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THE TIME-HARMONIC MAXWELL EQUATIONS
IN A DOUBLY PERIODIC STRUCTURE*

DAVID DOBSONt{ AND AVNER FRIEDMAN

Abstract. Consider the diffraction of a beam of particles in R3 when the dielectric coefficient is a
constant e; above a surface S and a (different) constant ez below S, and the magnetic permeability is
constant g throughout R3. S is assumed to be a doubly periodic surface, say z = f(z,y) with f(z +
mL1,y + nLs) = f(z,y) for all integers m,n. The existence and uniqueness of a solution satisfying a
“radiation condition” at infinity is reduced to a system of Fredholm equations. Thus, for all but a discrete
set of €’s there exists a unique solution.
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§0. Introduction. Consider a surface S : z = f(z,y) where f is doubly periodic,
ie., f(x + mLy,y + nLy) = f(z,y) for all integers m,n. (Actually we shall consider a
more general periodic surface; see §1). Above S the dielectric coefficient is a constant
€1 and below it the dielectric coefficient is another constant €3,e5 # €;. The magnetic
permeability is assumed to be constant p throughout R3. We are interested in solving the
scattering problem for a linear electromagnetic wave coming down from z = 4+00. The case
where f is independent of y, i.e., f = f(z) was recently studied by Chen and Friedman
[3]; they reduced the problem to a coupled pair of Fredholm equations.

The problem studied in this paper belongs to the subject which is commonly referred
to as diffractive optics in grating material. Interesting engineering and numerical aspects
can be found in the collection of articles edited by R. Petit [9]. Related work was done
by Nedelec and Starling [8] who studied periodic arrays of antennas, and Bellout and
Friedman [1] who considered scattering by stripe grating for the Schrédinger equation.

The approach of this paper, like the one in [3], is based on integral equations: we
represent the solution in terms of a “fundamental solution,” and use the transmission
conditions to derive integral equations for the “surface fields.” However, the present paper
differs from [3] in a number of important technical details.

Numerical schemes for solving the Maxwell equations by integral equations have been
introduced by Benaldi [2].

In §1 we introduce the periodic Maxwell equations. Constructing, in §2, a periodic
fundamental solution for the appropriate elliptic equation, we use it in §3 to obtain an
integral representation for the periodic components E,, H, of the solution. In §4 we study
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integral operators which appear in the representation of E,, H, and then, in §5, we derive
jump relations. These lead, in §6, to integral equations for the surface field I,J on S.
Additional analysis shows that the equations can be reduced to a Fredholm type system
of equations. Consequently, when the first alternative holds, there is a unique solution.
This solution satisfies also appropriate “radiation conditions” at infinity. Further, when
the first alternative holds, there is no other solution of the Maxwell equations which is
periodic and satisfies the “radiation condition” at infinity.

We finally mention that the scattering problem studied in this paper is motivated by
industrial manufacturing processes which use microelectronic tools to make optical devices

[5].

Acknowledgement. We are grateful to Dr. Allen Cox from Honeywell for suggesting
the problem studied in this paper and for many stimulating discussions.

§1. The Periodic Maxwell Equations. Let S be a surface imbedded in R® with
C? parametrization F : R? — R3:

F(u) = (fi(w), fa(u), fs(w)),

where u = (u1,uq) € R? (for piecewise smooth S, see Remark 6.1). Let Ly, L, be positive
constants. Define the lattice

A=L,7ZxLyZx{0}CR?, Z={0,41,+2,...}.
We assume that S is periodic with respect to A in the sense that
(Sn{z})+n=5Sn{z +n}

for all n = (ny,n2,0) € A, ¢ = (z1,72,23) € R3. We also assume that F is periodic:
There exists 1,1l > 0 such that

lin lsn
F(u1+2—ll ’“”2?22) = F(u) +n

for all n € A, u € R?. The parametrization F' can be viewed as a diffeomorphism from the
torus

Q = R2/(ZIZ X IQZ)

onto

Note that there must exist a constant M such that

|fa(u)] <M for all w .



