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NONSTATIONARY FILTRATION IN PARTIALLY SATURATED
POROUS MEDIA

XINFU CHEN*, AVNER FRIEDMAN** AND TSUYOSHI KIMURA**

Abstract. A nonstationary 2-dimensional filtration in a porous medium is considered, whereby part
of the medium is saturated, another part is unsaturated but wet, and the remaining part is dry. The
saturated/unsaturated and unsaturated/dry interfaces are free boundaries. It is shown that there exists
a unique solution and that the saturation function is continuous in the wet portion of the medium; this
implies that the two interfaces are separated. Under some (monotonicity type) conditions on the initial
and boundary data it is shown that the free boundaries are continuous.

§1. The model. We consider a non-stationary flow in porous medium. Denote by
u the hydrostatic potential due to capillary suction, i.e., the pressure, and denote by c(u)
the relative volumetric moisture content, i.e., the saturation. If u exceeds a critical value,
which we take to be 0, then the porous medium becomes saturated and c¢(u) is equal to a
constant, which is taken to be 1. In the dry portion of the porous medium the pressure
is also a constant, which is taken to be —1. The function ¢(u) is monotone increasing for
—1 < u < 0 and, for simplicity, we take it to be 1 + u. Thus,

14u if —-1<u<0

c(u) =

1 if u>1.

The pressure satisfies the equation [3; p. 488]
(1.1) -(% c(u) = Au

in the flow region. To account for the free boundary condition at the wet/dry interface
(where u = —1) we extend the definition of ¢(u) to u = —1 by taking

(1.2) o(u) = min{y,0} + H(u+1) for u>-1

where H is the Heaviside function. As shown in [7], equation (1.1) across the wet/dry
interface represents the (physical) equation of continuity, provided gravity is ignored. To
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include gravity in the downward direction —y, the term -82 H(u + 1) needs to be added
Y
to the right hand side of (1.1); see [7].

We note that in the unsaturated region equation (1.1) is the same equation satisfied
by the temperature in the one-phase Stefan problem.

In the unsaturated/saturated region equation (1.1) becomes

Oa(u)

(1.3) >

= Au a(u) =1+ min{u, 0}
and the condition one imposes at the interface u = 0 is that a(u) be continuous.

The one-phase Stefan problem has been studied extensively in the literature; see [9]
and the references therein; under some initial and boundary conditions the free boundary
is C*. Equation (1.3) has been studied in recent years by several authors: [6] [11] [14] [18]
[19] for one dimension and [1] [2] [8] [10] [12] [13] [15] for higher dimensions; in the case of
1-dimension the free boundary is known to be in C'*°.

In this paper we consider the filtration problem in the 2-dimensional half-space
Rf = {(z,y); 2 €R', y >0}

and assume that

Odu(z,0,1) _
(1.4) 3y = —g(z,t)
where

g(x’t) = g(—:l,‘,t) >0 ’
(1.5)
g(z,t) =0 if |z|> =z (0 <o <o00).

This means that the fluid is being injected across the boundary y = 0. We also prescribe

the initial moisture content

(16) C(U(ZE, Y, 0)) = 70("1:’ y) ) 70('1:7 y) = 70(_1:7 y) .
Finally, we assume that the medium is dry at oco:

(1.7) lim u(z,y,t)=-1,¢t>0.

z2+y2_,°o

Since the data are symmetric with respect to z, we also seek a solution which is
symmetric with respect to z (Actually by the uniqueness proof given in §2, no other
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solutions exist), that is, u(z,y,t) = u(—z,y,t). We can then restrict the problem to z > 0,
by imposing the boundary condition

(1.8) 9u(0,y,t) _ 0.
Oz

We refer to (1.1), (1.2), (1.4)-(1.8) as problem (P). The model may represent, for
example, a filtration of water into soil and a spill over a table cloth, or over other porous
media.

We shall need the following notation:
Qr = {(z,y);z > 0,y > 0,22 + y* < R*} ,
I'tr = {(2,0), 0 <z < R}, I'2,r ={(0,y); 0 <y < R},
Tr ={(z,y); >0,y >0,z +y? = R?},
Qrr=Qrx{0<t<T}, Tirpr=Tirx{0<t<T},
Frr=Trx{0<t<T}.
Definition 1.1. A pair (u,+) is called a weak solution of problem (P) if
uwe L*0,T;H'(Qr)) VR>0,T>0,
v E€u),
u=-1,y=-1 if z2?24+y*>o0o(t)
where o(t) is a continuous monotone increasing function of ¢ and, for any R > o(T),
(19) Jfuve-a6= [[ncc.o+ [[ac veevr
Qn.r Qr TiRT

where

Ver={¢e H' (1), ((~T)=0, {rgr =0} .
Note that v € ¢(u) means that y(z,y,t) = c(u(z,y,t)) if u(z,y,t) > -1,
-1< 7(x,y’t) <0 if U((L’,y,t) =-1 )

and u > —1 a.e. (i.e., the graph c(u) is empty if u < —1).
In §2 we define a truncated problem (Pgr) and prove that it has a unique solution. In
§3 we let R — oo and establish the existence and uniqueness of a weak solution to problem
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(P). Next, in §4 we prove that max{c(u),0} = 1+min{u, 0} is a continuous function. This
implies that the two interfaces S; = 0{u = 0}Nd{u < 0} and S; = d{u > —1}NF{u = —1}
are separated by positive distance. In §5 we make the assumptions

2803 970 Og(z,t)
az_o’ay_o’ Oz <0, 9(0,6)>0

and prove that S; and S, have continuous representations r = (;(6,t) and r = (,(6,t) (in
polar coordinates (r,6)); (, is actually C'*°, whereas for {; we only get a logarithmic-type
modulus of continuity.

§2. The truncated problem. In this section we assume that
(2.1) g€ L*(Tyr1), 920,
(2.2) -1<7%<1.

