75) 0 0

t t
+ ) - % /g(t,s) + % g(t,t) + % /gt(t,s) — 15koa
0 0
Since 3Jp = ¢(0,0)Jo — 2 ¢(0,0)Jo and g(t,t) = ¢(0,0), the first term on the right-hand
side is bounded by

.

| _ 215 / l9(t,5)7(s) - 9(0,0)J (0)}s

' |g(t, 0I(t) - 9(0, omm}

0
1 t .
+\? /gt(t,S)J(S)S < dlTllgon (1 + [kl o )t.
0

Using the relation ¢4(0,0) = —g¢,(0,0) = 30k, we can estimate the second term on the
right-hand side of (7.5) by

t
o

+‘_ /(gt(t,s)—gt(O,O))

t
0

‘ — % /[g(t, s) —9(0,0) — g+(0,0)t — g,(0,0)s]

< el Tllcor(1 + [Hllost)’,
and the asserted bound for D; (in (b)) follows.

The proof for D, is similar.
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LEMMA 7.3. (a) The functions A, By, By defined in (5.14)~(5.17) are differentiable,
A(0) = By(0) = By(0) = 0, and

A'(0)=0, By(0)=0, Bj(0)=p(1,1)a%

(b) for all t < 7,

[41(1) < Ct,  |By(t)| < Ct,
|B1(2) - B1(0)] < Ct.

Proof. Since the proof is similar to that of Lemma 7.2, it will suffice to give it for B,.

We can write (from (6.2))
. t ot
By(t) = = //g(t,s,r) ds dr
0 0

where g € C%! in (¢,s,r) and g € C!! in . This implies that Bj(t) exists and

o~

B;(O) =¢(0,0,0) = (1, 1)I(0)2 = 16(1’ 1)0(2 (from (62)>

Setting go = ¢(0,0,0) we can write

t ot t t t ot
1 1 1 1
B;(t)z—-t—2 //g dr ds+¥ /g(t,t,r)-l—? /g(t,s,t)+; //gt dr ds
0 0 0 0

t t

t
1 1 1
= [ Jo-m+7 [an-w)+7 [Gean-m)+
0 0

0 0

~& | =

¢t
//gt+go
00

from which we deduce that |Bj(t) — B{(0)| < Ct.
Choose

. 1 ko [0 }
MWK, WK A DS

If (J,k) € X, then

ko 3ko
— < < —
(7.6) L0
and
= Ity < 8
(7.7) 5 Sat ” -
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Also, by Lemma 7.3,
(7.8) [Allzee < e1n, [|BllLe < ean.
Using (7.7) we obtain

t t
1
D(t) > 7 /3(1 + /k‘)s(a+ J(s)s) > 3;
0 s
and then, by (7.4),

(7.9)
k0~ ) = | 55 - B | 90 - O+ 40 - B
1 o, , , ,
P AOENG)] {lg1(t) — g1 (") + 1f1(t) = f1(#)] + |A(t) — A(t")| + |B(2) — B(t")|}
4

) {”91”00'1 +fillcos + | Allze + | BllLe HID1(t) — Di(¢)| + |Ds(t) — D(t")]}

+ 3% {(lgrllcor + Ifsllcon)lt — [ + |A(t) = A(#)| + |B(t) - B(t')[}.
By Lemma 7.2,
IDi(t) = Di(t')| < |t = ¢'| IDi(€)] < |t = ¢'|[|D}(€) — Di(0)] + | Di(0)]
< [t = t'l{Cn + |D;(0)1}-
Similarly, by Lemma, 7.3,
|A(t) — A(')| < Clt — ¢,
|B(t) - B(t')| < |t —t'[{Cn +|B1(0)[}-
Substituting these estimates into the right-hand side of (7.9), we get
|k(t) — k(t")| < Kqlt — 1|
provided

4
K2 = 5= (llgllcor + [l filloo)(ID1(0)] + 1D2(0)1)
2
+5= (lgillcor + [l filloer +1B1(0)] +1)

and 7 is sufficiently small. A similar result can be established for J, J. Hence TX, CX,.
Next, using Theorem 6.3 we can also establish that S is a contraction; more precisely,

1S(T, k) = S(T, Bl < en(IT = Tllzes + |1k = kl|z),

and cn < 1 if n is sufficiently small.

In Theorem 7.1 we proved that the inverse problem has a unique Lipschitz solution if
t <n, n sufficiently small. We shall now extend the solution globally:
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THEOREM 7.4. Assume that the functions f(t),g(t) belong to C'[0,00) and satisfy
the conditions in Theorem 7.1. Then there exists a unique Lipschitz continuous solution
(J,k) of (5.19), (5.20) as long as k(t) > 0,1(t) > 0, where I(t) = I(0) + tJ(¢).

