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Abstract

I perform theoretical studies of the family of iron-based superconductors, which are a
group of materials that can achieve a relatively high critical temperature 7. In most of
these multi-band compounds the superconducting gap parameter has s-wave symmetry
along the Fermi surfaces, but the sign of the gap can change between Fermi surfaces
yielding the so-called s™~ symmetry. In this dissertation I focus on the experimental
consequences of this gap structure and later on two of its possible extensions.

In the first part, I review how the resonance in inelastic neutron scattering can
be explained as a pole in the spin susceptibility in an s superconductor, computed
using the random phase approximation. Then I extend the analysis to include the effect
of pairing fluctuations and show that except in special cases these fluctuations merely
shift the frequency of the resonance by a few percentage points. I also consider Raman
spectroscopy experiments that measured the susceptibility in the By, symmetry channel
and found a strong temperature dependence in the static part and a resonance below T,
in the dynamic part. I show how both of these can be explained through the coupling
of fermions to spin fluctuations via the Aslamazov-Larkin process.

In the second part, I study the gap structure when superconductivity develops from a
preexisting antiferromagnetic state. I show that magnetism induces an additional spin-
triplet pairing component in addition to the standard singlet pairing. This additional
pairing state can coexist with the standard one and leads to superconductivity that
breaks time-reversal symmetry. I also consider the case of materials whose gap structure
has accidental nodes on the electron pockets. I analyze how two competing types of
hybridization effects between the electron pockets shift the nodes in different directions

and the consequences for the gap structure.
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Chapter 1

Introduction

1.1 The puzzle of high-temperature superconductivity

The field of high-temperature superconductivity began in 1986 with the experimental
observation of superconductivity in the copper-based compound Ba,Las_,Cus05(3_)
[2]. The same phenomenon was reported in many similar materials soon after, which
constitute a family known as the cuprate superconductors. Two decades later, in 2008,
superconductivity was also found in LaFeAsO;_,F, [3], the first member of the second
family, called the iron-based superconductors (FeSCs). These materials have the excit-
ing property that their critical temperature 7., below which they are superconducting,
is significantly larger than that of conventional superconductors. For comparison, su-
perconductivity was first discovered in mercury, which has T, = 4.2 K, while the record
T. for FeSCs approaches 60 K (and possibly 110 K in monolayer systems)[4].

Despite decades of theoretical and experimental effort, there is still debate about
how superconductivity emerges in these materials [4]. This is in contrast with the case
of conventional superconductors, like mercury, which are successfully described by the
Bardeen-Cooper-Schrieffer (BCS) theory [5) 6, [7]. In these materials, the interaction
between electrons and phonons (the quanta of lattice vibrations) is attractive in a cer-
tain energy range. As a result, there is an effective attraction between electrons which
overcomes their electrostatic Coulomb law repulsion and allows them to form bound

pairs of total momentum zero. These so-called Cooper pairs then behave like bosonic



2
particles and condense, leading to superconductivity. However, this theory cannot ac-
count for the high T, of the cuprates and FeSCs, based on the known strength of the
electron-phonon interaction in these materials. A successful microscopic theory must
therefore identify a mechanism that can lead to the formation of Cooper pairs despite
the Coulomb repulsion.

An important hint for identifying this mechanism comes from studying the order
parameter of superconductivity, also called the gap function because in BCS theory its
magnitude is equal to the energy gap that develops in the quasiparticle dispersion. In
general, the gap function A is complex-valued and can vary along the Fermi surface and
even change between Fermi surfaces in multiband materials. In fact, a gap function that
changes sign between Fermi surfaces (i.e., has opposite phase) can solve the problem of
binding Cooper pairs when the interaction between electrons is purely repulsive, as long
as the interband repulsion is greater than the intraband repulsion [8]. The subject of
this dissertation is a particular symmetry of the gap function which realizes this scenario
in the FeSCs: The sign-changing s wave, also called s™~ symmetry. Before discussing
the gap function in more detail, it is convenient to review the general characteristics of

the materials in this family.

1.2 General traits of the iron-based superconductors

The FeSCs are layered, crystalline materials whose common feature is planes of iron
atoms arranged in a square lattice [9, [10]. Depending on the specific material, either
a pnictogen or a chalcogen atom is also located at the center of each square of iron
atoms. These pnictogens or chalcogens alternate between being raised above or below
the iron plane, in a checkerboard pattern (see Fig. . The unit cell of this structure
contains two iron atoms since there are two inequivalent iron sites. However, it is often
convenient to ignore this distinction and work with a one iron (1Fe) unit cell (unfolding
the Brillouin zone) instead of the actual two iron (2Fe) unit cell.

The majority of the FeSCs have additional atoms of other elements located between
the iron planes described above. The structure of these additional atoms leads to a
subdivision of the FeSCs into groups. The first group contains FeSe and FeTe, which

are simplest members of the FeSCs. Since they contain exactly two different elements



Figure 1.1: Iron plane of FeAs, representing a typical FeSC. The circles labeled As in
general represent the position of pnictogen or chalchogen atoms. The smooth circles
with this label indicate the atoms above the iron plane, while the circles with sinous
edges indicate atoms below the iron plane. Reproduced with permission from Ref. [I].
Copyrighted by the American Physical Society.

in equal proportions, this group is labeled as the 11 materials. The naming of the
other groups follows this convention. For example, there are 1111 systems like RFeAsO
(where R is a rare-earth element), 122 systems like XFeaAsy (where X is an alkaline
earth metal), and 111 systems like LiFeAs.

The parent compounds listed above, with few exceptions, are not actually super-
conducting. Chemical substitution or applied pressure are generally required to make
the superconducting state possible. The majority of the systems follow a generic phase
diagram (Fig. , which contains regions of magnetism, superconductivity, and a
structural transition of the crystal lattice, in which the arrangement of the iron atoms
changes from tetragonal to orthorhombic. This transition occurs at a higher temper-
ature than the magnetic transition and breaks the Cy point group symmetry while
preserving the spin rotational O(3) symmetry. In the magnetic phase, the latter sym-
metry is also broken, resulting in a spatially inhomogeneous magnetization with the
form M (r)  cos(Q-r), where the ordering vector Q in most materials is located on the
iron planes and is either (0,7) or (m,0), in 1Fe unit cell notation, with the convention

of setting the length of the unit cell to 1. Ordering vectors that are incommensurate
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Figure 1.2: Generic phase diagram of iron-based superconductors. The horizontal axis
indicates the doping level of holes or electrons. Reproduced with permission from Ref.
[1]. Copyrighted by the American Physical Society.

with the iron lattice are also possible. This antiferromagnetic state is known as a spin
density wave (SDW) and emerges from itinerant electrons rather than from localized
magnetic moments.

In order to understand the unique features of the superconducting state in the
FeSCs one needs to first discuss their electronic structure. These materials generally
have multiple bands which cross the Fermi surface and originate mainly from the 3d
orbitals of the iron atoms. In most cases, the dispersion of quasiparticles has little or
no dependence on the momentum perpendicular to the iron plane. Because of this,
one can describe their band structure from a quasi-two-dimensional perspective. In
this picture, the iron dgy, d;., and d,. orbitals form two concentric hole pockets at the
center of the Brillouin zone (the I' point) and two electron pockets centered at (7, 0) and
(0,7) [the M, and M, points, respectively]. In a few materials a third pocket develops
depending on the doping level, but for the sake of generality it is convenient to avoid

this complication.



1.3 Superconducting state and research summary

The richness of the band structure allows for a plethora of possibilities for the gap
function in the superconducting state. As mentioned above, a gap parameter A which
changes sign between Fermi surfaces provides a solution to the problem of finding a
channel of attraction between electrons which normally repel each other. This can
be realized with s symmetry if A has one sign on the hole pockets and the opposite
sign on the electron pockets. This scenario is called sT~ symmetry, to distinguish it
from a scenario in which all Fermi surfaces have the same sign (st or conventional s
symmetry). In this dissertation I focus on this possibility and begin by presenting two
experimental observations that can be explained with the assumption that this is the
correct symmetry of the gap function.

The first experimental observation I discuss, which is often quoted as the strongest
evidence for sT~ gap symmetry[4] is the resonance seen in inelastic neutron scattering
experiments. It appears only below 7. and has been seen both in the cuprates and the
FeSCs. This resonance is observed as a sharp peak centered at (or near) momentum
transfer (0,7) and (7,0) in the 1Fe Brillouin zone, which is the same momentum that
connects hole and electron Fermi surfaces in the FeSCs. Theoretical work shows that
the dynamical magnetic susceptibility of a superconductor with that symmetry develops
a pole, which physically corresponds to a spin exciton, a collective mode consisting of
a bound state of an electron and a hole with total spin of 1. In Chapter |2 I review
this calculation and extend it to include particle-particle excitations, which are often
neglected in the literature. This work as been published as Ref. [I1], in collaboration
with Andrey Chubukov and Peter Wolfle and is copyrighted by the American Physical
Society.

The other experimental feature I discuss has been observed in polarization-sensitive
Raman spectroscopy of NaFe;_,Co,As [12], AFesAsy (where A =Eu,Sr) [13] [14], and
Ba(Fe;_,Coy)2Ase [15, [16]. Polarized light was used to probe the Raman response in
different symmetry channels, classified by the irreducible representations of the Dyp
crystallographic point group [I7, 18]. In the superconducting state, the imaginary part

of the Raman susceptibility in the B, channel displays a strong resonance-type peak
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at around 50 cm ™!, but there is no such resonance peak in other channels. In addi-
tion, in the normal state the real part of the (almost) static and uniform B;, Raman
susceptibility is strongly temperature dependent—it increases below 300 K roughly as
1/(T — Tp). In Chapter |3, I show that both features can be explained by the coupling
of electrons to pairs of magnetic fluctuations. For the resonance there are two possible
scenarios: It can be seen as an exciton in which the electron and hole are bound because
of the attraction mediated by the fluctuations, or as a different kind of collective mode
caused by the attraction between the fluctuations themselves, which is in turn mediated
by the electrons. In either case, the form of the magnetic fluctuations depends strongly
on sT~ symmetry because of the spin exciton mode they contain. Furthermore, the
temperature dependence in the normal state is explained by the same process and is
the combination of the temperature dependence of two functions: a) The vertex that
couples light to magnetic fluctuations and b) the Ising-nematic susceptibility, which
serves as the interaction between the fluctuations. This work has been published as
Ref. [19] and was done in collaboration with Andrey Chubukov and Jiashen Cai and is
copyrighted by the American Physical Society.

Even if sT~ is indeed the gap symmetry of most members of the FeSCs, there are
special circumstances which can modify it and which need to be considered in order
to have a more complete description of the materials. In Chapter [4, I study the case
where superconductivity emerges from a preexisting magnetic state. In this region of
the phase diagram, superconductivity may develop a component which is a mixture of
intrapocket singlet s™" pairing and interpocket spin-triplet pairing (named the ¢ state).
The coupling constant for the ¢ channel is proportional to the SDW order parameter
and involves interactions that do not contribute to superconductivity outside of the
SDW region. I argue that the s+- and t-type superconducting orders coexist at low
temperatures, and the relative phase between the two is, in general, different from 0
or 7, manifesting explicitly the breaking of the time-reversal symmetry promoted by
long-range SDW order. I argue that time reversal may get broken even before true
superconductivity develops. This work has been published as Ref. [20] in collaboration
with Andrey Chubukov and Rafael Fernandes is copyrighted by the American Physical
Society.
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Another circumstance that can modify s™— superconductivity is hybridization be-
tween electron pockets. In Chapter [5] I consider the case of a gap function that has
accidental nodes, i.e., nodes whose position is determined by the parameters in the sys-
tem instead of fixed by symmetry. I argue that hybridization reconstructs the Fermi
surfaces and also induces an additional interpocket pairing component. I analyze how
these two effects modify the gap structure by tracing the position of the nodal points of
the energy dispersions in the superconducting state. I find three possible outcomes. In
the first, the nodes simply shift their positions in the Brillouin zone; in the second, the
nodes merge and disappear, in which case the gap function has either equal or opposite
signs on the electron pockets; in the third, a new set of nodal points emerges, doubling
the original number of nodes. This work was published as Ref. [2I] in collaboration

with Andrey Chubukov and is copyrighted by the American Physical Society.

1.4 Outline of the dissertation

The structure of the dissertation is the following:

e Chapter [2| analyzes the resonance in inelastic neutron scattering within the frame-
work of s~ gap symmetry. The results presented in this chapter have been
published in Ref. [I1]. Copyrighted by the American Physical Society (APS).

e Chapter [3] presents an explanation for the experimental features seen in Raman
spectroscopy which concern both the normal and superconducting state of FeSCs.
The features in the superconducting state are again dependent on s™~ symmetry.
These results were published Ref. [19]. Copyright by APS.

e Chapter [4| presents an extension of sT~ symmetry which emerges when supercon-
ductivity develops from a preexisting magnetic state. In this case, a state in which
superconductivity breaks time-reversal symmetry is possible. Published in Ref.
[20]. Copyright by APS.

e Chapter [5| presents another extension of s*~ symmetry, which emerges due to

hybridization of the electron pockets. Published in Ref. [21I]. Copyright by APS.

e Chapter 6 contains the conclusions.



Chapter 2

Effect of pairing fluctuations on

the spin resonance

2.1 Introduction

The spin resonance, observed by inelastic neutron scattering (INS) experiments first
in the cuprates[22, 23| 24] 25 26, 27, 28] and then in heavy-fermion [29] [30] and Fe-
based superconductors (FeSCs)[31l, B2] [33] 34} B35, 36l 37, B8], has been the subject of
intense theoretical and experimental studies over the past decade using both metallic [39]
40, 411, [42], 43|, 44, [45], [46], 147, 48 49, 50, (I, 52, B3, 4] and near-localized strong-
coupling scenarios [55] (see Ref. [56] for a review). The theoretical interpretations of the
resonance can be broadly split into two classes. The first class of theories assumes that
the spin resonance is a magnon, overdamped in the normal state due to the strong decay
into low-energy particle-hole pairs, but emerging prominently in the superconducting
state due to reduction of scattering at low energies [54, 57]. In this line of reasoning
the resonance energy Q.. is the magnon energy and as such it is uncorrelated with the
superconducting gap A. However, the decay of magnons into particle-hole pairs is only
suppressed at energies below 2A, hence the magnons become sharp in a superconductor
only if their energy is below 2A. The symmetry of the superconducting state does not
play a crucial role here. It is only relevant that the superconducting gap is finite at the
Fermi surface (FS) points connected by the gap momentum Q.

Theories from the second class assume that the resonance does not exist in the
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normal state and emerges in the superconducting state as a feedback effect from super-
conductivity, like e.g., the Anderson-Bogolyubov mode in the case of a charge neutral
single condensate component, a Leggett mode in the case of several gap components, a
wave-like excitation of a spin-triplet order parameter, or a pair vibration mode in the
case of a gap parameter possessing internal structure [58]. These “feedback” theories
can be further split into three sub-classes. In the first the resonance is viewed as a spin-
exciton, i.e., the pole in the dynamical spin susceptibility x(q,(2) dressed by multiple
particle-hole bubbles [59, 52, 53]. Such x(q, ) can be obtained by using a computa-
tional scheme based on the random-phase approximation (RPA). It was argued that, if
the superconducting gap changes sign between FS points connected by Q, the residual
attraction pulls the resonance frequency to ,.s < 2A, where the decay into particle-
hole pairs is reduced below T, and vanishes at T' = 0. As a result, at T = 0, x_ (q, Q) has
a d—functional peak at {,..s. In this respect, if the resonance is an exciton, its existence
necessary implies that the superconducting gap changes sign either between patches of
the FS connected by Q or between different Fermi pockets again connected by Q. The
role of the resonance in allowing to determine the structure of the gap in a number of
different superconductors has been highlighted in [60]. Theories of the second subclass
explore the fact that in a superconductor the particle-hole and particle-particle channels
are mixed and argue that the strongest resonance is in the particle-particle channel and
the measurements of the spin susceptibility just reflect the “leakage” of this resonance
into the particle-hole channel. The corresponding resonance has been labeled as the n-
exciton [61 [62], where the 7 boson is a particle-particle excitation with total momentum
Q (a “pair density-wave” in modern nomenclature [63], 64, 65]). Finally, theories of the
third class explore the possibility that the resonance emerges due to coupling between
fluctuations in particle-hole and particle-particle channel. Within RPA, such resonance
is due to non-diagonal terms in the generalized RPA which includes both particle-hole
and particle-particle bubbles. It was called a plasmon [66, [67] to stress the analogy with
collective excitations in an electronic liquid.

The interplay between the “damped spin-wave”, spin-exciton, m-resonance, and plas-
mon scenarios for 2D high-T,. cuprates has been studied in detail in the past decade.
The outcome is that near and above optimal doping the resonance is best described as

a spin-exciton, with relatively weak corrections from coupling to the particle-particle
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channel[52 68, [69], while in the underdoped regime, where superconductivity emerges
from a pre-existing pseudogap phase, both spin-exciton and spin-wave scenarios have
been argued to account for the neutron resonance [56]. The situation is more compli-
cated in 3D heavy-fermion systems [57, [70] because there the excitonic resonance has a
finite width even at T' = 0 if the locus of FS points separated by Q intersects a line of
gap nodes.

In this chapter, we discuss the interplay between spin-exciton, w—resonance, and
plasmon scenarios in FeSCs. Previous studies of the resonance in FeSCs [53] focused only
on the response in the particle-hole (spin-exciton) channel and neglected the coupling
between particle-hole and particle-particle channels. Our goal is to analyze the effect of
such coupling.

As we said, the resonance peak has been observed below T, in several families of
FeSCs[31], 32, 33| [34] 35] 36], 37, B8]. The spin response above T, in FeSCs is rather
featureless away from small doping, which implies that the magnetic excitations in the
normal state are highly overdamped and don’t behave as damped spin waves. The
full analysis of the spin resonance in FeSCs is rather involved as these systems are
multi-band materials with four or five FSs, on which the superconducting gap has
different amplitudes and phases. Still, the basic conditions for spin-excitonic resonance
are the same as in the cuprates and heavy fermion materials: namely, the resonance
emerges at momentum Q if the superconducting gap changes sign between FS points
connected by Q. This condition holds if the superconducting gap has s™ symmetry,
as most researchers believe, and changes sign between at least some hole and electron
pockets. An alternative scenario [71], which we will not discuss in this dissertation is
that the superconducting state has a conventional, sign-preserving s™ symmetry, and
the observed neutron peak is not a resonance but rather a hump at frequencies slightly
above 2A.

In FeSCs that contain both hole and electron pockets, the resonance has been ob-
served at momenta around Q = (7, ), which is roughly the distance between hole and
electron pockets in the actual (folded) Brillouin zone. To account for the resonance and,
at the same time, avoid unnecessary complications, we consider a minimal three-band
model (one hole pocket and two electron pockets), and neglect the angular dependence

of the interactions along the F'Ss. Including this dependence and additional hole pockets
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will complicate the analysis but we don’t expect it to lead to any qualitative changes to
our results.

We find that for repulsive density-density and pair-hopping interactions, the reso-
nance peak is, to a good accuracy, a spin-exciton. The w—resonance does not develop
on its own, and the coupling between the resonant spin-exciton channel and the non-
resonant m—channel only slightly shifts the energy of the excitonic resonance. We also
considered the case (less justified microscopically) when the interaction in the 7 chan-
nel is attractive, such that both spin-exciton and 7 resonance develop on their own
at frequencies below 2A. One could expect in this situation that the full dynamical
spin susceptibility has two peaks. We found, however, that this happens only if we
make the coupling between particle-hole and particle-particle channels artificially small.
When we restored the original coupling, we found, in general, only one peak below 2A.
The peak is a mixture of a spin-exciton and m-resonance and at least in some range of
system parameters its energy is smaller than that of a spin-exciton and a mw-resonance.
This implies that, when both channels are attractive, the coupling between the two
plays a substantial role in determining the position of the true resonance which can,
at least partly, be viewed as a plasmon. A somewhat similar result has been obtained
earlier for the cuprates [52) [69} [66, [67]. For some system parameters we did find two
peaks in Imys(Q,w), but for one of them Imyg has the wrong sign. We verified that
this indicates that for such parameters the system is unstable either against condensa-
tion of 7 excitations (i.e., against superconductivity at momentum Q), or against the
development of SDW order in co-existence with superconductivity.

The chapter is organized as follows: In the next section we consider the model. In
Sec. [2:3]we obtain the dynamical spin susceptibility within the generalized RPA scheme,
which includes the coupling between particle-hole and particle-particle channels. In Sec.
m we analyze the profile of xs(Q,w) first for purely repulsive density-density and pair-
hopping interactions, and then for the case when we allow the density-density interaction

to become attractive. We summarize our conclusions in Sec. 2.5
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2.2 The model

The FeSCs are multiband metals with two or three hole FS pockets centered around
the T" point (0,0) and two elliptical electron pockets centered at (, ) in the folded BZ
with two iron atoms per unit cell. The electron pockets are elliptical and related by
symmetry, while the hole pockets are Cy-symmetric, but generally differ in size. Since
we are only interested in studying the role of the particle-particle channel in the spin
response function, for which the non-equivalence between hole pockets is not essential,
we consider the case of two hole pockets and assume that they are circular and identical,
and also neglect the ellipticity of electron pockets. Under these assumptions our model
reduces effectively to only one hole pocket (¢ fermions) and one electron pocket (f
fermions). The fact that there are actually two hole and two electron pockets only adds
up combinatoric factors.

The free part of the Hamiltonian is

HO - Z <§lc<cir<ack0 + §1{+Qf1];+ngk+Qa> ) (2.1)
k,o
where
ki + k)
b= te = —5— (2.2)
C
k24 k2
fiq=- o 2.3
§k+Q e + me ( : )

We do not study here how superconductivity develops from interactions, as that
work has been done elsewhere [72]. Instead, we simply assume that the system reaches
a superconducting state with s™= symmetry before it becomes unstable towards mag-
netism and take the superconducting gaps as inputs. In this state, the free part of the

Hamiltonian is

HFC =) (ElicchaCkff T E£+Qfli+Qofk+Q”> ’ 24)
k,o

where the dispersions are Ef = /(&)? + (A€)? and EI{JFQ = \/(§I{+Q)2 + (A2, and
A= —Af=A.

