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Abstract

This thesis is devoted to the study on particle production during the era of primordial

inflation and its phenomenological impacts. The simplest models of inflation typically

assume only one dynamical degree of freedom, the inflaton, that is responsible for all the

inflationary dynamics and predictions. Yet, it is a natural expectation that the inflaton

should be coupled to some other fields, for successful reheating of the universe after inflation.

We first consider the models in which the inflaton is coupled to a U(1) gauge field. For

a pseudo-scalar inflaton, its natural coupling induces tachyonic growth of the gauge quanta,

which then inverse-decay to the inflaton perturbations. This imprints non-Gaussianity in

the cosmic microwave background (CMB) anisotropies. This non-Gaussianity has a nearly

equilateral shape, and the fact that we have not observed it with Planck provides a bound

on the axion decay constant (f & 1016 GeV), which is in the range naturally obtained in

UV complete theories. The produced gauge quanta also source gravitational waves (GWs).

Future GW interferometer experiments can improve over the CMB non-Gaussianity limits.

We then study a different model characterized by a scalar inflaton coupled to gauge

fields via a dilation-like interaction. This coupling can result in a nearly scale-invariant

spectrum for the gauge field. Also in this case, the produced gauge quanta source inflaton

perturbations, but the resulting non-Gaussianity now has a shape peaked for squeezed

triangles, and which exhibits a peculiar angular dependence, that, if detected, would be a

smoking gun of the higher-spin fields involved.

In the above two models, the GW signals are always subdominant at the CMB scales,

due to the non-Gaussianity bounds from the scalar perturbations (namely, from the per-

turbations generated by the inflaton quanta produced by the gauge fields). We study the

radically different situation in which some field other than the inflaton produces the gauge

quanta, and these quanta have no direct coupling (apart from the unavoidable gravitational

interaction) to the inflaton. We study whether this production can result in a detectable

GW signal at CMB scales, without conflicting with the bounds from non-Gaussianity of

the scalar perturbations. We study two possibilities: (i) gauge quanta production due to

a sudden variation of their mass, and (ii) gauge quanta production from a rolling pseudo

scalar. In case (i), we find that GW signals are unlikely to be detectable, due to the sup-

pressed quadrupole moment of non-relativistic quanta. In case (ii), we instead find that

GWs from particle production can actually exceed the usual inflationary vacuum fluctua-

tions. Observable B-mode polarization can be obtained for any choice of inflaton potential,

and the amplitude of the signal is not necessarily correlated with the scale of inflation.
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Part I

Introduction

Recent advances in the observations of the cosmic microwave background (CMB) and large-

scale structure (LSS) have provided compelling evidence for inflationary cosmology and

have stimulated extensive studies of the detailed physics of the primordial universe and

of the subsequent stages of its evolution. After the Cosmic Background Explorer (COBE)

established the thermal nature of the CMB and found anisotropies in the CMB in 1992 [282],

the Wilkinson Microwave Anisotropy Probe (WMAP) (see [61,167] for their final analysis)

and the most recent Planck spacecraft (see e.g. [11–13]), together with ground-based and

balloon-borne missions, have probed these anisotropies to unprecedented precision.

The inflationary paradigm is tested against observations through its strict predictions.

It was originally proposed in order to account for the fine-tuned initial conditions of the

standard Big Bang cosmology and for the non-observation of unwanted relics which are

expected from symmetry breaking in the early universe [16,159,209]. This can be achieved

if the universe experienced a period of accelerating expansion, during which a small patch

of the universe in causal contact is inflated to a size much larger than the current observable

universe. It was soon realized that inflation naturally seeds small inhomogeneities in the

CMB and LSS, originating from quantum vacuum fluctuations. The observational missions

have so far shown that the anisotropies seen in the CMB and LSS are to a large extent

what would be expected on the basis of inflationary theory.

In the simplest models, inflation is driven by a single scalar field. This scalar field,

dubbed inflaton, needs to have a potential that is sufficiently flat to sustain a long enough

duration of inflation. While it slowly rolls down its potential with its energy density dom-

inating the energy density of the universe, it drives a quasi-exponential expansion of the

space. Its vacuum fluctuations, on the other hand, become classical after the wavelengths

of their modes are stretched beyond the horizon scale, and seed the cosmological inho-

mogeneities due to their coupling with the spacetime geometry through gravity. These

simplest models predict a nearly scale-invariant, almost Gaussian spectrum of curvature

perturbations, which is in good agreement with the current observations.

In this thesis, we study the effects of interactions between the inflaton and another field

(or, in some cases, between two fields other than the inflaton) during inflation. We focus our

attention to interactions involving vector fields, and these result in a significant production

of vector quanta. These produced quanta in turn feed back to the inflaton perturbations
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I

(either from the direct coupling to the inflaton that was the origin of their production, or –

if this coupling is absent – gravitationally), thus sourcing a new contribution to the primor-

dial density perturbations. The same gauge quanta also source gravitational waves (GWs).

Depending on the amount of quanta produced (and, therefore, on the strength of the inter-

actions), the effects from particle production can significantly alter the phenomenological

predictions of inflationary models over the simplest scenarios.

The inflaton must be coupled to other fields to decay and reheat the universe after in-

flation (namely, to form the quanta that characterized the Hot Big Bang phase that follows

inflation). This decay cannot take place during inflation (or inflation would terminate) and

therefore the inflaton couplings to other fields are typically disregarded during inflation. On

the contrary, in most of the cases studied in this thesis we study the effect of gauge quanta

produced by the motion of the unperturbed inflaton field during inflation. This extracts

some of the energy out of the unperturbed inflaton. However, even the extraction of a small

fraction of this energy, so that the background evolution is substantially unaffected, can

drastically change the amount and the nature of the primordial perturbations and of the

GWs. This is because the energy of the unperturbed inflaton is about 10 orders of magni-

tude greater than the energy in its vacuum perturbations and in the vacuum GWs (these

are the standard modes present in inflationary models, irrespective of the gauge field pro-

duction that we study). This can strongly constrain the strength of the inflaton interactions

during inflation, and give rise to new signatures. In particular, the perturbations sourced by

the produced quanta are highly non-Gaussian. Non-Gaussianity is typically signaled by a

non-vanishing three-point correlation functions of the CMB anisotropies. Different triplets

of points in the sky form triangles of different shapes, and many different shapes (in princi-

ple, infinitely many) of non-Gaussianity exist, according to which triangular configurations

exhibit greater correlations. Any given mechanism typically produces a specific shape of

non-Gaussianity, and this can provide specific signatures for specific models. Therefore,

particular attention will be paid in this thesis to obtain the precise non-Gaussian signal for

the different mechanisms of particle production that we study.

At the same time, we also compute the amount of GWs that are also sourced by the

produced quanta. The limits on GWs are rapidly improving at the moment, and the

improvement is expected to continue in the near future, both from the Planck satellite,

and balloon-borne and ground-based experiments [85,100,194,247]. These experiments are

extremely important, since, in the standard models the amount of GWs is directly related to

the energy scale of inflation, which is still unknown. Some of the models that we study have

a sourced GW signal that can potentially be observed by these experiments. Moreover, in

2
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some of the models the amount of produced GWs increases during inflation. The resulting

signal can be several orders of magnitude greater than the unsourced one (namely, the

standard signal simply due to the expansion of the universe), and can potentially be observed

even by the terrestrial interferometers such as for instance Advanced LIGO [162], Advanced

Virgo [3], GEO-HF [309], and KAGRA [201].

Probing the physics of the primordial universe is to probe physical processes at very

high energies. Since the Standard Model of elementary particles was well established by

the 1980s, there has been continuous work in both theoretical and experimental particle

physics. However, the new theoretical ideas involve energy scales far beyond current and

near-future experimental reach. Primordial cosmology offers the data to test the predictions

in some of those energy scales. Therefore, cosmology provides an exciting ground not only

for cosmologists but also for elementary particle physicists.

The outline of this thesis is as follows. In Part II, we briefly review the motivations

for the inflationary paradigm, i.e. the conceptual difficulties in the standard Big Bang

cosmology and how inflation solves them. We also review the predictions from the simplest

inflationary models. We then summarize the most recent observational constraints from the

Planck satellite. In Part III, we obtain the general formalism of particle production and its

effects on the cosmological perturbations. This formalism is readily applicable to the models

in the following Parts. In Part IV, we study a very natural class of inflationary models,

called axion inflation. In this class of models, a pseudo-scalar inflaton couples to a gauge

field, and the production of the gauge quanta leads to surprisingly rich phenomenology. In

Part V, we instead consider a scalar inflaton which is coupled to a gauge field through a

characteristic interaction typical of dilaton-like fields. Non-Gaussianity of this model takes

a nearly local shape with a distinct angular dependence depicting the nature of higher-spin

fields. Part VI studies the models in which a gauge field is coupled to another field that

is not the inflaton and interacts with both the inflaton and graviton only gravitationally.

This is the most optimistic scenario, without exotic ingredients, in favor of the GW signals.

In Part VII, we provide final reflections of our findings in the thesis and conclude.

Throughout this thesis, we follow the following conventions of notations: ~ = c = kB =

1, Mp ≡ 1/
√

8πGN ' 2.436 × 1018 GeV is the reduced Planck mass, where GN is the

Newtonian gravitational constant, Greek indices (µ, ν, . . . ) run through the 4-dimensional

spacetime coordinate labels while Latin indices (i, j, k, . . . ) only the three spatial coordinate

labels, and the summation is assumed for repeated indices. We denote physical time by t and

conformal time by τ , and derivative with respect to physical/conformal time by a dot/prime.

The scale factor and the physical Hubble rate are denoted by a and H, respectively. Also,

3
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we take the (− + ++) convention of the spacetime metric everywhere in the thesis apart

from the model of fermionic production (Subsection VI 1.4 and Appendix F) where we

switch to the opposite signature.

4



II 1 MOTIVATIONS

Part II

Inflationary Cosmology

1 Motivations

Primordial inflation, first introduced by Guth in 1981 [159], has been extensively studied

in the past few decades, providing a firm picture of the very early stages of the universe.

Inflation takes place before nucleosynthesis, the generation of the light elements, so that the

Hot Big Bang model subsequently gives an essentially correct description of the observed

universe. In inflationary scenarios, the universe undergoes a rapid, accelerated spatial ex-

pansion, which quickly dilutes all the contents in it which are decoupled from the inflationary

dynamics. This (nearly) exponential expansion makes it possible that the scales relevant

to the current largest-scale observations were once in a causally connected region in the

earlier stage of inflation. Such scenarios can be realized in a surprisingly easy setup and

provides a compelling mechanism to resolve conceptual difficulties in the standard Hot Big

Bang cosmology.

Moreover, the inhomogeneous perturbations of the metric and other relevant degrees

of freedom during inflation can seed the observable fluctuations of the cosmic microwave

background (CMB) and large-scale structure (LSS). The recent technological advances of

the observations of CMB and LSS allow the inflationary theory to be a framework of testable

predictions. Inflationary cosmology has in this regard turned out to be an important source

of information for elementary particle theory, as the inflationary energy scale may be as

high as ∼ 1016 GeV [12], which may therefore allow us to probe a regime inaccessible in

particle accelerators. In this respect, inflation can serve as the only laboratory that could

probe the physical processes in such ultra-high energies.

In this Section, we briefly review the Hot Big Bang cosmology without inflation and state

the conceptual problems that inevitably arise in this standard picture, the very reason why

inflation was first demanded. This introductory Part is based mainly on [206,211,239,306].

1.1 Hot Big Bang Cosmology

The central premise of modern cosmology is that the visible universe on large scales is

isotropic and homogeneous: it looks the same in all directions at any given point in space.1

1 One has to take an appropriate reference frame to make this statement. The universe would not appear
isotropic if an observer were moving close to the speed of light. In considering the CMB, the CMB dipole

5



II 1 MOTIVATIONS

This has been tested by a variety of observations, such as galaxy distributions (e.g. [312,

313]), but the most notable one is the nearly identical temperature of the CMB coming from

different parts of the sky. For smaller scales, the universe is highly inhomogeneous, with

materials clumped into stars, galaxies, and galaxy clusters. However, presumably these

inhomogeneities have grown over time due to gravitational attraction and the distribution

was more homogeneous at earlier times.

The assumption that the visible universe is isotropic and homogeneous on large scales

leads us to choose a spacetime coordinate system where metric takes a simple form. This

metric was derived separately by Friedmann [133], Robertson [259], and Walker [301], and is

called the FRW metric.2 Including the expansion of the universe, which was observationally

found by the early 1930s by Hubble, it takes the form

ds2 = −dt2 + a2(t)

[
dr2

1−Kr2
+ r2dΩ

]
(1)

where ds is the differential line element, a(t) is the scale factor, and r and Ω are the radial

coordinate and solid angle, respectively, of the spherical coordinate system. The constant K

is related to the curvature of spatial geometry, and the scale factor can always be normalized,

without loss of generality, such that K = −1, 0,+1, corresponding to an open, flat, or closed

Friedmann universe, respectively

The expansion of the universe is governed by the Einstein field equations

Rµν −
1

2
gµνR =

1

M2
p

Tµν (2)

where Rµν is the Ricci tensor, constructed from the metric gµν , R is the Ricci scalar

R ≡ Rµµ, and Tµν is the energy-momentum tensor of the contents of the universe. These

equations with the FRW metric (1) determine the evolution of the scale factor through

H2 =
ρ

3M2
p

− K

a2
(3)

ä

a
= −ρ+ 3p

6M2
p

(4)

where dots denote the derivative with respect to physical time t, H ≡ ȧ
a is the Hubble

observations tell us that there is a frame in which its dipole anisotropy vanishes, which we call the CMB
rest frame, and that we (the earth) move with respect to the CMB at a speed of order 10−3c [15].

2 Different conventions call this metric RW or FLRW metric (with Lemâıtre [203] included), but “FRW”
is taken throughout this thesis.

6



II 1 MOTIVATIONS

parameter, ρ ≡ −T 0
0 is the energy density of matter in the universe, and p ≡ 1

3 T
i
i is its

pressure. These two equations combined derive the energy conservation law 3

ρ̇+ 3
ȧ

a
(ρ+ p) = 0 (5)

and each decoupled matter content obeys this equation separately. We define the equation

of state w as

w ≡ p

ρ
(6)

and if w is constant, (5) can be solved as

ρ ∝ a−3(1+w) . (7)

If the energy content of the form (7) dominates the total energy density of the universe, we

can solve (3) to find the time dependence of a,

a ∝

t
2

3(1+w) w 6= −1

eHt w = −1
(8)

Some physically important energy contents are (i) ultra-relativistic gas (radiation) w = 1
3 ,

(ii) non-relativistic dust (matter) w = 0, and (iii) cosmological constant w = −1. Their

energy densities behave as

ρ ∝


a−4 , Radiation

a−3 , Matter

const. , Cosmological constant

(9)

These dependences are physically understandable; as the volume of space expands as ∝ a3,

the density of matter is diluted by the same proportion, while the energy of radiation is

further decreased by ∝ a−1 due to its wavelength stretched by the expansion (cosmolog-

ical constant is simply as its name stands). A comparison of these different behaviors is

schematically illustrated in Figure 1 (in log scale). If one of them dominates the total

3 Alternatively, the energy conservation equation (5) can also be derived from the ν = 0 part of the
conservation equation of the energy-momentum tensor, ∇µTµν = 0, where ∇µ is the covariant derivative.
This is no accidental; if we act ∇µ on the both sides of (2), the left-hand side is identically zero, due to the
Bianchi identity. This means that the Einstein field equations (2) already contain the energy and momentum
conservation, and the latter does not introduce any additional information.

7



II 1 MOTIVATIONS

Figure 1: A schematic illustration of the evolution of energy densities.

density, the time dependences of the scale factor and of the Hubble parameter are

Radiation domination : a ∝ t1/2 , H =
1

2t
(10)

Matter domination : a ∝ t2/3 , H =
2

3t
(11)

Cosm. const. domination : a ∝ eHt , H = const. (12)

These observations tell us that unless the cosmological constant already dominates at

the beginning, regardless of the value of K, the scale factor vanishes at some “initial” time

t = 0, and the energy density becomes infinite. This is the time of the initial cosmological

singularity, historically called Big Bang.

If cosmological constant is absent, the universe continues to expand forever if it is open

(K = −1) or flat (K = 0).4 If it is closed (K = +1) with w > −1
3 , on the other hand, then

the two terms in (3) become equal at some time in the expansion; after this point, the scale

factor a decreases and eventually vanishes, which leads to the future singularity, called Big

Crunch. However, if cosmological constant, or anything else with w < −1
3 , is present, the

fate of the universe is different. Once it dominates the energy density, it keeps dominating,

and the universe expands indefinitely.

Once the initial contents of the universe are known, its subsequent evolution can be

determined through (3–5). It was, however, not clear whether the early universe had been

filled with non-relativistic dust (cold) or ultra-relativistic gas (hot), until the 2.7 K CMB

4 For K = −1, after the curvature term K
a2

in the right-hand side of (3) dominates over the other term,
the scale factor goes as a ∝ t.
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II 1 MOTIVATIONS

was found in 1965 by Penzias and Wilson [250], followed by another group [108]. This

discovery quickly led to widespread acceptance of the hot universe model, as it predicts the

CMB radiation emitted in the early universe [118,134].

In this model, the universe was in its earliest stages of evolution filled with ultra-

relativistic plasma of elementary particles, such as quarks, leptons, gauge bosons, Higgs

bosons, and other beyond-Standard-Model particles. During this epoch, temperature is

extremely high (typically T & 1016 GeV), and one may assume that some underlying sym-

metry is restored and that interactions do not distinguish particle species; such theories are

called grand unified theories (GUTs). As the universe expands, the temperature drops as

T ∝ a−1 (13)

due to the entropy conservation for adiabatic expansion. As it cools down, a number of phase

transitions are expected to take place during the course of its early history. The GUT phase

transition spontaneously breaks the unifying symmetry (if it existed), down to SUc(3) ×
SUL(2) × UY(1) at the temperatures T ∼ 1014 − 1016 GeV, where SUc(3) corresponds

to the strong interaction gauge group, SUL(2) × UY(1) to the electroweak. While SUc(3)

remains unbroken, SUL(2) × UY(1) goes through further spontaneous symmetry breaking

at T ∼ O(102) GeV, so that SUL(2)×UY(1)→ UQ(1) through the Higgs mechanism.

At T ∼ 100 − 300 MeV (t ∼ 10−5 sec), a transition associated with chiral symmetry

breaking and color confinement takes place, which separates the strongly interacting parti-

cles into baryons and mesons. The details of this transition could possibly affect the follow-

ing processes, but primordial (Big Bang) nucleosynthesis should occur at T ∼ 10−0.1 MeV.

Nucleosynthesis is the epoch of the generation of light elements and is a milestone of the

current cosmology. At T ∼ 1 eV (t ∼ 1011 sec), the universe enters from the radiation-

dominated to the matter-dominated epoch. This is called matter-radiation equality and is

also the start of structure formation. Finally, the ions and electrons combine to form neutral

atoms, and the radiation (photons) decouple from the matter. This photon decoupling, also

called the last scattering, takes place at T ∼ 0.1 eV (t ∼ 1013, red shift z ∼ 1100). The

CMB detected by Penzias and Wilson is the remnant of such decoupled photons, which

have been cooled by the expansion of the universe.

This is a very brief description of the early history of the universe within Hot Big

Bang cosmology. While it gained widespread acceptance immediately after the discovery

of the CMB and has since then provided an essentially correct picture of the cosmological

evolution, it suffers several conceptual difficulties, along with the uncertainties in the initial

9



II 1 MOTIVATIONS

conditions of the universe. In the following, we list these issues, giving way to inflationary

cosmology.

1.2 Problems with the Standard Picture

The Hot Big Bang theory can confidently depict the evolution of the universe after nucle-

osynthesis. Yet, the earlier epochs are still a subject of speculation and contain uncertainties

for the initial conditions. There are several issues associated with this theory which cannot

be solved within its own framework. Below, we briefly discuss these issues, for most of

which inflation will provide solutions (see e.g. [206,211,306]).

(i) Flatness problem:

The Friedmann equation (3) can be rewritten as

Ω− 1 =
K

a2H2
(14)

where Ω ≡ ρ
ρc

is the fractional density of the total matters, and ρc ≡ 3M2
pH

2 is called

the critical density. If the universe is exactly flat, i.e. K = 0 and Ω = 1, then it

remains so for all time; otherwise, Ω evolves over time due to the difference in time

dependence between Ω and the K
a2H2 term. Using (10, 11), we have |Ω− 1| ∝ t for a

radiation-dominated universe and |Ω− 1| ∝ t2/3 for a matter-dominated universe. In

either case (more generally w < −1 or w > −1
3), |Ω − 1| increases as time goes on.

Current observations set a stringent bound on this value [11],

1− Ω0 = −0.0005+0.0065
−0.0066 (15)

at 95% CL, where the subscript 0 denotes the present time. The fact that the total

fractional density Ω is close to 1 implies that at earlier times, it must have been

extremely close to 1, e.g. |Ω− 1| . 10−16 at most at the time of nucleosynthesis and

even smaller at earlier times, in order to obtain the currently observed universe. This

is not a paradox in itself, i.e. there is no reason why the curvature should not have

been so small or 0; yet, one may argue that such finely tuned initial conditions seem

unlikely, which is what physicists typically would like to explain if possible.

(ii) Horizon problem:

From the first detection of the CMB, its high degree of isotropy raised a question.

The particle horizon, the distance beyond which no past events can be observed, in a

10



II 1 MOTIVATIONS

Figure 2: The evolution of physical scale λ and of the horizon RH ∼ H−1.

radiation-dominated (RD) and matter-dominated (MD) universe is 5

RH(t) = a(t)

∫ t

0

dt′

a(t′)
=

2t ∝ a2 , RD

3t ∝ a3/2 , MD
(16)

using (10, 11). On the other hand, physical scales scale as λ ∝ a, or λ ∝ t1/2 in the

RD and λ ∝ t2/3 in the MD. This scaling difference between λ and RH is illustrated

in Figure 2. This difference implies that the horizon size has increased at a higher

rate than physical scales since the time of last scattering, and thus regions causally

disconnected in the past have been entering inside the horizon. Therefore, the CMB

radiation coming from the regions separated by more than the horizon scale at the

time of last scattering (i.e. when it started free propagation), which now subtends an

angle in the sky about O(1◦), could not have been previously smoothed out by any

physical processes. The Hot Big Bang model can provide no prospect of explaining

why the temperature of the CMB is nearly perfectly isotropic and homogeneous.

(iii) Unwanted relics problem:

In grand unified theories, local symmetry under a simple symmetry group is spon-

taneously broken at typically an energy ∼ 1014 − 1016 GeV to the Standard Model

gauge symmetry under the group SUc(3)× SUL(2)× SUY(1). In all such models, the

5 In the RD and MD universe, the event horizon has an infinite radius, that is, there is no limitation on
the distance that light will be able to travel in the future.

11



II 1 MOTIVATIONS

scalar fields that break the symmetry can be left with non-zero magnetic charge and

cannot be diluted through any continuous processes to the observed level (see [304]

for discussion). This poses a problem for some cosmological models (see [254] for a

review). Unless they can find and annihilate each other, such magnetic monopoles

would be found by the amount of roughly one monopole per nucleon today, which

is in disagreement with the observations. This potential difficulty was one of the

leading motivations for inflationary cosmological models. Other topological defects,

such as cosmic strings, domain walls, and textures, may also be problematic, but this

potential harassment is more model-dependent (see e.g. [298,315] for reviews).

In models beyond the Standard Model, another potentially dangerous relic is the

gravitino, the spin-3
2 partner of the graviton in supergravity theory. In most versions

of supergravity, the presence of gravitino upsets nucleosynthesis if the Hot Big Bang

starts before T & 105 GeV [186]. There are other potential classes of unwanted relics

in models such as superstring theory [31, 106]. In any of these cases, problems arise

due to the relics produced in the early universe that are in conflict with observations.

(iv) Seed of inhomogeneity :

The universe is observed to be highly isotropic and homogeneous on large scales.

However, it is not completely so; the fluctuations in the isotropic and homogeneous

background are of order 10−5 in the CMB temperature and the LSS density. Within

the Hot Big Bang model, a simple interpretation of the origin of such fluctuations

is that they correspond to inhomogeneities present at the surface of last scattering

and further evolved over time. Their corresponding scale is, however, much larger

than the horizon size at that time, and therefore they could not be generated causally

and would have to be part of the initial conditions [171, 205]. However, the Hot

Big Bang model does not provide a mechanism to implement such initial conditions.

Although it remains possible that the large-scale inhomogeneities are generated well

after last scattering, an alternative way beyond the standard Hot Big Bang model

seems more natural. Inflation automatically implements a mechanism to produce

initial inhomogeneities as quantum fluctuations, which are in a good agreement with

the CMB and LSS observation.

The most serious of the above issues is the horizon problem, as there are possible so-

lutions for the other ones which do not have to rely on inflation. Historically, the issues

(i)–(iii) were the main motivations for inflation. As it has turned out, a further interesting
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II 2 INFLATIONARY PARADIGM

aspect is that inflation can generate irregularities in the very early universe that persist

to the present, addressing (iv) of the issues. These inhomogeneities are originated from

quantum fluctuations and may lead to structure formation. In the following section, we

briefly summarize the basic properties of inflation and how it resolves the above issues.

2 Inflationary Paradigm

Inflationary cosmology is not a replacement for the previously existing Hot Big Bang cos-

mology; rather, the former adds an inflating phase to the cosmological evolution, well before

the time the latter successfully gives a relevant description of the current universe. The for-

mal definition of inflation is an epoch during which the universe undergoes an accelerating

expansion, or in terms of the scale factor, introduced in (1),

Inflation ⇐⇒ ä > 0 (17)

which is achieved under the condition of the energy contents

Inflation ⇐⇒ ρ+ 3p < 0 i.e. w < −1

3
(18)

as can be seen from (4). As we always assume that the energy density ρ is positive, the

pressure p has to be negative in order to satisfy this condition, which is independent of the

curvature K of the universe.

If inflation occurs, all the issues within the Hot Big Bang model that are discussed in

the previous section can be resolved. The condition (17) is precisely the one that drives

the fractional density Ω toward unity. The time derivative of the right-hand side of (14) is

− 2K
a3H3 ä. As a > 0 and H > 0, the condition (17) implies that the right-hand side of (14)

decreases over time, leading to Ω → 1, consistent with the current observation (15). The

abundances of unwanted relics can be easily reduced to an acceptable level by the expansion

during inflation, as long as they are produced before the inflationary epoch. The horizon

problem can also be solved due to the decrease of the comoving Hubble length (aH)−1

during inflation. In the case of an exponential expansion, for example, physical scales, which

are proportional to a, extend exponentially, while the horizon H−1 stays constant. This

situation is depicted in Figure 3. As a result, any observable scales, which used to be outside

the horizon in the past, could have once been within a causally connected region inside the

horizon, as long as inflation lasted sufficiently long. The overwhelming inhomogeneities and

anisotropies that might have been present before inflation could be smoothed out before
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II 2 INFLATIONARY PARADIGM

Figure 3: The evolution of physical scale λ and of the horizon RH ∼ H−1, with initial
inflationary phase.

the horizon exit during inflation. Yet another attractive consequence of inflation is that the

quantum fluctuations present initially and stretched by the expansion can seed the small

perturbations that are observed in the CMB and are necessary for structure formation.

Thanks to all these merits, the relatively simple idea of inflation has become a dominant

paradigm for the cosmology of the very early universe. In the following Subsection, we briefly

discuss the class of simplest physical realizations of inflation.

2.1 Slow-roll Inflation

Guth’s original work [159] was that a scalar field was initially trapped in a local minimum

of some potential, supporting an exponential expansion, and then leaked through the po-

tential barrier and rolled down to a true minimum. It was soon realized [160,163] that this

idea suffers from the so-called graceful exit problem. The first-order phase transition from

the initial “false vacuum” phase to the lower-energy “true vacuum” phase could not have

occurred everywhere in space simultaneously, but instead in the small bubbles of true vac-

uum. The latent heat released in the phase transition would have spread only on the bubble

walls, while their interiors are essentially empty. Thus the distribution of the energy that

could grow into the present contents of the universe would be highly inhomogeneous and

anisotropic. The background space of false vacuum continued to inflate at a rate too fast

for the bubble walls ever to coalesce to smooth out those irregularities. Guth’s version of

inflation was then modified by Linde [209,210] and by Albrecht and Steinhardt [16], known
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as “new inflation.” In this new model, bubbles are again formed in the phase transition;

however, low but finite temperature lowers the potential barrier significantly. The scalar

field then slowly rolls down the potential, while the universe, including the bubbles, expands

exponentially. Eventually the field is converted into ordinary particles, filling the bubble, a

small part of which our universe is supposed to occupy.

It was soon understood that in these models, the physical observables are the conse-

quences of the slow roll of the scalar field, rather than the bubble nucleation itself. Indeed,

the important aspects of inflation depend only on the requirement that a scalar field ϕ,

called the inflaton, has a large but flat potential V (ϕ). Scalar fields are peculiar in that

if their energy density is dominated by the potential term over the kinetic, their equation

of state automatically becomes w ' −1, leading to a nearly exponential expansion and an

almost constant Hubble parameter, until the field value starts changing fast.

There are a huge number of variations of inflationary models (see e.g. [59,213,219,248]

for reviews). Here we illustrate the simplest single-scalar-field models of inflation, on which

the most of the models studied in the following parts of this thesis are based. This class of

models is characterized by a simple action

S =

∫
d4x

[
M2
p

2
R− 1

2
gµν ∂µϕ∂νϕ− V (ϕ)

]
(19)

where gµν is the metric tensor of (1), R is the corresponding Ricci scalar, and V (ϕ) is the

inflaton potential. The energy density ρ = −T 0
0 and the pressure p = 1

3T
i
i of a spatially

homogeneous inflaton field in a FRW spacetime take the form, respectively,6

ρ =
1

2
ϕ̇(0) 2 + V (20)

p =
1

2
ϕ̇(0) 2 − V (21)

which immediately shows that w ' −1 if V � 1
2 ϕ̇

(0) 2. Inflation lasts as long as ρ+ 3p < 0,

that is ϕ̇(0) 2 < V . With a suitably flat potential, even if this condition is not satisfied

initially, ϕ(0) quickly runs into a so-called attractor to satisfy it. Once inflation starts, the

curvature term in the Friedmann equation (3) quickly becomes negligible; we thus ignore

6 Notational note: in this thesis, ϕ(t, ~x) denotes the total value of the inflaton, while ϕ(0)(t) denotes its
homogeneous background value. Later we consider its perturbation around ϕ(0)(t), denoting it as δϕ(t, ~x) =
ϕ(t, ~x)− ϕ(0)(t).
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this term from the start. Eq. (3) with a single scalar inflaton then takes the form

H2 =
1

3M2
p

[
1

2
ϕ̇(0) 2 + V

]
(22)

and the energy conservation law (5) becomes

ϕ̈(0) + 3Hϕ̇(0) + Vϕ = 0 (23)

where the subscript ϕ denotes the derivative with respect to ϕ. The above two equations

determine the dynamics of inflation, as the ä equation, (4), is their direct consequence. The

slow-roll conditions are quantified by two parameters

ε ≡
M2
p

2

(
Vϕ
V

)2

, η ≡M2
p

Vϕϕ
V

(24)

and are satisfied by requiring ε� 1 and |η| � 1.7 These are the two “flatness” conditions

needed to insure the slow roll of both φ and φ̇. Under these conditions, (22) and (23) are

approximated as

H2 ' V

3M2
p

(27)

3Hϕ̇(0) ' −Vϕ . (28)

At a glance, the conditions ε � 1, |η| � 1 only restrict the form of the potential,

and since the full equation of motion for the inflaton, (23), is a second-order differential

equation, the value of ϕ̇(0) can still be chosen freely. Therefore, it is in principle an additional

assumption that the solution for a given potential satisfies (28), or |ϕ̈(0)| � 3H|ϕ̇(0)| ' |Vϕ|.
However, it can be shown that (27) and (28) are the attractor of the full system. As long

as the conditions ε � 1, |η| � 1 are satisfied, even if the system starts off with the value

of ϕ̇(0) violating the slow roll, it quickly moves into the attractor to satisfy (27) and (28).

7 An alternative set of slow-roll parameters in terms of the Hubble parameter is

εH ≡ −
Ḣ

H2
, δH ≡

Ḧ

2HḢ
. (25)

These parameters are related to the ones in terms of inflaton potential, ε, η, through

εH =
ϕ̇(0) 2

2M2
pH2

' ε , δH =
ϕ̈(0)

Hϕ̇(0)
' ε− η . (26)

Therefore, the slow-roll conditions ε� 1, |η| � 1 are equivalent to requiring εH � 1, |δH | � 1.
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This makes the condition |ϕ̈(0)| � 3H|ϕ̇(0)| satisfied without a further explicit assumption.

In fact, the attractor behavior is vital for the success of the slow-roll approximations, as it

enables us to make generic predictions from inflation using (27) and (28).

Seen from (17), inflation continues as long as

ä

a
= Ḣ +H2 ' (1− ε)H2 > 0 (29)

and thus if the slow-roll condition ε � 1 is satisfied, inflation is guaranteed. One way for

inflation to end is by violation of the slow roll as the field approaches a minimum of its

potential. In such cases, it can be considered that inflation comes to an end when ε(ϕ) = 1

is reached.

The amount of expansion during inflation is often quantified by the number of e-foldings

N , the logarithm of the ratio of the scale factor at the end of inflation to its value at some

time during inflation, i.e.

N(t) ≡ ln
a(tend)

a(t)
(30)

where tend denotes the time of the end of inflation. Since a is a strictly increasing function

of time, N(t) can also be considered a time variable, which measures the amount of inflation

that still has to occur after time t. Under the slow-roll conditions, the expansion is generally

not strictly exponential, but it can still be very large. Suppose that ϕ(0) moves down its

potential during inflation toward the end value φend ≡ ϕ(0)(tend), defined by ε(φend) = 1,

with 0 < V (φend) < V (t). Under the slow-roll approximations, we then have

N =

∫ tend

t
H dt =

∫ φend

ϕ(0)

H
˙̃ϕ(0)

dϕ̃(0) ' 1

M2
p

∫ ϕ(0)

φend

V

Vϕ
dϕ̃(0) . (31)

For example, for the potential as a monomial function of ϕ, i.e. V (ϕ) ∝ ϕp, the number of

e-foldings is

N '
ϕ(0) 2 − φ2

end

2pM2
p

=
p

4

[
1

ε(t)
− 1

]
' p

4ε(t)
(32)

where the last approximation is valid well before the end of inflation. Thus, an arbitrarily

large number of e-foldings can be achieved as long as ε� 1. With the standard evolution,

the number of e-foldings required to generate the scales that correspond to the present

Hubble radius is N = 50− 60, depending on the precise thermal history of the universe.

It is worth noting that in large-field models, of which the simplest examples are those

with a monomial potential V (ϕ) ∝ ϕp, a large N requires ϕ(0) > Mp (if p & (2N)−1 in
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the monomial potential case, see (32)). Such large values of ϕ(0) do not necessarily rule

out the classical treatment of gravity on which we have been relying. The condition that

the corrections from quantum gravity can be neglected is that the energy density should be

much smaller than the Planck energy density, V (ϕ)�M4
p . This condition can be satisfied

even for ϕ(0) > Mp, if V (ϕ) is proportional to a sufficiently small coupling constant or mass.

Such a constant appears neither in the slow-roll parameters (24) nor in the growth (31) of a

and is irrelevant for the background dynamics of inflation. Its value can only be determined

by the consideration of the perturbations. The current observations of the CMB and LSS

indeed support a small constant that fulfills the condition V (ϕ)�M4
p .

To enjoy the success of the Hot Big Bang model, the universe has to be filled with

ultra-relativistic ordinary particles (radiation) some time between the end of inflation and

nucleosynthesis. This process is called reheating. While reheating typically has little impact

on the predictions from the inflationary scenario and thus is not a focus of this thesis, an

understanding of it is of great physical importance. A brief description of what is supposed

to happen in the process is typically the following. First, after inflation ends, the inflaton

field starts oscillating coherently around a minimum of its potential at a rapid rate on the

Hubble timescale. During this period, the inflaton effectively behaves like matter, with its

energy density ρ ∝ a−3. This oscillating phase could last for considerable time, depending

on the particle decay time. Secondly, the inflaton undergoes coherent decays, once the

Hubble time reaches the decay time. One notable process for this phase is preheating,

where an extremely efficient decay takes place due to broad parametric resonance between

the inflaton and other bosonic particles [189, 190]. The last stage of reheating process is

thermalization. The bosonic particles should decay, interact, and finally reach thermal

equilibrium [19,55,252]. The details are strongly model-dependent, but this series of phases

ultimately determines the temperature at which the universe becomes in equilibrium and

enters the standard Hot Big Bang behavior.

For inflation to successfully account for the observed isotropy and homogeneity, any

given observable scale must have been within the Hubble radius some time during inflation.

In this respect, we are interested in the evolution of comoving wavenumber k, arising from

a Fourier transform of perturbations, related to physical scale by λ ≡ a
k . The comoving

Hubble length (aH)−1 is by definition decreasing during inflation, whereas it is increasing

at all other times. A fixed comoving scale k−1 may therefore be inside the horizon at

some initial time and be well outside of it by the end of inflation. For any such scale,

an important moment is the time when it crosses the horizon, i.e. k = aH. This can be

related to the number of e-foldings N , defined in (30), which now depends on k, and to
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the scale now equaling the Hubble radius, k = a0H0. One simple yet viable scenario of the

evolution is that the universe goes through (i) the inflationary epoch (ending at tend), (ii)

the stage of inflaton coherent oscillation (from tend to treh), (iii) reheating (at treh), (iv) the

radiation-dominated era (from treh to teq), and (v) the matter-dominated era (from teq to

t0). Assuming instantaneous transitions between the regimes, we can write [206],

k

a0H0
=
akHk

a0H0
=

ak
aend

aend

areh

areh

aeq

aeq

a0

Hk

H0
(33)

where the subscript k denotes the time when k = aH. The fraction ak
aend

gives the number

of e-foldings N(k) of inflation remaining when the scale k crosses the horizon. This leads

to, assuming typical evolution,

N(k) = 62− ln
k

a0H0
− ln

1016 GeV

V
1/4

CMB

+ ln
V

1/4
CMB

V
1/4

end

− 1

3
ln
V

1/4
end

ρ
1/4
reh

. (34)

In typical models of inflation, the uncertainties regarding the precise evolution is not ex-

pected to be large, and generally we can take N(k) = 50− 60. The smallest scale accessible

to LSS observations is about 1 Mpc, which would correspond to the Hubble length about 9

e-foldings after the largest scale does. Thus, all scales relevant to the LSS and CMB crossed

the horizon within a limited number of e-foldings well before the end of inflation. As long as

inflation lasted this long, the issues raised in Subsection II 1.2 can be solved simultaneously.

2.2 Perturbation from Inflation

The last Subsection was devoted to the description of the background dynamics of inflation

and consequently to explaining the currently observed flatness, isotropy, and homogeneity

of the universe. There are, however, small inhomogeneities (∼ 10−5 level) in the CMB

temperature and in the LSS density distribution. The inflationary cosmology, discussed in

the previous Subsection, can in fact account for such inhomogeneities, without any addi-

tional ingredients. This is one of the major features that inflation has attracted considerable

attention since the idea was introduced.

A robust treatment of perturbations from inflation requires several technical details. In

order to avoid losing track of the context, we will leave them to the following Parts of the

thesis, where we study different models in detail. Here we only introduce the basics and

observable quantities important for phenomenology on generic grounds.

As seen in the previous Subsection, all the observable scales crossed the horizon during
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inflation. Well within the horizon, the perturbations of the inflaton, metric, and any other

relevant fields behave as freely propagating quantum fields, once properly quantized. These

quantum fluctuations are stretched by the expansion and go through the transition from

quantum to classical perturbations [253, 287]. Among different types of perturbations, the

ones of most phenomenological interest are the curvature perturbation (scalar mode) and the

gravitational wave (tensor mode). These modes are conserved outside the horizon, which

is the very property that allows us to connect the distant past (at the horizon exit during

inflation) to the relatively recent past (at the horizon reentry) (see [306] and references

therein).

The curvature perturbation, ζ, is related to one of the scalar modes of the spatial

components of metric perturbations [33, 302].8 The goal of the theory of cosmological

perturbations is to compute their spectral functions of primordial origin. These functions

convey various information of the physics in the very early universe, which is testable by

the observations of the CMB and LSS. The two-point correlation function of ζ defines its

power spectrum Pζ by 〈
ζ~k ζ~k′

〉
≡ 2π2

k3
Pζ(~k) δ(3)

(
~k + ~k′

)
(35)

where ζ~k is the Fourier transform of ζ(~x), k ≡ |~k|, and δ(3) is the 3-dimensional Dirac delta

function, which is the consequence of the translational invariance (momentum conserva-

tion) in the theory.9 If the background dynamics respects rotational invariance, the power

spectrum will depend only on the magnitude of ~k, i.e. Pζ
(
~k
)

= Pζ(k). The power spectrum

is often parametrized as

Pζ = As
(
k

k∗

)ns−1

(36)

where As is the amplitude of the spectrum, ns is the scalar spectral index, and k∗ is a pivot

momentum of the observation, which typically is taken to be k∗ = 0.05 Mpc−1 or 0.002 Mpc−1.

In the simplest single-scalar-field models discussed in the previous Subsection, the spectrum

is found to be

Pζ ∼=
(

H2

2πϕ̇(0)

)2(
k

k∗

)2η−6ε

' H2

8π2εM2
p

(
k

k∗

)2η−6ε

(37)

8 There is another standard conventional definition of curvature perturbation, R, which is also conserved
outside the horizon [32, 217]. The difference between the definitions of ζ and R is the choice of coordinates
on which they are defined: ζ is defined on the uniform-density hypersurfaces, while R is on the co-moving
hypersurfaces. Nonetheless, they are equivalent quantities outside the horizon, i.e. k � aH.

9 What we suffice to assume is in fact the probability distribution function that is translationally invariant,
not necessarily the translationally invariant initial conditions of the perturbations.
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giving As ∼= H2

8π2εM2
p
' V

24π2εM4
p

and ns − 1 ∼= 2η − 6ε� 1.10 A nearly scale-invariant power

spectrum, ns ' 1, is a generic prediction of the simplest models and is in a good agreement

with the observations, ns = 0.9603± 0.0073 [12].

The observed fluctuations are consistent with Gaussian spectra. If they are completely

Gaussian, then all the even-number correlation functions can be expressed in terms only of

combinations of two-point correlation functions, and all the odd-number correlation func-

tions will vanish. There have been a large number of ongoing activities to search for the

signals deviated from such Gaussian spectra, which can potentially provide rich phenomenol-

ogy about the physics in the early universe.

The leading indicator of non-Gaussianity is the three-point correlation function of cur-

vature perturbations, which defines the bispectrum Bζ as〈
ζ~k1

ζ~k2
ζ~k3

〉
≡ Bζ

(
k1, k2, k3

)
δ(3)
(
~k1 + ~k2 + ~k3

)
(38)

where ki ≡ |~ki|, and the delta function is due to translational invariance of a theory. Due

to the constraint ~k1 + ~k2 + ~k3 = 0, the modes form a triangle. As a result, Bζ depends not

only on the amplitude, but also on the angle in this triangle and the overall scaling with

respect to the momenta. The bispectrum thus provides much more informative fingerprints

of the origin of perturbations than the power spectrum. A standard parametrization of the

level of non-Gaussianity is with the use of non-linearity parameter fNL. Under local ansatz,

the curvature perturbation in the coordinate space may be expanded as [193]

ζ(x) = ζg(x) +
3

5
fNL

[
ζ2
g (x)− 〈ζ2

g (x)〉
]

+ . . . (39)

where ζg is a Gaussian random field, and the . . . indicates the higher-order terms in the

expansion. In the case of single-scalar-field inflationary models, fNL is suppressed by the

slow-roll parameters and is too small to be detectable [8, 52, 135, 223, 263, 269]. In fact,

perturbations of (almost) free fields originated from the ground state of an adiabatic vacuum

are expected to be (nearly) Gaussian. To have a large non-Gaussianity, violation of a

single field, canonical kinetic terms, slow roll, or initial adiabatic Bunch-Davies vacuum is

typically necessary [191].11 In this thesis, we explore yet another possibility of the effects

10 The recent observation [12] finds As ∼= 2.23× 10−9, which in the single-scalar models indicates V 1/4 '
0.03 ε1/4Mp � Mp, which justifies the semi-classical treatment of gravity, neglecting the corrections from
quantum gravity, briefly discussed in Subsection II 2.1.

11 A small subset of a number of models that have been proposed to produce a detectable non-Gaussian
signature is: using sound speed effects [88–90], higher derivatives [36, 39, 41], non-vacuum initial conditions
[88–90,170,233,234], sharp potential features [88,89], post-inflationary effects [38,40,68]
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II 2 INFLATIONARY PARADIGM

from interactions between fields during inflation and show that they can feed detectable

levels of non-Gaussianity. Within this context, fNL serves as a measure of the strength

of such interactions. Non-Gaussianity is a powerful discriminator between different models

that would otherwise give degenerate predictions, which is the very reason why it has evoked

a vast amount of explorations in the recent years.

The expansion (39) with local ansatz gives the bispectrum of the form

Blocal
ζ ∝ 1

k3
1k

3
2

+
1

k3
2k

3
3

+
1

k3
3k

3
1

(40)

which is the case for the single-field models. This form of bispectrum is peaked at squeezed

triangles, e.g. k1 � k2 ' k3 (or permutations). However, models of different physics give

different forms. Analyzing data for each form one by one is computationally challenging, so

in the CMB data analysis, some “templates” of bispectrum are prepared and employed to

give the observational bounds. Two other commonly used templates are “equilateral” and

“orthogonal” configurations, whose templates are [192,272]

Bequil
ζ ∝ − 1

k3
1k

3
2

− 1

k3
2k

3
3

− 1

k3
3k

3
1

− 2

k2
1k

2
2k

2
3

+
1

k1k2
2k

3
3

+ (5 perms) (41)

Borth
ζ ∝ − 3

k3
1k

3
2

− 3

k3
2k

3
3

− 3

k3
3k

3
1

− 8

k2
1k

2
2k

2
3

+
3

k1k2
2k

3
3

+ (5 perms) (42)

where the permutations act only on the last term of each equation. The “equilateral”

bispectrum is peaked at the equilateral shape of the triangle, i.e. k1 = k2 = k3. The

observations constrain the values of non-linearity parameter using these templates (40–42),

denoting f local
NL , f equil

NL , and forth
NL , respectively.

Another observable quantity in the cosmological perturbations is the spectrum of grav-

itational waves (GWs). They are the tensor modes of the metric perturbations; they have

two polarization states, as graviton is massless, propagating at the speed of light. We de-

note them as hλ, where λ = L,R, or λ = +,×, is the polarization index. The two-point

correlation function again defines the power spectrum of GWs as

〈
hλ
(
~k
)
hλ′
(
~k′
)〉

=
2π2

k3
Pλ(k) δλλ′ δ

(3)
(
~k + ~k′

)
(43)

where δλλ′ is the Kronecker delta, showing that the two polarization modes in GWs do not

correlate, which is generic due to the statistical isotropy and the spin-2 nature of GWs.

Here, both translational and rotational invariances are assumed. The total GW spectrum
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is then

PGW = PL + PR (44)

and the strength of the tensor spectrum is quantified by the tensor-to-scalar ratio

r ≡ PGW

Pζ
. (45)

In the single-scalar-field inflationary models, we have PL = PR and

PGW
∼=

2H2

π2M2
p

(
k

k∗

)2ε

(46)

giving

r ∼= 16ε . (47)

Notice from (37) that in the single-scalar models, the observed value of As determines the

combination V
ε , and that of ns the combination 2η − 6ε; thus, we need the detection of r,

in order to completely determine all the inflationary parameters of the simplest models.