S divides R3 into two open connected components. Let €; denote the component
containing some element z such that z3 > M, and let Q; = (SU Q)"

Suppose that ©; and Q, are filled with materials in such a way that the magnetic
permeability p is constant throughout R3, and the dielectric coefficient ¢ satisfies

551 in Ql
e(z) =

&9 in QQ

where €; and e; are complex constants, €1 # €3. We assume that Re ¢ >0, Im e > 0.
The case Im € > 0 accounts for absorption [4].

Let E, H denote complex vector fields on R3. Setting
Ej:Elgj 7Hj:H|Qj (]:1,2),

the time-harmonic Maxwell equations in each §2; are

(1.1) VxE —iwpH =0 in Q;
(1.2) VxH +iwg;EP =0 in Q.

(The customary constant c¢ representing the speed of light has been absorbed into the
“frequency” w.) The weak form of Maxwell’s equations in a neighborhood of S give the
following jump relations on S:

(1.3) nx (E' = E*) =0,
(1.4) nx (H'—H?*) =0,
(1.5) n-(e1E' — e2E*) =0,
(1.6) n-(H'-H*) =0,

where 7 is normal to S. It can be shown [3] that (1.5), (1.6) follow from (1.1)-(1.4). Our
goal is to solve (1.1)-(1.4) when a linearly polarized plane wave

E.(z) = se'¥® | H,(z) = pe'?®

is incident on S from ;. Here, p,q € R? are constants representing the polarization and

incidence, respectively, and s = — (p x ¢). The vectors p, ¢ must satisfy
weéq

g-g=w’eip, p-qg=0,
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in order for E,, H, to satisfy (1.1), (1.2) in Q.
In the particular case S = {z € R®: z3 = 0}, the corresponding solution of Maxwell’s
equations (1.1)—(1.4) can be found explicitly:

seil'T 4 g, ell® in
Eo(z)=4§
s’ in Qg ,
(1.7)
pe"';”r —}—prei‘i" in O
Hy(z) =

pe'?* in Qg

where

(:j = (qlvq% —q3)’

N . R 1l
i=(q1,92,43) , s=1Ivg-q—(¢-9)?,
€2
v=—.
€1
The reflection vectors p,, s, and the transmission (or refraction) vectors p;, sy are deter-
mined as follows. It is convenient to write

p:pl+pll

where p' - e3 = 0 (we denote the standard unit basis vectors for R® by e;,ez,e3). In the
case p' = 0, the incident wave is called transverse magnetic (TM), and we have

g3V — g3 2q3v

=— t=—————7p
"ogv+g Grv+4s
1 B 1 .
Sy = — Xq), $§ = — X q) .
P (pr X §), st s (pe % )

In the case p' = 0, the incident wave is called transverse electric (TE), and we have

g3 — g3 2q3
= —_— 3 =

t — ~— S,

+g q3 + g3

T
weéq . wEe "
pr=-7" (erq),pt:—ﬁ (s¢ xq) .

In the general case, Ey and Hy can be expressed as the sum of TM and TE components.
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Given the incidence vector ¢ = (g1, g2, ¢3), let & = (g1, ¢2,0) and define
Eo(z) = e"@%E(z), Hy(z)=e"*"H(z).

Maxwell’s equations (1.1)—(1.4) are then equivalent to

(1.1 (V +ia) x E} —iwpHL =0
(1.2") (V +ia) x H) +iwe;EL =0 o
(1.3") nx (Eq—EL)=0
S.
(1.4") nx (Hg—H) =0 h

We are interested in fields E, H for which E,, H, are periodic over the lattice A. Thus we
are led to search for solutions to (1.1') — (1.4') in the quotient space R*/A.