Now we consider interactions that contribute to the spin susceptibility. They consist
of a density-density interband interaction u; and a correlated interband hopping us3. In-

traband repulsion only affects the chemical potentials but does not otherwise contribute
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to the spin susceptibility. Interband exchange in principle contributes in the m channel
but in renormalization group analysis it flows to small values|[73]. In general, u; and
ug depend on the angle in momentum space via coherence factors associated with the
transformation from the orbital to the band basis [74, [75]. However, this complica-
tion is not essential for our purposes and we take both interactions to be momentum

independent. The interaction Hamiltonian is

_ E T
Hipy = w1 Ci)lngQU/fp:z,a’szla
[1234],0#0'

U3 Z (CJrr’lchLga’fpga’fpw + h~C'> ) (2.5)
[1234],0£0"

where the sum over momenta obeys momentum conservation as usual (p; + p2 = ps +
P4)-

Because the interactions in the band basis are linear combinations of Hubbard and
Hund interactions in the orbital basis, weighted with orbital coherence factors, the sign
of u; and ug depends on the interplay between intra-orbital and inter-orbital interac-
tions [71l [76], [77]. The interaction us contributes to the superconducting channel, and
for an s™~ gap structure must be repulsive. The sign of u; is a priori unknown. In
most microscopic studies it comes out positive (repulsive), but in principle it can also
be negative (attractive). We do not assume a particular sign of u; and consider first a
case where u; is positive and then when it is negative. For the first case we show that
a resonance can only originate from the particle-hole channel. For negative uq the 7
channel can produce collective modes as well, and we show that in general the resonant

mode is a mix between spin exciton and a w-resonance.

2.3 Susceptibilities and RPA

We focus on susceptibilities at antiferromagnetic momentum @ which separates the

centers of hole and electron pockets. Following similar work done on the cuprates[52],
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we define spin and 7 operators as

1
S5(Q) = 7N > [Cﬁaafwfk%w + fLQankaﬁ] : (2.6)
k
1
m(Q) = N Z [Ckaagng—kﬁ] . (2.7)
k

To make a closer connection to [52], the operator m can be equivalently defined as
T = TIN Yk gkakaagiﬁaQ_klg}, with |gkx| = 1/2 and the sign of gy is chosen so that it
is positive near the hole F'S and negative near the electron FS (gx = —gq-x)-

For notational convenience we split 5% into two operators such that 5* = S. + Sy,

where
1
S:(Q) = —= .ol friap, (2.8)
\/N g k BJ k+
1
SHQ) = = L 0u0iscks (2.9)
\/N ; k+Q B

We now define the susceptibilities xq5(€2y,) in terms of Matsubara frequencies as

Xab(Qm) = /01/T dT,eiQmTl <TTAa(7J)AI];(O)> 5 (2'10)

where A, = (S, Sf, 7, 71)4. The actual spin susceptibility is given by x5 = x11 + x12 +
X21 + X22-

The bare susceptibilities ng can be calculated in the usual way in terms of Green’s
functions and are given by bubbles made out of ¢ and f-fermions, with different Pauli
matrices in the vertices. At T = 0 and after performing analytic continuation to real

frequency space, the (retarded) susceptibilities have the following form:

2 Aap(k) Bap(k)
ng(w):N§:[_ Ca 7 —+ Caf .
" W_Ek_Ek+Q+W w+Ek+Ek+Q+z’y

where ng, Agp, and By are symmetric matrices. The expressions for Ay, and By, are

: (2.11)

presented in Table in terms of coherence factors which are given by:

1 &
c_ - (1 k 2.12

e = 2 (12 8 ) ggn A (2.13)
2" Eg ’
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a b Aab(k) Bab(k)
1 1 (vl‘iui/)2 (ulc(v}{,)z
1 2 —uﬁvﬁui,vﬁ, —uﬁvﬁu}{,vﬁ,
13 ufeg(u)?  —ufug(v))?
L N L A (AR A
2 2 (uf))? (vfug,)?
23 —(uf)ufol, (o) ug
2 4 —uprilog)® uf(u)?
3 3 (uiuﬁ/)Q (vf(vl{,)2
3 4 uf{vf{uf:, UIJ:/ uf(vﬁuﬁ, UI{,
4 4 (vﬁv{i/)2 (uf(ulfc,)2

Table 2.1: Coefficients of bare susceptibilities. Note: k/ = k + Q.

and similar expressions for u{, and vl{,.

To obtain the full susceptibilities x4, we used the generalized RPA approach. Within
this approach
Xab = (1= X"V)ae Xap, (2.14)

where the sum over repeated indices is implied and V' is given by

up us 0 0

1 0 0
v=o|" ™ (2.15)

210 0 —w O

0 0 0 —uw

The solution for the full spin susceptibility can be written in a simpler form once we
note that the matrix ng has additional symmetry. Indeed, the functions A. (k) and
Bgy(k) can be separated into parts that are even or odd with respect to & and 51{. If
the momentum sums are evaluated only near the FSs, where the integration region can
be chosen to be symmetric with respect to positive and negative values of & and 51{,

then the odd parts cancel out and ng acquires the following form:

a b ¢ —d
b d -

O = “ c (2.16)
c d e f
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If we rotate the basis of operators from (S, Sy, T, 7t) to (S, + Sp,m— T Sp,m+

71) we find that both V and x° become block diagonal, so the first 2 x 2 system decouples
from the second one. In this case, the solution for the subset (S, + Sy, m — 71) takes the

simple form

0 0
Xg t+ 5Xs
Xs = ) (2.17)
1 —us(xg +ox2)
0 0
Xz + 0Xx
Xr = ) (2.18)
Tl = ur(xG +0x2)
where
u 2
e =—"— (x% )7, 2.19
XS 1— uTl’XQr (XSﬂ') ( )
us 0 2
Y= : 2.20
X 1_ USX% (XSﬂ') ( )
and ug = (u1 +ug)/4 and ur = —uy /4. The bare susceptibilities in this basis are given
by
X% = X1+ X2 + x51 + x92 = 2011 + x12); (2.21)
Xa = X33 — X34 — X3 + X1 = 2(x35 — X34); (2.22)
X$r = X135 = X1+ X3 — X34 = 2(x13 — x1)- (2.23)

The first two bare susceptibilities contain contributions of products of two normal
Green’s functions and of two anomalous Green’s functions, while XOSW is composed of
one normal and one anomalous Green’s function (see Fig. for some contributions of

X%ﬂ' to the spin response function).

Figure 2.1: Some mixed-channel contributions to the spin susceptibility and Raman
scattering. The solid lines represent f fermions and the dashed lines ¢ fermions, corre-
sponding to quasiparticles from the electron and hole pockets, respectively.
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We obtained expressions for the real parts of the bare susceptibilities by replacing
the momentum sums by integrals and evaluating them within an energy range from —A
to A about the FSs. They are valid in the range 0 < w < 2A in the limit when the

broadening v — 0.

2
0(w) =L + —~_Rey?
Rexg(w) =L + IA? Rexz(w), (2.24)
4A? w
Rex? =T T2 arctan <> ) 2.25
X () T wV4AAZ — w2 VANA2Z — 2 (2.25)
Rexs (w) =5 x Rexh (@), (2.26)

where L = log(2A/A) and we have neglected terms of order (A/A)?.

In Fig. [2.2] we present the results of numerical calculations of the bare susceptibilities
in the case of perfectly nested FSs (. = 1y = p1). The susceptibility XOS would diverge at
w = 0 in the absence of superconductivity, but becomes finite at a finite A. Conversely,
X2 at w = 0 would be zero in the absence of superconductivity, but becomes non-zero
because of A. Note that all three susceptibilities monotonically increase with frequency
in the domain 0 < w < 2A and diverge at w = 2A. The imaginary parts of the three
bare susceptibilities (not shown in the plot) are infinitesimally small and undergo a
discontinuous jump at w = 2A. If we make the electron pocket elliptical, the divergence
in the real part is replaced by a local maximum.

We see that x%(w) and x2(w) have finite value at w = 0. We recall that, in the
absence of superconductivity, xs(0) would diverge and x,(0) would vanish at perfect
nesting. At w = 2A both bare susceptibilities diverge. The cross-susceptibility X(s)*w (w)
vanishes at w = 0 simply because it is composed from one normal and one anomalous
Green’s function but rapidly increases with w and becomes comparable to yg(w) and
Xr(w) at w < 2A.

The cross-susceptibility between particle-hole and particle-particle channels has been
recently analyzed for an sT~ superconductor in the context of Raman scattering [78].
There, it was computed in the charge channel and was found to be very small due to
near-cancellation between contributions from Fermi surfaces with plus and minus values
of the superconducting gap. In our case we found that the contributions from hole and
electron FSs add up rather than cancel. The difference is that in Raman scattering the

side vertices in the susceptibility bubble have the spin structure given by 4, 3, while



18

0.12f
0.1f
0.08f

0.06f

0.04} x%(w) k

0021 0(w) X% (w)

0 05 1 15 2
w/A

Figure 2.2: Real part of the bare spin susceptibilities (7' = 0, units of A~1) in the case of
perfectly nested circular pockets (m = me, = my = ﬁ). In all numerical calculations
@ = 10A and we include a finite broadening v = A /200 when evaluating momentum
integrals.

in our case the spin structure is, say, ny’ﬂ. For an s™~ gap, Raman bubbles from
hole and electron pocket have the same vertex structure but differ in the sign of the
anomalous Green’s function, hence the two contributions to cross-susceptibility have
opposite signs, resulting in a cancellation that is complete in the case of perfect nesting
and near-complete in the case of one circular and one elliptical pocket. This cancellation
does not occur in our case because the ¢? structure of the side vertices additionally flips
the sign of one of the two diagrams, and the contributions to x% (w) from hole and
electron FSs add constructively.

We next note that the terms 5)(% and 0x are precisely what is neglected when
the particle-particle channel is not included in the calculation of the spin susceptibility.
Setting these terms to zero reduces the expressions for the full xys and x, to the usual

RPA results 0 0

XS X7r
SR, S S— SR, — 2.27
1—usxy T T un® (2.27)

The effect of coupling the two channels can be seen more clearly by substituting (2.19))

XS
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into (2.17)), which yields

X2(1 = urx®) + ur(x2,)?

Xs = (2.28)
(1 —usx%) (1 — urx?) — ugur(x%,)?
1 1 —urx2
us (1 —usx3)(1 — uxxd) — ugtur(x%,)?

The positions of resonance peaks are given by the zeroes of the denominator in this
equation and we can see that the particle-hole and particle-particle channels are coupled

through the mixed-channel susceptibility x%_(w).

2.4 Results

2.4.1 Purely repulsive interaction: u; > 0, ug > 0.

For repulsive interactions ug > |uy| > 0 and u; < 0. In the absence of x% the
resonance in yg is present for any ug because the bare susceptibility X% is positive and
diverges at w = 2A, hence the equation 1 —ugRex%(w) = 0 has a solution for 0 < ug <
(Rex%(0))~1. In contrast, the fact that Rex? > 0 means that no resonance originates
from this channel. When X%w is included, we found in our numerical calculations that
the effect of the particle-particle channel is that the peak in the imaginary part of the
full susceptibility is shifted to a higher frequency (since Re{usur(x%,)?*} < 0). We show
representative behavior of real and imaginary parts of the full spin susceptibility in Fig.
23

This result is also obtained when we consider an elliptical electron pocket, except
that there is a minimum value for ug below which no resonance is observed. This is due
to the fact that the bare susceptibilities have a local maximum instead of a divergence
at w = 2A.

2.4.2 Partially attractive interaction: u; < 0,u3 > 0.

We now consider an alternative case where the density-density interaction u; < 0, hence
ur = —uq/4 > 0. We still assume ug > |uj| such that ug > 0. For positive u,, the 7
channel can acquire a resonance on its own since the equation 1 —u,Rex?(w) = 0 neces-

sarily has a solution at a frequency between 0 and 2A if u, < (Rex2(0))~!. We assume
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Figure 2.3: Imaginary part (main plot) and real part (insert) of the full spin suscepti-
bility (T = 0, units of A~!) in the case of repulsive interactions. In this plot ug = 26A
and u, = —13A. The solid, black line indicates the full calculation. For comparison, the
dashed, blue line indicates a calculation that neglects particle-particle contributions.

that this inequality holds together with ug < (Rex%(0))~!. If any of these two condi-
tions are not satisfied, the system becomes unstable either towards m superconductivity
with total momentum of a Cooper pair Q or towards magnetic order. In both cases, the
analysis of the spin susceptibility has to be modified to include the new condensates. If
the spin-exciton and 7 channels were not coupled (i.e., if X _(w) was absent), we would
find resonances in the spin and 7 channels at frequencies wg and w,, respectively, set by
1 —ugRex%(ws) = 0 and 1 — uzRex2(wy) = 0. This suggests the possibility that there
may be two resonance peaks in the full spin susceptibility xs(Q,w) once we restore the
coupling x%_(w).

However, we found that for all values of ug and u, for which the pure s™~ state is
stable, there is only a single peak in the spin susceptibility at a frequency lower than
both wg and w,. We show representative behavior in Fig. 2.4l The existence of a single
peak is due to the fact that X%w is small at small frequencies, hence it does not prevent
the increase of the real part of the spin susceptibility with increasing w (see insert in Fig.
and only shifts the position of the lower pole (wg or wy) to a smaller value wyes. At

the same time, at higher frequencies, X%ﬂ is no longer small relative to the other bare
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susceptibilities 2 and x2. As a result, the denominator in xs(Q,w) in passes
through zero at w = w,¢s and then remains negative all the way up to w = 2A and does
not cross zero for the second time.

To better understand this, we artificially add a factor € to XOSW and consider how
the solutions evolve as we progressively increase € between 0 and 1. At small €, the
two solutions obviously survive and just further split from each other — the peak that
was at a higher frequency shifts to a higher frequency and the other peak shifts to to a
lower frequency. As e increases, the peak at a higher frequency rapidly moves towards
2A. If we keep Imxgb strictly zero, this peak survives up to € = 1 with exponentially
vanishing amplitude. If, however, we keep a small but finite fermionic damping in the
computations of ng, we find that the functions ng(w) increase but do not diverge at
2A. In this situation, the higher frequency peak in xs(Q,w) vanishes already at some
e < 1.

We also considered the evolution of the two-peak solution with € in a different way:
we postulated that the two peaks should be at wyes1 and wyes 2, both below 2A and
solved the set of equations for ug and u, which would correspond to such a solution.
At small € we indeed found some real ug and u, which satisfy “boundary conditions”
ugx% < 1 and u;x2 < 1. However this holds only up to some e... At higher e the
solutions for us and u, become complex, which implies that the two-peak solution is no
longer possible. At even higher € real solutions for us and u, reappear, but they do not
satisfy the boundary conditions. We searched for a range of wyes;1 and wyes2 and for
all values that we tested we found €., < 1, i.e., again there is only a single peak for the
actual case of € = 1.

Another way to see that there is only one peak in the full yg is to substitute the
expressions for the real parts of the susceptibilities, Eqgs. —, into the denom-
inator of Eq. and express the real part of the term D = (1 — ugx%)(1 — urx2) —
usur(x2,)? via x2 = x%(w). We obtain

w2
Uo—
Y4A?
Because (1 —ugL) and (1 —u,x2(0)) are required to be positive for the stability of the

ReD = (1 —ugL) — + ur(1 — usL)| Re[x%(w)]. (2.29)

paramagnetic state, at zero frequency, D is surely positive. At finite w, the first term

in ([2.29)) is positive, while the second one is negative and its magnitude monotonically
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increases with increasing w. As a result, the denominator crosses zero only once, at
some w < 2A.

The single resonance peak is a mixture of a spin-exciton and m-resonance and for the
representative case shown in Fig. its energy is smaller that that of spin-exciton and a
m-resonance. This implies that, when both channels are attractive, the coupling between
the two plays substantial role in determining the position of the true resonance. From
this perspective, the resonance at u; < 0 can, at least partly, be viewed as a plasmon.
A somewhat similar result has been earlier obtained in the analysis of the resonance in

the cuprates in the parameter range where m—resonance is allowed [52, [69], 66, [67].
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Figure 2.4: Imaginary part (main plot) and real part (insert) of the full spin suscepti-
bility (T = 0, units of A™!) in the case of ug = 30.5A and u, = 130A. In the absence
of coupling we would observe resonance peaks in the spin and 7 channels at frequencies
ws ~ 0.57A and w; = 1.0A, respectively, indicated on the plot.

2.5 Summary

We have studied the spin resonance at antiferromagnetic momentum (m,7) in an st~
superconducting state of FeSCs by including contribution from the particle-particle
channel, which in the superconducting state gets mixed with the particle-hole channel.
We have shown that for purely repulsive interactions the inclusion of this channel does

not qualitatively change the spin resonance, which remains predominantly spin-exciton
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and only slightly shifts to higher frequencies. For attractive density-density interaction,
when both spin-exciton resonance in the particle-hole channel and 7-resonance in the
particle-particle channel are allowed, we found that strong coupling between the two
channels destroys the two-peak structure and only one peak survives, whose frequency
is smaller than would be that of a spin-exciton and m—resonance in the absence of the
coupling. We argued that strong coupling between the particle-hole and particle-particle
channels is peculiar to the spin susceptibility, while for the charge susceptibility, which,

e.g., is relevant for Raman scattering, the coupling is much smaller.



Chapter 3

Raman resonance: The magnetic

scenario

3.1 Introduction

Raman scattering in Fe-based superconductors has attracted substantial interest in the
past few years due to the number of new features associated with multi-orbital /multi-
band nature of these materials (see, e.g., Refs. [17, 18, [79, 80, &1l 82 83, B84, [85]
86]). The subject of this chapter is the theoretical analysis of the features in Raman
scattering revealed by polarization-sensitive Raman spectroscopy in the normal and the
superconducting states of Fe-based materials NaFe;_,Co,As [12], AFesAss, A =FEu,Sr
[13, [14], and Ba(Fe;_;Coy)2Asy [15, [16]. Polarized light was used to probe the Raman
response in different symmetry channels, classified by the irreducible representations of
the Dy, crystallographic point group [I7, [I8]. In the normal state the real part of the
(almost) static and uniform Raman susceptibility in the By, channel in one-iron unit
cell notation (same as the By, channel in two-iron notation used in Refs. [12, I3, [15])
is strongly temperature dependent—it increases below 300 K roughly as 1/(T — Tp),
where Tj is positive at small doping, but changes sign and becomes negative above
optimal doping. In the superconducting state the imaginary part of the B;, Raman

susceptibility displays a strong resonance-type peak at around 50 cm™!.

There is no
such resonance peak in other channels, although the Raman intensity in the A4 channel

does show a broad maximum at a somewhat higher frequency [12].

24
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In the effective mass approximation (in which the coupling of light to fermions
is proportional to the square of vector potential) the measured Raman intensity in a
particular channel (A14, Big, Bag,. ..) is proportional to the imaginary part of the fully
renormalized particle-hole polarization bubble xr(p,{2) with proper symmetry factors
in the vertices, taken at vanishingly small transferred momentum p and finite transferred
frequency € [87, 188, [89].

The free-fermion polarization bubble vanishes in the normal state for @ > wvpp,
where v is the Fermi velocity, and obviously it cannot account for the observed strong
temperature dependence of By, Raman intensity above T¢. It is nonzero in the super-
conducting state, but does not display a peak. The effect must then come from the
renormalization of the Raman vertex due to coupling to some low-energy fluctuations
(final state interaction in Raman literature [90, [91]). This coupling may come from three
different sources. First, the B, Raman vertex changes sign under k; <> k; (i.e., under
interchanging the = and y directions in real space), hence it couples to strain (structural
fluctuations). Second, the Bj4 vertex is anti-symmetric with respect to the interchange
between the iron d,, and d,, orbitals and hence couples to orbital fluctuations. Third,
symmetry allows the coupling between the Bi, Raman vertex and Ising-nematic spin
fluctuations [the ones that distinguish between the magnitudes of spin-density-wave or-
der parameters with ordering vectors (0,7) and (7, 0)] because both are anti-symmetric
with respect to 90° rotations in the momentum space.

Structural fluctuations, orbital fluctuations, and Ising-nematic spin-fluctuations are
the three key candidates to drive the nematic order, observed in most of the Fe-based
materials. How to choose the primary candidate among these three has become one
of the key issues in the studies of Fe-based superconductors [92]. We intend to verify
whether the Raman data can help distinguish between the three candidates.

The effects of structural and orbital fluctuations has been discussed before (see Refs.
[93, 94, O5] and references therein). Structural fluctuations (acoustic phonons associ-
ated with strain) practically do not affect the Raman intensity because the coupling to

phonons changes the Bi, Raman susceptibility xr(p,{2) to

2 .2 -1
/\php

s 3.1
T | (3.)

>~<R(p7 Q) = X]_{l (pv Q) -

where ), is electron-phonon coupling and C), is the elastic constant for orthorhombic
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strain. Such coupling is relevant in the static limit, where )Zgl(p,()) = Xgl (p,0) —
(Aph/Cypp)? differs from y'(p,0) by a constant term, but is irrelevant in the limit of
vanishing p and finite (2, where Raman measurements have been performed [12] [15] [16].
(In the Bj, channel the minimum p is, strictly speaking, nonzero [96], but is generally
of order of inverse system size).

Orbital fluctuations do affect the Bj, Raman susceptibility via renormalizations
involving particular combinations of intra-orbital and inter-orbital Hubbard and Hund
terms, compatible with the fact that the B, Raman vertex changes sign between d.
and d,, orbitals. By orbital fluctuations we mean fluctuations which renormalize the By,

Raman vertex by inserting series of ladder and bubble diagrams, as shown schematically
in Fig. and in more detail in Figs. [3.17] and in section [3.6

Figure 3.1: Ladder and bubble diagrams for the renormalization of the Bi, Raman
intensity within RPA. Each combination of Green’s functions with equal momenta gives
a particle-hole polarization bubble I1p, (£2) and the combination of vertical and hori-
zontal interaction lines gives the coupling A\. We obtain A explicitly in section for a
system with dominant intra-orbital Hubbard interaction.

In the band basis, the interaction lines in these diagrams are Hubbard and Hund
terms dressed by coherence factors, associated with the transformation from the orbital
to the band basis, and projected into Bj, channel. (Each interaction contains one in-
coming and one outgoing fermion with momentum k and one incoming and one outgoing
fermion with momentum p, and its Bi, component is proportional to cos 26y, cos 20,,
where tan 6, = k,/k.). In the approximation when only ladder and bubble diagrams

are kept [often called random-phase approximation (RPA)], the Raman response in the
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B4 channel is given by (see, e.g., Ref. [97]),

HBlg (Q)

T 14 Mg, () (3:2)

Xr(2)

where xgr(2) = xr(p — 0,9), X is the proper combination of interactions in Big
channel, and Ilp, () is the particle-hole polarization function at zero momentum
transfer, summed over all bands with the B, form factor. [We define Ilp, (€2) as
i [ d*kdv/(2m)* x G(k,v)G(k,v 4+ Q). With this sign convention, Re Ip, (Q) in a
superconductor is positive at 2 < 2A, where A is the superconducting gap]. In the lan-
guage of Fermi-liquid theory, Mg, (€2 = 0) is the Bj, component of the quasiparticle
interaction function, and Mg, (€2 = 0) = —1 would correspond to a By, Pomeranchuk
instability.

