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Abstract

This thesis studies the local cohomology modules over polynomial rings of prime char-

acteristic.

Many great mathematicians have contributed to the theory of local cohomology.

However, the structure of local cohomology modules is still full of mystery. In most

cases H i
I(M) is not finitely generated. So it is very difficult to tell whether the local

cohomology modules are 0 or not, and it is also the main reason it had been a long time

before an algorithm [21] was found in characteristic 0 and implemented into computer

programs.

We study the local cohomology modules of polynomial rings in prime characteristic.

Let R = k[x1, · · · , xn] be a polynomial ring over a field k of characteristic p > 0. If I is

an ideal of R, we denote H i
I(R) the i-th local cohomology module of R with support in I.

After some introductory material on local cohomology, we will give a lower bound of the

dimension of associated primes P of H i
I(R) in terms of the degrees of the generators of I.

Let m = (x1, · · · , xn) be the maximal ideal generated by the variables and let I1, · · · , Is
be homogeneous ideals of R. We will describe the grading of H i

m(Hj1
I1

(· · · (Hjs
Is

(R)))) and

also give two algorithms to calculate it.
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Chapter 1

Introduction

Local cohomology theory, developed by A. Grothendieck, played a key role in his remark-

able solution to Samuel’s Conjecture on factoriality [5]. Since then, local cohomology

theory has become an important and interesting research area of its own, sitting in the

crossroad of algebra and topology.

The thesis studies local cohomology modules over polynomial rings of prime charac-

teristic. Chapter 2 reviews the fundamentals of local cohomology. Chapter 3 presents

the local duality and then our adjointness theorem [15]. Chapter 4 summarizes some

general vanishing theorems and then include our theorem in prime characteristic [23].

Chapter 5 introduces the graded version of F -module theory [24]. Chapter 6 describes

two algorithms to compute the local cohomology modules with support in the irrelevant

ideal in prime characteristic.

All rings in this thesis are commutative with identity element 1, all homomorphisms

of rings take 1 to 1. Let R be a ring and X = SpecR, then R-mod denotes the category

of R-modules, M(X) denotes the category of sheaves of OX -modules on the ringed

space (X,OX). We assume the facts that both of R-mod and OX -modules have enough

injective objects, and for any R-module M, there exists a unique minimal injective

module E(M) containing it. Otherwise, the notations follow Atiyah-Macdonald [1] and

Hartshorne [7]. Note that when results are cited, the first symbol indicates the chapter

in the reference.
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Chapter 2

Local Cohomology

2.1 Definitions

Algebraically, let R be a noetherian ring, I an ideal of R, M an R-module, define ΓI

the R-torsion functor from R-mod to itself as

ΓI(M) =
⋃
n∈N

(0 :M In) = lim−→
n∈N

HomR(R/In,M).

Geometrically, let X = SpecR, let Y = V (I) be the set of all prime ideals of R which

contain I, define ΓY (X, ·) the group of sections with support in Y from M(X) to R-mod

as

ΓY (X,F ) = {s ∈ F |Supp(s) ⊆ Y } = HomX(ZY,X ,F ),

where ZY,X is the constant sheaf ZY of integers on Y extended by zero outside of Y.

Then

ΓI(M) = ΓY (X, M̃).

This is based on the following elementary observation. For any m ∈ ΓI(M) =
⋃

(0 :

In), there is n such that Inm = 0. Then for any p ∈ X − Y, there is f ∈ I \ p, then

m = fnm/fn = 0 ∈ Mp, that is Supp(m) ⊆ Y. Conversely, for any m ∈ ΓY (X, M̃),

then m = 0 on D(fi) given I = (f1, · · · , fs), that is X − Y =
⋃
D(fi). Hence for each

i, fkii m = 0 for some ki and so I
∑
kim = 0, that is m ∈ ΓI(M).

Since HomR(R/In, ·) and HomX(ZY,X , ·) are left exact and the direct limit functor is

exact, the functors ΓI(·) and ΓY (X, ·) are left exact. Denote their right derived functors

2



3

respectively on the proper categories by

H i
I(·) = lim−→

n∈N
ExtiR(R/In, ·) and H i

Y (X, ·) = ExtiX(ZY,X , ·).

For any injective module E, the associated quasi-coherent sheaf Ẽ on X is flasque ([7,

III.3.4]), and hence acyclic ([7, III.2.5]). Therefore, we can use the injective R-module

resolutions to calculate both H i
I(·) and H i

Y (X, ·̃) ([22, Ex 2.4.3]), and so for any M ∈ R-

mod,

H i
I(M) = H i

Y (X, M̃),

which is called the local cohomology module of M with support in I.

There are other different approaches to define local cohomology modules. Please

refer to [2, 4, 8] for details.

If M is an R-module, I = (f1, · · · , fs) is an ideal of R, then define the cocomplex

C ·(M) as follows. For each k > 0, let C0(M) = M and

Ck(M) =
∏

i1<···<ik

Mfi1 ···fik .

Thus an element m ∈ Ck(M) is determined by giving an element

mi1,··· ,ik ∈Mfi1 ···fik ,

for each k-tuple i1 < · · · < ik. Define the coboundary map d : Ck → Ck+1 by setting

(dm)i1,··· ,ik+1
=

k+1∑
j=1

(−1)j−1l(mi1,··· ,îj ,··· ,ik+1
),

where l are natural localizations, with the cohomology modules H i(C ·(M)).

Theorem 2.1.1. (Čech cohomology)

H i(C ·(M)) = H i
I(M).

Proof. It is obvious that (H i(C ·(·)))i≥0 is a covariant δ-functor from R-mod to itself

and H0(C ·(M)) = H0
I (M). For any injective I, each fj acts on the indecomposable

summand of I either nilpotently or as a unit. Then C ·(I) is acyclic, that is (H i(C ·(·)))i≥0

is universal by [7, III.1.3A]. Therefore, (H i(C ·(·)))i≥0 equals the right derived functor

(H i
I(·))i≥0.
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This definition implies that for i > 0, the local cohomology H i+1
I (M) coincides

with the Čech cohomology in sheaf theory H i(X − Y, M̃), where Y = V (I) ⊂ X. See

Proposition 2.2.4 for a generalization.

