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Abstract

Modern statistical learning often faces high-dimensional data, for which the number of
features that should be considered is very large. In consideration of various constraints
encountered in data collection, such as cost and time, however, the available samples
for applications in certain domains are of small size compared with the feature sets. In
this scenario, statistical estimation becomes much more challenging than in the large-
sample regime. Since the information revealed by small samples is inadequate for finding
the optimal model parameters, the estimator may end up with incorrect models that
appear to fit the observed data but fail to generalize to unseen ones. Owning to the
prior knowledge about the underlying parameters, additional structures can be imposed
to effectively reduce the parameter space, in which it is easier to identify the true one
with limited data. This simple idea has inspired the study of high-dimensional statistics
since its inception.

Over the last two decades, sparsity has been one of the most popular structures to
exploit when we estimate a high-dimensional parameter, which assumes that the num-
ber of nonzero elements in parameter vector/matrix is much smaller than its ambient
dimension. For simple scenarios such as linear models, Li-norm based convex estima-
tors like Lasso and Dantzig selector, have been widely used to find the true parameter
with reasonable amount of computation and provably small error. Recent years have
also seen a variety of structures proposed beyond sparsity, e.g., group sparsity and low-
rankness of matrix, which are demonstrated to be useful in many applications. On
the other hand, the aforementioned estimators can be extended to leverage new types
of structures by finding appropriate convex surrogates like the L; norm for sparsity.

Despite their success on individual structures, current developments towards a unified

v



understanding of various structures are still incomplete in both computational and sta-
tistical aspects. Moreover, due to the nature of the model or the parameter structure,
the associated estimator can be inherently non-convex, which may need additional care
when we consider such unification of different structures.

In this thesis, we aim to make progress towards a unified framework for the estima-
tion with general structures, by studying the high-dimensional structured linear model
and other semi-parametric and non-convex extensions. In particular, we introduce the
generalized Dantzig selector (GDS), which extends the original Dantzig selector for s-
parse linear models. For the computational aspect, we develop an efficient optimization
algorithm to compute the GDS. On statistical side, we establish the recovery guarantees
of GDS using certain geometric measures. Then we demonstrate that those geometric
measures can be bounded by utilizing simple information of the structures. These results
on GDS have been extended to the matrix setting as well. Apart from the linear model,
we also investigate one of its semi-parametric extension — the single-index model (SIM).
To estimate the true parameter, we incorporate its structure into two types of simple
estimators, whose estimation error can be established using similar geometric measures.
Besides we also design a new semi-parametric model called sparse linear isotonic model
(SLIM), for which we provide an efficient estimation algorithm along with its statistical
guarantees. Lastly, we consider the non-convex estimation for structured multi-response
linear models. We propose an alternating estimation procedure to estimate the param-
eters. In spite of dealing with non-convexity, we show that the statistical guarantees for

general structures can be also summarized by the geometric measures.
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Chapter 1

Introduction

In recent years, data-driven approaches have gained unprecedented popularity in a wide
range of disciplines, such as social science, linguistics, healthcare and finance, to name
a few. Numerous applications of data analysis have greatly impacted our daily life.
For example, useful patterns and information are extracted from data to help people
make decisions (e.g., disease diagnosis [147], portfolio selection [103] and product recom-
mendation |142]). Emerging intelligent systems trained using massive data, like voice
assistant and autonomous vehicles, can emancipate people from time-consuming or te-
dious tasks. Moreover, the recent victory of the AlphaGo [149] against the top human
go players has created a tremendous sensation, registering a peak of “Big Data”.

The success of data science critically relies on the methodology developed in machine
learning and statistics. To harness the power of data, many statistical models have
been proposed to describe intrinsic structures hidden in the data, and searching for the
model that best explains the collected data often requires the estimation of the model
parameters. Classical statistical machine learning typically deals with data arising in the
low dimension, meaning that the number of features/predictors is relatively small, for

which the model estimation can be performed with moderate amount of data [101]. In
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recent years, however, high-dimensional data are frequently encountered in practice [27],
where one has to consider a large set of features. Due to the expensive cost of data
collection process or other constraints, it is yet difficult to gather large samples in certain
scientific domain of applications, e.g., bioinformatics, climate informatics, ecology and
etc. The limited sample size in comparison to the data dimension has posed significant
challenges for the analysis.

In principle, the challenges brought by high-dimensional data are two-fold. In terms
of methodology, data scarcity usually leads to multiple, even infinitely many models
that seemingly well fit the observed data but fail to capture the true underlying pat-
terns. To address the issue, we need methods that can distinguish the true model from
the spurious ones. On the other hand, theoretical study for high-dimensional data also
needs new treatments. In the high-dimensional regime, large-sample based asymptotic
analysis |[170] is not suitable for characterizing the behavior of estimators under small
sample. Therefore it is necessary to derive non-asymptotic results, which provide finite-
sample guarantees that hold with high probability. Aiming at the two main challenges,
the research on high-dimensional statistics has made substantial progress over the last
two decades. Simply put, the key philosophy behind the study of high-dimensional da-
ta is the exploitation of prior knowledge on the model structure. Generally speaking,
the source of such knowledge can be domain-specific expertise, experimental evidence
or certain subjective beliefs. By enforcing the consistency between the model and the
prior knowledge, we can effectively eliminate the incorrect models without using lots of
data, which explains, at high level, why we can survive the high dimension. Though
many previous works have demonstrated, both empirically and theoretically, that cer-
tain structural priors can significantly benefit the estimation of models, attention has

rarely been devoted to understanding different apriori structures in a unified framework.
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To some extent, a general framework can facilitate both algorithmic design and theo-
retical analysis of the estimator, as well as reveal the essence that plays a role in the
estimation. Conversely, a unified understanding may inspire better ways to encode the

prior knowledge. This thesis is motivated by this thread of thought.

1.1 High-Dimensional Statistics

1.1.1 Statistical Estimation and Curse of High Dimensions

Suppose that a parametric model P = {fg | 8 € © C RP} is proposed for a sample
space Z, from which an independent and identically distributed (i.i.d.) data sample
Z, = {z1,22,...,2,} is generated with a specific parameter 8*. The size of a data
point usually reflects the ambient dimension p of the parameter space ©. Given the data
Z,, one of the central goals of statistical learning is to find an accurate approximation
of 8*. An estimator 6(Z,) is defined as a function that maps the (random) sample
Z, to an estimate in the parameter space, which is abbreviated as én or 6 when the
context is clear. One common way to design estimators is through the empirical risk
minimization (ERM) [171] framework. In order to characterize the fitness between a
single observation z; and a parameter 6, a loss function { : Z x © — R is associated
with the model P, and the ERM estimator tries to minimize the average of ¢ over Z,,,
ie.,

R 1 &
0 = argmin — l(z;,0) . 1.1
ERM ege@ n; ( ) ( )

Particularly the mazimum likelihood principle is often used to specify the ERM es-
timator, where the loss function ¢ is the negative log-likelihood of the model, i.e.,
0(z,0) = —log fo(z). In general, the estimators designed in classical statistical learning
are focused on the low-dimensional setting in which n > p, and the parameter space

O is usually unrestricted and equal to RP. The setup of the corresponding theoretical
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studies typically assumes that n — 400 while p is fixed. To be specific, let us consider

the following simple linear model,

y=(x,0")+e, (1.2)

where x € RP and y € R are predictor vector and response respectively, and the stochas-
tic noise € ~ N(0,1) is standard Gaussian. Given observed data Z,, = {z; = (x;,vi)}i—;
with n > p, the maximum likelihood principle gives rise to the ordinary least squares

(OLS) estimator, which estimates 8* by solving

n

A 1 2 1 2
0 = — — (x;,0))" = — |ly — X8||; , 1.3
oLs = argmin 7 ; (i = (xi,0))" = - |y — X6lI; (1.3)
where X = [x1,Xa,...,X,|7 is called design matriz, and y = [y1,%2,...,yn]’ is called
response vector. The unique solution to (1.3) can be compactly written as
fors = (X"X)"' X"y, (1.4)

as long as X7 X is invertible, and numerical methods can efficiently compute this solution
in polynomial time [97]. Regarding the theoretical analysis, based on central limit
theorem (CLT) and delta method [39], one has asymptotic normality for Oors as n —
00,

Vi (Bos —07) =5 N (0,T7) (1.5)

in which ¥ = E [XXT] is the covariance matriz for x. That is to say, for sufficiently large
sample, the distribution of éOLS is close to N/ (0*, 27—1)’ which can be further applied to
inferential tasks, such as constructing hypothesis test and confidence set. Therefore, the
study of linear models is rather complete in the low dimension for both computational

and statistical aspects. The same estimation problem, however, exhibits rather different
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characteristics in the high-dimensional setting. First, the OLS solution is not unique
when n < p, as the columns of X are linearly dependent. In fact, there can be infinitely
many 0 that fit the data perfectly (i.e., satisfy y = X8), from which by no means can
0™ be distinguished. Second, the asymptotic normality may break down even if a 6 can
be specified, and the limiting case poorly captures the finite-sample behavior of 6. In
short, switching linear models to the high-dimensional regime renders the results for
the low dimension meaningless. What is worse, such situation is prevalent in statistical

learning.

1.1.2 Surviving High Dimension: Sparsity and Convexity

The striking differences between the high-dimensional estimation and that in low di-
mension inspire the development of high-dimensional statistics, which concerns the esti-
mation of statistical models under small sample. Since its inception [165], the core idea
behind high-dimensional estimation has been centered around imposing prior structure
on the true parameter 8*, which can be fulfilled by restricting the parameter space ©
to be a strict subset of RP. The restricted parameter space often represents a parsi-
monious structure, which reflects the natural appeal to simplicity as suggested by the
old principle, Occam’s razor [163]. Parsimony is not only a subjective preference in
consideration of interpretability, but also supported by empirical evidence in real-world
applications. One of the most well-known parsimonious structures in high-dimensional
statistics is sparsity [165], which posits that 6* has only few non-zero elements. For
instance, natural images admit sparse representations in the wavelet basis, and a text
document is usually related to only a few topics out of thousands of categories. At
first glance, confining the parameter space using prior knowledge seems trivial, but the
subsequent estimation is in fact more challenging than it appears. Returning to the

linear model, if sparsity is assumed and © = {6 € R? | ||0]|o = |supp(0)| < s < p} is
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an s-sparse parameter space, a straightforward estimator can be obtained by extending

(L.3).
A 1
Oy = argmin — ||y — X0[3 s.t. |00 <s. (1.6)
gcrr 2N

However, the combinatorial nature of (|1.6)) makes the optimization NP-hard in general,
which prevents us from pursuing this direction. To bypass the computational intractabil-

ity of (1.6), numbers of alternatives have been proposed to incorporate the sparsity. A

big family of approaches are based on convezification, which basically replaces || - ||o by
its convex surrogate, L1 norm || - ||1, leading to a convex program,
~ . 1 9
0. = argmin —|ly — X053 st |[0]i <A, (1.7)
Ocrp 21

where A is a tuning parameter. In fact, the more widely adopted formulation is the

regularized estimator, known as Lasso [165],
. 1 )
b = argmin _ly — X8J + A|6)]1 (18)
Ocrr 2T

which is also a convex optimization problem. In the literature, earlier analyses have
shown that under mild assumptions on the distribution of x and suitable choice of A,

the Lo-error of érg satisfies

~

6, — 0"

go(Sb”>, (1.9)
2 n

with high probability if the true 8* is s-sparse. A similar result holds for the constrained
estimator O, as well. Unlike the asymptotic result, the finite-sample bound gives an
exact dependency of error on n, p and s. More importantly, the sample size only needs
to satisfy n = w(slogp) in order to guarantee the estimation consistency, while the

low dimension requires n = w(p). The sharp contrast between the requirements on
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sample size conveys a key message that additional structures of 8* can greatly benefit
the estimation.

The topic of sparsity has also been extensively investigated in the field of compressed
sensing (CS). The goal of compressed sensing is to estimate a sparse vector (i.e., signal)
from a small number of linear measurements, which is similar to the estimation of sparse
linear models. The most significant difference between the two settings is that the design
matrix X in CS is often well controlled by the experimenter. The ability to manipulate
the design can guarantee many nice properties, based on which several algorithms are
proposed for CS, including orthogonal matching pursuit (OMP) [167] and compressive
sampling matching pursuit (CoSaMP) [126], just to name a few. Though being fast in
practice, these algorithms are less extensible to other settings beyond sparsity and linear
measurements. Moreover, the data gleaned in statistical learning are less controllable,

and the methods above can be vulnerable to the violation of the desired properties.