Because free-fermion I, (£2) vanishes in the normal state (the poles of both Green’s
functions are in the same frequency half plane), Eq. cannot explain the normal
state behavior of the Raman response. However, xg(Q2) from Eq. is nonzero in a
superconductor, because Ilp, (©) becomes nonzero, and for negative A it displays a res-
onance peak. The resonance develops by the same reason as the excitonic spin resonance
in a d-wave superconductor [98]: the imaginary part of the polarization function II(€2)
vanishes for Q < 2A, while the real part of II(2) is positive and diverges at {2 = 2A. As
the result, for negative A, the denominator in is guaranteed to pass through zero
at some frequency below 2A, and a sharp resonance in yz(2) appears at this frequency
[97].

This would be the most natural explanation of the Raman resonance. The problem,
however, is how to justify that A\ is negative, i.e., that there is an attraction in the
B4 (d-wave) charge Pomeranchuk channel. If intra-orbital Hubbard repulsion is the
dominant interaction term, A is definitely positive and orbital fluctuations do not give
rise to the resonance in the Raman intensity (we show this in section . The coupling
A does become negative when inter-orbital interaction U’ and exchange Hund interaction
J are included and U’ is set to be about equal to U and larger than J [99]. However,
the relation U’ &~ U gets broken once one starts integrating out high-energy fermionic
excitations [77, [100] or includes lattice effects [75]. In a generic case it is natural to
expect that the intra-orbital Hubbard interaction is the strongest interaction between

Fe d-orbitals. If so, the coupling A is positive and there is no resonance in xz(£2) within
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RPA.

In this chapter we analyze whether the increase of xz(2) in the Bj, channel in the
normal state and the sharp peak in the Raman response in this channel below T, can be
due to Ising-nematic spin fluctuations associated with stripe magnetism. The advantage
of the magnetic scenario is that Ising-nematic fluctuations are enhanced even when
intra-orbital Hubbard interaction is the dominant interaction between fermions. The
only requirement is that the magnetic order should be stripe rather than checkerboard
[101].

The coupling of the Raman vertex to a pair of spin fluctuations with momenta near
Q = (0, ) [or (m,0)] occurs via the Aslamazov-Larkin (AL) process. The corresponding
diagram is presented in Fig. AL diagrams for Raman scattering have been earlier
discussed in Ref. [102, [I03], but in a different context. The lowest-order AL type
diagram (the one shown in Fig. contains two triangular vertices made out of
fermionic Green’s functions from hole and electron bands, and two spin-fluctuation
propagators. The vertex between fermions and spin fluctuations can be obtained by
decomposing the antisymmetrized interaction into spin and charge parts, by focusing
on spin-spin part, and by using the Hubbard-Stratonovich method to transform the
interaction between fermionic spins into spin-spin interaction between a fermion and a
collective bosonic variable in the spin channel [101].

We show that in the normal state, above a certain temperature, each triangular
vertex I'y. scales as 1/T, while the convolution of the two spin propagators at equal
frequencies (i.e., Ty, [ d%q/(2m)% x [x*(Q+q, vn)]?) scales as T. As the consequence,
the Raman susceptibility from Fig. scales as 1/T. This holds in both A;, and
B14 channels. Higher-order processes, shown in Fig. @ and in more detail in Fig.
below, however, distinguish between A;, and B;, Raman responses. Namely, an
attractive interaction between magnetic fluctuations in the Bj, channel increases Biq
Raman response and changes 1/7" dependence into 1/(T — Tp) (see Refs. [104], [105]
and Sec.IIT below), while the (much stronger) repulsive interaction in the A, channel
almost completely eliminates the temperature dependence of A;, Raman response. This
behavior fully agrees with the data.

In the superconducting state, the 1/7" behavior of I'y,. is cut by the gap opening,
while x2(Q) = [dvd*q/(27)? x x*(a + Q,v)x*(q + Q, v + Q) becomes singular. The
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real part of x?(2) diverges at Q = 2045, Where Q04 is the minimal frequency of
the magnetic resonance in the superconducting state, and its imaginary part jumps
at this frequency from zero to a finite value. Higher-order terms change x2(2) into
XT—nem(82) = X2(2)/[1 + 2gx%()] (see Sec. III), where g is negative (attractive) when
magnetic order is of stripe type [10I]. Approximating the triangular vertex I';, by a
constant we then obtain

2
Q
XR(Q) = F?TXIfnem(Q) F2 X ( )

—Ltr 1+29X2(Q)' (33)

The combination of g < 0 and the fact that the real part of x?(£2) is positive and diverges
at € = 20,44 guarantees that 1 4 2gx2((2) passes through zero at some = Q.51 <
2Q49. At this frequency the Raman intensity Im xz(€2) displays a é-functional peak.

x5(Q+a,v)

X Q+av+9Q)

Figure 3.2: The lowest order (two-loop) AL diagram for the Raman intensity. The mo-
menta Q; = (7,0) and Q2 = (0, 7). The solid and dashed lines represent fermions from
different bands with band indices ¢ and j. The sinuous lines represent spin fluctuations
and the external jagged lines are the coupling to photons.

2.

Figure 3.3: Schematic representation of higher-order contributions to the Raman re-
sponse. We show higher-order terms in more detail in Fig.
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We show that approximating 'y, by a constant is justified if typical fermionic fre-
quencies in the triangular diagram for I's, are larger than €2,,,,4. These relevant frequen-
cies are of order A, hence the analysis is justified when €2, < A. This holds if the
inverse magnetic correlation length mg is small enough because Q2,4 o< m, [106]. In the
Fe-based materials, in which By, resonance has been observed, the situation is, however,
somewhat different: neutron scattering data for NaFe;_,Co,As with x = 0.045 show
[107] that Q49 =~ 7 meV, while A = 5 — 5.5 meV [I08], i.e., A is somewhat smaller
than Q,qg. Similarly, for Ba(Fe;_;Coyz)2Asy with x=0.075, Q09 ~ 9.5 meV [35], while
A = 4.5 — 5meV on the electron pocket and 7 meV on the hole pocket [109], so again
A < Qyag. In this situation, there is no good reason to treat I'y. as a constant, in-
dependent on €44, because two fermionic frequencies in the triangular loop differ by
Qrnag-

Figure 3.4: Interpretation of the two-loop AL diagram as consisting of two particle-hole
bubbles with zero momentum transfer (unshaded circles), separated by the magnetically-
mediated four-fermion interaction. The notations are the same as in Fig. Higher-
order terms are shown in Fig.

In view of this complication, we also analyze another scenario for the Bj, reso-
nance below 7., namely, that the resonance originates from the 2A singularity of the
particle-hole polarization Ilp,,(£2) in an s-wave superconductor, like in the pure orbital
fluctuation scenario, while spin fluctuations renormalize the original, likely repulsive,
coupling A in Eq. into the effective coupling A.rs (see Figs. . This scenario
is justified in the opposite limit when (1,4 is assumed to be much larger than A.
The strong inequality never holds because €44 < 2A, but the weak inequality may
be already enough number-wise. We show that A.fs turns out to be negative (i.e.,
attractive) near a nematic instability. For negative Acys, 1 + Aesrllp,,(£2) necessary

vanishes at some frequency ;52 below 2A, where ImlIlp, () is zero, and this leads
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to an excitonic-type resonance in the Bi, Raman response.

Such a scenario has been proposed in earlier works [16, [97] based on the phe-
nomenological argument that Ising-nematic and orbital order parameters break the same
C4 symmetry and hence are linearly coupled in the Landau functional (see e.g., Ref.
[110, 111]). A bilinear term with a constant prefactor A was argued to give rise to
the renormalization of A into Acpp = A — A?X7_nem- The latter is obviously negative
when x7_pem is large. We compute the renormalization of A within our microscopic
model. We show that A.rs does become negative and scales as Xj_nem. However,
the prefactor is not A% and is nonzero only if one includes the non-analytic dynamical
Landau damping term into the spin propagator. If spin-fluctuation propagator is ap-
proximated by its static part, A.yy = 0. We explain the difference between the coupling
between Pomeranchuk order parameter and two spin fluctuations (= A) and between
Ising-nematic and orbital (Pomeranchuk) order parameters, which actually gives rise to
the renormalization of A.

The outcome of this study is that the resonance in B1, Raman intensity is of purely
magnetic origin at 2,4y < A—it is due to the pole in x7—nem(2) at Qpes 1. At Qprgg >
A the resonance of fermionic origin—it develops by the same reason as in purely orbital
scenario, due to the emergence of the excitonic pole in the ladder series of particle-hole
bubbles with By, vertices. However, the attraction between fermions in the By, channel
comes from magnetically mediated interaction.

In FeSCs, Q2,49 and A are comparable, in which case the actual resonance is likely the
mixture of the nematic and the excitonic resonances. In NaFe;_,Co;As with z = 0.045,
the B4 peak is seen at 7.1 meV [12], which is below both 2A and 2€Q,q4. Similarly, in
Ba(Fe;_,Coy)2Ase with x=0.061, the Blg peak is seen at 8.7 meV [I5] , which is also
below both 2A and 2€,,44.

The chapter is organized as follows: In Sec. [3.2]we evaluate analytically the two-loop
AL-type diagram for B, Raman scattering. In Sec. we show that in the normal
state this contribution to xr(£2) is strongly temperature dependent. The temperature
dependence is roughly 1/7. We argue that higher-order terms, which include inter-
actions between pairs of spin fluctuations, replace 1/T dependence into more singular
1/(T — Tp). In Sec. we extend the analysis to the superconducting state. In Sec.

we argue that spin excitations with momenta near (0,7) and (7, 0) evolve below
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T. and become magnon-like, with minimal energy 2,,,,4. We compute the two-loop AL
diagram assuming that the vertices that couple light to spin fluctuations saturate below
T., and show that this contribution to Raman intensity becomes logarithmically singu-
lar at € = 2Q,,,4. We further show that higher-order terms, which include interactions
between spin fluctuations, convert logarithmical singularity at 2(2;,, into a true reso-
nance peak at an energy Q51 < 2{,44. In Sec. we re-interpret the two-loop AL
diagram for Bj, Raman scattering differently, as the contribution from two particle-
hole polarization bubbles with an effective interaction mediated by spin fluctuations.
We compute the magnetically mediated four-fermion interaction A,y and show that it
is attractive. We argue that higher-order terms give rise to an excitonic peak in y(€)
at es1 below 2A. In Sec. we discuss the interplay between this peak and the
one coming from fully renormalized nematic susceptibility. In Sec. we present the
results of numerical computation of spin-fluctuation contribution to Raman intensity
at two-loop and higher orders. In Sec. we compare AL vertices for the coupling
to spin fluctuations in different symmetry channels and show that in the Bg, channel
(in the 1-Fe zone) the vertex for the coupling of light to spin fluctuations vanishes by
symmetry. The vertex in Ay, channel does not vanish and is of the same order as the
vertex in By, channel. We show, however, that there is no resonance in A;, because
the interaction between spin fluctuations in this channel is strongly repulsive instead of
attractive. We present our conclusions in Sec.
Throughout the chapter we will be using band formalism and will be working in the
1-Fe Brillouin zone (BZ).

3.2 Raman response from spin fluctuations

We consider the four-band model of NaFe;_,Co,As and Ba(Fe;_,;Co,)2Asy with two
hole pockets centered at k, = k, = 0 and two electron pockets centered at (0,7) and
(m,0) in the 1 Fe Brillouin zone (BZ), see Refs. [112, 113} [114] 115]. Excitations near
the hole pockets are composed out of d,. and d,. orbitals and there is 90° rotation
of the orbital content near one Fermi surface compared to the other. Excitations near
electron pockets are predominantly composed out of d,, and d,. orbitals for the (0, )

pocket and out of d,, and d,, orbitals for the (7, 0) pocket [59]. We do not include into
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consideration the third hole pocket, centered at (m,7) in the 1Fe zone, as it is made
out of C4-symmetric d,, orbital and does not play any significant role in the analysis of
Raman scattering, particularly in By, geometry.

The Raman response function can be calculated as a time-ordered average of density

operators weighted with Raman form factors:

(P, ) = =i [ At (Tpp(t)p-p(0)). (3.4
where
Pp = Z Wi(k)cz,k—kp,ociykzo" (35)
i,k,0

Here i represents a band index, o represents a spin projection of a fermion, and (k)
is the Raman form factor, which keeps track of the polarizations of the incoming and
the outgoing light. The use of light of different polarizations allows the probing of
different symmetry channels: Ay, Asg, Big, and Ba,. Note that the Bi, and Ba,
channels are interchanged when going from the 1-Fe BZ to the 2-Fe BZ, because the
coordinate system is rotated 45° to make the k, and k, axes coincide with the sides of
the square cell. Because the wavelength of light used in the experiments is a few orders
of magnitude greater than the lattice constant, the typical values of vpp are smaller
than typical €2, and it suffices to calculate the susceptibility at p — 0, i.e., compute
Xr(Q) = xr(p = 0,9).

Without the final state interaction, the Raman response involving a pair of spin
fluctuations with momenta near (0,7) and (7,0) (the difference between the centers of
electron and hole pockets) is given by the diagram shown in Fig. Since light can
couple to each hole and electron band, there are several diagrams of this kind with two
fermionic lines from one of hole pockets or from one of electron pockets (see Fig. |3.16

below). The combined contribution from these diagrams takes the form

d2qd
R(Q) = — i / T Th i@ (@t a.r)

X X(Qi+q,v+9Q), (3.6)

where T'y,.; defines the vertex for the coupling between light and spin fluctuations (see
Fig. , X® is the propagator of spin fluctuations, [ = 1,2 with Q; = (7,0), Q2 = (0, 7),

and f; is the symmetry factor, e.g., f; = of; for By, geometry.
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Figure 3.5: The AL vertex I'y, for the coupling of light to spin fluctuations. Single solid
and dashed lines represent excitations from one of the two hole bands and the double
solid line represents excitations from one of the two electron bands. When typical
internal frequencies in the triangle made out of fermionic Green’s functions are larger
than typical frequencies of spin fluctuations, I'y, can be approximated by a constant (a
circle on the right-hand side of the figure).

The vertex I'y.;(q,v) is composed out of three fermionic Green’s functions, the
Raman factor y(k), and two vertices for the coupling between fermions and spin-
fluctuations: g,fvi;(k,k+Q;—q), where g is the spin-fermion coupling (or order of the
intra-orbital Hubbard U) and v;;(k, k+Q;—q) are coherence factors associated with the
transformation from orbital to band basis for fermions from bands ¢ and j (i,j = 1,2).
In a superconducting state one must include diagrams containing anomalous Green’s
functions, which create or destroy particles in pairs, and sum over all allowed combi-
nations of normal and anomalous functions. For any particular combination of normal

and anomalous functions, the triangular vertex takes the form

d2kd
Cuaar) =% | okt Qi—a)
X Gi(k,w)éi(k,w + Q)@j(k +Q—q,w—v), (3.7)

where G; ; are either normal (G) or anomalous (F)) Green’s functions with i from a hole
pocket and j from an electron pocket or vice versa. The index of the electron band is

equal to [.
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3.3 The vertex function in the normal state and the tem-

perature dependence of the B;, susceptibility above

1.

In this section we compute the Raman vertex function in the normal state and obtain the
temperature dependence of the real part of the Raman susceptibility in the static limit.
Here and in Sec. We focus on B, scattering geometry with (k) o< cos kx—cos ky and
do not explicitly write symmetry factors in the Raman vertex and in the vertices relating
fermions with spin fluctuations. We will discuss these symmetry factors and different
geometries in Sec. We also neglect for simplicity the eccentricity of the electron
pockets and set all Fermi surfaces to be circles of the same size. This approximation
simplifies calculations, but does not qualitatively affect the temperature dependence
compared to a generic case in which the pockets are different. In the static limit Eq.
in the normal state reduces to

2
rtr(q,un)z—ATZ/(d k ! ! : (3.8)

2m)2 (iwm — 6)° i(wm — vn) — &g

where A ~ gff. For concreteness we assume that ¢ is a hole band and j is an electron

k2

band. The hole and electron dispersions are given by §ﬁ =p— g = —fi, where p is

the chemical potential. At q =0 and v, = 0, [y, is given by

Am
T = toe7! (7))
The scaling function f(z) = tanh(z)/x is close to 1 for z < 1, i.e., for T > u/2. In
this temperature range I'y, &~ Am/(1677T") scales as 1/T". This has been noticed before
[116]. At larger x (smaller T'), I'y tends to a constant [105]. At a nonzero q and vy,
the expression for 'y, becomes more complex, but as long as v, = O(T') and |q| < kF,
the functional form remains the same.

We next compute the convolution of two spin fluctuations in the normal state.
There is no controllable way to obtain the spin-fluctuation propagator starting from
the fermion-fermion interaction. The RPA procedure is often used, but it selects par-
ticular series of ladder and bubble diagrams in the particle-hole channel and neglects

contributions from the particle-particle channel. The latter are, however, not small, even
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at perfect nesting [8, [I17]. Besides, in a general case of hole and electron pockets of dif-
ferent sizes and geometry, the static propagator of spin fluctuations comes from fermions
with energies of order bandwidth, for which the low-energy expansion is not applicable.
In view of this complication, we adopt the same approach as in earlier works on the
spin-fermion model [118] and assume phenomenologically that the static part of the spin-
fluctuation propagator has a regular Ornstein-Zernike form xj;(q + Q,0) =1/ (¢>+m?2),
where my is the inverse magnetic correlation length (the overall factor in x*® is incorpo-
rated into the spin-fermion coupling). The dynamical part of x*, however, comes from
low-energy fermions and can be obtained by computing the dynamical part of particle-

hole polarization bubble made of fermions near a hole and an electron pocket, separated

by Q. Then
1

m?+ ¢ + g (vm)’

XS(Q +q, Vm) = (3'9)

where v = mg,¢/(2m), gss is the spin-fermion coupling [118], and Ilg(vy,) = I(Q, vm) —
I1(Q,0), where II(Q, v,) is the dynamical polarization bubble at momentum transfer
Q. The polarization bubble Ilg(r,) is logarithmic in v, because it is the convolution
of fermions from hole and electron bands with opposite sign of the dispersion [119]. We

computed Ilg(vy,) numerically and found that it can be well approximated by

g (vm) = log (3 57|2 n;i) (3.10)

starting already from the lowest nonzero Matsubara frequency. Substituting this into
(3.9) and evaluating the convolution of the two dynamical spin susceptibilities with the

same momentum and frequency we obtain

Z/ G (a+ Qi) (a+ Q)

9 1
) +n§11+7(ms) Tlog (3.57]m]) (3.11)

The coupling constant v cannot be calculated within the theory, but is generally of order
1. Assuming that this is the case, we find that the dominant contribution to the sum
over bosonic Matsubara frequencies comes from the term with v, = 0, at least when

the inverse magnetic correlation length ms < 1. The convolution of the two x* then
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gives, up to a constant prefactor, 7/m? [04, ©5]. Combining this with I'?, oc 1/T, we
obtain that the contribution to the static B, Raman susceptibility from the processes
involving a pair of spin fluctuations with momenta near (0, 7) and (7, 0) and two triple
vertices (i.e., from the diagram in Fig. is given by

1

(3.12)

Outside the T range near a magnetic transition, the temperature dependence of my is

weak, and xr(2 = 0) scales roughly as 1/T.
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Figure 3.6: Ladder series of renormalizations of the interaction of light with spin fluc-
tuations with momenta near Q; = (m,0) (labeled as 1) and near Q2 = (0,7) (labeled
as 2). The interaction vertices are made out of fermions from different bands (see Fig.

B.7).

3.3.1 Higher-order contributions to Raman susceptibility

We next consider how Eq. changes once we include the interactions between pairs
of spin fluctuations. These interactions either leave bosonic momenta near a particular
Q1 = (m,0) or Q2 = (0,7), or transfer both momenta from Q; to Qg or vice versa.
In the latter case, the process belongs to the umklapp category and is allowed because
2Q1 = 2Q2 up to reciprocal lattice vector. We show the corresponding diagrams in Fig.
Each interaction vertex is given by the convolution of four fermionic propagators

(see Fig. [3.7). These vertices have been computed in Ref. [10I] in the limit when
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Figure 3.7: The structure of the vertices for the interaction between spin fluctuations
with near Q; = (m,0) (labeled as 1) and near Qy = (0,7) (labeled as 2). The single
solid and dashed lines represent excitations from one of the two hole bands and the
double solid and dashed lines represent excitations from one of the two electron bands.

bosonic frequencies are set to zero. We argued above that this approximation is justified
for the two-loop diagram, and we now assume that this also holds for higher-order
processes. We then borrow the results from Ref. [I01], which demonstrated that the
effective interaction in the B, channel is a negative (attractive) 2g, which scales with
temperature as 1/7%.

We show explicitly how to solve the coupled set of ladder equations for the fully
renormalized AL vertices with momenta Qi and Q2 later in Sec. (where we compare
Ay4 and By, channels), because the set involves both A, and By, components. Here
we just present the result: at small 2, interactions between spin-fluctuations change the

two-loop AL Raman vertex in B, geometry into

Xr(Q) =T} (@)

2 XY _pe ), 1
tr1+29X2(Q) tr X1 ( ) (3 3)

where x2(£2) is the short notation for the convolution of two spin-fluctuation propagators
with relative frequency €2 and we defined

X*(Q)

= TS5 (3.14)

lenem(Q)

Using g ~ 1/T* |, x> < T, I'y, < 1/T, and introducing Ty as a temperature at which
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2gx% = 1, we obtain

(mg)~2 T2
0,7) ~ 3.15
X&(0,T) T—Ty \T?+TTy+1¢)’ (3.15)

which for T' > Ty is rather well approximated by
1

T-Ty

In Sec. we show that singular 1/(T" — Tj) dependence only holds for the Bj, Ra-

man vertex. In other channels, Raman intensity from the coupling to spin fluctuations

XR ~ (3.16)

either vanishes by symmetry of is substantially reduced by interaction between spin
fluctuations.

