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This paper presents a generalized Rasch model for procedures, is given. The benefits of the model are il-
measuring attitudes which is based on the concepts of lustrated with a study on students’ interest in physics.
Thurstone’s method of successive intervals. The model The fit of different threshold models can be compared
combines the rating scale and the dispersion model using conditional likelihood values and conditional
proposed by Andrich and a submodel of the partial likelihood ratio tests.  Index terms: attitude measure-
credit model proposed by Masters. An estimation pro- ment, conditional likelihood ratio test, partial credit
cedure for unconditional maximum likelihood (ML) es- model, Rasch model, rating scales, successive inter-
timates is outlined. A recursion formula for the sym- vals, threshold model.

metric functions, which is needed for conditional ML

Guilford’s (1954) statement about rating scales in his textbook on psychometric methods remains
valid: “‘Of the psychological measurement methods that depend upon human judgment, rating-scale
procedures exceed them all for popularity and use. . . . Generally speaking, rating methods belong logically
under the heading of the method of successive intervals™ (p. 263).

A basic difference exists, however, between using rating scales to measure attitudes and the method
of successive intervals. The latter placed objects on a scale by using judgments of a number of persons
on a graded response format. The measurement of persons’ atfitudes took place in a second step once
the scale values of the items were known.

In contrast, the goal of Likert’s technique of attitude scaling (Likert, 1932) was to scale persons.
He said that it is sufficient to weight response categories with successive integers in order to get scores
for the attitudes. A scaling of items and categories did not take place.

The family of generalized Rasch models, to which the model presented here belongs, scales persons
and objects simultaneously. Nevertheless, scaling techniques in the Thurstonian tradition are based on a
typical scaling concept, which can be fruitfully developed in the framework of threshold models and
generalized Rasch models.

Thurstone’s Scaling Tradition

The method of successive intervals, introduced by Thurstone (Edwards & Thurstone, 1952), attempted
to solve a twofold scaling problem. First, the particular rating scale of a guestionnaire—the response
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categories used to judge a series of stimuli—is scaled. Categories are ordered on a continuum, but no
assumption is made about their ‘‘distances’ or “‘intervals’’ on that continuum. The first scaling problem
is estimating the widths of the successive intervals as a characteristic of the response categories, inde-
pendent of the stimuli (test items) and persons.

The second scaling problem is scaling the test items, or the stimuli or statements to be judged. The
original formulation of the method of successive intervals (Edwards & Thurstone, 1952) only allowed
the stimuli to vary according to their location on the continuum spanned by successive categories. The
widths of the intervals on the continuum, as well as the location of the stimuli on this continuum, were
estimated under the assumption of normally distributed judgments, as shown in Figure 1. The response
probabilitics correspond to the areas under a normal distribution and are determined by the widths of
intervals and the parameters . and o.

Figure 1, however, goes further by allowing different dispersion parameters for each stimulus. This
generalization of the method of successive intervals was introduced by Burros (1955) and Rimoldi and
Hormaeche (1955). It accounts for the typical characteristic of Thurstone’s scaling models (the Law of
Categorical Judgment) by stating that ‘‘there are at least two important kinds of parameters, represented
respectively by §,, the scale value of the jth stimulus, and o;, the corresponding discriminal dispersion’”
(Burros, 1955, p. 300).

Thus, the general case of the successive interval technique covers three types of parameters defining
the widths of intervals, the scale values of stimuli, and the dispersions of judgments for each stimulus.
When transposing this approach to psychometric modeling, a fourth type of parameter, the person pa-
rameter, must be considered.

Figure 1
The Assumption of Normally Distributed Ratings in the Method of Successive Intervals
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Psychometric Models

Within the past 10 years, powerful psychometric models have been developed for rating-scale data
based on Rasch’s (1960/1980) theory of measurement (e.g., Andrich, 1978a, 1978b, 1982; Wright &
Masters, 1982). Psychometric models differ in two fundamental aspects from the method of successive
intervals. First, they do not require any distributional assumption about the judgments of individuals.
Second, they simultaneously solve an additional scaling problem, namely the scaling of persons. However,
none of these models solves the original problem addressed by the method of successive intervals, which
was scaling the widths of intervals under the assumptions of different dispersions for the stimuli.