Definition 2.1. A pair (u, ) is called a weak solution to problem (Pg) if for any T' > 0

(2.3) uwe L*0,T; H (QR)), u=-1 on Tgrr,
(2.4) v € c(u)
and (1.9) is satisfied for any ( € Vg 7.
THEOREM 2.1. There exists at most one weak solution to problem (Pg).

Proof. Suppose there exist two solutions (uy,71) and (u2,72). For any to € (0,T') set

to

] [wtn -t i et

to t
0 if t>tg.

Then (;, € Vg 1. Taking ¢ = (s, in (1.9) for both u = u; and u = u; and subtracting one

equation from the other, we get

-/

0 Qp

- % Q{ [V]J(ul(-,f) - 112(',7))|2 +ﬂ[£(’h — 7o) (u1 — uz) .

4

V(ur —uz) -V / (- 7) = w2, 7)) + (1 — 7)1 — ua)




Since v; € ¢(u;), (71 — 72)(u1 — uz) > 0. Hence

vi[ul(.,f) —uy(, 7)) =0  ae.

which implies that u; — u; = 0 a.e. and then, by (1.9), 71 —v2 =0 ae. .
THEOREM 2.2. There exists a unique weak solution to problem (Pr).

Proof. Let c. (¢ > 0) be smooth approximations to ¢, as € — 0, so that ce(0) =1, and

—° i e<
(1 n u)3 I e<u<oo
(2.5) cuw)={ 1 if —1<u<0
1 .
- if —co<u<-1-¢,
€
(2.6) c'(u) <0.

Let 6. be such that
ce(—1—-6,)=-1.

Note that 6. < 2¢, and ¢, <1+ 2¢.
Let 9. be C* functions that

1< %<1, 7e=-1 in aneighborhood of T'g ,

90
Oz

Yoe =Y in L*(Qg) and ae.

=0 on P2’R )

as € — 0. Set uge = ¢ (70e). Then

—1—-6:<ue <0,
upe = —1 — 6. 1n a neighborhood of T'g ,

8u0€

Oz

=0 on I'3r.
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Let g. be smooth functions such that

Ouge
gEZO,—gé—: g; on PI,Rn{tZO},

ge - g in L2(F1’R,T) .

Consider the parabolic problem

0
(2.7) 5 ce(u)=Au in Qpr,
0
(2.8) —Z =0 on Typr,
Ou
(2.9) oy Y on Tyjpr,
(210) u=—-1-— 65 on FR,T )
(2.11) U = Uge at t=0.

Since the initial and boundary conditions are smooth and satisfy the compatibility
conditions for a classical solution, there exists a unique solution u. such that

u, € C2+a,l+a/2(’Q'RYT) n COO(QR,T) .
By the maximum principle
(212) Ue 2 = 65 .

Multiplying (2.7) by u. + 1 + é. and integrating over {dg T we get

(2.13) Q{ W)+ f / Ve =Q{ W0+ J[ setuer1+8)

1,R,T

where
u

W (u) = / () (s +146.) .

—1-6,

Notice that W, (u) > 0 and
We(ue(+,0)) <14 Ce (C constant)
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Since by Sobolev’s inequalities

I£1Z,0x + 113, o < CRUVFIZ 0n + 1£150,) »

we deduce from (2.13) that

. . T T
(2.14) /”uilﬁfl(ﬂn) < Cr [1 +/”96”3,1‘1,RJ :
0 0

The function . = c.(u.) satisfies

(2.15) 1= <ve<1+2%.

We can now choose a sequence ¢ — 0 such that

Ue — U weakly in L*(Qg1) ,
(2.16) Vu, — Vu weakly in L*(Qr ),
Ye — Y weakly in L%*(Qgr1T) ,

for all T' > 0 where u,y are functions satisfying

u€ L*0,T; H' (Qr)], w>-1,

7€ L¥Qr71), -1<7v<1

for all T > 0. Multiplying (2.7) by (,( € Vg, integrating over Qg 7, and passing to the
limit with € — 0, we obtain the relation (1.9). In order to complete the proof that (u,~)
is a weak solution it remains to show that (2.4) holds.

Set
(2.17) we = max{ce(ue),0} =1+ min{u,0} .
Then |[Vw,| < |Vu.| and therefore, by (2.14), for any 0 <t; <ty < T,
2]
(218) e Dl @ < Crr <00
t1
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Next, for any small > 0,

T—h
//]we(-,t+h)—we(-,t)|2
0 Qg
T—h
< / / ety t 4 1)) = ca(tueley )][ue(r £+ B) = we(-, )]
0 Qg
T—h t+h
= / / / - co(ue(c,m) - [l 4 ) = (-, 1)
0 Qp t
T—h t+h
_ / / / Dy () te (st + B) = e 8)]
0 Qp t
T—ht+h
= / / /g(-,T)[ue(-,t-i-h)—us(-,t)]—/Vug(',T)‘[vus(',t+h)—vue("t)]
o t |rig Or

and after applying the Schwarz inequality on the right-hand side,

T—h

(2.19) / / |we(-,t + k) — we(-,1)|> < Ch
0 Qgr
where C' is a constant independent of €. The estimate (2.18) implies that

to
{/w€(~,7')dr} is precompact in L?(Qg)

ty

for any 0 < t; < t; < T. This together with (2.19) can be used to easily show (see [17])
that {w.} is precompact in L2(Qg, ). It follows that, for a subsequence,

w, = w in LZ(QR,T) and a.e.
for some function w € L?(Qg, 1), for any T > 0. Consider the set in Qg T,

Ch={p<w<l—p}, pu>0.
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For any small A > 0 there is a set Ax of measure < A such that (for a subsequence) w, — w
uniformly in C,\A,. Therefore

p po
§<w6<1—§ in C,\Ax

if € is small and, consequently,

g<c€(ue)<1—g-.