These predictions of curvature perturbations and GWs have made the inflationary cos-

mology a testable theoretical framework. Exploring the models of inflation is not only an

attempt to reveal the physics of the primordial universe, but also the study of the elementary

particle theory of extremely high energies, which the current, or near future, accelerators

cannot possibly achieve. In the next section, we briefly summarize the results of the recent

observations relevant for the constraints on inflationary parameters.

3 Recent Observational Results

The CMB anisotropies are widely considered one of the most powerful probes of the early-

universe cosmology. Recent advances of the CMB observations are largely based on a series

of space-based missions: the Cosmic Background Explorer (COBE) [282], the Wilkinson

Microwave Anisotropy Probe (WMAP) [60, 285], and Planck [11]. The COBE results first

established the firm evidence of a nearly scale-invariant spectrum of primordial fluctuations

in the CMB, on angular scales larger than 7◦. These findings were consistent with the

predictions from inflationary models and stimulated further investigation of the subject.

The WMAP results (see [61, 167] for the final WMAP analysis results), together with the

results from high-resolution ground-based CMB experiments (e.g. [257,280,289]), are in an

excellent agreement with the predictions from the so-called ΛCDM model, which is now often
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regarded as a “standard” cosmological model.12 The combination of precise measurements

and accurate theoretical predictions allowed the WMAP results to set a tight constraint on

cosmological parameters.

Planck is the third-generation CMB space mission, primarily aiming the measurements

of the fluctuations of the temperature and polarization in the CMB radiation at µK

sensitivity per resolution over the entire sky [5]. Planck covers a wide frequency range

(30 − 857 GHz) to accurately discriminate Galactic emission from the primordial fluctu-

ations. Planck’s high sensitivity, wide frequency range and all-sky coverage have enabled

to put the most stringent observational bounds on cosmological parameters, including the

ones of inflationary cosmology.

The first Planck results were released in March 2013.13 We below list the summaries

of the most recent observational findings and parametric constraints that are relevant for

inflation [10–13].

• The amplitude of the scalar power spectrum, defined in (36) is measured to be As =

(2.23± 0.16) × 10−9 with Planck only, and As = 2.23+0.051
−0.060 × 10−9 with Planck +

WMAP polarization, both at 1σ. The pivot scale is taken at k∗ = 0.05 Mpc−1.

• The scalar spectral index of curvature perturbations, defined in (36), is found to be

ns = 0.9603±0.0073 at 1σ using the data from Planck and WMAP polarization. The

pivot scale is again k∗ = 0.05 Mpc−1. This value of ns rules out exact scale invariance

ns = 1 at over 5σ.

• There is no significant running of ns observed, with dns
d ln k = −0.0134 ± 0.0090 at the

pivot scale k∗ = 0.05 Mpc−1.

• The fitting of the data to the ΛCDM model with r being as an additional parameter

gives the constraint on the tensor-to-scalar ratio (45): r < 0.11 at 95% CL with the

pivot scale k∗ = 0.002 Mpc−1.

• The Planck data shrinks the allowed parameter space of standard inflationary models.

The inflaton potential V (ϕ) is preferred to have the form with Vϕϕ < 0. Moreover,

12 The ΛCDM model is based on the assumptions of a spatially-flat, expanding universe. The dynamics
of the universe is governed by General Relativity, and its energy content is dominated by cold dark matter
(CDM) and a cosmological constant (Λ), from which its name comes. The seeds of structure formation are
taken to be Gaussian-distributed adiabatic fluctuations with a nearly scale-invariant spectrum of primordial
origin. The model is specified by only 6 key parameters, and yet it has shown to be a successful description
of various cosmological data.

13 This release does not include the CMB polarization data.
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the models of an exponential potential, the simplest hybrid inflationary models, and

the models of a monomial potential V (ϕ) ∝ ϕp with p ≥ 2 are disfavored as they do

not give a good fit to the Planck data.

• Planck, together with other preceding missions, has put the most stringent constraints

on non-Gaussianity at an unprecedented level. The bounds on the amplitudes of non-

linearity parameter (39) at local, equilateral, and orthogonal configurations are now,

respectively, f local
NL = 2.7 ± 5.8, f equil

NL = −42 ± 75, and forth
NL = −25 ± 39, all at 68%

CL.

• If the adiabatic condition is violated,14 isocurvature modes can also be excited, pos-

sibly correlated among themselves and with the curvature (adiabatic) modes. The

Planck results put upper bound on the fractional primordial contributions of CDM

isocurvature modes of the types expected in the curvaton and axion scenarios, which

are 0.25% and 3.9%, respectively, both at 95% CL, at the scale k = 0.05 Mpc−1. The

Planck data are consistent with adiabatic initial conditions.

The simplest inflationary models have passed the test with the stringent Planck results,

with a narrowed parameter space [12]. The full mission data including the Planck polar-

ization data, which have not been included in the current Planck results, will be expected

to improves precision and statistical significance. Yet, anomalies such as the low-multipole

(corresponding to largest scales) signals in the temperature fluctuations that are signifi-

cantly lower than the predicted values may indicate deviations from the simplest scenarios

and extensions to more complex models. Although non-Gaussianity is still consistent with

non-detection, the bounds on it are not yet strong enough to be decisive, especially for

the equilateral and orthogonal configurations. Non-Gaussianity is one of the major indi-

cators of deviations from the simplest models and can be a powerful tool to discriminate

between different inflationary models. In the following parts of this thesis, we explore the

possibilities of interaction effects that lead to particle production during inflation, which

potentially generate large non-Gaussianity or detectable gravitational wave signals. If such

signals should be detected, it would greatly enhance our understanding of the physics in

the very early universe and, equivalently, the physics of extremely high energies.

14 The adiabatic condition is to say that at very early stages the universe obeyed a common, spatially-
uniform equation of state, and all components initially shared a common velocity field [12]. In other words,
the quantity δρi

ρ̇i
takes the same value for all the matter component individually of the universe (the subscript

i denotes different components). If this condition is satisfied, there is no particle flow and hence no heat
flow between different locations, which justifies its name.
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Part III

General Formalism of Particle Production

This thesis is devoted to the study of the mechanism of particle production during inflation

and its phenomenology. In particular, we consider production of vector fields due to their

coupling to rolling scalar/pseudo scalar fields, either the inflaton or some non-inflaton field.

These fields modify the dispersion relation of the vector field, which leads to tachyonic or

non-adiabatic growth, depending on the type of the coupling. The abundantly produced

vector particles in turn source the cosmological perturbations through the same coupling or

gravitational interaction. These sourced perturbations are uncorrelated with the standard

modes originated from vacuum fluctuations and are expected to be highly non-Gaussian.

Primordial non-Gaussianity, if detected in the CMB and LSS observations, can potentially

be a powerful tool to probe the features of particle interactions during inflation. In this

Part, we formulate the general formalism of vector particle production and its sourcing

effects on the cosmological perturbations.

We assume that quanta of a vector field are produced through some specific coupling

during inflation (either at some discrete moment t∗, or throughout inflation). The vector

field Aµ can be decomposed as, taking the Coulomb gauge,

A0 = 0 , Ai
(
τ, ~x
)

=

∫
d3k

(2π)3/2
ei
~k·~x Ãi

(
τ, ~k

)
Ãi
(
τ, ~k

)
=
∑
λ=±

ε
(λ)
i

(
k̂
) [
aλ
(
~k
)
Aλ
(
τ, k
)

+ a†λ
(
− ~k
)
A∗λ
(
τ, k
)]

(48)

where we have included only the transverse vector polarization (in Section VI 1, we actually

study also the longitudinal polarization, as it is present, and may be relevant, in that model).

Here we denote k ≡ |~k|, and ~ελ are circular polarization vectors satisfying ~k · ~ε (±)
(
k̂
)

= 0,
~k × ~ε (±)

(
k̂
)

= ∓ik~ε (±)
(
k̂
)
, ~ε (±)

(
− k̂
)

= ~ε (±) ∗(k̂), and normalized according to ~ε (λ) ∗(k̂) ·
~ε (λ′)

(
k̂
)

= δλλ′ . Also, aλ and a†λ are the annihilation and creation operators, respectively,

for the transverse vector modes, which satisfy the commutation relation
[
aλ
(
~k
)
, a†λ′

(
~k′
)]

=

δλλ′ δ
(3)
(
~k − ~k′

)
, where δλλ′ is the Kronecker delta function.

In the following Sections, we obtain the formal expressions for the observable correlators

of the scalar (ζ) and tensor perturbations (hλ). These expressions are generic for any

types of couplings we study, and can be readily applied to any given model. We will

apply this formalism in the remainder of the thesis. The discussion is divided into three
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sections; in Section III 1 we present the structure of the equations for the scalar and tensor

perturbations in presence of the source; in Section III 2 we present the formal solutions,

and the structures of the correlators; in Section III 3 we show how these expressions enter

in observable quantities.

1 Decompositions, and Sourced Equations for ζ, hλ

We compute scalar cosmological perturbations in the spatially flat gauge δgij,scalar = 0.

In this gauge, the curvature perturbation ζ is (up to negligible corrections) ζ = − H
ϕ̇(0) δϕ,

where ϕ(0) and δϕ are the unperturbed and perturbed part of the inflaton, respectively. We

decompose

δϕ
(
τ, ~x
)

=

∫
d3k

(2π)3/2
ei
~k·~x Qϕ

(
τ,~k
)

a(τ)
(49)

As we show in the following parts of this thesis, the effect of the vector fields on the

inflaton modes can be encoded in the approximate equation[
∂2
τ +

(
k2 − a′′

a

)]
Qϕ
(
τ, ~k

)
' Jϕ

(
τ, ~k

)
(50)

where ∂τ ≡ ∂
∂τ , and the source is formally of the type

Jϕ
(
τ, ~k

)
≡
∫

d3p

(2π)3/2
Ôϕ,ij

(
τ, ~k, ~p

)
Ãi
(
τ, ~p

)
Ãj
(
τ, ~k − ~p

)
(51)

where Ôϕ,ij is a model-dependent operator.

In the tensor sector, the gravity waves are encoded in gij = a2 (δij + hij), where the

modes hij are transverse and traceless. We introduce the canonical modes

hij(τ, ~x) =
2

Mp a(τ)

∫
d3k

(2π)3/2
ei
~k·~x

∑
λ=L,R

Π
(λ)
ij

(
k̂
)
Qλ
(
τ,~k
)

(52)

where Π
(R/L)
ij

(
k̂
)

= ε
(±)
i

(
k̂
)
ε
(±)
j

(
k̂
)

are the helicity tensors. The canonical modes Qλ obey

the equation of motion [
∂2
τ +

(
k2 − a′′

a

)]
Qλ
(
τ, ~k

)
= Jλ

(
τ, ~k

)
(53)

The source is obtained by starting from the transverse and traceless spatial part of the
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energy momentum tensor and projecting along the λ polarization with Π
(λ)
ij . One finds

Jλ
(
τ, ~k

)
= Π

(λ) ∗
ij

(
k̂
) ∫ d3x

(2π)3/2
e−i

~k·~x a

Mp
Tij (τ, ~x) (54)

We note that, the multiplication by Π
(λ) ∗
ij automatically projects on the transverse and

traceless part of Tij . If the energy-momentum tensor is quadratic in the gauge fields, as in

the cases that we will consider, we recover an expression formally identical to (51), with a

different (and model-dependent) operator Ôλ,ij
(
τ, ~k, ~p

)
.

In summary, we have formally identical equations for the scalar and tensor canonical

modes [
∂2
τ +

(
k2 − a′′

a

)]
QX
(
τ, ~k

)
' JX

(
τ, ~k

)
JX
(
τ, ~k

)
≡
∫

d3p

(2π)3/2
ÔX,ij

(
τ, ~k, ~p

)
Ãi
(
τ, ~p

)
Ãj
(
τ, ~k − ~p

)
(55)

where X = {ϕ, λ = L/R}. The operators ÔX depend on what X is, and also on the model.

In all cases, they are invariant under the simultaneous i↔ j and ~p→ ~k − ~p operations.

2 Formal Solutions and Correlators

The equation (55) is formally solved by

QX
(
τ, ~k

)
= Qvac

X

(
τ, ~k

)
+Qsourced

X

(
τ, ~k

)
(56)

where Qvac
X is the standard vacuum solution, obtained in absence of the vector source, and

Qsourced
X is the particular solution of (55), corresponding to the sourced contribution.

The homogeneous vacuum term is expanded as

Qvac
X (τ,~k) = bX(~k)φX(τ, k) + b†X(−~k)φ∗X(τ, k) . (57)

The creation/annihilation operators of the particle X = ϕ,L/R obey[
bX(~k), b†Y (~k′)

]
= δXY δ

(3)(~k − ~k′) (58)
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and commute with the creation/annihilation operators of the gauge field[
bX(~k), aλ(~k′)

]
=
[
bX(~k), a†λ(~k′)

]
= 0 (59)

The properly normalized homogeneous solutions of (55) are given by the well-known result

φX(τ, k) = i

√
π

2

√
−τH(1)

ν (−kτ) , ν ∼=
3

2
+O(ε, η) (60)

where H
(1)
ν is the Hankel function of the first kind, and we have chosen the (arbitrary)

phase so that φX(τ, k) is real in the limit −kτ → 0.

The vacuum modes (60) are employed to construct the retarded Green function associ-

ated with (55),

Gk(τ, τ
′) = iΘ(τ − τ ′)

[
φX(τ, k)φ∗X(τ ′, k)− φ∗X(τ, k)φX(τ ′, k)

]
' 1

k3ττ ′
[
kτ ′ cos

(
kτ ′
)
− sin

(
kτ ′
)]

(61)

where Θ is the step function. The Green function obeys
[
∂2
τ +

(
k2 − a′′

a

)]
Gk(τ, τ

′) =

δ (τ − τ ′), and its approximate form (second line) is valid in the super-horizon regime−kτ �
1. Using the Green function (61) the particular solution of (55) takes the form

Qsourced
X (τ,~k) =

∫ τ

−∞
dτ ′Gk(τ, τ

′)JX(τ ′,~k) (62)

where the source term was defined in (55). We note that this particular solution is statis-

tically independent of the homogeneous solution (57). In fact, the particular solution can

be expanded in terms of the annihilation/creation operators aλ(~k), a†λ(~k) associated with

the gauge field, while the homogeneous solution can be expanded in terms of the annihi-

lation/creation operators bX(~k), b†X(~k) associated with the vacuum fluctuations of particle

X. As we pointed out, these two sets of operators commute with one another.

We are interested in the two- and three-point correlators of the sourced solutions. For

the sourced two-point correlator, we find〈
Qsourced
X

(
τ, ~k1

)
Qsourced
Y

(
τ, ~k2

)〉
=

∫ τ

dτ1Gk1 (τ, τ1)

∫ τ

dτ2Gk2 (τ, τ2)

×
〈
JX
(
τ1, ~k1

)
JY
(
τ2, ~k2

)〉
(63)
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where〈
JX
(
τ1, ~k1

)
JY
(
τ2, ~k2

)〉
= 2

∫
d3p1d

3p2

(2π)3 ÔX,ij
(
τ1, ~k1, ~p1

)
ÔY,lm

(
τ2, ~k2, ~p2

)
×
〈
Ãi
(
τ1, ~p1

)
Ãm
(
τ2, ~k2 − ~p2

)〉 〈
Ãj
(
τ1, ~k1 − ~p1

)
Ãl
(
τ2, ~p2

)〉
(64)

In writing this expression, we Wick-decomposed the 〈A4〉 correlator coming from 〈J2〉, and

then used the symmetry of the ÔY,lm operator. From (48) we then see that the sourced

part of the two-point correlator of the gauge field is formally of the type〈
Ãi (τ1, ~q1) Ãj (τ2, ~q2)

〉
=
∑
σ=±
P(σ)
ij (q̂1)D(σ)

(0,0) [τ1, τ2; q1] δ(3) (~q1 + ~q2) (65)

where

P(±)
ij (p̂) ≡ ε(±)

i (~p) ε
(±)∗
j (~p) =

1

2
(δij − p̂i p̂j)∓

i

2
εijk p̂k (66)

The index (0, 0) on D indicates that no time derivative is acting on the modes Ã on the

left-hand side of (65), and it is introduced for later convenience. Using the hermiticity of

Aµ (x), one can show that D(σ)
(0,0) [τ1, τ2; q] = D(σ)∗

(0,0) [τ2, τ1; q]. As we show in the following

Parts, in the models we study, D(σ)
(0,0) becomes real and symmetric under τ1 ↔ τ2 for all

times after the particle production. Inserting (65) into (64) we obtain

〈
JX
(
τ1, ~k1

)
JY
(
τ2, ~k2

)〉
= 2 δ(3)

(
~k1 + ~k2

) ∫ d3p

(2π)3

∑
σ,σ′

P(σ)
im

(
p̂
)
P(σ′)
lj

(
p̂− k1

)
×ÔX,ij

(
τ1, ~k1, ~p

)
ÔY,lm

(
τ2, −~k1, ~p− ~k1

)
D(σ)

(0,0) [τ1, τ2; p] D(σ′)
(0,0)

[
τ1, τ2; |~p− ~k1|

]
(67)

where we denote p̂− ki ≡ ~p−~ki
|~p−~ki|

.

Finally, for the sourced three-point function, we only need to compute the connected

three-point correlator of Qϕ. Proceeding as for the two-point function we obtain〈
3∏
i=1

Qsourced
ϕ

(
τ, ~ki

)〉
=

∫ τ

dτ1Gk1 (τ, τ1)

∫ τ

dτ2Gk2 (τ, τ2)

∫ τ

dτ3Gk3 (τ, τ3)

〈
3∏
i=1

Jϕ
(
τi, ~ki

)〉
(68)
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with〈
3∏
i=1

Jϕ
(
τi, ~ki

)〉
= 8 δ(3)

(
~k1 + ~k2 + ~k3

) ∫ d3p

(2π)9/2

∑
σ,σ′,σ′′

P(σ)
im

(
p̂
)
P(σ′)
nj

(
p̂− k1

)
P(σ′′)
lo

(
p̂+ k2

)
×Ôϕ,ij

(
τ1, ~k1, ~p

)
Ôϕ,lm

(
τ2, ~k2, ~p+ ~k2

)
Ôϕ,no

(
τ3, ~k3, ~p− ~k1

)
×D(σ)

(0,0)

[
τ1, τ2; p

]
D(σ′)

(0,0)

[
τ1, τ3; |~p− ~k1|

]
D(σ′′)

(0,0)

[
τ2, τ3; |~p+ ~k2|

]
. (69)

where the factor 8 again comes from the Wick contraction and the symmetry of the Ôϕ,ij

operator.

Once we specify a model, we can find the model-dependent operators ÔX,ij and then

compute the scalar and tensor correlation functions by (63 and (68) together with (67) and

(69). Using these correlators, we can now compute the quantities relevant to observations.

3 Phenomenology

From the two-point scalar correlator we obtain the curvature power spectrum Pζ ,

Pζ δ
(3)
(
~k1 + ~k2

)
=

k3
1

2π2

〈
ζ~k1

ζ~k2

〉
. (70)

where ζ~k is the Fourier transform of the curvature perturbations ζ = − H
ϕ̇(0) δϕ. The two

terms in the solutions (56) are uncorrelated, and therefore their power spectra add up. Re-

calling the standard slow-roll result (37) for the vacuum mode, and using the two expressions

(63) and (67), we obtain

Pζ = P vac
ζ + P sourced

ζ

P vac
ζ =

(
H2

2πϕ̇(0)

)2

P sourced
ζ =

k3
1

π2

H2

a2ϕ̇(0) 2

∫ τ

dτ1Gk1 (τ, τ1)

∫ τ

dτ2Gk1 (τ, τ2)

∫
d3p

(2π)3

∑
σ,σ′

P(σ)
im

(
p̂
)
P(σ′)
lj

(
p̂− k1

)
×Ôϕ,ij

(
τ1, ~k1, ~p

)
Ôϕ,lm

(
τ2, −~k1, ~p− ~k1

)
D(σ)

(0,0)

[
τ1, τ2; p

]
D(σ′)

(0,0)

[
τ1, τ2; |~p− ~k1|

]
(71)

For the tensor mode, starting from the decomposition (52), the GW power spectrum Pλ

is

Pλ δλλ′ δ
(3)
(
~k1 + ~k2

)
=

k3
1

2π2

4

a2M2
p

〈
Qλ
(
~k1

)
Qλ′
(
~k2

)〉
(72)
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where δλλ′ implies that modes of different polarizations are uncorrelated, which is a generic

feature due to the statistical isotropy and the spin-2 nature of GWs. The vacuum and the

sourced modes in the power spectrum add up as in the scalar case, giving

Pλ = P vac
λ + P sourced

λ

P vac
λ =

H2

π2M2
p

P sourced
λ =

k3
1

π2

4

a2M2
p

∫ τ

dτ1Gk1 (τ, τ1)

∫ τ

dτ2Gk1 (τ, τ2)

∫
d3p

(2π)3

∑
σ,σ′

P(σ)
im

(
p̂
)
P(σ′)
lj

(
p̂− k1

)
×Ôλ,ij

(
τ1, ~k1, ~p

)
Ôλ,lm

(
τ2, −~k1, ~p− ~k1

)
D(σ)

(0,0)

[
τ1, τ2; p

]
D(σ′)

(0,0)

[
τ1, τ2; |~p− ~k1|

]
(73)

The tensor-to-scalar ratio r is defined as

r =

∑
λ Pλ
Pζ

(74)

If the sourced term is absent, one recovers the standard vacuum slow-roll result rv = 8 ϕ̇(0)2

H2M2
p

=

16ε, (47). However, we see that the sourced contribution can modify this result.

Finally, we are interested in the bispectum Bζ of the scalar modes, defined as in (38),

Bζ
(
~ki
)
δ(3)
(
~k1 + ~k2 + ~k3

)
=
〈
ζ~k1

ζ~k2
ζ~k3

〉
. (75)

We disregard the contribution from the vacuum modes, as it is unobservable for standard

slow roll inflation. Using (68) and (69) we obtain

Bζ

(
~ki

)
= 8

∫ τ

dτ1Gk1 (τ, τ1)

∫ τ

dτ2Gk2 (τ, τ2)

∫ τ

dτ3Gk3 (τ, τ3)

×
∫

d3p

(2π)9/2

∑
σ,σ′,σ′′

P(σ)
im

(
p̂
)
P(σ′)
nj

(
p̂− k1

)
P(σ′′)
lo

(
p̂+ k2

)
×Ôϕ,ij

(
τ1, ~k1, ~p

)
Ôϕ,lm

(
τ2, ~k2, ~p+ ~k2

)
Ôϕ,no

(
τ3, ~k3, ~p− ~k1

)
×D(σ)

(0,0)

[
τ1, τ2; p

]
D(σ′)

(0,0)

[
τ1, τ3; |~p− ~k1|

]
D(σ′′)

(0,0)

[
τ2, τ3; |~p+ ~k2|

]
. (76)

Then the non-linearity parameter, defined in (39), can be expressed in terms of Bζ and Pζ

as

fNL =
10

3 (2π)5/2

∏
i k

3
i∑

i k
3
i

Bζ
P 2
ζ

. (77)

In the following Parts, we apply this generic formalism to specific models and study their
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observational signatures. The effects from particle production during inflation, encoded

mostly in r and fNL, can potentially leave very distinct signals and thus provide us rich

phenomenology of the physics in the primordial universe.
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Part IV

Axion Inflation

Primordial inflation has become the dominant paradigm for the early universe, as it pro-

vides a simple mechanism to resolve the conceptual difficulties of the standard Big Bang

cosmology and has enjoyed great phenomenological success in accounting for the properties

of the observed CMB anisotropies. In spite of this success, however, a compelling particle

physics realization is still lacking. A serious obstacle is the requirement of an extremely

flat potential of inflaton, V (ϕ), and its stability against quantum corrections. Successful

inflation requires ε, |η| � 1, where the slow roll parameters are defined in (24). These pa-

rameters are notoriously sensitive to Ultra-Violet (UV) physics. For example, even generic

Planck-suppressed corrections to V (ϕ) may contribute ∆η = O(1), thus spoiling inflation.

This UV sensitivity represents a technical fine tuning problem which must be addressed in

any particle physics model of inflation.

It is conceivable that dangerous corrections to ε, η may be absent as a result of fine-tuning

[57], or that the requirement of a flat potential can be evaded by invoking somewhat exotic

effects such as dissipation [62, 150], small sound speed [18] or higher derivative corrections

[36, 39, 41]. However, perhaps the simplest and most cogent way to realize ε, |η| � 1 in

a natural way is by assuming that the inflaton ϕ is a Pseudo-Nambu-Goldstone-Boson

(PNGB) [9, 22, 25, 116, 125, 129, 132, 178, 187, 231]. In this case the inflaton enjoys a shift

symmetry ϕ → ϕ + const, which is broken either explicitly or by quantum effects. In the

limit of exact symmetry we must have ε = η = 0, thus dangerous contributions to the slow

roll parameters are controlled by the smallness of symmetry breaking. Moreover, PNGBs

like the axion are ubiquitous in particle physics: they arise whenever an approximate global

symmetry is spontaneously broken and are plentiful in string theory compactifications.

The idea of invoking a PNGB to obtain a natural realization of inflation is more than

20 years old [132]. Besides advancing this general idea, Ref. [132] also studied the simplest

situation in which there is a single axion with potential V (ϕ) ∝ 1 − cos
(
ϕ
f

)
, which arises

from nonperturbative effects and breaks the continuous shift symmetry down to a discrete

subgroup ϕ → ϕ + (2π)f . However, this model agrees with observations only if the axion

decay constant is f > Mp [265]. It has been debated in the literature weather a trans-

Planckian breaking may be compatible with gravity, in the case where the symmetry is global

[141–143,169,175,180]. The shift symmetry may emerge from a gauge symmetry, as typically

in string theory. However, also in this case, a trans-Planckian f is considered problematic,
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since all known controlled string theory constructions are characterized by f < Mp [30,291].

Fortunately, a number of models offer the mechanisms to have a scale f < Mp compatible

with inflation, while several of them also lead to an interesting phenomenology (see [248] for

a recent review). For instance, one can consider more than one axion [63,116,187], require

nontrivial compactifications in string theory [174, 176, 231, 281], couple the axion to a 4-

form [178], modify the axion kinetic term [140, 222, 245], or slow down the axion through

particle production [22, 237, 299]. Currently, there exist a number of natural, controlled

realizations of axion inflation with an axion scale f a few orders of magnitude smaller than

Mp but that nevertheless behave effectively as large field inflation models.

In any axion inflation model, the inflaton is expected to couple to some gauge field Aµ

via interactions of the type

Lint = − α

4f
ϕFµνF̃

µν (78)

where Fµν = ∂µAν−∂νAµ is the field strength tensor and F̃µν = 1
2ε
µναβFαβ is its dual. The

strength of the interaction is controlled by the decay constant, f , and by the dimensionless

parameter α. While α is in principle a model dependent quantity, from the perspective of

effective field theory we generally expect it to be order unity. Thus, for controlled effective

field theory realizations of axion inflation it is very natural to have α/f & O
(
102
)
M−1
p , in

which case the interaction (78) is much stronger than gravitationally suppressed. In this

Part of the thesis, we consider in detail the cosmological implications of the interaction

(78). Our analysis is quite general: the general logic of effective field theory requires the

inclusion of an interaction (78) whenever ϕ is pseudo-scalar. We here consider the Abelian

case for simplicity, but the same consideration applies to non-Abelian theory, as long as the

gauge coupling is not too strong (so that the “gluons” are light).

We here adopt a conservative approach, where the interaction (78) can have a profound

impact on the phenomenology of the model, even in the conventional slow roll regime.15

The underlying physics is as follows. The motion of the inflaton amplifies the fluctuations

of the gauge field, δA, which in turn produce inflaton fluctuations via the same interaction,

through the process of inverse decay : δA+ δA→ δϕ. When f/α <∼ 10−2Mp, which is very

natural in models that admit a UV completion, this new source of perturbations actually

dominates over the usual fluctuations from the vacuum. In this regime, all previous studies

of axion inflation are invalid. Our analysis is phenomenological: we use the CMB data to

place observational limits on the coupling α/f without making any specific assumptions

15 One can consider some non-standard possibilities. In [22], for example, it was shown that energy
dissipation into gauge fields, via the interaction (78), can slow down the motion of the inflaton on a very
steep potential.
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about the microphysical origins of the model.

Non-Gaussian statistics, such as the bispectrum (38), provide a powerful tool to discrim-

inate between a plethora of inflationary models in the literature and may provide a valuable

window into the detailed physics of the very early universe. However, a single decoupled

scalar field in slow roll is well known to produce an undetectably small signal [8, 223, 269].

The reason for this is intuitively easy to understand: non-Gaussianity is a measure of the

strength of interactions, while in the vanilla scenario the requirement of a flat potential

typically also constrains interactions to be weak. To evade this no-go result and obtain an

observably large signal, previous studies have introduced non-standard ingredients (refer to

Subsection II 2.2). In the models of axion inflation, on the other hand, the no-go results

of [8, 223, 269] are circumvented in a very novel way:16 the interaction that gives rise to

large non-Gaussianity, eq. (78), does not play any role in the background dynamics and is

thus unconstrained by the requirement of slow roll. In general, interactions between the

inflaton and other fields should be small; otherwise, they would give large corrections to

the inflaton self interactions V (ϕ) through loops. One thus expect that these interactions

should be small, sourcing only small non-Gaussianity. However, if V (ϕ) is protected by a

symmetry, such as the shift symmetry for our current consideration, then the interactions

with other fields are not restricted to be small, as long as they are perturbative, while the

quantum corrections do not spoil the flatness of V (ϕ). Axion inflation is therefore a natural

framework for potentially large, observable non-Gaussianity, without appeal to any exotic

phenomena or fine tuning.

In terms of the broader picture, this result suggests that the conventional lore concerning

the difficulty of obtaining large non-Gaussianity may have been excessively conservative.

One generically expects inflaton to couple to some fields which do not play any role in driving

inflation, since such interactions are unavoidable from an effective field theory perspective

and are (at least to some extent) necessary in order to successfully reheat the universe after

inflation. Refs. [35, 42, 43, 48] provide explicit examples demonstrating how the consistent

inclusion of such interactions can radically modify the phenomenology of inflation, via

particle production effects. The present study represents a challenge to the conventional lore

that non-Gaussianity is a “smoking gun” signature of non-standard inflationary dynamics by

illustrating explicitly that perhaps the simplest and best-motivated particle physics models

of inflation are already constrained by existing observational limits on non-Gaussianity.

Another potentially unique observable quantity is gravitational waves (GWs) and their

feature. The produced gauge quanta source the GWs in the way similar to the inverse decay

16 The original work on this was done in [48], followed by a more extensive work [45].
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process to curvature perturbations. This process δA+δA→ h occurs through gravitational

interaction, which is weaker than the axion-gauge interaction. Consequently, at the scales

relevant to the CMB observations, once the bound on non-Gaussianity is imposed, the

standard modes of GWs from vacuum fluctuations dominate over this sourced contribution,

and therefore the GW signal at the CMB scales would be only standard. However, the

particle production becomes significantly more effective towards the end of inflation. The

modes of the cosmological perturbations that are sourced by these produced quanta at later

stages of inflation correspond to the scales much smaller than the CMB, more specifically to

the scales relevant to terrestrial GW detectors. At small scales, the scalar perturbations may

potentially be strongly constrained by primordial black holes, but these constraints carry

large theoretical uncertainties [22, 47, 208]. The GW signals contain no such uncertainties

and can provide solid constraints on the model.

The parity-violating axion-gauge coupling induces the production of only one of the

polarization states of the gauge fields, which in turn encodes the polarized GWs, under

spin conservation. Such a polarized GW signal can be searched by the networks of multiple

terrestrial GW detectors. Since the stochastic GW background signals probed by the GW

detectors are expected to be unpolarized, detecting polarization asymmetry in the signals is

potentially an excellent way of distinguishing the cosmological component from the possibly

dominant astrophysical one. The axion inflation models provide a natural mechanism to

produce detectable polarized GWs of cosmological origion.

This Part of the thesis is mostly based on the work done in [45]. In Section IV 1, we

provide a summary of the mechanism. In Section IV 2, we compute the correlation functions

of the curvature fluctuations and tensor (gravitational wave, GW) perturbations. Section

IV 3 studies the resulting phenomenology. In Section IV 4, which is based on the work [101],

we consider the possibility to detect the polarized GWs at the terrestrial GW detectors and

discuss the constraint on the axion-gauge coupling strength from the forthcoming detectors.

In Section IV 5, we review most of the existing models of axion inflation, and briefly discuss

the implications of our findings for these models. Finally, in Section IV 6, we summarize

the findings of axion inflation.

1 The Mechanism

In this section we briefly summarize the mechanism of the production of gauge field fluctu-

ations and the subsequent inverse decay effects in axion inflation.
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We consider a simple theory of a PNGB inflaton interacting with a U(1) gauge field17

via the interaction (78). The action is

S =

∫
d4x
√
−g

[
M2
p

2
R− 1

2
(∂ϕ)2 − V (ϕ)− 1

4
FµνFµν −

α

4f
ϕ F̃µν Fµν

]
(79)

where R is the Ricci scalar, Fµν = ∂µAν − ∂νAµ the field strength, and F̃µν ≡ 1
2
ηµναβ√
−g Fαβ

its dual, with η0123 = 1. We separate the inflaton into a homogeneous (background) part

plus its fluctuations

ϕ = ϕ(0) (t) + δϕ (t, ~x) (80)

We leave the potential V (ϕ) arbitrary, except to assume that it is sufficiently flat to sup-

port the required amount of inflation (Ne
>∼ 60). We assume a spatially flat Friedmann-

Robertson-Walker (FRW) space-time with metric

ds2 ≡ gµνdxµdxν = −dt2 + a2(t) d~x · d~x (81)

= a2(τ)
[
−dτ2 + d~x · d~x

]
(82)

where on the second line we have introduced conformal time τ , related to cosmic time as

adτ = dt. We denote the derivatives as ∂t ≡ ḟ and ∂τ ≡ f ′, where f is any function of time.

The Hubble rate H ≡ ȧ/a has conformal time analogue H ≡ a′/a.

We are first interested in the gauge quanta which are produced by the homogeneous

rolling inflaton ϕ(0)(τ). To this end, we can ignore the inflaton and metric perturbations in

the equations of motion of the gauge field. Extremizing the action with respect to A0, and

choosing the Coulomb gauge A0 = 0, then gives
(
~∇ · ~A

)′
= 0, from which we set ~∇· ~A = 0.

The equations of motion for ~A then read

~A′′ −∇2 ~A− α

f
ϕ(0) ′ ~∇× ~A = 0 (83)

where ∇2 ≡ ∂i∂i. As we discuss in Subsection IV 1.1, this equation describes the production

of the quanta of the gauge fields that results from the motion of the inflaton.

The produced gauge quanta have two key effects: they backreact on the homogeneous

background dynamics (see Subsection IV 1.2) and also source inflaton perturbations (see

Subsection IV 1.3). Both effects are governed by the equation of motion of the inflaton,

17The generalization to non-Abelian gauge groups is straightforward.
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and the (00) Einstein equation, which read, respectively

ϕ′′ + 2Hϕ′ −∇2ϕ+ a2 dV

dϕ
= a2α

f
~E · ~B

H2 =
1

3M2
p

[
1

2
ϕ′2 +

1

2

(
~∇ϕ
)2

+ a2 V +
a2

2

(
~E2 + ~B2

)]
(84)

In these equations we have retained the spatial dependence of ϕ (due to the inflaton per-

turbations), and we have introduced the physical “electric” and “magnetic” fields18

~B =
1

a2
~∇× ~A , ~E = − 1

a2
~A′ . (85)

1.1 Production of Gauge Field Fluctuations

During inflation, the motion of the inflaton leads to an instability for the fluctuations of

the gauge field. To see this effect, we start from the equation of motion for Aµ in the

background of the homogeneous inflaton ϕ(0)(t), eq. (83) above. We decompose the field

~A(τ, ~x) as in (48),

~A(τ, ~x) =
∑
λ=±

∫
d3k

(2π)3/2

[
~ε (λ)(k̂) aλ(~k)Aλ(τ,~k) ei

~k·~x + h.c.
]

(86)

where “h.c.” denotes the Hermitian conjugate of the preceding term. The annihilation/cre-

ation operators and the circular polarization vectors ~ε (±) obey the properties introduced

below (48).

Inserting the decomposition (86) into eq. (83) results in the equation of motion[
∂2

∂τ2
+ k2 ± 2kξ

τ

]
A±(τ, k) = 0, ξ ≡ αϕ̇(0)

2fH
(87)

for the mode functions A±. During inflation the parameter ξ may be treated as constant,

as its time variation is subleading in a slow roll expansion.

From equation (87) we see that one of the polarizations of ~Aλ experiences a tachyonic

instability for k/(aH) <∼ 2ξ. Without loss of generality, we assume that ϕ̇(0) > 0 during

inflation, so that the mode exhibiting the instability is A+. In Appendix B we review the

18We do not assume that Aµ necessarily corresponds to the Standard Model electro-magnetic gauge
potential.
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solutions of (87) and show that the growth of fluctuations is well described by [22]

A+(τ, k) ∼=
1√
2k

(
k

2ξaH

)1/4

eπξ−2
√

2ξk/(aH) (88)

in the interval (8ξ)−1 <∼ k/(aH) <∼ 2ξ [48] of phase space that accounts for most of the

power in the produced gauge fluctuations. The phase space of growing modes is non-

vanishing for ξ >∼ O(1), which we assume throughout. Notice the exponential enhancement

eπξ in the solution (88), which arises due to tachyonic instability, and reflects significant

nonperturbative gauge particle production in the regime ξ >∼ 1. On the other hand, the

production of gauge field fluctuations is uninterestingly small for ξ < 1. Note also that the

other polarization state, A−(τ, k), is not produced and can therefore be ignored.

We have thus seen that the motion of the homogeneous inflaton ϕ(0)(t) leads to pro-

duction of gauge field quanta δAµ. There are two key physical effects associated with the

interactions of these produced quanta with the inflaton. The first effect is the backreaction

of the produced quanta on the homogeneous dynamics of ϕ(0)(t), a(t). In the next subsec-

tion we study the conditions under which backreaction effects are negligible. The second

key physical effect is the production of inflaton fluctuations via inverse decay ; this is the

subject of Subsection IV 1.3.

1.2 Backreaction Effects

Backreaction effects can be accounted for using the mean of the field equations (84):

ϕ̈(0) + 3Hϕ̇(0) + Vϕ =
α

f
〈 ~E · ~B〉 (89)

3H2 =
1

M2
p

[
1

2
ϕ̇(0) 2 + V +

1

2
〈 ~E2 + ~B2〉

]
(90)

where we have switched to physical time. The expectation values appearing in (89,90)

encode the backreaction of the produced gauge quanta on the homogeneous dynamics of

ϕ(0)(t), a(t). From (85) and (86), we have

〈 ~E · ~B〉 = − 1

4π2a4

∫
dk k3 d

dτ
|A+|2

1

2
〈 ~E2 + ~B2〉 =

1

4π2a4

∫
dk k2

[
|A′+|2 + k2|A+|2

]
(91)
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Since we are studying the backreaction of the produced quanta, we should disregard the

modes that do not experience the growth discussed in the previous subsection, namely all

modes A− and the large momentum (k > 2ξaH) modes of A+. As can be seen from (87),

modes of A+ with k/(aH) � 2ξ remain in their vacuum state and do not experience any

tachyonic instability. Such modes contribute to the vacuum energy of the U(1) field (in

eqn. (90); an analogous consideration applies to 〈 ~E · ~B〉 in eqn. (89)) that we assume is

canceled by a bare vacuum energy, as is customary in QFT. (In short, we have nothing

to add to the cosmological constant problem.) This prescription provides a UV cutoff

k/ (aH) < 2ξ in the integrals (91); see the paragraph after (87). From a direct inspection of

the solutions of (87), we verified that the integrals (91) converge in the infrared k → 0 region,

and that they receive their support almost entirely from the region (8ξ)−1 <∼ k/(aH) <∼ 2ξ

in which (88) is a very good approximation of the exact solution. Therefore, (91) can be

evaluated by using the expression (88) for A+, and by integrating only over this region of

momenta. In fact, we verified that the momentum interval can be extended from 0 to ∞,

since the expression (88) rapidly decreases outside the (8ξ)−1 <∼ k/(aH) <∼ 2ξ interval, and

the contribution of the “outer” regions to (91) can be neglected. Proceeding in this way

allows for an analytic result:

〈 ~E · ~B〉 ' −2.4 · 10−4 H
4

ξ4
e2πξ , 〈

~E2 + ~B2

2
〉 ' 1.4 · 10−4 H

4

ξ3
e2πξ (92)

This procedure follows Ref. [22], where these expressions were first derived. We expect that

any sensible renormalization prescription will yield results in agreement with (92).

From (89,90) we can distinguish two distinct kinds of backreaction effects. First, the

gauge field fluctuations are produced at the expense of the kinetic energy of ϕ(0)(t). This

contributes a new source of dissipation into the homogeneous Klein-Gordon equation (89).

In order to trust the usual slow-roll inflationary solution, we require that |3Hϕ̇(0)| ∼= | −
Vϕ| � |αf 〈 ~E · ~B〉|. Using (92), this condition reads

H2

2π|ϕ̇(0)|
� 13 ξ3/2e−πξ (93)

The second kind of backreaction effect arises because the energy density in produced

gauge field fluctuations contributes to the Friedmann equation (90). To ensure that the

expansion of the universe is dominated by the potential energy of the inflaton we require
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3M2
pH

2 ∼= V � 1
2〈 ~E

2 + ~B2〉. Once eq. (92) is taken into account, this condition reads

H

Mp
� 146 ξ3/2e−πξ (94)

Taken together, the constraints (93,94) ensure that the unstable growth of gauge field

fluctuations does not modify the usual homogeneous inflationary dynamics.

1.3 Inverse Decay Effects and Inflaton Perturbations

Even when (93,94) are satisfied, the coupling ϕFF̃ may still have a profound impact on the

cosmological fluctuations in the model (79). The perturbations of the inflaton are described

by the equation 19

[
∂2

∂τ2
+ 2H ∂

∂τ
−∇2 + a2Vϕϕ

]
δϕ(τ, ~x) = a2α

f

(
~E · ~B − 〈 ~E · ~B〉

)
. (95)

The solution of (95) splits into two parts: the solution of the homogeneous equation and

the particular solution which is due to the source. Schematically, we have (equivalent to

(56))

δϕ(τ, ~x) = δϕvac(τ, ~x)︸ ︷︷ ︸
homogeneous

+ δϕinv.decay(τ, ~x)︸ ︷︷ ︸
particular

(96)

The homogeneous solution corresponds, physically, to the usual vacuum fluctuations from

inflation. The particular solution, on the other hand, can be interpreted as arising due to

inverse decay processes δA+ δA→ δϕ. This new source of inflaton fluctuations contributes

directly to the observable curvature perturbation on uniform density hypersurfaces, owing

to the relation ζ = − H
ϕ̇(0) δϕ. The inverse decay contribution to the cosmological fluctuations

may actually dominate over the usual vacuum fluctuations in the regime f <∼ 10−2Mp. This

radically modifies the phenomenology of axion inflation. In particular, the inverse decay

contribution to the primordial cosmological fluctuations is highly non-Gaussian; this is

evident already from (95) since the particular solution δϕinv.decay is bilinear in the Gaussian

field δAµ.

We proceed with the computation in the way described in Part III. Decomposing δϕ(τ, ~x)

as in (49), eq. (95) then results in (we note that the last term of (95) has no effect on the

19 See Appendix A.1 for the full equation, with the consistent inclusion of the metric perturbations. In the
same Appendix, it is shown that the other source terms, arising due to integrating out the non-dynamical
modes of the metric perturbations, are completely negligible compared to the source term in (95).
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mode functions with momentum different from zero) 20

[
∂2
τ + k2 − a′′

a
+ a2m2

]
Qϕ(τ,~k) = Jϕ(τ,~k) (97)

Jϕ(τ,~k) ≡ a3(τ)
α

f

∫
d3k

(2π)3/2
e−i

~k·~x ~E · ~B (98)

where the a2m2 term in (97) is slow-roll suppressed and thus can be neglected in our

computation. We separate the mode functions of the two terms in (96) as

Qϕ(τ,~k) = Qvac
ϕ (τ,~k) +Qinv.decay

ϕ (τ,~k) (99)

and we discuss each contribution separately. Following the procedure in Section III 2, we

expand the homogeneous term as 21

Qvac
ϕ (τ,~k) = bϕ(~k)ϕk(τ) + b†ϕ(−~k)ϕ∗k(τ) (100)

with

ϕk(τ) = i

√
π

2

√
−τH(1)

ν (−kτ), ν ∼=
3

2
+O(ε, η) (101)

where ϕk(τ) is chosen to be real in the limit −kτ → 0.

The particular solution, on the other hand, takes the form

Qinv.decay
ϕ (τ,~k) =

∫ τ

−∞
dτ ′Gk(τ, τ

′)Jϕ(τ ′ ~k) (102)

Gk(τ, τ
′) = iΘ(τ − τ ′)

[
ϕk(τ)ϕ∗k(τ

′)− ϕ∗k(τ)ϕk(τ
′)
]

(103)

where the source term was defined in eq. (98). We remind that this particular solution is

statistically independent of the homogeneous solution (100).

We are now in a position to compute the correlation functions for the perturbations

δϕ. We present this computation in Section IV 2. In Section IV 3 we discuss the resulting

phenomenology. Finally, in Appendix A.1 we show that these result are valid also when

metric perturbations are also consistently taken into account.

20In Appendix A.1 we present the complete computation, including also scalar metric perturbations. We
show explicitly that equation (97) still holds, with only the addition of subdominant (Planck-suppressed)
terms in the source Jϕ.

21 Corresponding to the notation in III, we note ϕk(τ) ≡ φϕ(τ, k).
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2 Correlation Functions

In this section we compute the main phenomenological signatures of the model (79). Specif-

ically: in Subsection IV 2.1 we compute the two point correlation function of the density

perturbation ζ = − H
ϕ̇(0) δϕ; in Subsection IV 2.2 we present the corresponding power spec-

trum; in Subsection IV 2.3 we compute the three point correlation function of ζ; in Sub-

section IV 2.4 we present the corresponding bispectrum; in Subsection IV 2.5 we finally

summarize the computation of the power spectrum of the gravity waves (GW) modes. In

this section we neglect scalar metric perturbations for simplicity, however, in Appendix A.1

we show explicitly that their consistent inclusion does not modify our results.