§2. Periodic Fundamental Solution. Let k = w(,ue)% where Rek > 0, Imk > 0.
In this section we construct a fundamental solution to the equation

(2.1) {(V+ia)’ + Kk }u=0

on the space R®/A; here (V + ia)? means (A + 2ia -V — |af?). It is easily seen that if
E., H, satisfy (1.1'),(1.2") then E,, H, satisfy (2.1) individually. In the next section we
shall use the fundamental solution to obtain an integral representation for E,, Hq.

For n = (n1,n,,0) € A, let

2y 27ng
(2.2) n = (_ 2y o) .
Ly ° I3

We shall henceforth assume that for j = 1,2,
(2.3) klo; # |an — af? forall neA.

If I'mk > 0 then (2.3) certainly holds; otherwise, an arbitrarily small perturbation of k
satisfies (2.3). We set

(24) Bn = ew/2|k2 - lan - O‘|2|% , meA,

where
6 =arg(k® — o, —al®), 0<6<2r,
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and define the A-periodic sum

— iBn|z3]|—tan -z
(2.5) V() _—2L1L2 E _ﬂn e
neA
Notice that if Imk =0 then

(k% = |lan —a|®)?  for k2> |an —af
(2.6) Bn =

i(Jan — af® — k2|)% for k% <|an,—al?,

so ImB, = 0 for at most a finite set of n, and Imf, > 0 for all other n. In the case
Imk > 0, we have ImfB, > 0 always. Thus for z3 # 0 the terms in the sum (2.5) decay
exponentially as |n| — co and the sum converges absolutely.

LEMMA 2.1. The sum vy satisfies

{(V+ia? +k e == 8, in D'

neA

where 6, is the Dirac measure at n.

Proof. Let a, = 1 eiPnlzs|—ion -z ol =
B 2L1L2

B2 = k? — |a, — a|?, we have

Z a,. Using the fact that
In| <N

MY = s N (el = Baw = g Y Auand(es)
ln| <N In| <N
= (| = )N - 2ia - VN — —— Zﬁnané(xg)
Hence, for ¢ € C§°(R?),
. 1 .
(V+iaf +K6Y(0) =~ 3 [ elar 0,007 7da
R2

_ 1 ~[2mny  2mn,
- Ll Z@(I@ ’ L%)

In| <N

(where the Fourier transform is with respect to the first two variables with 3 = 0.) Letting
N — oo and applying the Poisson summation formula [6; (7.2.1)'] yields

1 ~f2mny 2mn,
LyL, %80( L2 ° L2 )—Zgo(n),

neA

which completes the proof. []



REMARK 2.1. The formula (2.5) can be obtained formally by applying the Poisson
summation formula directly to the periodic sum
Y et g (e +n),
neA
eik|z|

4r|z|

This approach can be rigorously justified in the case of a singly-periodic surface S; see [3].

where pi(z) = is the fundamental solution of the Helmholtz equation (A+k%)u = 0.

REMARK 2.2. The formula (2.5) is well-known and is related to the so-called Rayleigh
expansion for diffraction gratings; see [9].

§3. Periodic Integral Representation. We will show that solutions E,, Hy to
(1.1"),(1.2") can be represented inside each ; in the form

Eolz) = / {ionI(y)ps(z — ) — T(y) X Wiz — )
So

(3.1)
+— [VaI(y) - Unle = ) + (1) - ielale — )}S,
Ho(z) = / (iwe T (y)pu(z — v) + I(y) x Wi(z — y)
(3.2) So
+ %p V2 (J(5) - Un(z — 1) + (J(y) - i)Ui(z — 9)]}dS,
where
(3.3) Up(z —y) = —(Vi + 1)z — y)

and I, J are “surface fields” on Sy: vector fields on Sy such that I-n = J - n =0.

THEOREM 3.1. For surface fields I, J with integrable components, and for x ¢ Sy, the
fields (3.1), (3.2) satisfy (1.1'),(1.2").