The 1/(T — Tp) behavior of the Bi, Raman vertex is quite consistent with the
experimental observations for NaFe;_,Co,As, EuFesAsq, and Ba(Fe;_,;Co,)2Asy [12]
13, 15, [16]. In these materials T is positive at doping below a certain xy. This Ty would
be the temperature of Ising-nematic instability in the absence of (i) superconductivity
and (ii) coupling to phonons. Superconductivity obviously cuts 1/(7" — Tp) behavior
at T, if T, is larger than Ty. The coupling to static phonons shifts the the coupling ¢
t0 gefr = g+ (TurApn/Cpn)?/2 [see Eq. (3.1)] and hence shifts the temperature of the
Ising-nematic instability to Tyenm > To. We remind that this shift is not present in the
"static” y g, extracted from the measured Im x g(Q2) by Kramers-Kronig transformation,
because the contribution from phonons rapidly drops at nonzero €2 and is negligibly
small for frequencies at which Im xr(€2) has been measured. As a result, "static” B,
susceptibility extracted from the Raman data increases upon decreasing T but does not
diverge even at Them.

Note also that Ty is positive as long as magnetic order is a stripe, otherwise g > 0 and
the final state interaction reduces rather than enhances the Raman intensity. Recent
studies have shown [120] 121} 122} 123] that g does change sign as doping increases,
hence one should expect that Ty will change sign from positive to negative above a

certain doping. This is fully consistent with the data [12].

3.4 The resonance in B;, channel below T,

We now turn to the superconducting state. We first argue in Sec. that under

certain conditions the resonance in B1, Raman response is due to the development of
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the pole in X7—pem (£2), given by . In Sec. We consider another scenario for the
resonance. Namely, we re-interpret the two-loop diagram as containing two dynamical
particle-hole polarization bubbles with zero momentum transfer, I, (2), coupled by
an effective interaction mediated by spin fluctuations (see Figs. . This effective
interaction renormalizes A in Eq. into Aeff, and we show that Acrr becomes negative.
As we said in the Introduction, for negative coupling the system develops an excitonic

resonance in the superconducting state, at a frequency below twice the superconducting

gap.

3.4.1 Resonance due to the pole in Yx;_,.cm

To analyze the form of x;_pem at T = 0 in a superconductor we need to know the
form of x*(Q + q, v) along the real frequency axis. As in earlier works, we assume that
the symmetry of the superconducting order parameter is s™. Superconductivity does
not affect the static form of x® as it generally comes from high-energy fermions, but
changes the form of the dynamical term Ilg(v) = II,(Q,v) — I14(Q,0) in Eq.
(converted to real frequencies), as this term now contains the sum of GsGs and F,Fy
terms. Approximating fermionic dispersion in the same way as before we obtain

1 [ d*k 1 1
IL(Q,v) = = — — — 1, 1
(Q.v) 2 / (2m)? [1/ +2E —in v—2Ex+1in (3:.17)

where B2 = ¢ + A? and & = p — % (note that we define IT without a spin factor of
2). In principle, in evaluating II4(Q, ) one has to include also G3Fs terms and combine
renormalizations in the particle-hole and the particle-particle channels because in the
superconducting state particles and holes are mixed as was argued in Chapter [2l The
work in the Chapter, however, showed that as long as all the interactions are repulsive,
the effect of inclusion of these extra terms is minimal in the case of Fe pnictides and
merely shifts the resonance frequency (see below) down by a few percentage points.
The straightforward analysis shows that ImIIg(v) vanishes for |v| < 2A because
the excitations are gapped. At |v| = 2A, ImIIg(r) undergoes a discontinuous jump
to a finite value and Rellg(p) diverges logarithmically. The divergence of the real
part of Ilg(v) at v = 2A implies that the denominator in must vanish at some
frequency below 2A, thus creating a pole in x*(Q + q,v). Specifically, for a given q,
Im x*(Q + q, v) has sharp peak at frequency v,.s(q) and Re x*(Q + q, v) diverges. This
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is indeed nothing but the spin resonance in an s™~ superconductor [53, [124]. Because
time-ordered Ilg(v) is an even function of v, it follows that for a given q, time-ordered

X°(Q + q,v) has two simple poles at v = tv,5(q). Then x® can be written as

a(q,v)

v+ Vres(CI)] [V - Vres(Q)] ’ (3.18)

X’ (Q+q,v) = [

where a(q, V) is some analytic function, which is also even in v.

We now turn to the Raman susceptibility from the two-loop diagram, Eq. . We
assume and then verify that the triangular Raman vertex I'y, can be approximated by
a constant and taken out of the integral for yg. The 1/T temperature dependence of
I'y is obviously cut by T, i.e., it remains finite at T = 0. Whether it can be taken out
of the integral over the bosonic frequency is a more subtle issue and we discuss it at the
end of this section.

With I'y, approximated by a constant, the expression for the Raman susceptibility

takes the form

XA(€) = T3 (Q), (3.19)
where Lad
(@) = =i [ GE Q4@ e+ 9), (3.20)

where we remind that i = 1,2, Q; = (7,0), Q2 = (0,7), and ¢}, is present because we
consider B4 geometry.

Substituting xs from (3.18) into Eq. (3.20) and evaluating the frequency integral,

we obtain, neglecting symmetry factors,

2 _ d2q ald, Vres(q)]
X (@) = /(%)z 2ren( @) (3.21)

[a[q, Q—vies(a)] | ald, 2+ vres(q)]
Q- 2Wpes (Cl) Q+ 2Wres (CI)

(3.22)

This formula shows that for each momentum q there is an enhancement of the
response at twice the frequency vy.s(q). We define the minimum value of v,.5(q) as
Qmag- A simple experimentation with the momentum integral shows that Im Y2 is
small at 0 < 20,44, but enhances sharply at Q > 2Q,,,,. In order to illustrate this

effect more concretely, we adopt a simple model for the dispersion of the pole. Namely,



42
we set Vres(q) = Qmag + ag®. Integrating in Eq. (3.21)) over ¢ and substituting the
result into (3.19)) we obtain

I'Z a2 402
0)=_-"""1 i 2

We see that in the two-loop approximation, Im y z(€2) undergoes a jump from zero
to a finite value at Q = 20,,,44. The real part of the Raman susceptibility Re xr(€2)
diverges logarithmically at this frequency. Below we verify this result by evaluating
numerically.

We next follow the same path as in the normal state and include higher-order dia-
grams (Fig. [3.3) with the interactions between the two spin fluctuations, i.e., replace
the two-loop result xp = I'Z.x%(Q) by

2
(@) = T2 x1 (@) = 12— XY

= —_— .24

Because Re y? diverges upon approaching 2Q4g from below, Im x? vanishes below
2Q0mag, and g < 0, the full Imyr(£2) has a true pole at some frequency Q = Qpes1 <
2Qmag-

We now verify the approximation that I'y, can be taken out of the integral over the
bosonic frequency v. The triangular vertex contains one internal frequency w and two
external ones: (2, at which we probe the Raman response, and the bosonic frequency
p. For ©Q we take the resonance frequency €.¢s1 < 2€2,,4¢. Typical bosonic frequency
v ~ Qpqg and typical w is A. Obviously then, the AL vertex I'y, is independent on v if
Qnag is much smaller than A, i.e., when internal energy in the AL diagram made out
of three fermionic Green’s functions is much larger than both external frequencies.

The condition €4y < A is satisfied when the inverse magnetic correlation length
ms is small enough because €44 o< M [106]. As we said in the Introduction, in Fe-
based materials, where B, resonance has been observed, the situation is somewhat
different: neutron scattering data for NaFe;_,Co,As with x = 0.045 show [107] that
Qnag ~ 7 meV, while A = 5 — 5.5 meV [I10§], i.e. A is somewhat smaller. In this
situation, there is no good reason to treat 'y, as a constant.

In the next section we analyze another scenario, which is justified in the opposite

limit when €2,,,44 is much larger than A.
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Figure 3.8: Reinterpretation of series of AL diagrams for yr with interactions between
spin fluctuations as series consisting of multiple particle-hole bubbles with zero momen-
tum and finite frequency transfer (unshaded circles), separated by effective interactions
mediated by spin-fluctuations. Each interaction vertex (shaded rectangle) is the convo-
lution of two fermionic and two bosonic propagators. A particular subset of diagrams is
shown, with fermions from one of the hole band (solid lines). Double solid and double
dashed lines describe fermions from two electron bands.

3.4.2 Another interpretation of AL contribution to the B;, Raman

response below T..

In this section we look at the second-order AL diagram from Fig. through different
lenses. Namely, we abandon the approximation in which I';, is treated as a constant
and instead use the fact that on both ends incoming and outgoing fermionic momenta
are identical (either k or p), while frequencies differ by 2, and re-interpret this diagram
as consisting of the product of two particle-hole polarization operators at zero trans-
ferred momentum and finite frequency, Ilp,,(€2) [the same as in Eq. ], separated
by magnetically mediated effective interaction A,.4 (see Fig. . The latter is the
convolution of two fermionic and two bosonic propagators. Viewed this way, the two-
loop AL diagram has the same structure as the two-loop diagram from RPA series in
Eq. . Accordingly, Ajmqg and the bare A are combined into Aeyr = A+ Ajpag. If the
combined A.yy is negative, 1+ AcsrIlp, (€2) necessary vanishes at some frequency below
2A because Im Il () vanishes below 2A and Re Il (Q) diverges as 1/v4A2 — Q2
when |Q] approaches 2A from below. The vanishing of 1 + AcsfIlp,,(£2) implies that
Raman intensity has an excitonic resonance at 0 = (¢, 2.

The representation of the two-loop AL diagram from Fig. as /\magHQB1g (Q) with
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a constant \,qs is again an approximation because the result for the convolution of
two fermionic and two bosonic propagators generally depends on external momentum
in frequency. The singular behavior of the particle-hole polarization bubble I, (Q2) at
Q ~ 2A comes from internal frequencies near +A. Internal frequencies in the fermionic-
bosonic loop for Ay,q4 are of order £2,,44. If €244 is much larger than A, a typical internal
frequency is much larger than a typical external frequency. The latter can then be sent
to zero, in which case Ap,qg becomes a constant. The frequency €244 < 2A and hence
it can be at most twice A. But number-wise this may be sufficient to treat A,y as a
constant. The same distinction holds for internal/external momenta, and the result is
that, to the same accuracy, Acfy can be evaluated by placing external momenta on the
Fermi surface.

We compute A.¢y first in the normal state and then in a superconductor, assuming
formally that €,,,4 > A. To simplify calculations, we set u = 0, i.e., assume that the
size of hole/electron pockets is infinitesimally small. The argument is that, if A.¢; has
a definite sign in this limit, then, by continuity, the sign should remain the same at a
small but finite pu.

In the normal state, the coupling A4 is given by

2 14
Mg = oy | G CHan) (@), (3.25)

where v is the Matsubara frequency. For definiteness, we take fermions from one of
the electron bands, i.e., use G(q,v) = 1/(iv — ¢*/(2m)). We verified that A,e, does
not change if we instead take fermions from the hole band. For the dynamical spin
susceptibility we use Landau-overdamped form extended to Matsubara frequencies:
x(a,v) = 1/(¢* + m2 + |v|/vo), where vy is a positive constant.

Substituting the forms of bosonic and fermionic propagators into (3.25)) we obtain

PN /qudu 1 1
7 = | @n) fiv — @2/ @m)P (@ + mZ + [v]/v)?
2 00 0o 1 1
— 27 / dx/ dv——— = 5 (3.26)
(2m)? Jo oo (+iz)? (V] + vom?2 + voyma)
The double pole in the fermionic Green’s function is located at v = —iz. It is then

convenient to evaluate the frequency integral by closing the integration contour over

the upper half plane of complex v (see Fig. [3.9). The integrand vanishes at |v| — oo,
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Re

Figure 3.9: Contour of integration over frequency v in Eq.

and if x* was an analytic function of v, A4y would be zero. But this is not the case
because the Landau damping term contains |v| = V2, which is non-analytic function of
v along imaginary axis in both half planes. Choosing the integration contour as shown

in Fig. and using |iz + €| = izsgne, we obtain after a simple algebra
2 o0 o0
vgm 1
Amag = — i02f Tors /d/d
O N N Ok
1 1

[(iz +vom2 4+ voma)?  (—iz + vom2 + vomx)?

492 VQm o0 o] ( 2 + )
S0 z(voms + voma
= d d . 3.27
(2r)? /0 9”/0 et 2222 + R (m2 1 ma)? (8.27)

The integrand is positive, hence A\p,qy < 0. Estimating the integral, we obtain Ap,q4 o
1/m? ie., Amag strongly increases near the magnetic instability.

In the superconducting state, we represent spin-fluctuation propagator by Eq. ,
ie., by x(q,v) = a/[V? + v24(q)], and use vyes(q) = Qmag + ag®. We assume and then
verify that typical v in the integral for A, are of order {},,,,. Because we assume

Qnag > A, we can still use normal state Green’s functions for fermions Substituting

into (3.25)) we obtain

\ _ g /dzqdu 1 a
e S @r) fiv — a2/ (2m)]2 [12 + (Qnag + ag2)?)2
2
955 ma /°° /°° 1 1
= d d . 3.28
wor, o Y e 1+ P (3.28)

where § = 2ma is a dimensionless parameter. The integrand, viewed as a function of
v, contains two double poles in the lower-half plane, at v = —iz and at v = —i(1 + Sz),

and the double pole in the upper half-plane, at v = i(1+ Sz). The last two double poles
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come from y2. Evaluating the frequency integral by standard means, we obtain after

simple algebra that

2 00
9sr ma /O d : 3+ z(1+35) (3.29)

Amag = ——— —— .
T8 Qg Jo (1 B[+ (14 B)af?
The integrand is positive for all > 0, hence A4y < 0, like in the normal state.

. 4
Furthermore, because Qpqq o mg, we still have Apqq o< 1/ms.

1.0¢
0.8+

0.6~

Amag(8)/Amag(0)
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0.0 0.2 0.4 0.6 0.8 1.0
$=A/Qmag

Figure 3.10: The dependence of the effective spin-mediated four-fermion interaction
Amag(s) on s = A/Qy44, see Eq. (3.30). We set 8 =1 for definiteness.

Like we said, the condition 2,44 > A is not realized because {1,y < 2A. To
estimate how )44 changes when €,,,, and A become comparable, we use the fact that
2A singularity in the particle-hole bubble comes from fermions with frequencies near
+A and evaluate A4y in the superconducting state for the case when the frequencies
of the two bosonic propagators differ by €,, = 2A. The calculation is straightforward,
and the result is that A, becomes a function of s = A/€,,44. The dependence on s
is given by
g? F ma
nan(8) =~

X/Ooda: [(1+ 1+ B)2][3 + 2(1 + 38)] — 52
o (L4 B2)[(1+Bz)? + s2{[1 + (1 + B)a]? + 52}

(3.30)
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We plot Apqq(s) in Fig. We see that Ayq¢(s) drops when s = A/, increases,
but the ratio Ammag(s)/Amag(0) remains of order one when A and 2,44 become compa-
rable.

Combining this last observation with the fact that Ag(0) oc 1/ml, we conclude
that for small enough my, |Apag| is definitely larger than the bare interaction A, hence
Aeff = A+ Amag is negative, no matter what is the sign of A.

One can go a step further and add to the interaction vertex in Fig. (the shaded
rectangle) the renormalizations coming from fermions with energies higher than €2,,44.
These terms renormalize the convolution of two spin-fluctuation propagators x?(£2) into
Xi—nem = X2/[1 + 2gx?*(2)] and hence add the same denominator to Amqg. As the
consequence, Apyqq diverges already at the Ising-nematic instability, before mg vanishes.

By continuity, we assume that ), remains negative also for finite hole and electron
pockets. Using further RPA form for the Raman intensity, Eq. , we obtain that
Xr(§2) has the singularity at 0 = Q.50 < 2A, at which 1+ AcsrIlp,, (2) = 0.

Finally, we briefly comment on the difference between our analysis and earlier phe-
nomenological consideration of the bi-linear coupling between B1, orbital order param-
eter Ao = Y < C/JE;Ck cos 260;, > and A% — A%, where A1 and A, are spin-fluctuation
fields with momenta near Q; and Q2 [16, [97]. In the microscopic calculation [101] such
term appears in the Landau free energy once we introduce Ao and A,, as order pa-
rameter fields, bi-linear in fermions, and perform Hubbard-Stratonovich transformation
from fermions to bosonic collective variables. The prefactor A for Ay, (A2 — A2) term
in the Landau functional is given by the same triangular diagram as AL vertex, and
has a finite value (i.e., A ~ T'4.). At the first glance, we can identify A? — A2 with the
propagator of an Ising-nematic field and obtain the correction to the prefactor for A2,
in the form — A2y 7_pem. Because the bare prefactor is Hg}g FA Aepf=A— A% pem.
At the second glance, however, we note that the Landau functional in terms of A; and
A, is not the same as Landau functional expressed in terms of the Ising-nematic field.
To obtain the latter one has to do a second Hubbard-Stratonovich transformation to
the composite Ising-nematic bosonic field A;_,e,n and integrate over the primary fields
A7 and Aj. Only then one can extract the bi-linear coupling between orbital and Ising-
nematic order parameters. Another way to see that A?x7_pem with A ~ I'y,. is not the

correction to A is to notice that this expression is the full result for the Raman bubble
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rather than for the effective interaction between fermions from the two particle-hole
bubbles.

3.4.3 Comparative analysis of the two scenarios

Combining the results of the last two sections, we see that the resonance in yr(2)
holds independent of whether €2,,,, is larger or smaller than A, but the physics is
different in the two cases. When €., is smaller than A, the resonance has purely
magnetic origin and comes from the pole in X7_pem at Q@ = Ques1 < 2044. For
this resonance, the role of fermions is to provide some regular coupling, I'y., between
incoming and outgoing light and a pair of spin fluctuations with momenta near Q;
or Qa. When €,y > A, the resonance comes from fermions and is due to singular
behavior of particle-hole polarization bubble Ilz,,(£2) at 2 = 2A. The resonance occurs
at a frequency €2 = (2,52 < 2A. Spin fluctuations are again crucial, but now their role
is to provide strong attractive interaction between fermions which make particle-hole
bubbles.

We treated the two singularities in x z(£2) independent of each other chiefly to demon-
strate that they come from two different pieces of physics. Such a treatment, however, is
justified only if Q,cs1 and Q.cs 2 are well separated. In our case, Q¢51 < 28509 < 44,
while €Q,c52 < 2A. How well ;51 and €).s2 are separated then depends on the
strength of various interactions and on the value of magnetic correlation length. Like
we said, in FeSCs that we analyze, €),,,,4 and A are not far from each other. In this
case the resonance likely has a dual origin. In NaFe;_,Co,As with = 0.045, the By,
peak is seen at 7.1 meV, which is below both 2A and 2),,,44. This is consistent with

the dual origin of the resonance.

3.4.4 Numerical evaluation of the AL diagrams

In this section we present the results of numerical evaluation of AL contributions to
B14 Raman intensity below Tt first in the two-loop approximation and then including
the interaction between spin fluctuations. We first compute the AL vertex assuming
that I'y,. can be approximated by a constant and then present the results of the explicit

calculation of the two-loop AL diagram for xr(£2).
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The first step for numerical evaluation of yg is to calculate the time-ordered polar-
ization function I, ;; with fermions lines from bands 7 and j. The bare spin response can
be obtained as a time-ordered average of spin operators over a non-interacting ground
state. In the FeSCs, the response is largest near the nesting momenta Q; = (7,0)
or Q2 = (0,7), which connect one hole pocket and one electron pocket. Since we are
solely interested in evaluating the function near those momenta we will only consider
band combinations of one hole and one electron pocket and drop the band indices from
here on. We evaluate the function at momentum Q + q, where Q is either Q; or Qo,
whichever is appropriate.

For concreteness, we assume parabolic dispersions for the hole and electron pockets

_ k2 _ k2 k2 .
of the form & = u — Ty and {k+q = —p+ 5= + Qny, respectively. We evaluate

all quantities in units of the gap A and for numerical parameters we choose = 2A,
mp, &~ 0.056A7! (kp = 0.157/a), my; = my/1.27, and m, = m,/0.3787. These values
approximately fit the bands and Fermi surfaces reported in ARPES measurements [115]
of NaFe;_,Co,As for z = 0.05 (of the two hole bands, we fitted the one with the largest
Fermi surface). For numerical convergence we included a finite broadening n = A/100.

The general behavior of Il can be seen in Figs. and The first one shows a
frequency sweep of the real part at @ = 0 and the divergence at 2A is clearly seen. The
imaginary part (not shown) vanishes as 7 — 0. This behavior holds unless q is so large
that the normal-state F'Ss no longer intersect due to the shift. The second plot shows
an example of the q dependence at v = 0. Although the function is anisotropic due
to the eccentricity of the electron Fermi surface, the qualitative behavior is the same
regardless of the polar angle. It is particularly important to emphasize that the function
decreases monotonically with increasing |q.

In the numerical analysis, it is easier to deal with the effective interaction in the

spin channel U,y rather than the spin susceptibility. In the RPA

u 1
21 —ully(Q+q,v)’

Uesr(Q+q,v) (3.31)

where u > 0 is the bare fermion-fermion interaction (= U in the Hubbard model).
The effective interaction is related to the spin susceptibility by Uerf(Q + q,v) = [u +
u?x*(Q + q,v)]/2, so the two functions have the same pole structure and differ only by

a constant shift u, which near a magnetic instability is small compared to the second
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Figure 3.11: Frequency dependence of the bare spin polarization operator with momen-
tum (0, 7).

term. The u?/2 factor in front of x*® is the same factor as in (3.9).

Figure shows Ugrr at q = 0 as a function of v. The real part diverges at the
resonance frequency while the imaginary part has a sharp peak which in the limit of
n — 0 becomes a ¢ function. For the numerical calculations we have set u ~ 7.9A,
which determines €244 ~ 0.6A.

Now we are ready to evaluate the Raman response . By using the spectral rep-

resentation, the imaginary part of the response function can be equivalently calculated

as
d2q [P dv
ImXR(Q)O(/(Qﬂ')Z/O 7ImUeff(Q+q7V)
X ImUepf(Q+q,v — Q). (3.32)

The advantage of this form is that it only requires knowledge of the function in a
finite range of v. The real part can then be calculated by using the Kramers-Kronig
transformation.