Andrich (1978a, 1978b) introduced the *‘rating-scaie model’’ as a direct generalization of Rasch’s
(1960/1980) dichotomous test model. In the rating-scale model

exp(xgv + x}\i + l”x)

p(rvi = x) = dw- 3 (])
where

= 2;0 exp(x€, +xh,+§) (2}
and
b =4, =0 , (3

the probability of a judgment in category x, given by person v on item / with response categories from
0 to m, equals the logistic function of a person parameter £, an item parameter h,, and a category parameter
Y. Andrich derived this model based on a threshold definition and showed that the category parameters
{5, can be interpreted as cumulative threshold parameters 7, defined by

v =32 . @

In the resulting version of the model in Equation 1, 7, parameterizes the location of threshold x (the
threshold between response category x — 1 and x) on the latent continuum (Andrich, 1978a).

Although some consider the threshold approach unconvincing (e.g., Jansen & Roskam, 1986), the
same model follows from what Rasch (1965) and Andersen (1977a) have shown concerning specific
objective generalizations of the dichotomous Rasch model. Rasch (1965) showed that the following model
structure is necessary for specific objective comparisons on the basis of multicategorical data, when both
item and person parameters are scalars:

exp[d)x(gv + A:) + lbx]
d

vi

&)

plry = x) =

The denominator in Equation 5, d,,;, is the sum of the numerator over all categories. Into this so-called
“‘unidimensional Rasch model’” (Andersen, 1977b), a multiplicative parameter ¢, is introduced which,
like ¥, only depends on the categories. Andersen (1977a) has shown that the parameters ¢, must be
equidistant in order to obtain a specific objective model. Moreover, the ¢, parameters are subject to two
norming conditions (usually ¢, = 1 and &,, = 0). These restrictions taken together lead directly to the
rating-scale model in Equation 1, because the parameter ¢, can be replaced by x if the norming conditions
¢y = 0 and ¢,, = m are chosen.

In the rating-scale model, each item / is parameterized by only one parameter \,, which quantifies
the mean of all threshold locations on the latent continuum (Andrich, 1978a). The idea inherent in the
method of successive intervals—to allow for varying dispersions of item responses—is not realized in
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this model. It is met, however, in another threshold model which has also been proposed by Andrich
(1982). In his “‘dispersion model,”

explxé, +xh, +x(m—x)d)]
plry = x) = =2 - , (6)

vi

two parameters, A; and §,;, describe each itemn. Whereas A; is the mean location of all thresholds, §;
quantifies half the distance between two neighboring thresholds. Hence, the model assumes equidistant
thresholds within each ilem, but varying distances among the items. Again, only one part of the method
of successive intervals is realized.

This paper combines both the rating-scale and the dispersion models as a straightforward threshold
formalization of what the developers of the method of successive intervals considered an adequate way
of analyzing rating-scale data. All of these models are submodels of the partial-credit model developed
by Masters (1982), in which no restrictions are imposed on the threshold parameters. Figure 2 illustrates
the assumptions made in the different models.

A Threshold Model Drawing on Thurstone’s Tradition

The model derived here is based on a parameterization of threshold probabilities. The probability
of passing a threshold x is defined as the conditional probability of responding in category x under the
condition that the response is either in x — 1 or in x:

Figure 2
Illustration of Different Restrictions on Threshold Distances
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_ _ _ plr, = x)
=x=-1 or r,=x)=

plry = x—D+p(r, = x)
The relevant property of this definition is that it relies only on the probabilities of two neighboring response
categories; this contrasts, for example, with defining the probability of reaching a particular ‘‘response
level,” p(r,;= x), as in the model of Samejima (1969). As Wright and Masters (1982) pointed out, this
property is the reason that a simple model structure with separability of person and item parameters can
be obtained.

The model follows from the assumption that the threshold probability is a logistic function of a

person parameter £, two item parameters \; and §;, and a threshold parameter 7,:

explé, + M+ (m+1—-2x)3,+71,]
Tr o)
T 14explé, AN+ (m+H1-2x0)8,+ 1]
The interpretation of &, and A, is straightforward. They represent the person’s level on the latent variable,
and the item easiness or its tendency to facilitate passing a threshold. However, in combination with the

remaining two parameters, 8; and T,, the interpretation of A, must be refined. Their interpretation is shown
by means of a fictitious example (Figure 3).

ﬁx = p(rvi = X|r (7)

vi

(x>0) . (8)

Figure 3
Threshold Characteristic Curves for Two ftems With
Five Response Categories According to Equation 8
(a) Ttem 1
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Figure 3 shows the *‘threshold characteristic curves’ (TCCs), or the threshold probability as a function
of the latent variable, for two items and five response categories. The parameter values of these items
are Ay =1,7 =0,8,= 4, and 6, = — .1, and the threshold parameters ate 7, = 2, 1, =0, 7, = — .5,
and 7, = — 1.5.