2.1 Two-Point Correlation Function

We start from the relation ζ (τ, ~x) = − H
ϕ̇(0) δϕ (τ, ~x) between the inflaton perturbations,

and the curvature perturbation on uniform density hypersurfaces. We decompose the latter

as

ζ(τ, ~x) =

∫
d3k

(2π)3/2
ζ~k(τ) ei

~k·~x (104)

so that ζ~k = − H
ϕ̇(0)

Qϕ
a . As we discussed in Subsection IV 1.3, the inflaton perturbations

comprise of two terms, one being the vacuum fluctuations, and one the fluctuations sourced

by the gauge quanta; since these two terms are statistically independent, we have

〈ζ~k ζ~k′〉 =
H2

a2ϕ̇(0) 2

[
〈Qvac

ϕ (~k)Qvac
ϕ (~k′)〉+ 〈Qinv.decay

ϕ (~k)Qinv.decay
ϕ (~k′)〉

]
(105)

The contribution from the vacuum modes is standard. Using eqs. (100) and (101), one

obtains the well-known result

〈ζvac
~k
ζvac
~k′
〉 =

H4

2ϕ̇(0) 2

(
k

aH

)ns−1 1

k3
δ(3)

(
~k + ~k′

)
=

2π2

k3
P
(
k

aH

)ns−1

δ(3)
(
~k + ~k′

)
(106)

in the late time / large scales limit, −kτ � 1. In the second line of (106) we have introduced

ns = 1 + 3− 2ν = 1 +O(ε, η) (107)

P1/2 ≡ H2

2π|ϕ̇(0)|
(108)
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We now compute the 2-point correlator of the particular solution (102):

〈ζ inv.decay
~k

(τ) ζ inv.decay
~k′

(τ)〉 =
H2

ϕ̇(0) 2

∫
dτ ′ dτ ′′

Gk (τ, τ ′)

a(τ)

Gk′ (τ, τ
′′)

a(τ)
〈Jϕ(τ ′,~k) Jϕ(τ ′′,~k′)〉

(109)

(In the following, we temporarily omit the superscript ‘inv.decay’ for notational conve-

nience.) In evaluating this expression, we can make some approximations for the mode

functions ϕk (τ) and ϕk (τ ′) appearing in the Green function (103). Since we are interested

in the power spectrum of modes well outside the horizon we can use the small argument

limit −kτ � 1 for the modes (101) entering in the Green function (103),

ϕk (τ) ' a (τ)H√
2

1

k3/2
(−kτ)

ns−1
2 , for− kτ � 1 (110)

Notice that we disregard the small slow roll corrections to the amplitude, but we retain

them in the momentum dependence (since this controls the departure of the spectrum from

scale invariance). This gives

〈ζ~k (τ) ζ~k′ (τ)〉 ∼=
2H4

ϕ̇(0) 2

(−kτ)ns−1

k3

∫ τ

−∞
dτ ′ dτ ′′ Im

[
ϕk
(
τ ′
)]

Im
[
ϕk
(
τ ′′
)]
〈Jϕ(τ ′,~k) Jϕ(τ ′′,~k′)〉

(111)

In this relation, we have already used the fact that the correlator is nonvanishing only for

|~k| = |~k′|. We stress that, in (111) we do not employ the approximation (110) for the modes

ϕk(τ
′) which appear under the integral, since τ ′ must be integrated over.

To evaluate (111), we require the source correlator 〈Jϕ(τ ′,~k) Jϕ(τ ′′,~k′)〉. Explicit eval-

uation gives

〈Jϕ(τ ′,~k) Jϕ(τ ′′,~k′)〉 =
α2δ(3)(~k + ~k′)

8f2a (τ ′) a (τ ′′)

∫
d3q

(2π)3

[
1 +
|~q|2 − ~q · ~k
|~q| |~k − ~q|

]2

×A
[
τ ′, |~q|, |~q − ~k|

]
A∗
[
τ ′′, |~q|, |~q − ~k|

]
(112)

where

A
[
τ ′, |~q|, |~q − ~k|

]
≡ |~q|A′+

(
τ ′, |~q − ~k|

)
A+

(
τ ′, |~q|

)
+ |~q − ~k|A′+

(
τ ′, |~q|

)
A+

(
τ ′, |~q − ~k|

)
(113)
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and where the relations

∣∣∣~ε (+) (~q) · ~ε (+)
(
~k − ~q

)∣∣∣2 =
1

4

[
1 +
|~q|2 − ~q · ~k
|~q| |~k − ~q|

]2

, ~ε (λ)(−~k) = ~ε (λ)∗(~k) (114)

have been used.

Putting all together, we have

〈ζ~k (τ) ζ~k′ (τ)〉 ∼=
α2H6

4 f2ϕ̇(0) 2

(−kτ)ns−1

k3
δ(3)

(
~k + ~k′

) ∫ d3q

(2π)3

[
1 +
|~q|2 − ~q · ~k
|~q| |~k − ~q|

]2

×
∣∣∣ ∫ τ

−∞
dτ ′
(
−τ ′

)
Im
[
ϕk
(
τ ′
)]
A
[
τ ′ |~q|, |~q − ~k|

] ∣∣∣2 (115)

Following similar arguments to those made in Subsection IV 1.2, we can use the approx-

imation (88) for the gauge field mode functions (we discuss this step more in details at the

end of this subsection). This leads to

〈ζ~k (τ) ζ~k′ (τ)〉 ∼=
α2H6 e4πξ

28 π3 f2ϕ̇(0) 2

(−kτ)ns−1

k3
δ(3)

(
~k + ~k′

)
×
∫
d3q∗

[
1 +
|~q∗|2 − ~q∗ · k̂
|~q∗| |k̂ − ~q∗|

]2

|~q∗|1/2 |~q∗ − k̂|1/2
[
|~q∗|1/2 + |~q∗ − k̂|1/2

]2

×I2

[
2
√

2ξ

(√
|~q∗| +

√
|~q∗ − k̂|

)]
(116)

where the integration variable ~q∗ ≡ ~q/|~k| is dimensionless, and where

I [z] ≡
√
π

2

∫ ∞
−kτ

dxx3/2 Re
[
H(1)
ν (x)

]
e−z
√
x (117)

(notice that x ≡ −kτ). As we are interested only in super horizon modes, −kτ � 1, we

can set to zero the lower extreme of integration of I. It is then manifest that we can set

ν = 3/2 in the argument of the Hankel function, since the slow roll corrections appearing

there only modify (in a negligible amount) the amplitude of the correlator, but not its scale

dependence. This leads to

I (z) '
∫ ∞

0
dx (sinx− x cosx) e−z

√
x (118)
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For future convenience, we rewrite the correlator (116) as

〈ζ inv.decay
~k

(τ) ζ inv.decay
~k′

(τ)〉 ≡ 2π2

k3
(−kτ)ns−1P2f2(ξ)e4πξδ(3)(~k + ~k′) (119)

where P was defined in (108) and the dimensionless function f2(ξ) is

f2(ξ) ≡ ξ2

8π

∫
d3q∗

[
1 +
|~q∗|2 − ~q∗ · k̂
|~q∗| |k̂ − ~q∗|

]2

|~q∗|1/2 |~q∗ − k̂|1/2
[
|~q∗|1/2 + |~q∗ − k̂|1/2

]2

×I2

[
2
√

2ξ

(√
|~q∗| +

√
|~q∗ − k̂|

)]
(120)

In general, the function f2(ξ) needs to be evaluated numerically. However, a simplifica-

tion is achieved when the argument of I is much greater than one.

I [z] ∼=
∫ ∞

0
dx
x3

3
e−z
√
x =

3360

z8
for z � 1 (121)

As
√
|~q∗| +

√
|~q∗ − k̂| ≥ 1, this approximation is certainly appropriate at large ξ. One is

then left with a two dimensional integral that numerically evaluates to

f2(ξ) ∼=
7.5 · 10−5

ξ6
, ξ � 1 (122)

The degree of accuracy of this approximation can be seen in Figure 4. It is also useful to

have a fit for f2 in the range 2 ≤ ξ ≤ 3, as this is the most relevant one for phenomenology

(as we discussed in Section IV 3). The best monomial fit to f2 in this range is

f2(ξ) ∼=
3 · 10−5

ξ5.4
, 2 ≤ ξ ≤ 3 (123)

We conclude this subsection with the justification of the use of (88) into the inte-

gral (115). We know that the expressions (88) are accurate approximations to the modes

A+ (τ, k) in the range 1/8ξ ≤ −τ k ≤ 2ξ. As discussed in Subsection IV 1.2, for any given

mode k, this interval corresponds to the times for which the amplification of the gauge field

is maximal. The key point is to ensure that there is a common region in the integration

space of (115) for which both the functions A+ that enter in the expression of A can be
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Figure 4: The function f2(ξ).

approximated by (88). This requires that

1

8ξ
≤ −|~q| τ ′ ≤ 2ξ and

1

8ξ
≤ −|~q − ~k| τ ′ ≤ 2ξ (124)

or, equivalently,
1

8ξ
≤ |~q∗|x ≤ 2ξ and

1

8ξ
≤ |~q∗ − k̂|x ≤ 2ξ (125)

(x = −kτ ′ is the integration variable in (117), and ~q∗ = ~q/|~k|). For the super-horizon modes

that are relevant for phenomenology, we know that x extends from 0 to ∞. Therefore, for

any value of ~q∗, there are always values of the rescaled time x for which either A+(τ ′, |~q∗|)
or A+(τ ′, |~q∗ − k̂|) is maximal, and approximated by (88). Only when |~q∗| ' |~q∗ − k̂|, both

conditions are valid for the same values of x, and the approximations (88) can be used in

the whole integrand of (115). Therefore, our result is correct only if the integrand of (115) is

strongly peaked at |~q∗| = O (1). We have verified with direct inspection that this is indeed

the case (We have verified this claim also using the representation (B.2) of the gauge field

modes which is valid arbitrarily deep in the IR.)

There is a clear physical reason why the integrand is strongly peaked in the region of

phase space where the conditions (124) are satisfied. Notice that, for the values z = O (1)

which are relevant for the present computation, the expression (118) has most of its support
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at x = O (1). This means that the “imprint” of the fluctuations ζk from the gauge modes

occurs when the wavelength of the fluctuation is of the order of the horizon scale (x of

order one), and it is caused by the inverse decay of gauge field modes, whose wavelength

is also of the order of the horizon scale (|~q∗| of order one). This is a natural outcome

of causality/locality. Identical considerations apply in the computation of the three point

function that we perform in Subsection IV 2.3.

2.2 The Primordial Power Spectrum

The two point correlation function in momentum space is related to the power spectrum

by the standard expression

〈ζ~k ζ~k′〉 ≡ Pζ(k)
2π2

k3
δ(3)(~k + ~k′) (126)

As we have seen in the previous subsection, ζ~k = ζvac
~k

+ ζ inv.decay
~k

, and the two terms are

uncorrelated. From (106) and (119) we get the power spectrum at late times

Pζ(k) = P
(
k

k0

)ns−1 [
1 + P f2 (ξ) e4πξ

]
(127)

where P1/2 = H2

2π|ϕ̇(0)| .

2.3 Three-Point Correlation Function

In this subsection we calculate the three point function of ζ inv.decay
~k

,

〈ζ~k1
(τ) ζ~k2

(τ) ζ~k3
(τ)〉 = − H3

ϕ̇(0) 3

∫
dτ1 dτ2 dτ3

Gk1 (τ, τ1)

a(τ)

Gk2 (τ, τ2)

a(τ)

Gk3 (τ, τ3)

a(τ)

×〈Jϕ(τ1,~k1) Jϕ(τ2,~k2) Jϕ(τ3,~k3)〉 (128)
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Proceeding as in Subsection IV 2.1, we arrive to

〈ζ~k1
ζ~k2

ζ~k3
〉 = − α3H9

f3 ϕ̇(0) 3 k3
1 k

3
2 k

3
3

δ(3)
(
~k1 + ~k2 + ~k3

)∫ d3q

(2π)9/2

×
[
~ε (~q) · ~ε

(
~k1 − ~q

)] [
~ε
(
~q − ~k1

)
· ~ε
(
−~q − ~k3

)] [
~ε
(
~q + ~k3

)
· ~ε (−~q)

]
×
∏
i

∫ 0

−∞
dτi [kiτi cos (kiτi)− sin (kiτi)]

×A
[
τ1, |~q|, |~k1 − ~q|

]
A
[
τ2, |~k1 − ~q|, |~k3 + ~q|

]
A
[
τ3, |~k3 + ~q|, |~q|

]
(129)

where A was defined in (113). In this expression we have used the fact that the mode

functions A+ are real (which is true both in the approximations (B.2) and (88)), and we

have disregarded any (mild) scale dependence.22

The correlator depends on the size and the shape of the triangle formed by the vectors
~ki. We denote

|~k1| = k , |~k2| = x2 k , |~k3| = x3 k (130)

and, for future convenience, we parametrize the correlator as

〈ζ~k1
ζ~k2

ζ~k3
〉 ≡ 3

80 (2π)7/2

α3H9

f3 ϕ̇(0) 3

e6πξ

ξ3

δ(3)
(
~k1 + ~k2 + ~k3

)
k6

1 + x3
2 + x3

3

x3
2 x

3
3

f3 (ξ, x2, x3)

=
3

10
(2π)5/2 P3 e6πξ

δ(3)
(
~k1 + ~k2 + ~k3

)
k6

1 + x3
2 + x3

3

x3
2 x

3
3

f3 (ξ, x2, x3) (131)

We proceed from eq. (129) as we did in Subsection IV 2.1. Using the last expression,

22Specifically, we have set ν = 3/2 in the mode functions entering in the Green function (103)).
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eq. (113), and eqs. (88), we arrive to

f3 (ξ; x2, x3) =
5

3π

ξ3

x2 x3

[
1 + x3

2 + x3
3

] ∫ d3q∗ |~q∗|1/2 |k̂1 − ~q∗|1/2 |~q∗ + x3 k̂3|1/2

×
[
~ε (~q∗) · ~ε

(
k̂1 − ~q∗

)] [
|~q∗|1/2 + |k̂1 − ~q∗|1/2

]
I
[
2
√

2ξ
(
|~q∗|1/2 + |k̂1 − ~q∗|1/2

)]
×
[
~ε
(
~q∗ − k̂1

)
· ~ε
(
−~q∗ − x3 k̂3

)] [
|k̂1 − ~q∗|1/2 + |~q∗ + x3 k̂3|1/2

]
×I

[
2

√
2ξ

x2

(
|k̂1 − ~q∗|1/2 + |~q∗ + x3 k̂3|1/2

)]
×
[
~ε
(
~q∗ + x3 k̂3

)
· ~ε (−~q∗)

] [
|~q∗ + x3 k̂3|1/2 + |~q∗|1/2

]
×I

[
2

√
2ξ

x3

(
|~q∗ + x3 k̂3|1/2 + |~q∗|1/2

)]
(132)

To continue, we can set

k̂1 = (1, 0, 0)

x3k̂3 = −1

2

(
1− x2

2 + x2
3,
√
− (1− x2 + x3) (1 + x2 − x3) (1− x2 − x3) (1 + x2 + x3), 0

)
(133)

and we note that, to a generic vector ~k = k (sin θ cosφ, sin θ sinφ, cos θ) , corresponds the

polarization operator

~ε (+)(k̂) =
1√
2

(cos θ cosφ− i sinφ, cos θ sinφ+ i cosφ, − sin θ) (134)

(it is immediate to verify that this expression satisfies all the properties listed after eq. (48)).

In the reminder of this subsection we evaluate f3 for the equilateral configuration x2 =

x3 = 1. In the large ξ limit, we can use the analytic approximation (121) for I, and perform

the momentum integral numerically. We obtain

f3 (ξ; 1, 1) ∼=
2.8 · 10−7

ξ9
, ξ � 1 (135)

The degree of accuracy of this approximation can be seen in Figure 5. It is also useful to

have a fit for f3 in the range 2 ≤ ξ ≤ 3, as this is the most relevant one for phenomenology
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Figure 5: The function f3(ξ, 1, 1).

(as we discuss in Section IV 3). The best monomial fit to f3 in this range is

f3(ξ; 1, 1) ∼=
7.4 · 10−8

ξ8.1
, 2 ≤ ξ ≤ 3 (136)

2.4 The Bispectrum and Non-linearity Parameter

A popular parametrization of non-Gaussianity is the non-linearity parameter fNL, intro-

duced by assuming that the curvature perturbation may be expanded as in (39),

ζ (~x) = ζg (~x) +
3

5
fNL

[
ζ2
g (~x)− 〈ζ2

g (~x)〉
]

(137)

where ζg(x) is a Gaussian random field (see [215] for a careful discussion of sign conventions).

Both ζ and ζg may be decomposed as in (104) so that the relation between the q-modes of

the Fourier decomposition is

ζ~k = ζ
g,~k

+
3

5
fNL

∫
d3p

(2π)3/2
ζg,~p ζg,~k−~p (138)

By definition, the three point correlator of ζg vanishes. However, due to the quadratic term

in (235), the three point correlator of ζ is nonvanishing, and can be expressed through a
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sum of two point correlators of ζg. One finds23

〈ζ~k1
ζ~k2

ζ~k3
〉 =

3

10
(2π)5/2 fNLPζ (k)2 δ(3)

(
~k1 + ~k2 + ~k3

) ∑
i k

3
i

Πik3
i

(139)

where the power spectrum was defined in (126). To obtain this expression, recall that

the ladder operators are normalized according to (58), and that the power spectrum P (k)

is related to the two point function as in (126). One should also identify the two point

function of ζ with that of ζg (as the difference in subleading in a perturbative expansion),

and disregard the the mild scale dependence of the power spectrum.

By comparison to (237), one may define an “effective” (momentum dependent) non-

linearity parameter, even when the intrinsic non-Gaussianity is not of the local form (235).

For axion inflation, using the parametrization (131) of the three point correlator, we can

write

f eff
NL(ξ;x2, x3) =

f3 (ξ; x2, x3) P3 e6πξ

Pζ (k)2 (140)

where we recall that P1/2 = H2

2π|ϕ̇(0)| .

2.5 Power Spectrum of the Tensor Modes

The produced gauge quanta also source tensor metric perturbations (gravity waves). The

total GW power spectrum was first given in [48]. Ref. [284] then pointed out that the

chiral nature of the GW produced by the gauge modes can be probed through the resulting

nonvanishing 〈BE〉 and 〈BT 〉 correlators of the CMB, as studied in [147, 262]. For the

present model, a positive detection of parity violation would only be possible in a cosmic

variance limited experiment, and for a limited portion of the parameter space [284]. In

particular, one needs to be in a regime in which the GW production from the gauge modes

dominates over that from the vacuum. In the minimal version of the model studied here,

this region is ruled out by the non-Gaussianity limit that we discuss in the next section [48].

Ref. [284] circumvented this problem by considering the presence of many (N >∼ 103) gauge

fields, or by the use of a curvaton.

As the computation of the GW power spectrum has been presented in details in [284],

we only provide a quick summary here. The tensor modes enter in the spatial components

of the metric as gij = a2 (δij + hij), with hii = ∂ihij = 0. From the Einstein equations, one

23Note that the factors of (2π)n/2 differ from [90]. This stems from a different convention for the normal-
ization of the Fourier transform (104).
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then finds
1

2a2

(
∂2
τ +

2a′

a
∂τ − ∂2

x

)
hij =

1

M2
p

(−EiEj −BiBj)TT (141)

where TT denotes the transverse and traceless projection of the spatial components of

the energy-momentum tensor of the gauge field. The computation of the GW production is

performed analogously to that of the density perturbations that we have presented in details

in the previous subsections. As for density perturbations, the GW modes produced by the

gauge quanta are uncorrelated with those from the vacuum, and the two contributions

add up incoherently in the power spectrum. The two GW helicities are obtained from the

projectors Πij,R/L(k̂) = ε
(±)
i (k̂) ε

(±)
j (k̂). One finds the two power spectra

PL/R ∼=
H2

π2M2
p

(
k

k0

)nT [
1 +

2H2

M2
p

fh,L/R (ξ) e4πξ

]
(142)

where

fh,L/R =
1

ξ

∫
d3q∗

(2π)3

√
q∗ |k̂ − ~q∗|

(1± cos θ)2
(

1− q∗ cos θ ±
√

1− 2q∗ cos θ + q2
∗

)2

16 (1− 2q∗ cos θ + q2
∗)

×
{∫ ∞

0
dx
√
x [sinx− x cosx]

[
2ξ

x
+

√
q∗ |k̂ − ~q∗|

]
e
−2
√

2ξx
[√

~q∗+
√
|k̂−~q∗|

]}2

(143)

and where q∗ and θ are, respectively, the magnitude of the (dimensionless) integration

momentum ~q∗, and the angle between this vector and the momentum ~k of the mode.

In eq. (142), nT = −2ε. We note that the contribution to the spectrum of the modes

from the vacuum, and of the modes sourced from the gauge field have the same scale

dependence. The reason for this is that the scale dependence of the second term originates

from the homogeneous solutions of (141) – which are the vacuum solutions - employed in

the Green function. For the same reason, also the two terms in the scalar power spectrum

have identical scale dependence, see Subsection IV 2.1.

At large ξ, the integral over x can be performed as in the previous subsections, and one

finds [284]

fh,L ∼=
4.3 · 10−7

ξ6
, fh,R ∼=

9.2 · 10−10

ξ6
, ξ � 1 (144)

The degree of accuracy of this approximation can be seen in Figure 6. It is also useful to

have a fit for fh,L in the range 2 ≤ ξ ≤ 3, as this is the most relevant one for phenomenology
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Figure 6: The function fh,L(ξ).

(as we discussed in Section IV 3). The best monomial fit to fh,L in this range is

fh,L(ξ) ∼=
2.6 · 10−7

ξ5.7
, 2 ≤ ξ ≤ 3 (145)

From (144) we see that, for the purpose of computing the tensor-to-scalar ratio, one can

disregard the right helicity GW modes produced by the gauge fields. One then obtains the

result

PGW = Ph,L + Ph,R ∼=
2H2

π2M2
p

(
k

k0

)nT [
1 +

H2

M2
p

fh,L (ξ) e4πξ

]
(146)

first reported in [48].

3 Phenomenology of Axion Inflation

From the observational perspective, the key quantities which characterize any model of

inflation are the spectrum of scalar and tensor perturbations, Pζ and PGW , along with the

bispectrum of scalar perturbations Bζ that encodes the leading departures from Gaussian

statistics. The explicit computations of these quantities was presented in Section IV 2. In

this Section, we study the resulting observational signatures.
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3.1 COBE Normalization and Spectral Tilt

In Subsections IV 2.1 and IV 2.2 we found that two uncorrelated terms contribute to the

power spectrum in axion inflation. These are the usual fluctuations generated from the

vacuum, along with the modes produced by the inverse decay of the gauge quanta excited

by the motion of the inflaton. Taking into account both contributions results in a power

spectrum of the form

Pζ(k) = P
(
k

k0

)ns−1 [
1 + P f2 (ξ) e4πξ

]
(147)

where ns = 1 + 2η − 6ε is the spectral index, the pivot is k0 = 0.002 Mpc−1, and we have

defined

P1/2 ≡ H2

2π|ϕ̇(0)|
(148)

It is worth noting that both terms in (147) have the same scale dependence. Thus, we

recover the standard prediction for the scalar spectral tilt in single field inflation. The

function f2(ξ) which appears in (147) is plotted in Figure 4. For ξ � 1, eq. (122) provides

an asymptotic expression for f2 while, on the other hand, eq. (123) provides a good fit

in the 2 ≤ ξ ≤ 3 interval (as we discuss below, this is the most interesting interval for

phenomenology). The COBE normalization Pζ(k) ∼= 22 · 10−10 is satisfied along the curve

PCOBE (ξ) ∼=
e−4πξ

2f2(ξ)

[
−1 +

√
1 + 10−8f2(ξ)e4πξ

]
(149)

in the ξ − P plane. We see that, at low ξ, the contribution to (147) sourced by the

gauge field is subdominant and we recover the standard result P1/2
COBE

∼= 5 · 10−5. The two

contributions in (147) become equal at ξ ∼= 2.9. As ξ is increased, inverse decay effects

dominate the spectrum and the value of P1/2
COBE must be (exponentially) decreased to avoid

over-producing density perturbations.

The curve (149) is shown (red solid line) in Figure 7. The black dashed line shown in

the Figure separates the (lower) region in which the vacuum fluctuations dominate from

the (upper) region in which the fluctuations from inverse decay dominate. In the region

above the solid black line in Figure 7 the backreaction bound (93) is violated. In that region

of parameter space, the production of gauge field fluctuations is so strong that dissipative

effects (rather than the potential V ) dominate the motion of ϕ̇(0). From Figure 7 we

see that this backreaction effect can be safely disregarded after the COBE normalization
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Figure 7: COBE normalization of the power spectrum in axion inflation.

is imposed. 24 Finally, Figure 7 shows some reference values of f equil
NL along the COBE

normalized curve; we discuss this in Subsection IV 3.3.

3.2 Tensor-to-Scalar Ratio

Similarly to the result (147), the GW spectrum is also the sum of two uncorrelated contri-

butions, one due the modes generated from the vacuum, and one due to the modes sources

by the gauge field quanta. In Subsection IV 2.5 we derived the result

PGW
∼=

2H2

π2M2
p

(
k

k∗

)nT [
1 +

H2

M2
p

fh,L (ξ) e4πξ

]
(150)

where nT = −2ε. The second term in the square braces corresponds to the gravitational

waves sourced by gauge field quanta. The function fh,L is plotted in Figure 6. eq. (144)

provides a large argument expansion while eq. (145) provides a fit in the 2 ≤ ξ ≤ 3 interval

(as we discuss below, this is the most interesting interval for phenomenology).

We define the tensor-to-scalar ratio in the usual way, by normalizing the amplitude of

24One should also ensure that the energy density of the produced quanta gives a negligible contribution
to the expansion of the universe. The resulting condition, eq. (94), cannot be shown in the ξ−P plane, and
therefore needs to be studied on a case by case basis. We have verified that this condition is satisfied for the
models studied in this section.
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the power in gravitational waves to that in scalar fluctuations

r ≡ PGW

Pζ
(151)

For ξ <∼ 1, inverse decay effects are negligible and we recover the standard consistency

relation for r, familiar from single field inflation. At ξ → ∞, on the other hand, r tends

to a different constant value, which is smaller than the asyptotic ξ → 0 value. From (147),

(150), and from the result nT = −2ε it is easy to show that

r =

{
−8nT if ξ <∼ 3;

1.8n2
T as ξ →∞.

(152)

Therefore, r is independent of ξ if either vacuum fluctuations or inverse decay effects dom-

inate, while it interpolates between these two asymptotic values for intermediate ξ.

3.3 Non-Gaussianity

As discussed in Section IV 1, the cosmological fluctuations generated by inverse decay effects

are highly non-Gaussian. There are many different ways to parametrize departures from

Gaussianity. A standard work-horse is the local ansatz:

ζ(x) = ζg(x) +
3

5
f local

NL

[
ζ2
g (x)− 〈ζ2

g (x)〉
]

(153)

where ζg is a Gaussian random field and f local
NL quantifies the amount of non-Gaussianity.

Although this simple parametrization has received considerable attention, it is certainly not

the only well-motivated model for a non-Gaussian curvature perturbation. More generally,

one should consider the bispectrum, Bζ(ki), which is the 3-point correlation function of ζ

in Fourier space:

〈ζ~k1
ζ~k2
ζ~k3
〉 = Bζ(ki) δ

(3)
(
~k1 + ~k2 + ~k3

)
(154)

The bispectrum is a function of three momenta, ~ki, that form a triangle: ~k1 + ~k2 + ~k3 = 0.

Hence a generic bispectrum may be characterized by specifying three interesting properties:

the magnitude of the function, its dependence on the shape of the triangle, and its depen-

dence of the size of the triangle. These properties are usually referred to as the size, shape

and running of the non-Gaussianity, respectively. To characterize these properties, we find
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it convenient to introduce

|~k1| = k , |~k2| = x2 k , |~k3| = x3 k (155)

so that k encodes the overall size of the triangle while the dimensionless quantities x2, x3

encode its shape.

If we assume a local ansatz (153) then the bispectrum has a very particular dependence

on momenta:

Blocal
ζ (ki) =

3

10
(2π)5/2 f local

NL Pζ(k)2

∑
i k

3
i∏

i k
3
i

=
3(2π)5/2

10

Pζ(k)2

k6

1 + x3
2 + x3

3

x3
2x

3
3

f local
NL (156)

This function peaks in the squeezed limit where one of the wave-numbers is much smaller

than the other two (for example k1 � k2, k3).

3.4 The Size and Running of the Non-Gaussianity

The bispectrum from axion inflation contains two uncorrelated contributions corresponding,

respectively, to the usual vacuum fluctuations and to the fluctuations generated by inverse

decay processes. As is well known, the former contribution gives rise to undetectably

small non-Gaussianity and may be ignored. The second contribution, however, is more

interesting and this was computed in Subsection IV 2.4. We found that the bispectrum

from axion inflation is very different from the local form (156). The bispectrum from

axion inflation peaks on equilateral, rather than squeezed, triangles. Nevertheless, it is

conventional to characterize the size of non-Gaussianity by matching to (156) on equilateral

triangles |~k1| = |~k2| = |~k3|. Proceeding in this way we find

f equil
NL ≡ f3 (ξ; 1, 1) P3 e6πξ

Pζ (k)2 (157)

The function f3 (ξ; 1, 1) is plotted in Figure 5. Eq. (135) provides a large argument expan-

sion of this function, while eq. (136) provides a fit in the 2 ≤ ξ ≤ 3 interval. We stress that

this result does not include the negligible contribution from 〈δφ3
vac〉 and is accurate as long

as |f equil
NL | >∼ 1.

From eqs. (149) and (157), from the observed power Pζ ∼= 22 · 10−10 (we disregard

the slow-roll suppressed scale dependence of fNL), and from the expressions of f2 and f3
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Figure 8: Non-linearity paramter f equil
NL (ξ) in axion inflation.

computed in the previous section, we can compute the value of f equil
NL (ξ) along the COBE

normalized curve. We show this in Figure 8 (see also the reference values shown in Figure

7). We notice that f equil
NL (ξ) saturates to a constant value at large ξ (in the region where

the vacuum contribution to Pζ is negligible). From the large value asymptotic expressions

(122) and (135), we find f equil
NL (∞) ∼= 8, 600. This value is already above the 95% CL upper

−214 < f equil
NL < 266 obtained from the WMAP 7 data [192]. This limit rules out ξ >∼ 2.65.25

Having quantified the size of non-Gaussianity in axion inflation, we now turn our atten-

tion to its running. From eq. (131) we can see that

Bζ(k1, k2, k3) = k−6Bζ(1, x2, x3) (158)

disregarding the mild, slow roll suppressed scale dependence of the vacuum solutions. The

overall k−6 behavior reflects the near scale invariance of the bispectrum from axion inflation.

Slight departures from scale invariance are quantified by the index nNG − 1 = d ln |fNL|
d ln k

which is easily seen to be proportional to the slow roll parameters ε, η, and hence negligible

whenever the observational bounds on ns are satisfied. We conclude that the running of

non-Gaussianity is uninterestingly small in axion inflation.

25 The bound by the Planck satellite is fequil
NL = −42±75 at 68% CL [13]. This essentially does not change

the limit on f/α.
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3.5 The Shape of the Non-Gaussianity

In order to discuss the shape of the bispectrum, it is natural to extract the strong k−6

scaling in (158) and define a “shape function” of the form

S(ki) = N(k1k2k3)2Bζ(ki) (159)

where the constant of proportionality, N , is arbitrary. This shape function coincides with

the quantity that was plotted in many previous works, including [26] for example. For the

case of interest, we have

S (ξ;x2, x3) ≡ 1 + x3
2 + x3

3

x2 x3

f3 (ξ; x2, x3)

3 f3 (ξ; 1, 1)
(160)

which is normalized so that S(1, 1) = 1. Note that the bispectrum is defined only in the

region x2 + x3 ≥ 1, which follows from the triangle inequality. Moreover, the bispectrum

is symmetric under interchange of any two momenta, and therefore we can restrict to the

region x3 ≤ x2 ≤ 1 to avoid considering the same configuration more than once.

We plot the shape function S(x2, x3) from axion inflation in the left panel of Figure

9. The bispectrum in this model depends on the parameter ξ. In practice, however, we

find that only the size of the non-Gaussianity (quantified by f equil
NL ) depends strongly on ξ.

The shape function S(x2, x3), on the other hand, is very mildly dependent on ξ. In Figure

9 we work in the ξ → ∞ limit, in which case the shape becomes independent of model

parameters. (This can be seen by using the large argument expansion (121) of I in the

expression (132) for f3.) For ξ ∼ O(1) this figure would be nearly indistinguishable.
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Figure 9: The shape function S(x2, x3) in axion inflation.
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From Figure 9 we see that the bispectrum from axion inflation peaks on equilateral

triangles (corresponding to x2 = x3 = 1) and is thus qualitatively similar to the so-called

equilateral template which is often employed to analyze CMB data [192,272]

Bequil(ki) ∝ −
1

k3
1k

3
2

− 1

k3
1k

3
3

− 1

k3
2k

3
3

− 2

k2
1k

2
2k

2
3

+
1

k1k2
2k

3
3

+ (5 perms) (161)

(where the permutations only act on the last term). Eq. (161) is the template that is used

to obtain the WMAP7 limit on f equil
NL < 266 which we employed in Subsection IV 3.4. The

shape function associated with the template (161) is plotted in the right panel of Figure 9

for comparison with the analogous result from axion inflation.

To quantitatively compare the bispectrum from axion inflation to the equilateral tem-

plate (161) we follow [26] and define a scalar product between any two bi-spectra as

B1 ·B2 ≡
∑
~ki

B1(~k1,~k2,~k3)B2(~k1,~k2,~k3)/
(
σ2
k1
σ2
k2
σ2
k3

)
(162)

where σ2
ki

is the variance of a given mode and the summation runs over all possible trian-

gles. As shown in [26], this product is the best estimator for the overlapping of any two

distributions: if we assume that the real data have the bi-spectrum B1, the template B2

will produce a higher / lower value of non-Gaussianity according to how large / small the

product (162) is [26]. To be quantitative, one defines the cosine of the “angle” between the

two bi-spectra as [26]

cos (B1, B2) ≡ B1 ·B2

(B1 ·B1)1/2(B2 ·B2)1/2
(163)

The cosine can be used to quickly estimate how well the limit given in the literature on

some given template applies to a different shape [26].

We have computed the cosine of the “angle” between the bispectrum from axion inflation

and the equilateral template for several different values of ξ. These results are reported in

Table 1. There we see that the cosine depends only very weakly on ξ and saturates to a

value ∼= 0.93 in the limit ξ →∞. This confirms quantitatively our previous claim that the

shape of non-Gaussianity is insensitive to ξ.

Table 1 shows that cos (Binv.decay, Bequil) is very close to unity and hence we expect that

the limit on f equil
NL can be applied also to axion inflation (at least to first approximation).

This justifies our interpretation of the observational limit on non-Gaussianity in Subsection

IV 3.4.
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ξ cos (Binv.decay, Bequil) cos (Binv.decay, Borth)

2 0.94 −0.093
3 0.94 −0.12
5 0.93 −0.13
∞ 0.93 −0.15

Table 1: Cosine of the “overlapping angle” between the non-Gaussian shape in axion
inflation and the equilateral and orthogonal templates.

Although the bispectrum from axion inflation is very similar to the equilateral template,

the two shapes are not identical. It may be interesting to characterize the difference between

these two shapes – indeed, this would become pressing in the event that Planck, or some

other future mission, should detect a non-vanishing bispectrum on equilateral triangles.

From Figure 9, we see that the bispectrum from inverse decay mostly differs from the

equilateral template for x2 ' x3 ' 1/2, corresponding to “flattened” triangles, where one

side is twice the length of the other two. For such triangles, the bispectrum from inverse

decay is significantly greater than the equilateral template. Hence, this provides a natural

limit in which the two shapes may be distinguished.

The fact that axion inflation gives a large non-Gaussianity on flattened triangles implies

a small but nontrivial overlap with the so-called “orthogonal template” that was introduced

in [272]:

Borth(ki) ∝ −
3

k3
1k

3
2

− 3

k3
1k

3
3

− 3

k3
2k

3
3

− 8

k2
1k

2
2k

2
3

+
3

k1k2
2k

3
3

+ (5 perms) (164)

(where the permutations only act on the last term). The corresponding shape function

evaluates to +1 in the equilateral limit, and to −2 along the x3 = 1 − x2 boundary

(which includes the flatten triangle configurations). In Table 1 we have computed the

cosine of the angle between the bispectrum from axion inflation and the template (164).

We find cos (Binv.decay, Borth) ∼= −0.15 (at large ξ, see Table 1 for intermediate ξ), while

cos (Bequil, Borth) ∼= 0.21. Therefore, the overlap with the orthogonal template may pro-

vide a useful tool to discriminate observationally between the non-Gaussianity from axion

inflation and that of the equilateral template.

3.6 Large Field Inflation

Once the COBE normalization is imposed, the key phenomenological predictions of any

inflationary model are the spectral index, ns, the tensor-to-scalar ratio r, and the non-
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linearity parameter fNL. As we discussed previously, the spectral index in axion inflation

has the standard form ns = 1 + 2η − 6ε and requires no further discussion. The remaining

observables depend on the coupling α/f , the background axion velocity ϕ̇(0) and the Hubble

rate H. Out of these three quantities, we have defined the two combinations

ξ ≡ αϕ̇(0)

2fH
, P1/2 ≡ H2

2π|ϕ̇(0)|
(165)

Both the two and three point correlation functions of ζ can be written solely in terms of

these two combinations. Therefore both the power spectrum and the bi-spectrum are a

functions of ξ and P only. The COBE normalization fixes P1/2 in terms of ξ, see Figure 7.

Therefore, the predicted non-linearity parameter fNL is function of ξ only, see Figure 8.

The tensor to scalar ratio, on the other hand, is a function of a different combination

of parameters, see eq. (150). For this reason, we cannot present it in a plot as a function

of ξ only. This can only be achieved once the potential for the axion is specified, since this

provides one additional (slow-roll) relation between the parameters of the model.

For a specific choice of inflationary potential V (ϕ), it is of interest to determine how

the combinations (165), along with the tensor-to-scalar ratio, depend on parameters of

the underlying theory. As we discuss in [48] and also in Section IV 5, in the models of

axion inflation of interest, the axion/inflaton dynamics effectively occurs as in a large field

inflationary model with potential:

V =
λp
p
ϕp (166)

where λp has mass dimension 4− p. Using slow roll approximation, we find

H =

√
λp
3 p

(2 pN)p/4

M
1−p/2
p

, ϕ̇(0) =

√
p

2N
HMp , ξ =

αMp

2f

√
p

2N
(167)

where N is the number of e-folds between the moment the CMB scales left the horizon and

the end of inflation.

The value of λp is fixed by COBE normalization and we assume N = 60 e-foldings of

inflation. Then, for any given value of p, all observational predictions can be written in

terms of f/α only. In axion monodromy [231], p = 1; in most of the other models one

expands the potential close to the minimum, where it is quadratic, p = 2. We therefore

show in Figure 10 the predicted values of fNL and of r for these two cases. We notice that,

once fNL is required to be below the CMB bound, the standard value for r is recovered.

It is interesting to note that axion inflation models generically predict the same values
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Figure 10: Predicted values for the equilateral fNL parameter and tensor-to-scalar ratio r
in axion inflation models.

of ns and r as would be obtained in vanilla chaotic inflation. However, our scenario predicts

also a large non-Gaussianity with a (nearly) equilateral shape. Axion inflation provides a

rare example of a theory which predicts both a detectable tensor-to-scalar ratio and a large

equilateral bispectrum. Note that, if such a non-Gaussian signal is eventually detected,

then it will immediately fix the value of the coupling α/f . On the other hand, if it is

not detected, then we will have a surprisingly stringent bound on the strongest axion-type

couplings between the inflaton and any gauge field.

4 Polarized GWs from Axion Inflation at GW Detectors

Another possible phenomenological signature from axion inflation is polarized GWs. As seen

in Subsection IV 2.5, the explicit calculation of fh,L/R shows that one of the polarization

states is produced by a significantly larger amount than the other polarization in the sourced

contribution – see (144). Physically, this is related to spin conservation in the sourcing

process A + A → h; since only one of the circular polarizations of the spin-1 gauge field

(A+) is enhanced by the tachyonic growth, the corresponding circular polarization of the

spin-2 gravitational wave (hL) is sourced much more effectively than the other polarization

state.
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This chiral feature is unique in the sourced contribution to the GW signal, that is, the

contribution from the standard vacuum fluctuations, hvac
λ , is unpolarized (hvac

L = hvac
R ). As

discussed in Subsection IV 3.6, once the constraint on the scalar perturbations at the CMB

scales is imposed, the tensor-to-scalar ratio r is standard at the same scales, r = 16ε, and

thus is unobservable in the minimal implementation of the model.26 On the other hand,

the phenomenological signatures of the sourcing mechanism depend on the strength of the

(effective) inflaton-gauge coupling ξ, given in (87), and since ξ ∝ ϕ̇(0)

H , its strength slowly

grows during inflation. The growth of ξ results in a greater gauge quanta production at

progressively smaller scales. The copiously produced gauge quanta then source the GWs

(and also curvature perturbations). The GWs produced by these quanta can reach a large

amplitude at small scales and can be dtected at terrestrial GW detectors [47,99].

The more effective production of gauge quanta at smaller scales can also enhance the

effects on the curvature perturbations through the inverse decay, extensively studied in

Subsections IV 2.1–2.4. This could potentially lead to another effect, namely to the possible

overproduction of primordial black holes [208]. However, this theoretical scenario carries a

large uncertainty [22, 47, 208], while our present consideration of the GW signals at small

scales does not.

In this Section, we consider the polarized GW signals at the scales relevant to terrestrial

GW detectors and generate forecasted constraints on the strength of ξ for future detectors.

The polarization asymmetry can be measured by tracking the amplitude of different polar-

ization modes as a function of time at a given GW detector and by comparing it to the

same measurement made by other detectors at different locations. We follow the formal-

ism developed in [20], modified to address a polarized stochastic GW background (SGWB)

signals as discussed in [275].27 Estimating the sensitivity of the future GW detectors to

the SGWB polarization, we study how the axion inflation model could be constrained. In

particular, we consider the upcoming second-generation GW detectors — Advanced LIGO

(aLIGO) [162] detectors at Hanford, WA (H1) and Livingston, LA (L1), Advanced Virgo [3]

in Italy (V1), GEO-HF [309] in Germany, and KAGRA [201, 296] in Japan (K1) are ex-

26 In Subsection IV 3.6, the large-field cases were considered. In the models of small-field inflation, the
value of ε is even smaller, and so is the value of r. Thus, once the CMB constraint on non-Gaussianity is
respected, the GW signal is completely unobservable in either case.

27 A SGWB is expected to arise from the superposition of gravitational waves (GWs) from many un-
correlated and unresolved sources. Numerous cosmological SGWB models have been proposed, including
inflationary models [58,64,155,286], models based on cosmic (super)strings [105,279], and models of alterna-
tive cosmologies [139]. Furthermore, various astrophysical models have been proposed based on integrating
contributions from astrophysical objects across the universe, such as compact binary coalescences of binary
neutron stars and/or black holes [251,311], magnetars [102,228], or rotating neutron stars [256].
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pected to have ∼ 10× better strain sensitivities than the first-generation detectors and to

produce first science-quality data in 2015. We also consider an example configuration of

a pair of third-generation GW detectors, with strain sensitivity similar to the proposed

Einstein Telescope [266].

The formalism we apply here to axion inflation is more generic and can be applied to any

GW signals in search of circularly polarized isotropic SGWB [101]. Polarization asymmetry

in the SGWB could be generated in the early universe if parity is violated either explicitly or

spontaneously (as in the axion inflation models).28 In all of these models, parity violation

breaks the symmetry between the two circular polarization modes. Since astrophysical

sources are unlikely to induce such asymmetry in isotropic SGWB, detecting circularly

polarized SGWB is a potentially excellent way of distinguishing between the cosmological

and astrophysical SGWB contributions.

4.1 Background Evolution in the Strong Backreaction Regime

In the previous Sections, we always assumed that the conditions (93) and (94) were satisfied

at the CMB scales and that therefore the backreaction from the produced gauge field had

negligible effects on the background evolution (89, 90).29 This assumption is certainly

correct within the parameter range (ξ . 2.66) allowed by the non-Gaussianity constraints.

However, ξ ∝ ϕ̇(0)

H is a slowly growing function of time, and this makes the production,

which is exponentially sensitive to the value of ξ, more efficient at later stages of inflation.

Toward the end of inflation, this efficient production can lead to non-negligible effects on

the background dynamics, even for the values of ξ that are allowed by the CMB constraints.

The gauge field fluctuations are produced at the expense of the kinetic energy of the

homogeneous inflaton ϕ(0)(t), introducing a new source of dissipation into the equation of

motion of ϕ(0). Moreover, these produced fluctuations contribute to the energy density of

the universe and thus modify the Friedmann equation. These effects are encoded in the

mean field equations (89) and (90), with 〈 ~E · ~B〉 and 1
2〈 ~E

2 + ~B2〉 given in (92).

The effects were fully treated in [47], in which eqs. (89) and (90) were numerically

28 Explicit breaking mechanisms are typically due to quantum gravity effects, such as the imaginary part
of the Immirzi parameter [221] and higher curvature terms in some power-counting renormalizable theories
of gravity [292]. On the other hand, spontaneous breaking mechanisms are typically due to axial couplings
of an axion (or an axion-like, pseudo-scalar field) to gravity [17, 216, 275] and/or a gauge field [284], which
is of our current focus.

29 Using the relation |ϕ̇(0)| '
√

2εHMp, we see that the condition (93) is more stringent than (94). If

we take the standard result for the scalar spectrum, Pζ '
(

H2

2πϕ̇(0)

)2

' 2.2 · 10−9, then the condition reads

ξ . 4.7.
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Figure 11: Friction terms in the equation of motion for ϕ(0) (left panel), and the fractional
energy density of the produced quanta (right panel) [47].

evolved,30 taking into account the backreaction term in the equation for ϕ(0). The energy

density of the gauge quanta in the Friedmann equation (90) was still disregarded, which

was the assumption that was justified by the numerical results. The right panel of Figure

11 shows that this is a good approximation all the way until the end of inflation [47]. Here,

ξ = 2.5 is taken at |ϕ(0)| ' 11Mp, which is the value of the inflaton about 60 e-foldings

before the end of inflation, under the standard slow-roll assumption.

On the other hand, the production of gauge quanta introduces an additional friction

on the inflaton motion that prolongs the duration of inflation. The left panel of Figure 11

compares the evolution of the two “friction” terms in the equation (89) for ϕ(0) as a function

of the number of e− folds to the end of inflation [47]. As seen in the plot, the backreaction

of the produced quanta on the ϕ(0) dynamics becomes noticeable during the last 25 e-folds

of inflation, while it is negligible at earlier times. The standard Hubble friction controls

the early stages, but the friction due to the produced gauge quanta gradually increases and

eventually dominates the inflaton evolution from about 10 e-folds before the end of inflation.

This in fact results in the increase of the duration of inflation by about 10 e-folds [47].

The parameters are chosen such that, initially, we are in the standard slow-roll regime,

and therefore the results for the power spectrum and for fNL obtained in the previous

Sections IV 2-3 still apply. The strong backreaction regime is reached only in the last

O(10) e-folds of inflation.

Since the inverse-decay effects on the cosmological perturbations from the produced

30 Monomial functions are considered for the inflaton potential, i.e. V (ϕ) ∝ ϕp. Ref. [47] chose p = 1,
typical of axion monodromy models in string theory construction [129, 231]. Later in this Section, we will
give the forecast for the values of ξ from the GW signals at the future-generation GW detectors in the cases
of p = 1, 2.
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gauge quanta are encoded near the horizon exit of each mode, the modes that leave the

horizon much later than the CMB modes (but still during inflation) are significantly affected

by the increase in the coupling strength ξ. The scales relevant to the terrestrial GW

detectors are orders of magnitude smaller than the CMB scales and leave the horizon during

the time when the backreaction onto the background dynamics plays a significant role in

determining the evolution of the homogeneous background, ϕ(0)(t) and H(t). To consider

the GW signals at the detector scales, it is therefore necessary to include the consistent

treatment of this effect, which we do in the current Section of this thesis.