Because Im U,rf(Q + q,v) is peaked at the resonant frequencies corresponding to
each momentum q, Im xr(£2) can be seen as a convolution of many of these peaks. The

result of the computation is shown in Fig. We see that the imaginary part starts
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Figure 3.12: Momentum dependence of the static spin polarization operator with mo-
mentum near (0, 7). We have chosen momenta to be q + (0, 7). The dependence on g,
is shown. The dependence on the polar angle of q is nonzero but rather weak.

small and undergoes a jump at v =~ 1.2A = 20,44, (compare to Fig. . Its value
at higher frequencies comes from contributions from q # 0, corresponding to excitons
of higher energies. This jump is not sharp in the numerical calculations because of the
finite value of 7 in .

We next consider the effect of the finite state interaction, i.e., include higher order
diagrams (Fig. with the interactions between the two spin fluctuations. In the
approximation where the interactions between pairs of spin fluctuations with momenta
near Q; and/or Q2 can be treated as constants, we use Eq. We plot the RPA form
of xgr(Q) in Fig. We clearly see that Im x%(f2) has a sharp peak at a frequency
1 < 2044, which is below 2A.

3.5 Triangular fermion loop and symmetry channels

So far, we have neglected the details of the Raman vertex I'y, and thus the analysis
above applies equally to all symmetry channels. We remind that in the experiments the
resonance has been observed in the By, channel in the 1-Fe unit cell, but no resonance

has been observed in the Ba, or Aj, channels. To address the origin of the difference
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Figure 3.13: Frequency dependence of the real (solid blue line) and imaginary (dashed
red line) parts of the effective interaction (in arbitrary units).

between Raman scattering in different symmetry channels, we consider the symmetry
properties of the function I'y-(q,v), defined in (3.7).

First we focus on the bare Raman vertices. The original Raman vertex ~;(k) between
incoming and outgoing light and incoming and outgoing fermions from band i belongs
to the irreducible representations of the point group Dy4p. As a reminder, we point out
that in the By, and By, representations, the function ~;(k) transforms under the point
group operations as k2 — /@5 and kyky, respectively, while in the A;, representation ;(k)
is invariant under the point group operations. We will consider each of these channels
separately.

In the By, channel, the Raman response is directly coupled to nematic orbital fluc-

tuations and in the orbital basis we can define it as
() = i [ At (Tp, ()9, (0), (3.33)

where the nematic ”density” operator is defined as p, = ﬁ Zk,a [aL S 0ko — blT( ko |-
In this notation, the fermion operators a and b correspond to the d,, and d,, orbitals,
respectively.

The transformation from the orbital to the band basis in the case of the hole pockets
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Figure 3.14: Contribution to Raman response from spin fluctuations. The solid blue
and dashed red lines indicate the real and imaginary parts, respectively.

can be approximated by [125]

ke = €08 Oy, — sin Oy by,

Bre = sin Oyayy + cos Obyg, (3.34)

where o and 8 are denote the hole bands and 6 is the angle along the Fermi surface.
The contribution to the nematic density operator from fermions from the hole bands

then becomes

pn = (0,010 — Bl,Buo) cos 201
k

+> (of ,Bro + B, ks sin 20y (3.35)
k

The second term can be neglected at low energies because it couples fermions from
different Fermi surfaces, which do not cross. Substituting into we find that
the vertex function for holes v;(k) in the Bj, channel is cos(26k) and has opposite
signs for the two hole bands. For electron pockets, the situation is more simple since
each electron pocket only has contributions from the d., or d,. orbital, but not from

both. The transformation from the orbital to the band basis is trivial and we find that
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Xr(€?) [arbitrary units]
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Figure 3.15: The full Raman susceptibility, which includes interactions between spin
fluctuations. The solid blue line indicates the real part and the dashed red line the
imaginary part of the function. We set g = 1.66.

vi(k) = £1, where the plus sign is for the electrons from the pocket near Q; = (7,0)
and the minus sign for electrons near Qa = (0, 7).

For the By, channel one can define a different density operator
1 i i
pp2g = —= D [akgbkg + bkoakg} . (3.36)
\/N k,o

Then using again the transformation one finds that for hole bands the appropriate
Byy symmetry factor is v;(k) = £sin(26y). For electron bands the symmetry factor is
instead 7;(k) = 0 since the electron bands do not cross.

Finally, the Raman vertex in the A, channel is a constant along hole or electron
pockets. In general, there are two possibilities: The symmetry factor can have the
same sign for the coupling of light to electrons and holes, or change sign when switch-
ing between electrons and holes. In order to consider both possibilities we define two
separate functions 'yjfrg and ’yng, referring to the cases with equal and opposite signs,
respectively.

An additional effect of the orbital to band transformation is that the factors

of sine and cosine contribute extra angular dependence to the momentum integration in



Dingem | 955, [ o [0 [
Fig. [3.16|a) | cos26 sin 26 1 1
Fig. [3.16(b) | —cos20 | —sin260 | 1 1
Fig. [3.16(c) 1 0 1 -1
Fig. [3.16(d) 1 0 1 | -1
Fig. |3.16[(e) | cos26 sin 26 1 1
Fig. 3.16(f) | —cos20 | —sin260 | 1 1
Fig. 3.16(g) | -1 0 1 | -1
Fig. 3.16(h) | -1 0 1 | -1
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Table 3.1: Symmetry factors for Raman vertices in different symmetry channels. We
include two different representations of A;, symmetry: One where the sign changes
between hole and electron pockets, and one in which it does not (see text).

A. This is summarized graphically in Fig. [3.16] where we list the different band combi-
nations with the appropriate signs and angular dependences. The symmetry factor v(k)
for each diagram in different symmetry channels is given in Table The first four
diagrams [Figs. [3.16{a)-(d)]are for the interaction between light and spin fluctuations
with momentum near Q; and the other four are for momentum near Qs. The total
contribution to A in each case is given by the sum of the four diagrams. The angu-
lar dependencies listed in the figure are for a model with only intra-orbital Hubbard
interaction.

The result of the momentum integration is different depending on the symmetry
channel. For simplicity in the evaluation of the integral, we consider identical circular
Fermi surfaces in all bands and evaluate the bare triangular vertices I').(q, ) in various
geometries at q = 0. This particular value of q is important because the enhancement
in x%(Q) at Q = Qyqy comes primarily from momenta near q = 0. Considering only

the angular part of the integration, we find that

T0P1e o /d@k(cos 20y cos 20 — 1) £ 0 (3.37)
0,Ba2g :

I, o /d&k sin 20y cos 20, = 0 (3.38)

ot « /dek(l —1)=0 (3.39)

9+ /dek(l +1)#0 (3.40)
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Figure 3.16: Contributions to the triangular fermion loop from different bands. The
single solid and dashed lines represent the hole bands « and S, respectively, while the
double solid and dashed lines represent electron bands centered at momentum Q; and
Q2, respectively. The factors of cosf and sin 6 arise from the transformation from the
orbital to the band basis (see text).



57

where, we remind, F?;++ and I’gfr_ are two different triangular vertices in A4 channel.
0,B

We see that T',) >

in the Bg, or Af; channels, in agreement with the data.

and Fg;++ vanish, i.e., there is no enhancement of the Raman intensity

One fine point in the calculation is that the contribution from diagrams with electron
bands at the vertex has an additional minus sign compared to diagrams with hole bands
at the vertex [for example, compare diagrams Figs. [3.16]c) and (d) with Figs. [3.16{a)
and (b)]. This is not a symmetry factor but instead comes from the opposite signs
between the hole and electron band dispersions and can be obtained after performing
the frequency integration in the fermion loop. In the sign-preserving A, channel this
leads to a complete cancellation while in the By, channel it is only partial since, e.g.,
Figs. [3.16[a) and (b) contribute a factor of cos 26 while Figs. [3.16{c) and (d) contribute
a factor of —% cos 26.

To summarize, we have shown so far that the bare vertices for the By, and sign-
preserving Aj, channels vanish and thus cannot lead to resonances. The bare vertices
in By, and sign-changing Aq, channels are nonzero. Note that the Raman response in
the sign-changing A, channel is not screened out by long-range component of Coulomb
interaction [80, 81]. The response in the sign-preserving A, channel is screened [87, [88,
89], but in our case it vanishes anyway.

The next step is to include interactions between the spin fluctuations and calculate
the renormalized vertices Fglg and F;_.

For this we first introduce vertices I'y,1 and I'y.2, which couple light to spin fluc-
tuations with momentum near Q; and Qa, respectively. The vertices in Big4 and Ay

channels are related to I';. 1 and I'y. 2 as

B _ _ B
Lpp =T, +T,7, Typo=0}" T, (3.41)

We then follow Ref. [I0I] and model the interaction between spin fluctuations as given

by the effective action
K
Serr =710(AT +A3) + S (AT + AF)?
+dat-ap2 (3.2

where A and As are three-component spin fluctuation fields, respectively, in which each

component corresponds to a direction in real space. The 1 and 2 subscripts distinguish
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between fluctuations near Q; and Qs. This effective action can obtained by introducing
Hubbard-Stratonovich fields and then integrating out fermions. The result is [101] that
Kk > 0, but g is negative, at least at small dopings.

The bare vertices I'y, ; and I, , are given by the sum of diagrams Figs. (a)—(d)
and Figs. (e)—(h), respectively. In the ladder approximation, the coupled equations

for the renormalized vertices I';. 1 and I'y. 2 are given by

L1 =T00 = (5 + 9)Tiwax” — (£ — 9)Tuax?, (3.43)
Lo =T — (5 + g)lrax? — (5 — 9T 12, (3.44)

where we remind that x? is the shorthand notation for [ %22(;3” X*(Q+q,v)x*(Q+q,v+

Q). In this expression we do not distinguish between Q; and Q2 because by symmetry
the result of the integration is the same.

These coupled equations can be solved in terms of I‘glg and I‘;;_:

+ o
== 3.45
tr 1 + QKXQ ’ ( )
OvBlg
O 3.46
tr 1 4 2gX2 . ( . )
The renormalized Raman susceptibility is then given by
0,B
i L (3.47)
R 1+2gx2% "’ ’
0,4—
Aot _ (TR (3.48)
R 1+2kx2 ’

Since k > 0 and g < 0, only the By, channel has a resonance, which is consistent with the
data. There is no resonance-type enhancement from the coupling to spin fluctuations,
regardless of whether the sign-preserving or sign-changing representation is involved.
We note in passing that there is a different enhancement of the Raman intensity in the
Ajg channel in s7~ superconductors due to a direct process in which a light generates
a ladder series of particle-hole pairs [80].

We also note that the downward renormalization of '}~ by 1/(1+2kx?) also strongly

reduces the temperature dependence of the A;, Raman intensity in the normal state.
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Indeed, explicit calculation shows [I01] that x ~ 1/72. Following the considerations of
Sec. we find that in the normal state

Al (ms)

(3.49)

where T7 > T because k > |g|. This implies that at T' > Ty, Xélg (T') is nearly flat.

3.6 Orbital fluctuations

In this section we consider the coupling of the Raman response to orbital fluctuations
in detail and show that the interaction in the d-wave channel is repulsive and cannot
lead to the observed resonance.

As explained in the Introduction, the electronic structure of NaFe;_,Co,As and
Ba(Fe;_,Coy)2Ase consists of four bands that cross the Fermi energy. We will refer to
the two hole bands centered at (0,0) as a and 8 and to the electron bands centered
at (m,0) and (0,7) as n and J, respectively. We organize our analysis in the language
of vertex renormalization. We start with a set of bare Raman vertices ;(k) with
both external fermion lines belonging to the i-th band, then dress each vertex with
interactions to obtain the full vertex I';(k). Here the index runs over the set of bands
{a,B,m,0}. Since we are interested in computing the Raman response in the limit of
vanishingly small external momentum, we do not consider vertices with external fermion
lines from two different bands since in the absence of band crossings there will be no
low-energy contribution from these vertices.

For simplicity we study a model consisting of only d,. and d,. orbitals. Since the
remaining dy, orbital has Ai, symmetry it cannot directly contribute to the Raman
response in the By, channel. The transformation between the band and orbital basis
for the hole pockets was given in . For the electron pockets we will simply set
Mk+Q, = 0k4+Q; and dxyq, = bki+q,. Following the reasoning in Sec. the bare
B4 Raman vertex is given by 7;(k) = {cos 26y, — cos 26, 1, —1};. The alternating signs
reflect the difference between d,. and d,. contributions.

For our perturbative analysis, we assume that the short-range intra-orbital repulsion

is the dominant interaction. Thus, the interaction Hamiltonian in the orbital basis is
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given by
Hi=UY [pea(@)pe=(—a) + pyz(@)py=(—a)] (3.50)
q

where p,.(q) = ﬁZk,a aL_qaako and py.(q) = ﬁZk,a ka+quko are the density
operators of the d,. and d,. orbitals, respectively.

Our diagrammatic analysis is summarized in Figs. and For notational

convenience we define auxiliary functions T;(k) and 4;(k) such that

T; = <fa cos 29k,f‘5 cos 29k,fn,f5) (3.51)

7
and a similar expression for ;. The set of coupled equations for the Raman vertices

can be written in matrix form as
[ =4 — VI, (3.52)

where V and II are interaction and polarization matrices, respectively, given by

vlj-1 1 -1 1
V=— 3.53
211 -1 2 0 (3:53)
-1 1 0 2
0 115(0, €2 0 0
I — 5(0,9) (3.54)
0 0 IT,,(0, £2) 0
0 0 0 I15(0, £2)
In this notation, the polarization functions are defined as
d?kd
(2m)3
— Fi(k,v+Q)F;(k,v)], (3.55)

where G; and F; are normal and anomalous Green’s functions for band i, respec-
tively, and s;(k) = {cos?(20y), cos?(20k), 1,1};. We note that by symmetry II,,(0,Q) =
I15(0,€). In this definition, the real part of each function is positive.
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The solution to (3.52)) is easily obtained as T = (I+ VII)~'4, where I is the identity
matrix. After evaluation of the matrix multiplication we find that the full vertex is

given by
-1

U
Li=|1+5 Z IL;(0,Q)| (3.56)
J

and the full response function takes the simple form

Xr(Q) = 7+ A 15(0,9)

(3.57)

where A = U/2 > 0. This is the same formula as Eq. (2) [with IIp, (€2) = >_,II;(0,Q)].
Obviously, for A > 0 the Raman susceptibility xz(£2) contains no poles and thus orbital

fluctuations alone cannot explain the observed resonance in xr(€2).

3.7 Summary

In this work we argued that the coupling of the Raman vertex to pairs of magnetic
fluctuations via the AL process can explain the 1/(7" — Tj) behavior of the B, Raman
intensity in the normal state of NaFe;_,Co,As, Ba(Fe;_,Co,)2Asy, EuFesAsy, and
SrFes Ass, and the development of the resonance below T, observed in the first two.
We considered the AL process in which light couples to a particle-hole pair, which
then gets converted into a pair of spin fluctuations with momenta near Q; = (m,0) and
Q2 = (0,7). We analyzed magnetically mediated Raman intensity both analytically
and numerically, first at the leading two-loop order and then included interactions be-
tween pairs of magnetic fluctuations. We demonstrated explicitly that the full Raman
intensity in the B, channel can be viewed as the result of the coupling of light to Ising-
nematic susceptibility via Aslamazov-Larkin process. We argued that the 1/(T — Tp)
temperature dependence in the normal state is the combination of the temperature
dependencies of the Aslamazov-Larkin vertex and of Ising-nematic susceptibility. We
further argued that the resonance in the B4 channel below T;. emerges because of two
effects. One is the development of a pole in the fully renormalized Ising-nematic sus-
ceptibility. The pole occurs at a frequency Qyes1 < 2449, Where €44 is the minimal
frequency of a dispersing spin resonance at momenta near Q12 in an st~ supercon-

ductor. Another effect is that spin fluctuations generate attractive interactions between
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low-energy fermions, which constitute particle-hole bubbles with zero momentum trans-
fer. An attractive interaction between such fermions combined with the fact that in an
s-wave superconductor a particle-hole bubble at zero momentum transfer is singular at
2A gives rise to an excitonic resonance at 2,52 < 2A. In FeSCs ,.¢51 and Q,¢5 2 are
not far from each other, and the observed strong peak in B, Raman intensity below 7

is likely the mixture of both effects.



Chapter 4

Time-Reversal Symmetry
Breaking Superconductivity in
the Coexistence Phase with

Magnetism

4.1 Introduction

As mentioned in Chapter [} the rich phase diagram of the FeSCs (Fig. includes
the regions of superconductivity (SC), spin density wave (SDW), nematic order, and
a region where SDW, SC, and nematic order coexist [92, [126], 127, 128]. Outside the
SDW /nematic region, SC develops in the spin-singlet channel and in most of Fe-based
superconductors it has s—wave symmetry with a m phase shift between the SC order
parameters on hole and on electron pockets (s™~ gap structure) [129, 77, 130} 131}, 132,
75, 133, ).

It has been argued by several groups that the multiband structure of FeSCs allows
for superconducting states with more exotic properties [134] [135] 136}, 137, 138, 139, 140,
147, [142), 143, [144], 145|146, 147, [148]. Of particular interest are SC states that break
time-reversal symmetry (TRS), as such states have a plethora of interesting properties
like, e.g., novel collective modes [147) [142] [149] 150} 15I]. TRS-broken states emerge

65
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when the phase differences 1); between SC order parameters on different Fermi surfaces
(FS) are not multiples of .

The two current proposals for TRS breaking in FeSCs are s+ id [134}, 138, 139} 140,
146] and s + is states [135], 147, [142), 148]. The first emerges when attractions in the
d—wave and s—wave channels are of near-equal strength. The second emerges when
there is a competition between different s™— states favored by inter-pocket and intra-
pocket interactions. Both of these proposals were, however, argued to be applicable
only to strongly hole or electron-doped FeSCc. For weakly /moderately doped FeSCs
the common belief is that sT= superconductivity is robust.

In this communication we argue that an exotic state which breaks TRS can emerge
already at low doping, in a range where SC is known [128, [152], 153}, 154} 155, 156, 157,
158, [159] to emerge from a pre-existing SDW state. We show that SDW order induces
attraction in another pairing channel, for which the order parameter is an admixture of
spin-singlet and spin-triplet components (the two are mixed in the SDW state since spin
rotational symmetry is broken). Because a triplet component is involved, we call this
a t-state. In the absence of nesting, st~ and t— components are linearly coupled, and
the development of s™= SC order at T, triggers an immediate appearance of t—order
component with the same phase (s + t state or s — ¢ state, depending the sign of the
bilinear coupling). Such a state has been discussed in the SDW /SC coexistence region
of the cuprates, organic and heavy fermion materials [160} [161], 162} 163 164, 165, 166]
and the Fe-pnictides, in the context of nodeless superconductivity immediately below
T, < Tsaqw (Refs. [167, 168, 169 170, 171, 172), 173| 174, 175, 176]).

In this letter we show that the s 4= ¢ state exists only near 7., while at a lower
T there is a phase transition into a state where a relative phase between the two SC
components is different from 0 or =, i.e., the order parameter has a s + et form. This
order parameter does not transform into itself under TRS, unlike s 4+ ¢ order. As a
result, the order parameter manifold contains an additional Z5 Ising degree of freedom,
which gets broken by selection of +6 or —f. The TRS broken state emerges via a phase
transition inside a superconductor, which should have experimental manifestations. We
note in this regard that, although the TRS of the system is formally broken already at
the SDW transition temperature T > T, the TR operation transforms one magnetic

state into another state from the same O(3) manifold, i.e., there is no additional Zs
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degree of freedom which one could associate with TRS. Only when 6 becomes different
from 0 or m, does the order parameter manifold acquire an additional Zs degree of
freedom associated with TRS.

We show that the s+ et state emerges already in the minimal three-band model of
one circular hole pocket and two symmetry-related elliptical electron pockets [177), 169,
170, [I71, [172). The presence of the other hole pockets complicates the analysis but does
not lead to new physics. We argue that, when the original 4-fermion interactions are
rewritten in terms of a and b fermions, which describe states near the two reconstructed
FSs (Fig. and projected onto the particle-particle subset, the two different pairing
channels emerge. One is the usual spin-singlet s™— channel, for which the SC order
parameter is Aq o< ) iagﬁ [(akaa—ks) — (bkab—_kp)]. The second pairing channel, with
order parameter As, has two contributions. One is a spin-triplet inter-pocket term
>k aplakab-ks)) (hence the name t—state), and the other is a spin-singlet s™ type
term ) ) iagﬁ [(akaa—_xp) + (bkab_ks)]. The presence of the st component in Ay is
crucial as with it the kernel in the gap equation for Ay is logarithmic (as it is for Ay),
implying that even a weak attraction gives rise to superconductivity. We emphasize
that the triplet component of A, (akab_kg), would not spontaneously emerge by itself
because the FSs for a¢ and b fermions are disconnected and appears only because it
couples linearly to the st component (akoa_xs) + (bkab_kg). A similar situation
emerges in Fe-pnictides with only electron pockets [140].

The structure of Ay and Ag is shown in Figs. and [4.Ip. Our analysis of the
non-linear gap equations for A; and Ay shows that the two SC orders coexist in some
parameter range, and the relative phase between the two is different from 0 or 7 in the
general case when the two orders are linearly coupled in the Ginzburg-Landau (GL)

functional, and equals to +7/2 for the special case when linear coupling is absent (Fig.

13).

4.2 The model

We consider a three band model with ¢ fermions with momenta near the hole pocket
at (0,0) and f fermions with momenta near the electron pockets centered at (0, 7) and
(7,0) in the 1-Fe Brillouin zone (Fig. [4.2h) [177, [I78]. The ¢ and f fermions form
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Figure 4.1: The structure of gap functions in different SC states: (a) pure s*— state,
(b) pure t— state, (c) s + it state with +7/2 phase difference between s*~ and ¢—
components. Operators a and b describe fermions near the reconstructed FSs.

circular and elliptical FSs, respectively, with dispersions given by & = . — 21‘—2 and

me
f_ AL

k= —Hft g+ T Since the SDW state picks an ordering vector Q, which is either

(0,7) or (m,0), one of the electron pockets does not participate in this order. We choose
Q = (0,7) without loss of generality and effectively reduce the model to two bands.
We follow earlier works [100}, 179] and consider five possible repulsive interactions in
the band basis: inter-pocket, density-density, exchange, pair hopping, and intra-pocket
interactions. The corresponding couplings are Uy, Us, Us, and Uy = Us, respectively. We
present the interaction Hamiltonian in the Supplementary material (SM). All couplings
are assumed to be already renormalized from their bare values by fermions with energies
larger than the upper energy cutoff A. Without SDW, SC in this model arises only in
the sT~ channel. The corresponding coupling is Uz — Uy, and we assume that it is
positive (attractive). The couplings U; and Us do not participate in SC pairing, but Uy
contributes to the coupling in the SDW channel U; + Us > 0, which for U; > 0 is larger
than in SC channels. RG studies found that the SC interaction gets larger as energy
decreases in the RG flow [100} 179, 180, 143]. Yet, at low doping, the SDW order comes
first and SC develops in the coexistence region with magnetism.