More precisely: either the inverse problem (5.19), (5.20) has a unique solution for all

0 <t<ooandk(t) >0,I(t) >0 for t > 0, or it has a unique solution forall 0 < t < T

for some 0 < T < oo, such that k(¢) > 0,I(t) > 0if 0 < ¢t < T and either limi%lf k(t) =0
t—

or the solution of (5.19), (5.20) exists for 0 < t < T + ¢, for some € > 0, and k(t) > 0
for 0 <t < T+ ¢€but I(t) < 0 for some t € (T,T + ¢€). If in particular, the f,g are
defined by (5.4), (5.5) where u is a solution corresponding to a pair (I, k), then (5.19),
(5.20) has a unique solution for all t > 0 which is then, of course, the pair (J, k) where
I(t) = I(0) + tJ(¢).

Proof. We begin by rewriting (5.6), (5.7) in the form
(7.10) I+Ek=F I+Ek=G

where

F=F(,k)¢) = f(t) - ( / 3(1+ / k)?I(s)ds) k(t) — ( / / 3(y"/3 + / k)2Clu)(y, s) dy d§) k(2).

G = G(I,k)(t) = ¢'(t) - ( / 6(1+ / B I(s) ds) k(1)

(e o]

(/ / o + / £y Clul(y, ) dy ds) k(t) = / y*Clu)(y, 1) dy,

to oo t

Ey = Ey(I,k)(t) = / 301 + / F)2I(s) ds + / / 3(y1/* + / FY2€ul(y, ) dy ds,

S

E, = E,(, k)(t)—/6(1+/k)51(3) ds+// (y/* /k)se[u](y,s) dy ds.

tp oo t
S

Setting A = E, — E; we solve from (7.10):

E,F - E,G
(7.11) I(t) = _2—A.—1— ,
G-F
(7.12) k() = ==~
provided A # 0. If we can show that
(7.13) A(tg) >0 provided k(t) >0, I(t) >0 if ¢ <t,,
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then we can proceed as in Theorem 7.1 to extend the existence and uniqueness of a Lipschitz

continuous solution to [to,t + €] for some € > 0. Thus the proof of Theorem 7.4 follows
once (7.13) is established.

To prove (7.13) we use (2.9) to get

2?Pu(z,t) de = 62PCu)(4,s) ds dz + | *Pu.(z,t) do
[rene-]] /

+ [ 8)°
t 0

= / 7 $2/3Clu)($,s) dz ds + / 3;((:)) dz

0 t 1
(+ [ k)3

(7.14)

¢ t
where ¢ = ¢(z,t,5) = (/3 — [k)?, 1=z~ [k,7=1(2,t).
Making a change of variables

t t
T = (21/3 + /k)a, dz = (21/3 + /k)22_2/3dz

in the first integral on the right—hand side of (7.14) (this means that we take ¢(z,t,s) = 2),

and
t

T(z,t) =s, dz =3(1+ /k)2( — k(s)) ds

s

in the second integral on the right-hand side of (7.14) and setting ¢ = 1o, we get

[e) tg o0 to

/mz/su(m,to) dr = //G[u](z,s)(zl/3 + /k)2 dz

1 K}
to

+ / I(s)(1 + 7k)2ds :% Eq(to),

0

by the definition of E;. Similarly

/x5/3u(m,t0) dr = % Es(%o). |
1

38



Consequently
(7.15) Alte) = / (6257 — 3c2/Yu(z, t9) dz > 0
1

since u(z,tp) > 0, u(z,to) # 0 by Corollary 3.4 (using the assumption that I(0) > 0).
This completes the proof of (7.13) and of Theorem 7.4.

REMARK 7.1. Suppose the solution (J, k) exists and I(t) > 0, k(t) >0for 0 <t < T.
Let (j ,§) be another set of data satisfying the assumptions of Theorem 7.4 and denote
by (J, l~c) the corresponding Lipschitz solution of the inverse problem. From the proof of
Theorems 7.1, 7.4 it follows that for any 0 < Ty < T there exists a constant C > 0 such
that, for any sufficiently small § > 0, if

F'@&) - F@I<s 9@ -g@l<s
for 0 <t < T, and
[f"(0) = f'(0) < 6, g"(0) —3"(0)] <6,
then the solution (.T, k) of (5.19), (5.20) exists and is unique for 0 < t < Tp and

7(t) - J(t) <8, |k(t) - k()| < C6.