The tensor perturbation obeys the equation of motion given in (141), and its power

spectrum is computed in (142), for left- and right-handed helicity states, where fh,L/R is

computed from (143). In order to compare our results with the sensitivities of the GW

detectors, it is convenient to introduce the fractional GW energy density per logarithmic

wavenumber interval

ΩGW ≡
1

3H2
0M

2
p

∂ρGW,0

∂ log k
(168)

where the subscripts 0 denote the quantities evaluated today and

ρGW,0 ≡
M2
p

8a2
〈h′ijh′ij + ∂khij ∂khij〉 . (169)

The evaluation of ρGW,0 requires to evolve the primordial signal (142) after horizon re-entry

until today. Using the tensor transfer function (see e.g. [70, 306]), it is then found [47],

ΩGW =
ΩR,0

24
(PL + PR) (170)

where ΩR,0 ≡
ρR,0

3H2
0M

2
p
' 8.6 · 10−5 is the fractional density of radiation today.

In considering the GW signal at the terrestrial GW detector scales, it is useful to see

the values of ΩGW as a function of frequency f = k
2π . The detailed history of reheating is

necessary to relate the size of any given mode to the number of e-folds, N , at which this

mode exits the horizon before the end of inflation; this relation is given in (34). As we

have seen from the right panel of Figure 11, the gauge fields may carry a non-negligible

fraction of the total energy density, already by the end of inflation. One may therefore

expect that the equation of state of the universe will have an intermediate value between

that of radiation and matter [252], leading to the number of e-folds between 59 and 62 for

the CMB pivot scale [47]. Denoting by NCMB the number of e-folds between the horizon
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2 as a function of the frequency f , for 60 e-folds of observable inflation,

with a linear inflaton potential [47].

exit of the CMB modes and the end of inflation, we have the relation

N −NCMB = ln
kCMB

0.002 Mpc−1 − ln
k

0.002 Mpc−1

= ln
kCMB

0.002 Mpc−1 − 44.9− ln
f

102 Hz
. (171)

The resulting GW signal as a function of frequency f , with the inclusion of the backreaction

effects, is presented in Figure 12 for the case of a linear inflaton potential, together with

three reference values of the inflaton-gauge field coupling: ξCMB = 2.66 corresponds roughly

to the highest value allowed by the CMB limits on equilateral non-Gaussianity, ξCMB = 2.33

roughly to the lowest possible value that can be detected at Advanced LIGO/VIRGO, and

ξCMB = 0 to the standard case without any inflaton-gauge coupling [47]. In the Figure, the

expected sensitivities of LISA, Advanced LIGO/VIRGO and Einstein Telescope (at their

most sensitive frequency) are also shown.

There are two competing effects during the phase of increasing values of ξ. One effect

can be seen in Figure 12: from left to right, one can see the vacuum contribution, then

the fast growth of the sourced contribution and finally the slow-down of the growth when

the backreaction onto the motion of ϕ(0) becomes sizable. Secondly, for larger ξCMB, the

whole signal is effectively shifted toward lower frequencies (to the left) due to the larger
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number of additional e-folds of strong backreaction to the end of inflation. Since the second

effect is more prominent, although the two effects act in opposite directions, the strong

backreaction phase effectively results in an increase of the signal. This increase is crucial

and makes the natural window NCMB = 50−62 potentially visible at the (future-generation)

GW detectors.

The sourced part of the GWs in axion inflation is circularly polarized, i.e. PL � PR, as

found in Subsection IV 2.5. Thus the total GW signals will show the same feature whenever

the sourced contribution dominates over the vacuum one (this is necessary for any hope

for a detection of the primordial GWs from axion inflation models at the terrestrial GW

detectors). In the next Subsection, we develop the formalism to search for a generic SGWB

signal that is circularly polarized. Then in the following Subsection, we apply this formalism

to provide the forecast sensitivities for ξ from the future-generation GW detectors.

4.2 Search Formalism

Following [275], we start from the plane-wave expansion of the metric at time t and position

~x:

hab(t, ~x) =
∑
A

∫ ∞
−∞

df

∫
S2

dΩ̂hA(f, Ω̂)e−2πif(t−~x·Ω̂)eAab(Ω̂), (172)

where eAab(Ω̂) is the polarization tensor associated with a wave traveling in the direction Ω̂,

and f is frequency (we use natural units c = ~ = 1). We consider the left- and right-handed

correlators [275]:

〈hR/L(f, Ω̂)h∗R/L(f ′, Ω̂′)〉 =
δ(f − f ′)δ2(Ω̂− Ω̂′)

4π
[I(f)± V (f)] (173)

where hL = (h+ + ih×)/
√

2, hR = (h+− ih×)/
√

2, and + and × are the standard plus and

cross polarizations.

Note this is the point of departure from the past searches for unpolarized isotropic

SGWB, which assume V = 0. Further note that 〈hRh∗L〉 vanishes due to statistical isotropy.

The normalized energy density is then given by [20,275]:

ΩGW(f) =
f

ρc

dρGW

df
=

πf3

GNρc
I(f) (174)

where dρGW is the energy density in the range [f, f + df ], GN is Newton’s constant, and ρc
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the critical energy density of the universe.31 We also compute the standard cross-correlation

estimator [20]:

〈Ŷ 〉 =

∫ +∞

−∞
df

∫ +∞

−∞
df ′δT (f − f ′)〈(s∗1(f)s2(f ′)〉Q̃(f ′)

=
3H2

0T

10π2

∫ ∞
0

df
Ω′GW(f)γI(f)Q̃(f)

f3
, (175)

where

Ω′GW(f)γI(f) = ΩGW(f) [γI(f) + Π(f)γV (f)] (176)

γI(f) =
5

8π

∫
dΩ̂(F+

1 F
+∗
2 + F×1 F

×∗
2 )e2πifΩ̂·∆~x

γV (f) = − 5

8π

∫
dΩ̂i(F+

1 F
×∗
2 − F×1 F

+∗
2 )e2πifΩ̂·∆~x.

Here, T is the measurement time, δT (f) ≡ sin(πfT )/(πf), s̃1(f) and s̃2(f) are Fourier

transforms of the strain time-series of two GW detectors, Q̃(f) is a filter, and FAn = eAabd
ab
n

is the contraction of the tensor mode of polarization A, eAab, with the response of the detector

n, dabn .32 The factor γI(f) is the standard overlap reduction function arising from different

locations and orientations of the two detectors, and γV (f) is a new function, associated

with the parity violating term and first computed in [275]. Figure 13 shows these functions

for two real detector pairs. Finally, Π(f) = V (f)/I(f) encodes the parity violation, with

maximal values Π = ±1 corresponding to fully right- or left-handed polarizations. Setting

Π = 0 reproduces the standard unpolarized SGWB search [20].

Assuming stationary Gaussian detector noise (uncorrelated between two detectors), the

estimator for the variance associated with Ŷ is [20]:

σ2 =
T

4

∫ ∞
0

dfP1(f)P2(f)|Q̃(f)|2 , (177)

where Pn(f) are the one-sided noise power spectral densities of the two GW detectors. In

practice, we divide the sensitive frequency band of the GW detectors into bins ∆f = 0.25

Hz wide [6]. We then compute the estimator Ŷi and the variance σ2
i for each frequency

bin i assuming a frequency independent spectrum template ΩGW(fi) = Ω0 for each bin.

Optimization of the signal-to-noise ratio then leads to the following optimal filter for a

31Note that the similar eq. (3) of [275] contains an additional factor of 4, which we believe is incorrect.
32Note that the minus sign in the equation for γV (f) is missing in the computation of [275].
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Figure 13: Overlap reduction functions for detector pairs H1-L1 and L1-K1.

frequency-independent GW spectrum in the frequency bin f [20]:

Q̃(fi) = N γI(f)

f3
i P1(fi)P2(fi)

, (178)

with normalization constant N chosen so that 〈Ŷi〉 = Ω0.

To perform parameter estimation in the parity violating models, we adopt the Bayesian

approach introduced in [227]. We define the following likelihood function:

L(Ŷi, σi|~θ) ∝ exp

[
−1

2

∑
i

(Ŷi − Ω′M(fi; ~θ))
2

σ2
i

]
(179)

where the sum runs over frequency bins fi and Ω′M(fi; ~θ) is the SGWB energy density spec-

trum ΩM(fi; ~θ1) specified by some of the free parameters ~θ1, multiplied by the parity-violating

correction (1 + Π(fi; ~θ2)γV (fi)/γI(fi)) (see eq. 176), where ~θ2 is another set of parameters

specifying the parity violation term Π, and ~θ = (~θ1, ~θ2). Multiplying the likelihood with the

prior distribution for ~θ yields the Bayesian posterior distribution, which can then be used

to extract confidence intervals for ~θ. In the subsequent results, we take all priors to be flat

within the plotted range of ~θ (and zero elsewhere).

Note that the choices of ΩM(f ; ~θ1) and Π(f ; ~θ2) (or equivalently of I(f ; ~θ) and V (f ; ~θ))

are assumptions underlying the analysis. It is clear that if the analysis is performed using a

single detector pair and a single frequency bin, it will not be possible to estimate multiple
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parameters, and in particular to detect parity violation. If the analysis is done for a single

detector pair, but for a series of frequency bins, then in principle it is possible to break

degeneracies between different parameters of a given model — in particular, for the given

model it may be possible to measure parity violation. However, with a single detector pair

it is not possible to detect parity violation independently of the model. For example, with a

single detector pair it is not possible to distinguish between a SGWB spectrum ΩM(f ; ~θ1)

with a parity violating term Π = 1 from a parity-conserving model (Π = 0) with a different

SGWB spectrum, given by ΩM,2(f ; ~θ1) = ΩM(f ; ~θ1)(1 +G(f)), where the correction factor

coincidentally happens to be G(f) = γV (f)/γI(f) for the overlap reduction functions γV (f)

and γI(f) for that specific detector pair. While such a coincidence is already unlikely for

any reasonable SGWB models (due to the complex frequency dependence of γI(f) and

γV (f)), it could be definitively ruled out by inclusion of additional detector pairs. In other

words, while such a coincidence may happen for a given detector pair, it cannot happen

for multiple detector pairs simultaneously, since different pairs are associated with different

overlap reduction functions.

4.3 Parity Violation from Axion Inflation

We now apply the formalism of Section IV 4.2 to the parity violating GWs in axion infla-

tion. The last term in the dispersion relation ω± = k2± 2kξ
τ , see (87), becomes dominant as

the Compton wavelength λ ∼ a/k becomes greater than the Hubble horizon H−1, at which

point one of the two helicities experiences a tachyonic growth. As in the previous Sections,

we assume ξ > 0 so that the growing helicity is the + one. The gauge quanta produce chiral

gravitational waves [45, 284] through the A+A+ → h process. These ”sourced” modes su-

perpose incoherently with the corresponding “vacuum” modes. If the sourced gravitational

waves dominate over the vacuum ones, Π ' −1.

The phenomenological signatures of this mechanism depend on the strength of the

inflaton-gauge field coupling (encoded by the parameter ξ given in eq. (87)), and on the

inflaton potential. For definiteness, a monomial inflaton potential is typically assumed,

V ∼ ϕp. For each p, ΩM(f ; ξ) in eq. (179) is a function of the single parameter ξ. Ref. [232]

computed the limits on ξ from the non-observation of the sourced scalar perturbations at

the CMB scales. This analysis was based on the existing WMAP [192] and ACT [122] data.

For p = 2, they obtained the limit ξ < 2.41 (at 95% CL) on the value of ξ when the CMB

modes left the horizon [232]. They also performed a more general search over different

inflationary potentials by marginalizing over the slow roll parameters in the fit. This leads
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Table 2: 2σ forecasted constraints on ξ for future gravitational wave interferometers
Detector Network p ξ (sensitivity) ξ (exclude Π = 0)

2nd Gen H1-L1-V1-K1 1 2.3 2.8
2nd Gen H1-L1-V1-K1 2 2.2 2.6

3rd Gen 1 1.8 2.0
3rd Gen 2 1.9 2.0

to ξ < 2.5 (at 95% CL). These results are based on a flat prior in the interval 0 < ξ < 10.

In this analysis, we present results for p = 1 (typical of axion monodromy [231]) and

p = 2 (a generic Taylor expansion around the minimum of a potential). The growth of

ξ during inflation, ξ ∝ ϕ̇(0)

H , results in a greater gauge quanta production at progressively

smaller scales. The GW produced by these quanta can reach a large amplitude at small

scales, and can be detectable at terrestrial GW detectors [47, 99]. We apply the formalism

developed in Section IV 4.2 to evaluate the current LIGO limits and the future detection

prospect (both for the second-generation H1-L1-V1-K1 detector network and for the exam-

ple third-generation detector pair) for such a signal. We assumed a flat prior distribution for

ξ over 0 ≤ ξ ≤ 4. Similarly to the CMB limit [232], the sourced signal grows exponentially

at ξ > 1 and the posterior-distribution drops to zero extremely fast at ξ > 3. Therefore, the

posterior distribution is insensitive to the upper bound on the prior distribution, as long as

it is ∼ 4 or greater.

In order to be directly comparable to the CMB bound, we also present our results

in terms of the value assumed by ξ when the CMB modes left the horizon. We found

that using the recent LIGO results set the limit ξ ≤ 3.5 (at 95% CL) for p = 1 and

ξ ≤ 3.4 (at 95% CL) for p = 2. These limits are weaker than the current CMB limits

of [232]. However, our predictions for future interferometer results (Table 2) show that

second-generation detectors will begin to constrain the ξ parameter beyond the CMB bound

and third-generation detectors may reach ξ ∼ 1.8. Somewhat larger values of ξ are required

in order to detect parity violation in the observed SGWB and rule out Π = 0 at the 2σ

level for this model.

The results summarized in Table 2 show that future SGWB searches will firmly improve

over the limit ξ < 2.41 that is based on the CMB measurements of the power spectrum

of scalar perturbations. However, the growth of scalar perturbations could lead to another

effect, i.e. the possible overproduction of primordial black holes [208]. The bound from

the primordial black holes, ξ . 1.5 (where, again, the numerical value refers to the value

assumed by ξ when the CMB modes left the horizon), is potentially stronger than those
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obtained here, but it carries an uncertainty associated with how many scalar perturbations

are produced at such small scales [22, 47, 208] and with how many black holes they create

[208]. No such uncertainties are present for the SGWB signal that we have studied here.

5 Models of Axion Inflation

Our results concerning non-Gaussianity and inverse decay effects are quite general and may

be applied directly to a variety axion inflationary models. Moreover, we expect that our

qualitative results may have also implications more broadly, for example in any multi-field

scenario that involves a dynamical axion.33 In this section we survey some interesting

microscopic constructions, both from field theory and string theory, and comment on the

possibility of large non-Gaussianity. The key input which our analysis requires from a

microscopic computation are the inflaton potential V (ϕ), the decay constant f , and the

dimensionless parameter α. Together, these determine the quantity

ξ ∼=
αM2

p

2f

∣∣∣∣VϕV
∣∣∣∣ (180)

that measures the strength of inverse decay effects. As we have seen, inverse decay processes

cannot be neglected when ξ >∼ O(1) which roughly translated into f/(αMp) <∼ 10−2 for the

most interesting models; see Figure 10. Whenever this inequality is satisfied, our findings

strongly affect the phenomenology of these models.

In most of the scenarios that we survey, both V (ϕ) and f tend to be fairly well under-

stood while, on the other hand, the coefficient α is rather more model dependent (although

calculable in principle). A detailed computation of α in each interesting scenario is beyond

the scope of this thesis and we leave such an analysis to future work. Although we gener-

ically expect α = O(1), it should nevertheless be noted that this parameter contributes a

source of theoretical uncertainty to what follows. We believe that our phenomenological re-

sults should provide a motivation for a detailed microscopic computation of α in the various

scenarios discussed below.

33This seems to be a generic expectation for closed string inflation models. In the effective SUGRA
description the Kahler moduli τi are typically paired with axions θi into complex fields Ti = τi+ iθi. Absent
tuning, one expects the curvature of the scalar potential to be comparable in the τi and θi directions. Hence,
nontrivial modular dynamics is typically also associated with nontrivial dynamics in the axion sector. See,
for example, reference [174] for a review.
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5.1 Natural Inflation

The original natural inflation proposal [132] was based on the potential34

V (ϕ) ∼= Λ4

[
1− cos

(
ϕ

f

)]
(181)

For a spectral index ns >∼ 0.95 this model requires f >∼
√

8πMp [265], for which the inflaton

dynamics shows little difference from that standard chaotic inflation with V (ϕ) ∼= 1
2m

2ϕ2,

at least for the present considerations. Such large values of f weaken the pseudo-scalar

coupling ϕFF̃ and inverse decay effects are negligible unless α >∼ few× 102. While specific

situations have been constructed that can result in a large α – for instance in the some

extra-dimensional model [22] – such large values conflicts with our general expectation that

α = O(1). We conclude that large non-Gaussianity seems unlikely in the simplest models

of natural inflation.

In spite of apparent simplicity, however, the original natural inflation model [132] seems

incompatible with UV completion. If we interpret ϕ as a PNGB then f > Mp suggests

a global symmetry broken above the quantum gravity scale, where effective field theory

is presumably not valid. Moreover, f > Mp does not seem possible in a controlled limit

of string theory [30] (which is the only known framework wherein such questions may be

addressed). Hence, requiring the existence of a sensible UV completion automatically pushes

us towards the regime f �Mp where inverse decay effects are important. We will illustrate

how this works in several explicit microscopic realizations below, however, it is clear that

this trend applies more generally.

5.2 Double-Axion Inflation

Perhaps the simplest scenario to realize natural inflation with f < Mp is the double-axion

model proposed in [187]. This model is characterized by two axions, θ and ρ, whose potential

V (θ, ρ) =
2∑
i=1

Λ4
i

[
1− cos

(
θ

fi
+
ρ

gi

)]
(182)

arises from pseudo-scalar couplings to two different gauge groups: θ
fi
FiF̃i and ρ

gi
FiF̃i. For

f1g2 = g1f2 one linear combination of θ and ρ becomes a flat direction of the potential,

34See [9] for some proposed particle physics realizations. In [174] this model was realized in supergravity
– the so-called “axion valley” model.
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corresponding to an enhanced symmetry of the theory. Taking f1g2
∼= g1f2 the curva-

ture in this direction becomes controllably flat and one may realize natural inflation with

fi, gi � Mp. This scenario therefore provides a simple and compelling illustration of how

the requirement of a UV completion leads to large non-Gaussianity in natural inflation.

5.3 N-flation

The N-flation model [116] is based on N axion fields ϕi, each with its own softly broken

shift symmetry, resulting in a separable potential of the form

V (ϕi) ∼=
∑
i

Λ4
i

[
1− cos

(
ϕi
fi

)]
∼=
∑
i

1

2
m2
iϕ

2
i (183)

where, in the second equality, we have expanded in small field values ϕi � fi. For N � 1

the assisted inflation mechanism [207] allows inflation to proceed even while all the decay

constants are sub-Planckian, fi < Mp. To a first approximation, the dynamics may be cap-

tured by a simple quadratic potential Veff
∼= 1

2m
2Φ2 for the collective field Φ2 ≡

∑
i ϕ

2
i [125].

Successful inflation requires that the collective field traverses a super-Planckian distance in

field space, ∆Φ >∼ Mp. This is achievable with sub-Planckian ϕi provided the number of

axions is sufficiently large. Roughly speaking we require [176]

N ∼ 240

(
Mp

favg

)2

(184)

For favg ∼ 10−1Mp we have N ∼ 103 while favg ∼ 10−2Mp would require N ∼ 106.

N-flation makes sense as a purely field theoretical construction; however, much of the

interest in this scenario arises because the exponentially large values of N that are required

may be rather generic in string theory compactifications. In this context, axions arise on

dimensional reduction, from integrating p-form gauge potentials over p-cycles (see [59,174]

for a review). For example, in type IIB string theory one has axions bi and ci which

arise, respectively, from integrating the Neveu-Schwarz (NS) and Ramond-Ramond (RR)

2-forms BMN and CMN over compact 2-cycles. Generically, instanton effects break the shift

symmetry down to a subgroup bi → bi + (2π)fi, leading to periodic contributions to the

effective potential (similarly for ci).

The general framework described above shows how N-flation may arise within string

theory: the low energy theory contains one axion for each independent cycle that BMN can

wrap and generic Calabi-Yau compactifications may contain exponentially large numbers
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of such cycles. There exist know examples with N as large as ∼ 105 [80], however, to our

knowledge there is no general theorem that prohibits finding Calabi-Yau manifolds with

even larger values.

There may be many ways to realize N-flation in an explicit, stabilized string theory

compactification. The first efforts in this direction were undertaken in [125] and further

analyzed in [176]. See also [154] for an alternative construction.

In order to quantify inverse decay effects, we are most interested in the effective coupling

between the collective field Φ and a given gauge field. The detailed derivation of such

interactions is rather complicated and dependent on model building details (see [21,71,151]

for a more detailed discussion). We will not attempt to estimate the effective value of

α/f , but rather note that a generic spectrum is expected to contain some axions with

fi �Mp, hence strong inverse decay effects (and their associated non-Gaussianities) are at

least plausible in N-flation.

5.4 Axion Monodromy Inflation

The axion monodromy model [231] is a string theoretic construction based on a single

axion field. The key ingredient in this construction is a suitably wrapped brane which

leads to a non-periodic contribution to the inflaton potential, explicitly breaking the shift

symmetry. This monodromy in the moduli space allows the axion to develop a kinematically

unbounded field range and accommodate the super-Planckian excursions required for large-

field inflation. In the effective field theory description of this scenario, the inflaton potential

has the form

V (ϕ) = µ3ϕ+ Λ4 cos

(
ϕ

f

)
(185)

where the linear term arises from wrapped branes while the (subdominant) periodic mod-

ulation arises from instanton effects.

In [129] the decay constant for axion monodromy inflation was studied in detail. It was

shown that microphysics bounds the allowed values as

0.06
g

1/4
s

V1/2
<

f

Mp
< 0.9 gs (186)

where gs < 1 is the string coupling and V � 1 is the compactification volume in string

units. This bound illustrates that f � Mp in this model. If α = O(1) can be realized in

a consistent string compactification, then large non-Gaussianity is easily accommodated by

axion monodromy inflation.
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The small periodic modulation of the potential (185) is not important for determining

the number of e-foldings of inflation, however, this term may nevertheless have an important

role of the phenomenology of the model. In [129], and also in [161], it was shown that axion

monodromy models can give rise to large resonant-type non-Gaussianities [88,89,130,202].

Depending on the parameters, either resonant effects or inverse decay effects may dominate

the bispectrum in the regime f � Mp. It would be interesting to study the combined

observational impact of these two effects in future work.

5.5 Axion/4-Form Mixing

In [178] a realization of chaotic inflation was proposed which shares many features of the

axion monodromy model discussed above. Here the axion ϕ mixes with a 4-form field

strength through a term like ϕ εµναβFµναβ . The theory also includes charged membranes

which source a background for the conjugate momenta of the gauge field and break the

axion shift symmetry, giving rise to a non-periodic potential V (ϕ) ∼= 1
2m

2ϕ2 which is robust

against a wide variety of corrections [177]. There is no obstruction to realizing inflation

with f � Mp in this model, and hence we generically expect that inverse decay processes

may play an important role.

As in the case of axion monodromy, the power-law potential will generically be mod-

ulated by subdominant oscillatory features arising from instanton effects. In [177] non-

Gaussianities were discussed. In general resonant effects may operate in concert with inverse

decay processes, and it would be interesting to study their combined impact.

5.6 Dante’s Inferno

In [63] a model was proposed which consists of two axions, r and θ, with decay constants

fr < fθ �Mp. It is assumed that a linear combination of these receives a periodic potential

from nonperturbative effects and, moreover, that some explicit shift symmetry breaking

effect generates a non-periodic contribution W (r). The effective potential therefore takes

the form

V (r, θ) = W (r) + Λ4

[
1− cos

(
r

fr
− θ

fθ

)]
(187)

For a power-law W (r) = µ4−p rp the dynamics of this model are well approximated by a

single field with effective potential Veff = (fr/fθ)
pµ4−pϕpeff and our analysis of inverse decay

processes is directly applicable. The possibility of large non-Gaussianity follows immediately

from fr < fθ �Mp.
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In [63] it was shown how to embed the model (187) within string theory as a modest

extension of axion monodromy [129, 231]. It may be possible to realize such a potential

from axion/4-form mixing, along the lines of [177,178].

5.7 Multi-Field Scenarios

So far we have focused our attention on models which can, at least to first approximation, be

described in terms of the dynamics of a single field (that may represent a collective excitation

or be related non-trivially to the axions of the original theory). Such scenarios are appealing,

because our analysis of inverse decay processes applies more-or-less without modification.

However, there are also a number of interesting inflation models which involve dynamical

axions but are not well described in terms of a single dynamical field. (As discussed in

footnote 33, this scenario seems especially natural in supergravity models.) In multi-field

models with f �Mp strong inverse decay effects are clearly possible, however, the detailed

phenomenology is more complicated than what we have presented. Nevertheless, we expect

that large non-Gaussianity should be possible. It would be interesting to explore multi-field

inverse decay processes in future works.

There are a variety of interesting multi-field models involving axions, for example race-

track inflation [65,66] and the axionic D3/D7 model [73]. Possibly, interesting models from

the perspective of obtaining strong inverse decay effects, are based on the large volume

compactification of [27, 28, 98]. For example, roulette inflation [69] – which generalizes [96]

to incorporate the dynamics of the axionic partner of the Kahler modulus – is characterized

by significant motion in the axion direction during the early stages of inflation. See [37,97]

for a discussion of axion/moduli couplings and decays in large volume inflationary scenarios.

See also [236] for a related model.

6 Summary of Axion Inflation

Axion inflation is a compelling class of inflationary models, since they are characterized

by a (broken) shift symmetry that protects the required flatness of the inflaton potential

against quantum corrections. Axions are coupled to gauge fields through α
f ϕFF̃ . More

generally, from the perspective of effective field theory, a coupling ϕFF̃ must be included

whenever ϕ is pseudo-scalar. The dimensionless coupling α is a model-dependent quantity;

however, from an effective field theoretical point of view, one does not expect it to be

� 1. In this Part of the thesis, we studied the phenomenological signatures induced by
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this coupling, keeping α/f as a free parameter. The crucial point of our study is that, in

presence of this coupling, the motion of ϕ induces a tachyonic growth for one polarization

of the gauge field. This amplification is most important for modes with physical wavelength

comparable to the horizon λ ∼ 1/H. These produced gauge quanta inverse decay to produce

inflaton fluctuations of a comparable wavelength, consistent with the general expectation

from causality/locality. These inflaton modes then leave the horizon, and the corresponding

density fluctuations, ζinv.decay, become frozen and contribute to the observable cosmological

perturbations. An analogous process leads to production of gravitational waves. These

scalar and tensor perturbations add up incoherently with those generated by the expansion

of the universe (the standard “vacuum” modes, ζvac and hvac).

We find that the amplitude of the perturbations generated by the inverse decay is an

exponentially growing function of α/f . These modes dominate over the vacuum ones for

α/f >∼ 10−2M−1
p (the precise value depending on the inflaton potential). Due to the ex-

ponential sensitivity on the coupling, there is only a small range in α/f for which both

ζinv.decay, and ζvac are relevant. For smaller values of α/f this new effect is completely

negligible, and the standard results are recovered. For larger values, drastically new predic-

tions are obtained. In particular, the main characteristic of ζinv.decay is that they are highly

non-Gaussian: this is due to the fact that two gauge quanta participate in the inverse de-

cay, and that the initial distribution of these quanta is itself Gaussian (loosely speaking,

ζinv.decay behaves as the square of a Gaussian field, which is obviously not Gaussian). As

a consequence of this effect, the non-Gaussianity parameter fNL also grows exponentially

with α/f in the region of parameter space for which both ζvac and ζinv.decay are comparable.

When ζvac can be neglected, fNL saturates to about 8, 600 in the equilateral configuration,

well beyond the WMAP limit f equil
NL < 266 (95% CL, which was used for our analysis) and

the current Planck limit f equil
NL < 33 (68% CL). We found that these limits allow only values

of α/f for which ζinv.decay can contribute . 10% to the power spectrum (see Figure 7).

In this regime, also the spectrum of gravitational waves produced by the inverse decay at

CMB scales is much smaller than that from vacuum.

We have seen that non-Gaussianity from axion inflation is greatest for the equilateral

configuration. This is related to causality/locality of the underlying inverse decay produc-

tion mechanism. To understand this, intuitively, recall that a mode ζ~k is sourced by the

inverse decay of gauge perturbations of comparable wavelength. Consequently, the three-

point correlation 〈ζ~k1
ζ~k3
ζ~k3
〉 is suppressed between modes of very different scale. We found

that the shape of non-Gaussianity produced by this mechanism is very well reproduced by

the equilateral template that has been widely studied in the literature. Quantitatively, the
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“cosine” between the two shapes (a measure of how much the two shapes coincide [26])

is ∼= 0.93. Therefore, it is sensible to use the limits on f equil
NL (obtained with the use of

the equilateral template) to probe the current mechanism. On the other hand, the specific

shape that we have computed is nevertheless distinct from the equilateral template and this

fact might be useful to distinguish axion inflation from other models (for instance, the shape

we found has a significant overlapping also with the orthogonal template). This issue can

be more thoroughly explored when / if a nonzero value for f equil
NL will be found in the data.

The non-Gaussian signature of axion inflation, together with the requirement of standard

results for the spectral tilt and the tensor-to-scalar ratio tensor of large field inflation, will

allow to falsify the mechanism (or, at least, the simplest version that we have studied here)

in the near future. This is due to the fact that large field inflationary model provide much

larger – and detectable – values of ns − 1 and of r than many other classes of models.

We stress that the non-Gaussianity which we have studied is very different from the so

called resonant non-Gaussianity [88, 89], that has been discussed previously [129, 130, 161,

202] in the context of axion monodromy inflation [231]. Axion monodromy is one of the

particle physics realizations of axion inflation; in this model the periodic potential typical of

axions is only a subdominant term in the inflaton potential, and it provides a non-Gaussian

modulation of the inflaton perturbations. Depending on model parameters, either this effect

or inverse decay processes may dominate the bispectrum.

It is remarkable that, in the mechanism we have studied, the large non-Gaussianity is

obtained in a rather minimal way (simply by considering a coupling of the pseudo-scalar

allowed by the symmetries of the model, and therefore expected in an effective field theory

context). Non-Gaussianity is a measure of the strength of interactions of the inflaton,

which are typically constrained to be small by the requirement of a flat potential. To

obtain observable non-Gaussianity, previous studies have invoked non-standard field theories

(involving small sounds speed [90] or higher derivatives [36, 39, 41]), or initial conditions

[90,170,233,234], potentials with sharp features [88,89], dissipative effects [150], fine-tuned

inflationary trajectories [75, 77, 91, 258, 297] or post-inflationary effects (such as preheating

[38,40,68]). The mechanism we have studies circumvents the common lore result in a very

novel way: the interaction that gives rise to large non-Gaussianity, eqn. (78), does not play

any role in the background dynamics and is thus unconstrained by the requirement of slow

roll. At the same time, the effect of this interaction (namely, the amplification of gauge

quanta) persists during the entire inflationary phase, leading to a (nearly) scale invariant

signature (as opposed to sporadic episodes of particle productions [35, 42, 43] that would

lead to a highly localized non-Gaussianity in momentum space).
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At the scales relevant to CMB observations, the constraints on the axion-gauge coupling

from non-Gaussianity is more stringent than those from gravitational waves, as mentioned

already. Namely, once the non-Gaussianity limit is imposed, the standard vacuum mode

of GWs dominates over the sourced contribution, and thus the GW signal would only be

standard. However, the effective coupling strength ξ increases during inflation. Although

the rate of this growth is slow-roll suppressed, the amount of particle production is exponen-

tially sensitive to ξ. This implies that the production becomes significantly more effective

and that the feed-back effects on cosmological perturbations are stronger for the modes that

cross the horizon at later stages of inflation, corresponding to the scales much smaller than

the CMB scales [47,99]. The growth of scalar perturbations at small scales could potentially

lead to overproduction of primordial black holes [208]; however, this effect inherently carries

a large uncertainty. On the other hand, the feed-back on GWs does not contain such un-

certainties, and as discussed in Section IV 4, the future-generation terrestrial GW detectors

can put a strong constraint on the coupling strength ξ of the axion inflation models.

The axion-gauge coupling induces a parity-violating interaction, which is encoded in

the polarization feature of GWs. Such polarized GWs can, if present, be detectable at

the terrestrial GW detector networks. Since a polarized isotropic signal may be a unique

way to discriminate a stochastic GW background (SGWB) of cosmological origin from one

of astrophysical origin, a detection of such a signal would open up the new observational

possibility to probe the physics in the very early universe. For a definite detection of parity

violation, it is critical for the detector network to include multiple non-collocated detector

pairs, as this is the only way to definitively separate parity violation effects from frequency

dependence in the SGWB. Applying the search formalism for polarized GWs to the axion

inflation signals, we have quantitatively shown that the current limits from the SGWB are

weaker than the current CMB limits, but that future GW detectors can improve over them.

Finally, it is remarkable that current observational limit on non-Gaussianity already

place a surprisingly stringent bound on pseudo-scalar interactions of the form (78), and the

forthcoming terrestrial GW detectors can even improve it. As a comparison, the bound on

the coupling of the much lighter QCD (or QCD-like) axion to photons is
αphotons

f
<∼ O

(
10−11

)
GeV−1, from energy loss in stars [241]. On the other hand, the mechanism that we have

studied provides the bound α/f <∼ O
(
10−16

)
GeV−1 on the coupling of the pseudo-scalar

inflaton with any gauge field. This provides a unique window for constraining – or perhaps

probing – a large class of inflationary models. As we have reviewed in Section IV 5, there are

a variety of interesting multi-field models involving axions, many of which can be realized

in string theory. While most of these studies provide the value of axion decay constant f
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and of the potential V (ϕ), comparatively less attention has been devoted to compute the

dimensionless coupling α.
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Part V

Non-Gaussianity from Dilaton-like

Coupling during Inflation

Focusing on inflaton interactions with gauge fields, for a singlet inflaton ϕ there are two

very natural classes of gauge field interactions to consider, depending on the parity. In the

previous Part, we studied the case where the inflaton is a pseudo scalar field, which has a

natural coupling to gauge fields through Lpseudo
int ∝ ϕFµνF̃

µν , where Fµν = ∂µAν − ∂νAµ is

the field strength tensor associated with some U(1) gauge field Aµ and F̃µν is its dual. In

this Part, on the other hand, we study the case of a scalar inflaton. In this case, one may

expect couplings of the form

Lscalar
int = −I

2(ϕ)

4
FµνF

µν , (188)

where I(ϕ) plays the role of a field dependent gauge coupling. The interaction (188) is

typical of moduli or dilaton-like fields in string theory and supergravity frameworks. As

noted in [128], coupling the inflaton to a gauge field may actually be the only way to reheat

for some of these models.

In this Part of the thesis, we show that rich phenomenology is possible in simple models

with a single scalar inflaton in slow roll, via the coupling (188). The underlying mechanism

is quite novel. The time dependence of the inflaton condensate ϕ(0)(t) = 〈ϕ(t, ~x)〉 breaks

the conformal invariance of the gauge field sector and leads to amplification of the quantum

fluctuations of Aµ, similarly to the well-known mechanism that produces scale invariant

curvature fluctuations during inflation. For simplicity, we focus our attention on the case

where large-scale fluctuations of the gauge field are produced during inflation with a scale-

invariant “magnetic” component. We notice that the same coupling that leads to production

of gauge field fluctuations also implies that these produced fluctuations must, in turn, couple

to the cosmological perturbations of the inflaton, δϕ(t, ~x) = ϕ(t, ~x)− ϕ(0)(t). We find that

the feedback of produced gauge fluctuations on δϕ contributes a new component to the

observable curvature fluctuations that is highly non-Gaussian and is uncorrelated with the

usual spectrum from quantum vacuum fluctuations. As we later show the details, for
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reasonable parameters we obtain nearly local-type non-Gaussianity with shape

〈ζ~k1
ζ~k2

ζ~k3
〉 ∝

1 + cos2
(
~k1, ~k2

)
k3

1 k
3
2

+ permutations (189)

and at the level fNL = O(10 − 100). Such values are close to current observational limits.

The shape (189) has a strong overlapping with the local template (40) in the squeezed

limit, where both shapes are enhanced. However, in this limit, (189) has a quadrupolar

dependence on the angle between the shorter side and either of the longer sides. Contrary

to what typically happens for non-Gaussianity sourced by scalar fields [204], this angular

dependence does not vanish in the squeezed limit, and it contributes to about 1/5 of the

amplitude of (189). This therefore appears as a signature of non-Gaussianity from higher

spin fields, and it may be an important distinguishing feature when the model is confronted

with observations.

As pointed out in [53], the results obtained in the present study should be interpreted

as the theoretical expectation values, averaged over several realizations of the mechanism.

The novel contribution to the curvature perturbation is the feedback of the gauge quanta

produced through the interaction (188). In our setup, these quanta result in a nearly scale-

invariant spectrum for the “magnetic” perturbations.35 Once modes leave the horizon, they

add up in a “random walk” manner to form a classical background [53]. Let us denote by

Ntot the total number of e-folds of inflation and by N some given number of e-folds. The

modes that were produced and left the horizon in the first Ntot − N e-folds of inflation

then add up as a classical field and are experienced as a homogeneous background by

the modes of smaller size, which leave the horizon in the last N e-folds of inflation. A

homogeneous vector background points in one direction in a given frame that is determined

by the random addition of the super-horizon mode, breaking isotropy. Ref. [53] shows that

this vector encodes a strong anisotropy in both the power spectrum and bispectrum of

curvature perturbations in a single realization of the model (188) and that the isotropic

results obtained in the present study are indeed the values averaged over many realizations

of those anisotropic signals. We discuss this issue in Section V 4.

Models of vector fields producing non-Gaussianity were also proposed in [50,51,109,110,

112–115,148,183,184,224,300]. In these models the vector field is amplified either from the

time dependence of its kinetic term, as we consider here, or from a non-minimal coupling

35 The interaction (188) enjoys an “electric”↔ “magnetic” duality under I ↔ 1
2
. All of our discussion for

the scalar and tensor perturbations in this Part still holds if we simultaneously change I → 1
I

and “magnetic”
↔ “electric.”
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(as an effective mass term) to the Ricci scalar R. This second case, however, introduces a

longitudinal vector component, which turns out to be a ghost [164, 165]. (In some of these

models, the energy in the vector field sources anisotropic inflation; we do not study this

possibility here, but we refer to Ref. [283] for a review.) In these models, the vector acts

as a curvaton, and it contributes to the spectrum and the bispectrum through its energy

density. We compute instead the non-Gaussianity resulting from the same coupling that

leads to production of gauge field fluctuations, and which remains imprinted in the inflaton

perturbations even when the energy density in the gauge field is very negligible at reheating.

The model of ref. [314] studied non-Gaussianity from a gauge field amplified analogously to

what we do here, but imprinted through the waterfall field of hybrid inflaton [212].

It is interesting to contrast the mechanism considered here to the closely related physics

of inverse decay that was studied in Part IV. For axial couplings in Part IV, the relevant

production of inflaton perturbations arises near horizon crossing, and then the bispectrum

is instead nearly equilateral. In the case at hand, on the other hand, the feed-back of

the produced gauge field fluctuations on the inflaton fluctuations leads to a super-horizon

growth of the curvature perturbation. Such growth is consistent, since the produced gauge

field fluctuations provide a source of large scale isocurvature perturbations. Consequently,

we find a bispectrum which is very close to the local shape.

Models of the type which we study have received considerable attention in the literature,

in connection with primordial magnetogenesis [29, 79, 107, 138, 182, 229, 255, 268, 290, 307].

At face value, our choice of I2(ϕ) can produce large scale magnetic fields with a sufficient

amplitude to account for observations at galaxy and cluster scales; see [144,149,181,261,308]

for reviews. This would open the interesting possibility of correlating the magnetic field

with the primordial perturbations [79], although the correlation would only involve the

component of metric perturbations that are sourced by the vector field, and that is typically

subdominant with respect to the vacuum part. Moreover, the magnetic field would induce

non-Gaussianiy from its direct coupling to the CMB photons [72,78,84,274,278,293]. This

effect can be observed for a magnetic field at the ∼ nG − 10 nG level, while the non-

Gaussianity we have obtained arises from the direct coupling to the inflaton that generated

the gauge field, and can be observable even if the current “magnetic” field is significantly

smaller. A list of works that study the general signatures of a magnetic field on the CMB

can be found in the review [308]. In particular, “magnetic” fields continue to source scalar

and tensor perturbations until neutrino decoupling. Refs. [277, 294] shows that this effect

constrains the “magnetic” field to be <∼ few nG at present. We show in Subsection V 1.3

that the “magnetic field” generated in the cases of our interest is of O
(
10−10

)
nG or less.
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One major problem with identifying the gauge field with the electromagnetic one is due

to the fact that a scale invariant magnetic field can only be obtained if the effective gauge

coupling, g(t) = I
[
ϕ(0)(t)

]−1
, decreases by many orders of magnitude during inflation

(specifically, by a factor of e2Ntot , where Ntot is the number of e-folds of inflation). If

one starts from gin = O(1), then the gauge coupling at the end of inflation will be much

too small to identify Aµ with the Standard Model (SM) photon. Normalizing instead the

coupling constant to be the electromagnetic one at the end of inflation would instead entail

an unacceptable breakdown of perturbation theory. This problem was stressed in [107], and

it is a serious obstacle in identifying the gauge field of the mechanism with the photon. In

the following, we discuss some unsuccessful attempts of solving this problem. We cannot of

course rule out that a solution of the problem can be found, but we believe that it would

require a substantial modification of the model.

This Part is mostly based on the work in [46]. We organize the following of this Part as

follows. In Section V 1 we introduce our model and compute the production of gauge field

fluctuations. We then discuss the challenging connection to magnetogenesis. In Section V 2

we present a detailed computation of the 2-point and 3-point correlation functions of the

scalar perturbations. In Section V 3 we present the computation of the 2-point correlation

function of gravitational wave fluctuations. In Section V 4 we give a succinct review of the

phenomenological predictions from the model. Finally, in Section V 5, we summarize the

results of the model.

1 Gauge Field Production

1.1 The Model

We consider a simple model with a dilaton-like coupling of the inflaton to a U(1) gauge field

Aµ

S =

∫
d4x
√
−g

[
M2
p

2
R− 1

2
∂µϕ∂

µϕ− V (ϕ)− I2 (ϕ)

4
FµνF

µν

]
(190)

In this action, Fµν is the field strength of Aµ, and I and V are functions of the inflaton ϕ.

We assume that the potential V (ϕ) is sufficiently flat to support a long phase of quasi de

Sitter expansion. As usual, we require that ε, |η| � 1 where the slow roll parameters are

(24)

ε ≡
M2
p

2

(
Vϕ
V

)2

η ≡M2
p

Vϕϕ
V

(191)
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To simplify the calculation, we choose I(ϕ) and V (ϕ) to be related to each other in such

a way as to obtain the solution I ∝ an, where a is the scale factor of the Universe, during

inflation. The required relation can be obtained [303] by taking the ratio of the slow roll

relations (27, 28)

H2 ' 1

3M2
p

V , 3Hϕ̇ ' −Vϕ (192)

(assuming that the interaction with the gauge field provides negligible corrections to the

dynamics, see below). In this way, one forms a differential equation for da/dϕ, that is

integrated into a ∝ exp
[
−
∫ V dϕ
VϕM2

p

]
. The functional form of I (ϕ) can be then set to the

n-th power of the right hand side expression. For definiteness, we consider a monomial

inflaton potential

V = µ4−rϕr , I = Iend exp

[
− nϕ2

2rM2
p

]
(193)

although other choices are clearly possible. Here Iend is the value of the coupling function

at the end of inflation, when the inflaton is in the vacuum ϕ = 0. We therefore assume

that, after inflation, the function I sets to a constant. We could then normalize Iend = 1.

We found it algebraically convenient to define “electric” and “magnetic” components of

the gauge field as

Ei ≡ −
〈I〉
a2
A′i , Bi ≡

〈I〉
a2
εijk∂jAk (194)

where here and in the remainder of this Part the Coulomb gauge A0 = 0 is assumed. We

do not necessarily assume Aµ is the Standard Model photon (more on this later); however,

we will sometimes use the language “electric field” and “magnetic field”, by analogy with

standard electromagnetism.

As the gauge field has no classical expectation value, its perturbations do not couple to

that of the inflaton or of the geometry at linearized order. We can therefore solve for these

perturbations by assuming a FRW background, and by treating I as a classical function.

Therefore, we can simply set I ∝ an for the remainder of this Section. The time component

of the vector equation of motion is solved by ∂iAi = 0, and we can decompose the vector

potential as in (48)

~A =
∑
λ=±

∫
d3k

(2π)3/2
~ε (λ)

(
~k
)

ei
~k·~x
[
aλ

(
~k
)
Aλ (k) + a†λ

(
−~k
)
A∗λ (k)

]
(195)

where ~ε (±) are the circular polarization operators, and aλ and a†λ are the annihilation/cre-

ation operators of the gauge field (see the sentences after (48) for their properties and
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normalization).

The vector mode functions then satisfy

V ′′λ +

(
k2 − I ′′

I

)
Vλ = 0 , Vλ ≡ I Aλ (196)

where prime denotes derivative with respect to conformal time τ . For a constant I, one

recovers the typical Minkowski e−ikτ/
√

2k solution for the mode functions, due to the fact

that the gauge field is conformally coupled to the FRW metric. For our purposes, it is

sufficient to obtain the leading expression of the mode functions in a slow roll expansion.

Namely, for the de Sitter limit a = − 1
Hτ , the mode solution that, up to an arbitrary constant

phase, is normalized to e−ikτ/
√

2k (the so called adiabatic vacuum) in the asymptotic early

time / high momentum regime is

Vλ = i

√
π

2

√
−τ H(1)

n+1/2 (−kτ) (197)

where H
(1)
ν is the Hankel function of the first kind. This solution has been discussed at

length in [107] for all values of n, and it is unnecessary to review all their study here. We

only discuss the n = 2 case, which results in a scale invariant “magnetic” field. Interesting

non-Gaussian properties of the primordial perturbations may be possible also for other

values of n. The arbitrary phase in (197) has been chosen so that the function Vλ is real

and positive in the super horizon limit.

In this case, the “electric” and “magnetic” gauge field operators during inflation reduce

to

~E =
∫

d3k

(2π)3/2 ei
~k·~x ~E~k , ~E~k = −H2τ√

2

∑
λ

1
k1/2~ε

(λ)
(
~k
) [
aλ

(
~k
)

+ a†λ

(
−~k
)]

~B =
∫

d3k

(2π)3/2 ei
~k·~x ~B~k , ~B~k = 3H2

√
2

∑
λ λ

1
k3/2~ε

(λ)
(
~k
) [
aλ

(
~k
)

+ a†λ

(
−~k
)] (198)

in the super-horizon limit −kτ � 1. As for the standard scalar case, the mode function

does not oscillate in the super-horizon regime, which is a signal that the field has become

classical [253]. The energy densities are given by

ρE =
〈 ~E2〉

2
' H4 τ2

4π2

∫
dk k

(
1 + k2τ2

)
, ρB =

〈 ~B2〉
2
' 9H4

4π2

∫
dk

k
(199)

We must only compute the energy in the classical fields, and we therefore limit the integrals
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to momenta that have exited the horizon during inflation. Modes of smaller wavelength

remain in their vacuum state and their contribution to the energy density must be renor-

malized away (this is part of the cosmological constant problem). The smallest momentum

kmin ' 1
−τin corresponds to modes that have exited the horizon at the start of inflation (we

stress that we are computing theoretical expectations under a constrained and finite value

for the total number of e-foldings of inflation). For any moment τ , the largest momen-

tum kmax ' 1
−τ corresponds to modes that have just exited the horizon at that moment.