1.2 Beyond Unstructured Sparsity

The sparsity structure introduced in Section [1.1.2]is sometimes termed as unstructured
sparsity, since no additional pattern of sparsity is known. Recent years have witnessed

a surge of development in other types of sparsity, which are considered as structured

sparsity , (see Figure. A popular example is the group sparsity [183], where

|
i 2 a few !\ a few
H \ non-zero change

q r(<<p. q)

X 'l

Gs / groups points
- : "
F
Grou'p usefi Low-rankness
sparsity sparsity

Figure 1.1: Examples of structures beyond unstructured sparsity
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sparsity is imposed on predefined groups of entries of 8* rather than the individuals.
The groups themselves can be structured as well, e.g., non-overlapping, overlapping with
hierarchy, and etc. Group sparsity has found numbers of specific applications in real-
world problems, such as expression quantitative trait loci (eQTL) mapping in genetics
[95], and sparse coding in signal processing [91]. Another widely-used structured sparsity
is the fused sparsity |[166], where only a small fraction of neighboring pairs in 8* have
different values from each other. That is to say, 8* is piecewise constant with only few
change points. Apart from the adjacency induced by the inherent one-dimensional chain
structure, the elements of 8* can be organized as nodes of a graph, and the fused sparsity
can be defined over the edges of the graph. The applications of fused sparsity include
time-varying network recovery [2], DNA copy number variation (CNV) detection |164]
and so on. The notion of sparsity can also be suitably generalized to matrix setting,
resulting in the low-rank structure, which has been extensively exploited in the context
of recommender systems [96], natural language processing |50, image analysis [33]. The
low-rank structure simply assumes that the true matrix to be estimated has relatively
small rank, i.e., has only few non-zero singular values. Furthermore, more complex
structures can be created from simpler ones. For instance, one may assume that the true
parameter simultaneously has multiple different structures [143], or it is a superposition
of two or more structured components [66,[87].

Given massive interesting structures, the key to extending the aforementioned idea
of convexification is to find the corresponding convex surrogate functions (usually norm-
s). For the group sparsity and fused sparsity, their convex surrogates are simply given
by the Ly; group norm [183] and the total variation (TV) function [166] respective-
ly, while the low-rank structure is usually captured by the nuclear norm [141]. In the
literature, there are also systematic ways to define convex surrogates, for example, via

submodular function [13] and infimal convolution [40]. Broadly speaking, the surrogate
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function encodes the constrained parameter space in which 0 has limited degree of free-
dom, such that the preferred structure has a small function value. Computationally,
using either constrained or regularized estimator with a convex loss £, we end up with a
convex program that can be solved globally in polynomial time [10,24,26]. Statistically,
however, the state-of-the-art understanding falls short for general structures. Earlier
works [21,/174,|188] were simply focused on the unstructured sparsity, which were lat-
er extended to group sparsity [75], fused sparsity [113], and etc. Those case-by-case
analyses lack a general view into the key factors that determine the performance of
the convex surrogates. On the contrary, a unified framework for general structures can
avoid complicacies and help the analysis when we cope with new structures.

In this thesis, our first goal is committed to have a deeper understanding towards
such unification. First, we concentrate on the Dantzig-type estimator for linear models,
which is less studied in the literature. In particular, we extend the original Dantzig se-
lector [32] to the generalized Dantzig selector (GDS), in order to accommodate general
structures. Unlike the loss-minimization formulation in and , the objective
of Dantzig-type estimator is the convex surrogate instead of the loss, which is often
non-smooth and needs extra care. Therefore, we come up with an efficient alternating
direction method of multipliers (ADMM) to solve the associated optimization prob-
lem. On the statistical side, we introduce the critical geometric measures — Gaussian
width [63] and restricted norm compatibility — which describe the recovery guarantees of
GDS. Following that, we turn to bounding the geometric measures by utilizing simple in-
formation of the structures, which largely simplifies the calculation. Moreover, we have
extended those results to the matrix setting. Second, we focus on a semi-parametric
extension of linear models, the single-index model (SIM), where the response is assumed
to be an unknown transformation of the original linear measurement. To estimate the

underlying parameter, we propose two types of simple estimators, the constrained and
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the regularized one, based on U-statistics [98]. Under suitable conditions, the La-error
bound of both estimators can be established using similar geometric measures. In
addition to SIMs, we also propose a new semi-parametric model called sparse linear iso-
tonic model (SLIM) for the high-dimensional setting, which allows nonlinear monotone
transformations of the features. For SLIM, we design the computational algorithm to
estimate the unknown parameter, which also leverages U-statistics. At the same time,
some statistical guarantees are derived to complement the computational development

of SLIM.

1.3 Beyond Convexity

As discussed in previous sections, the convexification plays a crucial role in high-
dimensional estimation, which addresses the computational challenge brought by the
combinatorial structure of 8*. If the loss ¢ is convex, the optimization problems asso-
ciated with both the constrained and the regularized estimator can be solved globally,
which avoids the local optima that could be statistically erroneous. However, pursuing
convexity is not always a free lunch. For certain estimation problems, such as dictio-
nary learning [1] and phase retrieval [34], the natural formulation of the loss is inherently
non-convex, and exploring hidden convexity (if there is any) may require skillful refor-
mulations [8])37]. Furthermore the structure of the estimator 6 obtained by using convex
surrogate may slightly differ from the desired one. In some tasks, e.g., variable selection,
extra effort is needed to convert 6 into the sought structure. Though convexity guar-
antees global optimality, solving convex estimators sometimes can be computationally
expensive compared with local search heuristics applied to non-convex formulations,
e.g., in low-rank matrix estimation [83),84].

Given the above shortcomings of convex formulations, it is sometimes tempting to
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Sample space

Computationally
well-behaved
(under convexity)

Statistically
interesting

Figure 1.2: Though convexity guarantees computational optima for all data (blue) from
the sample space, only a subset of them (red) are of statistical interest. The rest of data
are fundamentally uninformative in the information-theoretic sense.

try non-convex estimators in high dimension, which could involve either non-convex loss-
es or unconvexified functions that capture the structure of 8*. As far as computation
is concerned, non-convexity is notorious for the risk of getting trapped in local optima
as well as the computational hardness, especially when discrete structures present (see
in Section. Despite those disadvantages, the statistical performance of non-
convex estimators is often superb in practice. Such gap between the computational and
the statistical aspects is rooted in the assumption on data. Without the access to unre-
stricted computational resources, convexity is essential for ensuring the computational
global optima for arbitrary input data. On the contrary, statistical recovery is typically
focused on generic data, since the worst-case scenario can be too pessimistic to en-
counter in practice. Moreover the computational results for untypical data could fail to
make any statistical sense even though they are globally optima guaranteed by convexi-
ty. To see a concrete example, we revisit the linear model . Suppose that the noise
€ is zero and the received data are of the form (x;,y;) = (0,0). In this scenario, both
Lq-regularized and Li-constrained estimator always yield the estimate 0 = 0, regardless
of the true s-sparse 8*. Although 6 = 0 is the computational optimum, its statistical
error can be arbitrarily large due to the pathological data. Thus convexity, to some

extent, is an unnecessarily strong notion in the statistical context, which is illustrated
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by Figure With that being said, it is of little interest to study the computation

alone without investigating the recovery guarantee, when it comes to statistical estima-
tion. On the other side, the focus of statistical recovery may give us an opportunity to
relax the convexity requirement and design non-convex methods tailored specifically for
generic data. Guided by this thinking, the study of non-convex optimization/estimation
has received considerable attention over the last few years. Several influential paper-
s 201134,/60,86,/159] have managed to show that some non-convex estimators can be
empowered when generic data are considered. More precisely, under suitable stochastic
assumptions on data, these estimators are able to recover the underlying true parameter
with provably small error, which include the formulation for sparse liner regres-
sion that is nevertheless computationally infeasible in the worst case. However, like the
convex setting, so far most of the related works on non-convex estimation have not yet
explored the general structure of parameter, with only few exceptions [130}/154].
Motivated by both the success of non-convex optimization and the inadequate atten-
tion on general structures, the second goal of this thesis is to investigate the unification
of structured estimation under non-convexity, which parallels the goal for convex set-
ting. In particular, we consider the problem of estimating multi-response linear models
with general structures. Apart from the parameter vector 8* in vanilla linear models,
here we also need to deal with the unknown noise covariance across the responses, which
makes the estimation problem non-convex. We first propose an alternating estimation
(AltEst) framework, a generalization of the popular alternating minimization (AltMin)
procedure for non-convex optimization [82], and plug GDS in this framework to estimate
both parameter vector and noise covariance. In the meanwhile, we derive the statistical
guarantee for an idealized version of AltEst applied to multi-response linear models,
which utilizes the same geometric measures as mentioned earlier. Second we aim at

relaxing the requirement of a norm surrogate when using GDS, along with an improved
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statistical analysis without assuming any idealized conditions. Specifically the GDS in
the proposed AltEst framework is replaced by a constrained estimator which, from a
computational perspective, is more amenable to non-norm (or non-convex) character-
ization of the structure of @x. For the statistical analysis, by using a modified proof
strategy, we are able to concentrate on the practical version of AltEst instead of the

idealized one, whose theoretical guarantee is confirmed by the empirical observations.

1.4 Contributions and Organization

The main theme of this thesis is to develop both computational and statistical framework
for some high-dimensional estimation problems, with an emphasis on general structures.
For the computational aspect, we embrace both the idea of convexification and the non-
convexity as it is, and provide algorithmic recipes for different types of estimators. On
the statistical side, we focus on the Lo-error analysis and establish the error bound in
terms of certain geometric measures. Moreover, we demonstrate the usefulness of these
geometric measures, by deriving their further bounds for a broad class of structures.
Hence our theoretical results do not leave in the bound any quantities that is hard to
calculate.

The organization of this thesis is as follows.

e In Chapter [2| we provide a review for some background knowledge in probability
theory, convex analysis and optimization. Also, we introduce an important notion
called Gaussian width [63] along with generic chaining [161], an advanced tool in

probability theory, which plays a key role in establishing the statistical guarantees.

e In Chapter [3, we extend the celebrated Dantzig selector for sparse linear models
to accommodate general structures. As to optimization, the proposed general-

ized Dantzig selector (GDS) [41] can be efficiently solved by a variant of basic



14

alternating direction method of multipliers (ADMM). In terms of statistical anal-
ysis, we present a unified framework for various structures, which can succinctly
characterize the error bound with certain geometric measures, such as Gaussian

width.

Chapter [4]is devoted to the study of the geometric measures introduced in Chapter
Bl Those geometric measures essentially quantify the complexity of the associated
structures, which need to be computed or bounded in order to determine the final
error bound. For a broad class of structures that can be captured by atomic norms,
we have managed to bound the geometric measures using simple information of

the structure [43].

In Chapter [f] we extend the results obtained in Chapter [3] and [] to the matrix
scenario [44], in which we have general bounds for the structures induced by the

family of unitarily invariant norm.

In Chapter [6] we study an important semi-parametric extension of linear models,
the single-index models (SIMs), which allow the response to be an unknown trans-
fer of the linear measurement. We develop two types of estimators for the recovery
of model parameters [46]. With minimal assumption on noise, the statistical guar-
antees are established for the proposed estimators under suitable conditions, which
also allow general structures of the underlying parameter. Moreover, the proposed
estimator is novelly instantiated for SIMs with monotone transfer function, and

the obtained estimator can better leverage the monotonicity.

In Chapter [7}, we make an attempt to introduce some nonlinearity in the features
of linear models, as opposed to the nonlinear response considered by single-index
models. In particular, we propose a novel model named sparse linear isotonic

model (SLIM) [47], which hybridizes the ideas in both parametric sparse linear
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models and additive isotonic models (AIMs) that assume the response to be a
summation of unknown monotone feature transformations. In the computational
aspect, a two-step algorithm is designed for estimating the sparse parameter as
well as the monotone functions. Under mild statistical assumptions, we show that

the algorithm can accurately estimate the parameter.

In Chapter [§| we focus on the non-convex estimation of structured multi-response
linear models. By exploiting the noise correlations among different responses, we
employ an alternating estimation (AltEst) procedure [45] to estimate the param-
eters based on GDS. Under suitable sample size requirement and the resampling
assumption, we show that the error of the estimates generated by an variant of
AltEst, with high probability, converges linearly to certain minimum achievable

level, which can be tersely expressed by the geometric measures.

In Chapter[9] we continue to investigate the structured multi-response linear mod-
els, with several extensions from Chapter [§f We allow the function encoding the
structure of the parameter to be non-convex, through replacing the GDS in the
AltEst framework by a constrained estimator, which results in an alternating-
minimization-type algorithm. In the statistical analysis, we relax the assumption
on the noise distribution. More importantly, we come up with a new analysis for
the practical version of the estimator, which does not resort to any resampling
assumptions. The result also reveals that random initializations of the estimation

algorithm can even yield good recovery of the unknown parameter.

Chapter [10] is dedicated to the conclusion, in which we summarize the contribu-

tions of this thesis.



Chapter 2

Preliminaries

2.1 Convex Analysis

In this section, we briefly review some basics of convex analysis. Since the scope of this
topic is too wide, we will just cover those used in our works for the sake of simplicity as
well as keeping the self-containedness. For more complete materials, we refer interested

readers to |144].

2.1.1 Convex Set

We start with the definition of conver set in RP.
Definition 1 (convex set) A set C C RP is convex if the following holds for any

u,vec,

Au+(1-A)vel, V0O0<A<L1. (2.1)

Examples of convex set include affine set {u | Au = b} (A € R?*P b € R? and q are
fixed), half-space {u | (w,u) > G} (w € R and 8 € R are fixed), and so on. Another

important instance of convex set is convex cone.

16
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Definition 2 (cone/convex cone) A set C C RP is a cone if it satisfies that

uecC — AueC, VA>0. (2.2)

If C is further convex, then it is a convex cone.