This stability result is very important in applications, since there are always some
errors in the measurements which yield the functions f(t) and g(t).

§8. The case where § is unbounded. We consider here the direct problem for the
case where 8 = B(z,y) is unbounded, and prove the existence of a solution to (2.1)-(2.3).
We assume:

(i) B(z,y)>0 for z2>1,y>1,
(ii) P(z,y) is continuousfor z>1, y > 1,
(8.1) (iii) B(z,y) = PB(y,z) for 22>1, y=>1,
(iv) limsup f(z,y) =00, and

:c"’-l-y’—»oo

(v) B(z,y)<o(z+y) if z>y>1whereo(r)isa positive valued

. o\r .
function satisfying - " 0if r — oo.

Notice that the function 3 defined in (1.4) satisfies (8.1).
We also assume, in addition to (2.6), (2.7), that

(o o]
(8.2) = /muo(m)dm <oo and c¢;= sup zup(r) < oo for some > 0.
1<z<o0 '
1
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THEOREM 8.1. If (2.6), (2.7) and (8.1), (8.2) hold then there exists a solution u of
(2.1)-(2.3) satisfying:

(a) u>0,

(b) sup /zu(m,t) dz <vp forany T >0,.
t<T
1

where vp = 3 f(l + fk)3h(s)k(s)ds + f(m1/3 + fk)3u0(m)dx if further o(r) = ¢or' ™7 in
(8.1) (v), then

(c) sup z%u(z,t) < ce’™T(cy + ||hllz=(0,1))
1<z <0
0<t<T

where ¢ s a constant depending only on ¢q, and

a =min{q —
1 Y-
3 ’

To prove the theorem we introduce the solution u s corresponding to S5y = min{8, M} (M =
1,2,...) and proceed to obtain bounds on ups which are independent on M.

LEMMA 8.2. For any M > 1,

(8.3) sup/muM(m,t) dz <wvrp,
2T
(8.4) sup z%upr(z,t) < ce®T(cy + |hllzwqo,m)) I o(r) = cor'™7,
1<z<0
i<T

where the constants vr,c,c, are as in Theorem 8.1.
Proof. The inequality (8.3) follows from Theorem 3.3. To prove (8.4) notice that since

uy >0, By <P,

BUM

ot

+3k(t)— (@ upm) < 5 / Bz -y, y)um(e — y,tyum(y,t) dy.

On the other hand, since 0 < a < 2/3,

o { Qun 9 9 e (0280 (e
z { T +3k(t)0m (2 upr) Zat (z%upr) + 3k(t)z e (z%um).
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Combining these inequalities we get
5 0 1 T
(8.5) En (z%up) + 3k(t)a:2/3£(:c°’uM) < 5 z / Bz -y, y)upm(z — y,t)up(y,t) dy.
1

Next, using (8.1), (8.3),

z/2
z” / Bz =y, y)um(z — y, t)up(y, t) dy
1

z/2

< coz® / (2 — 9)' up(z — v, )une(y, t) dy
1

z/2 .
< 2% /(a: —y)upm(z —y,)um(y,t) dy < 2%covr Npy(z,t)

1

where

NM(z7t)= sup yauM(yat)v
1<y<z
i<T

and similarly

z—1
= / B(z — v,y )un(z — v, un(y, ) dy
z/2

z—1

< 2%y / yup (y,up(z —y,t) dy < 2%ovrNp(z,t).
z/2

Using these estimates to bound the right-hand side in (8.5), we find that
9 (z%upr) + 3k(t)z?/ i (z%up) < evr Ny(z,t).
ot Oz - ’

Integrating this inequality along characteristics we obtain

t
r%up(z,t) < z%u(z,t) + cvr / Nu(¢(z,t,s),8) ds

(z,1)
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and, since ¢(z,t,s) < z,

t
z%up(z,t) < c(ca + ||hl|Loo(o,y)) + ch/NM(m,s) ds.
0

This easily implies the assertion (8.4).
We return to the proof of Theorem 8.1 and set

~~
-

i 3)

Ry =q(z,t); 221, 0<t<T, z< (H/k(r)dr)
0 7
3 )

t
R, = (m,t);le,OStST,xZ(1+/k(r)dr -
0

R =Rin{z<j}, Rl=Ryn{z<j} forj=2,3,....