If M is an R-module, I = (f1, · · · , fs) is an ideal of R. Let K ·(f) be the co-

complex of free R-modules 0 → Re∅
f−→ Ref → 0 → · · · , then define the cocom-

plex K ·(f t1, · · · , f ts,M) = K ·(f t1) ⊗ · · · ⊗ K ·(f ts) ⊗ M with the cohomology modules

H i(K ·(f t1, · · · , f ts,M)). For any pair of positive integers t 6 t′, there is a natural map

of the Koszul cocomplexes K ·(f t1, · · · , f ts,M) → K ·(f t
′

1 , · · · , f t
′
s ,M). This implies the

maps of the cohomology modules for t 6 t′,

H i(K ·(f t1, · · · , f ts,M))→ H i(K ·(f t
′

1 , · · · , f t
′
s ,M)).

Theorem 2.1.2. (Koszul cohomology)

lim−→
t

H i(K ·(f t1, · · · , f ts,M)) = H i(C ·(M)).

Proof. When s = 1, since Mf = lim−→
M
f t , lim−→K ·(f t,M) = C ·(M) with respect to the

following diagram

M //

f t

��

C0(M)(= M)

��
M

1/f t // C1(M)(= Mf )

In general,

lim−→
t

K ·(f t1, · · · , f ts,M) = lim−→
t

K ·(f t1)⊗ · · · ⊗ lim−→
t

K ·(f ts)⊗M = C ·(M)

by [1, Ex 2.20]. Therefore lim−→t
H i(K ·(f t1, · · · , f ts,M)) = H i(C ·(M)).

Since these four approaches to local cohomology are equivalent, we will switch freely

in between them, and especially in between the algebraic and geometric languages.

2.2 Basic Properties

We list here the basic properties of the local cohomology modules. We discuss in the

category of R-mod, here R is a commutative ring with an identity element, and denote

Y = V (I) and Z = V (b) for ideals R and b of R.
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Proposition 2.2.1. Let M be an R-module.

1. ΓI(M) = Γ√I(M), ΓJ(ΓI(M)) = ΓI+J(M), and ΓI∩J(M) = ΓIJ(M).

2. If (R,m) is local and dimM > 0, then dimM/Γm(M) = dimM.

3. For any i > 0, H i
I(ΓI(M)) = 0 and H i

I(M/ΓI(M)) = H i
I(M).

Proof. 1. These follow from the facts that V (I) = V (
√
a), ΓZ(X,ΓY (X, M̃)) =

ΓY ∩Z(X, M̃) and V (I ∩ J) = V (IJ) = Y ∪ Z.

2. Since (M/Γm(M))p = Mp when p 6= m and (M/Γm(M))m = M/Γm(M) 6= 0 by

dimM > 0, we have that Supp(M)/Γm(M) = Supp(M).

3. If E is an injective R-module, then ΓI(E) is also injective by [7, III.3.1]. There-

fore, we can inductively construct an injective resolution E· of ΓI(M) such that

ΓI(E
i) = Ei for each i by the left exactness of ΓI(·). This proves thatH i

I(ΓI(M)) =

0 for all i > 0. Applying this fact to the short exact sequence

0→ ΓI(M)→M →M/ΓI(M)→ 0

shows H i
I(M/ΓI(M)) = H i

I(M) for all i > 0.

Proposition 2.2.2. The local cohomology commutes with direct limit.

Proof. The direct limit functor is exact in R-mod.

Proposition 2.2.3. Let R → R′ be a homomorphism of rings and I be an ideal of R,

then for all i, there are isomorphisms of local cohomology functors

H i
IR′( · )|R ∼= H i

I( · |R).

If in addition R′ is flat over R, then there are isomorphisms

H i
I( · )⊗R R′ ∼= H i

IR′( · ⊗R′).

Proof. Both the restriction of scalars and the flat base change functors are exact in

R-mod.
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Proposition 2.2.4. For any R-module M, there are an exact sequence

0→ H0
I (M)→M → H0(X − Y, M̃)→ H1

I (M)→ 0

and an isomorphism for each i > 0

H i(X − Y, M̃) = H i+1
I (M).

Proof. Suppose F is flasque. The inclusion ΓY (X,F )→ Γ(X,F ) is obviously injective.

If s ∈ ΓY (X,F ), then sX−Y = 0; conversely, if sX−Y = 0, then Supp(s) ⊆ Y. If F is

flasque, then Γ(X,F )→ (X − Y,F ) is surjective by definition. Hence the sequence

0→ ΓY (X,F )→ Γ(X,F )→ Γ(X − Y,F )→ 0

is exact.

Let 0→ I0 → I1 → · · · be an injective resolution of M in R-mod. By [7, III.3.4], Ĩi

is flasque for each i, then

0→ ΓY (X, Ĩi)→ Γ(X, Ĩi)→ Γ(X − Y, Ĩi)→ 0

is exact for each i. Hence there is an associated long exact sequence of cohomology

groups

0→ H0
Y (X, M̃)→ H0(X, M̃)→ H0(X − Y, M̃)→

→ H1
Y (X, M̃)→ H1(X, M̃)→ H1(X − Y, M̃)→

→ H2
Y (X, M̃)→ · · · .

Now the conclusion follows from Serre’s affineness criterion.

Proposition 2.2.5. (Excision) Let U be an open subset of X containing Y, then for all

i and F ,

H i
Y (X,F ) = H i

Y (U,F |U ).

Proof. This follows from the equivalence of the functors ΓY (U, ·|U ) and ΓY (X, ·) from

M(X) to R-mod.
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Proposition 2.2.6. (Mayer-Vietoris) For any R-module M, there is a long exact se-

quence

0→ H0
I+J(M)→ H0

I (M)⊕H0
J(M)→ H0

I∩J(M)→

→ H1
I+J(M)→ H1

I (M)⊕H1
J(M)→ H1

I∩J(M)→

→ H2
I+J(M)→ · · · .

Proof. Applying HomX(·,I ·), where I · is an injective resolution of M̃ in M(X), to

the short exact sequence

0→ ZY ∪Z,X → ZY,X ⊕ ZZ,X → ZY ∩Z,X → 0

induces the long exact sequence

0→ H0
Y ∩Z(X, M̃)→ H0

Y (X, M̃)⊕H0
Z(X, M̃)→ H0

Y ∪Z(X, M̃)→

→ H1
Y ∩Z(X, M̃)→ H1

Y (X, M̃)⊕H1
Z(X, M̃)→ H1

Y ∪Z(X, M̃)→

→ H2
Y ∩Z(X, M̃)→ · · · .

Definition 2.2.7. The arithmetic rank ara(I) of I ⊂ R is defined either geometrically

as the least number of hypersurfaces whose intersections is Y = V (I) or algebraically as

the least number of generators of any ideal J such that
√
J =
√
I.