Proof. We will show (1.1'); the proof of (1.2') is similar. Using the relations V iy

(z—y)==-Vep(z—y), VXV =0,and V x (V x g) = V(V-g) — Ag, one can establish
the identities:

(Vz+ia)></I1,bk=/Ixuk,
(Vz—|—ia)x/(—])xuk:—/k2J¢k+Vz/J~uk+/(J-ia)uk,

(v,+m)xvz/1-uk:0, (vz+ia)x/(1-m)uk=o.
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Then from (3.1), (3.2) (noting periodicity)

(V. +ia) x Ealz) = /{—k2Jd)k Fiwpl x U + Vo (J - We) + (J - ia)Uy }dS,
So

=wuHy(2) . 0

The representation (3.1), (3.2) can be simplified a little bit by performing an integration
by parts. We need some notation first.

At each point p = F(u) on S, the parametrization F' determines the “coordinate frame”

o (% 0f Ofs\ L, _(0h Of Bfg)
1= 8u1’8u1’8u1 p’ 2= OU2’6U2,6’(L2 p.

The induced Riemannian metric tensor on Sy is given by ® = (gi;) = (F; - Fj), and the
volume element is

o(u)du = (det @) duy A dus .

Each surface field I on Sy can be written in the form
I=IFh+LF,

where I, I are scalar functions on the torus ). We write the covariant divergence of I

1[0 0
Vo-I= = ['5171(011)4- 5;(0[2)] .

LEMMA 3.2. If 2 ¢ Sy and I is a surface field on Sy then

[ 10 Vit =S, == [(Va- D@wale - )ds,

So SO

Proof. Since z ¢ Sy , ¥r(z — y) is smooth. Integrating by parts on the torus Q:

/ I-Vye(z — y)dS, = / ((LFy + LFy) - (Vyi)(z — F(u))}odu
Q

So
- / {o(Ii, Ib) - Vu(r(z — F(u)))}du
Q

__ / V- (0D)pr(z — F(u))du
Q

. / (Vo Dpu(z —y)dSy . O
So
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Using the identity V,¥r(z — y) = —V¢i(z — y) and Lemma 3.2, (3.1) and (3.2) can
be written in the form

1 :
(3.4) Bo(e) = [{ionle =7 x st o (VoI +ia- DS,
So
1 .
(3.5) Ho(z) = / {jwe e+ TxUa+ 7 (- T iac- TS,
So

Finally, note that (3.4), (3.5) are equivalent to

~ - 1 -
(3.6) E,(z) = /{iwu[«[)k —J x U + E(VO I+ ia- IUy}odu,
Q
~ ~ 1 ~
(3.7) H,(z) = /{iwe]z,bk + I x U+ W(VO -J+ia- Ui }odu ,
Q

where Py (z,u) = Pr(z — F(u)) , Us(z,u) = U(z — F(u)).

§4. Some Integral Operators. We wish to evaluate

lim E
A Ea(2)
using the integral representation of the last section. Singularities occur due to the Vi

term in the kernel U. In this section we analyze the singular integral operator associated
with the kernel Vi). Let

1 z
wo(z) = m ; so Vo(z) = W .
Denote I I I I
1 1 2 2 2
=|-—, = -, = R* .
Qo [ 2’2}x[ z’z]c
We define
Vio(z) = 3 Vola + 1)
n€EA
where convergence is interpreted in the sense
(4.1) Vol = Z Vepo(z +n) = Vipg(z) as N —oo.

Ini],[n2| <N
Convergence is uniform in z over compact sets in the complement of A.
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LEMMA 4.1. There exists a constant ¢ such that

c
[Vipi(z) — Vpo(z)| < izl
for all z € Qy x R.
Proof. S —iez wh S
roof. Set Yo =€ Yk, Where @) = et en
(4.2) {(V+ia) +k*}ora=—8 in D,

as follows easily from the fact that (V + k%)p = —8o. From (4.2) and Lemma 2.1,
{(V+ia)* + E*}(x — ¢r,a) = 0

in Qo x R. It follows by elliptic regularity that (5 — ¢k o) is smooth in @y x R. Finally,

it is easy to estimate

c
IVok o — Vol < |—$—I . ad

At each point p = F(v) € Sy, we select the unit normal
(4.3) nw) = X2,
We define the 3 x 3 matrix A, by
Ofi %fi m
A;1 = dfr Oofs m .
O1fs Oofs m3

Notice that A;! maps the coordinate frame (e, ez, e3) to the frame (F1,Fy,—n) at p =
F(v).