As in the rating-scale and dispersion models (Andrich, 1978a, 1982), A, is a location parameter and
parameterizes the mean location of all thresholds of an item, if the norming condition for the other
parameters is chosen appropriately. The interpretations of the threshold parameters 7, and the second item
parameters 9, are also identical to those of the rating scale and the dispersion model, but must be related
to each other. The threshold parameters T, no longer parameterize threshold distances that are constant
across the items, because the item parameters 9, also contribute to these distances. Instead, they quantify
the mean threshold distances for all items. Each item has threshold distances which differ by a certain
amount from the distances defined by 7,. This item-specific contribution to the threshold distances is
parameterized by 9,.

In Figure 3, the ‘‘basic threshold distances’” defined by 7, are A, = 2.0 between thresholds 1 and
2, A, = .5 between thresholds 2 and 3, and A,, = 1.0 between thresholds 3 and 4. Because §; param-
eterizes only half the deviation of a threshold distance within item / from these mean distances, the final
distances of both items are A, = 2.8, Ay, = 1.3, and Ay, = 1.8 foritem !, and A, = 1.8, A, = .3, and
A, = .8 for item 2 (see Figure 3).

This example illusirates that the proposed model is nothing more than a combination of the rating-
scale and the dispersion models. In order to avoid overparameterization, both category parameters and
dispersion parameters must be normed. The norming conditions are

2w = b = 20 =0 . 9

The model thus has 2(k — 1) independent item parameters, m — 1 independent threshold parameters and,
of course, n person parameters.

The moedel equation is easily obtained by following the same derivation as in other threshold models
(e.g., Masters & Wright, 1984, appendix), so that the response probabilities are

exp{ 2 &+ N+ (m+1 -Zx)ﬁ,--!-ij
#=1 explx&, +xh, + x(m —x)8,+ ]

plry = x) = 7 = a1 : (10)
where
o= 2, (iD)

and d,;, as usual, is the sum of the numerator across all categories. If Y, = 0 is defined, Equations 10
and 11 also hold for x = 0.

To show the analogy to the method of successive intervals, Figure 4 gives the response probabilities
for the two fictitious items of Figure 3, when all persons have the same level on the latent vanable (&,
= (). Item 2 has a higher dispersion than item 1. Thus, the distribution of item 1 is steeper due to higher
threshold distances of item 1, because of its positive dispersion parameter (8, = +.4). In addition, item
2 also shows that the response probability of category I is somewhat higher than those of categories 2
and 3. Again this is caused by the higher distance between thresholds 1 and 2 (A, = 1.8) as compared
with the two following distances (8,; = .3 and b&,, = .8). As arule, the response probability of a category
increases as the distance between its adjacent thresholds increases.
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Figure 4
Response Probabilities for the Fictitious Items of Figure 3
and a Mean Degree on the Latent Variable (§, = 0)

(a) Item 1 (b) Item 2
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Thus, a strong analogy exists between the method of successive intervals based on category boundaries
under a normal distribution and the present model based on a threshold definition. In both cases a monotone
relation exists between the widths of the threshold or boundary intervals and the size of the response
probabilities. However, it is only an analogy. By their definitions, thresholds and category boundaries
have quite different interpretations (e.g., Andrich, 1982; Wright & Masters, 1982). Despite these dif-
ferences, the model in Equations 10 and 11 parallels the method of successive intervals inasmuch as the
threshold distances are decomposed into a category-specific part () and an item-specific part (3,) that
causes the dispersions of item responses to vary.

Parameter Estimation

Parameter estimates can be obtained by means of conditional and unconditional maximum likelihood
(ML) procedures. The latter is outlined here, and a recursive formula for computing the symmetric functions
needed for conditional parameter estimation is provided following an example.