Proposition 2.2.8. The ith local cohomology module vanishes whenever i exceeds ara(I).

Proof. This follows from Proposition 2.2.1 and the definition of the Čech cohomology.

Proposition 2.2.9. If (R,m) is local noetherian and M is non-zero finitely generated,

then H i
m(M) is artinian for all i.

Proof. For any prime ideal p of R, let E(R/p) denote the injective hull of R/p. If I · is

the minimal injective resolution of M, then

Ii ∼=
⊕

p∈SpecR

E(R/p)µi(p,M),

where µi(p,M) = dimk(p) ExtiRp
(k(p),Mp) is the ith Bass number of M with respect to

p. Then Γm(I ·) is the cocomplex

0→ E(k)µ0(m,M) → E(k)µ1(m,M) → · · · → E(k)µi(m,M) → · · · .
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Since E(k) is artinian, the local cohomology modulesH i
m(M), as subquotients of E(k)µi(m,M),

are artinian.



Chapter 3

Duality

3.1 Local Duality

Let (R,m, k) be a local ring, then there is a remarkable functor from R-mod to itself,

namely the Matlis dual functor D(·) = Hom(·, E(k)), where E(k) denotes the injective

hull of R/m. Since E = E(k) is injective, this functor is exact. The basic properties

needed for the local duality are listed below:

1. If M is an R-module, then the canonical map M
θ−→ DD(M) defined by θ(m)(ϕ) =

ϕ(m) for m ∈M and ϕ ∈ D(M) is injective;

2. If M is of finite length, then D(M) is of the same finite length, and so DD(M) =

M ;

3. Let R̂ be the completion of R, then E is also an R̂-module, and is an injective hull

of k as R̂-module;

4. DR(E) = DR̂(E) = R̂;

5. E is artinian as both an R-module and an R̂-module;

6. Assume R is complete, then for any noetherian module M, D(M) is artinian; for

any artinian module M, D(M) is noetherian. In either case, DD(M) = M.

Proposition 3.1.1. Let (R,m) be a local noetherian ring, then for any finitely generated

R-module M with annihilator ideal I, D(M) has the same annihilator ideal I.

9
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Proof. Suppose M =
∑
Rxi, then 0 → R/annM → ⊕R/annxi →

∑
Rxi → 0 implies

that 0 → R /̂(annM )̂ → ⊕R /̂(annxi)̂ →
∑
Rˆxi → 0 and hence (annM )̂ = annM̂.

Since R̂ is faithfully flat over R, annRM = annR̂M̂ ∩ R. Therefore, M̂ = DR̂DR̂(M̂),

hence annM ⊆ annDR(M) implies that annDR(M) = I.

Definition 3.1.2. If (R,m) is a local Cohen-Macaulay ring with the residue field k, then

R is called Gorenstein if Exti(k,R) 6= 0 only when i = dimR. Equivalently, R is Goren-

stein if and only if the minimal injective resolution I · of R satisfies Ii = ⊕htp=iE(R/p).

Example 3.1.3. Let (R,m, k) be a local Gorenstein ring, then Hn
m(R) = E.

Theorem 3.1.4. ([4, 6.3]) Let (R,m, k) be a Gorenstein local ring of dimension n, then

for any finitely generated R-module M, the pairing

H i
m(M)× Extn−iR (M,R)→ E

gives rise to isomorphisms

φi : H i
m(M)

∼−→ D(Extn−iR (M,R))

and

ψi : Extn−iR (M,R)̂
∼−→ D(H i

m(M)).

3.2 Adjointness of Frobenius

In this section, R = k[x1, · · · , xn] is the ring of polynomials in n variables over a field

k of characteristic p > 0. Denote the multi-index (i1, · · · , in) by ī, especially pl − 1 =

(pl− 1, · · · , pl− 1) where l is a positive integer. Since all the results in this dissertation

concern the vanishing of local cohomology modules and since extending the field is

faithfully flat, in the sequel, we can always enlarge the field to make it perfect and

infinite. Then R is a free Rp
l
-module on the pln monomials eī = xi11 · · ·xinn where

0 6 ij < pl for every j. Let F : R
r 7→rpl−−−−→ R be the Frobenius homomorphism and denote

the source and target of F by Rs and Rt respectively, that is F : Rs → Rt. There are

two associated functors

F ∗ : Rs-mod→ Rt-mod
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such that F ∗(−) = Rt ⊗Rs −, and

F∗ : Rt-mod→ Rs-mod

which is the restriction of scalars. For each Rs-module N, we have

F ∗(N) = Rt ⊗Rs N =
⊕
ī

(eī ⊗Rs N).

For each f ∈ HomRt(M,F ∗(N)), define fī = pī ◦ f : F∗(M)→ N, where

F ∗(N)
y 7→eī⊗pī(y)−−−−−−−→ eī ⊗Rs N

is the natural projection to the ī-component. There is a duality theorem in [15]:

Theorem 3.2.1. (Theorem 3.3 in [15]) For every Rt-module M and every Rs-module

N there is an Rt-linear isomorphism

HomRs(F∗(M), N) ∼= HomRt(M,F ∗(N))

g
pl−1

(−)← (g = ⊕ī(eī ⊗Rs gī(−)))

g 7→ ⊕ī(eī ⊗Rs g(e
pl−1−ī(−))).

Proof. Denote by ψ : Rt → Rs the natural Rs-linear surjection to the coefficient of e
pl−1

and by µ : HomRs(Rt ⊗Rt M,N) ∼= HomRt(M,HomRs(Rt, N)) the natural adjointness

isomorphism. Let γ : HomRs(Rt, Rs) ⊗Rs N → HomRs(Rt, N) be the isomorphism

defined by f ⊗ n γ−→ n · f and
∑
gī ⊗ g(eī)

γ−1

←−− g.
Let e′

ī
: HomRs(Rt, Rs) be the dual of eī such that e′

ī
(eī′) = δii′ . Fix the Rt-module

isomorphism φ : Rt → HomRs(Rt, Rs) which sends eī to e′
pl−1−ī

. For any Rs-module N,

let φN denote φ⊗Rs N : Rt ⊗Rs N → HomRs(Rt, Rs)⊗Rs N.