Using the notation

(v—1u,z) = (vy —uy)e; + (vo — ug)eq + ze3

where u,v € @, z € R, and (v — u) means (v — u)|g, € R?, define

Ri 2 (u,v) = Vipo(A, (v — u, 2))
(4.4)

— Vii(F(v) — F(u) + 2n(v)) .
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LEMMA 4.2. Forallu,v € @, |2| <1,

|Re.2(u,v)| < —

lu—v|

Proof. From Lemma 4.1, we need only show that

Cc

[Veoo(F(v) — F(u) + 20(v)) — Vo (4, (v — u, 2))| <

lu—of

For each v, we can change coordinate systems and without loss of generality consider the
case where F(v) — F(u) = (uy,us, f(u)),A;! =1 and |f(u)] < c|u|?>. (Although ¢ may
depend on v, there is a uniform bound.) Also, since Viy is smooth away from the origin,
we can assume that |u| < 1. We must estimate

(ula’u?af(u)+2) _ (ulau2az)
[u? +ud+ (fu) + 22|17 |ul+ud 4223

Setting r? = u? + 2, it suffices to consider

(nf+z) —_(nz)
P2+ (f+ 222 2422

The first component is

P2 4+ 2% — P 4 (F 4 2)%)3

, T
Ii]z'ﬁ

where N is the product of denominators. Writing

- (1 2222’

r 3
Ky, =— |[r? 4223
! N| +2 r2 4 22

and considering separately the cases |z| < r and |z| > r, we easily find that K; < ¢/r.
The second component

Ky =l 22t g (e
can be similarly estimated by K, < c. 0

11



LEMMA 4.3. For all z € R,

/ Vibo((v1 — u1)F (v) + (vz — ug) Fa(v) + zn(v))du
Qo

31gn z

20(v)

- /v<p0(A;1(v — u,2))du = n(v) ,
R2

where the second integral is in the sense (4.1).
Proof. Let p be the rotation in R? such that
p(F1) = |Fileq,
p(Fy) = |F|(cosBey + sinfey) ,
p(n) = —es,
where |Fy| |F3|cos6 = F; - F,. Noting that Vi, commutes with p: p~1Vpep = Vi, we

find that

/V(,oo(zn + (v1 — u1)Fy + (v2 — ug)Fy)du
(4.4)

=p! /Vapg((vl —u1)|Fi| + (v2 — uz) cos 8| Fy| , (v2 — uz)sin 0| Fy|, z)du .
Changing variables and noting that

IF1] |Fy|sinb] = |(Fy - Fy)(Fy - Fy) — (Fy - Fy)*|* = |det @} =0,
we see that (4.4) equals

1
a(v) P I/V"Po(ullau,%z)dul .

R2

The e3 component can be computed explicitly:

/ z 1/ 1
— = = dr == sgnz.
T ) a2 |r2+z2|z 2 *®

R

The €1, e; components

U
— J - du ,
v 2 2 2'
A lut + us + 22|32
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taken in the principle value sense (4.1),

N

lim /duj ,
N—oo
-N

are zero because the integrands are odd functions. 0

We define, for periodic scalar functions g € L?(Q), the operator P:
(4.5) (Po)(w) =ty [(o(u)olu) - o(0)g(0) Piho(Ay (v = u,2))du
Q

With this definition, we have by Lemma 4.3,

(4.6) lim / 9(u)Vo(A7 (v — u, 2))o(w)du
Q

= (P)(v) — 5 signz g(vIn(v)

From the proof of Lemma 4.3,

(Po)w) = i, [ o(u)g(w)rren(Ay (v = u,2)du
R2

where 7 is the projection onto the tangent space of S, and the integral is in the sense of

(4.1).
Let x denote the characteristic function of @y on R?2. We break P into two pieces,
P=Pyoc+P(1l-yx).