Therefore, for any τ � τin during inflation,

ρE '
3H4

16π2
, ρB '

9H4

4π2
ln

a (τ)

a (τin)
(200)

These behaviors are very different from the usual behavior ρ ∝ a−4 for radiation. This

shows that energy is being transferred from the inflaton to the gauge field through the I2F 2

coupling. We also note that the energy in the “magnetic” component is greater than that

in the “electric” one. The energy in the “magnetic” component is scale invariant, and the

logarithmic increase in the final result is due to the increase of the phase space of the modes

that have become classical. We also note, that, despite for most of the super-horizon modes

the density dρE
dk is several orders of magnitude smaller than dρB

dk , and decreases with time,

the total value of ρE is “only” logarithmically suppressed with respect to that of ρB. This

is due to the fact that the integral for ρE has most of its support in the UV region, where

the “electric” and “magnetic” energy densities are not too different from each other.

In passing, notice that our choice to produce scale-invariant “magnetic” fields – as

opposed to “electric” fields – is essentially arbitrary from the perspective of primordial

non-Gaussianity. Indeed, there is an electric/magnetic duality that leaves the Maxwell

equations invariant under the replacement ~E → − ~B, ~B → ~E and I → 1/I; see [145] for

more discussion. In this case at hand, this means that we can interchange the “electric”

and “magnetic” spectra simply by taking n = −2 rather than n = 2. The feed-back of

these produced fluctuations on the scalar inflaton is essentially unchanged under such a

replacement.

1.2 Backreaction Bounds

Throughout the discussion above, we have assumed that the produced gauge field fluctua-

tions have a negligible effect on the homogeneous background dynamics during inflation. To

ensure that this assumption is consistent, we must verify several backreaction constraints.
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First, we require that the energy density in the “magnetic” field is much smaller than the

potential energy driving inflation. Hence, we require

ρB
V
' 3

4π2

H2

M2
p

ln
a (τ)

a (τin)
� 1 (201)

A second constraint arises because the produced gauge field fluctuations modify the

homogeneous Klein-Gordon equation for the inflaton condensate ϕ(0)(t). To ensure that

the usual slow roll equations (192) are reliable, we require that the “driving force” in the

inflaton equation of motion is dominated by the derivative of the inflaton potential. That

is, we require:

|Vϕ| �
∣∣∣∣IϕI 〈B2〉

∣∣∣∣ (202)

Finally, we note that the backreaction of produced gauge fields can also lead to a correc-

tion for the effective mass of the inflaton. The easiest way to see this effect is to note that

the action (190) contains a term of the form (I2)ϕϕ(δϕ)2〈F 2〉 once we expand ϕ = ϕ(0) +δϕ

and replace F 2 with its vacuum average, to estimate the magnitude of backreaction effects.

We require that this “new” correction to the inflaton mass is much smaller than the Hub-

ble scale so that we do not spoil the scale invariance of the spectrum. This amounts to a

constraint
1

εM2
p

〈B2〉 � H2 (203)

The conditions (202) and (203) are more stringent than (201). In both cases, we obtain

a constraint on the total number of e-foldings of inflation of the form

Ntot � 10−1P−1 (204)

where Ntot = ln (aend/ain) and we have defined

P ≡
(

H2

2πϕ̇(0)

)2

' H2

8π2M2
p ε
' 2.5 · 10−9 (205)

which gives the amplitude of the power spectrum from the usual vacuum fluctuations [58].

(In this model there is also an additional contribution to the power spectrum coming from

second order effects; however, we will always work in a regime where this is subdominant.

More on this later.)

The condition (204) then indicates that backreaction is negligible provided that Ntot �
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O
(
107
)
. Note that Ntot enters in this condition because the “magnetic” field energy grows

(proportionally to the number of e-folds) during the whole duration of inflation. We stress

that Ntot may be much greater than the number of e-folds NCMB ' 50−60 which separates

the moment at which the largest CMB scales exited the horizon to the end of inflation.

1.3 Connection with Magnetogenesis

Magnetic fields have been observed at many scales. They are present in structures (e.g.

galaxies, galaxy clusters and high redshift protogalactic structures) with strength ∼ 10−6−
10−3 G, and in the low density intergalactic space with strength ∼ 10−14 − 10−17 G. See

[144, 149, 181, 308] for reviews. The origin of these fields is not well understood. Although

an astrophysical mechanism is not ruled out, the observed homogeneity and large coherence

length (∼ kpc−Mpc) could suggest a primordial origin.

For a standard electromagnetic action, the photon is conformally coupled to a FRW

geometry; loosely speaking, the scale factor drops from the action term
√
−gF 2, and the

photon remains in its vacuum state. Mechanisms for generation of magnetic field during

inflation break the conformal invariance by introducing some extra-term. For instance,

in [295] couplings to the curvature invariants of the type RA2 and RµνA
µAν were considered.

These couplings however break the U(1) invariance associated to the electromagnetic field,

and one should worry about the longitudinal photon component that they introduce. It

was shown in [164, 165] that, with the R2A2 coupling introduced in [295], the longitudinal

photon is a ghost. It is safer to consider models that preserve the U(1) invariance. Axial

couplings 1
fϕFF̃ have been considered in [21,76,123]. In such models it is typically difficult

to produce a sufficiently large field. Note that any attempt to generate primordial magnetic

fields via an axial coupling must take into account the limits on f due to non-Gaussianity

from inverse decay effects, discussed in Part IV in this thesis and in [45, 47, 48], which are

much more stringent than backreaction bounds.

The model (190) has been studied in connection with primordial magnetogenesis [79,

107, 138, 229, 255, 268, 290]. It is indeed tempting to identify Aµ with the standard model

photon. If we do so, and we assume that the electromagnetic energy density scales in the

standard way ρ ∝ a−4 from the end of inflation on, we find(
dρB
d ln k

)1/2

today

' 10−15 G

(
H

1015 GeV

)2/3( Trh

109 GeV

)2/3

(206)

where we have assumed matter domination due to the coherent inflaton oscillations until re-
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heating takes place at the temperature Trh. We have also disregarded the current departure

from matter domination (this gives a negligible correction to the estimate), and treated the

value of H as constant during inflation. We note that a lower reheating temperature results

in a smaller value of the magnetic field today [107]; the estimate obtained in [79] assumes

that radiation domination starts immediately after inflaton. In this case the expression

(206) evaluates to 10−10 G
(
H/1015 GeV

)
.

The problem arising in associating the field Aµ with the electromagnetic photon has

already been stressed in [107]. The model (190) must be supplemented by the action for the

matter fields. The most minimal approach is to assume that I2 (ϕ) only enters in the F 2

term, so that the relevant terms for the electromagnetic coupling of the (Standard Model)

fermions are

Lmatter = −I
2(ϕ)

4
F 2 − ψ̄γµ(∂µ + ieAµ)ψ (207)

If this is the case, the “instantaneous” electric coupling constant is

ephysical ≡ e I−1
[
ϕ(0)(t)

]
(208)

During inflation we have I ∝ an and, consequently, for n > 0, the electric coupling constant

decreases by a huge factor during inflation (we recall that the scale invariant B field is

obtained for n = 2). Thus, if we take ein
<∼ O(1) at the start of inflation, then the gauge

coupling at the end of inflation will be extremely tiny. Assuming no further evolution of

ephysical (t) in the post-inflationary epoch, we clearly cannot identify Aµ with our photon.

Alternatively, if we normalize I such that ephysical after inflation coincides with the present

value, we necessarily imply that ephysical was extremely large all throughout inflation, apart

from the very last stages. Even if there were no real charged particles during inflation,

this would lead to strong quantum effects from the vacuum fluctuations of these fields, and

to a quantum theory (at the very least) out of computational control. This poses serious

questions on any result obtained from the model. We stress that this problem is not present

if Aµ is a hidden sector gauge field, since in this case one may assume that its associated

physical coupling constant is <∼ O(1) at the start of inflation.

We briefly comment on a few (unsuccessful) attempts to solve this problem. Firstly, we

note that moving the function I2 (ϕ) outside the entire electromagnetic-sector Lagrangian

does not affect this issue. Indeed, multiplying the second term of (207) by any factor Ĩ

affects both the fermionic kinetic term ψ̄∂µψ and the vertex ψ̄Aµψ; however, the fermionic

field enters quadratically in both expressions. After canonical normalization of the fermionic

field, the factor Ĩ drops out from the physical value of the electric coupling constant. It is
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also difficult to imagine how one may try to modify the structure of the covariant derivative

without spoiling gauge invariance.

Secondly, one may try to arrange for a time evolution of I during reheating in such a

way that ephysical is brought from a very tiny value at the end of inflation (so to avoid the

strong coupling problem during inflation) to the present value before the onset of Big-Bang

Nucleosynthesis (given that only a fractional discrepancy from the current value can be

tolerated then [95, 103]). We stress that this requires a huge change of I, which can be

difficult to accomplish without disrupting the result for the magnetic field achieved during

inflation. The comoving energy densities

ρ̄B =
1

2π2

∫
dk k4V 2 ≡

∫
dk ρ̄Bk

ρ̄E =
1

2π2

∫
dk k2

(
V ′ − I ′

I
V

)2

≡
∫
dk ρ̄Ek (209)

need to satisfy
d

dτ
(ρ̄Ek + ρ̄Bk) = −2

I ′

I
(ρ̄Ek − ρ̄Bk) (210)

If the electric component in this expression can be neglected, one finds ρ̄Bk ∝ I2; alter-

natively, if the magnetic component can be neglected, one finds ρ̄Ek ∝ I−2. In general,

achieving such a large change in I during reheating does not appear feasible.

Thirdly, one may abandon the idea of identifying Aµ with the electromagnetic field, but

still generate a large scale value of a hidden sector and weakly coupled Aµ, and then try to

convert it to an electromagnetic field through some coupling. For instance, gauge invariance

allows for

∆L =
χ

2
Fµν Fem

µν or ∆L =
χ

2
εµναβFµν Fem

αβ (211)

The first coupling was originally proposed in [168], and one can promote χ from a constant

parameter to the expectation value of a scalar field; in the second case, χ is a pseudo-

scalar function. One could imagine that χ experiences a quick transition from zero to

a nonvanishing value χ∗ at some given time τ∗ after inflation, when I has set to one (we

model the transition with a step function; clearly this approximation will break at very small

scales). Solving the equations of motion in vacuum at leading order in χ∗, and requiring

continuity of the vector potentials at τ∗, one finds that the turning on of χ results in a

partial conversion of the “electric” or of the “magnetic” component of Aµ into our electric

field: ~Eem ' χ∗ ~E in the first case in (211), and ~Eem ' χ∗ ~B in the second case. This solution

is obtained in absence of any charged particle. However, as soon as a plasma is formed, it
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shuts off the electric field well before it can convert into a magnetic field. If already present

at τ∗, the plasma would prevent any electric field generation at all.

In conclusion, none of these attempts appears to provide a solution to the strong cou-

pling problem. We believe that a solution, if at all possible, will require a more radical

modification of the model than those mentioned here.

2 Scalar Perturbations

To encode the effect of the gauge field on the cosmological perturbations we need to study

the perturbations up to second order. Therefore, we decompose

ϕ = ϕ0 + δ1ϕ+ δ2ϕ , gµν = gµν 0 + δ1gµν + δ2gµν , Aµ (212)

The gauge field has no zero order part, and, as we discuss below, we do not need to evaluate

it at second order.

Since the gauge field has no zero order part, the metric/inflaton perturbations do not

mix with the gauge field modes at linear order; this is because the gauge field enters already

quadratically in the action for the perturbations, through the expansion of the last term

in (190). This is the same reason that in the previous Section allowed us to compute Aµ

disregarding inflaton and metric perturbations. We note that the gauge field can still affect

the first order metric/inflaton perturbations through its backreaction on the background

evolution. This can be disregarded under the assumption that the two conditions (201) and

(204) hold.

Therefore, at the linearized level the standard results of scalar field inflation hold. We

work in the spatially flat gauge for the scalar perturbations, δgij,scalar = 0. In this gauge,

the curvature perturbation on uniform density hypersurfaces is ζ = − H
ϕ̇(0) δϕ. As we show

in Appendix A, one finds[
∂2

∂τ2
+ 2H ∂

∂τ
−∇2 +

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)]
δ1ϕ = 0 , (213)

where ∇2 ≡ ∂i∂i. This is the standard equation for the Mukhanov-Sasaki [240,264] variable

rewritten in terms of ζ; the last term in this equation has been simplified using slow roll

approximation. Finally, H = a′

a = aH. Here we have disregarded corrections to the

effective mass due to backreaction effects; see Section V 1. In the end we will only perform

computations at leading order in slow roll parameters, hence this neglect has no impact on
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our final results.

To compute the effect of the gauge fields on the cosmological perturbations we expand

all the equations of the system at second order in the perturbations. We combine these

equations in the same formal way that they are combined to obtain (213). In this way we

obtain a “master equation” for δ2ϕ that does not contain any δ2gµν mode. As we show in

Appendix A.2, this equation reads[
∂2

∂τ2
+ 2H ∂

∂τ
−∇2 +

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)]
δ2ϕ = J1

[
A2
]
+J2

[
(δ1ϕ)2 , (δ1g)2 , δ1ϕ× δ1g

]
(214)

where

J1

[
A2
]
≡ a2 Iϕ

I

(
~E2 − ~B2

)
− a2ϕ(0)′

2M2
pH

[
~E2 + ~B2

2
+

1

a4
∇−2∂τ

(
a4~∇ · ( ~E × ~B)

)]
(215)

As for the linear theory equation, we have disregarded a backreaction-induced correction to

the effective mass.

Note that our model (190) contains higher dimension interactions between the inflaton

and gauge fields of the form
∑

n cn(δϕ)nF 2 which arise from expanding the coupling func-

tion I2(ϕ) in powers of δϕ. These couplings will enter into the calculation explicitly at

higher order in perturbation theory. Using the in-in formalism, we have verified that such

high dimension operators do not modify our leading order results for the spectrum and

bispectrum.

The right hand side of (214) comprises of two sources for δ2ϕ; the first source contains

terms at second order in the gauge perturbations, and has been completely given in (215).

The second source contains terms that are the product of two first order inflaton pertur-

bations, or of two first order metric perturbations (not only the scalar ones), or of one first

order inflaton perturbations times one first order metric perturbation. We note that no

“mix source” of the type δ1ϕ × A or of the type δ1gµν × Aµ present in (214), because Aµ

does not enter linearly in (190).

Expression (214)-(215) was first obtained in [268] by extremizing the cubic order action

of the perturbations. This is equivalent to working directly with the equations expanded at

second order, and we have verified that our result coincides with that of [268]. The source

J2 is the standard result obtained at second order in single scalar field inflation. The scalar

part of this expression in the gauge we have adopted is explicitly given in [225].
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Therefore, the inflaton perturbation is formally given by

δϕ = (δ1ϕ+ δ2ϕ|sourced by J2) + δ2ϕ|sourced by J1 (216)

The part in parenthesis is the standard result obtained in single scalar field inflation, with

only negligible corrections coming from the backreaction of the gauge field on the back-

ground dynamics. The δ2ϕ|sourced by J2 term is clearly negligible in the primordial power

spectrum, and also leads to unobservable non-Gaussianity [8, 223, 269, 270]. We therefore

disregard it in our calculations. The last term in (216) encodes the effect of the gauge

field on the inflaton perturbations. We note that this term is uncorrelated with the other

two, since the quantum/statistical operators entering in J1 are those of the gauge field.

Therefore, we are interested in computing

〈
δϕ2
〉
'
〈

(δϕvacuum)2
〉

+
〈

(δϕsourced)2
〉
,
〈
δϕ3
〉
'
〈

(δϕsourced)3
〉

(217)

where

δϕvacuum ≡ δ1ϕ , δϕsourced ≡ δ2ϕ|sourced by J1 (218)

We combine (213) and (214) in a unique equation for δϕ = δϕvacuum+δϕsourced, where the

two quantities are defined in (218). We approximate this equation in slow roll approximation

and we keep only the leading source term that arises from the direct I2F 2 coupling. This

gives [
∂2
τ + 2

a′

a
∂τ −∇2

]
δϕ ' J , J = a2 Iϕ

I

[
E2 −B2

]
' −

√
2

ε

a2

Mp

[
E2 −B2

]
(219)

We note that the source E2−B2 interacts with the inflaton perturbation with a strength

that is gravitationally suppressed but slow roll 1/
√
ε enhanced (this is one of the enhance-

ments that make non-Gaussianity visible in the model). The remaining terms in (215) have

the same scale dependence, but an interaction strength that is both gravitationally and

slow roll
√
ε suppressed. The same suppression characterizes all the terms in J2. There-

fore, the dominant source is that one arising from the direct inflaton-gauge field coupling

I2 (ϕ)F 2. We explicitly see that simply computing the effect on δϕ from the gauge fields

in an unperturbed metric reproduces the leading results for δ2ϕ.

In this calculation, we have estimated the curvature perturbation in flat gauge as

ζ = − H
ϕ̇(0) δϕ. This equation actually receives corrections at second order; however, these

corrections are (1) subdominant at the end of inflation, and (2) become even smaller (by

99



V 2 SCALAR PERTURBATIONS

several orders of magnitude) during reheating, when the energy in the gauge field decreases

faster than the one of the dominating plasma (the equation of state of the dominating

plasma is either the one of matter – for perturbative reheating – or intermediate between

the one of matter and radiation [252] – in the nonperturbative case). We explicitly show

this in Appendix C.

2.1 Two-point Correlation Function, and Correction to Power Spectrum

We are interested in the primordial curvature perturbation, given by

ζ(t, ~x) = − H

ϕ̇(0)
δϕ(t, ~x) (220)

The two point correlation function in momentum space is related to the power spectrum

by the standard expression

H2

ϕ̇(0) 2

〈
Qϕ(~k)

a

Qϕ(~k′)

a

〉
=
〈
ζ~k ζ~k′

〉
≡ Pζ (k)

2π2

k3
δ(3)

(
~k + ~k′

)
(221)

where all quantities are evaluated at some time τ , and where we use the convention (49),

δϕ(τ, ~x) =

∫
d3k

(2π)3/2

Qϕ(τ,~k)

a(τ)
ei
~k·~x (222)

We define the Fourier transform of the source as

Jϕ

(
~k
)
≡ a

∫
d3x

(2π)3/2
e−i

~k·~xJ = −
√

2

ε

a3

Mp

∫
d3p

(2π)3/2

[
~E~p · ~E~k−~p − ~B~p · ~B~k−~p

]
(223)

where (198) and (219) have been used. We find

Jϕ

(
τ,~k
)
' −H

4 a3 (τ)√
2εMp

∑
λ,λ′

∫
d3p

(2π)3/2

~ε (λ) (~p) · ~ε (λ′)
(
~k − ~p

)
|~p|1/2 |~k − ~p|1/2

[
τ2 − 9λλ′

|~p| |~k − ~p|

]

×
[
aλ (~p) + a†λ (−~p)

] [
aλ′
(
~k − ~p

)
+ a†λ′

(
−~k + ~p

)]
(224)

We stress that the first term in the square parenthesis in the first line of (224) is the

E-contribution to the source, while the second term is the B−contribution.

Combining eqs. (219), (222), and (223), the equation for the Fourier modes of the inflaton
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perturbations is of the type (55)

Q′′ϕ +

(
k2 − a′′

a

)
Qϕ ' Jϕ (225)

where all quantities are evaluated at the time τ .

The solution for (225) is outlined in Section III 2. The homogeneous solution to this

equation is the standard vacuum solution, which leads to the standard result (205) for the

power spectrum (221). The particular solution is obtained with the Green function method

Qsourced
ϕ

(
τ,~k
)

=

∫ τ

τin

dτ ′Gk
(
τ, τ ′

)
Jϕ

(
τ ′,~k

)
(226)

Gk
(
τ, τ ′

)
' 1

k3 τ τ ′
[
kτ ′ cos

(
kτ ′
)
− sin

(
kτ ′
)]

, |k τ | � 1

' −τ
′2

3 τ
, |k τ | ,

∣∣k τ ′∣∣� 1 (227)

The first approximation forGk is valid since we are interested in superhorizon scales |kτ | � 1

(~k is the external momentum), and the second approximation is also valid because the

sourcing effect occurs only outside the horizon.

Using the source (224), and the identity

|~ελ (~p) · ~ελ′ (~q)|2 =
1

4

(
1− λλ′ p̂ · q̂

)2
(228)

(where hat denotes a unit vector) we obtain

〈
Qsourced
ϕ (~k)

a

Qsourced
ϕ (~k′)

a

〉
'
H4 δ(3)

(
~k + ~k′

)
9εM2

p k
3

∫
d3q

(2π)3

∫
dy′

y′

∫
dy′′

y′′

×


[
1 + cos2

(
~q, k̂ − ~q

)]  y′2 y′′2

|~q|
∣∣∣k̂ − ~q∣∣∣ +

81

|~q|3
∣∣∣k̂ − ~q∣∣∣3

+ 18 cos
(
~q, k̂ − ~q

) y′2 + y′′2

|~q|2
∣∣∣k̂ − ~q∣∣∣2


(229)

where we have introduced the dimensionless integration variables ~q = ~p/k, y′ = −kτ ′,
and y′′ = −kτ ′′. The momentum integral need to be restricted so that the gauge modes

participating in the original convolution were inside the horizon at the start of inflation
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(otherwise they would not be produced by this mechanism). This means

|~q| , |k̂ − ~q| > 1

k |τin|
(230)

The time integrations are instead restricted to times which are between τin and τ , and for

which the sourcing modes have exited the horizon. This means τin, − 1
|~p| , −

1

|~k−~p|
< τ ′, τ ′′ <

τ . We do not need to include τin in this condition thanks to (230). Therefore, the time

integrals in (229) are restricted to

k |τ | < y′, y′′ < Min

[
1

|~q|
,

1

|k̂ − ~q|

]
(231)

In Section V 1 we saw that the energy density in the produced B−field is logarithmically

enhanced with respect to that in the E−field. Eq. (229) shows that the an analogous

logarithmic enhancement takes place in the source of δϕ. In this case, all the three integrals

in (229) present an enhancement. Disregarding the subdominant E−contribution, and

performing the time integrals, the expression (229) gives

〈
Qsourced
ϕ (~k)

a

Qsourced
ϕ (~k′)

a

〉
' 9H4

εM2
p

δ(3)
(
~k + ~k′

)
k3

×
∫

d3q

(2π)3

1 + cos2
(
~q, k̂ − ~q

)
|~q|3

∣∣∣k̂ − ~q∣∣∣3 ln2
Min

[
1
|~q| ,

1
|k̂−~q|

]
k|τ |

(232)

The momentum integral has most of its support at the two logarithmic poles; due to the

symmetry between the two poles, we can simply evaluate the integral for |~q| ' 1
k|τin| � 1

and multiply the result by two:

〈
Qsourced
ϕ (~k)

a

Qsourced
ϕ (~k′)

a

〉
' 12

π2

H4

εM2
p

δ(3)
(
~k + ~k′

)
k3

ln2 1

k|τ |
ln (k|τin|) (233)

The first logarithmic enhancement is due to the growth of the two modes
Qϕ(~k)
a and

Qϕ(~k′)
a

in the super-horizon regime. The growth is due to the presence of the entropy modes Aµ.

At the end of inflation ln2 1
k|τ | = N2

CMB. The second enhancement ln (k|τin|) = Ntot−NCMB

is due to the number of gauge field modes that source the inflaton perturbation. More

specifically, we have seen that each sourced inflaton mode is obtained as a convolution of
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two gauge field modes. The momenta of these two modes need to add up to the momentum

of the inflaton mode. The second enhancement occurs in the IR limit of one of the two

gauge modes. This enhancement is the counterpart of the enhancement taking place for

ρB, which is also due to the number of large wavelength modes produced during inflation.

As we discussed, the contribution (233) adds up incoherently with the vacuum one in

(221). Using the relation ζ = − H
ϕ̇(0) δϕ, the sum gives

Pζ |end inflation ' P
[
1 + 192P N2

CMB (Ntot −NCMB)
]

(234)

where we recall that P is the contribution from the vacuum term, for which the standard

slow roll expression (205) holds. We also remind that NCMB ' 50 − 60 is the number of

e-folds before the end of inflation when the largest scale CMB modes left the horizon, while

Ntot is the total number of e-folds of inflation. The enhancement from the momentum

integral takes place for Ntot � NCMB; if inflation only lasted about the observed number

of e-folds, then we estimate that the final momentum integral produces an order one result,

so that the result (234) remains valid as an order of magnitude estimate.

For Ntot � NCMB ∼ 60, the ratio between the sourced and the standard power spectrum

is ' 1.7 · 10−3Ntot. The standard term dominates provided that inflation lasted less than

about 600 e-folds. Here we assume that this is the case.

2.2 Three-point Correlation Function, and Observable Non-Gaussianity

We are interested in the three point correlation function of ζ as a measure of non-Gaussianity.

A common parametrization of non-Gaussianity is the nonlinearity parameter fNL, intro-

duced by assuming that the curvature perturbation may be expanded as in (39)

ζ (~x) = ζg (~x) +
3

5
fNL

[
ζ2
g (~x)− 〈ζ2

g (~x)〉
]

(235)

where ζg(x) is a Gaussian random field. Both ζ and ζg may be decomposed as in (222) so

that the relation between the q-modes of the Fourier decomposition is

ζ~k = ζ
g,~k

+
3

5
fNL

∫
d3p

(2π)3/2
ζ
g,~k
ζ
g,~k−~p (236)

The three point correlator of ζg vanishes, as this field is Gaussian. However, due to the

quadratic term in (235), the three point correlator of ζ is nonvanishing, and can be expressed
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through a sum of two point correlators of ζg. One finds

〈ζ~k1
ζ~k2

ζ~k3
〉 =

3

10
(2π)5/2 fNLPζ (k)2 δ(3)

(
~k1 + ~k2 + ~k3

) ∑
i k

3
i

Πik3
i

(237)

where the power spectrum was defined in (221). To obtain this expression, one identifies

the two point function of ζ with that of ζg (as the difference is subleading in a perturbative

expansion), and disregards the mild scale dependence of the power spectrum.

By evaluating 〈ζ3〉, and by inserting it in (237), one defines an “effective” (momentum

dependent) nonlinearity parameter, even when the intrinsic non-Gaussianity is not of the

local form (235). The dependence of fNL on the relative size of the momenta is denoted as

“shape” of the non-Gaussianity. Ref. [26] provides a method to evaluate whether the shape

obtained in a given model is well reproduced by the local template (namely, fNL constant

in (237)) or by any other template employed in data analysis.

As non-Gaussianity from the vacuum term is negligible, we need to compute

〈
ζ~k1

ζ~k2
ζ~k3

〉
' − H3

ϕ̇(0) 3

〈
Qsourced
ϕ (~k1)

a

Qsourced
ϕ (~k2)

a

Qsourced
ϕ (~k3)

a

〉
(238)

where each expression is evaluated at some given time τ .

We proceed as in the previous Subsection by inserting the source (224) into (226) and

by evaluating the correlator. Keeping only the dominant “magnetic” source, we obtain

〈
3∏
i=1

Qsourced
ϕ (~ki)

a

〉
' 1

a3

729

8π9/2

H3

ε3/2M3
p

3∏
i=1

∫
dτi

Gki (τ, τi)

(−τi)3

∑
λi σi

∫
d3pi

~ε(λi) (~pi) · ~ε(σi)
(
~ki − ~pi

)
|~pi|3/2 |~ki − ~pi|3/2

×δσ1λ2δ
(3)
(
~k1 − ~p1 + ~p2

)
δσ2λ3δ

(3)
(
~k2 − ~p2 + ~p3

)
δσ3λ1δ

(3)
(
~k3 − ~p3 + ~p1

)
(239)

(where the delta functions emerge from commutators between a and a† gauge field operators

in the standard way) where the integration regions are bounded in an analogous way as for

the two point function:

|~pi|, |~ki − ~pi| >
1

|τin|
, |τ | < |τi| < Min

[
1

|~pi|
,

1

|~ki − ~pi|

]
(240)
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Performing the time integrals and employing the delta functions, we obtain〈
3∏
i=1

Qsourced
ϕ (~ki)

a

〉
' 27

8π9/2

H6

ε3/2M3
p

δ(3)
(
~k1 + ~k2 + ~k3

) ∫
d3p

× ln Min

[
1

|~p| |τ |
,

1

|~k1 − ~p| |τ |

]
ln Min

[
1

|~k1 − ~p| |τ |
,

1

|~k3 + ~p| |τ |

]
ln Min

[
1

|~k3 + ~p| |τ |
,

1

|~p| |τ |

]

×

∑
λ1
ε
(λ1)∗
k (~p) ε

(λ1)
i (~p)

∑
λ2
ε
(λ2)∗
i

(
~p− ~k1

)
ε
(λ2)
j

(
~p− ~k1

) ∑
λ3
ε
(λ3)∗
j

(
~p+ ~k3

)
ε
(λ3)
k

(
~p+ ~k3

)
|~p|3 |~p− ~k1|3 |~p+ ~k3|3

(241)

where, due to (240), the integration region is delimited by

|~p|, |~p− ~k1|, |~p+ ~k3| >
1

|τin|
(242)

The momentum integral in (241) has most of its support at the three logarithmic poles;

each pole occurs when one of the three quantities in (242) reaches its minimal value 1
|τin| .

Formally,〈
3∏
i=1

Qsourced
ϕ (~ki)

a

〉
' C|~p|' 1

|τin|

[
~k1, ~k2, ~k3

]
+C|~p−~k1|' 1

|τin|

[
~k1, ~k2, ~k3

]
+C|~p+~k3|' 1

|τin|

[
~k1, ~k2, ~k3

]
(243)

where C refers to the contribution to the integral in (241) from the region close to the pole

indicated by the suffix.

To evaluate the contribution from the second region, we redefine the integration variable

as ~p→ ~p+~k1; we then see that this contribution is formally equal to the contribution from

the first region, provided the external momenta in the first region are changed as ~k1 → ~k2,
~k2 → ~k3, and ~k3 → ~k1. Analogously, to evaluate the contribution from the third region,

we redefine the integration variable as ~p → ~p − ~k3; we then see that this contribution is

formally equal to the contribution from the first region, provided the external momenta in

the first region are changed as ~k1 → ~k3, ~k2 → ~k1, and ~k3 → ~k2. We therefore have〈
3∏
i=1

Qsourced
ϕ (~ki)

a

〉
' C|~p|' 1

|τin|

[
~k1, ~k2, ~k3

]
+ permutations (244)
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To evaluate this contribution, we use the identity∑
λ

ε
(λ)∗
i (~p) ε

(λ)
j (~p) = δij − p̂i p̂j (245)

and we obtain〈
3∏
i=1

Qsourced
ϕ (~ki)

a

〉
' 9

π7/2

H6

ε3/2M3
p

δ(3)
(
~k1 + ~k2 + ~k3

)
×

{
ln

1

k1 |τ |
ln

1

k3 |τ |
ln Min

[
1

k1 |τ |
,

1

k3 |τ |

] [
1 + cos2

(
~k1, ~k3

)] ln Min [k1 |τin|, k3 |τin|]
k3

1k
3
3

+permutations

}
(246)

Assuming that the external momenta are not too hierarchical (see below), we disregard

the difference among them in the argument of the logarithms. The expression for the

correlator, evaluated at the end of inflation, then simplifies to〈
3∏
i=1

Qsourced
ϕ (~ki)

a

〉
' 144

√
2

π
P3/2H3 δ(3)

(
~k1 + ~k2 + ~k3

)
N3

CMB (Ntot −NCMB)

×

1 + cos2
(
~k1, ~k2

)
k3

1 k
3
2

+
1 + cos2

(
~k1, ~k3

)
k3

1 k
3
3

+
1 + cos2

(
~k2, ~k3

)
k3

2 k
3
3


(247)

We can now evaluate the 3-point function of the curvature perturbation using the relation

ζ = − H
ϕ̇(0) δϕ and introduce a momentum-dependent nonlinearity parameter by comparison

with (237). We find:

fNL(ki) ' f equiv. local
NL × 3

4

1+cos2(~k1, ~k2)
k3

1 k
3
2

+
1+cos2(~k1, ~k3)

k3
1 k

3
3

+
1+cos2(~k2, ~k3)

k3
2 k

3
3

1
k3

1 k
3
2

+ 1
k3

1 k
3
3

+ 1
k3

2 k
3
3

f equiv. local
NL ' 1280

P3

Pζ(k)2
N3

CMB (Ntot −NCMB) (248)

If the power spectrum is dominated by the vacuum fluctuations (which we assume here)

then we have Pζ(k) ≈ P and f equiv. local
NL ' 1280PN3

CMB (Ntot −NCMB).

We conclude by noting that a more precise shape than (248) can be readily obtained from
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(246) also for hierarchical momenta; for instance, in the limit k1 � k2 ' k3, the third term

in the numerator of fNL(ki) becomes irrelevant, and the NCMB factors entering in f equiv. local
NL

should read NCMB,1N
2
CMB,2 (Ntot −NCMB,1), where NCMB,i refers to the horizon-exit of the

mode with momentum ki.

3 Tensor Modes

Production of gauge field fluctuations during inflation and its effect on the curvature pertur-

bation have been discussed in the previous Sections. The produced gauge quanta, however,

affect not only the scalar but also tensor perturbations (gravity waves). Metric perturba-

tions couple to each content of the universe and are inevitably sourced by the produced

gauge field fluctuations. To see the effect, we consider the transverse and traceless compo-

nents of the spatial metric perturbations: gij = a2 (δij + hij), with hii = 0 and ∂ihij = 0.

As the matter content is scalar and vector, hij is the only tensor perturbations in the model.

From the Einstein equations, one finds the same equations for hij in terms of the physical

Ei and Bi as in the axion inflation model (See Subsection IV 2.5),

1

2a2

(
∂2
τ + 2

a′

a
∂τ −∇2

)
hij = − 1

M2
p

(EiEj +BiBj)
TT (249)

where TT denotes the transverse and traceless projection of the spatial components of the

energy-momentum tensor of the gauge field.36 Since the gauge field has no expectation

value, there is no coupling to the tensor perturbations at linearized level. Thus (249) is

in fact up to second order, and the right-hand side should in principle contain the source

terms from squares of the first-order inflaton and metric perturbations. As for δ2ϕ, such

source terms are uncorrelated and subdominant to those from the gauge field.

Tensor modes (or GW) are transverse and traceless part of δgij and have two physical

degrees of freedom, the left-handed (L) and right-handed (R). It is convenient to decompose

tensor perturbations as

hij (τ, ~x) =

∫
d3k

(2π)3/2
ei
~k·~x

∑
λ=L,R

Π
(λ)
ij

(
~k
)
ĥλ
(
~k
)

(250)

where ĥλ
(
~k
)

= hλ (k) bλ(~k) + h∗λ (k) b†λ(−~k), and the helicity projectors are Π
(RL)
ij

(
~k
)

=

36This projection can be done by an operator Oij,lm, which can be expressed in the momentum space as
Oij,lm

(
k̂
)

= Pil
(
k̂
)
Pjm

(
k̂
)
− 1

2
Pij
(
k̂
)
Plm

(
k̂
)
, where Pij

(
k̂
)

= δij − k̂ik̂j .
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e
(±)
i

(
~k
)
e

(±)
j

(
~k
)
, which clearly have the properties Π

(λ)
ii

(
~k
)

= k̂i Π
(λ)
ij

(
~k
)

= 0. Note that

hλ (k) depends only on the magnitude of ~k. Since the mechanism of GW production is

analogous to that of the curvature perturbations, presented in detail in the previous Sections,

we merely show the result of our computation here. Define GW power spectrum PL/R in

the usual way (72),

Pλ (k) δλλ′ δ
(3)
(
~k + ~k′

)
≡ k3

2π2

〈
ĥλ
(
~k
)
ĥλ′
(
~k′
)〉

(251)

where λ = L/R. As for the scalar perturbations, the GW modes produced by the gauge

quanta are uncorrelated with those from vacuum fluctuations, and so the two contributions

simply add up in the power spectrum. The two helicity states are produced in the same

amount, and their sum gives

PGW (k) ∼=
2H2

π2M2
p

[
1 +

6H2

π2M2
p

ln2 a (τ)H

k
ln

k

a (τin)H

]
(252)

where the first term in the square brackets is the contribution from the vacuum and the

latter from the source. Evaluating this expression at the end of inflation gives

PGW|end inflation =
2H2

π2M2
p

[
1 +

6H2

π2M2
p

N2
CMB (Ntot −NCMB)

]
(253)

As expected, the standard vacuum part dominates in the regime we are interested in: when

the vacuum contribution to Pζ is dominant over that from the source, the same is also true

for the GW power spectrum; this is due to the fact that the tensor modes are only produced

gravitationally, while the dominant source of the scalar modes is the direct inflaton-gauge

field coupling; (this coupling is mathematically enhanced with respect to the gravitational

one by 1/ε). In this regime, the tensor-to-scalar ratio r reproduces the standard result:37

r ≈ 16ε (254)

4 Phenomenology of the Dilaton-like Coupling Model

In this Section, we summarize the phenomenological predictions of the model (190). The

actual computations were performed in Sections V 2 and V 3.

37We define the tensor-to-scalar ratio in the usual way, by normalizing the power in GW to that in
curvature perturbations: r ≡ PGW/Pζ = (PL + PR) /Pζ .
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We define the power spectrum of curvature fluctuations via (35),

〈ζ~k ζ~k′〉 =
2π2

k3
Pζ(k)δ(3)

(
~k + ~k′

)
(255)

The final result for Pζ , evaluated on large scales and at the end of inflation, is

Pζ = P
[
1 + 192P N2

CMB (Ntot −NCMB)
]

(256)

where P1/2 ≡ H2

2π|ϕ̇(0)| is the amplitude of the power spectrum of the vacuum modes, NCMB

denotes the number of e-folds between the moment at which the large scales CMB modes

leave the horizon and the end of inflation, and Ntot is the total number of e-folds of inflation.

The first term in (256) is the usual contribution from the vacuum while the second term

is the “sourced” contribution described heuristically in the last Subsection. Here we work

to leading order in slow roll parameters, so the spectrum (256) is exactly flat. In a more

complete computation we would see small departures from scale invariance ∝ kns−1.

We can physically understand the structure of (256) as follows. The suppression P � 1

in the second term arises simply because we are computing an effect which is higher order in

perturbation theory.38 The factors of NCMB, on the other hand, arise due to the logarithmic

time evolution, ζsourced ∼ ln a, outside the horizon. Such growth is consistent since we have

large scale entropy perturbations playing an important role in the dynamics. Finally, the

factor Ntot − NCMB is related to the phase space of contributing gauge field fluctuations.

It is related to the number of B-modes that source the inflaton perturbation, and it is

the counterpart of the logarithmic enhancement in the background density (200). We

explain this in details after eq. (233). We should stress that eq. (256) is valid only when

Ntot � NCMB. Otherwise the factor Ntot −NCMB is replaced by an order one factor.

We require that the sourced contribution to the power spectrum is subdominant:

192P N2
CMB (Ntot −NCMB) < 1 (257)

This yields a constraint on the total number of e-foldings Ntot−NCMB < O(10−6)P−1 (tak-

ing NCMB ∼ 60 for illustration) which is considerably more stringent than the backreaction

bounds discussed in the last Section.

The bispectrum is given by the 3-point correlation function (38)

〈ζ~k1
ζ~k2
ζ~k3
〉 ≡ Bζ (ki) δ

(3)
(
~k1 + ~k2 + ~k3

)
(258)

38See [49] for more discussion on the counting of such factors in models with particle production.
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We have found that our bispectrum is very close to the local shape. Indeed, the “cosine”

between our bispectrum and the local shape, as defined in [26] (this is a measure on how

well a template reproduced a given bi-spectrum), is about 0.98. Nevertheless, here we will

retain the full momentum dependence of the bispectrum, since it has a simple analytical

shape.

As is conventional in the literature (see e.g. [193]), we defined a k-dependent nonlinearity

parameter from computing the bispectrum and the power spectrum of ζ, and by comparing

them with those obtained from (39)

ζ (~x) = ζg (~x) +
3

5
fNL

[
ζ2
g (~x)− 〈ζ2

g (~x)〉
]

(259)

where ζg is Gaussian. An explicit computation gives the result

fNL(ki) ' f equiv. local
NL × 3

4

1+cos2(~k1, ~k2)
k3

1 k
3
2

+
1+cos2(~k1, ~k3)

k3
1 k

3
3

+
1+cos2(~k2, ~k3)

k3
2 k

3
3

1
k3

1 k
3
2

+ 1
k3

1 k
3
3

+ 1
k3

2 k
3
3

f equiv. local
NL ' 1280PN3

CMB (Ntot −NCMB)

' 0.7

(
NCMB

60

)3

(Ntot −NCMB) (260)

where we have assumed that (257) is satisfied. We can a-posteriori see that this condition

is indeed always satisfied whenever the result (260) is within the observational limits.

We have defined our “equivalent” local nonlinearity parameter as follows: we first note

that both our bispectrum and the local template (40) are enhanced in the squeezed limit.

In this limit, our bispectrum satisfies

k3
1 k

3
3 〈ζ~k1

ζ~k2
ζ~k3
〉 ∝ 1 + cos2

(
~k1, ~k3

)
, k3 � k1 ' k2

∝ cos ε Y 0
0 + sin ε Y 0

2 , ε ≡ tan−1 1

2
√

5
' 0.22 (261)

where Y 0
l are normalized spherical harmonics, characterized by the angle between ~k1 and

~k3. The average of fNL over all possible values of this angle is then equal to the average

of f equiv. local
NL . Note that the current CMB limit on local shape non-Gaussianity is f local

NL =

2.7± 5.8 at 68% CL [13].

Using the local template to study this signature is clearly a good approximation, given

that the local template is characterized by the monopole part only in (261), and that

cos ε ' 0.98. However, we note more than 1/5 of the amplitude in (261) is contributed
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by the quadrupole part. This is in contrast to what typically happens in non-Gaussianity

from scalar fields only, where the quadrupole and higher harmonic terms in the squeezed

limit expansion are suppressed by powers of k3/k1 and give a negligible contribution in this

limit [204]. The angular dependence is imprinted by a “directionality” generated by the

largest wavelength mode k−1
3 , seen by the smaller modes when they leave the horizon. In

the scalar case, the directionality is typically due to a gradient, and therefore it vanishes in

the k3 → 0 limit. In our case, the directionality is due to the polarization of the vectors,

and it therefore remains finite in the limit.

Let us also discuss the parametrical dependence of f equiv. local
NL . The factor N3

CMB is due

to the super-horizon growth of the three modes used in computing the three point function.

The factor Ntot−NCMB is due to the number of super-horizon modes that contribute to the

correlator, analogously to what we have described in relation to (256). Also in this case,

this factor is replaced by an order one factor if Ntot is close to NCMB. The source term is

most significant on very large scales, and this large-scale entropy mode leads to the nearly

local shape of the bispectrum.

The “magnetic” fields also produce gravity wave modes, which add incoherently with the

vacuum ones. The power of gravitational waves produced during inflation is conventionally

parametrized by the ratio r of their power divided by the scalar power. We find

r ≡ PGW

Pζ
' 16 ε

1 + 48 εP N2
CMB (Ntot −NCMB)

1 + 192P N2
CMB (Ntot −NCMB)

(262)

which gives the standard result r ≈ 16ε when the vacuum modes dominate the power

spectrum of curvature fluctuations.

The phenomenological results of the model (190) are summarized above in this Section:

particle production of the gauge field through the inflaton-gauge interaction can modify

the result of non-Gaussianity (260) over its standard result (the curvature power spectrum

(256) and the tensor-to-scalar ratio (262) are standard in our consideration). Before ending

the section, we note that the contributions to these results from the effects of particle

production should however be interpreted as the theoretical expectation values, averaged

over several realizations of the mechanism, as discussed in [53]. In [53], a careful and

physically consistent study is performed on generic models of the dilaton-like coupling (188)

during inflation. While their results are applicable to other relevant models [255, 303, 314],

it also gives important insights to the results we obtained in the previous Sections.39

39 Ref. [53] does not explicitly compute the tensor power spectrum, but it is the natural expectation that
the the same be true in the tensor sector. Phenomenologically speaking, once the constraints on the scalar
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With our choice of I ∝ a2, a nearly scale-invariant spectrum for the “magnetic” field is

produced – see (199) – after the modes exit the horizon. Once produced, the modes become

classical and behave as a homogeneous background in the point of view of the modes that

cross the horizon at later stages during inflation. Viewed by the CMB modes, which exit

the horizon NCMB e-folds before the end of inflation, the larger-wavelength modes that left

the horizon in the first Ntot −NCMB e-folds of inflation add up as such a background field.

Let us denote by ~Bclassical(τ) the classical and homogeneous “magnetic” field, observed

by a local observer at some time τ .40 In our calculations, we assumed no vev of the gauge

field which would obey the classical equation of motion, and therefore the classical fields

consist only of the gauge fields that were produced through the I2F 2 coupling. One can

assume that no classical fluctuations are present at the initial time of inflation, τin, so

that ~Bclassical(τin) = 0. For τ > τin, the modes that left the horizon become classical and

homogeneous, seen by the modes of smaller scales. Any single realization of the mechanism

of I2F 2 leads to ~Bclassical obeying a Gaussian statistics with a vanishing mean and with

variance

| ~Bclassical|2 ≡ 〈 ~B2(~x)〉 = 2ρB '
9H4

2π2
N (263)

where N is the number of e-folds between the times τin and τ .

This produced homogeneous vector background by nature introduces a privileged di-

rection in space, namely B̂classical, which in turn inevitably encodes the anisotropy in the

spectrum of the curvature perturbations through the sourcing mechanism. Consistently

taking this classical field ~Bclassical into account, Ref. [53] finds the curvature power spec-

trum

Pζ ' P

[
1 +

24

ε

| ~Bclassical|2

V (ϕ)
P N2

CMB sin2 θk̂,B̂classical

]
(264)

where θV̂1,V̂2
denotes the angle between the two (unit) vectors V̂1 and V̂2. Now averaging over

all the possible directions of B̂classical and using (263), we find | ~Bclassical|2 sin2 θk̂,B̂classical
→

3H4

π2 N . Here N is the classical modes viewed by the CMB modes, that is N = Ntot−NCMB.

Using the slow-roll relation V ' 3M2
pH

2 (192) and the definition of P (205), we see that

our result (256) is recovered.

perturbations are imposed, the tensor-to-scalar ratio r is standard and thus does not supply any further
constraints.

40 In [53], the authors take the choice I ∝ a−2 (our choice is I ∝ a2), and consequently the “electric”
component is the dominant one, while with our choice the “magnetic” component dominates. However,
due to the “magnetic” ↔ “electric” duality under I ↔ 1/I, mentioned at the end of Subsection V 1.1, the
phenomenological results from the produced vector fields are identical with either choice.
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A similar argument is drawn for non-Gaussianity. The bispectrum Bζ is enhanced in

the squeezed limit precisely as the local form (40), as in our result (247). In this limit

k1 � k2 ' k3, Ref. [53] finds the non-linearity parameter

f local
NL ' 240

ε

P2

P 2
ζ

| ~Bclassical|2

V (ϕ)
N3

CMB Ck̂1,k̂2,B̂classical
, k1 � k2 ' k3 (265)

where

Ck̂1,k̂2,V̂
≡ 1− cos2 θk̂1,V̂

− cos2 θk̂2,V̂
+ cos θk̂1,V̂

cos θk̂2,V̂
cos θk̂1,k̂2

. (266)

Averaging over all the possible directions of B̂classical, one finds | ~Bclassical|2Ck̂1,k̂2,B̂classical
→

3H4

2π2 (Ntot −NCMB)
(

1 + cos2 θk̂1,k̂2

)
, arriving at the identical expression to our result (260)

in the same squeezed limit.