There are natural morphisms between

HomRs(F∗M,N) and HomRt(M,F ∗N)

such that

g → φ−1
N ◦ γ

−1 ◦ µ(g)

and

µ−1 ◦ γ ◦ φN (g)← g.
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If g ∈ HomRs(F∗M,N), for any m ∈ F∗M,

φ−1
N ◦ γ

−1 ◦ µ(g)(m) = φ−1
N ◦ γ

−1(g(− ·m))

= φ−1
N (
∑

e′ī ⊗ g(eīm))

=
∑

epn−1−ī ⊗ g(eīm).

Conversely, if g ∈ HomRt(M,F ∗N), then

µ−1 ◦ γ ◦ φN (g) = µ−1 ◦ γ ◦ φN (⊕(eī ⊗ gī))

= µ−1 ◦ γ(⊕(e′
pn−1−ī ⊗ gī))

= µ−1(⊕(e′
pn−1−ī · gī))

= gpn−1.

Moreover, these two morphisms are inverses to each other.



Chapter 4

Vanishing Theorem

4.1 General Case

Theorem 4.1.1 (Grothendieck). Let R be a noetherian ring and M is an R-module of

dimension d, then H i
I(M) = 0 for all i > d. Moreover, if (R,m) is a Noetherian local

ring and M is a finite R-module of depth t and dimension d, then

1. H i
m(M) = 0 for i < t and i > d,

2. Ht
m(M) 6= 0 and Hd

m(M) 6= 0.

Proposition 4.1.2. If R is noetherian, R is an ideal of R and M is a finitely generated

R-module such that IM 6= M, then

depthIM = min{ i |H i
I(M) 6= 0 }.

In particular, depthIM/ΓI(M) > 0.

Proof. If depthIM = 0, then I ⊆ ∪p∈AssMp, hence I ⊆ p for some p ∈ AssM by the

prime avoidance theorem. Therefore,

0 6= Hom(R/p,M) ↪→ Hom(R/I,M) ↪→ H0
I (M)

implies that H0
I (M) is not 0. Conversely, if H0

I (M) 6= 0, then In ⊆ p for some n ∈ Z
and p ∈ AssM. Hence I ⊆

√
In ⊆ p, that is depthIM = 0.

13
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Assume that d = depthIM > 0, let f1, · · · , fd be an M -regular sequence in I, then

f1, · · · , fd−1 is an M/fdM -regular sequence in I. The short exact sequence 0→M
fd−→

M →M/fdM → 0 induces the long exact sequence

· · · → H i−1
I (M/fdM)→ H i

I(M)
fd−→ H i

I(M)→ H i
I(M/fdM)→ · · · .

Since H i
I(M/fdM) = 0 for all i < d − 1 by induction and fd ∈ a is a zero divisor of

H i
I(M), we getH i

I(M) = 0 for all i < d. Conversely, assume d = min{i|H i
I(M) 6= 0} > 0,

and f is M -regular, then 0→M
f−→M →M/fM → 0 induces the long exact sequence

· · · → H i−1
I (M)→ H i−1

I (M/fM)→ H i
I(M)

f−→ · · · .

Therefore H i
I(M/fM) = 0 for all i < d − 1, then depthIM/fM > d − 1 by induction,

that is depthIM > d.

The last claim follows from the fact that H0
I (M/ΓI(M)) = 0.

4.2 Prime Characteristic

Throughout this section, R = k[x1, · · · , xn] is the ring of polynomials in n variables over

a field k of characteristic p > 0.

Proposition 4.2.1. [23, Proposition 3] Assume I = (f1, · · · , fs) is an ideal of R such

that
∑

degfi < n. Then H0
m(H i

I(R)) = 0 for every maximal ideal m.

Proof. Let K ·(f t, R) be the Koszul cocomplex of R on f t1, · · · , f ts, that is

0→ R
d0

−→
⊕

16α6s

Rα
d1

−→
⊕

16α1<α26s

Rα1,α2

d2

−→ · · · d
s−1

−−−→ R1,··· ,s → 0

where each Rα1,··· ,αj is just a copy of R indexed by the tuple (α1, · · · , αj) and the

differentials

dj :
⊕

16α1<···<αj6s

Rα1,··· ,αj →
⊕

16α1<···<αj+16s

Rα1,··· ,αj+1

are given by

(dj(r))α1,··· ,αj+1 =

v=j+1∑
v=1

(−1)vf tvrα1,··· ,α̂v ,··· ,αj+1
.
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Let l > 1 be an integer and F : Rs
r 7→rpl−−−−→ Rt be the Frobenius homomorphism. Let

φ : H i(K ·(f,R))→ F ∗(H i(K ·(f,R))) = H i(F ∗(K ·(f,R)))

be the map induced by the chain map

φ· : K ·(f,R)→ F ∗(K ·(f,R)) = K ·(fp
l
, F ∗(R))

that sends eachRα1,··· ,αj to F ∗(Rα1,··· ,αj )
∼= Rα1,··· ,αj via multiplication by fp

l−1
α1 · · · fp

l−1
αj .

By Proposition 1.11 in [12], H i
I(R) is the direct limit of

H i(K ·(f,R))
φ−→ F ∗(H i(K ·(f,R)))

F ∗(φ)−−−→ (F ∗)2(H i(K ·(f,R)))
(F ∗)2(φ)−−−−−→ · · · .

SinceH i(K ·(f,R)) is a subquotient of
⊕

16α1<···<αi6s
Rα1,··· ,αi , assume thatH i(K ·(f,R)) ⊆⊕

16α1<···<αi6s
Rα1,··· ,αi/Q for a submodule Q. Notice that φ is the multiplication by

fp
l−1
α1 · · · fp

l−1
αi in the (α1, · · · , αi) component. For each ((gα1,··· ,αi)+Q) ∈

⊕
16α1<···<αi6s

Rα1,··· ,αi/Q,

suppose l >
∑

deggα1,··· ,αi , then

deg(gα1,··· ,αi · fp
l−1
α1
· · · fpl−1

αi
)

6deggα1,··· ,αi + (pl − 1) · deg(f1 · · · fs)

<l + (pl − 1) · (n− 1) 6 n · (pl − 1)

=degxp
l−1

1 · · ·xpl−1
n ,

where the second inequality holds since deggα1,··· ,αi < l and deg(f1 · · · fs) < n. In

other words, all gα1,··· ,αi · f
pl−1
α1 · · · fp

l−1
αi have zero e

pl−1
= xp

l−1
1 · · ·xp

l−1
n components in

F ∗(Rα1,··· ,αi). Since

F ∗(
⊕

16α1<···<αi6s

Rα1,··· ,αi/Q) ∼= (
⊕

16α1<···<αi6s

F ∗(Rα1,··· ,αi))/F
∗(Q),

φ((gα1,··· ,αi) + Q) = ((gα1,··· ,αi · f
pl−1
α1 · · · fp

l−1
αi ) + F ∗(Q)) has zero e

pl−1
component in

F ∗(H i(K ·(f,R))). Therefore

φ
pl−1

((gα1,··· ,αi) +Q) = p
pl−1

((gα1,··· ,αi · fp
l−1
α1
· · · fpl−1

αi
) + F ∗(Q)) = 0.