Since Vg is smooth in R? \ Qo,

(P(1 = x)g)(v) = / o (w)g(w)rr Vo A7 (v — w))du
R2\Qo

(where v = v|g, ) is a compact operator. We denote K = P(1 — x).
Writing B = Py, we have

(Bag)o) =l [ o(g(wrrVin( 47" (v = u,2))du
(4.7) ©
=pv / h(v — u)rr Vo (Ay  u)du,
R2
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where h = xog € L?(R?).
For each v € Q , u € R? , z € R, define

|(u1,u2,z)|3
4.8 v, u) = —— .
( ) 7 ( ) |Avl(u1,u2,2)l3

Notice that 7, is homogeneous of degree zero in u: for all real ¢t # 0,

Yo(v,tu) = 7yo(v,u) .

Furthermore, =, is continuous, bounded and bounded away from zero in {(u,v) : u # 0}.

From the definition of ¢y and (4.8) we immediately get:

LEMMA 4.4. There hold:

() Vipo(A7 (1, 2)) = A7y (v,0)Vepo(u, 2)

(ii) | |f—1 Yo(v, u)Vepo(u)dpu(u) = 0

where 1 is the surface measure on {|u| = 1}.

Hold vy € Q fixed; for j = 1,2 consider the operator
(4.9) (Bi,Wo) = po [ (o = ua(on, W, Vepo(u)iu
R?2

where 7; is the projection onto the jth coordinate. It follows from Lemma 4.4 (ii) and the

general theory of singular integrals (see [10; chap. II §4]) that BJ is bounded on L?(R?),
and for h € L?(R?),

(B3, h)T€) = b;(vo, )A(E),
where the symbol b;(vg, £) is homogeneous of degree 0 in € and is given by
1 .
(4.10) by &) =5 [ sign(e-upmo(n wusdntu) , Il =1.
|u|=1

(here du is the measure on the circle S = {|u] = 1}.)

By the Fourier inversion formula,
(B3, h)(vo) = pv / h(vo — u)¥o(vo, u)m; Vipo (w)du

(411) = [ b0, Ok

R2
=(B;jl)(w) (i=12).

14



Thus from (4.7) and Lemma 4.4 (i),
Bog = (Byog)F1 + (Baog)F; .

REMARK 4.1. In the case where A;! =1, so that |Fy| = |Fy| =1, Fy - F, = 0 (for
example, S is flat), we have vyo(v,u) = 1 and from (4.10)

bj(v,€) = % .

Then
1 1
Bog = <§ ijag) F+ (5 iRjog) F,
where the R; are Riesz transforms (see, for instance, [10; chap. III §1}).

From (4.10), (4.11) we see that Bj has the form of a standard pseudo-differential

operator of order zero. From general theory [11; chapter II, Theorem 6.3]), B; is bounded
on L%*(Q) and

(4.12) 1 BjllL2(Q),L2(@) < C Sgg b5 (v, €)] -

(ER?
From (4.10), ||B|| <C sgg |A||®. Summarizing:
LEMMA 4.5. The operator P defined in (4.5) can be written
Pg = ByogF, + ByogF, + Kg

where K is compact and By, B, are bounded on L*(Q). The operators B; are “order zero”,
admit the representation (4.11), and satisfy the bound (4.12).

§5. The Jump Relations. We note that the parametrization F is oriented so that
n(v) defined in (4.3) points into ;.

Let v € Q, so F(v) = p € S. Define
Eq(v) = lim Eo(F(v) + zn(v)) ,
Ei(v) = lim Eo(F(v) + 20(v)) ,
and define H! , H2 similarly.
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Let ky = w(el,u)% , ko = w(é'gu)%. We denote, for j = 1,2, t;(v,u) = ¢, (F(v) —
F(u)), Rj(v,u) = Rkj'o(v,u), and define

Gj = R; —ia%); .