From the definition of c. it then follows that u, is uniformly convergent on C,\ 4. The

limiting function is of course u (since ue — u). Since A and yu are arbitrary,

(2.20) Ye = ce(ue) = c(u) ae. in O0<w<l1.

The same argument shows that, on {w = 1}\ Ay, c.(ue) > 1 — /2 and u, > —g— if e
is small enough where meas(g)\) < A. Thus lim i(I)lf ce(ue) > 1 and lim i(I)lf ue > 0onw = 1.

Since c.(u) < 1+ 2¢ for all u, we conclude that o
(2.21) vy=1 on {w=1}={c(u)=1}.
Next, for any 6 > 0,

0= 1irr(1) H{we > 6, w=0}| = lin%) [{ce(ue) > 6, w =0}
(2.22)
= lim [{u. > -1+6, w=0}|.

e—0

Since u, — u,

/ (u+1-86)*"= / (u+1—86)sgn(u+1-—6)"T = lirr(l) / (ue +1—8)sgn(u+1-19)
{w=0} {w=0} {w=0} -

1/2

Slirr(l)|{u€+1—6>0,w:0}|1/2 / (ue +1—8)? -0

{w=0}

by (2.22) and the fact that |juc||z> < C. It follows that u < —1 46 on {w = 0} for any
6 > 0, so that

u=—-1 on w=0;
in other words, c(u) = ¢(—1) = [~1,0] on {w = 0}. On the other hand on {w = 0} we
have w, — 0 a.e. so that lim c.(u.) <0, and thus v < 0. Since also v > —1 we conclude
that v € c(u) on {w = 0}. Recalling (2.20), (2.22), the assertion (2.4) follows.
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§3. The complete problem. In this section we extend Theorem 2.2 to problem (P).
We shall need the following comparison result.

LEMMA 3.1. Let (u',7'), (u?,~?) satisfy

u' € L¥0,T; H'(Qr)), ui=-1 on Tgr,

7 € cu),
and
(3.1) Q{[(Vul-vc—vlct) zﬂlvéc(-,O)J;L/R/Tglc,
(3.2) Q{[(Vuz-vc—f(t) SQ{%?C(-,O) -FFI/R/T 9%¢

for any ¢ € Vg1, ¢ > 0, where v§ <73, g% < g'. Then either u? < u! or 4% < 41.

Proof. The proof is an extension of the proof of stability for the Stefan problem [9;
Chap. 5|. Set

u=u—u, y=9 -, =1 -1, 9=9"—-¢".

Taking ¢ in VR, ¢ 20, [0¢/On]r; pr =0 (i =1,2) and substituting it in (3.1), (3.2),
we get

(3.3) / / wAC+76)+ [ 2060 * / / 9¢>0.

Qr Qr

We shall apply (3.3) to functions { = (;» constructed as follows: Let a,,bn be smooth
strictly positive functions and let f,, be smooth nonnegative functions. Then the (,, are

the solutions of

OCm

(34) am'a_t + bmACm = _‘fm in QR,T ’
(3.5) Cm(-,T)=0,
m .
(3.6) lerm =0, T’)}{IP.-,R,T =0 (:=1,2).

1
Clearly (;» > 0. Multiplying (3.4) by — A(m, and integrating, we easily obtain after using
am
(3.5), (3.6) and the Schwarz inequality,

b 2
(3.7) sup [ 1VGu( 0P + | [ e <c [ fm_
0<t<T am ambm
Qr Qp,T QRr,T
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Similarly, if we multiply (3.4) by bi a(g—;n and integrate, we get

(3.8) sup /|vc,,, 2+ // Im |6§m| C// el

Substituting ¢ = (m into (3.3) we obtain, for any function a € L®(Qg 1), |a] <1,

o</70<m( o>+//g<m //( &) fm + //[(u—abm)AcmHv—aam) %=

lRT

Hence

(3.9) //afm_/ el 0)+// e + //[|u—abm]|ACm|+|7 aam|| |].
QRr,T

lRT

Using (3.7), (3.8) we can estimate the last integral by

f2
// Ambm
Qr,T

Similarly,

1/2 1/2 1/2

bm
// w—abnt |+ | [ 22 aant
QRr,T "

/’nTCm(',O) < I lp.2rllémllpor < ClG 2 IVEm(0)l2,0x
Qg

1/2

< C|nd fon
> “’Yo ”p,Qn ab )
mvm

QR,T

1/p'

T
/ 7 Cm < / 19, ) llpren sup / (1)
0<t<T
0 I'i,r

I'i,rT
T f2
m
< [0l [ 222
m
0

Qr,T

1/2
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Take
1 if >0 orif u=0,y>0

a=¢ -1 if u<0 orif u=0,v<0
0 if u=0,y=0

and fm = GmbmX(,5,,- Then

; 7
[t [~ [ B
QRr,T QRr,T QRr,T

We can approximate ]?m by smooth functions f,, to which (3.9) and the subsequent esti-
mates of the right-hand side of (3.9) hold and then, by taking the limit, obtain

T
(3.10) / / GmbmX(a50) < C{ I Ip.an + / 19+ o)l + Jm}
0

QRr,T
where
1/2 1/2
— Om, 2 iﬂ}_ . 2
A -
QRr,T QRr,T
1/2 1/2
(Jul = bm)? 1/2 (vl = am)*
e I A
QR,T QRr,T

by the definition of a.

To further estimate J,, we need the following lemma.