We approximate the interactions U; as angle independent although in general they
do contain symmetry-imposed angular dependencies along the FSs, associated with the
orbital content of the FSs. These angular dependencies give rise to angular variations

of the s gaps in the absence of SDW and in some cases lead to accidental gap nodes,
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Figure 4.2: Fermi surfaces in (a) the paramagnetic state, (b) the SDW state.

e.g., in P-doped materials [133] 8, [I81]. In the coexistence regime, there is an additional
angular variation of the pairing interactions, imposed by the angle dependence of the
SDW coherence factors which dress the bare interactions U; [167, 168, I71], 172], 174].
Because the orbital content and the SDW coherence factors lead to similar angular de-
pendence of the pairing interactions, we treat the original vertices as constants but keep
the SDW-induced angular dependencies. The momentum dependence of the original
interactions also leads to angular dependence of the SDW gap which actually vanishes
along particular directions, at least in a three-pocket model [182]. This angular depen-
dence is important at strong coupling, where it preserves a small but finite F'S, but not
at moderate coupling because even a constant SDW gap does not completely gap the
FS [183].

The self-consistent equation for the SDW order parameter M and the reconstructed
fermionic dispersions in the SDW state have been obtained before [I77]. The quadratic

Hamiltonian in terms of the quasiparticles ¢ and b is

Ho = Z [Sﬁalaaka + fllib;r(abka] ’ (41)
k

where §ﬁ’b =0k F \/612{ + M? and we have expressed the original dispersions in terms

foce f_ge
of the linear combinations 0, = % and & = 6“25“. In general 6 = dg + 62 cos 20,

where the first term measures the doping level (69 = 0.5vp (k% — kf;)) and the sec-
ond one accounts for the (weak) ellipticity of the electron pocket (Ref. [169, [170]).



70

The coherence factors ux and vk are expressed in terms of these parameters as uy, =

\/é <1+ \/52&(72>’ vk = sgnM\/ 1- 2> (see SM). The FSs for a and b

fermions are shown in Fig. [.2p.

4.3 Superconductivity

Re-writing the pairing interactions in terms of the new fermions, we find conven-
tional pairing terms like aLTaik | 0—plapt OF aLTaJLk ib—p 1bpt, and anomalous terms like
aLTaT_k 1(a—p bpt + a—ptbp). To solve for the SC order parameter, we then need to in-
troduce both spin-singlet pairings ioy,5{akaa—ks) and i}, 5(bkab-ks) between fermions
belonging to the same pocket, and spin triplet pairing 0% ;{(axob_xs) between fermions
af B
belonging to different pockets.
The full pairing Hamiltonian in the BCS approximation has the form

*Waﬁ Z [ alna T,pﬁ + Ap(p )b;raabip,a}

+= ZAab lalob' o5 — bhaal o]+ Hee. (4.2)

Because there are three different anomalous terms, the diagonalization of the pairing

Hamiltonian leads to a set of three coupled equations for Ay, Appy, and Ay,. Parame-
terizing A;; as

Aaa,bb(p) = A+ AQ(QUPUP) + Ag(uf) — 'UIZ)), (43)

Ap(p) = Ag(u% — v?,) — A3 (2upup), (4.4)

we express the equations for SC order parameters as

Ay =SS (aa) — ()], (45)
k
Ny = (Us = U1) Y [wivk((aa) + (bb)) + (uig — vig)(ab)]
k

A, — _@ Ek: [(ud — o) ((aa) + (bb)) — vy (ab)]
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where (aa) = i0}5(a_kpaka), (bb) = i}, 5(b_ksbka), (ab) = 07 5(b—kpaKa). Each average
is in turn expressed in terms of A; (i = 1,2, 3), i.e. Egs. represent the set of three
coupled non-linear equations for the SC order parameters in the presence of SDW order.

We see from that three combinations of the interactions U; appear in the pairing
channel. Two have familiar forms [100]: Us — Uy and —(Us + Uy) are the couplings in
the st~ and s™" channels, respectively, in the absence of SDW order. A non-zero M
couples the s~ and s™" channels, but since the coupling in the s™" channel is strongly
repulsive, the SDW-induced mixing of st= and s*™* channels should not lead to any
new physics. The third coupling Us — Uy, on the other hand, does not contribute to
SC in the absence of SDW order. Its presence in Eq. implies that SDW order
not only modifies the two existing pairing channels, but also generates a new channel
of fermionic pairing.

We present the full expressions for (ij)k in the SM and here focus on the linearized
gap equations, valid at the corresponding 7..;. Expanding the r.h.s. of to first

order in A;; we obtain

_ Aaa(k) &, Aw(k) &
(aa)x £+ (bb)x = 260 tanh T + 20 tanh 5T
__Baw(k) 3 &
<ab>k = m (tanh ﬁ + tanh ﬂ) (46)

where A;; are expressed via A; by Eq. (4.4). Substituting (4.6) into the r.h.s. of (4.5
we obtain the set of three coupled linearized Eqs. on A; which can be easily solved.

To understand the physics, we first focus on the case of “maximally-nested” FSs,
where §y = 0 but do # 0, i.e. fﬁ becomes —¢}; under a rotation by 90 degrees. We found
that this symmetry decouples the three linearized gap equations for A;, which become

Ap|l— U?’;U‘LNF/XI(} =0 (4.7)

Ao |1 — (UQ — Ul)NF/ (uiviXk + (ui — '012{)2Yk):| 0

Us + Uy
2

As |1+ NF/ ((up — v2)* X + 8uiv12<Yk)] =0

where Np is the density of states at the FS, [ = fd{%, ugvke = M/(2y/M? + &2),
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paramagnetic paramagnetic

X X

(a) (b)

Figure 4.3: Schematic phase diagram of a superconductor in coexistence with SDW.
(a) The special case when s and ¢ order parameters do not couple linearly (nested FSs).
(b) The generic case when s and t superconducting components couple linearly (non-
nested FSs). In the s + €t and s + it phases (§ = 7/2), the relative phase between the
s and ¢t components is frozen at 0 < § < 7 and TRS is broken, together with the U(1)
symmetry of the global phase. In the TRSB phase, only TRS is broken. This phase is
likely present in the generic case but its boundaries are not known and we do not show
it.

up — v =&/ M? + &2, and

3% 3% &
X, — tanh 2_7k“c - tanh ﬁ + tanh ﬁ (48)
S 2(6¢+ &)

The first and the last Eqs. (4.7) have familiar forms for s*~ and s** superconduc-
tivity. For positive U;, the st channel is repulsive, but s*— superconductivity develops
at T' =T if U3 — Uy is positive. The momentum integral f Xy is logarithmically sin-
gular, as expected in BCS theory, hence T, ; is non-zero already at weak coupling. The
second Eq. in is the gap equation in the new pairing channel. In the presence
of SDW the kernel in this channel is also logarithmically singular due to the contribu-
tion from (aa)y + (bb)k. Hence, if Uy — U; is positive, the ¢—channel becomes unstable
towards pairing at a non-zero T,.3. Once Ay becomes non-zero, it induces a non-zero

inter-pocket pairing component (ab)y.
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4.4 s+t state with broken time-reversal symmetry

As it is customary for competing SC orders, the order which develops first tends to
suppress the competitor by providing negative feedback to the gap equation for the
competing order [I47]. Yet, if the repulsion between the competing SC orders is not
too strong, the two orders coexist at low enough temperatures. The issue then is what
is the relative phase between the two U(1) order parameters A; and Ag. To address
this issue we derived by standard means [178], [184] the GL Free energy, F (A, Ag) (see
SM). To fourth order in A; o we obtained

F(A1, Ag) = a1 |A* + as| Aol + B1|A1]* + Ba| Ao
+ 29[ A1 Az + 92 (AT(AD)? + (A])?AF) (4.9)
where 51 and 2 are positive. The two orders coexist when (152 > (71 — ]72])2. This
condition can be satisfied in the presence of disorder [I85] (186, [I87]. The relative phase
6 between A; = |A1|e™¥9/2 and Ay = |Ay|e™ =92 is determined by the sign of the 7o
term in (4.9). We found that 7, is positive:

1 1
Y2 = Z(2ukvk)2 { a3 T 1 3} ) (4.10)

[l 16l

k
Minimization of Eq. (4.9)) then shows that § = +7/2. Because § = 7/2 and § = —7/2

are different states, the system spontaneously breaks the Z; TRS. In the TRS-broken
state, the phases of the order parameters (aa)x and (bb)x are ¢ and m — ¢, where
0 < ¢ < m/2. The third gap, which is generally required to satisfy the set of complex
gap equations in the TRS-broken state is provided by (ab)x, whose phase in this situation
is —7/2. We show the gap structure schematically in Fig. where we associated (ij)i
with vectors, whose directions are set by the phases. We also performed Hubbard-
Stratonovich analysis beyond mean-field level [I78], by allowing the phases of Aj 2 to
fluctuate, and found (see SM) that when T, o ~ T, ; = T, the system breaks TRS and
sets the relative phase § = +7/2 at a temperature T > T.. In between T* and T,
TRS is broken, but the U(1) symmetry associated with the global phase of A; and
Ay remains intact. Such a state is typical for systems whose order parameter manifold
contains both continuous and discrete symmetries [92, 1511, (188 [189]. At T, the global

phase is broken and both SC orders develop simultaneously. A schematic phase diagram
is shown in Fig. [£.3h.
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4.5 s+ et state

So far we considered the “maximally-nested” case, with §g = 0. For the more generic
case 0p # 0 we find that the GL functional contains a bilinear coupling between
the two SC states, i.e. a term az (A1AS + ATA2) with as < 0 (details in the SM). In
this situation, the onset of the s™~ state at T, ; necessarily triggers the emergence of a
t state. The relative phase between the two order parameters at 7' < 7T, 1 is § = 0, i.e.,
the state is s +¢. Yet, the SC state still breaks TRS at a lower temperature T3 < Tt 1.
Indeed, comparing the ag (A1A% + ATAz) and 72 (AF(A%)? + (A})?A3) terms in the
GL functional we immediately see that §# = 0 only as long as A1Ay < a3/473. Once the
temperature is reduced and Aj o grow, this condition breaks down at 7' = T, 3, and at
lower T the minimum of the GL functional shifts to 8 # 0. At a lower T, the SC state
becomes s + ¢t and TRS gets broken (see Fig. ) This GL analysis attests the
generality of our results. In particular, the momentum dependence of the interactions,
introduced by the orbital content of the F'S (which we neglected), would only change
the GL parameters, but not the GL form and hence would not invalidate our conclusion

that an s + et state emerges at low 7.

4.6 Technical details

In this section we discuss some technical details of the analysis presented in the main
body of the chapter. These details were omitted to improve the clarity of the presenta-

tion and they are discussed here for completeness.

4.6.1 Interaction Hamiltonian

We include all five possible repulsive interactions in the band basis

_ f
Hint = Us E C;gg,afpw/fpza’cpwv

+ U2 Z fliwc;fpw’ fp20'Cp1os
Us

+ 5D {fgsafgmfcpwcpm + H.C-} : (4.11)

U4 U5
+ 9 Z fgwf}];w’fpw’fpw + 9 Z CI)?,JCLM’CPQU’CplU'
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The momentum conservation is implicit and o # ¢’ in all sums. The first three are
inter-pocket density-density, exchange, and pair hopping, interactions, respectively (all
positive), while the last two are intra-pocket repulsions. For simplicity, we set Uy = Us
below. All couplings are assumed to be already renormalized from their bare values by

fermions with energies larger than the upper energy cutoff A.

4.6.2 SDW state

In order to introduce the SDW order starting from the paramagnetic state we first write
the quadratic part of the Hamiltonian in the mean-field approximation, where the order

parameter M is defined as
Ui+ Us 5
M = —T ZUO‘B <CI)O¢fPB> y
P
Ui+ Us 2
= -2 ok (Fhacon) - (4.12)
P

Then we perform the following Bogoliubov transformation to bring it to diagonal form:

Cka = UkQka + ’Uk(fzﬂbk,g, , (4.13)

fra = Ubka — vkaéﬁakg.. (4.14)

4.6.3 Gap equations

In order to carry out the diagonalization of the mean-field Hamiltonian (4.2]) we apply

the following Bogoliubov transformation, introducing new quasiparticle operators o and
B:
= ufong + vioY,al L+ 9P o7, B + hiot, BT (4.15)
by = U B + vgio ¥, BT, + g0, 00 + Mot al . (4.16)

As a result, we obtain a quadratic Hamiltonian

H=Y" [Eﬁ‘ozltuozk# + Eﬁﬂluﬁm} (4.17)
k,u

and new quasiparticle dispersions

EXP = \/ A + /By, (4.18)
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where

a)2 B2
_I_
A= SO a2y a2 4 a2 (4.19)

B ((s;:)? - <5£>2>2

[ }[(AA3+AA3)+3(AA2+AA2)]

[g gk} (tAg — sA3)(tAS — sAY)

+ (A A2 + ATA)? 4 (A1 A + ATA3)?

~(A0Af — ALAR)?, (4.20)

- __ M — &k
and we have defined s = e and t = WiTErR

The gap equations can be found by starting with the expressions for the order

parameters,
. U4 > [{aa)k — (bb)i] . (4.21)

Ao = (U2 -1 k§kj [ncon((aahc+ B0 + (uf —vd)abh] . (4.22)

fg= -2t 3 [k~ a9 — o] . (42)

and substituting the following expressions for the averages (ij):

(aapc — (bb)e = —(uiv + gichic) (1 — 2np (Ex))

+ (ugvy + guhy) (1 = 2np(Ey)), (4.24)
(aa) + (bb) = (—ufvg + gehg) (1 — 2np(EQ))
+ (—upv] + gehi) (1 = 2np(E)), (4.25)
(ab)ic = uh§ (1 — np(Eg)) — vignp (B
+ ughynr(EY) — vigp (1 —nr(EY)), (4.26)

where ng is the Fermi distribution function.



The coherence factors are given by
_ (U, Vi, Gies Hy)
VIUZR + VP +1GR? + [HR[?
B B ~B B
BB B 1B (Uk’vk’Gk’Hk)
(uk7vkagkahk> = 5 3 3 5 y
VIDER + V22 + (G2 + | H P

(ui> vic» gics hic)

where

Ug = [Bf + &A1 — |82 + 5(A145 + ATA,)
+ t(A1AL + ATA3)]
+tEe — G A — tA5]* + 5(AsAf + ATA,)]
+ B + &l(BR + &0 (BR — &) — 1A

U = (B + &) 1A12 — [Ag]? — s(A1AF + ATA,)
— t(A1A] + AjAg)]
+tleh — (1201 — tAs[2 + s(A2A% + A5A))
+ By + €1(By + ) (B — &) — |As]?)

V& = [—(BR)? + (&)%][A1 + sAg + tA3]
+ [AT — A — AJJ[A} — sA} — tA]]

VP = [(BD? + (692~ A1 + s + tA3]
+ AT — A - AJ[-A] - sA} — tAY]

k = [Bx + &[tA1AS — sA1AZ + Ay A3
+ [BE + &)[tATAg — sATA; — ASAS]
et — E[s(— A2 + |A3[%) — t(AAS + A3A)]
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(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)



G = (B + &)[tA1A5 — sA1A; — AgAj)
+ [BL + G[EAT Ay — sATAs + AjAs]
+ e — L[s(—|A2|® + |As]?) — tH(AAY + ASA3)]

Hy = [BQ + GIER — &l[tAs — sAg]
+[A7 = A7 - AJJ[tA] - sAj]

HY = [E] + &)[B] - €)[~tAs + sAs]
+ [A2 — AZ — AZ][—tA} + sAj]

The expansion of the gap equations to linear order in 4A; yields

_Us—Uy tanh(&g/(27)) u
M ?H g o)
tanh(§/(27)) _ b)] }

A
+ Ass 2£ﬁ

Ay = (Us Ul)g{mz[ 2 + ( —>b)]

tanh(& /(27)) + tanh(&p / <2T>)]
2(6% + €0

tanh(§/(2T) _ (| b)] }

+ A2t2 |:

+A1f

2 268

A, U8 ;L Uip, 3 {tQ [tanh(glagé(zzr)) oo b)}
k

tanh(&f/(27)) + tanh(&}/ (QT))}
2(8% + &)

+282|:

Note that Aj is decoupled from A; and A, in linear order even if §y # 0

78

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
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4.6.4 Coexistence of superconducting orders

We present the conditions that are necessary for the coexistence of the A; and As

orders. We begin by listing the full expressions for all the coefficients of the free energy.

F(ALAp) = | A1) + ] Ag? + az(A1 AL + ATA)
+ Brl AL M 4 Bol Aot 4 291 ]A1 2| Ag?

+72 (AT(AD)? + (A})*A3) (4.40)
1 1 1 2
041—_2¥|:|§ﬁ‘ +\€fid T (4.41)
LS i [ ! 1]
=52 g gl
_ osgn &y + Sgnfﬁ 2
Zk:t G E + o (4.42)
Qg = —1 [|£k } (4.43)
1 1
- 4.44
g 8?[15@3 |k|} (49
R [ 1 1]
B2 821(:8 \fﬁ\3+\§ﬁ\3
4 Sgnfk + sgn gk]
+Zt [ (& +€))3 (449)

1
—ty Z [\5&\3 |5a|3]

1 sgn sen &b
4= g&k gfk ]

1 [(6ﬁ)2(£ﬁ+&’i) (E)2(eE + &)
1 2[ 1 1]
e 8Z |§k\3+\sﬁ\3

1 1 1
- — 4+ — . 4.47
Yl @r-@r - |sf:\+|§{1d @4

(4.46)
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The largest contribution to these integrals comes from the regions around g = 0
and ffi = 0 (the SDW FSs), where the denominators become zero. This singularity is
caused by calculating the coefficients at T' = 0 and is removed by including a small cutoff
at those points. One may think that the regions where & + & = 0 are also singular
but in each case the integrand is actually finite. Thus the main contributions to the
coefficients (; and ~; are the integrals with |§ﬁ’b]_3. All of these are positive definite so
B; >0 and v; > 0.
In the case of §y = 0 the coefficient a3 vanishes, so the order parameters decouple
at linear order. To determine whether coexistance occurs we search for minima of the
free energy where both parameters are non-zero. First note that the remaining terms

|2, except for the term with coefficient 5. Since v5 > 0, the

’ 2

depend only on |A1|? and |Ag
minimum value of this term is —2v|A1|?|As|?, which corresponds to a phase difference
between A; and Ay of +7/2. After we fix this phase, partial differentiation with respect

to |A1]? and |As|? yields the following critical points:

2 _ (71 — 72) — a1
A= B — n ) (4.48)
ar(y —2) — a2f1
2(8182 — (11 —12)?)

We then perform the second partial derivative test to find a necessary condition for the

|Ag)? = (4.49)

existence of local minima. This condition is

BrBa > (1 —2)*. (4.50)

In addition, we require that the expressions for |A1|? and |A3|? be positive, which
implies

az(m —v2) — B2 >0, (4.51)

a1(y1 —72) — azf1 > 0. (4.52)

Coexistence will occur if and only if all three inequalities are satisfied.

4.6.5 Preemtive TRS breaking above T,

In this section we show our Hubbard-Stratonovich analysis beyond mean-field level. We
take the Ginzburg-Landau free energy as an effective action and study the case where

0o = 0 and the critical temperatures T,; ~ T.5. We consider an action of the form
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S(A1, Az) = a(|A1]* + |Az]?)
+ Br(1A1)7 4+ 1A2%)% = B(IAL]? = [Ag]?)?
+9(A1A5 — AA,)? (4.53)

where o = a(T — T¢) and a, 51, f, and ~ are positive. Then we apply a Hubbard-
Stratonovich transformation to this action by introducing collective variables ®, T, and
I, which are conjugate to (|A1]2 + |A2[2)2, (A2 — |Ag)?)2, and (A1A3 — A*Ay)?,

respectively. By integrating out the fields Ay and As we obtain an effective action

o2 T2 12
5(<I>,1r,r)_4—31 TR (4.54)

d?q ~ 2
——= 1o (a—i(I) 2) -T2 12,
- [ s | (o +a
where we included the usual gq? dispersion in the quadratic term by replacing a by
o+ q2.

Now we seach for local minima of this action by differentiating with respect to the
three fields, obtaining a set of coupled equations. The solution requires ® to be purely

imaginary, that is ® = i®. The set of equations becomes

d?q a+®+qg?
<I>:4ﬁ1/ e R (4.55)
27 (a+®+q2)° -T2 -T

Y= 4/3/ & ! (4.56)
- )2 (a+®+q2)* =12 -T2 ‘
d?q r
I'=4 . 4.57
7/(277)2(omL<13+q2)2—T2—1”2 (4.57)

Note that I' and T cannot simultaneously be nonzero as a solution to these equations
except in the special case of 8 = ~.

We first consider the solution with I' = T = 0, which yields

b1 A

o=Tiog D
T Og\a—i—cl)]’

(4.58)
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where A is an upper cutoff for the momentum integral. By expanding the action about

this solution we find that it is stable as long as o > max(aer1, Qer2), where

A

Qert T A log L, (4.59)
T ow vy
BB, A

Qler —; ? log ? (460)

This condition is equivalent to T' > T* where T* = T, + max(ar1, @cr2)/a. Whichever
is greater between v and 3 determines this critical temperature. Then if v > 8 (v < )
the field T' (T) will develop a nonzero solution and the other one will remain zero.
When we calculate 8 and v in terms of the original coefficients of the Ginzburg-Landau
free energy we find that indeed v > (. This means that a preemtive order forms at
a temperature above the critical temperature, where time-reversal symmetry is broken
before the gaps acquire non-zero mean-field values.

This can be verified by solving the set of equations for I' # 0. Expanding at small
I" we find that

r? (*il — 2) o (T* = T), (4.61)

which means that if 8; > 2+ (which is satisfied in our case) then I" gradually increases

as T becomes smaller than T, as expected for a second-order transition.