The kernel G; is the “regular part” of the kernel Uy; defined in (3.3) in the sense that
Ui, = Gj + VipgA;', and by Lemma 4.2 we have

C

1Gj(v,u)] <

o —ul

From the representation (3.6) we get

1
E:,(v) = /{iwu[vj)l - Jx G+ oo (Vo I+ia-I)Gi}odu
weéq
Q

+ hﬁ]l /(—J) x VoA, (v — u,2))odu
Q

1 : —1
+ 1211101 oen /(VO I +4ia-I)Veo(A, (v —u,z))odu .
Q
Thus from (4.6),
: 1 :
(5.1) El(v) = /{zqud)l -JxG + Z)?(Vo I +1ia-I)Gy}odu
1
Q

1
—Pl(J)XFl—PQ(J)XF2+§ J xn

1 . 1 .
+ - [P(VO-I+za~I)—§(VO-I+za-I)n].

wey

Similarly,

. 1
(52) E'Z,(v) = /{Zny¢2 —J x G2 + E(Vo . I-l— ta - I)GQ}O’CIU
2

—PI(J)XFI—PQ(J)XFQ—%JXU

1
+ [P(V0—1+ia-I)+§(VO-I+ia-I)n

iw&‘z
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In the same way, we have for 7 =1, 2,

. 1 .
(5.3) H!(v) = /{iwsj.h[)]- +IxG;+ Z,—U;(Vo -J+ia-J)Gjlodu
Q

1
+P1(I)XF1+P2(I)XF2:F§ IX’I]

1 . 1 .
+ — [P(Vo-J+zoz-J)ZF§(V0-J+za-J)77]

W

where “ - " isfor y =1, “ 4+ " is for ) = 2.

From (5.1), (5.2), (5.3) we see that

[Eo] = (B, — Ea)

1 ) G G
w €1 €2
Q
(5.4) 1
+J X0+ — (62_61)P(V0‘I+i°"])
1w €1€2
1 1 1 .
— — (_+—) (Vo I+ia-I)n
w \ &1 €2 .
and

[Hal = (H, - HY)

= /{in(&% —e2) + I x (G1 — G2) + ﬁ(vo +1a) - J(G1 — G2)} odu
Q

1
—Ixn——(Vo-J+ia-J)y.
Wi

Denoting the integral expression in (5.4) by Ti(I,J), the integral expression in (5.5) by
T,(I,J) and using the identities n x (J x n) = J and n x n = 0, we see that

1 —
656 nxﬂEa]]:J+E<6";;‘)nxp(vo-uia-nmle(I,J),
5.6 1€2

nX[Ha]) =—-I+nxTao(I,J).
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§6. Reduction to Integral Equations. Recall the fields Ey, Hy defined in (1.7).
We shall try to solve (1.1)-(1.4) in the form

(6.1) (E,H) = (Eo, Hy) + (Ea, Ha)e'®

with E,, H, periodic over the lattice A.

Denote
Iy =nx (Hy — Hj)e ™ *
o= x (B = Be

where Eg = Eylq; , Hg = Hylg;. We want to solve

{nx [Hal + 1o =0
(6.2)

n X |[EQI| +Jo=0
where n X [H,] , n X [E4] are given by (5.6). In particular, we shall find conditions under

which the system (6.2) is Fredholm over L%(Q) (or more accurately, over X = [L%(Q)]*.)
We can integrate by parts and write

T :i M /(VO'I)Gl-*'Tl )
W €1€2

where

N ) G G

I =/{wu1(¢1 —2) = J x (G1 — Ga) + (g 1) (?f ‘?f)

Q
1
+ — IVU(GI —Gg)}d’du y
LWE?Q
also
Ty = iw(e; —&3) / Jpodu + T

where

Z= | {iw€2J(¢1 —¥a) 4 T (61 = Ga) + 7= T V(61— o)
Q

+ = J(G —Gg)}adu .