LEMMA 3.2. If a € L*®(Qg,1), @ > 0 and b € L*(QgrT), b > 0, then there exist
sequences of C* functions am, by In ﬁR,T satisfying:

1 1
i m “‘7bm >
(i) Um > — > —
(ii) lamlloo < llalle + 1, [bmllz < l0ll2 +1,
(iii) Am — @, by = b in L*Qr7T),
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and

() J[ =l o, [[OGE

QR,T QRT
as m — oo.
Proof. Let
1 ~ 1
4, = max {a ——} , by = max {b, —}
m m
and let

amszpe*amy bme:pe*,l;m (€>0)

be mollifiers of Em,ll;m. Then

lsameS”a”oo"*‘l, brné:Zi
m m

and

Gme — Gy in  L* (in fact in any LP),
bme — b in L% .
We take ¢ = €,, so that
1 ~ 1

“ame _am”4 < m ”bme —bmll2 < ; )

and set a;m = Gme,,; bm = bme,,. Then (i)—(iil) clearly hold, whereas (iv) is proved as

follows:
//(b b ) _ / (b = bn)? m)2 2/ (b—bEmV
< 2m||bpe,, — b I3 + 2m // (b——) _% -0,

{b<%}

(a—an)t (A — am)* (a —@p)*
J] s s [ P e [

1\* ¢
< 16m?m = ame, [ + 1607 [[ (a-2) <520,
m m
{a<';:-;}
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We apply Lemma 3.2 toa = |y|, b= [u] and conclude that J,, — 0if m — co. Then
(3.10) yields

T
[t < it lnan+ [l Olr,a)*
0

QRr,T

Since, by assumption, the right-hand side is equal to zero, it follows that
u+,),+ =0

This implies that either u? < u! or 4% < ;.

In the sequel we assume that

(3.11) Yo(z,y)=-1 if (2®+y*)? 22, 1<y <1,
(3.12) 0<g(z,t) S M, g(z,t) =0 if z>z,
where M and z( are positive constants.

THEOREM 3.3. There exists a continuous monotone increasing function t — o(t) such
that the solutions (ur,Yr) of (Pr) satisfy

up=—-1, yr=-1 if z2+4+y*>o0(t).
Proof. For any r > z¢ + 1 denote by w, the solution to

Aw=0 in Q,,

g—::() on I'y,,
9y 0 if zo<z<r,
w=-1 if z24+y?>=r%.

If r; > ry then w,, > w,, > 0in §,,, so that Ow,/0r > 0 if 22 + y? < r?. Note that, by

comparison,

wi(z,y) < N / D(z,y; €, 0)dE

where I is the Neumann function for A in {y > 0}. Hence

lim w,(z,y) = W(z,y) exists and is finite.
r—00
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We choose N > M and so large that
W(z,y) > vo(z,y) in Qo ,
and then also
(3.13) c(wi) > v for some T € (z9,00) .
The fu.ncltion w,(r cos§,rsin @) (for r > 7) is smooth in (r, ) (also at § = 0) and therefore

K(r)= 031;21 [Vw,(rcosf,rsin6)|

is Lipschitz continuous in r. Let s(t) be the solution to

ds ~
-(%:K(s), s(0)=r

and define
ﬂ(.’l), Y, t) = Ws(t) ((l‘, y))
F(z,y,t) = c(u)

if 22 4+ y? < s2(t). Extend @ by —1 and 5 by —1 to z +y? > s*(t). Then, by (3.13),
5 > 7o everywhere.
If R > s(T) then for any ( € Vg1, ( 20,

Q{[(Vﬂ-vc—w—!ﬂ/%«-,m _m,/R,/TgC
T T
:/ /(c(ﬂ)t—Aﬂ)-f-/ / (ggm)c

Q‘s(t) Fa(t)

+ [ L@, 0) = lc(0) + [ =gz

Q,(o) I-‘1,:1:0,T
since
)
r=s(t)

ds(t
c(u) — Au = c'(ﬂ)g—t: fi(t ) >0 (w = w,

— —gE < I{(s(t)) =3 on Ps(t)

n =
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and ¥ > 7. Applying Lemma 3.1 we deduce that ugp <% = —1 if 2% + y% > s2(¢). Using

(1.9) with ¢ supported in 2% + y2 > s%(t) we find that also yg = —1 if 2% + y? > s2(1).
Suppose (ugr,vr) and (ur/,vyr') are weak solutions to (Pg) with R' > R > s*(T).

Then by the proof of Theorem 2.1 we find that ugp = up/,Yyg = ygr, if t < T. Hence

(3.14) u= I%EnmuR , Y= }%Enm7R

form a weak solution to problem (P). The uniqueness of the solution follows by the proof

of Theorem 2.1. We summarize:

THEOREM 3.3. If (3.11), (3.12) hold then there exists a unique weak solution (u,~)
to problem (P); it is given by (3.14). Furthermore, u is uniformly bounded.

The last statement needs to be proved. Let w be the solution to
Aw=0 in Qpg,
with boundary conditions

w.(0,y)=0 if 0<y<R,

M, if 0<z<uz
—wy(:l:,())——-
0 if zp<z<R,

w=0 if z2+y*=R?.
If M, is large enough then c¢(w) > 4o and then, by comparison u. < w. It follows that
(315) Uge S C in QR,T

where C a constant is independent of €, R, T, and then also u < C.

§4. Continuity of max{c(u),0}. In this section we assume, in addition to (3.11),
(3.12), that

(4.1) 70 € ¢(ug) where /IVuo|2 < oo,

(4.2) g € BV(0,T;L*(QRr)) VR>0,T>0.
Multiplying (2.7) (for u = u.) by Ou./0t and integrating yields

1 —
0= / / (w5 / V()22 / / Uerge
Qr

TRt

QR,t
(4.3) ' 2 1 2 1 2
2 ce(uf)ue,t + _2_ IVUE(’st)| - 5 Ivu€(>0)|
QR’z Qr Qr

— |luellze (2llgellze + lgellBvio, 7501 (2R)) -
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By (4.1), (4.2) we can define v, and g. such that the last two terms are bounded inde-
pendently of ¢ (here we use also (3.15)). Defining

(4.4) we = max{ce(uc),0}

and noting that
lvwel < Ivuel y |we,t| < |us,t|

we then obtain from (4.3),

(4.5) // ]we,,l2 + sup /]Vwe(-,t)|2 <C.
0<t<T
QRr,T Qr

This estimate will be used to prove the following theorem.
THEOREM 4.1. The function w = max{c(u),0} is continuous.