Given a set A C RP, we can construct a cone by the operator cone(A) = {c-a | ¢ >
0, a € A}. For an arbitrary set, we can also define a special convex set called conver

hull, which is its smallest convex superset.

Definition 3 (convex hull) Given any set S € RP, its convex hull, denoted by conv(S),
is the smallest convex set containing S. In particular, if S = {uj,ug,...,u,} is finite,

then conv(S) consists of all conver combinations of uy, ..., u,, ie.,

cone(S) = {Alul + Xoug + ...+ A\ uy,
i=1

=1, )\1,)\2,...,>\n20} (2.3)

2.1.2 Convex Function

Based on the definition of convex set, the convezr function can be defined as follows.

Definition 4 (convex function) A function f : RP — R is said to be convex if its

domain dom f is convex and f satisfies that for any u,v € dom f
fOQu+ A =XNv)<Af(u)+ (1 =Nf(v), VO<A<ZI1. (2.4)

Specifically a convex function f is said to be proper if f(u) < +oo for at least one u

and f(u) > —oo for all u.

There are several useful notions related to convex functions, such as convex conjugate

and gauge function (a.k.a. Minkowski functional).
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Definition 5 (convex conjugate) For any function f : RP — R, its convex conjugate

f*:RP — R is given by

frw) = sup {(u,v) - f(v)} (2.5)

vedom f

Note that f* is always convex even if f is not. f* is also known as Fenchel conjugate. A
special type of convex conjugate is support function, where f is the indicator function

of a non-empty set S, i.e.,

0, ifueds
Is(u) = . (2.6)

400, otherwise

Definition 6 (support function) The support function of a non-empty set S is given
by

hs(u) = sup {(u,v) —Is(v)} = sup (u,v) (2.7)

In some places, convex conjugate and support function are only considered for convex

f and S. In this thesis, it is also sufficient to just focus on convex case.

Definition 7 (gauge function) The gauge function (or simply gauge) of a non-empty

convex set, C is defined as
Ye(u) =inf {A >0 | ue XC} (2.8)

The gauge function is convex as well, and a useful class of gauge is norm, for which the
convex set C should be bounded, centrally symmetric about the origin (i.e., u € C iff.

—u € (), and include 0 in its interior.
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Definition 8 (norm) A norm | -|| is a function mapping from R? to R, which satisfies
e (positivity) |jul| >0 Yu e RP, and |ul| =0iff. u=0
e (absolute homogeneity) [[Au| = |\ ||u]] YueRP, AeR

e (subadditivity) [[u+v| <|ul+]v] VuveRP

A dual norm || - ||« can be defined for the original norm || - || through support function,
Jull. = sup (u,v) (2.9)

Ivii<1
Simple examples of norm are Ly norm |[ulz = (3-7_, «?)/2, Ly norm |Jul|; = 30, |,

L norm |Juf|sc = maxj<j<p|u;|, and etc. The dual norm of Ly norm is itself, and L,
and Lo, norm are dual to each other. Norm plays a central role in high-dimensional
statistics, which often acts as the convex surrogate for certain structure. One nice

property of dual norm is the Hélder’s inequality.

Proposition 1 (Hoélder’s inequality) For any norm ||| and its dual norm || - ||«, it

holds that |(u,v)| < |[u - |||« for any u,v € RP.

Encompassing the norm as a special case, gauge function provides a different perspective
of view into Definition [8| The closure of the convex set C that induces the norm || - || is

actually the (closed) unit norm ball
Q={ueR’||u| <1} . (2.10)

Thus one can define the norm by specifying its unit ball, instead of giving the arithmetic
expression. Such correspondence is helpful when we introduce the atomic norm [40]

below.
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Definition 9 (atomic norm) Given a compact set A that is centrally symmetric

about origin and satisfies span(.A) = RP, define the atomic norm || - || 4 of A by

u=> caa, ca >0 VaeA}. (2.11)
acA

|u||4 = inf {Z Ca

acA

The set A is called atomic set, and its element a € A is called atom.

Though the expression of atomic norm seems complicated, the unit norm ball of || - || 4

turns out to be simple.

Proposition 2 (unit ball of atomic norm) The unit ball of atomic norm || - || 4 is
the convex hull of A, i.e., Qg = conv(A). It follow immediately from this fact that the

dual norm of || - ||4 is

Julla="sup (u,v)=sup (u,v) (2.12)
veconv(A) veA

Now the definition of atomic norm may look tricky given that 24 = conv(.A), since any
norm || - || can be made atomic norm by choosing the atomic set 4 to its unit ball 2. In
practice, typically we bring up this notion only when A is finite. L and L., norm are
representative atomic norms, whose atomic sets are A, = {+eq,tes,...,+e,} ({e;}

denotes the standard basis of RP) and Ar_ = {£1}?, respectively.

2.2 Convex Optimization

Convex optimization is paramount in modern machine learning and statistics, as find-
ing the optimal parameters for statistical models can be often formulated as convex
optimization problem. We are not intended to give a comprehensive review for every

popular algorithms in the literature. Instead we will cover the basic gradient descent,
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proximal gradient method, and alternating direction method of multipliers. Generally

speaking, convex optimization problem (or convex program) can be cast as

Iin g(@) st. OeC, (2.13)

where both feasible set C C RP and objective function g : RP +— R are convex. In
particular, when C = RP, we say that the optimization problem is unconstrained. Con-
vex optimization algorithms usually employ an iterative procedure to generate a se-
quence of iterates, 0(g),0),...,0) € C, such that limy . f(0(1)) = f(é), where

0 = argming. g(0).

2.2.1 Gradient Descent

In many scenarios, we deal with unconstrained convex problems with g being smooth,
which is arguably the simplest case of convex optimization. Unconstrained smooth

optimization can be solved by gradient descent (GD), which iteratively performs

O1+1) = 0y —nVg(6(r)) (2.14)

in which 7 is the step size. In practice, nn can vary along the iterations, e.g., can be
determined by line search. The full algorithm is given in Algorithm [I} Under suitable

conditions on g and step size, GD converges at rate of O(1/T"), namely

o(6) ~9(6) <0 1) (215)
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Algorithm 1 Gradient Descent (GD)
Input: step size n, number of iterations T
Output: iterate 67
Initialize 0(0)
fort=0to7T —1do
9(t+1) = 6’(t) - UVQ(O(t))
end for
return 67

2.2.2 Proximal Gradient Method and Proximal Operator

In high-dimensional statistics, as shown in (1.7]) and (1.8]), we often face more complex
problems, with either nontrivial constraint or non-smooth objective. The two types of
estimators can be unified in a single optimization framework. Consider the following

problem

521]1%% f(6)+ho), (2.16)

where f is smooth while A is non-smooth. For constrained problem, the constraint 8 € C
can be incorporated into h by setting h(-) = I¢(-). Taking f(0) = %Hy — X0|3 and
h(-) =Ixq,, () (or h(-) = A||-|]1), we recover (1.7) (or (L.8)). The problem (2.16|) can be

Algorithm 2 Proximal Gradient Method (PGM)
Input: step size n, number of iterations T
Output: iterate 61

1: Initialize 9(0)

2: fort=0to7T —1do

3 0'=0p —nV[(0y)
4 041y = argmingcgp %HO — '3+ - h(0)
5
6

: end for
: return 07

solved by prozimal gradient method (PGM). The algorithmic description is provided in
Algorithm [2] Essentially PGM executes a gradient-descent step followed by a proximal

operator (or prorimal mapping) (Line . The proximal operator is formally defined
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below.

Definition 10 (proximal operator) The prozimal operator prox;, : RP — RP for a

closed proper convex function h is given as

1
prox;,(u) = argmin —||u — v||3 + h(v) . (2.17)
veRP 2

If h = I is the indicator function for a set C, the proximal operator is also called

projection operator,

. 1
projc(u) = proxy, (u) = argmin 5”11 —v|3 (2.18)
vel

It can be shown that the proximal operator exists for all u € RP and is also unique.
The success of PGM heavily relies on the computation of the proximal operator being
inexpensive, which is often the case for many useful h. For suitable f, the convergence

rate of PGM is also O(1/T).

2.2.3 Alternating Direction Method of Multipliers

In machine learning and statistics, sometimes we may come across more complicated op-
timization problems that involve two blocks of variables, subject to equality constraints,
i.e,

in f(@)+g(B) st AG+BB=c, (2.19)
Bers

where f and g are both convex, but not necessarily smooth. A € R™P B € R"*4
and ¢ € R" are generic matrices and vector. Since the smoothness of f and g is not
guaranteed, we cannot solve (2.19) using PGM. In recent years, an popular approach

to tackle such problem is the alternating direction method of multipliers (ADMM). The
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basic idea of ADMM is to form the augmented Lagrangian,

Ly(0.8.1) = f(0) + 9(B) + (1. A0+ BB —c) + L|A0 + BB —c[} ,  (220)

where p € R" is the dual variable, and p > 0 is a tuning parameter. Then ADMM solves
the original problem by iteratively minimizing L, w.r.t. two blocks of primal variables,
0 and 3, followed by an update of dual variable p. Algorithm [3| gives the details of
ADMM. Under mild conditions on the problem (2.19), ADMM enjoys O(1/T) rate of

convergence.

Algorithm 3 Alternating Direction Method of Multipliers (ADMM)
Input: tuning parameter p, number of iterations T’
Output: iterates 7y and B
1: Initialize ,6(0) and H(0)
2: fort=0to7T —1do
3t Oy1) = argming L, (0,8, p))
4 By = argming Ly, (041, B, i)
5
6
7

Pty = k) + p (A1) + BBty — )
: end for
: return 67y and B(7)

2.3 Basics of Probability Theory

In this section, we will review the basics of probability theory, including the notions of
sub-Gaussian and sub-exponential random variable and related concentration inequali-

ties.
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2.3.1 Gaussian Random Variable

Gaussian random variable (r.v. for short) is arguably the most well-known random

variable in probability theory, whose density function is

1 _(e—p)?

f(a:;,u, 02) = e 272 (221)

2o

where p and 02 are mean and variance, respectively. The standard Gaussian r.v. has
zero-mean and unit-variance. In asymptotic setting, the limiting distributions for many
statistics follow Gaussian distributions, and lots of nice properties can be shown for
Gaussian random variable. We present below a few useful facts about Gaussian r.v.

that are frequently utilized in this thesis work.

Proposition 3 Suppose that x and y are two Gaussian random variables. Then x and

y are independent if and only if they are uncorrelated, i.e.,
Cov(z,y) =0 = xly

In general, the equivalence above does not hold for other random variables, though
independence always implies uncorrelatedness. The Gaussianity can be carried to ran-
dom vector too. A Gaussian random vector (or multivariate Gaussian) x € R? has the

density of the form

(x —p)"' S (x—p)

mexp {— . } : (2.22)

fxp,X) =

where p is the mean vector and 3 is the covariance matrix. Standard Gaussian random
vector is referred to the one with g = 0 and 3 = I. The Gaussianity of random vector

is preserved under linear transformation.
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Proposition 4 If x € R? is a Gaussian random vector with mean p and covariance

Y, ie, x~N(p,X), then Ax € RY is also Gaussian for any fized A € RY*P | with
E[Ax] =Ap  and  Cov[Ax] = AXAT . (2.23)

In particular, (a,x) ~ N(al u,a’Sa) for any a € RP.

Lipschitz function of Gaussian random vector enjoys a dimensionality-independent type

of concentration via isoperimetric inequalities.
Proposition 5 Let x € RP be a standard Gausstan random vector, and f : RP — R be

an L-Lipschitz function. For any € > 0, we have

2
P(f(x) —Ef(x) >e€) <exp <_2LQ> (2.24)

2.3.2 Sub-Gaussian and Sub-Exponential Random Variable

A random variable x is sub-Gaussian if the s-norm defined below is finite

Q=

E|x|?
llzll,, 2 sup B o (2.95)
q>1

Vi

A random vector x € R? is sub-Gaussian if (x,u) is sub-Gaussian for any u € RP, and
lIxlll 4, = supyere Il (x, W[, A complete introduction can be found in [172]. Next we

present some useful properties of sub-Gaussian random variables/vectors.

Proposition 6 (sub-Gaussian tail) A random variable x satisfies the following in-
equality iff ||, < r,
Ce?
P(lz] >e)<e-exp| —— | , (2.26)

where C' > 0 is an absolute constant.
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Proposition 7 (rotation invariance) If x1,x9,...,x, are independent centered sub-
Gaussian random variables, then ), x; is also a centered sub-Gaussian random variable

with
2

n
i
i=1

where C is an absolute constant.

<Y il (2.27)
P2 i=1

The rotation invariance immediately implies the well-known Hoeffding’s inequality.

Proposition 8 (Hoeffding-type inequality) Let x1,x9,...,x, be independent cen-
tered sub-Gaussian 1.v.s, and let K = max; H|aczH|¢2 Then for any a = [a1,az,...,a,)! €

R"™ and t > 0, we have

r?all3

2
> e) < e-exp (C€2> , (2.28)

where C' > 0 is an absolute constant.

Proposition 9 If x1,x2,...,x, are independent centered sub-Gaussian random vari-

T is a centered sub-Gaussian ran-

ables (not necessarily identical), then x = [x1,. .., xp)
dom vector with

Iy, < € max [zl (2.29)
where C' > 0 is an absolute constant.