We shall first show that the sequence {upr}$7_, is uniformly bounded and equicontin-
uous on R? and on R2. Let

7M(‘T7t) = /ﬂM(m’y)uM(yat) dy‘

Using (8.3) of Lemma 8.2 and the assumption (8.1) (v) it is easy to see that for fixed j > 2:

(8.6) (-, t) is equicontinuous in z for 1 < z < j (with ¢, M as parameters)
(8.7) ym(z,t) < 2¢cvrjfor1 <z <3 M2>1,t<T.

Since 5 5
= L (2/3 — i <
5 UM + 3k o (=" up) = —upyym i 2 <2,
we have
—f‘YM (¢(I,t,8),8) ds
(8.8) up(z,t) = u.(z,t)e © .

Using (8.6), (8.7) we conclude that {ups} is uniformly bounded and equicontinuous family
on R? and on R%; hence a subsequence {u},} is uniformly convergent to some function u!,

which is continuous on R? and on R3.
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Next let 1<z <3, 0<¢<T and define

0 i <2

r—1
fu(z, ) =41
5 / Bz -y, y)uy(z —y,tuiy(y,t) dy if 2< 2 < 3.
1

The sequence fys is uniformly bounded and equicontinuous. Since

d
a (¢(x’t’3)2/3u}vf (¢(xata3):s)))
+8(z.t,5)Puly (8(2,t, ), 8) 1 (83,8, 5),8) = B2, 1, )23 far (d(a 2, 8), 5),
we deduce that the sequence {u};} has a subsequence which is uniformly convergent on
R} and on R3.
We can proceed in this way step-by-step and obtain a subsequence up- of the original

sequence ups, which is uniformly convergent on each R] on each R;. By diagonalization
we may, in fact, conclude that the convergence is uniform in every bounded subset of

t
{z >1, tzo,x§(1+/k)3}
0

and in every bounded subset of

14

{le,tZO,x2(1+/k)3}.

0

. In view of the estimate (8.3), the coagulation operator Cps, corresponding to B,
satisfies:

Crlum] — Cly] if M=M"- oo,

uniformly on compact subsets. It follows that u is a solution of (2.1)—(2.3).

Regarding uniqueness we can only establish a very partial result:

THEOREM 8.3. Under the assumptions of Theorem 8.1, if f(z,y) < Azy (A > 0) and
uo(z) = 0 then the solution is unique for 0 <t < co, where ¢ is a universal constant.

Notice that by scaling u we can always assume that A = 1.

Proof. Since the proof is similar to the uniqueness proof of McLeod [7] for (1.13), we
describe it only briefly.
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Suppose @ is another solution. Then

o . 0 oy i
(6957 (6= 0)+3K0) 5, (F(u =) = =3 (=) [ Bo,0)(u(v, ) + iy, 1) dy

~5 (u+ ) [ Ba0)((0,t) — iy, ) dy
17 _ )
+5 [ B =) ) = 60, ) (u(e — y,) + e - v,6)dy.
1

Multiplying (8.9) by

F(r) = exp /%/ﬂ(¢,y)(U(y,S)+ﬁ(y,8))dyds

T(z,t) 1

where ¢ = ¢(z, ¢, s) and integrating along the characteristic (¢(z,¢,s),s), we obtain (using
that F'is increasing for 7 <r < t) .

ot -l <y [ aRER )
T(z,t)
(8.10) (4 s)) / B(8,v)[uly, s) — i(y, s)|dyds

t ¢—1

+% / / e 2 BEPR(G — y,y)luly, s) — @y, s)| (u(¢ — v, ) + @(¢ — g_,s))dyds.
r 1

Next, using (2.1)-(2.3) one estimates inductively on ¢

i-1
(8.11) u(z,t),u(z,t) < Ci(:_'_ 0 for 1<z<1+1
where
(8.12) Y Cit Tl <y
i=1

if ¢ is sufficiently small, say ¢ < c;; here 71, ¢, are universal constants.
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Now we can use (8.11) to estimate the first integral on the right-hand side of (8.10)
and obtain

. Kyt
(8.13) lu(z,t) — a(z,t)| < ‘21 for 1<z<2.

where Ky = 7,C}. Using (8.10)~(8.13) we can inductively prove that

_ Kitt
(8.14) Iu(a:,t)—u(x,t)ls-g%l) yt1<z<i+1
where
(8.15) Y Kl <mt  for  t<e,.
i=1

Now we can go through the argument again, using (8.14) instead of (8.11); this results
in an improvement of (8.14). Continuing in this way step—by-step m times, one arrives at
the inequality

. _ipm it .

(8.16) lu(z,t) — a(z,t)| < (c lt)mm y i<z <i+41

where ¢ is a universal constant and m is any positive integer. Taking m — oo we deduce
that u = 4 if t < ¢q.
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