Proof. Introduce the notation: X = (z,y),

B,(X) = ball of radius p and center X ,

Qu(X,1) = B,(X) x {t-gp L } ,

][ prl/ ]9[ 1@l //

B, Q,

where B, = B,(X),Q, = Q,(X,t). From (4.5) we have

(4.6) // el + sup /|vw|2 <cC.
0<t<T
QRr,T Qr

LEMMA 4.2. If a function w satisfies (4.6) then for any (X,t) € Qg T

(4.7) lim # Iw —_ pr(X,t)|2 g 0

p—0

Q,(X,1)
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. Proof. Since H'(0,T; L*(R)) is continuously imbedded in C'/2(0, T; L?(QR)), there
1s a version ¢ — w*(-,t) such that for any 0 <t < T |

t+h
(4.8) % /w(-,r) —w*(,t) >0 in L%*Qpg)

and therefore also a.e. in (X,t). Since w € L>(0,T; H'(QRr)), (4.8) implies that w*(-,t) €
H'(Qg) for all t € (0,T) and

(4.9) o™ D)l rp) < C
By Sobolev’s imbedding

[w* () = w, x) (DI < Cp / V()P

B,(X) B,(X)
t+ip°
sup Jw(y,7) — w(y, P < Cp? / w3 (y, s)ds .
t—Zp2<r<t+ip?
t—2Zp2

Therefore, with @, = Q,(X,t), B, = B,(X),

J[1w-we, = int, [[tor=cP < [~
Q) Q,

Qo

< [[ {20 m) = w0 + 2007w, 0) - wp, (01}
Qp

<cpt / / w2 + / Vot (-, 8)?
Q,

B,
Hence
(4.10) })i_rg ﬁ[lw —wg,|? < C}Zrﬁo / lwi|? + / IVw*(-,t)[?
Q Qo BP(X)

From the estimate (4.9) and the estimate on w; in (4.6), which must hold also for w}, it
follows that the right-hand side of (4.10) is equal to zero.
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LEMMA 4.3. There exists a small positive constant y (independent of p) such that

(i) i

)

2

<p
Q,(X,1)
th S in Q* (X, 1) = P’ P’
enw < 7 i Qp/z(,X,t) = B,a(X) x {t -5 t+ ?}’ and
(ii) if
(4.12) ]§[ ‘(w_%> el
Qp(X,t)
1 .
then w > I in Q;/2.

Proof. For the purpose of this proof only we modify the definition of the c.(u) (defined
in (2.5)) for u > 0, taking

ce(u)y=14u if —1<u<0 (as before),
(4.13) , € ) )

ct(u) = e if u>0 (instead of u > ¢€).
The new functions ¢, are not differentiable at u = 0, so that also u. are not as smooth as
before. This however does not affect any of the previous results.

Let ¢ be a smooth function satisfying:

. P’ 2 Pl _ 5
(=1 in B,x t+—8——s ,t+—8— =Q,,

¢ =0 on the parabolic boundary of @,

(>0;

we can choose ( of the form (o(¢)¢i(r), r = /22 +y? , with {; < 0,(;’ <0, sothat A{ <0.

1 3
Here s € (0, p) is still to be determined. Let k be a real number, k € —] . Multiplying

4’ 4
(2.7) (with u = u.) by (w. — k)*(? and integrating over Q,, = {(X',t') ; (X',t') €
Q, , t' <1} we get

// gi e(ve) e = [ 190 Viw, - C
", Q. r

Q,
(4.14)

= —/ Vu, - (we — k)tV(2 .
Qo,r
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We claim that

(4.15) ] J[[ 19 Ve =417 - [[ 96—yt
Q.- Q,,r

SC&//IVuelz :

Q»
Indeed, if we > k,u. < 0 then w, = c(u.) = u. + 1 (by (4.13)) so that

Ve - V(we — k) = V(w, — k) - V(we — k) = [V(w, — k)P

Theséeciualities hold trivially also if w, < k. Finally, if w, > k and u, > 0 then [Vw,| <
€|Vue|, by (4.13), and this gives the error term on the right-hand side of (4.15).

Next we have, since ¢.(u.) = w, when w, > k,

Qs Qs

—5 [l =0 Peen - [fiew -1
Bp Qpor

Consider finally the right-hand side of (4.14). We may assume that w, > k in the
integrand; then ue +1 > 0, we = c.((ue + 1)t — 1) and

(4.16)

Vue(we — k)t = V(ue + 1) (we — k)t = VG.(u.) where

ue+1
G.(u.) = / (ce(s — 1) — k)*ds < Cl(ca(ue) — k' < Cllwe — k)2 ;

u

here % is determined by c.(u — 1) = k. We then have (cf. [8; p. 7])

. Q/ / Vu, - (we — kYHVE = —Q[ / VG.(ue) - V¢

— / / VI(G.(ue)] - VC +2 / / Geluc)|VC <2 / / Ge(ue)wa?,
Qp,r Qp,r Qo r

since A( < 0. Combining this with (4.16), (4.15), we obtain from (4.14), after taking
e — 0,

t—Fp?<r<t+ip

Q// V(@ - ROF+ s B/ (w0 = ) PC(7)

(4.17)
<c / / (0 — BYFIIC] + [V -
Qp

20



Notice that ¢ can be chosen so that

C
o + V¢ :
I¢el + V¢ S

We can now proceed as in [16; Chap. 2, §6]. Indeed we apply (4.17) recursively with p
replaced by p,,s = ppt1,k = k,, where

= (G 2)e B2k, e
and obtain (cf. [16; Lemma 6.1, p. 106])
3/2
1w =ty < cocm { Hfjw - ke (n>2)