Essentially Proposition [J] can be shown using the definition of sub-Gaussian vector and

Proposition [7, which we generalize to independent sub-Gaussian vectors as follows.

Proposition 10 Ifxy,xo,...,X, € R™ are independent centered sub-Gaussian random

T T

vectors, then x = [x1,...,xI]T € R™ is also a centered sub-Gaussian random vector
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with

< i .
Il < € ma lixill, - (230)

where C is an absolute constant.

Proof: Define a = [al,al,... al]" € S™~! where each a; is m-dimensional. We
have
n n n
2 2
Gc @l = 1D xoan|| < [C*D Mxianlly, < [C? lail3lixill,
i=1 bs i=1 i=1
<

1<i<n 1<i<n

n
02 laill3 - max [Ixil,, = C max [Ix;l,, .
i=1

where we use Proposition [7] for the first inequality. Based on the definition of sub-

Gaussian random vector, we complete the proof. ]

A random variable x is said to be sub-exponential if its 1¥1-norm is finite, i.e.,

Q=

(E[z[?)
T = sup < 400 . 2.31
It qul o q ( )

Like sub-Gaussian random variable, some useful facts about sub-exponential variable

are listed below.

Proposition 11 (sub-exponential tail) A random variable x satisfies the following

inequality iff [|z[l,, < &,

P(jz| > €) < e-exp </{> : (2.32)

where C' > 0 is an absolute constant.
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In contrast to sub-Gaussian case, rotation invariance does not hold for sub-exponential

random variable, which only yields a Bernstein-type inequality.

Proposition 12 (Bernstein-type inequality) Letx1,xs, ..., 2, be independent cen-
tered sub-ezponential random variables, and let k = max; ||z, . Then for any a =

[a1,az,...,a,]7 and € > 0, we have

€2 €
P >e| <2exp <—C . min{ , }) , (2.33)
( 2 ) lal vl

n
S
=1
where C' > 0 is an absolute constant.

Sub-exponential and sub-Gaussian random variables are connected by the following

proposition.

Proposition 13 A random variable x is sub-Gaussian if and only if 2% is sub-exponential.
Moreover, we have

=113, < fll=*[l,,, < 2ll=II3, (2.34)

2.4 Gaussian Width and Generic Chaining

In this section, we briefly introduce the concept of Gaussian width and the important
probability tool called generic chaining. These topics are Interested readers are recom-

mended to

2.4.1 Gaussian Width

Gaussian width is defined for a set A C RP, which roughly measures its size.



30
Definition 11 (Gaussian width) The Gaussian width w(A) of a set A C RP is de-

fined as

w(A) = E [323 (u, g)] : (2.35)

where g € RP is a standard Gaussian random vector.

The Gaussian width w(.A) provides a geometric characterization of the complexity of
the set A. We present three perspectives of view to understand the Gaussian width.
First, consider the Gaussian process {Zy }uca where the constituent Gaussian random
variables Z,, = (u,g) are indexed by u € A, and g ~ N(0,I,xp). Then the Gaussian
width w(A) can be viewed as the expectation of the supremum of the Gaussian process
{Zu}. Second, (u,g) can be viewed as a Gaussian random projection of each u € A
to one dimension, and the Gaussian width simply measures the expectation of largest
value of such projections. Third, if A is the unit ball of a norm || - ||, ie.,, A = Q,
then w(A) = E[||gl||«] by definition of the dual norm. Thus, the Gaussian width is the
expected value of the dual norm of a standard Gaussian random vector. For instance,
if A is unit ball of L; norm, then w(A) = E[||g||]. Below we provide some simple yet

useful properties of the Gaussian width of set A C RP:

e (monotonicity) w(A) < w(B) for any A C B

(positive homogeneity) w(A) = c-w(A) for any ¢ > 0

e (convexification invariance) w(A) = w(conv(A))

(rotation invariance) w(UA) = w(A) for any unitary matrix U € RP*?

(translation invariance) w(A+ b) = w(A) for any fixed b € RP

The following result for Gaussian width is useful when we deal with union of sets, which

is extracted from Lemma 2 in [118].
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Lemma 1 (Gaussian width for union of sets) Let M >4, A;,--- , Ayr CRP, and

A =UnAp. The Gaussian width of A satisfies

w(A) < max w(Ap) + 2sup ||z]|2y/log M (2.36)
zeA

T 1<m<M

The concept of Gaussian width can be directly extended to the matrix setting, and

w(A) for set A C R*P is given as

w(A) = Eg [;23 (<G,Z>)] , (2.37)

in which ((;)) denotes the matrix inner product, i.e., ((A,B)) = Tr(ATB) for any
A, B € R¥*P. Here G € R?*? is a random matrix with i.i.d. standard Gaussian entries,

ie., Gij ~N(0,1). The aforementioned properties also hold for the matrix case.

2.4.2 Generic Chaining

One important tool that we use in our probabilistic argument is generic chaining [161,
162], which is powerful for bounding the suprema of stochastic processes. Suppose
{Zt }teT is a centered stochastic process, where each Z; is a centered random variable.
We assume the index set 7 is endowed with some metric (distance function) s(-,-). A
key notion in generic chaining is ye-functional (7, s), which is defined for the metric
space (T,s). One can think of 7,-functional as a measure of the size of set T w.r.t.

metric s. For self-containedness, we give the expression of (7, s).

¥(T,s) = inf sup ) 2"2.diam (P,(t),s) , (2.38)
{ n ) teTnZO

where {P,,}0°, = {Po,P1,...,Pn,...} is a sequence of partitions for 7, which satisfy

that [Pg| = 1, |P,| < 22" for n > 1, and that P, 1 is a finer partition than P, i.e., every
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Q € Pp41 is a subset of some Q' € P,,. P,(t) denotes the subset of T that contains t

in the n-th partition, and diam (P, (t), s) measures the diameter of P, (t) w.r.t. metric
s(+, ). Note that yo-functional is a purely geometric concept, which involves no probabil-
ity. Given that ~o-functional is fairly involved, we are not going to discuss any insights
behind this definition, and refer interested readers to the introductory books [161}/162].

Based on its definition, we list a few straightforward properties of yo-functional here.

Y2(T,81) <72(T,s2) if s1(u,v) < so(u,v),Yu,veT (2.39)

Y2 (T,Bs) =B -v(T,s) forany 5>0. (2.40)
v2(T1,51) = v2(T2, s2) if 3 a global isometry between (77, s1) and (72,s2)  (2.41)

The following lemma concerned with the suprema of { Z;} combines Theorem 2.2.22 and

2.2.27 from [162].

Lemma 2 Given metric space (T, s), if the associated centered stochastic process { Z¢ }eet

satisfies the condition

2
P(|Zu—Zv| > €) < Chexp (2016) , Ve>0andu,veT, (2.42)
s*(u,v)
then the following inequalities hold
E {sup Zt] < Coya (T,s) , (2.43)
teT
P ( sup |Zu — Zy| > C3(7(T,s) + € - diam (T, s))) < Cyexp (—62) , (2.44)
u,veT

where Cy, C1,Cy, C3 and Cy are all absolute constants.

Another useful result based on generic chaining is the Theorem D in [125].
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Lemma 3 (Theorem D in [125]) There exist absolute constants Cy, Ca for which

the following holds. Let (2, ) be a probability space on which x is defined, and 1, . .., xy

be independent copies of x. Let set H be a subset of the unit sphere of La(u), i.e.,

HC 81— {h Ml = [ Heta)de = 1} , (2.45)
Q
Assume that suppeyy [Py, < &. Then, for any >0 and n > 1 satisfying
Cik -2 (M, [lly,) < BV, (2.46)

with probability at least 1 — exp <—CQT€2”>,

sup <B. (2.47)

heH

% zn: h*(X;) — E [h?]
i=1

The suprema in both Lemma [2] and [3] are characterized in terms of vo-functional, which
is not easily computable. In order to further bound the ~s-functional, one needs the

so-called majorizing measures theorem [160].

Lemma 4 Given any Gaussian process {Yihter, define s(u,v) = /E|Yy — Yy |? for

u,v € T. Then (T, s) can be upper bounded by

72(T,s) < CoE [Sup Yt] , (2.48)
teT

where Cy 1s an absolute constant.

In the analysis, we usually instantiate this lemma by constructing the simple Gaussian

process {Y; = (t,g)}ter for any T C RP, where g is a standard Gaussian random

vector. Hence s(u,v) = \/E|Yy — Y32 = VE[(u — v,g)[? = ||[u — v||2. It follows from
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Lemma [] that

wwmwxwa£WQ}4wMﬂ, (2.49)

which makes the connection between ~o-functional and Gaussian width. For matrix
setting, we can also get such connection by a similar construction of the Gaussian
process,

wmwwmswﬂ «qmﬂ—%wmm (2.50)

sup
ZcA
where the set A € RI¥P,

combining Lemma[2]and [d] we can get the following theorem, which is more amenable

to some of the proofs.

Theorem 1 Let {Z}te7 be a stochastic process indexed by T C RP, which satisfies

I1Ze = Zwl,,

<K <400
trer [t — 2

There exist absolute constants Cy and Cq such that the following bound holds with prob-

7 w?(T)
ability at least 1 — C1 exp ~ Fm?(7) )

sup |Zt — Zt’| < COK . w(T) 5 (251)
tt’'eT

where diam (T) = supg pe7 ||t — t/]|2.

In the analysis, sometimes we need to bound product processes, which can be dealt
with by the following theorem. The result is essentially a simplified form of Theorem
1.13 in [124]. The original theorem is stated in terms of a variant of the ~2-functional
defined above, and contains a few more tunable variables, both of which are not central
to the core idea and thus have been hidden. The bound here is expressed using Gaussian

width.
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Theorem 2 Let (2, 1) be a probability space, and Zy,Za, ..., Zy, be an i.i.d. sample

distributed according to p. Suppose that F = {fataca and H = {hplpep are two
function classes defined on (2, 1), which are indexed by A C RP and B C RY respectively.

Assume that

sup [[[ fllly, < Br <400,  sup||hfl,, <Ry <+oo,
feF heH
— Jar hp — hpy
oty o —holly, o
aacA |a—a'ls bbes |[b—Dbll2

and denote

¢ — min { Kféljﬁ(«‘l), KHR;U(B) } '

There exist absolute constants Cy, Ci and Cy such that if n > Coe?, the following

inequality holds with probability at least 1 — 2 exp (—0182),

RyKr-w(A)+ RrKy - w(B)
N

LS~ pzon(z) —E[fH]

n-
=1

sup sup < Cy- (2.52)

feF heH

The theorem above immediately leads to the following corollary, which is similar to

Lemma [B] but more flexible in some situations.

Corollary 1 Under the setting of Theorem[d, if F = H and A = B, then there exist ab-

2
solute constants Cy, C1 and Cy such that if n > Cy (KfRi“;(AU , the following inequality

2
holds with probability at least 1 — 2exp <—01 <KFR7“;(A)> ),

R]:K]: : w(A)
\/ﬁ

sup < Oy (2.53)

fer

LS P R[]
=1




Chapter 3
Generalized Dantzig Selector

3.1 Introduction

The Dantzig Selector (DS) [21,132] provides an alternative to regularized regression
approaches such as Lasso [165,/188| for sparse linear estimation. While DS does not
consider a regularized maximum likelihood approach, [21] has established clear simi-
larities between the estimates from DS and Lasso. While norm regularized regression
approaches have been generalized to more general norms, such as decomposable norm-
s [127], the literature on DS has primarily focused on the sparse L; norm case, with
a few notable exceptions which have considered extensions to sparse group-structured

norms [112]. Here we consider linear models of the form
y=X0"+¢€, (3.1)

where y € R” is a set of observations, X € R"*P is a design matrix, and € € R" is a
noise vector of i.i.d. entries. For any given norm || - ||, the parameter 8* is assumed to

be structured so that ||| is of small value. For this setting, we propose the following

36
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Generalized Dantzig Selector (GDS) for parameter estimation:

~ 1
0 = argmin ||0|| s.t. HXT (y —X0)|| <A\, (3.2)
OcRp n "
where || ||« is the dual norm of ||-||, and A, is a tuning parameter. If ||-|| is the L; norm,

reduces to standard DS [32]. A key novel aspect of GDS is that the constraint
is in terms of the dual norm || - ||« of the original structure inducing norm || - ||. It is
instructive to contrast GDS with the recently proposed atomic norm based estimation
framework [40] which, unlike GDS, considers constraints based on the Ly norm of the
error |ly — X8|

In this chapter, we consider both computational and statistical aspects of the GDS.
For the Li-norm Dantzig selector, [32] proposed a primal-dual interior point method
since the optimization is a linear program. DASSO and its generalization proposed
in [89,90] focused on homotopy methods, which provide a piecewise linear solution path
through a sequential simplex-like algorithm. However, none of the algorithms above can
be immediately extended to our general formulation. In recent work, the alternating
direction method of multipliers (ADMM) has been applied to the L; Dantzig selection
problem [114/176], and the linearized version in [176] proved to be efficient. Motivated by
such results for DS, we propose a general inexact ADMM [175] framework for GDS where
the primal update steps, interestingly, turn out respectively to be proximal operators
involving ||@]| and its convex conjugate, the indicator function of the norm ball. As
a result, by Moreau decomposition, it suffices to develop efficient proximal update for
either ||@] or its conjugate. As a non-trivial example, we consider estimation using
the recently proposed k-support norm [7,120]. We show that proximal operators for

k-support norm can be efficiently computed in O(plogp + log klog(p — k)) time, and
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hence the estimation can be done efficiently. Note that existing work [7,/120] on k-
support norm has focused on the proximal operator for the square of the k-support
norm, which is not directly applicable in our setting.