4.7 Summary

In this chapter we argued that a SC state, which explicitly breaks TRS, appears when
SC emerges from a pre-existing SDW-ordered state. We found that in the presence of
SDW, the spin-triplet channel with inter-pocket pairing couples to spin-singlet intra-
pocket pairings on the reconstructed FSs. This leads to the emergence of a new pairing
channel, which we labeled as t—pairing to emphasize that it involves spin-triplet. We
analyzed the interplay between s and ¢t— SC orders and showed that they coexist at
low T" with a relative phase 0 < 6 < 7. As a result, the phases of the gaps on different
FSs differ by less than a multiple of 7. Such a state breaks time-reversal symmetry and
has been long sought in the studies of FeSCs. We argued that in a generic case TRS
gets broken in the SC manifold at temperatures lower than T,.. This should give rise to

features in experimentally probed thermodynamic quantities.



Chapter 5

Gap structure with accidental

nodes: The role of hybridization

5.1 Introduction

As mentioned in Chapter (1} the multi-band nature of Fe pnictides/chalcogenides allows
for many different gap structures, but the prevailing scenario is that the pairing occurs
between electrons on the same Fermi surface (FS) and the superconducting gap function
has sT~ symmetry, i.e., the gap changes sign between hole and electron pockets. There is
experimental evidence that in some members of the family, like BaFes(As;_,P5)2,[190]
LaOFeP,[191] and LiFeP,[192] 193] the gap has nodes, likely on the electron pockets.

Previous studies of the gap structure were mostly restricted to an Fe-only approach,
in which a generic model of the band structure consists of two nearly circular hole pockets
centered at (0,0) and two elliptical electron pockets centered at (m,0) and (0, 7) in the
first Brillouin zone (BZ) (see Figure[5.1). In some systems there exists, at least for some
k., a third hole pocket, centered at (m, ).

The s™— superconductivity is believed to be chiefly caused by a magnetically en-
hanced interaction between hole and electron pockets. The nodes on the two elec-
tron pockets come about because by symmetry the s-wave gap on these pockets has
the form A(1 £ acos26y) (plus higher harmonics), and if @ > 1, the gap vanishes at
cos 20y, = +1/a. [0, [74, [194].

However, this Fe-only scenario is incomplete because the electron hopping between
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C )

Figure 5.1: Unfolded Brillouin zone with one Fe atom per unit cell (with no hybridiza-
tion). Holes and electron pockets are labeled by h and e, respectively. The crosses on
the electron pockets indicate where the nodal lines of the gap function intersect the
Fermi surface.

Fe atoms predominantly occurs via pnictogen or chalcogen sites, half of which are located
above and half below each Fe layer in a checkerboard pattern (see Fig. [1.1)) [195] 196,
197, 198, [199] 200, 201), 202]. As a result, the actual symmetry is lower than that of the
Fe-only lattice, and the correct unit cell contains two Fe atoms. The non-equivalence
of hopping from above and from below an iron layer causes the electron pockets to
hybridize. In this chapter we will study the effect of this hybridization on the gap
structure.

In order to incorporate this effect into models with one Fe atom in the unit cell, one
has to include additional terms in the Hamiltonian with excess momentum Q = (7, 7).
This does not actually violate conservation of momentum because this vector folds
into a reciprocal lattice vector in the actual BZ with two Fe atoms per unit cell. The
momentum Q connects the two electron FSs and also the hole pocket centered at (7, )
with the other two hole pockets. Our primary goal will be to study how the accidental
nodes on the electron pockets evolve once we include hybridization. Therefore, we focus
on the effect of hybridization on the electron pockets.

The hybridization gives rise to two effects. First, hopping via a pnictogen/chalcogen

sites gives rise to an additional quadratic term in the Hamiltonian for two electron
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pockets

Hy = Z [Akcir{adk—i-Qa + AI:dJlr{aCk-i-QOé s (5.1)
k

where ¢ and d are operators for electrons near each of the two electron FSs (we discuss
the form of A\; in the next section) and the sum over repeated spin indices is implied.
This cross-term mixes the two electron pockets and reconstructs the electron FSs. Sec-
ond, there appear new four-fermion interaction terms in which incoming and outgoing
momenta differ by Q. In the superconducting state, in which we are interested, two out
of four fermions can be put into the condensate and the four-fermion terms with excess
momentum @ reduce to quadratic terms with prefactors proportional to the supercon-
ducting gap. These new terms describe inter-pocket pairing between fermions from two

different electron pockets:
1 .
HB = 5 Z ﬁk [cLadtk—Qﬁ + dir(acT—k—Q5:| ZUZ/B + H.c. (52)
k

In other words, due to hybridization, the non-zero intra-pocket pairing condensates
<cLacT_kﬂ) and (d;f( +Q adT—k—Qﬁ> induce inter-pocket pairing between the two electron
pockets.

In this chapter we study how the additional terms Hy and H g affect the gap structure
when nodes are present on the electron pockets. The effect of the hopping Ay term alone
has been studied before[203], but not its interplay with the pairing term. We find that
the hopping and inter-pocket pairing terms generally pull the nodal points in opposite
direction. If the A\ term dominates and reaches a certain threshold value, the nodes
merge and disappear at particular symmetry points, and the gap acquires a uniform and
equal phase on the two electron pockets (opposite to the phase on the hole pockets).
In contrast, when §; dominates and reaches a threshold value, the nodes merge and
disappear at a different set of symmetry points and the phase of the superconducting
order parameter becomes opposite on the hybridized electron pockets. This is the
same gap structure that was recently found in the analysis of pairing in the orbital
formalism|[144] and dubbed orbital anti-phase st~ state. The state with opposite signs
of the gaps on the two electron pockets has also been found in the analysis of possible
superconducting states in LiFeAs, albeit for a different reason [204]. As an interesting

peculiarity, we found that for elliptical pockets nodes disappear in a rather non-trivial
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way — first new nodes appear and the number of nodes doubles, and then the new and
already existing nodes merge and disappear. Such behavior has not been found before

in the studies of multi-band superconductors, as far as we know.

Unfolded BZ Folded BZ

Figure 5.2: Fermi surface folding. a) Unfolded Brillouin zone corresponding to a 1Fe
unit cell. b) Folded Brillouin zone corresponding to a 2Fe unit cell. The electron Fermi
surfaces overlap and are reconstructed into outer and inner parts. Depending on their
original location, the nodes of the gap function are either all located on the outer surface,
as shown in c¢), or on the inner surface, as shown in d).

The hybridization between electron pockets, either due to H, or to Hg, has to be
distinguished from the effect of the folding of the 1Fe BZ into the 2Fe BZ. Upon folding,
fermionic momenta transform as I;:x =k, + k‘y,l;:y = ky — k;, and the two electron
FSs, originally centered at (0,7) and (m,0), merge around (m,7) (see Fig. [5.2]). The

inner and outer FSs touch each other along ky = T or l;:y = 7. The merging can be
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viewed as “reconstruction” of the two electron FSs into an inner FS with no nodes
and an outer FS with 8 nodes, or vice versa. However, this “reconstruction” is just
a rotation in momentum space and a re-branding. The kr remains the same and the
location of the nodes remains at exactly the same angles as without folding, only the
reference axis rotates by 45°. The hybridization is a different phenomenon — it actually
reconstructs the original FSs into an inner and an outer FSs at new kr and creates a
pairing component between them. As a consequence, the position of the nodal points
shifts.

The chapter is organized as follows: In Section we discuss our model. In Section
we consider, as a warm-up, the limiting case of circular electron pockets and ana-
lyze the two effects of hybridization first separately and then together and study their
interplay. Section extends the analysis to the more general case of elliptical pockets.

We summarize our findings in Section [5.5

5.2 The model

We consider a two-dimensional multi-band model with hole pockets centered at (0,0)
and elliptical electron pockets centered at (0,7) and (m,0) in the unfolded BZ. In the
normal state, the Hamiltonian describing the two non-hybridized electron pockets is
simply

Ho = |Ehchra + Gid)udia (5.3)
k

We assume that the dominant interaction which leads to s™— superconductivity is
the repulsion between electron and hole pockets, enhanced by (7, 7) spin fluctuations
(in the 2Fe BZ). The s-wave gap on the hole pockets is invariant under rotations by
/2, so it can be expanded in cos4n¢ harmonics, where ¢ is the angle along the hole
pocket and n is an integer. Omn the electron pockets the expansion of the s—wave
gap contains cos2nf terms, where 6 is the angle along the electron pockets and the
components with odd n = 1,3,... have opposite signs on the two electron pockets, if
we measure  from the same direction for both pockets [74]. These odd multiples of
260 are allowed because the electron pockets transform into each other under a rotation
by m/2. Numerical analysis[75], [194] shows that the gap on the electron pockets can be

well-approximated by the two first harmonics n = 0 and n = 1, whose magnitudes are
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generally comparable to each other. Accordingly, we set A.1(0k) = A(1 — acos26y),
Ae2(Ox+q) = A(1 + acos 26k q). The corresponding term in the Hamiltonian is thus

1 .
Ha=52 A [(1 ~ )k s + (L + Q) qudlic_qp 0hs +He  (5.4)
k

where yx = a cos 20y and yxq = acos 20k, q.

Our goal is to analyze how accidental nodes on electron pockets evolve with increas-
ing hybridization. For this we assume from the beginning that |«| > 1 in which case
the gaps on electron pockets have nodes when yi = 1 (for c—fermions) and yx+q = —1
for d—fermions.

To simplify the presentation, we fold the 1Fe BZ into the 2Fe BZ and replace the
momentum k + Q of d-fermions by k. The momenta k below are defined as a deviation
from Q, which is the location of the electron pockets in the folded BZ.

In order to preserve the cos 260y form of the gap function, we define 8y relative to
the minor axis of the ¢ pocket.

In the normal state, the inclusion of hopping via pnictogen/chalcogen atoms gener-

ates mixing between ¢ and d fermions:

Ha=> [Akcfmdka + Ardl ckal (5.5)
k

A microscopic derivation of A\g shows [125] 205, 206], 207, 208, 203] that in 1111
systems (in which the configuration of pnictide atoms around every Fe layer is the
same), Ax vanishes along the lines k, = £k, and has some weak k, dependence. In 122
structures (in which the “above/below” configuration of pnictogen/chalcogen atoms is
inverted from one Fe layer to the other), Ax has minima but does not vanish along
any direction. In the presence of a spin-orbit interaction Ay does not have zeros even
in 1111 systems [125, 205]. Because our goal is to understand the generic effect of
the hybridization between the two bands, we will treat Ax as a constant A [205], 209
210]. Earlier analysis of the effect of Ak including its angular dependence (but without
interplay with inter-pocket pairing) has shown that the results are qualitatively the

same as for constant A[203].
We next consider how hybridization affects the pairing terms. They can be sub-

divided into two types. Terms of the first type describe an interaction with excess
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momentum Q between electron pockets and contain three fermionic operators from one

pocket and one from the other pocket[140], e.g.,

Hi = Z Uy [ <0Ladk—q,a + dLaCk—q,a> (C;r)@cp—kq,ﬁ + d;r)ﬂdp—s-q,ﬁ> ] . (5.6)
k,p,q

Terms of the second type contain an interaction with excess momentum Q involving
two fermions from a hole pocket and two from different electron pockets, e.g.,

Hay = Z U2 [ (CI{a k- ot hgacqu,a> <d hi p+a,8 T hpﬂderq 6) ] (5.7)

Kk,p,q,i

where the operator hi,a describes fermions near the i-th hole pocket. The two types of
terms are different, yet their effect on the s superconducting state is the same — both
induce an additional pairing interaction between fermions belonging to different electron
pockets. Indeed, in the superconducting state (cL c kﬂ) (le{ ad 1), and <hﬁahijk5> are
all non-zero. Decoupling four-fermion terms in and (| . using these averages, we

obtain anomalous quadratic terms involving ¢ and d fermions:
1 togt
=5 Z Bx [Ckad—kﬁ + dkac kﬁ} waﬁ + H.c., (5.8)
Kk
where Py is given by

Bk = —Zul (k,p)(ic ) o [<C_pa’0pﬁ’> + <d—poc’dp5’>}

+3 Z ua(k, p) (i) 5 (' porhiyer) - (5.9)
p,t

The coupling By is proportional to the magnitude of the s™ gap A and has some non-
singular angular dependence, determined by w;(k, p) and ua(k, p), which we can safely
neglect.

We assume without loss of generality that the parameters A and A are real and
positive. The parameter 8 oc A is then also real, but its sign can be either positive or
negative.

Below we consider various ratios of A\/f and two FS geometries. In each case we
compute the quasi-particle dispersion in the superconducting state and determine the
position of the nodal points. In all cases we find two different dispersions: One is gapped
over the entire BZ, while the other contains nodal points in a subset of the parameter

space.
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5.3 Circular pockets

As a warm-up, consider the limiting case when the two electron pockets are identical

and have full rotational symmetry, i.e., & = 51{ = &.

5.3.1 Inter-pocket pairing only (5 # 0, A =0)

a) Original pockets b) Folded pockets c) Increasing inter-pocket pairing

@ @
Figure 5.3: Gap structure for circular electron pockets with inter-pocket pairing. The
crosses represent the location of the nodal points of the quasi-particle dispersions in the
superconducting state. In a) and b) we show the unfolded and folded zones, respectively.
In the folded zone, the pockets should overlap but we separate them for clarity. As we
increase the inter-pocket pairing, keeping the conventional intra-pocket pairing fixed,
the nodal points shift toward the diagonal lines k, = %k, as seen in c). If the inter-

pocket pairing reaches a critical value, the nodes merge and disappear, resulting in
electron Fermi surfaces with opposite signs of the gap function.

—

@ BZ foldmg

In this special case, we find, after straightforward diagonalization of the quadratic

form, that the two dispersions in the superconducting state are

2
(E;f)2 =&+ <A + /A2y + 62> ) (5.10)

where the expression in parenthesis represents an effective gap function. At g = 0,
Elf = i\/ﬁﬁ + A%(1+ |yk|)? and E = i\/flz( + A2%(1 — |yk|)?. This corresponds to
the gap structure in the folded BZ: one band has no nodes and the other band has 8
nodes (see Fig. [5.3)).

At 8 # 0, both dispersions evolve. The nodal points are still located on the FS (the

locus of zero energy points in the normal state, given by & = 0). The band with energy

El’: is shifted up at a non-zero § and its effective gap function is definitely nodeless.
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In contrast, the band with energy E,  is shifted down and the positions of the 8 nodes

shift to
/A2 _ 32
20)) = +F+— . a1
cos(26) oA (5.11)

As f3 increases, the nodal points move toward the diagonals k, = £k,, as shown in Fig.
At a critical value 8. = A they meet along the BZ diagonals. At larger 5 > .
the nodes disappear. At the same, because the nodes merge along the BZ diagonals,
the sign of the gap on one FS is opposite to that on another FS. Such a gap structure
has been obtained before in the analysis of possible gap configurations in LiFeAs both
in orbital formalism and in band formalism [144] 204]. In the orbital formalism, such a

state was termed “orbital antiphase” s~ state[144].

/B:()
0.5
< B=0.75A
& /\
” 0/ \/ \
0.5 p=a
0 —n/4 néZ 3n/4 o

Figure 5.4: Nodal gap function with inter-pocket pairing S evaluated over the FS. As
B increases, the function shifts downward and its zeroes move toward the angles nm/2,
where n is an integer, which correspond to the directions given by k, = £k,. At 8 = A,
pairs of zeroes merge at those angles. For 8 > A the function is negative and has no
Zeroes.

An intuitive way to understand this behavior is the following: the gap function at
the upper band is positive, while the one at the lower band has a roughly sinusoidal
shape that crosses zero eight times, and its maxima occur at the diagonal directions
ky = ky and k, = —ky. As |B| increases, the gap function shifts downward and thus
the nodes move towards the BZ diagonals, until |3| reaches the critical value .. At
this point, pairs of nodal points meet and annihilate. At larger |3| > A the maxima
of the gap function are located below zero, i.e., the gap is negative for all angles. This
behavior is illustrated in Fig.
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5.3.2 Inter-pocket hopping only (A # 0, 8 =0)

a) Before folding

b) Increasing inter-pocket hopping

Figure 5.5: Gap structure for circular pockets with inter-pocket hopping. In a) and
b) we show the unfolded and folded gap structure in the absence of hybridization,
respectively. Inter-pocket hopping reconstructs the FSs as shown in c¢). The dashed
line represents the original pockets, while the solid lines are the new set of two pockets.
As the hopping parameter increases, the inner FS shrinks and the outer one becomes
larger. In the superconducting state, the nodal points (represented as crosses) lie on the
unhybridized FSs and shift toward the k, and k, axis as the hopping increases. At a
critical value of this parameter the nodes meet and merge in pairs. For greater values of
the parameter they vanish and the sign of the gap function becomes the same on both
FSs. The separation between the FSs is purely schematic and has been exaggerated for
clarity.

This case has been studied before,[203] and we briefly summarize the results for
completeness. The hybridization of the electron pockets reconstructs the FSs. In order
to study this effect we diagonalize the Hamiltonian Hy + H ) by introducing new quasi-

particles a and b via

—-b b
ko = akoz.\/i ka, - aka\')_i ko . (512)
After diagonalization, the non-pairing part of the Hamiltonian takes the form
Hy=Y" [ggaltaaka + g{ibjmbka] , (5.13)

k

where the dispersions are £ = &k + A and flb( = &k — A. The new FSs are concentric
circles. The a pocket is smaller and the b pocket is larger than the unhybridized pockets.

In order to study the superconducting state, it is convenient to first rewrite Ha in
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terms of the new operators a and b as
1 ‘
Hp = 5 Z A [aLaaT_kB + kaabT_kB] oy (5.14)

k

1

Tt foot -
+ 3 Z Ay [akab7k5 + bkaaikﬁ] wgﬁ + H.c.

k

Note that the inter-pocket pairing component Ay emerges. Diagonalizing the new
Hamiltonian H{, + H'y, we find the two dispersions for the quasi-particles in the super-

conducting state given by

(Bf)® = A+ /B, (5.15)

where
A =& + A (1 +yp) + N, (5.16)
Bi =4 [(&N)? + A%yp (A% + 2], (5.17)

The dispersion E;", as defined in , is positive for all k even when evaluated at
A = 0, so it has no locus of the nodal points. Both FS lines £ = £+ in the normal state
are part of the other dispersion F, . Once A becomes non-zero, one can easily check that
E, is non-zero along the normal state F'Ss. However, on the original, non-reconstructed
FS,

B = A2+ X2 — Ay (5.18)

This function contains 8 nodal points located at

VAT

cos(20y) = + A

(5.19)

As one increases A, the nodes stay on the unhybridized F'Ss, but move toward the k, or
k, axes (whichever is closer), until A reaches a critical value A\, = Ava? —1. At this
value of A, pairs of nodal points merge and then disappear at larger A. We show this
schematically in Fig. [5.5

The analysis of the signs of the gap requires some care. For A > A, the inter-pocket
pairing term becomes irrelevant as the two reconstructed FSs are far apart from each
other. In this limit, the gap on each reconstructed pocket is given by the fist line in
and is just A for both pockets. In this limit, the sign of the gap is indeed the

same on both FSs. At intermediate A\, however, one cannot define the phase of the



94
gap function on the two F'Ss because in terms of the hybridized fermions the gap has
contributions from both inter-pocket and inter-pocket condensates (ak@a_kwgﬂagﬁ and
<ak7ab,k75>iagﬁ, respectively. Because the limiting behavior at large A is known, it is
“natural” to define both finite gaps with the same sign, as in Eq. , but we caution
that this is rigorously justified only in the limit of very large .

5.3.3 Inter-pocket pairing and hopping (5 # 0, A # 0)

c) Increasing A (0<|B|<A)

a) Unfolded b) Folded
A: Inter-pocket hopping
B: Inter-pocket pairing

d) Increasing |B| (A>0)

Figure 5.6: Gap structure for circular pockets with inter-pocket hopping and pairing
interaction. The solid outer and inner circles represent the reconstructed FSs after
hybridization. In the superconducting state, the nodal points (represented as crosses)
lie on a circle (dashed line) but no longer on the unhybridized Fermi surface. As the
hopping parameter \ increases, the nodes move toward the k, and k, axis, where they
can merge and disappear. In this scenario the gap function has the same sign on both
electron pockets. Increasing the pairing strength S shifts the nodes toward the diagonal
lines k, = £k, instead. The nodes can merge and vanish, in which case the gap function
acquires opposite signs on the outer and inner pockets.

Once more, the first step is to diagonalize the Hamiltonian Hg + H) by introducing
new pockets a and b exactly as in the case with 5 = 0. We then rewrite the remaining

Hamiltonian in terms of the a and b operators and obtain

Haap = 3 30 [(A+ Balual s+ (A~ BB 5] o,
k

1 bt Pt
+ 5 zk: Ay [akab_kﬁ + bkaa_kﬁ} zazﬁ +H.e. (5.20)
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Observe that the coeflicient 5 appears only in the intra-pocket terms. We diagonalize
the Hamiltonian Hj +H/y | 5 and again find dispersions of the form Eljf =/ Ax + /By,

where
A = + A2(1+42) + A2 + 82, (5.21)
By =4 [(Gh + AB)* + A%y (A% + \7)]. (5.22)

The dispersion E; is fully gapped, but E,_ has nodal points at momenta given by

§k = AB/A, (5.23)

j:\/A2+)\2 _52 —)\2ﬁ2/A2
aA '

cos 20y = (5.24)

Note that the nodal points are now shifted from the unhybridized FS. The direction
of the shift depends on the sign of 5. If 8 > 0 (8 < 0) the nodes appear between the
original FSs (the ones before hybridization) and the outer (inner) hybridized FS. The

nodes exist in the parameter range given by
0< A%+ 22— B2 - \?B2/A? < a’A% (5.25)

The lower bound is reached when we keep A fixed and increase |f| towards critical
Be = A. In this case the nodes merge at the diagonals k, = k, or k, = —k,. The
nodes disappear when |3| > . and the intra-pocket gap components in the first line of
Eq. have different signs. In the limit of A > A, the inter-pocket gap component
becomes irrelevant since the reconstructed FSs are far apart and in this sense the gap
function has opposite signs on the two electron pockets.