We have observed that our results (256) and (260) are the theoretical expectation values,

averaged over ensemble of the realizations of the mechanism, as discussed in [53]. The

modes of the vector field that left the horizon in the first Ntot −NCMB e-folds of inflation

contribute to the curvature perturbations as a classical homogeneous background in the

point of view of the modes at the CMB scales. Since in the history of our universe (assuming

this mechanism describes it) the CMB modes exit the horizon after a single realization of

the first Ntot − NCMB e-folds of inflation, they are affected by the value of ~Bclassical that

happened to be taken in that single realization, instead of the isotropic average 〈| ~Bclassical|2〉.
However, for the data that are reduced to the level of an isotropic measurement, the isotropic

predictions (256) and (260) of the signal are the quantities that should be used for the data

analysis.

5 Summary

In this Part of the thesis, we have considered a simple model where the scalar inflaton is cou-

pled to some U(1) gauge field in a way that would be typical for moduli or dilaton-like fields.

We have seen that the time dependence of the inflaton condensate during inflation leads to

a production of large-scale gauge field fluctuations, analogous to the usual mechanism that

amplifies the quantum vacuum fluctuations of the inflaton or gravity wave perturbations.

Focusing on the case where the spectrum of produced “magnetic” fields is scale invariant,

we have shown that (nearly) local non-Gaussianity is very naturally generated at the level

fNL
>∼ O(10), which is being probed by the ongoing Planck mission [13]. Although we have

neglected slow roll corrections to the running of the spectrum and bispectrum, we can still
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see a logarithmic running of the effective fNL parameter with scale. This arises since the

“sourced” contribution to the curvature perturbation experiences a super-horizon evolution

during inflation, due to the presence of large-scale iso-curvature perturbations. Logarithmic

running of this type may be of observational interest; see [200,215,276] for example. More-

over, since the non-Gaussian part of ζ is uncorrelated with the Gaussian part, we have a

non-hierarchical scaling which can lead to interesting signatures in probes that are sensitive

to the global structure of the PDF [49].

A novel feature of our result is the dependence of fNL on the Ntot−NCMB which measures

the number of “extra” e-foldings of inflation, beyond the minimal NCMB ∼ 60 e-foldings

between the end of inflation and horizon exit for CMB scales. Ordinarily, one would expect

that such “extra” e-foldings are completely unobservable, since scalar modes which leave the

horizon prior to NCMB should just be absorbed into a renormalization of the homogeneous

background. However, in the current model the total duration of the quasi de Sitter phase

impacts the energy density of produced gauge field [107]. The modes that were produced

through the interaction I2F 2 and left the horizon become classical and generate the scale-

invariant spectrum of “magnetic” field density. The modes relevant to the CMB scales,

which exit the horizon roughly NCMB ∼ 60 e-folds before the end of inflation, experience

as a classical homogeneous background the modes that left the horizon at earlier stages of

inflation [53]. The logarithmic enhancement Ntot −NCMB in the spectra (power spectrum

in (234) and non-Gaussianity in (248)) is precisely the contribution from the modes that

left the horizon during the first Ntot −NCMB e-folds of inflation.

The statistically isotropic results we obtained, (234, 248, 253), should be interpreted

as the theoretical average over several realizations of the mechanism. A classical vector

background breaks isotropy, and thus any single realization is expected to give anisotropic

power spectrum and bispectrum that carry some non-trivial angular dependence [53]. One

would obtain our results (234, 248, 253) only if one could superpose many realizations of

such anisotropic signals. Considering our universe, the CMB modes “see” the homogeneous

background modes that left the horizon after a single realization of the first Ntot −NCMB

e-folds of inflation, and therefore they should be affected by the classical fields that follow

the statistics with non-vanishing angular dependence, not by their isotropic average. In-

terestingly, the level of statistical anisotropy in the power spectrum is associated with a

firm prediction for non-Gaussianity; the natural range of statistical anisotropy will likely

correspond to the detectable level of local non-Gaussianity, f local
NL ∼ O(10) [53].

We have seen that the correlation functions of scalar and tensor cosmological pertur-

bations exhibit a logarithmic time dependence which is related to the produced gauge
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fluctuations that have contributed to the classical, homogeneous background. As is clear

from the above discussions, these logarithms should not be confused with the IR logs that

have been discussed extensively in the literature in association with loop effects during in-

flation [74, 267, 273, 305] (see also [200] for a related discussion). In the case at hand the

interpretation of this logarithmic time dependence is straightforward. The production of

gauge field fluctuations in our model arises simply because the effective gauge coupling is

time dependent. This time dependence leads to a growth in the (scale-invariant) energy den-

sity of gauge fluctuations, which is drained from the scalar condensate. The energy transfer

provides a physical clock, producing the classical background of the vector field, and its

logarithmic growth is a real physical effect that is not related to the de Sitter background

or to the quantization of gravitational fluctuations.

Ref. [53] has already extended the study of the model (188) in a very generic inflationary

setup. It has included the effects that arise when the vector field has a vacuum expectation

value already at 0th order in perturbation theory and their effects on the angular dependence

of the power spectrum and bispectrum. On the other hand, it might still be interesting

to consider different choices of coupling function, for example n 6= 2,−2, and to explore

in more detail the non-Gaussian phenomenology of our model, in particular as regards

higher moments and scale dependence. Also, it would be worth to investigate whether this

mechanism for the amplification of the gauge “magnetic” modes can be consistently modified

so to avoid the strong coupling problem of [107], and therefore be used for magnetogenesis.
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Part VI

Gravitational Waves and Non-Gaussianity

from a Sector Gravitationally Coupled to

the Inflaton

One of the particularly important probes of the physics of inflation is provided by primordial

gravitational waves (GWs). A number of observational searches for GW perturbations are

proposed or are currently underway; these may be probed through the B-mode polarization

of the CMB [58, 67, 126] or, on smaller scales, through interferometers such as LIGO [1],

VIRGO [3], DECIGO [185], Einstein Telescope [266], or LISA [2].

During inflation, GW fluctuations are inevitably generated by quantum fluctuations of

the tensor part of the metric. These have an amplitude controlled by H2

M2
p

, where H is the

Hubble scale and Mp ≈ 2.4 · 1018 GeV is the reduced Planck mass. The GW signal from

vacuum fluctuations is detectable only when the inflaton field range is trans-Planckian [218],

which might be challenging to realize in a controlled effective field theory.

Additional sources of GWs, which are uncorrelated with the usual quantum vacuum

fluctuations, may be present in the early universe (see, for instance, [64] for a recent review).

Two broad categories of mechanisms are:

1. Models involving phase transitions: For example, in first order phase transitions,

vacuum bubble collisions [24, 82, 83, 92, 172, 179, 196, 197, 235, 288, 310] and the subse-

quent turbulence [81,117,156,195,243] could source GW. The generation and decay of

cosmic strings can also give rise to large GW [104, 121, 230, 246]. Along similar lines,

the self-ordering of a scalar field after a second order phase transition has also been

considered [127,173,198,199].

2. Models involving particle production: Generically the inflaton should be ex-

pected to couple to some additional degrees of freedom, as would seem to be necessary

for successful reheating [37,71,189,190,252]. In this case, there is a natural possibility

that the time-dependence of the inflaton condensate during inflation leads to the pro-

duction of some other degrees of freedom which may, in turn, provide an important

new source of GW [47,99,271]. A variety of different models have been proposed.41

41For GWs from particle production at the end of inflation, see [119,120,124,136,137]; effects on the scalar
fluctuations were discussed in [38,40,68,86].
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Given the importance of GWs as a probe of inflation, it is important to understand if such

mechanisms could be competitive with the usual spectrum of GW from vacuum fluctua-

tions. 42

Any mechanism which is invoked to source GWs might also source scalar metric per-

turbations. Therefore, one must take care not to spoil the usual prediction of a nearly

scale invariant spectrum of Gaussian scalar curvature perturbations. Sometimes this con-

cern is evaded by restricting attention to effects that take place on the small scales relevant

for interferometers where the scalar fluctuations are not strongly constrained. Here we

will mostly be interested in models of particle production during inflation, where GWs are

sourced on CMB scales. To test the feasibility of such scenarios, it is crucial to study also

the spectra of the scalar fluctuations, to ensure that these are consistent with observations.

Models of particle production during inflation have received considerable attention in the

literature; see for example [22,34,35,42,43,45,47,48,62,94,99,150,158,214,238,260,271,284].

One class of models involves instantaneous bursts of particle production, leading to localized

features in the cosmological perturbations. Early studies focused on the production of

fermion [94] or scalar [260] particles, neglecting the feed-back of the produced quanta on

the perturbations of the inflaton. In Ref. [43] it was however shown that this feed-back

effect actually dominates observables for the case of scalar particle production. Ref. [43]

considered a simple model where scalar χ particles are produced through a coupling g2ϕ2χ2

to the inflaton, ϕ. Models of this same type were subsequently analyzed in the context of

trapped inflation [150]. More recently, models of instantaneous vector particle production

have been studied in connection with GW at interferometer scales [99]. Several scenarios of

GW from scalar and string production were instead studied in [271].

Another possibility is that particle production occurs continuously during inflation. This

is quite natural in the context of axion inflation [48]. Even in the simplest models of inflation

driven by a single axion in slow roll on a smooth flat potential, pseudoscalar couplings ϕFF̃

to gauge fields are ubiquitous. As shown in Part IV of this thesis, this interaction leads to

a continuous tachyonic production of gauge field fluctuations during inflation. There are

a host of interesting phenomenological signatures: observable equilateral non-Gaussianity

[45, 48, 49], GW at interferometer scales [47, 99], and excess power at small scales [93, 232].

Additionally, backreaction effects in such models can assist inflation by dissipating the

kinetic energy of the inflaton [22,23], analogously to warm inflation [62] and trapped inflation

42A GW signal may also be left at the largest scales as an imprint of a pre-inflationary era if inflation had
only a minimal duration [157].
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[150].43 As in Part V, a model of gauge field production through the scalar coupling I2(ϕ)F 2

was considered in [46,79,268], in connection with primordial non-Gaussianity and, perhaps,

magnetogenesis (this last application is problematic [46,107]).

So far we discussed some simple models of particle production during inflation where

quanta are produced by a direct coupling between the inflaton and some additional degrees

of freedom. In such a scenario the produced particles interact with the inflaton through

couplings that are typically much stronger than gravitational. Hence, these produced par-

ticles will tend to source scalar curvature fluctuations much more efficiently than GW. It

is not surprising, therefore, that the most stringent CMB constraints on such models often

come from features and non-Gaussianity in the scalar fluctuations, rather than from GW.

In this Part, we investigate the possibility to source a significant GW signal on CMB

scales without ruining the spectrum of curvature fluctuations. To minimize the impact

on the inflaton fluctuations, we assume that particle production takes place in a “hidden”

sector that is only gravitationally coupled to the inflaton.44 We here compute the scalar

perturbations induced by the gravitational coupling, and we compare their phenomenologi-

cal impact with that of the produced GW. Since gravitational interactions are unavoidable,

the case we investigate can be thought of as a kind of “best case” scenario for the production

of GW while minimizing the effect on the scalar fluctuations. Concretely, we will focus on

two models involving the production of spin-1 particles:

1. Model I: Particle production takes place in a hidden sector where a local U(1) in-

variance is spontaneously broken by the expectation value of some complex scalar ψ.

Here gauge fields are produced at an isolated moment - namely, when the mass of

the gauge field crosses zero during the evolution of ψ – and we have localized features

in the scalar spectrum and bispectrum, in addition to a localized feature in the ten-

sor spectrum. For a single isolated burst of production, we find that observational

constraints on the scalar perturbations exclude any interesting effect in GW. How-

ever, in a concrete model there may be many bursts of particle production and their

resonance could enhance the effect. We note that this model could lead to interest-

ing phenomenological signatures in the scalar fluctuations; localized features in the

43The pseudo-scalar interaction is also used to [14] to dissipate the inflaton kinetic energy from its classical
interaction to a non-Abelian vector field.

44Our scenario differs from the curvaton model [220], in which the inflaton provide the energy density to
support inflation while a light curvaton field provides the seed of scalar perturbation. The GW spectrum
in the curvaton model has been considered at tree-level [131, 242] and at 1-loop level [54], with possible
detectability at future interferometer experiments [54]. See [50, 51, 109–115, 183, 184, 300] for examples of
vector curvaton.
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spectrum and bispectrum are discussed.

2. Model II: Particle production takes place in a hidden sector where a rolling pseu-

doscalar sources gauge field fluctuations continuously. Here we find that GW from

particle production can be competitive with, or even larger than, the vacuum fluc-

tuations, without violating observational bounds on non-Gaussianity. In this model

the primordial tensor spectrum can be detectable for any choice of inflaton potential

(that is, also for small field inflation). In this model, GW from particle production

are chiral. We show that parity violation in the tensor sector can be almost maximal,

which provides a distinctive observable signature of this scenario; see also [23,284].

In summary: we find that the possibility to source interesting GW from particle pro-

duction is rather model dependent. Even if particle production occurs in a hidden sector,

coupled only gravitationally to the inflationary one, this is not a sufficient condition to

ensure that observable GW can be sourced without ruining the scalar spectrum. On the

other hand, we find that in some models GW from particle production can actually exceed

the usual vacuum fluctuations. The reason for the smaller GW production in Model I with

respect to Model II is that in Model I the gauge quanta are highly non-relativistic after

their production, which suppresses their quadrupole moment. We verified that the same

suppression takes place if, instead of gauge fields, the particles produced in this mechanism

have spins 0 or 1
2 .45 As we mentioned, a greater GW effect may be obtained for multiple

instances of particle production, or for a more complicated evolution of the gauge field mass,

or if the massive particles decay into massless ones short after they are produced [271].

Therefore, due to the possibility of GW from particle production, a measurement of

primordial B-modes does not necessarily constitute a measurement of the scale of inflation.

Nor does a detectable B-mode signal necessarily require super-Planckian excursions in field

space. Fortunately, as we discuss below, the produced GW may be distinguished from the

vacuum signal, either by their localization at some given wavelength (assuming that Model

I can be modified so to enhance the GW signal), or by their violation of parity.

In terms of observational prospects of GWs on CMB scales, Model II is certainly more

promising, as the gauge quanta are automatically relativistic and their quadrupole moment

is not suppressed. While the present focus is to examine the signatures and constraints of

GWs produced during inflation as a result of hidden sector particle production, the UV

45We find that the results agree in all three cases, with only order unity differences coming from counting
the number of degrees of freedom and also from spin statistics. These order unity effects can be encoded in
a very simple formula, which we present.
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sensitivity of inflation motivates us to ask whether such models can be realized in string

theory. Indeed, the 4D low energy spectrum of string theory contains a myriad of axion-

like fields, e.g., those arise from the reduction of antisymmetric form fields on cycles of the

internal space. These closed string axions couple to U(1) gauge fields on the world volume of

D-branes via ϕFF̃ couplings. The axion decay constant f one typically finds in string theory

constructions is of the order of the GUT scale MGUT ∼ 1016 GeV (see, e.g., [30,291]) which

sits comfortably within the allowed window for consistency of our model (see eqs. (356) and

(357)). It is not difficult to arrange the inflaton to have no direct coupling to the axion and

the gauge field. We outline some ideas to realize Model II in string theory in the concluding

section. We leave, however, a detailed study of these and other string theory embeddings

for future work.

This Part, based on the study done in [44], is organized as follows. In Section VI 1

we consider Model I, discussed above, utilizing the formalism we developed in Part III to

Model I, discussed above. In Section VI 2 we instead consider Model II, discussed above.

In Section VI 3, we summarize the results from Models I and II.

1 Model I: Vector Produced by Non-adiabatic Change of its

Mass

We consider a model where the sector in which particle production takes place has a local

U(1) invariance spontaneously broken by the expectation value of a complex scalar Ψ:

S =

∫
d4x
√
−g
[
M2
p

2
R− 1

2
(∂ϕ)2 − V (ϕ)︸ ︷︷ ︸
inflaton sector

− | (∂µ − ieAµ) Ψ|2 − U (|Ψ|)− 1

4
FµνF

µν︸ ︷︷ ︸
hidden sector

]
.

(267)

The field ϕ is the inflaton field, which is assumed to be only gravitationally coupled to the

Ψ−Aµ sector. We work in the unitary gauge Ψ = ψ√
2
, where ψ is real. We assume that the

background value ψ(0) (t) crosses zero at the time t∗ during inflation. Close to this moment,

the gauge field mass can be approximated by

m = eψ(0) ' eψ̇(0)
∗ (t− t∗) ≡ ṁ∗ (t− t∗) (268)

For definiteness, we take ṁ∗ > 0. The (comoving) frequency of a gauge mode, ω =√
k2 + a2m2 varies nonadiabatically (ω′ > ω2) when the mass vanishes. As we will show

later, the gauge field modes that dominate the observational signatures have k ∼
√
ṁ∗. For
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such modes, the frequency changes nonadiabatically in the time interval ∼ t∗ ± 1/
√
ṁ∗,

provided that the expansion of the universe can be disregarded in this time interval. This

is the case for 1√
ṁ∗
� 1

H . In the remainder of this Subsection we concentrate on the pro-

duction during this interval, and disregard the expansion of the universe (we use physical

and conformal time interchangeably). We can eliminate any reference to the scale factor by

normalizing a (t∗) = 1. In the following Subsections the expansion is taken into account.

The non-adiabatic change of the frequency causes non-perturbative production of the

gauge modes. To compute this, we decompose the vector field as in (48),

Ai (τ, ~x) =

∫
d3k

(2π)3/2
ei
~k·~x Ãi

(
τ,~k
)

Ãi

(
τ,~k
)

=
∑
λ=±

ε
(λ)
i (k̂)

[
aλ

(
~k
)
Aλ(τ, k) + a†λ

(
−~k
)
A∗λ(τ, k)

]
. (269)

We further decompose the mode functions in positive and negative frequency modes

Aλ (k) = αk (τ) fk (τ) + βk (τ) f∗k (τ) , fk ≡
e−i

∫ τ dτ ′ ω(τ ′)√
2ω (τ)

A′λ (k) = −iω [αk (τ) fk (τ)− βk (τ) f∗k (τ)] (270)

(the second line is the decomposition of the modes of the conjugate momentum to Ai). The

decomposition (269) disregards the longitudinal vector mode; we compute this mode in

Appendix E, and we discuss its effects below in this section. We have suppressed the index

λ in this decomposition, since the Bogolyubov coefficients are the same for both helicities.

For t � t∗, the mode is in the adiabatic vacuum α = 1 (up to an arbitrary phase); the

quantity |β|2 is the occupation number of the gauge modes.

The gauge field modes satisfy A′′ + ω2A = 0. With the approximated expression (268),

this equation can be analytically solved in terms of two parabolic cylinder functions. The

linear combination satisfying the proper initial condition α = 1 gives (up to an arbitrary

phase) [99,190]

αk (t� t∗) '
√

1 + e−
πk2

ṁ∗ , βk (t� t∗) ' −e−
πk2

2 ṁ∗ (271)

Namely, one finds an O (1) occupation number for modes up to k '
√
ṁ∗, while the pro-

duction is exponentially suppressed at higher momenta. An analogous result is obtained

for scalar [190] and fermion [94] fields produced by a mass varying as in (268). This result
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is valid provided that

H2 � ṁ∗ �
√

6eMpH (272)

where (as we mentioned previously) the first condition ensures that the expansion of the

universe can be disregarded during the interval of particle production, while the second

condition imposes that the kinetic energy of ψ is negligible with respect to the inflaton

energy density.

Having the mode functions, we can now compute the correlators (65), 〈Ãi (τ1, ~q1) Ãj (τ2, ~q2)〉.
The correlators need to be regularized. The regularization can be performed by normal or-

dering with respect to the time dependent annihilation creation operators

āλ

(
τ, ~k

)
≡ αk (τ) aλ

(
~k
)

+ β∗k (τ) a†λ

(
−~k
)

ā†λ

(
τ, −~k

)
≡ βk (τ) aλ

(
~k
)

+ α∗k (τ) a†λ

(
−~k
)

(273)

These are the “physical” operators of the system, as one can show that they diagonalize

the Hamiltonian at all times. Using (269) and (270) it is immediate to show that, in terms

of these operators,

Ãi

(
τ, ~k

)
=
∑
λ

ε
(λ)
i

(
k̂
) [
fk (τ) āλ

(
τ, ~k

)
+ f∗k (τ) ā†λ

(
τ, −~k

)]
(274)

We then compute 〈: Ãi(τ, ~k)Ãi(τ
′, ~k′) :〉 by normal ordering with respect to the ā, and ā†,

but by recalling that the vacuum state is annihilated by the original time-independent a

(we are working in the Heisenberg picture, in which the states are constant).46 Proceeding

in this way, and casting the result as in (65), we obtain

D(σ)
(0,0)

[
τ, τ ′; k

]
= αk (τ)β∗k

(
τ ′
)
fk (τ) fk

(
τ ′
)

+ βk (τ)α∗k
(
τ ′
)
f∗k (τ) f∗k

(
τ ′
)

+βk (τ)β∗k
(
τ ′
)
f∗k (τ) fk

(
τ ′
)

+ β∗k (τ)βk
(
τ ′
)
fk (τ) f∗k

(
τ ′
)

(275)

Clearly, the result is σ-independent, since both helicities are produced in the same

46 This procedure is conventionally adopted in Bogolyubov computations, although it is not always spelled
out; indeed, the initial Hamiltonian, without normal ordering, can be cast in the form Ĥ =

∫
d3k ωk N̂ ,

where the counting operator is N̂ = āā†+ā†ā
2

. One then defines normal ordering with respect to the barred

operators, : N̂ := ā† ā, and evaluates 〈: N̂ :〉 using (273) and recalling that the vacuum is annihilated by
the original time-independent a; only in this way one obtains 〈: N̂ :〉 = |β|2. We employ the exact same
procedure for evaluating the correlators D.
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amount. After the particle production, this expression simplifies into

D(σ)
(0,0)

[
τ, τ ′; k

]
= αk β

∗
k fk (τ) fk

(
τ ′
)

+ α∗k βk f
∗
k (τ) f∗k

(
τ ′
)

+|βk|2
[
f∗k (τ) fk

(
τ ′
)

+ fk (τ) f∗k
(
τ ′
)]

(276)

where α and β assume the asymptotic values (271). As we anticipated, this expression is

real and symmetric under τ ↔ τ ′.

The same result (276) is obtained if one computes 〈Ãi(τ, ~k) Ãi(τ
′, ~k′)〉 without normal

ordering, and then subtracts the term that one would have in absence of particle production

(α = 1, β = 0), as done in [43]. Therefore these two regularizations are equivalent after the

particle production has taken place.

For further convenience, we extend the definition (65) to〈
:

(
∂

∂τ1

)a
Ãi (τ1, ~q1)

(
∂

∂τ2

)b
Ãj (τ2, ~q2) :

〉
≡
∑
σ

P(σ)
ij (q̂1)D(σ)

(a,b) [τ1, τ2; q1] δ(3) (~q1 + ~q2)

(277)

We compute these quantities by using (270). After α and β have assumed the asymptotic

values (271), the correlators of our interest become

D(σ)
(1,0)

[
τ, τ ′; k

]
= −iωk (τ)

{
αk β

∗
k fk (τ) fk

(
τ ′
)
− α∗k βk f∗k (τ) f∗k

(
τ ′
)

+|βk|2
[
−f∗k (τ) fk

(
τ ′
)

+ fk (τ) f∗k
(
τ ′
)] }

D(σ)
(0,1)

[
τ, τ ′; k

]
= −iωk

(
τ ′
){
αk β

∗
k fk (τ) fk

(
τ ′
)
− α∗k βk f∗k (τ) f∗k

(
τ ′
)

+|βk|2
[
f∗k (τ) fk

(
τ ′
)
− fk (τ) f∗k

(
τ ′
)] }

D(σ)
(1,1)

[
τ, τ ′; k

]
= −ωk (τ) ωk

(
τ ′
){
αk β

∗
k fk (τ) fk

(
τ ′
)

+ α∗k βk f
∗
k (τ) f∗k

(
τ ′
)

−|βk|2
[
f∗k (τ) fk

(
τ ′
)

+ fk (τ) f∗k
(
τ ′
)] }

(278)

We note that in the regime in which (276) and (278) are valid, ∂τD(σ)
(0,0) [τ, τ ′; k] =D(σ)

(1,0) [τ, τ ′; k],

and analogously for the other terms. Namely, in this regime, time derivatives can be equiv-

alently taken before or after evaluating the correlator. One can verify that (for the regular-

ized correlators) this is not the case during the particle production, when α and β are still

functions of time.
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1.1 Scalar Perturbations Sourced by the Vector Modes

We are interested in the phenomenological consequences of the vector field production in

the model (267). As mentioned in the Introduction, we work under the assumption that

the Ψ − Aµ sector has a negligible energy density with respect to the inflationary sector,

and that the two sectors are coupled only gravitationally. Under these assumptions, the

main signature of the particle production is encoded in how the gauge quanta enter in the

gravitational equations. In this subsection we study the effect on the scalar metric and

inflaton perturbations; the effect on the tensor modes is computed in the next subsection.

We divide the computation in 3 parts; in the first one, we present the master equation

for the density perturbation ζ; in the second and the third part we compute, respectively,

the power spectrum and the bispectrum of the part of ζ sourced by the vector quanta.

1.1.1 Master Equation for ζ

We perform computations in the spatially flat gauge δgij,scalar = 0. We then decompose the

fields into background + first order + second order perturbations; for the inflaton field we

write

ϕ(t, ~x) = ϕ(0)(t) + δ1ϕ(t, ~x) + δ2ϕ(t, ~x) + . . . (279)

(dots denotes perturbations of higher order, that we ignore). Under our working assumption

that Ψ gives a negligible contribution both to the background energy density, and to the

cosmological perturbations (which is certainly the case, if ρΨ is sufficiently small), the

curvature perturbations ζ in this gauge is

ζ = − H

ϕ̇(0)
(δ1ϕ+ δ2ϕ) . (280)

The master equation for δiϕ, and thus for ζ, is derived in Appendix A, with the metric

perturbations consistently included. The master equation at first order in perturbation

theory reproduces the standard first-order expression

(
∂2
τ −∇2

)
δ1ϕ+ 2Hδ1ϕ

′ ' 0 (281)

where ∇2 ≡ ∂i∂i and H ≡ a′

a . The approximation symbol arises because on the left-hand

side of this expression we have disregarded a “mass term” (see (A.8) in Appendix A) for
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δ1ϕ which is proportional to the slow roll parameters (the same is true for eq. (283))

ε ≡
M2
p

2

(
Vϕ
V

)2

� 1 , η ≡M2
p

Vϕϕ
V
� 1 (282)

The reason for this is that we are not interested in slow roll corrections to our results.

At next order in perturbation theory we find in Appendix A.4

(
∂2
τ −∇2

)
δ2ϕ+2Hδ2ϕ

′ ' −a
2ϕ(0)′

2M2
pH

{
E2 +B2

2
+

1

a4
∇−2∂τ

[
a4~∇ ·

(
~E × ~B

)]
+
m2

2a2
AiAi

}
+. . .

(283)

Dots denote terms which are proportional to squares of the first order inflaton and tensor

metric perturbations, namely they are of O
(
δ1ϕ

2
)

and of O
(
h2

1,ij

)
(we recall that δΨ can

be disregarded); these terms are explicitly given in [225]. The “electric” and “magnetic”

fileds are defined in analogy to the electromagnetic expressions, namely

Ei = − 1

a2
A′i , Bi =

1

a2
εijk∂jAk (284)

A more detailed derivation of (283) is shown in Appendix A.4, where the slow-roll

suppressed terms are also included. The expression (283) should be compared with eq. (95)

of Part IV. Besides neglecting the slow-roll suppressed inflaton “mass term” in (283), the

major difference is that since the direct inflaton-gauge coupling is absent in the current

model, the dominant source is replaced by the one from the Planck-suppressed gravitational

interaction. 47

1.1.2 Scalar Source and Power Spectrum

Identifying the decompositions (279) together with (49),

δϕ (τ, ~x) =

∫
d3k

(2π)3/2
ei
~k·~x

Qϕ

(
τ,~k
)

a(τ)
, (285)

47This provides the main difference between the scalar field cosmological perturbations obtained in this
Part and in Part IV; the computations of Part IV were done under the working assumption that the direct
interaction is stronger than the gravitational coupling, so that all the other terms were disregarded. In this
Part VI, we instead compute the more complicated contribution of the gravitational interactions.
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the two equations (281) and (283) can then be combined into a unique linear non-homogeneous

differential equation for Qϕ, which is formally of the type (50),[
∂2
τ +

(
k2 − a′′

a

)]
Qϕ ' Jϕ (286)

in terms of the two sources

Jϕ
[
A2
µ

]
+ J̃ϕ

[
δ1ϕ

2, h2
1,ij

]
(287)

Namely, the source Jϕ is obtained from the terms explicitly written on right hand side

of (283), while J̃ϕ is obtained from the terms denoted with dots. The two sources are

uncorrelated, and therefore the two particular solutions sourced by them can be obtained

independently. The solution sourced by J̃ϕ is the one emerging from cosmological second

order perturbation theory in absence of gauge fields. For standard scalar field slow roll infla-

tion, this term provides a negligible contribution to the power spectrum, and unobservable

non-Gaussianity. Therefore, we disregard this term in our calculations. In Appendix A.4

we show that

Jϕ '
ϕ̇(0)

2M2
pHa

∫
d3p

(2π)3/2

[
k̂ik̂j

(
M2 − ∂(1)

τ ∂(2)
τ

)
−M2 δij

]
Ãi (τ, ~p) Ãj

(
τ, ~k − ~p

)
(288)

where M ≡ am = a eψ(0) and we are using the notation

∂(1)
τ ∂(2)

τ f g ≡ ∂τf ∂τg (289)

It is worth noting that the source does not diverge as k → 0; this is not immediate from

(283), since one term contains an inverse laplacian. See Appendix A.4 for details.

From (288) we see that, for this model, the source is formally of the type (51), with

Ôϕ,ij

(
τ, ~k, ~p

)
=

ϕ̇(0)

2M2
pHa

[
k̂ik̂j

(
M2 − ∂(1)

τ ∂(2)
τ

)
−M2 δij

]
(290)

We insert this operator in (71); we also use the fact that D(σ)
(0,0) is actually helicity

independent in this model, so that the sum over the helicity σ is limited to
∑

σ P
(σ)
im (p̂) =

δim− p̂i p̂m (see (66)) - and analogously for the sum over σ′. Moreover, in the integrand we
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approximate ~p− ~k ' ~p.48 We obtain

P sourced
ζ (k) ' k3

4π2a2M4
p

∫ τ

τ∗

dτ1
Gk (τ, τ1)

a (τ1)

∫ τ

τ∗

dτ2
Gk (τ, τ2)

a (τ2)

×
∫

d3p

(2π)3

{[
1 +

(
k̂ · p̂

)4
]
M2 (τ1)M2 (τ2) δa0 δ

b
0 +

[
1−

(
k̂ · p̂

)2
]2

δa1 δ
b
1

+
(
k̂ · p̂

)2
[
1−

(
k̂ · p̂

)2
] [
M2 (τ1) δa0 δ

b
1 +M2 (τ2) δa1 δ

b
0

]}
D(a,b) [τ1, τ2; p]2

(291)

where we have omitted the suffix (σ) from the correlators (since they are σ-independent

in this model). By inserting the expressions (276) and (278) for the correlators, and by

performing the angular integrals, we obtain

P sourced
ζ (k) ' k3

4π2a2M4
p

∫ τ

τ∗

dτ1
Gk (τ, τ1)

a (τ1)

∫ τ

τ∗

dτ2
Gk (τ, τ2)

a (τ2)

M (τ1)M (τ2)

2π2

×
∫
dp p2

{
|βp|2

[
|αp|2 + |βp|2

]
+

2|βp|2

3
Re
[
α∗pβp

(
eiγ(τ1) + eiγ(τ2)

)]
+

11

15
Re
[
α∗2p β

2
pei[γ(τ1)+γ(τ2)] + |βp|4ei[γ(τ1)−γ(τ2)]

]}
(292)

where γ (τ) ≡ 2
∫ τ
τ∗
dτ ′M (τ ′), and where the Bogolyubov coefficients are evaluated after

the particle production, and given in (271). To obtain this expression we have disregarded

p with respect to M inside the mode functions fp present inside the correlators. This is

appropriate since, as we shall see, the integrand is peaked at p ∼
√
ṁ∗ �M .

The curly parenthesis in (292) contains several terms proportional to the fast oscillating

phase eiγ . All these terms give a negligible contribution to the final result. To see this, we

48The reason for this is that, as we shall see, the signal from particle production is maximal at k ∼ H
(namely, for modes of the size of the horizon when particle production occurs; recall that the scale factor
is normalized to one at the moment of particle production). We shall also see that the source integrand is
peaked at p ∼

√
ṁ∗. We therefore have k � p due to (272).
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can separate the momentum and time integrals in this expression, and obtain

P sourced
ζ (k) ' k3

8π4a2M4
p

∫
dpp2

{
|βp|2

[
|αp|2 + |βp|2

]
T 2
k

+
4

3
|βp|2Tk Re

(
α∗pβpEk

)
+

11

15
|βp|4|Ek|2 +

11

15
Re
(
α∗2p β

2
pE2
k

)}
(293)

where

Tk ≡
∫ τ

τ∗

dτ ′Gk
(
τ, τ ′

)
m
(
τ ′
)
, Ek ≡

∫ τ

τ∗

dτ ′Gk
(
τ, τ ′

)
m
(
τ ′
)

e2i
∫ τ ′
τ∗ dτ

′′M(τ ′′) (294)

Using the expression (61) for the Green function and the expression

m (τ) = ṁ∗ (t− t∗) =
ṁ∗
H

ln

(
−τ∗
−τ

)
= −ṁ∗

H
ln (−Hτ) (295)

(in the last equality we have used the fact that a (τ∗) = 1) we find, in the super-horizon

−kτ � 1 limit,

Tk '
a (τ) ṁ∗
27H3 2F3

(
3

2
,

3

2
;

5

2
,

5

2
,

5

2
;
−k2

4H2

)
(296)

where the generalized hypergeometric function evaluates to ∼ 1 for k � H and to ∼
27π
2

H3

k3

(
ln k
H − 0.423

)
for k � H (in practice, we introduce the integration variable y′ =

−kτ ′, and we integrate it from 0 to −kτ∗, rather than from −kτ to −kτ∗).
The time integral in the exponent of E can be done analytically, and, leads to

Ek =
a (τ) ṁ∗

k3

∫ 1

−Hτ

dy

y

[
k

H
y cos

(
k

H
y

)
− sin

(
k

H
y

)]
ln (y)

×
{

cos

[
ṁ∗
H2

ln2 y

]
+ i sin

[
ṁ∗
H2

ln2 y

]}
(297)

Since ṁ∗ � H, the term in curly parenthesis is rapidly oscillating unless y ≡ τ ′

τ∗
' 1.

This however means that the integrand is peaked at the moment in which the particle

production is taking place. In our computation we used the asymptotic values (271) for

α, β (valid once particle production has completed). Therefore we only provide an upper

bound on Ek. It is easy to verify that instead the integrand of Tk is dominated by times at

which (271) hold.

Provided that k �
√
ṁ∗ (which is true in the range of our interest, since the occupation
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number of the gauge field is exponentially suppressed in the opposite regime), we can keep

in the integral only the fast oscillating term, and the log term, and obtain the estimate

|Ek| <

∣∣∣∣a (τ) ṁ∗
k3

[
k

H
cos

(
k

H

)
− sin

(
k

H

)]
×
∫ 1

−Hτ
dy ln (y)

{
cos

[
ṁ∗
H2

ln2 y

]
+ i sin

[
ṁ∗
H2

ln2 y

]} ∣∣∣∣
' a (τ)H2

2k3

∣∣∣∣ kH cos
k

H
− sin

k

H

∣∣∣∣ (298)

for the upper bound. We indeed see that |Ek|Tk < H2

ṁ∗
� 1.

This confirms that the oscillatory terms in (292), or (293), provide a negligible contri-

bution to the final result. Performing the momentum integral we finally obtain

P sourced
ζ (k) ' 2 +

√
2

26 36 π5

k3 ṁ
7/2
∗

H6M4
p

[
2F3

(
3

2
,

3

2
;

5

2
,

5

2
,

5

2
;
−k2

4H2

)]2

, k �
√
ṁ∗ (299)

while the result is exponentially suppressed and uninteresting at larger momenta. The

exponential suppression of the spectrum is due to the fact that the occupation numbers of

the vector particles are exponentially suppressed at such large momenta, see eq. (271). We

discuss this result in Subsection VI 1.3.

1.1.3 Scalar Bispectrum

We now evaluate the formal expression (76) for the bispectrum in this model. This expres-

sion contains various intermediate quantities that have been given above. Explicitly, we

write the green functions in eq. (61), the projection operators in eq. (66), the operator Ôϕ

in eq. (290), and the correlators in eqs. (276) and (278). The computation follows the same

steps presented in the previous Subsection for Pζ . Also in this case we use the approxima-

tion k � p�M , and we find that the terms with a fast oscillating phase in the final time

integral can be disregarded. We obtain

Bζ (k1, k2, k3) ' 1

2M6
pa (τ)3 Tk1 Tk2 Tk3

∫
d3p

(2π)9/2
|β|4

(
3|α|2 + |β|2

)
' 27 + 8

√
6

22, 674, 816π9/2

ṁ
9/2
∗

H9M6
p

3∏
i=1

2F3

(
3

2
,

3

2
;

5

2
,

5

2
,

5

2
;
−k2

i

4H2

)
(300)
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where we are interested in the modes ki �
√
ṁ∗.

This corresponds to the effective equilateral nonlinear parameter (77)

f equil.eff.
NL (k) ' 2.1 · 107k

6 ṁ
9/2
∗

H9M6
p

[
2F3

(
3

2
,

3

2
;

5

2
,

5

2
,

5

2
;
−k2

4H2

)]3

, k �
√
ṁ∗ (301)

where we have used the numerical value Pζ ' 2.5·10−9 for the power spectrum. Analogous to

the sourced part of the power spectrum (299), the bispectrum and the nonlinear parameter

are exponentially suppressed and uninteresting at larger momenta.

1.2 Gravitational waves sourced by the vector modes

We now compute the amount of GWs sourced by the produced gauge fields. Inserting the

energy momentum tensor of the gauge field

Tµν,gauge = Fµα F
α

ν +m2AµAν + gµν

(
−1

4
FµνF

µν − m2

2
AµA

µ

)
(302)

for this model into the general expression (54), we see that the source is formally of the

type (55) with

Ôλ,ij =
Π

(λ)∗
mn

(
k̂
)

aMp

[
δmiδnj

(
−∂(1)

τ ∂(2)
τ +M2

)
+ εmaiεnbjpa (k − p)b

]
(303)

where we recall our notation (289).

It is instructive to compare this expression with the analogous operator in the source of

the scalar perturbations, given in (290). In writing (290) we disregarded terms proportional

to spatial momenta ~p and ~p − ~k ' ~p with respect to time derivatives and the mass M .

The reason for this is that k � p � M , as we explained after (292). As a consequence,

time derivatives acting on a mode also give ∂τA ∼ MA � pA, and should be retained

in the operator, when compared to spatial momenta. Disregarding the momentum terms

is correct for the scalar source. However, we see that in (303) the time derivatives enter

with an opposite sign to M2. As a consequence, the dominant contributions from the first

two terms in (303) cancel against each other, and therefore we need to keep the complete

structure. We now show explicitly how the cancellation arises.

We insert the operator (303) in the formal expression (73) for the power in the tensor

modes. The other intermediate quantities entering in (73) are the Green functions, given in
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(61), the projection operators, given in (66), and the correlators, given in (276) and (278).

We obtain 49

P sourced
λ =

2k3

3π4a2M4
p

∫ τ

τ∗

dτ1
Gk (τ, τ1)

a (τ1)

∫ τ

τ∗

dτ2
Gk (τ, τ2)

a (τ2)

×
∫
dp p2

{
7

5

[
M (τ1)2 δa0 − δa1

] [
M (τ2)2 δb0 − δb1

]
+

7

5
p4δa0δb0

+p2 δb0

[
M (τ1)2 δa0 − δa1

]
+ p2 δa0

[
M (τ2)2 δb0 − δb1

]}
D(a,b) [τ1, τ2; p]2

(304)

where we have disregarded k as compared to p.

This expression is analogous to eq. (291) for Pζ , with the difference that here we have

already performed the trivial angular integrals of d3p. Terms without p in the curly paren-

thesis are obtained from the square of the first term ∝
(
−∂(1)

τ ∂
(2)
τ +M2

)
in (303) ( recall

that two Ôλ enter in Pλ ) . We note that the structure −∂(1)
τ ∂

(2)
τ +M2 is preserved in (304)

since the suffix 0 (1) on D indicates that Ã (Ã′) is present in the correlator. The term ∝ p4

in the curly parenthesis is obtained from square of the other term in (303). The terms ∝ p2

are the mixed terms. The different coefficients (7
5 vs 1) follow from the angular integrals.

The result (304) is a sum of squares of correlators. In each square, most terms present

fast oscillating phases; as we shall see, these terms give a negligible contribution to the final

result once the time integrals are performed. This is analogous to |T | � |E| in eq. (294).

Squaring the expressions (276) and (278) we obtain

D(0,0) [τ1, τ2; p]2 =
|βp|2

(
|αp|2 + |βp|2

)
2ωp (τ1)ωp (τ2)

+ oscillatory phases

D(1,0) [τ1, τ2; p]2 = ω2
p (τ1)D(0,0) [τ1, τ2; p]2 + oscillatory phases

D(0,1) [τ1, τ2; p]2 = ω2
p (τ2)D(0,0) [τ1, τ2; p]2 + oscillatory phases

D(1,1) [τ1, τ2; p]2 = ω2
p (τ1)ω2

p (τ2)D(0,0) [τ1, τ2; p]2 + oscillatory phases (305)

We recall that ωp (τi) =
√
M (τi)

2 + p2, and that momentum integrand has its support in

the region p � M (τi). We see, however, that the O
(
M4
)

and O
(
M2
)

parts of the curly

parenthesis in (304) cancel for the non-oscillatory contributions (305).

49We remind that the tensor power is obtained from 〈hλhλ〉. We have verified that 〈hλhλ′〉 ∝ δλλ′ .
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Using the full expressions (276) and (278) for the correlators, we obtain

P sourced
λ =

2k3

3π4a2M4
p

∫ τ

τ∗

dτ1
Gk (τ, τ1)

a (τ1)

∫ τ

τ∗

dτ2
Gk (τ, τ2)

a (τ2)

∫
dp

p2

ωp (τ1)ωp (τ2)

×

{
2p4

5
|βp|2

(
|αp|2 + |βp|2

)
− 4

5
p2|βp|2

[
M2 (τ1) Re

(
α∗pβp eiγ(τ1)

)
+ τ1 ↔ τ2

]
+

2

5

[
7M2 (τ1)M2 (τ2) + 6p2

[
M2 (τ1)M2 (τ2)

]
+ 6p4

]
×
[
Re
(
α∗2p β

2
pei[γ(τ1)+γ(τ2)]

)
+ |βp|4Re

(
ei[γ(τ1)−γ(τ2)]

)]}
(306)

where γ (τi) are the oscillatory phases defined immediately after (292). The first term in

the curly parenthesis is obtained from the non-oscillatory parts (305), and we see that it is

indeed of O
(
p4
)
. As we shall see, this is the term that dominates the final result.

Eq. (306) is therefore characterized by a part without oscillatory phase plus a part with

one oscillatory phase plus a part with two oscillatory phases. For each part we only take

the leading prefactor in the p�M (τi) regime. This expression then rewrites

P sourced
λ ' 2k3

3π4a2M4
p

∫
dp p2

{
2

5
p4|βp|2

(
|αp|2 + |βp|2

)
T̃ 2
k

−8

5
p2|βp|2T̃kRe

(
α∗pβpẼk

)
+

14

5
Re
(
α∗2p β

2
p Ẽ2
k

)
+

14

5
|βp|4|Ẽk|2

}
(307)

where

T̃k ≡
∫ τ

τmin

dτ ′
Gk (τ, τ ′)

a (τ ′)ωp (τ ′)
, Ẽk ≡

∫ τ

τmin

dτ ′
Gk (τ, τ ′)

a (τ ′)ωp (τ ′)
M2

(
τ ′
)

e2i
∫ τ ′
τ∗ dτ

′′M(τ ′′) (308)

We evaluate the time integrals after the particle production (τ > τmin), so that αp

and βp can indeed be taken as constant. Particle production is completed when ω2
p > ω̇p,

which, in the support region p .
√
ṁ∗ of the momentum integral, gives tmin ' t∗ + 1√

ṁ∗
.

This corresponds to the conformal time τmin ' − 1
H exp

(
− H√

ṁ∗

)
. For τ > τmin, we can
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approximate ωp 'M ' am, with m given in (295). We then obtain the expression

T̃k ' H2a (τ)

ṁ∗ k3

∫ exp
(
− H√

ṁ∗

)
−Hτ

dy′
[
k

H
y′ cos

(
k

H
y′
)
− sin

(
k

H
y′
)]

y′

ln (y′)

' H2a (τ)

ṁ∗ k3

[
k

H
cos

(
k

H

)
− sin

(
k

H

)] ∫ exp
(
− H√

ṁ∗

)
0

dy′

ln (y′)

' H2a (τ)

ṁ∗ k3

[
sin

(
k

H

)
− k

H
cos

(
k

H

)]
ln

(√
ṁ∗
H

)
(309)

where the integration variable in the first expression is y′ = −Hτ ′. In going from the first

to the second line we have used the fact that the integrand is peaked at the asymptotically

early times, while in the final expression we have used H �
√
ṁ∗. We note that the result

is only logarithmically sensitive to the difference between τmin and τ∗.

Under the approximation ω 'M , the integral Ẽk coincides with the integral Ek defined in

(294) (we actually notice that |Ẽk| . |Ek|). We obtained an upper bound for this quantity

in (298). The relative contribution of the two time integrals to (307) can therefore be

estimated as ∣∣∣∣∣p2 T̃k
Ẽk

∣∣∣∣∣
p'
√
ṁ∗

> ln

(√
ṁ∗
H

)
� 1 (310)

This shows that the oscillatory integral Ẽk can be disregarded in our estimate of P sourced
λ ,

P sourced
λ

∣∣
from AT

' 4k3

15π4a2M4
p

T̃ 2
k

∫
dp p6|βp|2

(
|αp|2 + |βp|2

)
(311)

Using the results (271), we finally obtain

P sourced
λ

∣∣
from AT

'
(
8 +
√

2
)
H4 ṁ

3/2
∗

32π7M4
p k

3

[
sin

(
k

H

)
− k

H
cos

(
k

H

)]2

ln2

(√
ṁ∗
H

)
(312)

where we have k �
√
ṁ∗. while the result is exponentially suppressed and uninteresting at

larger momenta. We discuss this result in Subsection VI 1.3.