Unconditional parameter estimation can be done using the modified Newton-Raphson algorithm as
described by Andrich (1978b) for the rating-scale model or by Wright and Masters (1982) for the partial-
credit model. According to this iterative algorithm, new parameter estimates €* of a parameter & are
computed on the basis of preliminary estimates &, the first-order partial derivatives of the log-likelihood
function for this parameter, In L'(g), and the second-order derivatives for the same parameter, In L"(e),
ok = £§—InL'(e) . (12)

In L"(e)
Note that the complete matrix of second-order derivatives is not required in this algorithm, but only its
diagonal elements. The likelihood function is given by

exp{xg, +xh; + x(m —x)8,+ 4]

L = [l y (13)
and the partial derivatives of its logarithm are

InL'(E) = r—22ap. 14
mL'\) = r—2n2xp, , (15)
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In L) = g—2n2x(m—x)p,. , (16)
and
ML) =7~ 2n,2p, (17

where r is the raw score of a person,

r, = Evrvi is the score of item i,

r, 1s the number of responses in category x, and

g, = Evrw-(m — r,;) is the sum of the scoring coefficients of the dispersion parameter.
P, 18 the probability of a person with score 7 answering item { in category x, or the response probability
given by Equations 10 and 11, which is identical for all persons with the same score . The second-order
derivatives then are

InL'(§) = Z{(Expm) -2, } : (18)
In L'(y) = En,.K}pr,,-X} -2 j : (19)
In L") = Enﬂix(m—xm} —Z[x(m—x)}%} s (20)
and

In L'(b) = Zn,2(ph— ) @

(Andrich, 1978b). The algorithm may be started by using Os as initial estimates for all parameters. A
proven sequence of re\e«sgimatmg parameters in each iteration is k;, U, 8;, and &,. The new estimates must
be normed in each iteration according to Equation 9. The procedure is quick; the estimation process for
the example described below took about 30 iterations to obtain stable estimates.

As usual, the unconditional ML estimates are biased for small numbers of items. The well-known
correction term (k — 1)k (Masters, 1982) must be applied here. Every parameter estimate should be
multiplied by this factor to correct for estimation bias.

Example

To illustrate the application of the proposed model, part of a questionnaire on students’ interest in
physics and technology (Hoffmann, Lehrke, & Todt, 1985) was analyzed with the successive interval
model (Equations 10 and 11). In this study, 4,035 students from Grades 5—9 answered the questionnaire.
Part of the questionnaire concerned students’ interest in eight areas of physics and technology in different
‘contexts (HauBler, 1987). For example, interest in learning about acoustics was assumed to be different
when presented in a pure intellectual context rather than in an everyday context. An item in an intellectual
context was ‘‘Learning more about what the pitch and intensity of a tone depend on,”” and for an everyday
confext ‘‘Measuring the intensity of different sources of noise (e.g., traffic, music) by means of appli-
ances.”’

The interest in each of these items was rated on a five-point scale of *‘very high,”” “*high,”” “‘medium,”’
“low,” and ‘“‘very low.”” For the present purpose, the items for all eight topics were analyzed in two
different contexts (‘‘intellectual’” and ‘‘everyday life’’). Hence, the data consisted of two sets of items,
one set measuring the interest in physics presented in an intellectual context, and one set in an everyday-
life contexi.
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Figure 5 shows the parameter estimates of both sets of items after being transformed into threshold
locations on the latent continuum. The symbols in Figure 5, therefore, mark the position of a threshold
x, under four different models (see Equations 1, 6, 10, and 23). These locations follow from the definition
of threshold probabilities under a particular model (see Equation 8). In the case of the successive interval
model, they are given by
loc (x) = N+ (m+1-20)8,+d,— ., . (22)
Figure 5 shows that for these data all thresholds are ordered, so that each subsequent threshold is more
difficult than the preceding one. This is not necessarily the case, but it should be expected from the
rationale of the threshold approach (Wright & Masters, 1982). Put differently, this result indicates that
the five response categories were used as a rating scale by the respondents (Rost, in press).

The results also show that the middle threshold distance is the largest for all items. This may indicate
a response set toward the mean. Obviously, the middle response category has been marked with a higher
frequency than should be expected for equidistant thresholds.

A comparison of the items concerned with two different contexts of learning physics (Figure 5a vs.
Figure 5b) clearly shows that they vary in difficulties, mean threshold distances, and item dispersions.
The threshold distances of the items with an everyday-life context (Figure 5b) are generally smaller than
for the intellectual context (Figure 5a). Because the size of threshold intervals is related to the discrimination
of the item (the smaller the distance, the higher the discrimination; Andrich, 1983), it appears that
everyday-life items have greater discriminative power for measuring students’ interests than do intellectual
items.

When evaluating the successive interval model, it may be more informative to compare the estimates
of this model with those of the rating-scale, the dispersion, and the partial-credit models. The threshold
focations of all these models are depicted in Figure 5.