Qpn+1 QPn

where Cy,C are constants independent of u. Therefore, by [16; Lemma 5.7, p. 96], if
(4.11) holds with g small enough then

3
]9[ (w—k)T?P=0, ie, w< I in Q-
QPoo
The proof of (ii) is similar.
We return to the proof of Theorem 4.1. For any (X,t) € Qg r and for any small y¢ > 0
we have, by Lemma 4.2

lw — wQ,,(X,t)I2 < H
Q,(X,1)
if p is small enough. Consider separately the cases:

(l) 'pr(X,t) <

)

N|I—= DN

(i)  we,(Xit) 2

. 1 + 2
F 19T < ff fovossor] <

Q,(X,1) Q,(X,1)

In case (i),

and Lemma 4.3 gives
3 . * * g
w < 7 Qo = Qp/z()t,t) )
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1 . " .. . .. 1 3
so that u < -7 Qp/2' Similarly, in case (ii), w > 2 and u > ~7 in Q;/z-
In case (i) u satisfies

0
En (u+ Hu+1))=Au in Q2 -

By a result of Caffarelli and Friedman [5] u is a continuous function with modulus of
continuity

w(r) = C27 I8 ™ for any 0<A< % (C>0).

This implies the continuity of max{c(u),0} with the same modulus of continuity. In case
(ii) u satisfies (1.1) in »/2 Where c(u) is continuous, ¢(u) = 1 if u > 1, and ¢/(u) > 0 if
u < 1. By a result of DiBenedetto and Gariepy [8], ¢(u) is continuous, and this concludes
the proof of Theorem 4.1.

§5. Properties of the free boundary. In this section we assume that

0 070 dg
1 —_ < — < — <0.
(5.1) z"o’ay_o’am_o

THEOREM 5.1. Under the assumptions (5.1),

Ou O
. — < — <
(52) <0, <o
and

Ou O

— < — <
(5.3) e <0, e <0

where the derivatives are taken in the distribution sense.

Proof. Differentiating (2.7) with respect to y we get for v = Ou. /0y the equation
ch(ug)vy — Av + ¢ (ue)ue v =0

By the maximum principle we then conclude that v < 0. Similarly one shows that
du./0z < 0. Taking € — 0, the assertions of the theorem follow.

Remark 5.1. If 585 Yo(r cos 8, rsinf) < 0 then also 5% u <0.

By Theorem 5.1 there is a version of v which is everywhere monotone decreasing in z

and in y; hence also in r = y/z? + y2. Set
(5.4) ¢1(6,t) = sup{r; y(rcosf,rsinb,t) =1},
(5.5) ¢2(8,t) = inf{r; y(rcosf,rsinb,t) <0},
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and introduce the free boundaries

S1 o or=4(06,1),

S2 1 or=1((6,1).

By Theorem 4.1, the sets S, S, are separated by a positive distance, in any compact set
in Qe N{0 <t < o0}

By Theorem 5.1, for each t > 0, (1(6,t) and (5(6,t) are Lipschitz continuous in 6.
From a result of Caffarelli [4] it also follows that

(5.6) (2(8,t) € C*° (0, g} x (0,00) .

It is also well known (see, for example, [9]) that

(5.7) % >0.

We proceed to study the free boundary S;.

THEOREM 5.2. If g(z,t) =0 fortyg <t <to+h then (1(6,t) =0 for 0 < 0 < g , to <
t <ty + h.

Proof. Let u be the solution to the Stefan problem
a ,_ _ — .
b—t(u—l—H(u—I—l)):Au in Qg x (to,to+h), R>1,

c(u(+;to)) = c(minfu(-, 1), 0]) ,
u;(0,y) =0, Uy(z,0)=0,

u=-1 on PR X (to,to -I-h) .
By the maximum principle —1 <% < 0 in Qg 1, so that u is actually a solution of
% c(u) = Au .
Since c(u(X,t0)) = c(w(X,t0)) if u(X,t0) < 0 and c(u(X,t0)) =1 = ¢(0) = c(u(X, o)) if

u(X,t9) > 0, we have ¢(u) = ¢(u) at t = ¢y and by uniqueness (Theorem 2.1) u = w. It

follows that v < 0in QX (to,to+h) and therefore (1(6,t) = 0if0 < 6 < g , to <t <tot+h.
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THEOREM 5.3. If g(z,t) 2 b >0 for0 < a <y, t1 <t <ty (z1 >0, t2 >t >0)
then (1(6,t) is continuous in (6,t) fort, <t <t;,,0<6 < Z,

The proof depends on two lemmas.

LEMMA 5.4. Let ro = (1(6o,t0) > 0 where 0 < 6y < g, t1 < to < ty. Then there is a

constant C' > 0 such that for all 7 positive and sufficiently small
(5.8) C1(80,t0 +7) > C1(60,t0) — CTY/6
Proof. Set z° = rycosfy, y° = r¢sinfy. For any small p > 0 define
D,={(z,y); 0<z<a’—p, 0<y<y®—p},
L, =0D,N{z >0, y>0}.

Take any small § > 0 and let w; be the harmonic function in Dy such that w; = —6 on

£y, Owy/0z =0 on 0Dy N {z = 0}, and Ow; /Oy = —go on Dy N {y = 0} where

i 1_ 3_
0<gy<b, go=0b in [Zm,zm] ,

T (Z = min{z%,2,}) ,

ol

g=0 if a:<—;-§ or >
and g € C3[0,00). Then w; € C*(D) and, by comparison,
(5.9) -6+ 'C,l;(f” —20)(y —vo) Swi(z,y) L =6+ Co(z —20)(y —yo) in Dy
if Cy is a sufficiently large positive constant. It follows that
(5.10) wy; <0 in Do\Das, A=[2Co max{z®,y°}]"" .
Let ¢ € C*(Qr) (R > 1) be a function satisfying:

(=0 1in Dys, (=1 in QR\DO, 0<(¢(<1,

(511) Cy(l,o) = 07 CI(O’ ?J) =0 5
C 9 Cy .
|D¢| < 71 , |D*¢| < 5—21 in Qp
where C} is a positive constant independent of §. Extend w; into Qr\Dg by wy; = —§ and
define
(5.12) w=(1-Qw; —¢ in Qp.
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Since w; is in C%(Dy),

Ca
(5.13) lwllosqn < 5 -

We now define

u

max{—l,w—%(t—to)} in Qg X [to,t2] ,

c(m) if w>-1

=
I

-1 if u=-1.