In these last two expressions we have emphasized that in this computation we have

considered only the GWs sourced by the transverse modes of the gauge field. In Appendix

E we present the full computation, including also the longitudinal vector polarization. We
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find that the expression (311) is replaced by

P sourced
λ

∣∣
from AT & AL

' 2k3

15π4a2M4
p

T̃ 2
k

∫
dp p6

[
2|βp|2

(
|αp|2 + |βp|2

)
+ |βLp |2

(
|αLp |2 + |βLp |2

)]
(313)

where αL and βL are the Bogolyubov coefficients of the longitudinal mode. Namely, we see

that, if they are produced in the same amount, the longitudinal quanta contribute to the

GWs as one transverse polarization. This results in a factor 3
2 multiplying the final result

(312).

1.3 Phenomenology

The observable spectrum of curvature fluctuations in the model (267) is given by the sum of

the sourced contribution and the usual nearly scale-invariant contribution from the vacuum

fluctuations; see Part III. The sourced part of the spectrum in the model (267) leads to a

localized “bump” feature in the primordial power spectrum for scales leaving the horizon

at the moment t = t∗, when the gauge fields are produced. We have illustrated this feature

in the left panel of Figure 14 for an arbitrary choice of parameters. The most stringent

observational constraints on the model (267) come from non-observation of such localized

bump features. These observational constraints are the subject of this subsection. 50

We can write the total observable power spectrum in the following form:

Pζ(k) = P
(
k

k∗

)ns−1

︸ ︷︷ ︸
=P vac

ζ (k)

+Ab Sb

[
k

kb

]
︸ ︷︷ ︸
=P sourced

ζ (k)

. (314)

The spectrum of the vacuum fluctuations are characterized as usual: k∗ is the pivot scale

(taken to be 0.002 Mpc−1, consistent with [166]) while the amplitude and tilt are given by

P ≡ H2

8π2εM2
p

, ns = 1 + 2η − 6ε . (315)

Here all quantities are understood to be evaluated at the moment when the pivot scale left

50In this discussion, we disregard the contribution from the longitudinal vector mode to the source of
tensor and scalar perturbations. As discussed at the end of the previous Subsection, the longitudinal mode
changes the result for the GW spectrum by at most a factor 3

2
(if it is produced in equal amount to each

tensor mode). We expect an analogous enhancement for ζ. The current discussion can be easily modified to
account for these additional O (1) factors; all of our conclusions would be unchanged.
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Figure 14: The localized feature in the power spectrum and its shape function.

the horizon. The sourced contribution in (314) describes a localized bump-like feature that

we characterize by an amplitude Ab, a location kb, and a “shape function” Sb. The shape

and amplitude are given by:

Ab ≡ 3.2 · 10−2 P2 ε2
ṁ

7/2
∗
H7

, Sb[x] = 4.7x3

[
2F3

(
3

2
,
3

2
;
5

2
,
5

2
,
5

2
;−5.5x2

)]2

. (316)

The shape function has been constructed so that the global maximum is Sb(x = 1) = 1,

meaning that the feature in (314) reaches its maximum value, Ab, when k = kb. We assume

that particle production could have taken place at any moment during inflation, so the

location of the feature is treated as arbitrary.51

The bump-like feature (316) is very similar to the one that would be generated due

to instantaneous production during inflation of scalar particles directly coupled to the

inflaton. The signatures of scalar particle production during inflation, including important

rescattering effects, were fully derived in [43]. The phenomenology of the bump-like feature

in the curvature spectrum was subsequently studied in [42]. (See [35] for a discussion of non-

Gaussian signatures and [34] for a review.) To derive observational constraints we follow

closely the analysis in [42] and replace the somewhat complicated shape function (316) by

the following simple fitting function

Sfit(x) = 4.5x3 e−1.5x2
, (317)

51Concretely kb ≈ 4.67H if the scale factor is normalized to one at t = t∗.
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which, again, is normalized to have maximal value unity at x = 1. In the right panel of

Figure 14 we show that the simple formula (317) provides an adequate description of the

feature.

In [42], a variety of data sets were used to perform a detailed analysis of the observational

constraints on localized features with shape (317); we refer the reader to that paper for

a discussion of the methodology. See also [87] for forecast constraints from Large Scale

Structure data, and see [93] for a discussion of both current and forecasted constraints

from measurements of the CMB energy spectrum. In the current Part of the thesis, we

are mostly interested in a feature localized on CMB scales, in which case the likelihood

contours presented in [42] are approximately flat and the observational bound can be roughly

summarized as:
Ab
P

. 0.1 ⇒ ṁ
1/2
∗
H

. 1.2P−1/7 ε−2/7 (318)

Since the sourced part needs to be subdominant in the power spectrum, P = 2.5 · 10−9;

then, the bound (318) can be expressed as

ṁ
1/2
∗
H

. 20 ε−2/7 . (319)

(Recall that ṁ
1/2
∗ � H and ε� 1 are both required for theoretical consistency.) We will see

shortly that the observational bound (319) excludes the possibility of having any interesting

effect from particle production in the tensor spectrum.

So far we have discussed the bump-like feature in the spectrum of curvature pertur-

bations. However, there will also be a corresponding localized feature in the bispectrum.

This kind of localized non-Gaussianity is very far from scale invariant and hence quite dif-

ferent from the bispectrum templates that are most often used in data analysis. To get

a very rough sense of the amplitude of non-Gaussianity in our model, we have computed

the effective (k-dependent) f equil
NL (k) parameter, which exhibits a bump-like structure. This

parameter assumes the maximal value:

f equil.eff.
NL (k)

∣∣∣
max
≈ 1.9 · 10−10 ε3

ṁ
9/2
∗
H9

. 92 ε3/7 , at k ' 1.2 kb (320)

where P = 2.5 · 10−9 has been used in the first equality and the upper bound comes

from imposing (319). It should be emphasized that existing observational constraints (or

forecasts) on f equil
NL cannot be applied directly to (320). A dedicated search for this type
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of localized non-Gaussianity would be interesting; however, it is beyond the scope of the

present consideration. (See also [35, 56] for a discussion about localized non-Gaussianities

from scalar particle production during inflation.) In the event of a detection of a bump in

the power spectrum, localized non-Gaussian features could play an important role to falsify

(or support) models of particle production during inflation.

Using our result (312), the total primordial tensor spectrum in the model (267) is given

by

PGW(k) =
∑
λ

[
P vac
λ + P sourced

λ

]
=

2H2

π2M2
p

[
1 + 4.17 · 10−4 H

2

M2
p

ṁ
3/2
∗
H3

ln2

(
ṁ

1/2
∗
H

)
SGW [x]

]
.

(321)

where in the shape function

SGW [x] ≡ 0.0226

x3
[sin (4.67x)− 4.67x cos (4.67x)]2 , (322)

the scale x is normalized as in the scalar shape function (316). The shape function is

maximized at x = k
kb
' 0.53, where it evaluates to ' 1.

To estimate the amplitude of the GW signal that can be obtained from particle pro-

duction, we evaluate the tensor-to-scalar ratio on scales where the second term in (321) is

maximized. Assuming the observational constraint (319) is satisfied we can approximate

Pζ ≈ P vac
ζ = 2.5 · 10−9 and we find:

r(k)
∣∣∣
max
≈ 16ε

[
1 + 8.2 · 10−11 ε

ṁ
3/2
∗
H3

ln2

(
ṁ

1/2
∗
H

)]
, at k ' 0.53 kb (323)

Using (319) and ε . 0.006 (corresponding to rvac . 0.1) it is straightforward to show

that the sourced contribution to (323) is always . 10−6, which is undetectably small. We

conclude that an observationally interesting signature in GWs cannot be obtained in the

model (267).

Before concluding, we note that the estimates presented here should be interpreted as

lower bounds on the efficiency of particle production effects. We have considered only a

single instance where ψ = 0, leading to a single burst of vector particle production. However,

in a concrete model one could expect ψ to undergo damped oscillations about the minimum

of its potential, passing through zero several times before its kinetic energy is dissipated

due to Hubble friction or backreaction effects. In such a scenario resonance effects would be
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expected to enhance the occupation number of the produced gauge fields by some factor E

that could, in principle, be� 1. The enhancement nk → Enk leads to a factor of E2 in the

sourced contribution to the tensor spectrum, so that the relevant term in (323) becomes

r(k)
∣∣∣
max,sourced

≈ 1.3 · 10−9E2ε2
ṁ

3/2
∗
H3

ln2

(
ṁ

1/2
∗
H

)
, (324)

where we still assume that the scalar spectrum is dominated by the vacuum fluctuations.

The sourced part of the scalar spectrum also gets enhanced by a factor of E2, so the bound

(319) becomes stronger:

ṁ
1/2
∗
H

. 20(εE)−2/7 . (325)

Combining these results we find:

r(k)
∣∣∣
max,sourced

. 10−5 (Eε)8/7 ln2
[
20(Eε)−2/7

]
. (326)

The value E & 200 ε−1 gives rsourced ∼ 0.01 at the bump. It would be interesting to study

under which conditions this value can be reached in a concrete model.

1.4 Comparison with GW Sourced by Modes of Different Spins

In Subsection VI 1.2, we have computed the power in GWs sourced by vector fields pro-

duced in the model (267). Schematically, the sourced part of the power spectrum is

Pλ ∝
∫
d3p 〈TT 〉, where T is the traceless-transverse spatial part of the energy-momentum

tensor of source (the gauge fields, in this case) with appropriate contraction. The spatial

part of the energy momentum tensor contain dominant terms that scale as Tij ∼M2AiAj in

the M � p limit (we recall that p and M are, respectively, the momentum and mass of the

quanta sourcing the GWs). One could therefore conclude that Pλ ∝
∫
dp p2M4. However,

we showed that the dominant terms cancel against each other. Also the next to leading

term in a p2

M2 Taylor expansion of the integral cancel, and one is left with Pλ ∝
∫
dp p6, see

eq. (311).

In Appendix F we performed the analogous computation using fermion fields rather than

vector fields as sources. In this case the spatial part of the energy-momentum tensor has

terms of the type Tij ∼ χ̄γipjχ, and one may conclude that Pλ ∝
∫
dp p4M2 (the factor M2

coming from the different normalization of the fermion wave function with respect to the

vector one, compare the function f in (270) and in (F.5)). Also in this case there is however
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a cancellation, resulting in 〈χ2〉 ∝ p2, see eq. (F.14), and in Pλ ∝
∫
dp p6, see eq. (F.15).

These two scalings agree with that obtained if the source is a scalar particle. In this

case, Tij ∝ pipjφ2, and one immediately has Pλ ∝
∫
dp p6 without any cancellation. In fact,

from our results (311) and (F.15), and from the result for the analogous computation with

a scalar source given in [99], we obtain a very general expression for the power spectrum:

P sourced
λ ' 2 gs k

3

15π4a2M4
p

T̃ 2
k

∫
dp p6|βp|2

(
|αp|2 + (−1)2s |βp|2

)
(327)

where s is the spin of the sourcing field, and gs is the number of degrees of freedom of that

field: gs = 1 for a scalar, gs = 2 for a vector if the longitudinal mode is produced in a

negligible amount (gs = 3 if it is produced in the same amount as each transverse mode),

and gs = 4 for a Dirac fermion.

We see that, apart from the difference in the number of degrees of freedom, and a small

difference due to the spin statistics, the different fields in the nonrelativistic regime M � p

have a comparable quadrupole moment (transverse and traceless projection of Tij) and

generate a comparable amount of GWs.

2 Model II: Vector Produced by a Pseudo-Scalar Interaction

In this section we consider the following model

S =

∫
d4x
√
−g
[
M2
p

2
R− 1

2
(∂ϕ)2 − V (ϕ)︸ ︷︷ ︸
inflaton sector

− 1

2
(∂ψ)2 − U(ψ)− 1

4
F 2 − ψ

4f
F F̃︸ ︷︷ ︸

hidden sector

]
. (328)

In addition to a standard inflationary sector, we have introduced a “hidden” sector consist-

ing of a light pseudoscalar, ψ, and a U(1) gauge field, Aµ, whose energy density is small

as compared to that of the inflaton (so that the Friedmann equation takes the usual form

3H2M2
p ≈ V (φ)). As in Section VI 1, the hidden sector in (328) has been introduced so

that the production of gauge field fluctuations can provide a new source of inflationary

GWs, complementary to the usual quantum vacuum fluctuations of the tensor part of the

metric. Unlike the model of Section VI 1, however, we will see that particle production

in the theory (328) occurs continuously during inflation, leading to broad-band signatures

rather than localized features in the scalar and tensor n-point correlation functions.

The coupling ψ(0)(t)FF̃ of the gauge field to the time-dependent pseudoscalar conden-
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sate leads to an exponential production of fluctuations Aµ. This effect has already been

discussed at length in Part IV – see also Refs. [22,45,48], for example – and here we only re-

view the key features that will be necessary for our analysis. Employing the decomposition

(269) we find the following linearized equation of motion of the gauge field mode functions[
∂2
τ + k2 ± 2kξ

τ

]
A±(τ, k) = 0 , ξ ≡ ψ̇(0)

2Hf
. (329)

If the pseudoscalar is in an overdamped regime then the parameter ξ can be treated as a

constant. Moreover, we assume that ψ̇(0) > 0 so that the “+” helicity state of the gauge

field gets copiously produced while the “−” state remains in the vacuum and its effect is

renormalized away.52 The properly normalized solutions of (329) can be written as [22],53

A+(τ, k) ≈
(
−τ
8ξk

)1/4

eπξ−
√
−2ξkτ , A′+(τ, k) ≈

(
2ξk

−τ

)1/2

A+(τ, k) . (330)

This solution is valid only in the phase space interval 1
8ξ � −kτ � 2ξ, where the production

of gauge fluctuations is most important. By restricting ourselves to this regime we effectively

cut-off an ultra-violet divergence associated with the usual quantum vacuum fluctuations

of the gauge field on sub-horizon scales, as discussed in Part IV. We have also assumed that

ξ & O(1), so that the phase space of produced fluctuations is non-trivial and each mode

experiences a significant exponential enhancement, eπξ � 1, near horizon crossing. (For

ξ < 1 there is no interesting particle production in the model.)

We are interested in a scenario where inflation is driven by the potential energy of the

ϕ field, so that 3H2M2
p ≈ V (ϕ); the “hidden” sector in (328) instead should give a small

contribution to the total energy density of the universe. This requirement imposes several

constraints on the model parameters, which we now discuss. We must first require that the

energy density in the produced gauge field fluctuations is smaller than the kinetic energy

of ψ,
1

2
〈 ~E2 + ~B2〉 � ψ̇(0)2

2
, (331)

where the “electric” and “magnetic” fields are Ei ≡ − 1
a2A

′
i, Bi ≡ 1

a2 εijl∂jAl. Using the

52None of our result for the scalar or tensor correlation functions will depend on the choice ψ̇(0) > 0.
53 A detailed derivation is shown in Appendix B.
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solution (330) to evaluate the expectation value, the condition (331) can be written as:

H2

ψ̇(0)
� 60 ξ3/2e−πξ . (332)

We also require that the energy density of the rolling pseudoscalar can be neglected with

respect to that of the inflaton:

1

2

(
ψ̇(0)

)2
+ U

(
ψ(0)

)
� 3H2M2

p . (333)

Finally, we require that ξ is adiabatically evolving, ξ̇
H ξ = ψ̈(0)

H ψ̇(0)
− Ḣ

H2 � 1, so that it is

appropriate to treat it as nearly constant during the time interval in which each mode of

A is relevant (namely, close to horizon crossing, when the mode is produced, and affect

cosmological perturbations). As | Ḣ
H2 | � 1 during inflation, we need to require

ψ̈(0)

H ψ̇(0)
� 1 ⇔ mψ �

3H

2
(334)

where in the last condition we have approximated U (ψ) as a quadratic potential, and we

have required the evolution of ψ(0) to be in the overdamped regime. Throughout our analysis

we will require that the conditions (332), (333), and (334) are simultaneously satisfied (these

conditions are discussed at the end of Subsection 2.3).

The background equation for the pseudoscalar reads:

ψ̈(0) + 3Hψ̇(0) + U ′
(
ψ(0)

)
=

1

f
〈 ~E · ~B〉 . (335)

It is interesting to note that the condition (332) guarantees right-hand side of this equation

can be disregarded. Indeed,

|U ′
(
ψ(0)

)
| � 1

f
|〈 ~E · ~B〉| ⇔ H2

ψ̇(0)
� 82ξ3/2e−πξ . (336)

which is implied by (332).

The quantity D(λ) introduced in (65) characterizes the two-point function of the pro-

duced gauge field fluctuations. This function, and its derivative, can be written explicitly
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in terms of the c-number mode functions as

D(λ)
(0,0) [τ1, τ2; q] ≡ Aλ(τ1, q)A

∗
λ(τ2, q) , D(λ)

(1,1) [τ1, τ2; q] ≡ A′λ(τ1, q)A
∗′
λ (τ2, q) . (337)

Considering only the “+” helicity state and using the approximate solution (330) we have

D(+)
(0,0) [τ1, τ2; q] ≈ (τ1τ2)1/4

√
8ξq

e2πξ−
√

2ξq[
√
−τ1+

√
−τ2] , D(+)

(1,1) [τ1, τ2; q] ≈ 2ξq
√
τ1τ2
D(+)

(0,0) [τ1, τ2; q] .

(338)

2.1 Scalar Perturbations Sourced by the Vector Modes

2.1.1 The Master Equation

The hidden sector in (328) decouples from the inflaton in the limit Mp → ∞. However,

at finite Mp, gravitational couplings will transmit the effects of particle production in the

hidden sector to the inflaton perturbations, modifying the usual predictions for the observ-

able curvature fluctuations. To see this effect we derive a master equation for the inflaton

perturbations in the model (328) – see Appendix A. At linear order in perturbation theory

we have recovered the standard result

(
∂2
τ −∇2

)
δ1ϕ+ 2Hδ1ϕ

′ ' 0 , (339)

where we work to leading order in slow roll parameters. At second order, instead, in

Appendix A.3 we find the following equation of motion

(
∂2
τ −∇2

)
δ2ϕ+ 2Hδ2ϕ

′ ' −ϕ
(0)′a2

2M2
pH

{
E2 +B2

2︸ ︷︷ ︸
gives J1

+
1

a4
∇−2∂τ

[
a4~∇ ·

(
~E × ~B

)]
︸ ︷︷ ︸

gives J2

}
+ . . .

(340)

which is formally equivalent to (283) with m2 → 0. In (340) the · · · schematically denotes

terms involving δ1ϕ
2, ψ2

1 and h2
1,ij which do not involve the exponential factors eπξ that

characterize the gauge field modes (330) and may therefore be neglected.

As we did in Subsection VI 1.1, both the first and second order equations can be com-

bined into the single master equation (50). The first-order mode δ1ϕ is the homogeneous

solution of this master equation, while the second-order δ2ϕ is the particular solution of

this master equation. The source in the master equation can be written as a sum of two
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terms

Jϕ

(
τ,~k
)

= J1

(
τ,~k
)

+ J2

(
τ,~k
)
. (341)

The source J2 is associated with the second term on the right hand side of (340), which

is non-local in position space. We show in Appendix A.3 that this term is actually infra-red

finite, and that the full source can be cast in the form

Jϕ

(
τ,~k
)

=
ϕ′(0)a3

4M2
pH

∫
d3p

(2π)3/2

[
−1 +

(p− |~k − ~p|)2

k2

]
×
[
Ẽi (τ, ~p) Ẽi

(
τ,~k − ~p

)
+ B̃i (τ, ~p) B̃i

(
τ,~k − ~p

) ]
. (342)

where we have defined the “electric” and “magnetic” field operators as Ẽi(τ,~k) ≡ − 1
a2 Ã

′
i

(
τ,~k
)

and B̃i

(
τ,~k
)
≡ i

a2 εijlkjÃl

(
τ,~k
)

. This expression appears simpler than the corresponding

source (288) in the previous model, due to the fact that only the modes A+ are relevant

here.

In this model the energy density in the “electric” field dominates over that in the “mag-

netic” field [45]. Dropping terms involving B̃i we have a source term of the form (51) where

the model-dependent operator can be approximated by

Ôϕ,ij

(
τ,~k, ~p

)
≈ ϕ′(0)

4M2
pHa

[
−1 +

(p− |~k − ~p|)2

k2

]
δij ∂

(1)
τ ∂(2)

τ , (343)

where we recall our notation (289).

2.1.2 Two-point and Three-point Correlation Functions

We now proceed to compute the two-point and three-point correlation functions of the

gauge invariant curvature perturbation, ζ. We are only interested in contributions that are

sourced by particle production effects, since the vacuum fluctuations in the model (328)

are standard. The sourced contribution to the power spectrum of ζ is given by (71). As

discussed above, we only consider the σ = + contributions in the sum over helicity states.

Using the explicit expression (343) for the operator Ô, along with the identity (66), we find
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that (71) can be written as

P sourced
ζ (k) ' k3

64π2M4
pa

2

∫
dτ1

a(τ1)
Gk(τ, τ1)

∫
dτ2

a(τ2)
Gk(τ, τ2)

×
∫

d3p

(2π)3

[
1 +

p2 − ~k · ~p
p|~k − ~p|

]2 [
1− (p− |~k − ~p|)2

k2

]2

D(+)
(1,1) [τ1, τ2; p] D(+)

(1,1)

[
τ1, τ2; |~k − ~p|

]
.

(344)

Next we insert our previous result (338) for D(+)
(1,1). Since we are interested in computing the

spectrum at late times, the explicit expression (61) for the Green function can be employed.

The sourced power spectrum takes the form

P sourced
ζ (k) =

ξe4πξH4

128π2M4
p

∫
d3q

(2π)3
q1/2|k̂ − ~q|1/2

[
1− (q − |k̂ − ~q|)2

]2

×

[
1− ~q · (k̂ − ~q)

q|k̂ − ~q|

]2

I2
[
q, |k̂ − ~q|

]
(345)

where we have introduced dimensionless variables ~q ≡ ~p/k and k̂ ≡ ~k/k. The dimensionless

time integral is defined as

I [a, b] ≡
∫ ∞
−kτ

dz
sin z − z cos z

z1/2
e−2
√

2ξz[
√
a+
√
b] , (346)

(notice that z ≡ −kτ ′). In the super-horizon regime, −kτ � 1, we can set the lower

bound of integration to zero. Moreover, particle production effects are most interesting

in the regime ξ & O(1), in which case the integral (346) has most of its support in the

region z � 1 where we can approximate sin z − z cos z ≈ z3

3 . Hence, we have the following

analytical approximation

I [a, b] ≈
∫ ∞

0
dz

z5/2

3
e−2
√

2ξz[
√
a+
√
b] =

15

32
√

2
(√

a+
√
b
)7

ξ7/2

. (347)

Finally, the momentum integral in (345) must be performed numerically, giving the final

result

P sourced
ζ (k) ≈ 4 · 10−10 H

4

M4
p

e4πξ

ξ6
. (348)
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The computation of the three-point correlation function is completely analogous to the

derivation that we have outlined for the source power spectrum. Here we simply state the

final result for the bispectrum in the equilateral configuration:

Bζ (k1 = k2 = k3 ≡ k) ≈ 2.6 · 10−13 H
6

M6
p

e6πξ

ξ9

1

k6
. (349)

The reason for considering the equilateral configuration is that, in this model, the source

at any moment is dominated by modes with wavelength comparable to the horizon at that

moment. This generates mostly correlations between scalar perturbations of comparable

size [45,48].

2.2 Gravity Waves Sourced by the Vector Modes

The produced gauge field fluctuations that are described by the mode solution (330) carry

anisotropic stress/energy and provide a source of GW fluctuations that is complimentary to

the standard quantum vacuum fluctuations from inflation.54 The computation of the GW

spectrum in the model (328) follows closely what we had for the the curvature perturbation.

In fact, the identical computation was done in Subsection IV 2.5. Therefore, we here simply

state the final result:

PL = P vac
L + P sourced

L ' H2

π2M2
p

[
1 + 8.6 · 10−7 H

2

M2
p

e4πξ

ξ6

]
PR = P vac

R + P sourced
R ' H2

π2M2
p

[
1 + 1.8 · 10−9 H

2

M2
p

e4πξ

ξ6

]
(350)

The first term in the square braces corresponds to the usual contribution from the quantum

vacuum fluctuations of the graviton, and the two helicities have equal power. The second

term, on the other hand, corresponds to GW perturbations that have been sourced by

particle production effects in the hidden sector. The production is much more significant

for the hR mode, due to the fact that the source consists of only A+ modes.

54At second order in cosmological perturbation theory tensor fluctuations can also be sourced by bi-linear
combinations of the first order scalar fluctuations, δϕ and δψ. Neither of these exhibit the exponential
enhancement that characterizes the linear gauge field perturbations – see equation (330) – therefore we can
safely neglect this effect in what follows.
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2.3 Phenomenology

In this subsection we explore the phenomenology of the scalar and tensor cosmological

fluctuations in the model (328). We first consider the spectrum of curvature fluctuations.

The total observable power spectrum is the sum of (348) and the standard result for the

vacuum fluctuations (see the general result in eq. (71)). Explicitly we have

Pζ ≈ P
[
1 + 2.5 · 10−6 ε2P e

4πξ

ξ6

]
, P ≡ H2

8π2εM2
p

, (351)

where the first term in the square braces is the usual spectrum from quantum vacuum

fluctuations, while the second term is the sourced contribution coming from gauge field

production in the model (328).

Next, we consider the spectrum GW fluctuations. From (350) and (351) we can write

the tensor-to-scalar ratio as

r ≡
∑

λ Pλ
Pζ

≈ 16ε
1 + 3.4 · 10−5εP e4πξ

ξ6

1 + 2.5 · 10−6ε2P e4πξ

ξ6

. (352)

When both the tensor and scalar spectra are dominated by the vacuum fluctuations we

recover the standard result, r ≈ 16ε. On the other hand, if the sourced contributions to

(350) and (351) dominate then we have r ≈ 218, independently of model parameters. The

current observational limit is r . 0.11 [12], while r ∼ 0.01 might be detectable with future

missions [58]. Since the expression (352) interpolates between 16ε and 218, it follows that

an observable signal can be obtained for any value of ε.

Let us now discuss the phenomenology of the scalar perturbations. From (351) and

(352) we get
P sourced
ζ

P vac
ζ

' r − 16 ε

218
(353)

We therefore see that the scalar power spectrum is dominated by the vacuum part (Pζ '
P). Concerning the scalar bispectrum, the effective nonlinearity parameter is immediately

obtained from (77) and (349):

f equil.eff.
NL ≈ 1.5 · 10−9ε3

P3

P 2
ζ

e6πξ

ξ9
. (354)
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The current CMB bound f equil
NL = −42± 75 at 68% CL [13],55 while fNL ∼ O(10) might be

accessible in the near future.

To obtain the correct amplitude of density fluctuations, we must impose the normal-

ization condition Pζ = 2.2 · 10−9 on CMB scales. We can use this condition to eliminate

the parameter P in favour of ξ and ε. Having done so, the key observables r and f equil.eff
NL

then depend only on the model-dependent quantities ξ and ε, which in turn depend on the

inflationary potential and the dynamics of the hidden sector fields. In Figure 15 we plot

our results for r and fNL as a function of ξ, for various representative choices of ε.
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Figure 15: The tensor-to-scalar ratio and non-linearity parameter as functions of ξ for
several illustrative choices of ε.

The observational bound on the tensor-to-scalar ratio forces us into a region of parameter

space where non-Gaussianity is undetectably small. Therefore GW fluctuations constitute

the most interesting phenomenology associated with the model (328). This is shown in

Figure 16 where we plot contours in the ξ − ε plane leading to various phenomenologically

interesting scenarios. We note that our findings are relevant also for values of ε smaller than

those shown in the figure.

As discussed in [23, 45, 284], the sourced contribution to the tensor spectrum is chiral;

only one helicity state is efficiently sourced by the gauge field fluctuations (330). This effect

may be detected through TB and EB correlations in the CMB [147, 262]. This was first

55 The bound from 7-year WMAP results was −114 < f equil
NL < 266 at 68% CL [192], which is used for our

present analysis.
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Figure 16: Exclusion curves for parameter space from the WMAP bound on non-
Gaussianity, and the WMAP and prospective bounds on tensor-to-scalar ratio r.

explored by [284] in the case in which the inflaton is the pseudo-scalar sourcing the vector

modes; in this case, the direct inflaton-gauge field coupling is so strong that, typically,

the main bound on the gauge field production is given by the sourced scalar perturbations

(non-Gaussianity [45,48] and, depending on the inflaton potential, increased power at small

scales [47, 232]). To overcome this, [284] assumed the presence of ∼ 1000 sourcing gauge

fields (this decreases the amount of non-Gaussianity), or the curvaton mechanism for the

generation of the scalar perturbations. For some values of parameters, the signal can be

above the 1σ detection line for a cosmic-variance limited experiment [284]. As we shall

now discuss, a more optimistic conclusion is reached if one assumes that the gauge field

production occurs in a sector only gravitationally coupled to the inflaton, as we have studied

here.

A measure of the net handedness of the tensor modes is the following quantity:

|∆χ| ≡
∣∣∣∣P+ − P−
P+ + P−

∣∣∣∣ =
3.4 · 10−5εP e4πξ

ξ6

1 + 3.4 · 10−5εP e4πξ

ξ6

' 1− 16 ε

r
, (355)

which interpolates between zero (at small ξ, when the vacuum fluctuations dominate the
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tensor mode spectrum) and unity (at large ξ when the sourced GW dominate the tensor

mode spectrum). In the final approximation we have used the fact that, for r < 0.1, the

scalar power spectrum in this model is dominated by the vacuum modes.
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Figure 17: Predictions for the chirality vs. tensor-to-scalar ratio, as compared to 1σ
detection curves for the Planck (P), SPIDER (S), CMB-Pol (C), and a cosmic-variance
limited (CV) experiment.

In Figure 17 we plot the relation (355) in the r vs ∆χ plane, for a few representative

values of ε; each of the red/solid lines is characterized by a given ε, and by varying ξ (growing

ξ leads to more GW production, and therefore greater values of r and ξ). We stress that

arbitrary large values of r in the range shown in the figure can be reached for any value of ε.

As ε decreases, this requires a greater and greater amount of sourced modes, which in turn

leads to a greater and greater ∆χ. This explain why, for any given obtained r, greater ∆χ

correspond to smaller ε. These predictions are superimposed in the figure to 1σ detection

lines from various experiments; from top to bottom, the lines shown are for the ongoing and

forthcoming Planck (P) [4] and SPIDER (S) [100] experiments, for the suggested CMB-Pol

experiment (C) [58], and for a hypothetical cosmic-variance limited experiment (CV). The

signal needs to be above a line to be detectable at 1σ by that experiment. These lines are

taken by Figure 2 of [147]. We observe that, for some values of parameters, the parity-

violation could be detected (at least at 1σ) already by the ongoing / forthcoming Planck
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and SPIDER experiments.

Before concluding this section, we comment on the constraints (332) and (333) which

are necessary for the consistency of our calculation. We find:

0.074

√
εPeπξ

ξ5/2
� f

Mp
� 1.2

ξ

√
1− U (ψ)

V (ϕ)
(356)

where the first condition, obtained from (332), ensures that the energy density of the pro-

duced gauge quanta is smaller than the kinetic energy of ψ, while the second condition,

obtained from (333), ensures that the energy density of ψ is smaller than that of the infla-

ton.

The interval in (356) exists for any reasonable choice of model parameters, therefore we

can always choose f/Mp such that that various backreaction constraints are satisfied. The

lower bound on the inflationary scale becomes simpler in the limit in which the sourced

part of the GW signal dominates over the vacuum one (which is the regime of our most

interest). Using (352) in this regime, the lower limit in (356) can be expressed as:

f

Mp
� 3.7 · 10−3 r1/4

ξ
∼ O

(
10−4

)
, rvac < rsourced ∼ 0.01− 0.1 (357)

where r has been chosen so that the GW signal is observable in the near future (we note

that this requires ξ ∼ 4− 5).

Finally, using (315), the condition (334) for the adiabatic evolution of ξ can be cast in

the form
mψ

Mp
� 6.6 · 10−4√ε (358)

For a quadratic inflaton potential, mϕ ' 6.4 · 10−6Mp and
√
ε ' 0.09 (for 60 e-folds of

inflation). The condition (358) then rewrites mψ � 9mϕ.

3 Summary

A large experimental effort is currently taking place to detect GWs from inflation. The

conventional vacuum signal will be detectable only if the scale of inflation is sufficiently

high, V 1/4 & 1016 GeV (corresponding to r & 0.01, or ε & 6 · 10−4 in single field slow

roll inflation). At face value, this seems to imply that such an experimental effort will be

unsuccessful for a lower scale inflation. In this Part of the thesis, we have challenged to this
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conventional lore and discussed ways to distinguish new sources of GWs from the standard

vacuum ones.

Let us denote by X the field that is produced during inflation, and that sources the

GWs. In the models considered in [99,271] quanta of X are produced by the motion of the

inflaton, which we denote by ϕ. This implies a direct coupling between the inflaton and the

produced quanta; as a consequence, if the inflaton is the source of cosmological perturbations

ζ, quanta of X will source ζ with a stronger than gravitational interaction. On the contrary,

the source of GWs from X is of gravitational strength. To minimize the relative amount of

produced ζ vs. produced GWs, in this Part we made the opposite assumption, considering

the weakest possible coupling (in standard gravitational theory) between X and the inflaton:

namely, we assumed that ϕ and X are coupled only gravitationally. We therefore assumed

that particle production occurs in a “hidden sector” and computed the amount of scalar

perturbations ζ induced by X through a purely gravitational interaction. We then computed

the amounts of GWs produced by X in the two models and compared the two effects.

Clearly, there is a large arbitrariness in the choice of the model for particle production,

and we do not claim our findings to be exhaustive; in particular, we did not study here

the analogous of all the scenarios considered in [271], where for instance multiple bursts of

particle production and production of strings were also studied. We study two models in

which X is a vector field, which is produced by the motion of a field ψ 6= ϕ. In Model I,

the vector field has a mass term ψ(t)2A2, and quanta of A are produced when the classical

value of ψ crosses zero. In Model II the vector is continuously sourced by a pseudo-scalar
ψ
f FF̃ interaction. The reasons for considering these two models is that, after the particle

production, the vector quanta are highly massive in Model I, while massless in Model II.

We showed that in the first case this gives rise to a strong suppression of the GW signal

with respect to the amount of scalar perturbations. In the remainder of this concluding

section, we summarize our findings in these two models, together with some discussion.

1. Model I: The main signature of particle production in this model is a bump in the

scalar power spectrum, at the scales that exited the horizon when the gauge quanta

were produced.56 If this bump will be observed, this mechanism can be supported /

disproved by the presence/ absence of an analogous bump in the bispectrum, which we

also computed here. The spectrum of GWs produced by the gauge quanta also presents

a peak at the same scales, which – if sufficiently high – could distinguish them from

56This is qualitatively identical to the findings of [43], where the sourced field is a scalar with mass
depending on the inflaton.
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the vacuum GWs. However, we found that, once the bound from not having observed

a large bump in the scalar spectrum is respected, the amount of GWs produced in

this model is completely unobservable (r . 10−6). The relative smallness of the GWs

vs scalar perturbations produced in the model may come as a surprise, due to the

fact that the gauge quanta are coupled gravitationally to both these quantities. The

reason for the suppression is due to the fact that the quanta are highly non-relativistic

after they are produced. This highly suppresses their quadrupole moment, and the

amount of GWs that they generate.

To verify this, we also computed the amount of GWs produced if the vector field is

replaced by a fermion, with mass ∝ ψ (t). Ref. [99] computed the amount of GWs produced

by a scalar with mass ∝ ψ (t). From our two results, and from the result of [99] for the

scalar case, we actually obtained the very general formula (327) for the amount of GWs

produced in all these cases. We see that there is no large enhancement between the different

spins, apart from the proportionality of the final result to the number of degrees of freedom

in each case.

We did not compute the amount of scalar perturbations ζ sourced in the fermionic case.

However, we believe that also in this case the result will be analogous to the one that we

have computed, and that therefore our conclusions on the relative importance of GWs vs

scalar perturbations production apply for produced particles of any spin.

In this model, the vector field is massive after the production, and it therefore also pos-

sesses a longitudinal component. The results for this component are more model dependent

than those of the transverse components: they depend on the specific choice of the potential

U for ψ (the results for the transverse component are independent of U provided that it is

smaller than the kinetic energy of ψ during particle production). The longitudinal mode

may drive the theory out of perturbative regime when m ∝ ψ (t) → 0. We showed that

this is avoided if the ratio 1
ψ
dU
dψ remains finite as ψ → 0. This is, for instance, the case if

U ≈ 1
2m

2
ψ ψ

2 at the origin. These considerations can be relevant for all the models in which

symmetries are enhanced at some point during the cosmological evolution. For instance, we

expect massive gauge modes to become massless when different branes move to the same

bulk location as in the trapping mechanism of [188]. We also found that, for U ≈ 1
2m

2
ψψ

2,

the longitudinal component is produced as much as each transverse component, and sources

the same amount of GWs, for the most reasonable values of the mass mψ.

It is worth pointing out that our study applies to a single instance of particle production.

Things may be different in cases of multiple bursts of particle production; for instance, if the
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potential U is not flat at large ψ, so that ψ performs oscillations about its minimum, gauge

quanta will be produced at each oscillation, in a regime of parametric resonance [190]. We

have found that the GW signal can reach an interesting level if the parametric resonance

enhances the amount of produced quanta by a factor of & 200 ε−1 with respect to the single

episode of particle production (ε being the slow roll parameter). It would be interesting to

study under which conditions this value can be reached in a concrete model.

2. Model II: The amount of GWs produced in this model was already computed in

[45, 48, 284]. The novel computation performed in this thesis is the amount of scalar

perturbations produced in this model under the assumption that the inflaton is only

gravitationally coupled to the gauge field, and the comparison of the two effects. We

found that coupling the inflaton only gravitationally sufficiently suppresses the amount

of scalar modes generated in this model, so that the limits from non-Gaussianity are

irrelevant when compared to those from GWs. Therefore, particle production in this

model can lead to GWs observable at the CMB scales. Differently from Model I, the

GWs in this model are produced at all scales, without a localized bump. However, this

signal may be distinguishable from the vacuum one since one GW helicity is produced

in a much stronger amount than the other one, and this can lead [284] to observable

nonvanishing TB and EB correlations in the CMB [147,262].

Ref. [284] already studied whether the parity violation in the sourced GWs produced

by this model can be observed. Also in that case, the problem was to suppress the non-

Gaussianity of the scalar perturbations produced by the gauge field [48]. This was overcome

in [284] by assuming the presence of∼ 1000 sourcing gauge fields, or the curvaton mechanism

for the generation of the scalar perturbations. It was shown in [284] that, under these

assumptions, and for some values of parameters, the parity-violation signal can be above

the 1σ detection line for a cosmic-variance limited experiment [284]. We have seen that

in our implementation of the mechanism (namely, by assuming that the gauge field is

only gravitationally coupled to the inflaton) the parity violation can, for some choice of

parameters, be observed already by the ongoing / forthcoming experiments.

We have seen that backreaction bounds from this mechanism are under control for an

axion scale f in the interval 10−4Mp . f . Mp. Interestingly, the axion decay constant

one typically finds in string theory is of the order of the GUT scale f ∼ 1016 GeV (see,

e.g., [30, 291]) which fits comfortably within this window. Indeed, given the UV sensitivity

of inflation, it is natural to ask whether one can realize our model in string theory. The

153



VI 3 SUMMARY

low energy spectrum of string theory contains generically many axion-like particles, which

arise from the reduction of antisymmetric p-form fields on p-cycles of the internal space.57

These closed string axions have a pseudoscalar coupling ψFF̃ to U(1) gauge fields on the

worldvolume of D-branes.58 In such string theory setting, it is not difficult to find inflaton

candidates with no direct coupling to the axion-gauge field sector. Explicit model building

possibilities (with the inflaton being an axion or not) remain to be explored.

57In addition to these closed string axion-like particles, there are also open string axions but their presence
is more model-dependent. For this discussion, we shall focus on closed string axions. Moreover, we consider
only those axions that are not projected out by discrete symmetries (e.g., orientifolding), and do not receive
a Stuckelberg mass.

58Such couplings arise from the reduction of Chern-Simons terms in the worldvolume action of D-branes,
e.g.,

∫
Dp+4

Cp ∧ F ∧ F̃ .
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Part VII

Conclusions

In this thesis, we have considered the phenomenological signature of particle physics inter-

actions that may have been present during primordial inflation. For definiteness, we have

mostly studied the cases in which a slowly rolling field (the inflaton, in most cases) is cou-

pled through some characteristic gauge invariant interaction to a vector field. A free gauge

field with the standard −1
4F

2 kinetic term is conformally coupled to the FRW metric and

its perturbations are not excited by the expansion of the universe. The couplings we have

studied, however, break this conformal invariance, modifying the dispersion relation of the

gauge field. This leads to non-trivial production of the gauge quanta, continuously or at a

specific time, during inflation.

The produced quanta have an energy significantly smaller than that of the unperturbed

inflaton for all or most of the duration of inflation. However, they can strongly affect the

cosmological perturbations. Specifically, they act as a “source” of the inflaton perturba-

tion, which in turn imprints in the curvature perturbation. The sourced contribution is

uncorrelated to the contribution from the pure inflaton vacuum modes, and thus these two

contributions simply add up in any statistical quantity with vanishing cross correlations.

The standard vacuum contribution is nearly Gaussian. However, this is not the case for

the sourced perturbations. We have shown in this thesis that the level and the shape of

non-Gaussianity in these models provide surprisingly rich phenomenology. If detected, this

would serve as a powerful tool to probe the details of the physics during inflation and to

discriminate between a plethora of inflationary models.

In most of the cases we have studied, the gauge quanta are produced by the motion of

the inflation, and therefore there is a direct, stronger than gravitational, coupling between

the inflaton and the gauge field. This is the reason why these quanta produce much more

inflaton perturbations than gravitational waves (GWs). These models result in a stan-

dard GW signal at the CMB scales, once the limits resulting from the non-observation of

non-Gaussianity are imposed. There are however also interesting cases in which the GW

production can be relevant. In this thesis we studied two such possibilities. Firstly, we

studied the GW signal at much smaller scales (those produced towards the end of infla-

tion), relevant for terrestrial GW interferometers; at such scales there is more room for a

significant GW production, since the limits on the scalar perturbations are less strong than
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those at CMB scales, and more uncertain. Secondly, we studied the possibility that the

vector field has no direct coupling to the inflaton, and it is produced by a different field.

This case represents a non-trivial dynamics occurring in a “hidden sector.” No sector is

however completely hidden, since gravitational interactions are always present, and we saw

that such particle production can be constrained by the amount of inflaton perturbations

or GWs that it would produce gravitationally.

To be concrete, let us summarize the different cases that we explored in this thesis.

1. Direct coupling to the inflaton

(a) Pseudo-scalar ϕFF̃ interaction – Part IV

(b) Dilaton-like I2(ϕ)F 2 interaction – Part V

2. No direct coupling – Part VI

(a) Instantaneous vector production from a sudden variation of its mass

– Section VI 1

(b) Continuous production from a rolling pseudo scalar (other than the inflaton)

– Section VI 2

Case 1(a) is typical of models of axion inflation, which are highly motivated particle

physics models of inflation, since they offer a mechanism to protect the flatness of the

inflaton potential. We found a large, nearly equilateral non-Gaussianity. The non-detection

of non-Gaussianity with Planck constrains the axion decay constant f & 1016 GeV, which

is in the range that is naturally obtained in the UV completed theories of axion inflation.

Future GW interferometer experiments, which probe much smaller scales than the CMB

scales, can improve the bound over the CMB non-Gaussianity limits.

Case 1(b) applies to models that have been proposed as a mechanism of primordial

magnetogenesis and anisotropic inflation. We saw that the resulting non-Gaussianity has a

shape peaked at squeezed triangles with a unique angular dependence, which, if detected,

would provide evidence for interaction processes that involve higher-spin fields.

Case 2(a) was studied in [99], whose original claim was that it could lead to a significant

GW production. We found that this is not the case: the resultant GW signals are unlikely

to be detected in the current and future CMB missions. This is because the quadrupole

moments of the non-relativistic particles are highly suppressed. The scalar perturbations
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exhibit a bump in the power spectrum, and once the bound on this localized feature is

respected, the amount of GWs produced in this model is completely unobservable (r .

10−6), unless some additional mechanism is involved.

Case 2(b) was “constructed” by us as a prototype of a concrete example that can produce

an interesting GW signal at CMB scales without conflicting with the CMB bounds on non-

Gaussianity (we are not aware of any other working example). The GW signals from this

model can be large regardless of the energy scale of inflation, and if they are large, one

helicity state of the GWs is produced in a much stronger amount than the other state. This

“chiral” GW signature is potentially detectable by the ongoing and forthcoming missions.

In summary, we showed that particle production would indeed provide novel predictions

that were absent in the simplest inflationary models. The non-Gaussianity and GWs can

be at the detectable level by the ongoing or forthcoming observational missions, with the

features unique to the types of interactions that characterize the models. The Planck

satellite mission has started releasing the results (see e.g. [11–13]) with more data to come,

as well as there are several other ongoing/planned missions, such as SPIDER [100], SPT [85],

ACT [194], EBEX [247], Advanced LIGO [162], Advanced Virgo [3], GEO-HF [309], and

KAGRA [201]. Their improved sensitivities will constrain the inflationary parameters at the

unprecedented level. Particle production can provide the mechanism that opens interesting

observational windows of inflationary cosmology in prospect of these experiments.
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APPENDIX A COSMOLOGICAL PERTURBATION THEORY

Appendices

A Cosmological Perturbation Theory

This Appendix is devoted to some technical details on second-order cosmological perturba-
tion theory in the spatially flat gauge, deriving the full equations for the inflaton perturba-
tion δϕ. We first derive the master equation for δϕ, including all the terms that are relevant
for the models we study in this thesis. Then, in the following Subsections we discuss each
model separately: A.1 for axion inflation (Part IV), A.2 for the dilaton-like coupling model
(Part V), A.3 for the model of a hidden-sector rolling pseudo scalar (Model II of Part VI),
and A.4 for the model of burst vector production due to variation of its mass (Model I of
Part VI).

For this purpose, we consider the action with all the relevant ingredients,

S =

∫
d4x

[
M2
p

2
R− 1

2
∂µϕ∂

µϕ− V (ϕ)− I2(ϕ)

4
FµνF

µν − 1

2
m2AµA

µ − α

4f
ϕFµνF̃

µν

]
(A.1)

where m is the vector mass of which time variation is controlled by some field other than
the inflaton.59 We perform computations in the spatially flat gauge δgij,scalar = 0 (the
subscript “scalar” denotes the scalar sector of the metric perturbations). We expand the
perturbations up to second order in perturbation theory. The fields ϕ and Aµ (in the
Coulomb gauge) are expanded as

ϕ(t, ~x) = ϕ(0)(t) + δ1ϕ(t, ~x) + δ2ϕ(t, ~x) , (A.2)

Aµ(t, ~x) = (0, Ai(t, ~x)) . (A.3)

In fact it suffices to include only the first order for Aµ, and we do not need to evaluate it
at second order. In all of our considerations in this thesis, the gauge field has no zero-order
part. Consequently, the metric and inflaton perturbations do not mix with the gauge field
modes at linear order; this is because the gauge field enters already quadratically in the
action for the perturbations. (This is the same reason that in the main text allowed us to
compute Aµ disregarding inflaton and metric perturbations.) We note that the gauge field
can still affect the first order metric/inflaton perturbations through its backreaction on the
background evolution. However, this can be disregarded as long as the backreaction bounds
are satisfied.