Since the corresponding morphism

ψ : F∗(H
i(K ·(f,R)))→ H i(K ·(f,R))
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under Theorem 3.2.1 is exactly φ
pl−1

, we see that ψ((gα1,··· ,αi) +Q) = 0.

Since H0
m(H i(K ·(f,R))) is of finite length, we can choose l big enough such that

ψ sends a k-basis of H0
m(H i(K ·(f,R))) to 0. Hence φ = 0 on H0

m(H i(K ·(f,R))) by

Theorem 3.2.1.

Since local cohomology commutes with direct limit, H0
m(H i

I(R)) has the “generating

morphism”, see [12, Definition 1.9],

φ : H0
m(H i(K ·(f,R)))→ F ∗(H0

m(H i(K ·(f,R)))),

which is zero as has just been shown. Therefore, H0
m(H i

I(R)) = 0 by Proposition 2.3

in [12].

This theorem has an equivalent statement in the dimension of associated primes.

Theorem 4.2.2. [23, Theorem 1] Assume I = (f1, · · · , fs) is an ideal of R such that∑
degfi < n. If P is an associated prime of H i

I(R), then dimR/P > n−
∑

degfi.

Proof. Let h = heightP. Suppose on the contrary we have dimR/P < n−
∑

degfi. By

Noether’s normalization lemma ([1, Exercise 5.16]), there are elements y1, · · · , yn−h ∈ R
which are algebraically independent over k and such that k[y1, · · · , yn−h] ∩ P = 0 and

R/P is integral over k[y1, · · · , yn−h]. Moreover, since k is infinite, these y1, · · · , yn−h can

be chosen to be linear combinations of x1, · · · , xn. Therefore, we can assume without loss

of generality that x1, · · · , xn are such that k[x1, · · · , xn−h]∩ P = 0 and P is a maximal

ideal in R′ = K[xn−h+1, · · · , xn], where K is the fraction field of k[x1, · · · , xn−h]. By

Theorem 4.2.1, we get H0
P (H i

I(R
′)) = 0, which contradicts the assumption that P is an

associated prime of H i
I(R).



Chapter 5

F -modules

5.1 F -modules

In this section, R is a regular ring containing a field of characteristic p > 0. Let F :

Rs(= R)
r→rp−−−→ Rt(= R) be the Frobenius homomorphism and let F ∗(−) = Rt ⊗Rs −

as defined in Section 3.2.

Proposition 5.1.1. ([12]) We list here several properties of the functor F ∗. Some of

them depend on Kunz’s theorem [11], which establishes the equivalence of regularity of

R and the flatness and reducedness of Rt over Rs.

1. F ∗(R/I) = R/I [p] for any ideal I, where I [p] is the ideal of R generated by the p-th

powers of all the elements of I;

2. F ∗ commutes with formation of direct sums, direct limit and cohomology of com-

plexes;

3. For all R-modules M and N such that M is finitely generated,

F ∗(ExtiR(M,N)) = ExtiR(F ∗(M), F ∗(N));

4. For any ideal I, ΓI commutes with F for all R-modules;

5. F ∗ commutes with localization with respect to any multiplicative closed set S ⊂ R
for all R-modules;

17
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6. F ∗ maps injective modules to injective modules, see [10].

Definition 5.1.2. An F -module is an R-module M equipped with an R-module isomor-

phism θ : M → F ∗(M ) which we call the structure morphism of M . A homomorphism

of F -modules is an R-module homomorphism f : M → M ′ such that the following

diagram commutes:

M

θ
��

f //M ′

θ′

��
F ∗(M )

F (f)
// F ∗(M ′),

where θ and θ′ are the structure morphisms of M and M ′.

Example 5.1.3. The canonical F -module structure on R is defined by the R-module

isomorphism θ : Rs
r 7→r⊗1−−−−→ Rt ⊗ Rs = F ∗(Rs). However, the F -module structure on R

is not unique, any R-module isomorphism θ : R→ F ∗(R) gives one.

Definition 5.1.4. A generating morphism of an F -module M is an R-module homo-

morphism β : M → F ∗(M), where M is some R-module, such that M is the limit of

the inductive system in the top row of the commutative diagram

M

β

��

β // F ∗(M)

F ∗(β)
��

F ∗(β) // F ∗
2
(M)

F ∗
2
(β)
��

F ∗
2
(β) // · · ·

F ∗(M)
F ∗(β)// F ∗

2
(M)

F ∗
2
(β)// F ∗

3
(M)

F ∗
3
(β) // · · ·

and θ : M → F ∗(M ), the structure isomorphism of M , is induced by the vertical arrows

in this diagram.

Example 5.1.5. If I = (f1, · · · , fs) ⊂ R, and M is an F -module with structure mor-

phism θ : M → F ∗(M ), then the i-th local cohomology module H i
I(M ) of M inherits

an F -module structure

θHi
I(M ) : H i

I(M )→ F ∗(H i
I(M )),

which has the following different generating morphisms:
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1. The R-module homomorphism

β : ExtiR(R/I,M )→ F ∗(ExtiR(R/I,M )) = ExtiR(F ∗(R/I), F ∗(M ))

induced by the maps

θ : M → F ∗(M ) and F ∗(R/I) = Rt ⊗Rs (Rs/I)
f ′⊗f 7→fpf ′−−−−−−−→ Rs/I

is a generating morphism of H i
I(M );

2. Let K ·(f1, · · · , fs,M ) be the Koszul cocomplex of M on f1, · · · , fs, that is

0→M
d0

−→
⊕

16i6s

Mi
d1

−→
⊕

16i1<i26s

Mi1i2
d2

−→ · · · d
s−1

−−−→M1···s → 0,

where each Mi1,··· ,ij is just a copy of M indexed by the tuple (i1, · · · , ij) and the

differentials

dj :
⊕

16i1<···<ij6s
Mi1···ij →

⊕
16i1<···<ij+16s

Mi1···ij+1

are given by

(djm)i1···ij+1 =

v=j+1∑
v=1

(−1)vfvmi1···̂iv ···ij+1
.