Figure 5a clearly shows that the successive interval model simply combines the rating-scale and the
dispersion models. The dispersion model, with its equidistance assumption, fails to model the enlarged
distance between the two middle thresholds (compare the crosses in Figure 5a). However, the rating-
scale model, with a constant item dispersion, underestimates the distances of the first four items and
overestimates the distances of the last four items (the arrowheads in Figure 5a). The partial-credit pa-
rameters (the dots in Figure 5) show the position of thresholds if no assumption on threshold distances
is made. They are close to the successive interval parameters (circles) and naturally a bit farther from
the rating-scale and dispersion parameters.

Model Comparisons by Means of Conditional Likelihoods

The fit of different threshold models applied to the same set of data can be compared by means of
the conditional likelihood (cL) of the data. Statistical inference is possible by using conditional likelihood
ratio (CLR) tests. The CL depends only on the structural parameters of a model (item and category
parameters), and incidental parameters (the person parameters) are ‘‘conditioned out.”” The CL function
of the partial-credit model

expi{xé, + €;
pir, = x) = ZRELE 23)
is
n(x)
T
cL =1} - , 24
| v(m)
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Figure 5
Threshold Locations on the Latent Continuum for
Two Sets of Items Under Four Different Models
{o~0 Successive Interval, ¢ Partial Credit, 4 Rating Scale, + Dispersion)
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where y{(v) is the symmetric function of order r,

vy = 2., (25)
and
M = exples) (26)

where x denotes the response vector and n(x) its observed frequency. The same equation holds for the
other threshold models discussed here, if the threshold parameters &, are substituted by the linear de-
composition assumed in a particular model, for example,

€, = XN+ x(m—x)8,+ ¢, (27
in the case of the successive interval model. For larger numbers of items, the symmetric functions can

only be computed with the aid of a recursive formula. As a generalization of the recursive formula for
dichotomous items (Andersen, 1972), the following equations have been derived (Rost, 1988):

V) = = 2 2o y2 ) (28)
and

YO = v, = Zny2m) (29)
They enable rapid calculation of the conditional likelihoods and computation of the CLR statistic

Z= -2 % , (30)

2
where CL, and CL, denote the likelihood of the data under two different models, with Model 1 a submodel
of Model 2. Z is asymptotically chi-square distributed and the number of degrees of freedom equals the
number of independent parameters under Model 2 minus those of Model 1.

Figure 6 shows the logarithms of CL values under four different models, as well as the results of
CLR tests between all pairs of these hierarchically related models for the students’ interest data.

For both sets of items, both the rating-scale and dispersion models provide a poorer fit (smaller log
likelihood) than the partial-credit model. As compared with the former two, the difference between the
successive interval model and the partial-credit model is relatively small and non-significant at the .01
level in the case of the everyday-life items. Comparison of the successive interval model with the dispersion
and the rating-scale model shows that only a few additional parameters—two compared with the dispersion
model and seven compared with the rating-scale model-—cause a drastic increment of the conditional
likelihood.

Discussion

In its middle position between the partial-credit model and the rating-scale and dispersion models,
the successive interval model combines advantages of both. Because it neither assumes equidistance nor
postulates constant threshold distances for all items, it easily accommodates varying threshold locations.
On the other hand, it is not completely unrestricted like the partial-credit model, but takes account of the
prominent feature of rating-scale data, namely the fact that the same response categories are used for ail
items. For those data, the model is not only parsimonious with regard to the number of parameters, but
the parameters are also easier to interpret than under unrestricted threshold locations.
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Figure 6
Conditional Likelihoods (Logarithms) and CLR Tests
Between Four Hierarchically Related Models

(a) Intellectual Context Items

Partial Credit
log CL = -30275.2
41 parameters

Successive Interval
log CL = -30302.3
17 parameters

Dispersion Rating Scale

log CL = -30344.7 log CL = -30515.3
15 parameters 10 parameters

(b) Everyday Life Items
Partial Credit
log Cl. = -30661.3
31 parameters

Successive Interval
log CL = -30674.8
17 parameters

Dispersion Rating Scale

log CL = -30704.0 log CL = -30936.9
15 parameters 10 parameters
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The idea of combining category-specific threshold distances with item-specific influences on these
distances can also be extended to models with skewness or kurtosis parameters as proposed by Andrich
(1985). This, however, may result in an uncountable number of models having very specialized appli-
cations. In contrast to these extensions, the model of successive intervals is general and is simply a
formalization of procedures for rating data that have existed from the beginning of psychometric theory.
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