The curvature perturbations ζ in this gauge is

ζ = − H

ϕ̇(0)
(δ1ϕ+ δ2ϕ) . (A.4)

59 The vector mass term m2A2 is relevant for Model I of Part VI, and there it is related to the vev of a
hidden-sector scalar field by m = eψ(0), where e is the “charge” of the scalar field.
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We are interested in a master equation for ζ. We start from the inflaton equation of motion.
Varying the action (A.1) with respect to ϕ, we obtain

− 1√
−g

∂µ
(√
−g gµν ∂ν ϕ

)
+ Vϕ = −IIϕ

2
FµνF

µν − α

4f
FµνF̃

µν . (A.5)

Formally, not only the ϕ and Aµ perturbations, but also the metric perturbations enter in
this equation. However, one can use the Einstein constraint equations to express the modes
δg00 and δg0i in terms of the other perturbations,

δg00 = δg00 [δ1,2ϕ, Aµ, hij ] , δg0i = δg0i [δ1,2ϕ, Aµ, hij ] , (A.6)

where hij are the tensor modes of the metric perturbations. Then we insert these expressions
back into (A.5) to close the system.60 The explicit expressions for (A.6) can be most directly
obtained from the Einstein equations.61 This procedure has already been detailed in [225];
here we generalize those results to include also the presence of the gauge field. The vector
field modes enter in these equations through their contribution to the energy momentum
tensor

Tµν,gauge = I2Fµα F
α

ν +m2AµAν + gµν

(
−I

2

4
FµνF

µν − m2

2
AµA

µ

)
. (A.7)

Note that the axion-gauge coupling ϕFF̃ does not couple to gravity and has no contribution
to the energy-momentum tensor.

As the energy-momentum tensor (A.7) is quadratic in the gauge field modes, the first-
order metric and inflaton perturbations are not affected by the gauge field. Therefore the
master equation at first order reproduces the standard first-order expression[

∂2
τ + 2H∂τ −∇2 +

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)]
δ1ϕ = 0 (A.8)

where we remind ∇2 ≡ ∂i∂i and H ≡ a′

a . At the linear-order perturbation δ1ϕ, eq. (A.8)
applies to all the models we consider in this thesis.

60 Equivalently, we can eliminate the δg00 and δg0i modes from the action using the so-called energy and
momentum constraints in the ADM formalism. Clearly, this is equivalent to using (A.6) at the level of the
equations of motion. The master equation, in absence of gauge fields, was first derived in [225].

61We note that only the tensor modes hij enter in the spatial perturbations δgij , since δgij,scalar = 0 in
our gauge, and since we can disregard vector metric perturbations as in the standard case.
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At next order in perturbation theory we instead find[
∂2
τ + 2H∂τ −∇2 +

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)]
δ2ϕ = a2 Iϕ

I

(
~E2 − ~B2

)
+ a2α

f
~E · ~B

−a
2ϕ(0)′

2M2
pH

{
~E2 + ~B2

2
+

1

a4
∂−2∂τ

[
a4~∇ ·

(
~E × ~B

)]
+
m2

2a2
AiAi

}
+ · · · (A.9)

Dots denote terms which are proportional to squares of the first-order inflaton and tensor

metric perturbations, namely they are of O
(
δ1ϕ

2
)

and of O
(
h2

1,ij

)
; these terms, which are

slow-roll suppressed, are explicitly given in [225] and are known to yield an undetectable
contribution to fNL [270], and thus we disregard them. Here, the “electric” and “magnetic”
fields are defined in analogy to the electromagnetic expressions, namely

Ei = −〈I〉
a2
A′i , Bi =

〈I〉
a2
εijk∂jAk (A.10)

Note that the terms in the second line of (A.9) arise from the consistent inclusion of the
metric perturbations, while the terms in the right-hand side of the first line of (A.9) are

present even without them. Also note that the terms a2Vϕϕ and 3ϕ
(0)′ 2

M2
p

on the left-hand

sides of (A.8) and (A.9) are proportional to the slow-roll parameters. Since we are not
interested in slow-roll corrections to our leading results, we disregard these terms in the
main text.

Eq. (A.9) contains all the possible source terms for the models we study in this thesis;
not all of them are relevant simultaneously for any one of the models. In the following
Subsections, we deduce (A.9) to the form that is applicable to each model we consider.

A.1 Massless Gauge Field with Direct Axion-Gauge Coupling

Here we consider the case where the gauge field is massless and is coupled to the pseudo-
scalar inflaton, which represents the model of axion inflation studied in Part IV. Thus, we
set m = 0 and I = 1 in (A.9).

Moreover, the Planck-suppressed source terms, coming from the consistent inclusion of
the metric perturbations (namely the second line of (A.9)), are completely negligible as
compared to the pseudo-scalar coupling in the first line of (A.9). To see this, note that
the strength of the axion-gauge direct interaction is controlled by the axion decay constant
which is

α

f
& 102 1

Mp
(A.11)

whenever the non-Gaussianity is observationally interesting (see Section IV 3). The analo-
gous coupling strength associated with the Planck-suppressed interaction in the second line
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of (A.9) is instead

ϕ(0)′

HM2
p

∼
√
ε

Mp
∼ 10−1 1

Mp
(A.12)

where in the last approximation we have assumed the slow-roll parameter ε ∼ 10−2, which
is true in most axion inflation models. This analysis indicates that the inclusion of metric
perturbations has no significant impact, and can therefore be neglected, in the interesting
regime where fNL & O(1).62

We thus arrive at the master equation for δ2ϕ for the axion inflation model:[
∂2
τ + 2H∂τ −∇2 +

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)]
δ2ϕ ' a2α

f
~E · ~B (A.13)

which is identified, up to slow-roll suppressed terms (which we are indifferent to), with
eq. (95) in the main text.

A.2 Massless Gauge Field with Direct Dilaton-like Coupling

In this Subsection, we consider the massless gauge field with a dilaton-like I2(ϕ)F 2 coupling,
which represents the model of Part V. Hence we set m = 0 and α/f = 0 in (A.9). As in A.1,
the Planck suppressed source terms in (A.9) are negligible compared to the direct coupling

term. To see this, let us recall our functional forms (193), V (ϕ) ∝ ϕr and I ∝ exp
(
− ϕ2

rM2
p

)
,

and ε ≡ M2
p

2

(
Vϕ
V

)2
. We then see

Iϕ
I
∼ 1√

εMp
,

ϕ(0)′

M2
pH
∼
√
ε

Mp
. (A.14)

Due to the slow-roll condition ε� 1, we conclude that the Planck suppressed source terms
are completely negligible compared to the direct coupling term. Therefore we obtain the
master equation for δ2ϕ[

∂2
τ + 2H∂τ −∇2 +

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)]
δ2ϕ ' a2 Iϕ

I

(
~E2 − ~B2

)
(A.15)

which is eq. (214), reported in the main text.

62 This intuitive idea has been exploited on numerous occasions in the literature and was recently conjec-
tured as a general decoupling principle in [202].
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A.3 Massless Gauge Field with No Direct Coupling

In this Subsection, we now consider Model II of Part VI, in which a massless gauge field has
no direct coupling to the inflaton. We thus set I = 1, α/f = 0, and m = 0 in (A.9). We see
that all the source terms arise due to the consistent inclusion of the metric perturbations
and are obtained by integrating out the non-dynamical modes. The master equation for
δ2ϕ in this case reads[

∂2
τ + 2H∂τ −∇2 +

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)]
δ2ϕ

' −a
2ϕ(0)′

2M2
pH

{
~E2 + ~B2

2
+

1

a4
∂−2∂τ

[
a4~∇ ·

(
~E × ~B

)]}
.(A.16)

Now we want to derive the expression (342) for the scalar source in Model II of Part VI.
In eq. (340) we separated the source in the two parts J1 + J2, where J1 corresponds to the
~E2 + ~B2 term in (A.16) and J2 to the ~E × ~B term. In Fourier space we have the relatively
simple expression

J1

(
τ,~k
)

= −a
3ϕ(0)′

4M2
pH

∫
d3p

(2π)3/2

[
Ẽi (τ, ~p) Ẽi

(
τ,~k − ~p

)
+ B̃i (τ, ~p) B̃i

(
τ,~k − ~p

)]
, (A.17)

for the first part. For the second part, we have instead

J2

(
τ,~k
)

=
ϕ(0)′

2M2
pHa

∂τ
k2

∫
d3p

(2π)3/2

[
pikiÃj (τ, ~p) Ã′j

(
τ,~k − ~p

)
− kikjÃi (τ, ~p) Ã′j

(
τ,~k − ~p

)]
.

(A.18)
Some manipulations are instead necessary to put the non-local source term J2 in a form
that is amenable to computations and is manifestly infra-red finite. We begin by noting
that Ãi effectively only contains the “+” helicity state in this model. This allows us to use
the identity

ki kj ε
(+)
i (~p) ε

(+)
j

(
~k − ~p

)
=
[
p|~k − ~p|+ (~k − ~p) · ~p

]
ε
(+)
i (~p) ε

(+)
i

(
~k − ~p

)
, (A.19)

to simplify the tensor structure in the second term of (A.18) and re-write J2 as

J2

(
τ,~k
)

=
ϕ′(0)

2M2
pHa

1

k2

∫
d3p

(2π)3/2
p
[
p− |~k − ~p|

]
∂τ

[
Ãi (τ, ~p) Ã′i

(
τ,~k − ~p

) ]
. (A.20)

Next we perform the time derivative and use the equation of motion (329) to eliminate Ã′′
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which gives the result

J2

(
τ,~k
)

=
ϕ′(0)a3

2M2
pH

1

k2

∫
d3p

(2π)3/2

(
|~k − ~p| − p

)[
− pẼi (τ, ~p) Ẽi

(
τ,~k − ~p

)
+

(
|~k − ~p|+ 2ξ

τ

)
B̃i (τ, ~p) B̃i

(
τ,~k − ~p

)]
. (A.21)

We rewrite (A.21) changing the integration variable ~p → ~k − ~p. We add the resulting
expression to (A.21), and divide by two. We obtain:

J2

(
τ,~k
)

=
ϕ′(0)a3

4M2
pH

∫
d3p

(2π)3/2

(p− |~k − ~p|)2

k2

[
Ẽi (τ, ~p) Ẽi

(
τ,~k − ~p

)
+ B̃i (τ, ~p) B̃i

(
τ,~k − ~p

)]
.

(A.22)
We note that this expression is manifestly finite in the limit k2 → 0, proving that the
non-local source term in (340) does not lead to any spurious effects in the infra-red.

Adding (A.17) and (A.22) leads to the expression (342) reported in the main text.

A.4 Massive Gauge Field with No Direct Coupling

In this Subsection, we again consider no direct coupling between the inflaton and gauge
field, but in this case the gauge field is massive, i.e. m 6= 0. Setting I = 1 and α/f = 0
leads (A.9) to the equation for δ2ϕ in this case,[

∂2
τ + 2H∂τ −∇2 +

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)]
δ2ϕ

' −a
2ϕ(0)′

2M2
pH

{
~E2 + ~B2

2
+

1

a4
∂−2∂τ

[
a4~∇ ·

(
~E × ~B

)]
+
m2

2a2
AiAi

}
.(A.23)

As in A.3, all the source terms are only gravitational and arise through integrating out the
non-dynamical modes of the metric perturbations (with the nonzero mass term this time).

Now we derive the approximated expression (288) for the scalar source in Model I of
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Part VI. From the three terms at the right-hand side of (A.23) we obtain, respectively,

J
[
A2
µ

]
= J1

(
τ,~k
)

+ J2

(
τ,~k
)

+ J3

(
τ,~k
)

J1

(
τ,~k
)

= − ϕ(0)′

4M2
pHa

∫
d3p

(2π)3/2
Ã′i (τ, ~p) Ã′i

(
τ,~k − ~p

)
(A.24)

J2

(
τ,~k
)

=
ϕ(0)′

2M2
pHa

1

k2

∫
d3p

(2π)3/2
∂τ

[
pi ki Ãj (τ, ~p) Ã′j

(
τ,~k − ~p

)
−ki kj Ãi (τ, ~p) Ã′j

(
τ,~k − ~p

)]
(A.25)

J3

(
τ,~k
)

= −am
2ϕ(0)′

4M2
pH

∫
d3p

(2π)3/2
Ãi (τ, ~p) Ãi

(
τ,~k − ~p

)
. (A.26)

In the part J1 we have actually disregarded the “magnetic” contribution with respect to
the “electric” one.The relative contribution between the two terms in the integrand is B2

E2 ∼
Ã
′2

Ã2
∼ k2, k p, p2

a2m2 . The quantity k is the momentum of the cosmological perturbations that
we are computing; we show in the main text that the signal from particle production is
maximal at k ∼ H (we recall that the scale factor is normalized to one at the moment of
particle production). We also show in the main text that the source integrand is peaked
at p ∼

√
ṁ∗. We therefore have k � p due to (272). Finally M ≡ am ≥ m �

√
ṁ∗ after

the particle production has taken place. As a consequence p � M and the “magnetic”
contribution can indeed be disregarded.

We perform the time derivative in J2, and eliminate the second derivative through the
equation of motion Ã′′i ' −M2 Ãi. We obtain

J2 '
ϕ̇(0)

2M2
pHa

1

k2

∫
d3p

(2π)3/2

(
~k · ~p δij − ki kj

) [
Ã′i (~p) Ã′j

(
~k − ~p

)
−M2Ãi (~p) Ãj

(
~k − ~p

)]
.

(A.27)
We rewrite (A.27) changing the integration variable ~p → ~k − ~p. We add the resulting
expression to (A.27), and divide by two. We obtain

J2 '
ϕ̇(0)

2M2
pHa

(
1

2
δij − k̂ik̂j

)∫
d3p

(2π)3/2

[
Ã′i (~p) Ã′j

(
~k − ~p

)
−M2Ãi (~p) Ãj

(
~k − ~p

)]
(A.28)

It is worth noting that this expression explicitly shows that J2 does not diverge in the k → 0
limit. This is not immediately obvious from the original expression, since J2 originates from
the term with an inverse Laplacian in (283).

Adding this expression for J2 to the expression for J1 and J3 given above, one readily
obtains the result (288), given in the main text.
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B Gauge Field Mode Functions in Axion Inflation

In this Appendix we discuss the solutions of equation (87), describing the tachyonic growth
of gauge field fluctuations in the background of the slowly rolling inflaton (hence, ξ can be
taken constant at leading order in the slow roll parameters). We require that the gauge
field is initially in the adiabatic vacuum: A±(τ, k) = e−ikτ/

√
2k for kτ → −∞. The

mathematical properties used here can be found in Chapter 14 of [7]. The solution of (87)
which satisfies this condition may be expressed in terms of Coulomb functions:

A+(τ, k) =
1√
2k

[G0(ξ,−kτ) + iF0(ξ,−kτ)] (B.1)

The production of gauge fluctuations is only interesting in the region of phase space −kτ �
2ξ and when eπξ � 1 (see the discussion in Subsection IV 1.2). In this regime equation
(B.1) may be very well approximated in terms of the modified Bessel function of the second
kind, Kν(z), as

A+(τ, k) ∼=
√
−2τ

π
eπξK1

[
2
√
−2ξkτ

]
(B.2)

The growth of the modes (B.2) saturates deep in the IR: for −kτ → 0 we have A+ →
eπξ/(2

√
πkξ) so that the physical electric and magnetic field vectors (85) decay sufficiently

far outside the horizon. An inspection of the solutions shows that the interesting physi-
cal effects (for instance, the production of ζ2 and ζ3 correlators) take place in the region
(8ξ)−1 . −kτ . 2ξ of phase space. In this regime we can take the large argument asymp-
totics of the Bessel function in (B.2) to obtain a very simple representation of the modes:

A+(τ, k) ∼=
1√
2k

(
−kτ
2ξ

)1/4

eπξ−2
√
−2ξkτ

A′+(τ, k) ∼=
√

2kξ

−τ
A+(τ, k) (B.3)

Throughout the majority of this Part we employ the representation (B.3) of the modes,
for brevity of exposition. However, we have verified that none of our results changes sig-
nificantly if we use the more accurate expression (B.2). Formally, the only effect of using
(B.2) rather than (B.3) is that, for any two (rescaled) momenta ~q1 and ~q2, the quantity

I
[
c
(
|~q1|1/2 + |~q2|1/2

)]
'
∫ ∞

0
dx (sinx− x cosx) e−c(|~q1|

1/2+|~q2|1/2)
√
x (B.4)
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entering in eqs. (120) and (132) gets replaced by

IB ≡ 2c

π

|~q1|1/4 |~q2|1/4

|~q1|1/2 + |~q2|1/2

∫ ∞
0

dx
√
x [sinx− x cosx] (B.5)

×
[
|~q1|1/2K1

(
c |~q1 x|1/2

)
K0

(
c |~q2 x|1/2

)
+ |~q2|1/2K1

(
c |~q2, x|1/2

)
K0

(
c |~q1 x|1/2

)]
We verified that the results obtained with this replacement are in excellent agreement

with those presented in the main text. Specifically, we obtained identical values to those
presented in Table 1 for the non-Gaussianity shape; for the non-Gaussianity parameter
f equil

NL we obtained values consistent within a few percent with those shown in Figure 8. This
explicitly confirms that the approximated expressions (B.3) are adequate for our analysis.

C Exact Definition of ζ with a Scalar Inflaton

In this Appendix we compute the exact expression for the gauge invariant curvature per-
turbation in the model studied in Part V. We denote the exact expression by ζexact. We
instead denote by ζ the combination ζ = − H

ϕ̇(0) δϕ, as we do everywhere in the main text of

this thesis. In this Appendix we show that the difference between ζ and ζexact is completely
negligible for all our purposes. We decompose

ζexact = ζexact,1 + ζexact,2

=
(
ζexact,1 + ζexact,2|sourced by δ1ϕ and δ1gµν

)
+ ζexact,2|sourced by δ1Aµ (C.1)

where the number in the suffix denotes the order in perturbation theory, and where, in total
analogy with what we did in (216), we have separated the part of ζexact,2 sourced by the
first order vacuum fluctuations of the inflaton and the metric from the part sourced by the
vector field (δ1Aµ coincides with the quantity denoted by Aµ in the main text, since the
gauge field has no vacuum expectation value). The two terms in the round parenthesis are
uncorrelated with the last term. These two terms coincide with those computed without
gauge field (more precisely, the gauge field affects them only due to the backreaction on the
background dynamics, which we impose to be subdominant). As in the standard case, for
these terms we have at super-horizon scales

ζexact,1 + ζexact,2|sourced by δ1ϕ and δ1gµν = − H

ϕ̇(0)
δ1ϕ+O

[
(δ1ϕ)2 , (δ1gµν)2 , (δ1ϕ× δ1gµν)

]
(C.2)

The precise expression for the second term is given in eq. (7.71) of [226]. Since the stan-
dard single scalar field inflation results apply for these terms, we know that the quadratic
term in this expression gives a negligible contribution to the power spectrum and leads to
unobservable non-Gaussianity. Therefore, we disregard it in our computations.

The formal expression for ζexact,2|sourced by δ1Aµ can be immediately obtained from eq. (7.71)
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of [226]. This expression is written before fixing any gauge, and reads

ζexact,2 = −ψ2 −
H
ρ(0)′ δ2ρ+O

[
(δ1ϕ)2 , (δ1gµν)2 , (δ1ϕ× δ1gµν)

]
(C.3)

where ψ2 is a second order perturbation entering in the spatial part of the metric, δ2gij,scalar =
a2 [−2ψ2δij + 2E2,ij ]. In the (spatially) flat gauge that we are using (ψ2 = E2 = 0) this first
term is absent. The third term in (C.3) is the term ζexact,2|sourced by δ1ϕ and δ1gµν that we are
disregarding. Therefore

ζexact,2|sourced by δ1Aµ = − H
ρ(0)′ δ2ρ|sourced by δ1Aµ (C.4)

We stress that this is an exact relation.
From now on, when we write a second order quantity we only mean the part sourced

by δ1Aµ, without indicating it explicitly. The quantity δ2ρ in (C.4) is the second order
perturbation of −T 0

0. By evaluating it, we have

ζexact,2 = − H
ρ(0)′

[
1

a2
ϕ(0)′ δ2ϕ

′ − 1

a2
ϕ(0)′ 2 φ2 + Vϕ δ2ϕ+

1

2

(
~E2 + ~B2

)]
(C.5)

where φ2 ≡ −
(
2a2
)−1

δ2g00, while E and B are the electric and the magnetic field modes,
respectively. Eliminating the non-dynamical mode φ2 from this expression, we find

ζexact,2 = ζ2 −
ζ ′2
3H
− S(3)

3H
+

~E2 + ~B2

6
(
ρ(0) + p(0)

) (C.6)

where ρ(0) and p(0) are the background energy density and pressure, respectively, and

S(3) =
I2

2a2M2
p

∇−2
[
∂iδ1A

′
j(∂iδ1Aj − ∂jδ1Ai) + δ1A

′
i∇2δ1Ai

]
. (C.7)

Also this relation is exact.
We now show that the last three terms on the right hand side of this expression can

be completely disregarded with compared to the first one. We do so by showing that (i)
they are already subdominant during inflation, and (ii) they decrease relatively to the first
term by many orders of magnitude during reheating. Already the statement (i) would be
sufficient to disregard them.

To verify the statement (i), we compare the r.m.s. of the various terms during inflation,
when the modes are on super horizon scales. We have√〈

ζ2
2

〉
' 4P ln2

(
a (τ)

ain

)
(C.8)
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where we remind that P, defined in eq. (205), is the standard result for the first order power
spectrum. We then have

ζ ′2
3Hζ2

|r.m.s. '
2

3 ln a(τ)
ain

during inflation (C.9)

This ratio evaluates to 2/ (3Ntot) < 0.01 at the end of inflation (we recall that Ntot denotes
the total number of e-folds of inflation).

For the third term in (C.6), we see that the quantity S(3) defined in (C.7) has three
terms that are parametrically of the same order. Therefore we can estimate

S(3)|r.m.s. .
3 I2

2a2M2
p

〈
δA′i δAi

〉
(C.10)

where the factor of 3 accounts for the possibility that the contributions from the three terms
add up in magnitude, although there may actually be cancellations (in this way we obtain
a safe upper bound for this third term). Inserting (48) in this expression, and using (197)
in the super horizon regime (we recall that n = 2), we obtain

S(3)

3Hζ2
|r.m.s. .

3 ε

2 ln a(τ)
ain

during inflation (C.11)

So we see that the contribution of the third term in (C.6) is suppressed by an ε factor with
respect to the already negligible contribution from the second term.

For the last term in (C.6), using eq. (200), we have instead

~E2 + ~B2

6
(
ρ(0) + p(0)

)
ζ2
|r.m.s. '

3

4 ln a(τ)
ain

during inflation (C.12)

which again evaluates to < 0.01 at the end of inflation.
We see that the corrections to ζexact,2 − ζ2 can be disregarded already at the end of

inflation (they are smaller than the accuracy with which we have evaluated ζ2). Although
this is not needed, we can actually verify that these corrections even decrease by several
orders of magnitude during reheating.

For a massive inflaton potential, |ϕ(0)| ∝ a−3/2 during reheating. Therefore, the energy
density and pressure of the inflaton behave as those of non-relativistic matter. The energy
density in the gauge field instead decreases as a−4 at the super-horizon scales of our interest.
Therefore, the system rapidly approaches the single fluid regime, with a frozen ζexact,2 ' ζ2.
One can easily verify that the last two terms in (C.6) also rapidly decrease; specifically, they
scale as a−3/2 and a−1, respectively. Assuming an instantaneous inflaton decay at t = treh,
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the ratio of the scale factor between the end of inflation and reheating is

aend inf

areh
' 10−10

(
Trh

109 GeV

)4/3 (1015 GeV

Hinf

)2/3

(C.13)

where Trh is the temperature of the bath formed by the inflaton decay products.
Therefore, we have explicitly verified that ζ = − H

ϕ̇(0) δϕ is a perfectly good expression

for the gauge invariant curvature perturbation in this model.

D The In-In Formalism

In this Appendix we verify that the Green’s function method employed in the text is equiv-
alent to the “in-in” formalism at leading order, using the model in Part V as an example.
To compute correlation functions using the in-in method, we must first identify the inter-
action Hamiltonian. To this end, we employ the Arnowitt-Deser-Misner (ADM) form of
the metric and integrate out the lapse function and shift vector. This procedure has been
described in [268] and also [45], so we do not reproduce the details of the calculation here.
The quadratic action for the inflaton perturbation is

S2 =
1

2

∫
dτd3xa2

[
(∂τδϕ)2 − ∂iδϕ∂iδϕ−

(
a2Vϕϕ − 3

ϕ(0)′ 2

M2
p

)
δϕ2

]
. (D.1)

The cubic interaction terms in the Lagrangian are

S3 =

∫
dτd3xa4 Iϕ

I
δϕ
[
~E2 − ~B2

]
+

∫
dτd3xa4 ϕ

(0)′

HM2
p

δϕ

[
−1

4
( ~B2 + ~E2)− 1

2a4
∇−2∂τ

(
a4~∇ · ( ~E × ~B)

)]
(D.2)

Here we have suppressed terms of the form (δϕ)3, which are irrelevant for our calculation.
Varying (D.1) and (D.2) and expanding δϕ = δ1ϕ + δ2ϕ reproduces exactly the master
equation (A.9) with α/f = 0 and m = 0.

For the choice of I(ϕ) under consideration the interactions on the first line of (D.2) are

controlled by the dimensionful coupling
∣∣∣ IϕI ∣∣∣ ∼√1

ε
1
Mp

. In contrast, the interactions in the

second line of (D.2) are controlled by a coupling
∣∣∣ ϕ(0)′

HM2
p

∣∣∣ ∼ √
ε

Mp
. Therefore in the slow roll

limit, ε� 1, the interactions on the first line of (D.2) are the dominant ones.
At leading order in a slow roll expansion, the interaction HamiltonianHI(t) = −

∫
d3xa3L3

can be written as

HI(t) =
ϕ̇(0)

H

∫
d3q J~q(τ) ζ−~q(τ) , (D.3)

189



APPENDIX E LONGITUDINAL MODE OF THE MASSIVE GAUGE FIELD

where ζ = − H
ϕ̇(0) δϕ is the curvature perturbation and the source Jk(τ) was defined in (223).

The in-in formula is〈
ζ~k1
ζ~k2
· · · ζ~kn(t)

〉
=

∞∑
N=0

(−i)N
∫ t

dt1

∫ t1

dt2 · · ·
∫ tN−1

dtN

×
〈[[[

ζ~k1
ζ~k2
· · · ζ~kn(t), HI(t1)

]
, HI(t2)

]
· · · , HI(tN )

]〉
.(D.4)

A key simplification arises from noting that the mode functions of the produced gauge
fluctuations are real-valued, up to an irrelevant constant phase. This implies that the
produced gauge field fluctuations are commuting variables, to a very good approximation.
We have

[∂τAi, Aj ] ≈ 0 , (D.5)

where it is understood that only superhorizon modes are relevant. Consequently, the source
terms Jq(t) in (D.4) are mutually commuting and they may be pulled out of the nested
commutator. The remaining commutators are easily evaluated using the formula[

ζ~k1
(τ1), ζ~k2

(τ2)
]
∼= −i

H2

ϕ̇(0) 2

Gk1(τ1, τ2)

a(τ1)a(τ2)
δ(3)

(
~k1 + ~k2

)
, (D.6)

where the Green function was defined in (227). This formula is valid only for τ1 ≥ τ2.
Using the commutativity of the source terms and the formula (D.6) it is straightforward

to evaluate the sourced contribution to the n-point correlation functions of ζ. For the
2-point and 3-point we have〈

ζ~k1
ζ~k2

(τ)
〉∣∣∣

sourced
≈
(
− H

aϕ̇(0)

)2 ∫ τ

−∞
dτ1dτ2Gk1(τ, τ1)Gk2(τ, τ2)

〈
J~k1

(τ1)J~k2
(τ2)

〉
,

〈
ζ~k1
ζ~k2
ζ~k3

(τ)
〉∣∣∣

sourced
≈
(
− H

aϕ̇(0)

)3 ∫ τ

−∞
dτ1dτ2dτ3Gk1(τ, τ1)Gk2(τ, τ2)Gk3(τ, τ3)

×
〈
J~k1

(τ1)J~k2
(τ2)J~k3

(τ3)
〉
.

These coincide exactly with what we obtained previously using the Green function method.
We have also verified that the cross-correlation of gauge field fluctuations with the curvature
perturbation agrees with what was presented in [79], at leading order.

E Longitudinal Mode of the Massive Gauge Field

In the model (267) of Part VI, the vector has also a longitudinal mode, which was disregarded
in the computations performed in the main text. The longitudinal sector is actually more
subtle than the transverse one, as perturbation theory may break down in the m→ 0 limit.
This can be seen, for example, from the action of the longitudinal modes, as we now show.
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Let us start by disregarding the perturbations of Ψ, as we do in the main text. Also, for
simplicity, we disregard the expansion of the universe. As we have discussed in the main
text, this is a good approximation as long as H �

√
ṁ∗. Then the mass of the vector field

is a classical function of time, and the longitudinal mode is encoded in the decomposed
modes

Aµ (x) =

∫
d3k

(2π)3/2
ei
~k·~x
(
Ã0, i ki χ̃

)
(E.1)

which leads to the longitudinal sector of Lagrangian

L ⊃ −1

4
F 2 − m2

2
A2 =

1

2

[
k2|χ̃′|2 − k2Ã†0χ̃

′ − k2χ̃
′†Ã0 + k2|Ã0|2 − k2m2|χ̃|2 +m2|Ã0|2

]
(E.2)

where m = eψ(0). The component Ã0 is non-dynamical (it enters in the action without time
derivatives) and it can be integrated out. Namely, from (E.2) we obtain the equation

Ã0 =
k2

k2 +m2
χ̃′ (E.3)

Plugging this solution back into (E.2) leads to the action of the longitudinal mode

Slong =
1

2

∫
dtd3k

[
|L̃′|2 −

(
k2 +m2 +

3k2m
′2

(k2 +m2)2 −
m′′

m

k2

k2 +m2

)
|L̃|2

]
(E.4)

where L̃ ≡ km√
k2+m2

χ̃. The field L̃ is the canonical field associated with the longitudinal

mode. We see that its equation of motion has a term that formally diverges as m → 0. 63

The formal reason for the divergence is that the kinetic term for the original longitudinal
mode vanishes in this limit, as it appears from the relation between L̃ and χ̃ (E.4). This is
not surprising, since a massless vector has only transverse modes.

When, as in the present case, the U(1) symmetry is broken spontaneously, there is
actually not a decrease of the number of degrees of freedom when the classical background
part Ψ(0) vanishes. The physical mass term in the original action is obtained from L ⊃
e2|Ψ(0) (t) + δΨ|2A2, and the quantity that we have denoted by m is only related to the
classical part, m2 ≡ 2e2|Ψ(0) (t) |2. However, when Ψ(0) (t) = 0, the fluctuations of Ψ
cannot be disregarded, and one does not obtain a truly massless vector mode at this point
(compare this with what would happen if m was a hard and time dependent mass in the
original theory; in this case there would be instead a discontinuity in the number of degrees
of freedom at m = 0).

In short, a full study of the longitudinal sector would require going beyond the linearized
theory; this may also affect the transverse sector, since all the sectors are coupled to each

63Clearly, the same equation of motion can also be obtained by writing out the equations for the system
in terms of the modes Ã0 and χ̃ and by eliminating Ã0 from these equations.
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other beyond the linearized level. Here we use a simpler approach, and discuss under which
conditions the longitudinal mode does not blow up in the linearized theory; if this is the
case, then one can expect that dealing with the full theory is unnecessary. We note that
these considerations apply for a general class of model in which symmetries are enhanced
at some point during the cosmological evolution. For instance we expect massive gauge
modes to become massless when different branes move to the same bulk location as in the
trapping mechanism of [188].

Using the background equations of motion, the dangerous factor m′′/m in the linearized
computation (E.4) rewrites

m′′

m
=

(aψ)′′

aψ
=
a′′

a
−
a2 U,ψ
ψ

' −
U,ψ
ψ

(E.5)

where the first two equations are exact, and in the final step we instead disregard the
expansion of the universe.

Therefore, the equation of motion of L̃ remain finite provided that U,ψ/ψ does not
diverge. This could be for instance the case for a quadratic potential U ∼ 1

2m
2
ψψ

2 for ψ ∼ 0.

In our computations, we assumed a constant ψ̇(0) ≡ ṁ∗
e , corresponding to ψ(0) = ṁ∗

e (t− t∗).
As we discussed in the main text, this implies that the gauge fields are produced during
the time interval ∆t ∼ 1√

ṁ∗
around t = t∗. Then, for a quadratic potential, imposing that

the potential energy gained by ψ(0) during this interval is smaller than its kinetic energy at
t∗ (so that ψ̇(0) can indeed be taken as constant) amounts in requiring mψ �

√
ṁ∗. This

also ensures that the period of oscillations of ψ(0) is much greater than the time in which
particle production takes place, so that one can indeed treat α and β as constant when
computing the amount of perturbations sourced by the gauge modes.

Using (E.4), we computed the occupation number of longitudinal vector modes with
U ∼ 1

2m
2
ψψ

2, and mψ �
√
ṁ∗. We found that in this regime the longitudinal mode is

produced in essentially the same amount as each transverse vector mode (for instance, we
found that for mψ = 0.1

√
ṁ∗ the total number densities of the longitudinal and of one

transverse polarization differ from each other by less than 1%). We stress however that this
conclusion is model dependent, as the precise evolution of the effective frequency in (E.4)
depends on the details of U (ψ). On the contrary, the amounts of the transverse modes
produced is independent of U , provided that it remains sufficiently smaller than the kinetic
energy during the time of production.

In the remainder of this Appendix we study the spectrum of gravitational waves pro-
duced in this model, once also the longitudinal modes are taken into account. When all
modes are taken into account, we formally separate the energy-momentum tensor (302) of
the vector field into T TTµν + TLTµν + TLLµν , where the first term is quadratic in the transverse
polarizations, and it is the only one used in the main text, while the third term is quadratic
in the longitudinal polarization, and the second term is the “mixed term”. Inserting the
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last two terms into (54) we obtain the two contributions

JLTλ

(
~k
)

=
Π

(λ)∗
ij

aMp

(
k̂
)∫ d3p

(2π)3/2
2ipiM

2

[
− ∂

(1)
τ ∂

(2)
τ

p2 +M2
+ 1

]
χ̃ (~p) Ãj

(
~k − ~p

)

JLLλ

(
~k
)

=
Π

(λ)∗
ij

aMp

(
k̂
)∫ d3p

(2π)3/2
M2pipj

− M2∂
(1)
τ ∂

(2)
τ

[p2 +M2]
[
(k − p)2 +M2

] + 1

 χ̃ (~p) χ̃
(
~k − ~p

)
(E.6)

to the gravitational wave source in (53), where we remind M = am = a eψ(0). These add
up to the term JTTλ , which is the only one studied in Subsection VI 1.2 of the main text
(where it is denoted simply by Jλ). To obtain the total power spectrum we need to evaluate

the correlator
〈

(JTTλ +JLTλ +JLLλ )
τ1, ~k1

(JTTλ′ +JLTλ′ +JLTλ′ )
τ2, ~k2

〉
and insert it in (63). Each

piece in Jλ is correlated only with the corresponding piece in Jλ′ .
Proceeding as in the main text, we obtain〈
JLTλ

(
τ1, ~k

)
JLTλ

(
τ2, ~k

′
)〉
' 2

5π2M2
p

δλλ′δ
(3)
(
~k + ~k′

)M (τ1)2

a (τ1)

M (τ2)2

a (τ2)

∫
dpp4

×
[
− δa1

p2 +M2
+ δa0

]
τ1

[
− δb1
p2 +M2

+ δb0

]
τ2

C(a,b) [τ1, τ2; p]D(a,b) [τ1, τ2; p] (E.7)

and〈
JLLλ

(
τ1, ~k

)
JLLλ

(
τ2, ~k

′
)〉
' 2

15π2M2
p

δλλ′δ
(3)
(
~k + ~k′

)M (τ1)2

a (τ1)

M (τ2)2

a (τ2)

∫
dpp6

×
[
− M2 δa1

(p2 +M2)2 + δa0

]
τ1

[
− M2 δb1

(p2 +M2)2 + δb0

]
τ2

C2
(a,b) [τ1, τ2; p] (E.8)

In these expressions we have introduced the correlators

〈χ̃ (τ1, ~p1) χ̃ (τ2, ~p2)〉 = C(0,0) [τ1, τ2; p1] δ(3) (~p1 + ~p2) (E.9)

which evaluate to

C(0,0) [τ1, τ2; p] =

√
p2 +M2 (τ1)

√
p2 +M2 (τ2)

p2M (τ1)M (τ2)
DL(0,0) [τ1, τ2; p] (E.10)

where DL(a,b) are formally identical to the D(σ)
(a,b) quantities given in eqs. (276) and (278),

with the only difference that in DL(a,b) we use the Bogolyubov coefficients and the mode
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functions of the longitudinal mode:

L̃
(
~k
)

=
[
αLk gk + βLk g

∗
k

]
aL~k + h.c. (E.11)

where aLk is an annihilation operator of the longitudinal vector mode, and

gk ≡
e−i

∫ τ dτ ′ ωL(τ ′)√
2ωL (τ)

, ωL ≡

(
k2 +M2 +

3k2M
′2

(k2 +M2)2 −
M ′′

M

k2

k2 +M2

)1/2

(E.12)

As in the computation of 〈JTTλ JTTλ′ 〉 presented in the main text, the square of the
correlators appearing in (E.7) and (E.8) contain terms proportional to fast oscillating phases,
which give a negligible contribution to the final result. Disregarding these terms, we obtain〈

JLTλ

(
τ1, ~k

)
JLTλ

(
τ2, ~k

′
)〉

' −δλλ′
20π2M2

p

δ(3)
(
~k + ~k′

)
×
∫
dpp6Re

[
αpα

L∗
p β∗pβ

L
pQ (τ1)Q (τ2)− |βp|2 |βp|2Q (τ1)Q∗ (τ1)

]
(E.13)

where

Q (τ) ≡ 1

aM

[
2M ′

M2
− 3iM

′2

M4
+
iM ′′

M3

]
(E.14)

and 〈
JLLλ

(
τ1, ~k

)
JLLλ

(
τ2, ~k

′
)〉

' δλλ′

15π2M2
p

δ(3)
(
~k + ~k′

) 1

aM (τ1)

1

aM (τ2)

×
∫
dpp6|βLp |2

(
|αLp |2 + |βLp |2

)
(E.15)

In these expressions, we have retained only the dominant contributions to the ωL in the
adiabatic regime (namely, we have used M ′ �M2 and M ′′ �M3). As in the computation
of the main text, the terms without oscillatory phases are of O

(
p6
)
, as a consequence to

a cancellation of the terms that would be dominant terms in the transverse and traceless
projection of the energy-momentum tensor. This cancellation is already visible in (E.7) and
(E.8), see the discussion after the analogous expression (304) presented in the main text.

We see that the mixed term (E.13) is suppressed in the adiabatic regime, and can be
disregarded. From the (E.15) we instead obtain

P sourced
λ

∣∣
from AL

' 2k3

15π4a2M4
p

T̃ 2
k

∫
dp p6|βLp |2

(
|αLp |2 + |βLp |2

)
(E.16)

where T̃k is defined in (308). This contribution adds up to the one of the transverse modes
leading to the result (313) given in the main text.

194



APPENDIX F FERMIONIC PRODUCTION AND GRAVITATIONAL WAVES

F Fermionic Production and Gravitational Waves

In this Appendix, we outline the computation of gravitational waves produced by a fermion
with a mass varying as in Model I of Part VI, studied in the main text. If we denote by X
the fermion in the original action, and we rescale, χ = X a3/2, the action for the fermion
field becomes identical to the one of a massive fermion in Minkowski spacetime, whose mass
is multiplied by the scale factor

Sf =

∫
d4x χ̄ [i γµ∂µ −M (t)]χ , M = g a (t)

[
ψ(0) (t)− ψ∗

]
(F.1)

As in the main text, ψ(0) is a homogeneous classical field that evaluates to ψ∗ at some given
moment t∗ during inflation, while g is the coupling of the Yukawa interaction in the original
action. Without loss of generality we can choose ψ∗ = t∗ = 0. As in the main text, we
consider a regime in which the expansion of the universe can be disregarded during the
particle production, and we expand

g ψ(0) (t) ≡ ṁ∗ t , t ' 0 (F.2)

We instead include the expansion of the universe when we study the amount of gravitational
waves sourced by the fermionic quanta produced at t ' 0.

The fermionic production in this model was studied in [146, 152, 153, 249] for reheating
after inflation and leptogenesis, and in [94] for the imprint on the scalar power spectrum.
Here we follow the computations of [244, 249], skipping some intermediate steps. We refer
the reader to those works for details. One decomposes64

χ =

∫
d3k

(2π)3/2
ei
~k·~xχ̃

(
τ, ~k

)
, χ̃

(
τ, ~k

)
=
∑
r

[
Ur
(
τ, ~k

)
ar

(
~k
)

+ Vr
(
τ, −~k

)
b†r

(
−~k
)]

(F.3)
where, for ~k aligned along the z−axis,

Ur (τ, kz) =
1√
2

(
U+ (τ, k) ψr
U− (τ, k) r ψr

)
, Vr (τ, −kz) =

1√
2

(
−V+ (τ, k) ψ−r
−V− (τ, k) r ψ−r

)
(F.4)

where ψ+ =

(
1
0

)
and ψ− =

(
0
1

)
. The spinor V is related to U by charge conjugation,

giving V± (τ, k) = U∗∓ (τ, k).
It is convenient to decompose the spinors in terms of the Minkowski solutions (more

64We use

γ0 =

(
1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
and, only in this Appendix, we switch to +,−,−,− signature for the metric.
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precisely, the adiabatic solution, since in the current case M is not constant)

U± (τ, k) = α (t) f± (τ, k)∓ β (t) f∗∓ (τ, k) , f± (τ, k) ≡
√

1± M

E
e−i

∫ τ
τ∗ dτ

′ E (F.5)

and E ≡
√
k2 +M2. Starting from β = 0 at asymptotically early times, and using (F.2)

one finds, at late times (see, for instance, [249] for the computation)

α (t� 0) ' 2
√
π

q
eiq

2/2eiπ/4
(
q√
2

)−iq2

e−πq
2/4

Γ
(
−iq2

2

) , β (t� 0) ' −e−πq
2/2 , q ≡ k√

ṁ∗

(F.6)
As in the bosonic case, |β|2 is the occupation number, and Pauli blocking is ensured by the
fact that, in the fermionic case, the Bogolyubov coefficients satisfy |α|2 + |β|2 = 1.

To compute the gravitational waves produced by these quanta, we proceed as in Part
III, and obtain the formal solution (62) for the sourced part Qsourced

λ of the canonical grav-
itational wave modes introduced in (52). Using the fermionic energy momentum tensor

Tµν =
i

4a2
[χ̄γµ∂νχ+ χ̄γν∂µχ− (∂µχ̄) γνχ− (∂νχ̄) γµχ] (F.7)

we can cast the source appearing in (62) in the form

Jλ

(
τ, ~k

)
=

1

2aMp
Π

(λ)∗
ij

(
k̂
)∫ d3p

(2π)3/2
¯̃χ (τ, ~p ) (γi pj + γj pi) χ̃

(
τ, ~k + ~p

)
(F.8)

After Wick contraction, the correlator of two sources acquires the form〈
Jλ

(
τ, ~k

)
Jλ′
(
τ ′, ~k′

)〉
=

1

M2
pa (τ) a (τ ′)

Π
(λ)∗
ij

(
k̂
)

Π
(λ′)∗
lm

(
k̂′
)∫ d3p d3p′

(2π)3

×Tr

[
γipj

〈
χ̃
(
τ, ~k + ~p

)
¯̃χ
(
τ ′, ~p ′

)〉
γlp′m

〈
¯̃χ (τ, ~p ) χ̃

(
τ ′, ~k′ + ~p ′

)〉T]
(F.9)

where the transposition acts on the spinor indices. The correlators appearing in this expres-
sion need to be regularized. We adopt the same prescription adopted in Section VI 1 for
the vector field correlators. Namely, we normal order the fields appearing in the correlators
with respect to the time dependent operators

â
(
~k
)
≡ αa

(
~k
)
− β∗ b†

(
−~k
)

b̂†
(
−~k
)
≡ β a

(
~k
)

+ α∗ b†
(
−~k
)

(F.10)

that diagonalize the Hamiltonian at any given time. We then recall that the vacuum of
the theory is annihilated by the original time-independent a and b operators. After some
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algebra, we obtain〈
: χ̃
(
τ, ~k + ~p

)
¯̃χ
(
τ ′, ~p ′

)
:
〉

=δ(3)
(
~p ′ − ~p− ~k

) ( C11 [τ, τ ′; p′] 1 C12 [τ, τ ′; p′] ~σ · p̂′
C21 [τ, τ ′; p′] ~σ · p̂′ C22 [τ, τ ′; p′] 1

)
=δ(3)

(
~p ′ − ~p− ~k

) (C11 + C22

2
1 +
C11 − C22

2
γ0

+
C12 + C21

2
γ0~γ · p̂′ + C12 − C21

2
~γ · p̂′

)
〈

¯̃χ (τ, ~p) χ̃
(
τ ′, ~k′ + ~p ′

)〉T
=δ(3)

(
~p− ~p ′ − ~k′

) ( −C22 [τ, τ ′; p] 1 C∗21 [τ, τ ′; p] ~σ · p̂
C∗12 [τ, τ ′; p] ~σ · p̂ −C11 [τ, τ ′; p] 1

)
(F.11)

where, when particle creation has completed, and (F.6) hold,

C11

[
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1

2
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)
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−αβ∗f+
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)
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(
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)
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(
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)
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(
τ ′, p′

)}
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=

1

2
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f+

(
τ, p′

)
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(
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)
+ f∗−

(
τ, p′

)
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(
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−αβ∗f+

(
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)
f+

(
τ ′, p′

)
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(
τ, p′

)
f∗−
(
τ ′, p′

)}
C21

[
τ, τ ′; p′

]
= −C∗12

[
τ, τ ′; p′

]
C22

[
τ, τ ′; p′

]
= C∗11

[
τ, τ ′; p′

]
(F.12)

We insert these expressions into (F.9). We evaluate the trace, and (as in the analogous
computation of the main text ) disregard ~k and ~k′ in comparison to ~p and ~p ′. The d3p′

integral can be performed using one delta function. We perform the angular part of the
remaining d3p integral. Finally, we use the property of the polarization operators Πij . We
obtain

〈
Jλ

(
τ, ~k

)
Jλ′
(
τ ′, ~k′

)〉
=

2

15π2

δ(3)
(
~k + ~k′

)
δλλ′

M2
pa (τ) a (τ ′)

∫
dp p4 Re

[
5 C2

11 + C2
12

]
(F.13)

Squaring the correlators, we have

C2
11 = |β|2

(
|α|2 − |β|2

) p2

2E (τ) E (τ ′)
+ oscillatory phases

C2
12 = −C2

11 + oscillatory phases (F.14)

and we see that the non oscillatory part of the integrand in (F.13) is of O
(
p6
)

as in the
vector case studied in the main text. The oscillatory part gives a negligible contribution to
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the tensor power. Combining this result with (63) and (72) we obtain

P sourced
λ ' 8k3

15π4a2M4
p

T̃ 2
k

∫
dp p6|β|2

(
|α|2 − |β|2

)
(F.15)

where T̃k is defined in (308).
Inserting the result (309) for this quantity, and performing the momentum integral,

gives

P sourced
λ '

(
8−
√

2
)
H4 ṁ

3/2
∗

16π7M4
p k

3

[
sin

(
k

H

)
− k

H
cos

(
k

H

)]2

ln2

(√
ṁ∗
H

)
, k �

√
ṁ∗

(F.16)
while the result is exponentially suppressed at higher momenta.
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