On the statistical side, we establish non-asymptotic high-probability bounds on the
estimation error ||é — 0*||2. Interestingly, the bound depends on the Gaussian width
of the unit norm ball of || - || as well as the Gaussian width of suitable set where the
estimation error belongs [40}/138]. Besides, the maximum ratio between || - || and | - ||2
over this set also plays a role, which is termed restricted norm compatibility.

The rest of the chapter is organized as follows. We propose general optimization
method for GDS in Section along with an efficient algorithm to compute the prox-
imal operator for k-support norm. In Section we present the Lo-error bounds for

GDS. Experimental results are provided in Section |3.4]

3.2 Optimization Algorithm

The optimization problem in (3.2]) is a convex program, and a suitable choice of A,
ensures that the feasible set is not empty. We start with an inexact ADMM framework
for solving problems of the form (3.2)), and then present the algorithm for computing

proximal operator for the k-support norms.

3.2.1 Inexact ADMM for GDS

In optimization, we temporarily drop the subscript n of A\, for convenience. We let
A = 1XTX, u=1XTy, and define the set O} = {v : [|v]. < A} as the scaled ball of
dual norm. Then the optimization problem is equivalent to

min [|@]] st. u—Af=v, ve Q). (3.3)
0,veRp
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Due to the nonsmoothness of both || - || and || - ||«, a generally applicable algorithm
is alternating direction method of multipliers (ADMM), which we briefly reviewed in

Section The augmented Lagrangian for (3.3)) is given as
Ly(8.v,2) = 0] + (2, A6 + v —u) + £ [A0+v ] , (3.4)

in which z is the dual variable and p controls the penalty introduced by the quadratic

term. The iterative updates of the variables (6, v,z) in standard ADMM are given by

0" < argming L,(0,v',z") , (3.5)
vitlh argming e o+ L0, v, 2" | (3.6)
2 2t 4 p(AGTT v ) (3.7)

Note that update (3.5) amounts to a regularized least squares problem of 8, which can
be computationally expensive. Thus we use an inexact update for € instead, which can
alleviate the computational cost and lead to a simple algorithm. Inspired by [176], we

consider a simpler subproblem for the 8-update which minimizes

ZNLZ(O,Vt,zt) =10] + <zt,A0 +vi— u> + g( HAGt + vt — qu +
(3.8)
2(0 - 0", AT(AO" +v' —w) + £ 0 - 03 .

where p is a user-defined parameter. [7/_5,(0, v, z!) can be viewed as an approximation of
L,(0,v',z") with the quadratic term linearized at 8. Then the update (3.5)) is replaced

by
0! < argmin, I:Z(O, vt zt)
2} (3.9)

2 1 2
= argming {p,u 110 + 5”0 — (et - ;AT(Aet +vi—u+ i))H2
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Algorithm 4 Inexact ADMM for Generalized Dantzig Selector
Input: A=X"X, u=XTy, p>0,u>0

Output: Minimizer 6 of

. Initialize (8°,v?,z0)

sy

2: while not converged do

32 9l prOXQM (0t - %AT (AOt +vt—u+ %))
4 vitl proxy, (u _AQTH! _ %)

5. Zttl e gt p (A9t+1 NS u)

6: end while

Similarly the update of v in (3.6)) can be recast as

2

vV — (u— AQTT — Zt>
P

In fact, the updates of @ and v correspond to proxzj.(-) and proxy o (+), respectively,
pL

which are proximal operators introduced in Section Algorithm [ provides the

vitl argminy cox L0 v, 2") = argmin, cox 5 .
2
(3.10)

general ADMM for our GDS. In order for the ADMM to work, we need two subroutines
that can efficiently compute the proximal operators in Line (3| and 4l The simplicity of
the proposed approach stems from the fact that we in fact need only one subroutine,

for any one of the functions, since the functions are conjugates of each other.

Proposition 14 Given f > 0 and a norm || - ||, the two functions, f(x) = B||x|| and

g(x) = I, (x) are convex conjugate to each other, thus giving the following identity,
X = prox(x) + prox,(x) . (3.11)

Proof: the proposition simply follows the definition of convex conjugate and dual norm,

and (3.11)) is just Moreau decomposition provided in [133]. [

The decomposition enables conversion of the two types of proximal operator to

each other at negligible cost (i.e., vector subtraction). Thus we have the flexibility in
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Algorithm [4] to focus on the proximal operator that is easier to compute, and the other
can be simply obtained through .

Remark on convergence: Note that Algorithm[4]is a special case of inexact Bregman
ADMM proposed in [175], which matches the case of linearizing quadratic penalty term
by using B%(H,Gt) = %HO — 0,||3 as Bregman divergence. In order to converge, the
algorithm requires § to be larger than the spectral radius of AT A, and the convergence

rate is O(1/T) according to Theorem 2 in [175].

3.2.2 Proximal Operator for k-Support Norm

We first introduce some notations. Given any 8 € RP, let |6| denote its absolute-valued
counterpart and @+ denote the permutation of @ with its elements arranged in decreasing

order. In previous work [7,120], the k-support norm is defined as

1617 =minq > |vzlla | supp(vz) €Z, > vr=6, , (3.12)

Zegk) Zegk)
where G(¥) denotes the set that includes all subsets of {1,...,p} of cardinality at most
k. The unit ball of this norm is the set ;" = conv ({6 € R? | ||0]|o < k,[|0]]2 < 1}).

The dual norm of the k-support norm is given by

1
k 2
s 2
(158 :mam{||01||2 | Ze g“f)} = (Zw@ ) : (3.13)
=1

Solving GDS with k-support norm || - ||} requires that either prox e (-) or proxp, ()
for || - ||;¥ is efficiently computable. Existing methods [7,[120] are inapplicable to our
scenario since they compute the proximal operator for squared k-support norm, from
which prox; e (+) cannot be directly obtained. In Theorem [3| we show that proxj e ()

can be efficiently computed, and thus Algorithm [4] is applicable.
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Theorem 3 Given A > 0 and x € RP, if ||x|;2 < X, then w* = prox, (x) = x.

If Ix|175 > A, define Age = >0 14 |X|i¢, Bs = Zle(|x\f)2, in which 0 < s < k and
k <r <p, and construct the nonlinear equation of j3,

1+ 8 2
r—s+(k—s)p

(k—s)A% ~ N1 +pB)2+Bs=0. (3.14)

Let B be given by

5 nonnegative root of (3.14) if s > 0 and the root exists (3.15)
sr = . .

0 otherwise

Then the proximal operator w* = prox e (x) is given by

1 . .
TB g x| if 1<i<s
2_ . .
/\k_ff* if s*<i<r* and By =0
Wl = , (3.16)
Aok . .
r*—s*—i—(lSc—Ts*),Bs*T* Zf s*<i<r*and ﬁs*r* >0
x| if r*<i<p

where the indices s* and r* with computed |W*[¥ make the following two inequalities

hold,

Wl > (W (3.17)

XYy < WL < X[ (3.18)

There might be multiple pairs of (s,r) satisfying the inequalities (3.17)-(3.18), and we

choose the pair with the smallest |||x|¥ —|w|*||2. Finally, w* is obtained by sign-changing
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and reordering |w*|* to conform to x.

Remark: The nonlinear equation is quartic, for which we can use general formula
to get all the roots [155]. In addition, if it exists, the nonnegative root is unique, as we
show in the proof.

Theorem |3 indicates that computing prox; Cx(.) requires sorting of entries in x|
and a two-dimensional grid search of s* and r*. Hence the total time complexity is
O(plogp + k(p — k)). However, a more careful observation can particularly reduce
the search complexity from O(k(p — k)) to O(log klog(p — k)), which is motivated by
Theorem [l

Theorem 4 In search of (s*, r*) defined in Theorem@ there can be only one T for a
given candidate § of s*, such that the inequality 1s satisfied. Moreover if such ¥
exists, then for any r < ¥, the associated \W\t violates the first part of , and for
r > 7, \W\t violates the second part of . On the other hand, based on the T, we

have following assertion of s*,

> 3§ if T does not exist
s > 5 if 7 exists and the corresponding ]vﬂt satisfies (3.17) - (3.19)

< 5 if T exists but the corresponding |v~v|t violates (3.17))

Based on Theorem {4| the accelerated search procedure of (s*, r*) is to execute a two-
dimensional binary search, and Algorithm [5| gives the details. Therefore the overall time
complexity becomes O(plogp + logk - log(p — k)). Compared with previous proximal
operators for squared k-support norm, this complexity is better than that in [7], and

roughly the same as the most recent one in [120].
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Algorithm 5 Algorithm for computing prox, (-) of || - I%

Input: x, k, A
Output: w* = prox;, (x)

1 if [|x[|? < A then =
2. wfi=x
3: else
4: 1:=0,u:=k— 1, and sort x| to get |x|*
5. while ! <u do
6: §:= [(l +u)/2], and binary search for 7 that satisfies and compute w
based on
if 7 does not exist then
l:=5+1
: else if 7 exists and is satisfied then
10: wri=w,l:=5+1
11: else if 7 exists but is not satisfied then
12: u:=8s—1
13: end if
14: end while
15: end if

3.3 Statistical Analysis

3.3.1 Deterministic Error Bound

Our goal is to provide error bounds on Hé — 0*||2 between the population parameter 6*
and the GDS estimate 0. Let the error vector be defined as § = @ — *. First we have

the definitions for error cone and error spherical cap.

Definition 12 (error cone/spherical cap) The error cone of 6* for norm || - || is
defined as
T =cone{uc R | 6" +ul <6} (3.20)

The error spherical cap is the intersection of error cone and the unit sphere, i.e.

C=TnNS"" =cone{uck |6 +u| <6} NS (3.21)
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Note that error cone contains a restricted set of directions and does not in general span
the entire space of R?. One relevant notation to error cone and spherical cap is the
restricted norm compatibility, which is the largest quotient of || - || and || - ||2 over all the

directions in error cone.

Definition 13 (restricted norm compatibility) The restricted norm compatibility

for a norm || - || is defined as

U £ sup vl = sup ||v|| (3.22)
veT [[Vll2  vee

In the rest of the thesis, the notions introduced in Definition [12] and [13] will be frequently
used. For specific norms, we may add subscripts or superscripts to 7, C and W for clarity.

The deterministic Lo-error of 6 depends on the following two conditions.

Definition 14 (restricted eigenvalue (RE) condition) The design matrix X sat-
isfies the restricted eigenvalue (RE) condition for a set C C SP~! with parameter a > 0,
if

. 1 2
f —||X > 2
inf ~ [ Xv[} > (3.23)

Definition 15 (admissible tuning parameter) The tuning parameter A, of (3.2) is

sald to be admissible if it satisfies that

< A (3.24)

*

1
HXT (y — X0%)
n

1
[
n

*

An admissible A, essentially guarantees that the true parameter 6* is inside the feasible
set of GDS, which further explains why 7 is called error cone. Since 8* is feasible, the
norm ||@]| must be less than or equal to that of %, which translates to ||§ + 6*|| < [|6*]|.

Thus error cone encompasses all directions that the error d could point towards. The
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RE condition ensures sufficient curvature of ||Xv||3 along the error cone, which help us
confine the magnitude of & if || X§||3 is known to be small. The next lemma bounds the

deterministic Lo-error of GDS.

Lemma 5 Suppose that the RE condition (3.23) is satisfied by X for the error spherical
cap defined in (3.21), and the parameter X\, is chosen to be admissible. Then GDS 0

given by (3.2) satisfies
<20 . ﬁ
2 a

Hé—e*

(3.25)

Proof: Under the admissibility of A\, and the optimality of 0 for (3.2), we have

<A

n

H;XT (y — X6")

<, H;XT (y—Xé)

* *

10l =lé6+0%| <] =  6€T
Adding the first two inequalities and applying triangular inequality, we obtain

1 1
—XTXs|| < ||-XT (y — X0%) <2\,
n n

+ HiXT (v - x6)

* * *

1 1 1
— —||X4||% = <5, XTX6> <16 HXTX6 < 2x,19]/ ,
n n n

*

which follows from Holder’s inequality. By 6 € T and RE condition for C, we have
LIX8)Z > 18] - int v = alla]3
n 2= veln

Combining the results above, we have

18] n _ oy A

)12 < 2||8||A — dlla < 2- -
Oé” ”2— H ” n ” ||2— H(sHQ a = o ’

which completes the proof. (]
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3.3.2 Error Bound with Random Design and Noise

The deterministic bound gives a clear characterization of Lo-error of GDS. When
we consider the randomness of the design X and noise €, there are two terms remain
to be resolved in the deterministic bound. First we need to find the parameter a for
RE condition. Under the sub-Gaussianity of X, we obtain the following result for RE

condition.