Let

β : H i(K ·(f1, · · · , fs,M ))→ F ∗(H i(K ·(f1, · · · , fs,M ))) = H i(F ∗(K ·(f1, · · · , fs,M )))

be the map induced by the chain map

β· : K ·(f1, · · · , fs,M )→ F ∗(K ·(f1, · · · , fs,M )) = K ·(fp1 , · · · , f
p
s , F

∗(M ))

that sends each Mi1···ij to F ∗(Mi1···ij ) via θ◦(fp−1
i1
· · · fp−1

ij
). Then β is a generating

morphism of H i
I(M ).

Definition 5.1.6. An F -module M is called F -finite if M has a generating morphism

β : M → F ∗(M) with M a finitely generated R-module. If in addition β is injective,

both M and the image of M in M are called the roots of M , and β is called the root

morphism of M .
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Theorem 5.1.7. ([12]) The F -finite modules form a full abelian subcategory of the cat-

egory of F -modules which is closed under formation of submodules, quotient, extensions

and localization at a single element of R. If in addition R is local, then every F -finite

module has finite length in the category of F -module.

Example 5.1.8. If R is an ideal of R and M is an F -finite module, then H i
I(M ) with

its induced F -module structure is F -finite.

Theorem 5.1.9. ([12]) If M is F -finite with a generating morphism β : M → F ∗(M),

let βi : M → F ∗
i
(M) be the composition

M
β−→ F ∗(M)

F ∗(β)−−−−→ · · · F
∗i−1

(β)−−−−−−→ F ∗
i
(M),

then we have:

1. The ascending chain kerβ1 ⊂ kerβ2 ⊂ · · · of submodules of M eventually stabilizes.

Let C ⊂M be the common value of kerβi for sufficiently big i;

2. If i is the first integer such that kerβi = kerβi+1, then kerβi = C, that is kerβi =

kerβt for all t > i;

3. imβi = M/C is a root of M . Hence, every F -finite module has a root;

4. M = 0 if M has a zero root and M 6= 0 if M has a non-zero root.

5.2 Graded F -modules

Observe that the ring R = k[x1, · · · , xn] has a natural grading R =
⊕

i∈NRi (as a

Z-module) such that Ri consists of all homogeneous polynomials in x1, · · · , xn of degree

i. Recall that a graded R-module is an R-module M together with a decomposition

M =
⊕

i∈ZMi (as a Z-module) such that RiMj = Mi+j for all i, j ∈ Z. Recall if M and

N are both graded R-modules, then a homomorphism ϕ : M → N is degree preserving

if ϕ(Mi) ⊆ Ni for all i ∈ Z.
If M is graded, we define the grading of F ∗(M ) by deg r⊗ x = deg r + p · deg x for

all homogeneous r ∈ R and x ∈M . Now we introduce a definition of graded F -modules

as follows:
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Definition 5.2.1. An F -module (M , θ) is graded if M is a graded R-module and the

structure isomorphism θ : M → F (M ) is degree preserving. A homomorphism of graded

F -modules f : M →M ′ is a degree preserving F -module homomorphism.

Example 5.2.2. The canonical F -module structure on R defined by the R-module iso-

morphism θ : R
r→r⊗1−−−−→ F ∗(R) [12, Page 72] makes (R, θ) a graded F -module.

The theory of F -modules developed in [12] can be developed in this graded version

without difficulty. In particular, it is easily seen that the category of graded F -modules

is abelian. The facts we need are the following with the use of the standard terminology

in [3, Section 3.6]:

Theorem 5.2.3. If M is a graded F -module, then there is an induced graded F -module

structure on the local cohomology modules H i
I(M ) for any homogeneous ideal I of R.

Proof. Since the ordinary local cohomology can be computed using ∗injective resolutions

[2, Corollary 12.3.3], the proof is basically the same as in [12, Example 1.2(b)] except

that instead of injective resolutions one uses ∗injective ones.

Theorem 5.2.4. If M is a graded F -module such that dimR Supp(M ) = 0, then M is

a ∗injective R-module.

Proof. A proof of this is, with minor and straightforward modifications, the same as

the proof of the dimR Supp(M ) = 0 case of [12, Theorem 1.4]. Modifications involve

choosing the elemnents ei and ei,j homogeneous and in the last step showing that Mi

is isomorphic to ∗E(R/m)(t) where t = deg ei (rather than just E(R/m), as in [12,

Theorem 1.4]).

From this section on, we will adopt the notation F ∗ to represent the Frobenius

functor F. We use the duality Theorem 3.2.1 to prove the following striking result.

Theorem 5.2.5. Let M be a graded R-module. Assume

1. { d ∈ Z |Md 6= 0 } is finite;

2. M−n = 0.
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Then there is s ∈ N (that depends only on the set { d ∈ Z |Md 6= 0 }) such that for

any l > s and for any graded R-module N, the only degree preserving R-module map

f : M → F ∗
l
(N) is the zero map.

Proof. Let K be the perfect closure of k. Viewing K ⊗k R, K ⊗kM and K ⊗k N as the

new R, M and N, we may assume that k is perfect. Therefore Theorem 3.2.1 applies

and it is sufficient to study the pl − 1 component of the image of M. Recall that the

Frobenius functor F ∗
l

multiplies the grading by pl, i.e.

deg r ⊗ x = deg r + pl · deg x, (r ∈ Rt, x ∈ N and r ⊗ x ∈ F ∗l(N)).

Since F ∗
l
(N) =

⊕
ī(eī ⊗Rs N) and deg eī =

∑
j ij , for every d ∈ Z we have

F ∗
l
(N)d =

⊕
ī

(eī ⊗Rs N)d =
⊕
ī

eī ⊗Rs N(d−deg eī)/p
l ,

where the direct sum is taken over those ī for which (d−deg eī)/p
l is an integer. Clearly,

deg e
pl−1

= n(pl − 1). When d 6= −n and l is sufficiently large, the fraction (d− n(pl −
1))/pl is not an integer. Hence the coefficient of e

pl−1
in F ∗

l
(N)d is 0. Let d run through

the finite set { d ∈ Z |Md 6= 0 } and enlarge l correspondingly, we see that the pl − 1

component of the image of M is 0. Moreover, it is obvious that the selection of l depends

only on the set { d ∈ Z |Md 6= 0 }. Now Theorem 3.2.1 induces the conclusion.

Theorem 5.2.6. Let M be a graded F -module supported on m = (x1, · · · , xn). Then

M as a graded R-module is a direct sum of a (possibly infinite) number of copies of

∗E(n).