W

18



Then from (5.6) the system is

(63) I—iw<€1—€2) /(T]X J)'(/)lddu—an;z(I,J):Io y

(6.4) J+'i(62_61)77X[P(VO'I+ia'I)+/(Vo-I)G1]+nxfl(I,])—_——JO .

[2% €1€2

LEMMA 6.1. There holds,

Vo-/(nxJ)t/)ladu:—P-(nxJ)—/(nxJ)-Rladu.
Q Q

Proof. Integrating by parts as in Lemma 3.2,

Vo [ (nx Iprodu=— [{(nxJ)-Vy1}dS,
/ /

:_/(WXJ)‘V(POA;_IUdu—/(nXJ)-Rladu. 0
Q Q

From (6.3) and Lemma 6.1,

VO-I:iw(eg—61)[P-(77><J)—I—/(nxJ)~R10du]+K1+V0—I0,
Q

where K is compact. Substituting into (6.4), we get
—_— 2 ~
(6.5) J+ %52—) nx P(P-(nx J))+ Kz = —Jo
1€2

where K3 is the sum of all the compact operators and j;), the inhomogeneous term, depends
only on I, Jy.

By Lemma 4.5, P(P - (n x J)) is a bounded operator in L?(Q).
Consider the resolvent operator

(6.6) R(A) = [L+ A x P(P - (n x1))] ™

This is holomorphic function in the complex A-plane. Denote its poles by A1, Ag,...; then
|Aj| = oo if j — co. We shall henceforth assume that

)2
(6.7) E1ze) 2y forall .
€1€2
Set A = (€1 — €2)%/(e1€2) and apply R()) to (6.5):
(6.8) J + RO, = —R(X)J,

Clearly (6.3), (6.8) form a Fredholm system of integral equations equivalent to (6.3), (6.4).
Summarizing;
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THEOREM 6.2. Assume that (6.7) holds. Then the Maxwell equations (1.1)-(1.4) have
a solution of the form (6.1) with E,, H, periodic if for the Fredholm system (6.3), (6.8)
the first alternative holds; further, the field (E, Hy) has the form

(Eay Ha) = Y Afemionstiba(Bzsif ag] > |fy]pee
(69) neA C
) <

A _
T

where £, (k) is +8n(k1), A% is A} above S and B, is —Bu(ks), A¥ is A; below S, and
Brn = Bn(k) is defined in (2.4).

Observe that the series in (6.9) represents back-scattered (or reflected) waves above S
and forward scattered (or transmitted) waves below S. Thus it is natural to refer to the
condition (6.9) as the “radiation condition” at infinity.

We supplement Theorem 6.2 with a uniqueness result:

THEOREM 6.3. Assume that (6.7) holds and that the first alternative holds for the
Fredholm system (6.3), (6.8). Then the solution of the Maxwell equations having the form
(6.1) with E,, Hy periodic over A and satisfying the radiation condition (6.9) is unique.

Proof. Following [3] we use the integral representation [7; p. 130] for E,, H, in Qg X
{—M < z3 < M}. The boundary integrals on dQy x {—M < z3 < M} cancel out by the
periodicity. If we let M — oo and use (6.9), we find that the integrals over {z3 = M}
tend to zero. In the limit we obtain precisely the same integral representation as in §3
(with I = —nx Hy , J = n x E,). This then leads to the Fredholm integral equations
(6.3), (6.8) whose solution is unique by the first alternative assumption.

0

REMARK 6.1. We have assumed so far that S is a C? surface. However all our results
extend to the case where S is piecewise C?, i.e., the surface S consists of portions, each
being uniformly in C?. Indeed the main point to check is that the operator Pg defined in
(4.5) remains bounded in L?. But this follows by decomposing ¢ into a sum of functions
gj each supported on a C? portion S; of S. Since g; may be viewed as extended by 0 into
a C? surface §j containing the closure of S; in its interior, ||Pg;||z2 < C||g;||z> and the
same then holds for Pyg.
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