We wish to apply Lemma 3.1 to show that u > % in {u < 0}.
If u(z,y,t) > 0 then w(z,y) > 0 and, by (5.10)—(5.12), (z,y) € D s, so that

lt—AﬂS—A'ﬂ:—Aw:O.

If -1 <u(z,y,t) <0 thenuw=w— %(t — tp) and hence
— — Cs
lt—Au:ut-Au:——(ﬁ—AwSO

by (5.13). Observe next that du/dn <0 on d{u > —1} N {& = —1} where n is the normal

pointing into {u = —1} and, therefore A% is a positive measure on d{u > —1}N{u = —1}.
It then easily follows that

Y, At <0
in the distribution sense, in a neighborhood of d{u > —1} N {u = —1}. In conclusion,

Y, — Au <0in Qp X [to,t2) in the distribution sense.

Since u(:,to) > 0 in Do, 7(:,to) = 1 and therefore ¥(:,t0) > v (-,%0) in Doy. Also
(-, t0) = =1 = 4(-,t0) in Qr\Dy (since u(-,t9) = —1 in Qg\Dy). Finally %, = 0 on
{z = 0} and —uy < g on {y = 0}. We can therefore apply Lemma 3.1 with u? = ¥ and
conclude that either u > % or 4 > v; in particular, u > 0 if w > 0.

From (5.9) we know that for any A > 0 and 0 < 7 < t3 — to,

T((rg — A) cosbg,(rg — A)sinby, tg+7) > w(xg — Acosby,yo — Asinfy) — %2-7
> -5+ é—o)\g sin gy cos 8y — %7’ >0
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if we take § = 71/3, X\ = C371/6 = C361/? where

1+C, 0]1/2

sin 6, cos 6,

o-|

(notice that (zo — Acosfo,yo — Asinfy) € D s so that ¢ = 0 at this point). We conclude
that
u((ro — ng'l/S)cos 6o, (o — 03T1/6)Sin 6o, 7) >0

and the assertion (5.8) thus follows.

Remark 5.2. The constant C' in (5.8) is uniform in (z°,y%¢o) provided (z°,1°,t0)
remains in a compact subset of {z > 0,y > 0, t; <t <ty}.

LEMMA 5.5. Let rq = (1(6p,t0) > 0, 0 < 6y < %, t; < tg < ty. Then there is a
positive constant C' such that

—-1/6
(514) CI(OO,tO +T) § C](ao,to)—}-c (log '}_‘) .

Proof. By Lemma 5.4, if tg — h <t <ty (h small) then
w(z® +6,4° +6,t) <0 (6 =Chr'®).

Hence
u(z,y® +6,8) <0, u(z® +6,y,t) <0

forz’+é6<z <00, Y +86<y< oo, to —h<t<t.

Denote by R the interior of the subset in to—h <t <tywherex>z48ory>y°+56,
and u > —1. Denote by 0y R the lateral boundary of R on which v = —1 and by 0 R the
lateral boundary of R where either ¢ = z¢ + 6 or y = yo + 6. Let U be the solution of

U =AU in R,
U=-1 on 80§,U:0 on 0112”,,
U=0 at t=ty—h.

Then u < U. Hence, by parabolic estimates on U,

<

(5.15) u(z® 4 26,3° + 26,10) < U(2° +26,y° +268,t9) < —Ce™* = -5

where C, ¢ are positive constants.
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Let R be a large constant such that u = —1if 22 +y? > R%, ¢ € [t;,t;]. For each small
p > 0 define

Dy, =(0,R+p)x (0,R+p)\{z>2°4p, y>¢"+p} .
Let w; be harmonic function in Dj3; satisfying:
wy,z =0 on 8D3sN{x =0}, —wy; , =G> sup g¢g(-,t) on 8D3sN{y=0},
11 <t<t,

and w; = —& on the remaining part of 9Djs.

2/3

Using the conformal mapping z — 2°/® near the corner of D35 at (zo + 36, yo + 38) we can

deduce that
= &P 3 2/3 -
(5.16) -6+ roN <wi(z,y) < =6+ Cod*® in D, N By(zo + 36,0 + 36)
0

where By(z1,y1) is a disc with center (z,,y;) and radius 7, d is the distance from (z,y) to
0D3s, and Cy, n are some positive constants.

We can use reflection to estimate w; near the other corners of D3s and thus deduce
that there is a constant A > 0 such that

6 .
(517) wy < —5 m D36\D36—A’g3/2 .

and (since 6 < 6% if § < 1) that
(518) wy > 0 in D25 .

From interior estimates for harmonic functions,

Ci
. o< x k=1,2).
(5.19) ||w1“Ck(D36—J2-A63/2) S wa ( 2)

Let ¢ € C*(Q2gr+1) be a function satisfying:

(=0 in D, ,=,,¢=1in QR+1\D35__§.A’5”3/2 )

(5.20) (=0 on z=0 and (,=0 on y=0,
02 2 C

Extend w; into Qpr41\D3s by wy = —§ and define
(5.21) w=(1—-)w; — 5C .
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Since w; > —6, also w > —&. Further, by (5.19), (5.20)

C
(5.22) |D2w|CO(QR+1) S -g—:- .