Proof. Since M is supported on m, it is ∗injective by Theorem 5.2.4. By [3, Theo-

rem 3.6.3], every ∗injective module can be decomposed into a direct sum of modules

∗E(R/p)(i) for graded prime ideals p ∈ SpecR and integers i ∈ Z. Since M is supported

on m, the only p that appears in the decomposition is p = m, i.e. M = ⊕∗iE(i)α(i)

where ∗E = ∗E(R/m) and α(i) is the (possibly infinite) number of copies of ∗E(i). Let

θ : M → F ∗(M ) be the structure isomorphism of M . Fix i 6= n, assume α(i) 6= 0, i.e.

soc∗E(i)α(i) 6= 0, and apply Theorem 5.2.5 to M = soc∗E(i)α(i) and N = M . Since the

degree of the socle of ∗E(i) is −i 6= −n, we see that the composition of isomorphisms

F ∗
l
(θ) ◦ F ∗l−1

(θ) ◦ · · · ◦ θ : M → F ∗
l
(M ) vanishes on M, i.e. θ is not an isomorphism.

That is a contradiction. Hence α(i) = 0 when i 6= n.
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Theorem 5.2.7. If I is a homogeneous ideal of R, then as a graded R-module, H i
m(Hj

I (R))

is isomorphic to ∗E(n)c for some c <∞.

Proof. The graded F -module structure on R in Example 5.2.2 induces the graded F -

module structures on Hj
I (R) and H i

m(Hj
I (R)) by Theorem 5.2.3. Now Theorem 5.2.6

gives the desired result.

More generally, assume M is a graded F -module that is F -finite (see [12, Definition

2.1] for a definition of F -finite modules). If M is supported on m = (x1, . . . , xn), then

M as a graded R-module is isomorphic to a direct sum of a finite number of copies of

∗E(n). Indeed it follows from [12, Theorems 1.4 and 2.11] that simply as an R-module,

i.e. disregarding the grading, M is isomorphic to a direct sum of a finite number of

copies of E, and according to Theorem 5.2.6 M , as a graded R-module, is isomorphic

to a possibly infinite number of copies of ∗E(n). But the number of copies of E is the

same as the number of copies of ∗E(n) because both are equal to the dimension of the

socle of M (equivalently, the Bass number of M with respect to m).

This implies that the result of Theorem 5.2.7 holds for a considerably larger class

of functors than just T = Hj
I (−). For example, if Tu = Hju

Iu
(−) and T = T1 ◦ · · · ◦ Ts,

where I1, · · · , Is are homogeneous ideals of R, then H i
m(T (R)) is isomorphic to a direct

sum of a finite number of copies of ∗E(n). This is because R is an F -finite module and

if M is an F -finite module, then so is Hj
I (M ) by [12, Proposition 2.1].
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Algorithmic Computation

6.1 Generating Morphism

Fix the F -module structure on R,

θ : R
f 7→f⊗1−−−−−→ Rt ⊗Rs Rs = F ∗(R).

Example 5.1.5 provides two generating morphisms for H i
I(R) with its induced F -module

structure, one of them is

β2 : H i(K ·(f1, · · · , fs, R))→ F ∗
l
(H i(K ·(f1, · · · , fs, R))) = H i(K ·(fp

l

1 , · · · , f
pl

s , R))

induced by the chain map K ·(f1, · · · , fs, R) → K ·(fp
l

1 , · · · , f
pl
s , R) which sends each

Ri1···ij to Ri1···ij via the multiplication by the product fp
l−1
i1
· · · fp

l−1
ij

. Applying Propo-

sition 5.1.9 to this morphism leads to an algorithm for deciding whether a given local

cohomology module H i
I(R) is zero.

However, when p is comparatively large, say 31, the algorithms would take a tremen-

dously long time and consume a huge amount of storage space, because so do the com-

putations of I [p] and R/I [p] or the multiplication by fp−1
i1
· · · fp−1

ij
.

We present an idea which will dramatically reduce the space needed for the compu-

tation of local cohomology of R = k[x1, · · · , xn], where k contains Z/pZ. Without loss

of generality, we assume the field k perfect and infinite. And we fix the maximal ideal

m = (x1, · · · , xn).

24
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Let K ·(f t, R) be the Koszul cocomplex of R on f t1, · · · , f ts, that is

0→ R
d0

−→
⊕

16α6s

Rα
d1

−→
⊕

16α1<α26s

Rα1,α2

d2

−→ · · · d
s−1

−−−→ R1,··· ,s → 0

where each Rα1,··· ,αj is just a copy of R indexed by the tuple (α1, · · · , αj) and the

differentials

dj :
⊕

16α1<···<αj6s

Rα1,··· ,αj →
⊕

16α1<···<αj+16s

Rα1,··· ,αj+1

are given by

(dj(r))α1,··· ,αj+1 =

v=j+1∑
v=1

(−1)vf tvrα1,··· ,α̂v ,··· ,αj+1
.

Let

φ : H i(K ·(f,R))→ F ∗(H i(K ·(f,R))) = H i(F ∗(K ·(f,R)))

be the map induced by the chain map

φ· : K ·(f,R)→ F ∗(K ·(f,R)) = K ·(fp, F ∗(R))

that sends each Rα1,··· ,αj to F ∗(Rα1,··· ,αj )
∼= Rα1,··· ,αj via multiplication by fp−1

α1 · · · f
p−1
αj .

By [12, Proposition 1.11], H0
m(H i

I(R)) is the direct limit of

H0
m(H i(K ·(f,R)))

φ−→ F ∗(H0
m(H i(K ·(f,R))))

F ∗(φ)−−−→ (F ∗)2(H0
m(H i(K ·(f,R))))

(F ∗)2(φ)−−−−−→ · · · .

Let gu = (gα1,··· ,αi
u ) be generators of H0

m(H i(K ·(f,R))) over k, let l > 1 be an integer

and let ψl be the composition of the maps F ∗
l−1

(φ) ◦ · · · ◦ φ. Then

ψl(gu) = (fp
l−1
α1
· · · fpl−1

αj
· gα1,··· ,αi
u ).

By [12, Proposition 2.3], to check whether the local cohomology module H0
m(H i

I(R))

vanishes we only need to check whether ψl is 0 on all gu for large l. Since

ψl(gu) = (fp
l−1
α1
· · · fpl−1

αj
· gα1,··· ,αi
u ),

it reduces to checking whether the e
pl−1

component of fp
l−1 · g for two homogeneous

polynomials f and g vanishes by Theorem 3.2.1.