Theorem 5 Let the rows of X € R™ P be i.i.d. copies of an isotropic sub-Gaussian
random vector x € RP with |[x|l,, < x. With probability at least 1 — exp (—C1w?(C)),
we have

w(C)

1
inf —IXvI|I2>1—Cyr2 2 3.26
ygmll vz > 0K Jn (3.26)

where Cy and Cy are absolute constants.

Based on Theorem [5, we immediately have the corollary below.

Corollary 2 Under the setting of Theorem@ if sample sizen > 4C§ﬁ4w2 (C), then with
probability at least 1 — exp (—Cle(C)), the RE condition holds for C with parameter

o =

N[ =

Second, we have to choose the smallest admissible A,, so that the upper bound is as

tight as possible, which requires an estimation of the random quantity [|1Xe|,.

Theorem 6 Let the rows of X € R™P be i.i.d. copies of an isotropic sub-Gaussian
random vector x € RP with ||x||,, < k, and the entries of € € R" be i.i.d. copies of

a sub-Gaussian random variable € with |||, < 7. The following inequality holds with

probability at least 1 — exp(—cin) — cz exp (_wz(Q));

)
c3p?

|X €|, < corT - Vnw () | (3.27)
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in which € is the unit ball of ||-||, p = supyeq ||Vll2, and co, c1, c2 and c3 are all absolute

constants.

Theorem [6] directly yields an “safe” choice of A,, which is admissible with high proba-

bility.

Corollary 3 Under the setting of Theorem@ Ap = %\/%(Q) s admissible with proba-

bility at least 1 — exp(—cin) — c2 exp (-?;?)

Combining Corollary 2] and [3] the La-error bound is given in the theorem below.

Theorem 7 Let the rows of X € R™ P be i.i.d. copies of an isotropic sub-Gaussian
random vector x € RP with [[x|,, < &, and the entries of € € R" be i.i.d. copies of a

sub-Gaussian random variable € with ||e||,, < 7. if sample size n > 4C2KMw?(C), with

probability at least 1 — exp(—c1n) — c2 exp (— 11;22([2)> — exp (—C’le (C)), the Lo-error of
3
GDS satisfies

. U w(Q
0— 0% <ckr- Low(®) (3.28)
Vn
Proof: the error bound is a direct result of Lemma [5| and Corollary [2| and |

Remark: In the above theorem, other than some constants and sub-Gaussian pa-
rameters, the error bound for 8 essentially depends on there quantities regarding the
structure of 8%, the Gaussian width w(€2) of the unit norm ball, the Gaussian width
w(C) of the error spherical cap, and the restricted norm compatibility ¥. We call these

geometric measures, since they rely on the geometry of 8* and the norm || - ||.

3.4 Experimental Results

On optimization side, our ADMM framework is concentrated on its generality, and its

efficiency has been shown in [176] for the special case of L; norm. Hence we focus on



49

the efficiency of different proximal operators related to k-support norm. On statistical

side, we concentrate on the behavior and performance of GDS with k-support norm.

3.4.1 Efficiency of Proximal Operator

We tested four proximal operators related to k-support norm, which are our normal
proxy, (+) and its accelerated version, proxi(H,”Zp)z(-) in [7], and prox%”_‘%(') in [120].
The dimension p of vector in experiment varied from 1000 to 10000, and the ratio
p/k = {200, 100,50,20}. As illustrated in Figure in general, the speedup of ac-
celerated proxj C)\(') is considerable when compared with the normal proxy, (-) and

prOX%(”_”Zp)Q('). Empirically it is also slightly better than the prox%”,‘%(-).

p/k =200 p/k=100 p/k=50 p/k=20
1 1 1 1
b f ]
0 > 0 ! 0 ) 0
) . T n o
g M e, e, //.ﬁ/./ww T
5 S 5 9 S
o _2¢ 9o 2 o _2x o 2
s ( 4 4 K
-3 -3 -3 -3
5000 10000 5000 10000 5000 10000 5000 10000
p p p p

Figure 3.1: Efficiency of proximal operators for k-support norm. Diamond: nor-
mal prox;, (), Square: prox%(u_nzp)g(-), Downward-pointing triangle: proxA”,Hé(-),
2 2

Upward-pointing triangle: accelerated prox; o (). For each (p, k), 200 vectors are ran-
domly generated for testing.

3.4.2 Statistical Recovery

Data generation: We fix p = 600, and * = [10,...,10,10,...,10,10,...,10,0,...,0]”
—— ~— ~— N———

10 10 10 570
throughout the experiment, in which nonzero entries are divided equally into three

groups. The design matrix X are generated from a normal distribution such that the
entries in the same group have the same mean sampled from N (0,1). X is normalized
afterwards. The response vector y is given by y = X60* 4+ 0.01 x N'(0,1). The number

of samples n is specified later.
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Figure 3.2: Statistical recovery of GDS with k-support norm. (a) The true positive rate
reaches 1 quite early for K = 1,10. When k& = 50, the ROC gets worse due to the strong
smoothing effect introduced by large k. (b) For each k, the Lg-error is large when the
sample is inadequate. As n increases, the error decreases dramatically for £k = 1,10
and becomes stable afterwards, while the decrease is not that significant for k = 50 and
the error remains relatively large. (c¢) Both mean and standard deviation of Ls-error
are decreasing as k increases until it exceeds the number of nonzero entries in 6*, and
then the error goes up for larger k, which matches our analysis quite well. The result
also shows that the k-support-norm GDS with suitable k outperforms the L; DS when
correlated variables present in data (Note that k = 1 corresponds to standard DS).
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ROC curves with different k: We fix n = 400 to obtain the ROC plot for k =

{1,10,50} as shown in Figure A\, ranged from 1072 to 103.

Ly-error vs. n: We investigate how the Ly-error [|@ — 6* ||y of Dantzig selector changes
as the number of samples increases, where k = {1, 10,50} and n = {30, 60, 90, ..., 300}.
The plot is shown in Figure

Lo-error vs. k: We also look at the Lo-error with different k. We again fix n = 400
and vary k from 1 to 39. For each k, we repeat the experiment 100 times, and obtained

the mean and standard deviation plot in Figure

Appendix

Appendix 3.A Proof of Proximal Operator for k-Support

Norm

3.A.1 Proof of Theorem [3

Proof: Let w* = Proxp,, (x) = argming, co: llx — w||3. For simplicity, we drop the
constant % in later discussion. Given a vector x, we use the notation x;.; to denote its
subvector [X;, X;t1, ... ,xj]T. We consider the following two cases.

Case 1: if [|x[|}2 < A, it is trivial that w* = x, which is also the global minimizer of
|x — w]|3 without the constraint x € Q3.

Case 2: if ||x[|} > A, first we start by noting that given x and w, the following

inequality holds

e — w3 = [Ix[I3 — 2(x, w) + [lw]3

> [|x[[3 — 2(jx[*, [wl*) + [|wli3
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* should achieve this lower bound by conforming with the signs

which implies that w
and orders of elements in x. Without loss of generality, we are simply focused on the
case where x = |x|*.

For w* to be the optimal, wj_ , should be chosen such that wj = wi,wi,...,wi]T

and Wy, = X;,1,,, where r satisfies
*
Xy > Wp 2 Xpi1

otherwise either the decreasing order of w* will be violated or the ||Xp., — Wp.p|2 is not
. % .. % . % % «1T
minimized. As for wj,, _,, we similarly assume w}_ ., | = (Wi, Wi, ...,wi]" for some

0 < s <k —1, then wj.; should be chosen to minimize ||x;.s — W1.s||2 such that
1Wisl3 = [Whpll3 = [Wisrl3 < A% = (k — s)(wi)?.

By Cauchy-Schwarz inequality, we have
%15 = Wiisll3 > Ixussl3 — 2lxusll2l|Wssll2 + w3

where the equality holds when w7, follows the form of wi., = ﬁxl:s, and Bg > 0

satisfies the constraint =22 — (k—s)(wp)2

Bs
(1+8:)°
So far we have figured out the structure of w* = [wi,,, wi, .., Wi, ]7, in which
the three subvectors, compared with x, are shrunk by a common factor 1+ (s, constant

wj, or unchanged. Next we need to determine the value of 3. and w;. By optimality,



93

|x — w||3 = ||x1.- — W1.,-||3 must be minimized at w*, so we have the following problem,

En‘;lvn X1 = Wiepll3 = [1X1:s = Wisl3 + [1Xot1ir — W[5
’ 5 \2 " 2 (3.29)
= <1+5> Bs + i:%;rl(xz — W)
s.t. (HW”ZP)Q B + (k — s)(wp,)? = N2 (3.30)
v (1+8)?

\2— Bs
Replacing wy, in (3.29) with wy, = 1/ %‘3)2 obtained from (3.30)), we express ||x1., —

w1.||% as a function of 3,

5\ - X~ g
b (8) = (——) Bo+ > SEY B C0 31
or(F) (1"‘5) S+i:s+1 b ks (331
Set derivative of ®,.(8) to be zero, we have
r Bs
d d B\ A - e
el L P R B G v .
320 =3 |53 Bs+i§l(xz ) (3.32)
2 2A,, B, 2(r — s)Bs
= B, — 3.33
i o el o [
(1 820 — o)) T
2B A
= > (k—s)f— ———=+(r—3s)| =0 (3.34)
CEDETE i

If s > 0, then Bs; > 0 and (3.34]) is equivalent to (3.14]). And we can see that the quantity
inside the bracket of ([3.34]) is monotonically increasing when § > max {O, @}, thus
ensuring the nonnegative root B, is unique if it exists. If the nonnegative root exists,
the expression for w}_ ;.. can be obtained from ([3.34)), whose entries are all equal to w;.

If s > 0 and a nonnegative root of (3.34) is nonexistent, the derivative is always
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positive when 8 > 0, which means that ®,.(3) is increasing. Hence the minimizer of

O, (B) is Bsr = 0. If s = 0, we actually do not care about the value of 3, because

the problem defined by (3.29) and (3.30) is independent of /3, and we set it to be 0 for

simplicity. According to (3.30)), both cases of s = 0 lead to the same expression for
Wi, ., in (3.16).

As we do not know beforehand which s and r to choose, we need to search for s* and
r* that give the smallest |||x|¥ — |w[*||2, and also need to check whether the w* obtained

by (3.16]) is in decreasing order, which are the conditions (3.17)) and (3.18)) presented in
Theorem [3l [

3.A.2 Proof of Theorem [4

To prove Theorem [4] we first need the following lemma derived from the proof of The-

orem Bl

Lemma 6 When 8 > max {O,@}, O, (B) defined in (3.31) is decreasing when
B < Bsr, and increasing when 3 > Bg-. Equivalently, ®s.(8) = ||x1, — W1.||3, when

treated as function of wy, is decreasing when wy, < wi and increasing when wy, > Wy

Proof: The first part simply follows the monotonicity of %@ST(B) mentioned in the
proof of Theorem which implies that %@M (8) is negative when 8 < fs,, and positive
when 8 > fs. . The constraint (3.30) implies that wj increases as 8 increases. So

X1+ — W1.+]|3, as a function of wy, has the same monotonicity w.r.t. wy. [

Proof of Theorem : It suffices to just focus on the case where x = |x|*. First we show

by contradiction that for a given §, the 7 that satisfies can be at most one.
Suppose there are two indices, say r1 and 79, which satisfy that condition with the

same §. Without loss of generality, let 71 < ro, we know that their corresponding w®)

and w(® should minimize %10 — Wi |13 and || X1, — W1, [|3, Tespectively. Asrp < 7o,
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then w,(:) > Xpy > w,(f) according to (3.18]). Construct

T

/ X1 X3
1+B/,...,1+B/,XTQ,...,XTQ, Xrgt1s- -+ Xp ,
—_——

~ r2—3§

s

where (' is chosen to satisfy the constraint (3.30) with w} = x;,, and ||x1.p, — wﬁzH%

can be decomposed as

2 2

(2)

HXlzrz — Wi,

(2)

1:ry

% _w®
r1+1irg ri+1liro

2
|
2

= Hxlsrl - W

2 2

T LT |

= [t = W

which contradicts that W%i}Q minimizes ||X1., — W1.,||3. Note that ||x.,, — wle 13 >

%1, — W1, |3 simply follows Lemma |§| as w,(j) > Xy, = W), > w,?), and ||Xp, 4109 —
2 .

W£1)+1:7’2||% > [|Xry 1m0 — Wi 414, [13 is due to the fact that x, 41 > ... > X, = W}, >
(2)

w, .

Next we show by contradiction that if 7 exists for given §, then any r < 7 violates
the first part of , and any r > 7 violates the second part.

Let W denote the minimizer of ||x1.; — w1.7||3. Suppose r < 7 and the first part of
(13.18]) is not violated, then its second part must be violated due to the uniqueness of 7.