‘We now choose

u=w+ =(t—1t) in QpgX

64
to,t —
0540 + 203 )

Since w > —6 in Qr and w > 0 in Dys we have, by (5.15), that v(:,t0) < F(:,%0) in Qg
(indeed F(-,t9) = 1 in D25 and (-, t9) > —1 = (-, %) in Qg\D3s). Next u; = 0 on
{z =0} and —uy, = G > —uy on y = 0. We finally show that % is a supersolution.

~ )
Ifu(z,y,t) >0, t € [to, to+6*/(2C3)) then w > -3 and, by (5.17), (z,y) € D
Consequently

36— A83/2"

¥, —Au>-Au=0.

~

If u(m,y,t) < 0 then, since u > w > -4,
C
Yt Au—ut—'Au—~f—Aw>O

by (5.22). This completes the proof that W is a supersolution.

We can then apply Lemma 3.1 to conclude that v < uw in {u < 0}. Since for z >
2% + 36, y > 9"+ 38 and 7 = §*/(2C3),

~

§  ~. 8
H(w’y’tﬂ +T) '—_lU(:l?,y)+§ = -6+ 5 <0,
it follows that u(z,y,to + 7) < 0. This implies that
36
C1(fo,t0 + 1) < C1(6o) + ol
4

where Cy = min{cos 6, sinfy}. Choosing § as in (5.15) and recalling that § = Ch!/%, we

-1/6
6=0Cs (log %) ,

easily deduce the relation

and (5.14) follows.

28



From Lemmas 5.4, 5.5 we get

1\ ~1/6
(5.23) ansto+7) = ot <€ (log 1)

the constant C is independent of 8y,ty so long as 6y, to vary in a compact subset of
T
{0 <Oy<=,t1 <ty < tz}. The constant C' degenerates as 6§, — 0 or as §, — T

However the proofs of the lemmas can be modified to establish the continuity of (;(6,t) in
t also at 6§ =0, .

Since the function 8 — (;(6,t) is Lipschitz continuous in 6, uniformly in ¢, the proof
of Theorem 5.3 is complete.

Remark 5.3. If g(z,t) > b > 0 for 0 < ¢ < ¢, then the continuity of (;(6,t) at t = 0
can be established by slight modifications in the previous proofs.

Remark 5.4. The 1-d analog of the problem studied in this paper is:

Uz =0, u>0 if 0<z<(i(t), t>0,
Up = U, —1<u<0 if G(t)<z<((t),t>0,

u=-—1 if IL‘>C2(t), t>0,
(5.24)
U(Cl(t),t) =0, u(Cg(t),t) =—-1 if ¢t>0,

—ug(0,8) =g(t) if t>0 (920),
u(z,0) =ug(z) if 0<z<oo (Que/Oz <0).

All the results established in this paper are clearly valid for the problem (5.24). We shall
now show that if g(¢) > 0 for 0 <t < T, ¢g(T) = 0 then, (;(¢) may become discontinuous
at t = T even when g(t) is continuous at ¢ = T'. (Thus the assumption ¢ > b > 0 made in
Theorem 5.3 cannot be dropped, in general.) Let

1 1

W(z,t,8) = NG e /(40 _ -1 (6>0,86<1).
Then
R e 1
W =0 on wzsl(t)=2t[logm:| ,0<t<4(1—+5)—2,

11'/? 1
W=-1 on xzsz(t)=[2tloga] , 0<t<z.
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Set

~ oW 146 1 1/2 1
- = tg ——
GON= "3, 5ot [l"g HIT 5)2] O<t<qaTep

Define, for 0 < t < 1/[4(1 + 6)?],

~ G,z if z<s(t)

u(z,t) = W(z,t,6) if s1(t) <z < s2(t)

-1 if x> s9(t),
and set
=1 + ——1 -
.'l_t(x77—) =ul\x Zo, 4(1 + 5)2 T 9
G(6,7)=G (6 S S
)= " 4(1 4 6)2
where

20 = —C1(T — 8) + 52 (4(—1}7)2—0 .

Notice that G(6,7) > 0if —6 <7 < 0, G(6,0) = 0. The function u is a subsolution for
the differential equations in (5.24) (we use here the fact that $,(¢) < 0). Hence if

(5.25) gT+71)>G(6T1), -6<T7<0
and
(5.26) u(z, T —6) > u(z,—9)

then, by comparison,
(5.27) u(z, T+ 71)>ulz,7) (-6<7<0).

To prove (5.26) we note that u(z,—8) = —1 if z = (1(T — 6) so that (5.26) is valid for
z > (i (T — 6). Next, if

(5.28) G(T — 8) > 206 ,

where C' is large enough constant, then u(0, —§) < 0 and therefore (5.26) holds also for
0 <z < ( (T —6). We conclude that if (5.25) and (5.28) hold then (5.27) is valid and. in

particular,

u(Ci(7),0) <0 if G(T)>0,
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that is, .
G(T) + 20 > 51 (m) =0 if (T)>0.

Recalling the definition of zo, we conclude that
G(T) 2 G(T-8)—-Ci6 if G(T)>0.

where C is a positive constant independent of § and C. Choosing C' so large that C' > C}
and recalling (5.28), it follows that

(5.29) G(T)>Cé if ¢&(T)>0.

Consider now a solution of (5.24) with ¢g(t) > 0 for 0 < ¢t < T — §. We can choose §
so small that (5.28) is satisfied and then extend g(t) to [T — 6, T] so that it satisfies (5.25)
and ¢g(T') = 0. We can then apply (5.29) for each T" smaller than T since (;(T") > 0 we
then have ¢(;(T") > C$. Since however (;(T) = 0, (1(t) is discontinuous at ¢t = T. Note
that g(t) decreases linearly to zero as t T T. Perhaps a faster decrease will not produce a
discontinuity for (;(t) at ¢t = T.
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