The first observation is that the nonzero e
pl+1−1

components of fp
l+1−1 ·g = fp

l+1−pl ·
(fp

l−1 · g) are the ep−1 component of the nonzero e
pl−1

components of fp
l−1 · g.
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The second observation is not obvious, but is crucial. Suppose deg f = d and

deg g = d′ and suppose the xp
l−1

1 · · ·xp
l−1
n -component of fp

l−1 · g is xp
li1

1 · · ·xp
lin
n , then

pli1 + pli2 + · · ·+ plin < d(pl − 1) + d′,

hence

i1 + i2 + · · ·+ in < d+ d′/p.

Therefore, there are less than N =

(
n+ d+ dd′/pe

n

)
possibilities for the exponents

(i1, · · · , in) such that xp
li1

1 · · ·xp
lin
n is an xp

l−1
1 · · ·xp

l−1
n -component of a monomial in

fp
l−1 · g. More importantly, the number of possibilities does not depend on l.

The idea follows from these two observations. Suppose the nonzero e
pl−1

components

of fp
l−1 · g are ci1,...,in · x

pli1
1 · · ·xp

lin
n , where there are less than N =

(
n+ d+ dd′/pe

n

)
possibilities for the exponents (i1, · · · , in). Then the nonzero e

pl+1−1
components of

fp
l+1−1 · g = fp

l+1−pl · (fp
l−1 · g) are the nonzero e

pl+1−1
components of (fp−1)p

l ·

(
∑

i1,...,in
ci1,...,in ·x

pli1
1 · · ·xp

lin
n ) · e

pl−1
. Let c′j1,...,jn ·x

pl+1j1
1 · · ·xp

l+1jn
n denote the nonzero

e
pl+1−1

components of fp
l+1−1 · g, then each

c′j1,...,jn · x
pl+1j1
1 · · ·xpl+1jn

n · e
pl+1−1

must be a summand in (fp−1)p
l · (ci1,...,in · x

pli1
1 · · ·xp

lin
n ) · e

pl−1
. Therefore c′j1,...,jn ·

x
p(j1+1)
1 · · ·xp(jn+1)

n must be a summand in fp−1 ·(
∑

i1,...,in
ci1,...,in ·x

i1+1
1 · · ·xin+1

n ). Hence

the determination of all c′j1,...,jn comsumes the space linearly proportional to p. Notice

this does not depend on l. If we repeat the above consideration by induction in l, the

compuation consumes the space proportional to p.

We conclude that the idea discussed above will help to reduce the space complexity

of the compuation of local cohomology in prime characteristic.

6.2 Frobenius Linear Algebra

Let us quote a well known lemma.
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Lemma 6.2.1. ([18, Lemma III.4.13]) Let M be a square matrix over an algebraically

closed field k of characteristic p, then there exists a matrix P = (Pij) such that

P[p]MP−1 =

(
Mfs 0

0 Mfn

)
,

Mfs is an identity matrix and Mfn is a nilpotent matrix. Here P[p] is the position-wise

exponent (Ppij).

Let R = k[x1, · · · , xn] be a polynomial ring over a field k of characteristic p >

0. Without loss of generality, we assume that k is algebraically closed. Let m =

(x1, · · · , xn), let ∗E be the naturally graded injective hull of R/m and let ∗E(n) be

∗E degree shifted downward by n. The following theorem describes a way to compute

the c in Theorem 5.2.7.

Theorem 6.2.2. If M is F -finite graded supported on m with a graded generating

morphism β : M → F ∗(M). Then M contains the socle of M and the number c of

copies of ∗E(n) in M in Theorem 5.2.7 equals the rank of the matrix of the restriction

β : socM → socF ∗(M).

Proof. Assume that M ∼= Rs/Q such that Q =
∑
Rgu, and socM = ⊕tv=1Rh̄v. Since we

can lift everything back in Rs, we can then talk about the p-th power as the component-

wise p-th power. Then F ∗(M) ∼= R ⊗Rp ((Rp)s/(
∑
Rpgpu)) and F ∗(socM) ∼= R ⊗Rp∑

Rph̄pv. Since R is free over Rp such that R = Rp · 1⊕Rp ·x1⊕ · · · ⊕Rp ·xp−1
1 · · ·xp−1

n ,

socF ∗(M) ⊇ ⊕Rp · xp−1
1 · · ·xp−1

n h̄pv.

Since dimKsocM = dimKsocF ∗(M) by [14, Corollary 3.4],

socF ∗(M) = ⊕R · xp−1
1 · · ·xp−1

n h̄pv

and similarly

socF ∗
l
(M) = ⊕R · xp

l−1
1 · · ·xpl−1

n h̄p
l

v

for all l > 1.

Suppose that M is the matrix of the restriction β : socM → socF ∗(M), then

β


h̄1

...

h̄t

 = M


xp−1

1 · · ·xp−1
n · h̄p1

...

xp−1
1 · · ·xp−1

n · h̄pt

 .
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Then

F ∗(β)


xp−1

1 · · ·xp−1
n · h̄p1

...

xp−1
1 · · ·xp−1

n · h̄pt

 = xp−1
1 · · ·xp−1

n


(χ(h̄1))p

...

(χ(h̄t))
p



= xp−1
1 · · ·xp−1

n M[p]


xp

2−p
1 · · ·xp

2−p
n · h̄p

2

1
...

xp
2−p

1 · · ·xp
2−p
n · h̄p

2

t



= M[p]


xp

2−1
1 · · ·xp

2−1
n · h̄p

2

1
...

xp
2−1

1 · · ·xp
2−1
n · h̄p

2

t

 ,

in another word, F ∗(M) = M[p].

Let the matrix P be as in Lemma 6.2.1, and linearly transform the basis (h̄1, · · · , h̄u)

of socN to (h̄1, · · · , h̄u) · PT . So we can assume that the basis h̄1, · · · , h̄t are such that

F ∗
l
(β) ◦ · · · ◦ β(h̄v) = xp

l−1
1 · · ·xp

l−1
n h̄p

l

v for v = 1, · · · , c and all l > 0, and F ∗
l
(β) ◦ · · · ◦

· · ·β(h̄v) = 0 for v = c+ 1, · · · , t and l� 0. It is now clear that the dimension of socM

equals c, which is the rank of the matrix M of the restriction β : socM → socF ∗(M).

In particular, this implies that M contains socM .
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