Then we can construct new

/ X1 X3
W = yeeey y Xfyeo s X5y Xfgl, -, Xp s
1+ 1+p
N—_——

~~ r—S

S
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where 3’ is again chosen to satisfy the constraint (3.30) with wj = xz. This by the

same argument for proving the uniqueness of 7 make the following inequality hold,

HXI:'F - WI:FH% = HXI:T - Wl:r”% + "XT+1:F - Wr—l—l:F”%
> 1%t = Wi 13 + %1 — w713

= [lx1 — whsll3 -

This contradicts that w is the minimizer of ||x.; — wMH%. Similar argument applies to

the case when r > 7. Let " satisfy (3.30) together with w} = x,11, and we construct

T

"_ X1 Xs
Wa"'umv Xptly ey Xp4ls Xptly---, Xp )
N ——

r—3§

s

which gives smaller ||x1..—w1.,||3 than any w with wy, < x,11. Therefore it is impossible
for » > 7 to violate the first inequality.

Finally we show the assertion for s*. We note that given 5 , finding solution
to the proximal operator can be viewed as minimization of under the constraint
|lWiklla < Aand wy = w1 = ... = wgy1. So for s < §, the minimization problem
is equivalent to the one for § under additional constraint w41 = wz = ... = wgqq. If
the 7 does not exist, for s < §, 7 is nonexistent either, thus s* > 5. If the 7 exists and
is satisfied, then s* > § because s < § considers a more restricted problem and is
unable to obtain a smaller ||x — w||o.

For the situation in which 7 exists for § but the associated wy violates , we
show by contradiction that for any s > 3, is also violated. Assume that w’
(different from the previously used) satisfies both and for & =5+ 1 and

the corresponding 7. It is not difficult to see that wj < Wy, and " > 7, otherwise
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|wi..ll2 > A. By the violation we have shown for r, the minimizer of (3.29)) for (s,7),

denoted by w”, satisfies w] < w) (Note that w’ is the minimizer of (3.29)) for (s’,’) and
1’ > 7). Combined with w}, < Wy, this indicates by Lemma [6] that ®y(-) is increasing

on the interval [w}, Wy]. Then we consider two sequential modifications on W,

[Wy.s ]2
Hxlzs’H2

1. Replacing the wq.¢ in W with “X1.e

2. Decreasing w1 1. by certain amount and amplifying the new wy.y by some factor,

such that ([3.30]) still holds for s’ and Wy, = Wy

Note that the two modifications both decrease ||x1.7 — W1.7||2. Decrease in Modification
1 is the result of Cauchy-Schwarz Inequality, and decrease in Modification 2 is due to
the monotonicity of ®y;(-) we mentioned upfront. The modified W satisfies Wzy; =
Wit2 = ... = Wy, thus contradicting that the old w is the minimizer of for (s,7).
Hence, by induction, we conclude that for any s’ > 3, its solution also violates .

Assembling the conclusions above, we complete the proof of (3.19) for s*. [

Appendix 3.B Proof of Statistical Guarantees

3.B.1 Proof of Theorem [5l

Proof: Let (€2, 1) be the probability space that x is defined on, and construct
H={h={(,v)|vel}.

lIx[l4, < r immediately implies that suppcy [[Afl,, < & As x is isotropic, ie.,

E[(x,v)?] = 1 for any v € C C SP"!, thus we have % C Sp,(,) and E[r?] = 1 for

any h € H. Given hy = (-, v1),ho = (-, ve) € H, where vi,vy € C, the metric induced
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by 1o norm satisfies
71 = hallly, = I(x,vi = va)lly, < &llvi—val2.

Using (2.39) - (2.41)) and Lemma[d] we have

V2(Hy lllly,) < £72(C - [l2) < Keaw(C)

2
where ¢4 is an absolute constant. Hence, by choosing 5 = %\/éﬂ(c), we can guarantee

that condition c1rv2(H, [|-[l,,) < Bv/n holds for H. Applying Lemma 3| to this #, with
probability at least 1 — exp(—caciciw?(C)), we have

<B,

sup
heH

1 n
=) R (xi) -1
" =1

which implies infy e %HXVH% >1—0 . Letting Cy = c1¢c4 and Cq = CQC%CZ, we complete

the proof. |

3.B.2 Proof of Theorem

Proof: We first bound the magnitude of the error vector €. For each entry in €, we

have

VEIE] < V2leilly, = V2T,

lle? = ELe,, < 2llle

21, < 4lleill?, < 472,
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where we use the definition of ¥3-norm and Proposition [I3] By Bernstein-type inequal-

ity, we get

, t2 t
P (el -2 2 ) < P (1€l ~ Ellel3) > ) < oxp (-camin (10, 1)) -

Taking t = 472n, we have
P <He||2 > T\/6n> <exp(—cin) .

Next we bound the quantity | X ul|, for any fixed unit vector u. For any fixed u € S*~1,

we have ‘HXTU‘H@ < ¢k since
lX"a, )], = ltw, XV, < IXVlly, < ex for any ve s,

where the last inequality is obtained by noting that Xv consists of i.i.d. sub-Gaussian
entries with ¢»-norm bounded by k. Fixing u € S"!, we construct the stochastic
process {Z, = (X", v)}yecq, and note that any Z,, and Zy, from this process satisfy

t2
P(|Zy, — Zvy| > t) =P (|(XTu,vi — vo)| > t) <e-exp <—2C2> ,
K2 [lvi — vall3

which implies that {Zy} has sub-Gaussian incremental w.r.t. the metric s(vi,vy) =

k||vi — va|l2. Moreover, as € is symmetric, it follows that

sup |Zy, — Zy,| =2sup Zy
v1,v2€EQ veQ

sup [[vi — vall2 = 2sup [[v]]2 = 2p
v1,v2E€Q veN
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Using Lemma 2] we have

P (2 suP2 Zy > cqk (v2(Q, ] - ||l2) + ¢ 2p)> < cg exp (—t2) ,
ve

where ¢y and ¢4 are absolute constant. By the definition of dual norm and Lemma

there exist constants c3 and ¢ such that

2
P (2 HXTuH* > csk (w(Q)+1) =P (2 sup Zy > csk (w () + t)> < cgexp <_02tp2> .
veQ 3

Letting t = w(2), we have for any fixed u € S*~!

w? (0
P (HXTUH* > cskw () < cgexp <_c§(pZ)> .

Combining this with the bound for ||€||o and letting ¢y = v/6¢5, by union bound and

the independence between X and €, we have

T€ .
P (X7l > conrvinw (@) < (o > o (@) + 8 (el = 7vn)

[€ll2
< sup P(IXTull. > csmw () + P (Jell> > 7/6n)

uesn—1
2(Q
< cgexp <w2(2)) +exp (—cin) ,
c3p

which completes the proof. ]



Chapter 4

Geometric Measures with Atomic

Norms

4.1 Introduction

In Chapter 3] we propose the generalized Dantzig selector (GDS) for structured
linear models, where structure of the parameter 6* is captured by a general norm ||H
In particular, we show that the Lo-error || — 6*||y of the estimate 6 given by GDS are
determined by three geometric measures: (i) w(§2), the Gaussian width of the unit norm
ball, (ii) w(C), the Gaussian width of the error spherical cap C, and (iii) ¥, the restricted
norm compatibility, where || - || is the norm used in GDS to capture the structure of
0*. To be specific, if sample size n > O(w?(C)) and the tuning parameter satisfies

A =0 (M), then the following error bound hold with high probability,

NG
<o) wn

6—6*
H Vn

61
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In order to make use of this result, the geometric measures should be easy to compute or
upper bound, which otherwise will render the bound meaningless. For the simple case
like L; norm, accurate characterization of all three measures exists [40}/127]. However,
for more general norms, the literature is rather limited. For w(f?), the characterization
is often reduced to comparison with either w(C) |14] or known results on other norm
balls [54]. While w(C) has been investigated for certain decomposable norms [4}36,40],
little is known about general non-decomposable norms. One general approach for upper
bounding w(C) is via the statistical dimension [4,40,132], which computes the expected
squared distance between a Gaussian random vector and the polar cone of T. To specify
the polar, one need full information of the subdifferential 9||6*||, which could be difficult
to obtain for non-decomposable norms. A notable bound for (overlapping) Lo ; norms
is presented in [138], which yields tight bounds for mildly non-overlapping cases, but is
loose for highly overlapping ones. For V¥, the restricted norm compatibility, results are
only available for decomposable norms [144/127].

In this chapter, we consider the class of atomic norms || - |4 that are invariant
under sign-changes, i.e., the norm of a vector stays unchanged if any entry changes only
by flipping its sign. The class is quite general, and covers most of the popular norms
used in practical applications, e.g., L; norm, ordered weighted L; (OWL) norm [22]
and k-support norm [7]. For such atomic norms, we confirm the practicability of error
bound by presenting a set of general bounds for their Gaussian width w(£4),
w(C4), and the restricted norm compatibility ¥ 4. Specifically we show that sharp
bounds on w(§24) can be obtained using simple calculation based on a decomposition
inequality from [118]. To upper bound w(C4) and W4, instead of a full specification
of T4, we only require some information regarding the subgradient of ||@*|| 4, which is
often readily accessible. The key insight is that bounding statistical dimension often

ends up computing the expected distance from Gaussian vector to a single point rather
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than to the whole polar cone, thus the full information on 9||0*|| 4 is unnecessary. In
addition, we derive the corresponding lower bounds to show the tightness of our results
on w(C4) and ¥ 4. As examples, we illustrate the bounds for L; and OWL norms [22].
Finally, we give sharp bounds for the recently proposed k-support norm [7], for which
existing analysis is incomplete.

The rest of the chapter is organized as follows. In Section we introduce the
general upper bounds for the geometric measures. We discuss the corresponding lower

bounds in Section Section [4.4] is dedicated to the example of k-support norm.

4.2 General Upper Bounds

In this section, we present detailed analysis of the general bounds for the geometric
measures. In general, knowing the atomic set A is sufficient for bounding w(€2 4). For
w(C4) and ¥ 4, we only need a single subgradient of ||@*|| 4 and some simple additional

calculations.

4.2.1 Gaussian Width of Unit Norm Ball

Although the atomic set .4 may contain uncountably many vectors, we assume that
A can be decomposed as a union of M “simple” sets, A = A1 U Ay U...U Ay. By
“simple”, we mean the Gaussian width of each A; is easy to compute/bound. Such a
decomposition assumption is often satisfied by commonly used atomic norms, e.g., L1,
Ly 1, OWL, k-support norm. The Gaussian width of the unit norm ball of || - || 4 can be

easily obtained using the following lemma, which is essentially the Lemma 2 in [118].

Lemma 7 Let M > 4, Ay, -+ , Ay C RP, and A = U Ay, The Gaussian width of
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unit norm ball of || - || 4 satisfies

w(4) < max w(Ap) + 2sup ||z]j2y/log M (4.2)
1<m<M s

Proof: This inequality is a direct result of Lemma [l]and the properties of atomic norm

and Gaussian width, w(4) = w(conv(A)) = w(A). ]

Next we illustrate application of this result to bounding the Gaussian width of the
unit norm ball of L; and OWL norm.
Example 1 (w(24) for Ly norm): Recall that the L; norm can be viewed as the
atomic norm induced by the set Ap, = {+e; : 1 < i < p}, where {e;}}_ is the
canonical basis of RP. Since the Gaussian width of a singleton is 0, if we treat A as the

union of individual {+e;} and {—e;}, we have

w(Qr,) <0+ 24/log2p = O(+/logp) . (4.3)

Example 2 (w(24) for OWL norm): A recent variant of L; norm is the so-called
ordered weighted L1 (OWL) norm [22,54,/185] defined as ||0||ow1 = Y by wiw[%, where
wy > wg > ... > w, > 0 are pre-specified ordered weights, and |@|* is the permutation
of |@| with entries sorted in decreasing order. In [185], the OWL norm is proved to be

an atomic norm with atomic set

Aowl = U A = U U {UGRP : uSc:()?uS:ZiVS,VG{:tl}p} .

1<i<p 1<i<p |supp(S)|=i j=1%i
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We first apply Lemma [7| to each set A4;, and note that each 4; contains 2° (f) atomic

vectors.
2 p
w(A;) <0+2 log2Z 2+log Sj 2—|—log(f),
=1 wj =1 wj w t
where w is the average of wi,...,wp. Then we apply the lemma again to A,y and
obtain

2
W(Qowl) = W(Agw1) < —

w

3 togp+ 2 Viosp =0 (VEL) )

which matches the result in [54].

4.2.2 Gaussian Width of Error Spherical Cap

In this subsection, we consider the computation of general w(C4). Using the definition
of dual norm, we can write [6%([4 as [[6*[|.4 = supjy|: <1(u, 67), where || - [|I’; denotes
the dual norm of || - || 4. The u* for which (u*, 6*) = ||0*|| 4, is a subgradient of ||6*|| 4.
One can obtain u* by simply solving the so-called polar operator [187| for the dual norm
- 1%

u* € argmax (u, 0%) . (4.5)

l[ull <1

Based on polar operator, we start with the Lemma |8 which plays a key role in our

analysis of w(C4).