The upper boundary in is reached when we set |3| < A and increase A. In

this situation the nodes merge along the k, and k, directions at a critical value of A

Ao = A\/(O‘2 — DAY+ (5.26)

given by

AZ — 32
At X > A, the nodes disappear and the gap function has the same sign on each electron
pocket, as can be clearly seen in the limit of A > A. Note that \. grows with 3, i.e., the
inter-pocket pairing allows the nodes to exist in a greater range of values of A. In this

sense the pairing partially protects the nodes from disappearing due to hopping, as long
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as || < A. The behavior of the nodes when both A and (3 are present is summarized
in Fig. 5.6

Since the limiting cases where 8 or A are large yield different results for the relative
signs of the gap function on the electron pockets, it is interesting to see how one may
go from one limit to the other. Consider first a situation where 5 =0 and A > A, (the
fully gapped state with equal signs of the gaps on the two electron FSs). Now increase
B. When [ gets larger, \. increases and tends to infinity when 8 approaches A (see Eq.
(5.26])). Accordingly, once 3 exceeds some threshold, A. become larger than A and the
nodal points reappear along k, and k, directions. As 3 continues to increase, the nodes
split, shift toward the diagonal lines k, = +£k,, merge there at 3 = A, and disappear
when S > A, resulting in the fully-gapped state where the signs of the gaps on the
two Fermi surfaces are opposite. If instead one departs from A = 0 and 5 > A, then
increasing \ reconstructs the FSs but cannot cause the nodal points to reappear. Thus
one cannot go back to the state with same signs on the FSs as long as § > A. Instead,

one would need to decrease A, reversing the process described above.

5.4 Elliptical pockets

Now we consider the more realistic case where the electron pockets are elliptical. We

will take the dispersions in the form

K2k
C=— L — 2
Sk ot 2m;  2mg’ (5.27)
k2 k2
d x Yy
= — — . 5.28
Sk ot 2mo + 2mq ( )

It is convenient to rewrite the dispersions as §lc<’d = &k £ Oy cos 20y, where the + sign
corresponds to &, & = (6 + ¢0)/2, and & = k2(mi' — my')/4. Without loss of

generality, we will take dy to be positive.
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Increasing inter-pocket interaction
1 1 1
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Nodes merge
and vanish
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Folded BZ

New nodes emerge at
Fermi surface crossing

Figure 5.7: Gap structure for elliptical pockets with inter-pocket pairing. In a) we show
the folded electron pockets overlapping. The crosses indicate the position of the nodal
points, while the solid and dashed lines indicate opposite signs of the gap function.
The evolution of the nodal points as obtained by a numerical calculation is shown in
b) through f). First, b) shows the nodal points with no hybridization. If the ellipticity
is below a threshold, increasing the inter-pocket pairing simply shifts the nodes toward
the diagonal lines k, = +k, as seen in c¢) and d). The nodes merge and disappear after
reaching the diagonal lines and the gap structure becomes nodeless as shown in g). If
this occurs, the gap function has opposite signs on the inner and outer edges of the
FSs. Alternatively, if the ellipticity is higher than the threshold, the nodes do not reach
the diagonal lines, but instead a node emerges at that symmetry point. As we further
increase the inter-pocket pairing the node splits into two nodes which move toward the
original nodes, as shown in e) and f). Eventually, the new and old nodes meet and
merge, resulting again in the structure shown in g).
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5.4.1 Inter-pocket pairing only (5 # 0, A =0)

The dispersions after diagonalizing the Hamiltonian are given by (Eljf)2 = Ax £ VB,

where
A =2 (607 + () + 28201+ 4) + 267, (5.29)

1
2
Be=y [ (6 — @2 +an2) +a8P (g - 6’ +487) ). (5:30)

Once again, E; is fully gapped but E, . may contain nodes. Unlike the circular case,
the nodes are not located on the original FSs, but at momenta |k| which are solutions
of

(0k + i) (&b — aA?) + %0k = 0. (5.31)

Let the solutions to this equation be & = & and §x = 6. The angular positions of the

nodal points are given by

F(¢,9)
COS2 201( = m, (532)
where
F(£,8) = (6% — a®A?) (€2 + p% — A?)
— 4aA?E6. (5.33)

Note that for each solution to Eq. ([5.31) there exist 8 nodal points in the dispersion.
One may solve for £ and § exactly but the solution is not very illuminating. It is more
useful to solve for & in terms of § and analyze how the nodal points evolve when we

change §. Expressing € in terms of § we obtain

52 — a2A2 1+ 1/ (0242 + 52)° - 4026252

— — 5.34
3 503 (5.34)
Substitution of these solutions into Eq. (5.33) yields
52— a2A2 T \/(a2A2 + 52)2 — 4023252
cos’ 20y = (5.35)

20252
Analyzing (5.35)) we find new interesting physics. Namely, depending on the param-
eters, there may be 0, 8, or 16 nodal points in the dispersion. When § < oA, there are
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either 8 or zero nodes, as one can immediately verify. At small 3, there are 8 nodes. As
|8] increases, the nodes move toward the diagonals k, = %ky, like in the circular case.
At |8] = A, pairs of nodes merge, and for |3| > A they disappear. The outcome of
the disappearance of the nodes is the effective s™ superconducting state with different
signs of the gap on the inner and outer electron pockets, see Fig.

When 6 > aA, the evolution of the nodes is more interesting. At small 3, there
are again 8 nodes. As || increases, the nodes shift towards diagonals but they do not
reach k, = +k, at |5| = A. Instead, at this 5, a new quadratic node appears in in each
quadrant at the point where zone diagonals intersect the original FS. At |3]| > A, each
quadratic node splits into two, one to the right and one to the left of a diagonal, and
each new node moves toward the already existing nodes (see Fig. . Thus, there is a
total of 16 nodal points. As || continues increasing, the old and new nodes merge at a

critical value || = (. given by
Be = (a®A? +6%) /(2]al6). (5.36)

The nodes disappear when |(| exceeds this critical value and the end result of the
evolution of the nodes is the same minus-plus gap on the inner and outer electron
pockets.

We verified this behavior numerically (Fig. actually shows the results of numer-
ical calculations). In all numerical examples here and below we have set © = 10A and
a = —1.5. Note in passing that while the relationships presented in this analysis are

exact, one must keep in mind that in general § by itself depends on S.

5.4.2 Inter-pocket hopping only (A # 0, § = 0)

This case has been studied before [203] and we present it here for completeness, using a
somewhat different computation scheme. The first step is to diagonalize the Hamiltonian

Ho + H by introducing new operators a and b such that

Cka = Ukka + Vkbkas

dka = —Vkka + Ukbka, (5.37)
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Increasing inter-pocket hopping

1 05 0 05 1

K
a) Folded €) Nodes merge and vanish

Figure 5.8: Gap structure for elliptical pockets with inter-pocket hopping. In a) we show
the gap structure in the absence of hybridization. Inter-pocket hopping reconstructs the
FSs as shown in b). As the hopping parameter increases, the inner F'S shrinks and the
outer one becomes larger. In the superconducting state, the nodal points (represented
as crosses) lie near, but not exactly on FSs and shift toward the k, and k, axis as the
hopping increases, as shown in b) and c). At a critical value of the hopping the nodes
meet and merge in pairs as in d). Finally, for greater values of the parameter they
vanish and the sign of the gap function becomes the same on both FSs. Subfigures b)
through e) are the result of numerical calculations.
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where uy = cosy and vy = —sin ), and this angle 1 satisfies
cos 2 = (& — &)/ (6 — 612 + 432, (5.38)
sin2¢ = 20/\/ (65 — &0)2 + 4X2. (5.39)

The new Hamiltonian is

Ho=> [Sﬁaiaaka + glb(b;[mbka] : (5.40)
k

where {ﬁ’b =g+ &)+ \/)\2 + (&£ — &1)2/4. These new dispersions define the re-
constructed FSs shown in Fig. As the hopping parameter A increases, the outer
FS (associated with b fermions) becomes larger, while the inner FS (associated with a
fermions) shrinks.
Now we consider the superconducting state. Rewriting the pairing part of the Hamil-
tonian in terms of the new operators we find
1

Hp = 3 > [A(l — fin)af,al iy + AL+ fkyk)biabikﬂ}iggﬁ (5.41)
K

1 .
-3 Z Agiyx {alabikﬁ + bLaaT_kB ioy s+ He.,
Kk
where fx = cos2y and gx = —sin2vy. The diagonalization of this Hamiltonian again

yields dispersions in the superconducting state in the form (Elf)2 = Ay £ /By. In this

particular case
A =g (6 + (€)? + 2220 +43)], (5.42)
By :i [ ((fﬁ)Q — (&0 + 4A2fkyk)2 + 402yt gk ((gﬁ — ey 4A2) } (5.43)

As usual, the dispersion Elf is nodeless, but E)  has nodes at momenta which are

the solutions of the equation
(0k + i) (b — aA?) — aX?dy = 0. (5.44)

Each solution to this equation defines a pair (¢, §) and determines the radial position
of the nodal point. The angular position is then given by
F(&,9)

2 —
COS 201( = m,

(5.45)
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where

— 4aA%E5. (5.46)

Like before, we solve for £ in terms of §. The solution is

—82 4+ a2A2 — \/(a2A2 T 52)2 1 402 )\262
2006 '
When we substitute this solution into Eq. (5.45) we find that the angular position of

the nodes is given by

£ =

(5.47)

02 — a?A% 4+ \/(a2A2 + 52)2 + 4a2)252

20252

cos® 20 = (5.48)

The analysis of these equations shows that nodal points appear in a set of 8 and that
they are not located on the FSs of the normal state, although our numerical calculations
show that they remain very close to it. The location of the nodes with respect to the
original F'Ss varies depending on the sign of a. If a > 0, the nodes are located inside
of both unhybridized FSs but outside of the smaller FS. Instead, if o < 0 the nodes are
outside the unhybridized FSs but inside the larger reconstructed FS.

In both cases, the behavior is qualitatively the same as in the limiting case of cir-
cular pockets and is summarized in Fig. where we show the result of numerical
calculations. Increasing A shifts the nodes toward the k, and £, axes. The critical value
of X\ that causes the nodes to merge along these directions is enhanced by the ellipticity

and is given by A, = \/(A2 + 52) (a2 —1). At any larger A the nodes disappear. In this

sense, the eccentricity of the pockets tries to prevent the disappearance of the nodes.

Regarding the gap structure, we note that for large A the inter-pocket pairing term
is irrelevant as the reconstructed FSs are far apart from each other. In this limit, the
gap on the reconstructed pockets is given by A(1 + fryx), where | fxyk| < 1. Thus, the
phase of the gap function is equal and uniform over the the reconstructed FSs.

At smaller A, the phase of the gap along the F'Ss cannot be determined as the pairing
involves both intra-pocket and inter-pocket terms. Judging from the large A limit, it
seems natural to define the gap with equal sign on both FSs also at intermediate A, see
Fig. 5.8
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5.4.3 Inter-pocket pairing and hopping (5 # 0, A # 0)

Small inter-pocket
hopping and interaction

-1

Pl

Larger inter-pocket . Larger inter-pocket interaction
hopping (Two possibilities based
on signs, ellipticity, hopping)

1 1

Larger Larger Larger

«xfo
4— Pacl

Nodes merge
and vanish 0.5]

-1

Nodes merge X
v and vanish Larger

Figure 5.9: Gap structure for elliptical pockets with inter-pocket hopping and pairing.
This case incorporates all the features seen in Figs. and The main difference
is that the condition for additional nodes does not depend solely on the ellipticity, but
also on the hopping parameter and the sign of the inter-pocket pairing.

This case is the most generic one. Like before, we switch to the reconstructed a and
b pockets after hybridization. The pairing terms in the Hamiltonian can be rewritten

in terms of a and b operators and take the form

1 .
Harp = 3 > [Aaa(k)aﬂaaikﬂ + Abb(k)bﬂabikﬁ} Ly

k
1 t o Pt
+3 zk: Au(k) [af bl yep + blpal s | il + e, (5.49)
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where
Aga(k) = A1 — yi fic) — Box, (5.50)
App(k) = A(1 + Yk fx) + B9k, (5.51)
Aup(k) = —Aygx + B (5.52)

The dispersions are given by (Eff)2 = Ay + /By, where
Ay :% [(5&)2 + (g{;)g +2A% (1+yp) + QBQ} , (5.53)
2
sy (&) - (@2 +18%an.)
+ a2t (6 - g)? +447) |
~28Agi (6 — &) [k + 6k + (6 — &) fion
+62 [4A2 + (g -eb) fﬁ] . (5.54)

Once more, we search for nodes in the dispersion E) . The radial position of the

nodes is determined by the condition

(Okéic — aA?) (6x + ) + %A (a?A? = 6%) + o (B2 — X)) & = 0. (5.55)

The solutions to this equation (£, §) are needed to find the angular position of the nodes:

F(&,9)
cos? 26 = (71 2 AT (5.56)
where
F(&,0) = (0% — a?A?) (€ 4 2 — A2 = A?) +4aA6 (BX — AS). (5.57)

Solving for ¢ in terms of §, we find that the solutions to Eq. (5.55)) are

1/2
F_ L) w940 272 | 52\2 N *2_22& T2 Q2
5_2045{ P +a’APE | (a®A% +67) +4a5<(5 a’A%) = +ad (A 5))] }

(5.58)
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The angular location of the nodes for these solutions is given by

cos® 20, =

<2 22
20%2{5 — a?A? 4+ 2a88)/A

:F

1/2
(A% 1 52)° 4 4a5< (5 —a2a%) 2 105 (2 - 57) >] }

(5.59)

In this general case the interplay of the different parameters is considerably more
complicated than in the previous limiting cases, but it does not produce any new fea-
tures. We find that in general the position of the nodal points depends on the signs of
both S8 and «, not only their magnitudes. The dependence on the sign of 8 comes from
bilinear terms of the form S\, while the dependence on the sign of « is a consequence
of the ellipticity of the pockets.

The general behavior of the nodal points is summarized in Fig. [5.90 We found by
numerical analysis that in general increasing A tends to shift the nodes toward the k,
and k, axis as usual, where they merge and disappear at a critical value of X. In this
case, the sign of the order parameter is the same on both FSs. Increasing || instead
shifts the nodes toward the diagonals k, = +k,. At |3] = A there are two possibilities,
as seen in the limiting case of A = 0. The first is that the eight nodal points merge in
pairs at the diagonal lines, disappearing for |3]| > A.

This happens at small 6, i.e., for small eccentricity. The second is that the original
nodal points do not reach the diagonal lines at this value of 3, but instead four new
nodes appear at those lines. Increasing |3| further causes these four new nodal points
to split into pairs, and moves the old and new nodes toward each other. At a threshold
value of 8 they merge and then disappear. This second scenario, with 16 nodal points
at intermediate 3, is realized at larger 0, i.e., at larger eccentricity. In either case, the
merging of nodes caused by large § means that the gap function has opposite signs on
the electron pockets.

One important difference with the case of A = 0 is that the condition for developing
additional nodal points is more complicated since the sign of 5 and the value of \ also
play a role. It is clear from the equations that the additional nodes are more likely to
develop for 8 < 0, for 6 > aA and for small A. The exact conditions when additional

nodes appear are given by rather involved formulas and we refrain from presenting them.
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5.5 Summary

In this chapter we have investigated the effect of hybridization of the two electron pock-
ets on the gap structure in FeSCs. We considered the case when the dominant pairing
interaction is between hole and electron pockets and it yields an s~ gap with acciden-
tal nodes on the electron pockets. Our goal was to understand how accidental nodes
move once we include the hybridization. We argued that for an s*— superconductor
hybridization gives rise to two effects — hopping between electron FSs and the appear-
ance of an additional pairing term which describes inter-pocket pairing. Each of these
two effects shifts the position of the nodes and at large enough hybridization the nodes
eventually disappear. However, the evolution of the nodes and the gap structure of the
resulting nodeless state is different, depending on whether the inter-pocket hopping or
the inter-pocket interaction is stronger. In the first case, the resulting state has the
same sign of the gap on both reconstructed FSs. In the second case, there is a sign
change of the superconducting gap between the inner and outer FSs.

We also showed that the evolution of the nodes with increasing inter-pocket pairing
interaction is rather non-trivial, and in the intermediate regime the number of nodal
points may increase from 8 to 16. We also found that the eccentricity of the pockets en-
larges the critical values of the hybridization parameters, partially protecting the nodal
points from disappearing. The bottom line of this analysis is that strong hybridization
lifts accidental nodes, but the resulting superconducting state may be highly non-trivial,
particularly when the dominant effect of hybridization is the emergence of inter-pocket

pairing potential.



Chapter 6

Conclusion and Discussion

In this dissertation I have presented theoretical studies of the gap structure in iron-based
superconductors, with particular focus on the sign-changing s-wave symmetry of the gap
function. The first half of the thesis was concerned with experimental implications of
such gap structure, while the second half explored how this structure is modified by
magnetism or hybridization (in the case of accidental nodes).

In Chapter [2] we studied the spin resonance at antiferromagnetic momentum (r, 7) in
an s~ superconducting state of FeSCs by including the contribution from the particle-
particle channel, which in the superconducting state gets mixed with the particle-hole
channel. We showed that for purely repulsive interactions the inclusion of this channel
does not qualitatively change the spin resonance, which remains predominantly spin-
exciton and only slightly shifts to higher frequencies. For an attractive density-density
interaction, when both the spin-exciton resonance in the particle-hole channel and the 7-
resonance in the particle-particle channel are allowed, we found that the strong coupling
between the two channels destroys the two-peak structure and only one peak survives,
whose frequency is smaller than would be that of a spin-exciton and m—resonance in
the absence of the coupling. We also argued that the strong coupling between the
particle-hole and particle-particle channels is peculiar to the spin susceptibility, while
the coupling is much smaller for the charge susceptibility, which, for example, is relevant
for Raman scattering.

In Chapter [3| we considered two results of Raman spectroscopy of FeSCs: the
1/(T — Tp) behavior of the Bi, Raman intensity in the normal state of NaFe;_,Co,As,
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Ba(Fe;_,Coy)2Ase, EuFegAss, and SrFepAsy and the development of the resonance
below T, observed in NaFe;_,Co,As and Ba(Fe;_,Co,)2Ase. We argued that the cou-
pling of the Raman vertex to pairs of magnetic fluctuations via the Abrikosov-Larkin
process can explain both of them.

Specifically, we considered the Abrikosov-Larkin process in which light couples to
a particle-hole pair, which then gets converted into a pair of spin fluctuations with
momenta near Q1 = (m,0) and Q2 = (0,7). We analyzed the magnetically mediated
Raman intensity both analytically and numerically, first at the leading two-loop order
and then included interactions between pairs of magnetic fluctuations. We demonstrated
explicitly that the full Raman intensity in the By, channel can be viewed as the result
of the coupling of light to the Ising-nematic susceptibility via the Aslamazov-Larkin
process.

We argued that the 1/(7 — Tp) temperature dependence in the normal state is
the combination of the temperature dependence of the Aslamazov-Larkin vertex and
of the Ising-nematic susceptibility. We further argued that the resonance in the By,
channel below T, emerges because of two effects. One is the development of a pole
in the fully renormalized Ising-nematic susceptibility. The pole occurs at a frequency
Qres1 < 2Qmag, where €44 is the minimal frequency of a dispersing spin resonance at
momenta near 12 in an sT~ superconductor. Another effect is that spin fluctuations
generate attractive interactions between low-energy fermions, which constitute particle-
hole bubbles with zero momentum transfer. An attractive interaction between such
fermions combined with the fact that in an s-wave superconductor a particle-hole bubble
at zero momentum transfer is singular at 2A gives rise to an excitonic resonance at
Qres2 < 2A. In FeSCs €ye51 and €252 are not far from each other, and the observed
strong peak in B1, Raman intensity below T¢ is likely the mixture of both effects.

In Chapter 4] we argued that a superconducting state, which explicitly breaks time-
reversal symmetry, appears when superconductivity emerges from a pre-existing spin-
density-wave-ordered state. We found that in the presence of spin-density-wave order,
the spin-triplet channel with inter-pocket pairing couples to spin-singlet intra-pocket
pairings on the reconstructed Fermi surfaces. This leads to the emergence of a new
pairing channel, which we labeled as t—pairing to emphasize that it involves a spin-

triplet component. We analyzed the interplay between s™ and t— superconducting
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orders and showed that they coexist at low T with a relative phase 0 < 8 < 7. As a
result, the phases of the gaps on different Fermi surfaces differ by less than a multiple of
. Such a state breaks time-reversal symmetry and has been long sought in the studies
of iron-based superconductors. We argued that in a generic case this symmetry gets
broken in the superconducting manifold at temperatures lower than 7.. This should
give rise to features in experimentally probed thermodynamic quantities.

In Chapter [5| we investigated the effect of hybridization of the two electron pockets
on the gap structure. We considered the case when the dominant pairing interaction is
between hole and electron pockets and it yields an s~ gap with accidental nodes on
the electron pockets. Our goal was to understand how accidental nodes move once we
include the hybridization.

We argued that for an s™~ superconductor hybridization gives rise to two effects:
hopping between electron Fermi surfaces and the appearance of an additional pairing
term which describes inter-pocket pairing. Each of these two effects shifts the position
of the nodes and at large enough hybridization the nodes eventually disappear. How-
ever, the evolution of the nodes and the gap structure of the resulting nodeless state
is different, depending on whether the inter-pocket hopping or the inter-pocket inter-
action is stronger. In the first case, the resulting state has the same sign of the gap
on both reconstructed Fermi surfaces. In the second case, there is a sign change of the
superconducting gap between the inner and outer Fermi surfaces.

We also showed that the evolution of the nodes with increasing inter-pocket pairing
interaction is rather non-trivial, and in the intermediate regime the number of nodal
points may increase from 8 to 16. We also found that the eccentricity of the pockets en-
larges the critical values of the hybridization parameters, partially protecting the nodal
points from disappearing. The bottom line of this analysis is that strong hybridization
lifts accidental nodes, but the resulting superconducting state may be highly non-trivial,
particularly when the dominant effect of hybridization is the emergence of inter-pocket

pairing potential.
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Appendix A

Glossary and Acronyms

Care has been taken in this thesis to minimize the use of jargon and acronyms, but
this cannot always be achieved. This appendix defines jargon terms in a glossary, and

contains a table of acronyms and their meaning.

A.1 Glossary

e Exciton — A bound state of an electron and a hole in a many-body system.

e Critical temperature (7.) — The temperature below which a material is super-

conducting.

A.2 Acronyms

Table A.1: Acronyms

Acronym Meaning
BCS Bardeen-Cooper-Schrieffer
BZ Brillouin zone
FeSCs Iron-based superconductors
FS Fermi surface
Continued on next page

134



135

Table A.1 — continued from previous page

Acronym Meaning

RPA Random phase approximation

SC Superconductivity (or superconducting)
SDW Spin density wave

T Temperature

T. Critical temperature (see above)
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