Lemma 8 Let u* be a solution to the polar operator (4.5), and define the weighted Ly

D |uf| - |vi|. Then the following relation holds

semi-norm || - |lu= as |

TAgﬁ*v

where Ty = cone{v € RP | [|0* 4+ v|[u+ < [|0*

u*}-
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Proof: As both Ty+ and Ty- are cones, it is sufficient to show that {v | ||v]j4 <

10| 4} C {v | [[V|[a* < [|0*||ax}. Since [|0*||ax = [|0*||4, it also suffices to show that
{v||Ivlla <1} CH{v | |v]ur < 1}, ie., the ||V||4 > ||V]u for v € RP. Using the dual
norm definition and sign-change invariance of || - ||, we obtain

[vlla= sup (a,v)=> (sign(v) © [u*[,v) = (u*], |v]) = [|V]lu- ,
llall <1

thus T4 C Tyx. [

Lemma (8 finds a superset of the error cone through || - |4+, which has simpler
structures that can be utilized in subsequent analysis. Note that the solution to
may not be unique. A good criterion for choosing u* is to avoid zeros in u*, as any
uf = 0 will lead to the unboundedness of unit ball of || - ||y+, which could potentially

increase the size of Ty+. Next we present the upper bound for w(Cy4).

Theorem 8 Suppose that u* is one of the solutions to (4.5)), and define the following

sets,

Q={iluj=0}  S={i|uj#0, 67 #0}, R={i|u#0, 67 =0}.

The Gaussian width w(C4) is upper bounded by

VD, if R is empty
w(Ca)

<
\/m + %s + 2:2‘2mxslog (=™) . if R is nonempty

. S
min

where m = |Q|, s = |S|, Kmin = Minjer [u}| and Kmax = Max;es |uf|.
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Suppose that 8* is a s-sparse vector. We illustrate the above bound on the Gaussian
width of the error spherical cap using L; norm and OWL norm as examples.

Example 3 (w(C4) for L; norm): The dual norm of L is Lo, norm, and its easy
to verify that u* = [1,1,...,1]7 € R? is a solution to . Applying Theorem to u*,

we have

w(Cr,) < \/23+2810g (%) - o( s+ slog (i)) . (4.7)

Example 4 (w(C4) for OWL norm): For OWL, its dual norm is given by ||lul|

*
owl —

maxpe4.,(b,u). W.lLo.g. we assume 8* = |9*[¥, and a solution to (4.5) is given by

owl

u* = [wy,..., ws, W,0,..., 0|7, in which @ is the average of wsi1,...,w,. If all w;’s

are nonzero, the Gaussian width satisfies

Q2
w(cowl) < \/33 + wlS]Og (g) . (48)

2 w2
4.2.3 Restricted Norm Compatibility

The next theorem gives general upper bounds for the restricted norm compatibility W 4.

Theorem 9 Assume that ||u||4 < max{fi||ull1,B2||ull2} for all u € RP. Under the

setting of Theorem [, the restricted norm compatibility ¥ 4 is upper bounded by

® ., if R is empty

Wy <
®o + max {Bg, 51 (1 + %) \/§} , if R is nonempty

: (4.9)

u
where ® = supycpp ‘I‘Iu‘l‘\;\ and Do = SUPgupp(u)CQ Tl -
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Proof: As analyzed in the proof of Theorem [§] vg for v € T+ can be arbitrary, and

the vsur = voe satisfies

Ivae +05cllur < 105w == D167 +willuf| + > Jojllui] < Y 16711

icS jER €S
= (6= i) [+ Y ol < D0 168llu] = Fminl[VRIL < Kmaxlvs|h
€S JER €S
If R is empty, by Lemma [§] we obtain
VET [vil2 verr |[V]2

If R is nonempty, we have

W< Uy < sup IVellatliverla
vETon vl

/
< sup M
supp(v)CQ, supp(v)cae [V +V'[l2

Hmin“"%{“lé“max”"frg”l

/ /
Ivila wp  mBIVI AV

supp(v)CQ HVH2 supp(v’)C Q¢ HV/HQ
Nmin”V'/Rng'ﬂmaxHV:gHl

81+ )|V,
< ®g +max< [z, sup ( '{"/““)H |
supp(v’)CS ||V ||2

< <I>Q + max {BQaﬁl <1 + HmaX) \/g} ’

Rmin

in which the last inequality in the first line uses the property of Ty«. |

Remark: We call ® the unrestricted norm compatibility, and ®g the subspace norm
compatibility, both of which are often easier to compute than ¥ 4. The 51 and [ in the
assumption of || - || 4 can have multiple choices, and one has the flexibility to choose the

one that yields the tightest bound.
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Example 5 (¥ 4 for L; norm): To apply the Theorem @] to L1 norm, we can choose

861 = 1 and By = 0. We recall the u* for L1 norm, whose Q is empty while R is

nonempty. So we have for s-sparse 6*

1
Uy, §0+max{0, <1+1> \/§}22\/§.

Example 6 (¥ 4 for OWL norm): For OWL, note that || - ||ow1 < w1l -|[1. Hence we

choose 81 = wy and By = 0. As a result, we similarly have for s-sparse 6*
w1 2w%
Yowl < 0+max{0,w1 (1+ T) \/E} <= =s.
w w

4.3 General Lower Bounds

So far we have shown that the geometric measures can be upper bounded for general
atomic norms. One might wonder how tight the bounds in Section are for these
measures. For w(4), as the result from [118] depends on the decomposition of A for
the ease of computation, it might be tricky to discuss its tightness in general. Hence we
will focus on the other two, w(C4) and W 4.

To characterize the tightness, we need to compare the lower bounds of w(C4) and
U 4, with their upper bounds determined by u*. While there can be multiple u*, it is
easy to see that any convex combination of them is also a solution to . Therefore
we can always find a u* that has the largest support, i.e., supp(u’) C supp(u*) for any
other solution u’. We will use such u* to generate the lower bounds. First we need the

following lemma for the cone T4.

Lemma 9 Consider a solution u* to (4.5]), which satisfies supp(u’) C supp(u*) for any

other solution W'. Under the setting of notations in Theorem|[S, we define an additional
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set of coordinates P = {i | u; =0, 67 =0}. Then the tangent cone T4 satisfies

Ti® T2 Ccl(Ta) , (4.10)

where @ denotes the direct (Minkowski) sum operation, cl(-) denotes the closure, Ty =
{veRP|v;, =0 fori¢ P} isal|P|-dimensional subspace, and T, = {v € RP | sign(v;) =
—sign(0}) for i € supp(60*), v; = 0 for i ¢ supp(6*)} is a |supp(0*)|-dimensional

orthant.

The following theorem gives us the lower bound for w(C4) and W 4.

Theorem 10 Under the setting of Theorem[8 and Lemmal9, the following lower bounds
hold,

w(Ca) > O(Vm+s), (4.11)

Uyp > Pous - (4.12)

Proof: To lower bound w(C4), we use Lemma |§| and the relation between Gaussian

width and statistical dimension (Proposition 10.2 in [4]),

ZENT 0T,

w(Ta) > w(T1 & TaNSP) > \/E[ Aifnf lz—gl3| -1 (%),

where the normal cone Njyg7, of T1 @ T3 is given by Nja; = {2z 12 =0 for i€

P, sign(z;) = sign(f;) for i € supp(6*)}. Hence we have

() = B+ D glge<n| -1

1€P jEsupp(6*)

_ \/|7>|  BPO o)
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where the last equality follows the fact that PUsupp(6*) = QUS. This completes proof

of (4.11). To prove (4.12)), we again use Lemma [9] and the fact P Usupp(6*) = QU S.

Noting that || - || 4 is invariant under sign-changes, we get

[vila vila _ Ivila _

Wy = > _ _
veTa IVle ~ verian V2 supp(v)cPUsupp(e®) [IVIl2

(bQUS . |

Remark: We compare the lower bounds (4.11]) (4.12) with the upper bounds (4.6))
(4.9). If R is empty, m+ s = p, and the lower bounds actually match the upper bounds

up to a constant factor for both w(C4) and ¥ 4. If R is nonempty, the lower and upper

bounds of w(C4) differ by a multiplicative factor 2:52“‘"*" log(2=™), which can be small in

. S
min

practice. For W 4, as Pous > P, we usually have at most an additive O(4/s) term in
upper bound, since the assumption on || - || 4 often holds with a constant $; and B =0

for most norms.

4.4 Application to k-Support Norm

In this section, we apply our general results on geometric measures to a non-trivial
example, k-support norm [7], which has been proved effective for sparse recovery [41,/42]

120]. The definitions of k-support norm and its dual have been given in ([3.12)) and (3.13)).

The k-support norm can be viewed as an atomic norm, for which A = {a € R? | ||a||y <

k, |lajl2 < 1}. Suppose that all the subsets of coordinates {1,2,...,p} with cardinality

k can be listed as 51,82,...,S(p). Then A can be written as A = A U ... U A(i)’
k

where each A; = {a € RP |supp(a) C S;, |jall2 < 1}. It is not difficult to see that

w(A;) = E [supac4, (@ 8)] = Ellgs:|l2 < VE|gs,||? < Vk. Using Lemma we know

the Gaussian width of the unit ball of k-support norm

w(P) < VEk+24[log <ZZ> < VE+2y/klog (%) +1<:=0< klog (%) +1<:> . (4.13)



72

Now we turn to the calculation of w(C;”) and W;”. As we have seen in the general
analysis, the solution u* to the polar operator is important in characterizing the
two geometric measures. We first present a simple procedure in Algorithm [6] for solving
the polar operator for ||-[[;”. The time complexity is only O(plog p+k). This procedure
can be utilized to compute the k-support norm, or be applied to estimation with || - ||;” ’
using generalized conditional gradient method [187], which requires solving the polar

operator in each iteration.

Algorithm 6 Solving polar operator for || - |72

Input: 8* € R?, positive integer k

Output: Solution u* to the polar operator (4.5))
1. z = ‘H*H, t=20
2: for : = 1to k do

. — iz — z. — kg R SN "R
3: Y1 ||Z1.171H2a 72 ||Zz.p||17 d k 1+ 1, B \/W’ a 2\/@7
_ Zl:-1
W_2 2a
if ;—é 4+ By >t and B < w;—1 then

4

5 t= % + B9, u* = [w, B1]7 (1 is (p—i+1)-dimensional vector with all ones)
6 end if

7: end for

8: change the sign and order of u* to conform with 6*

9: return u*

Theorem 11 For a given 0%, Algorithm @ returns a solution to polar operator ({4.5))

for Il Il

Now we consider w(C;”) and ¥;” for s-sparse 8* (here s-sparse 8* means |supp(6*)| = s)
in three scenarios: (i) over-specified k, where s < k, (ii) exactly specified k, where s = k,

and (iii) under-specified k, where s > k. The bounds are given in Theorem

Theorem 12 For given s-sparse 0* € RP, the Gaussian width w(C;") and the restricted
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norm compatibility \IIZp for a specified k are given by

VD, if s<k
0;:2 .
w(CP) < \/§S+20§i"slog (). if s=k | (4.14)

min

\/%,ifs<k

U< V24 Gy if s=k (4.15)

min

\/gs—kgﬁfmj”‘slog(i’) ,if s>k

(1 fmax), /25 if o>k

Kmin

*

* _ * — mi *
where emax = MaX;csupp(6*) |‘91 | and Hmin = MIesupp(6*) |01 |

Proof: For s < k, we note that [|@*||;” = ||@*|]2, and u* can be obtained in a closed-

form u* = ﬁ. Applying Theorem (8 we find that the set R is empty, and thus the

Gaussian width w(C;”) = /p. For s = k, u* is in closed-form as well,

*

b if i € supp(6*)

9* 9
=) B
H9*|Ikz — H9r?“llr|12 , if otherwise

In this case, Q is empty, R is nonempty, and |S| = s = k. Hence Theorem implies the
corresponding Gaussian width, and ﬁ = %ﬁ For s > k, the closed-form solution is
generally unavailable, but we can see from Algorithm [f] that 8 should be nonzero, thus
@ is empty and R is nonempty, which gives us the corresponding Gaussian width.

Base on the analysis of 8*, Q, R and S, and the fact that ||-[|}¥ < ||-||1, the restricted

norm compatibility constant for s > k directly follows Theorem[9} For s < k, we need to
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compute the unrestricted norm compatibility constant ®. As ||-[|;¥ < v/2 max{]|-| 2, %}

shown in (7], we have

sp V2 max{|[ul2, ||UH1}
® = sup lull < sup vk < max{Vv/2, 2%} = \/2% . ]

uekr |[ul2 7 uere [ufl2

Remark: Previously ¥;” is unknown and the bound on w(C;”) given in [41] is loose,
as it used the result in [138]. Based on Theorem we note that the choice of k£ can
affect the recovery guarantees. Over-specified k leads to a direct dependence on the
dimensionality p for w(C;”) and ¥}’ resulting in a weak error bound. The bounds are
sharp for exactly specified or under-specified k. Thus, it is better to under-specify k in

practice. where the estimation error satisfies

s+ slog (%)

- (4.16)

=

<O
2

Appendix

Appendix 4.A Supplementary Proofs

4.A.1 Proof of Theorem

Proof: By Lemma |8} we have w(Ca) < w(Ty NSP™Y) £ w(Cy+). Hence we can focus
on bounding w(Cy+). We first analyze the structure of v that satisfies ||6* + v|ju= <
|@*||u=. For the coordinates Q@ = {i | u; = 0}, the corresponding entries v;’s can be
arbitrary since it does not affect the value of ||@* 4+ v||y+. Thus all possible vg form a

m-dimensional subspace, where m = |Q|. For SUR = {i | uf # 0}, we define 8 = 0}
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and v = vsur, and v needs to satisfy

IV +6lu- < 6]

u*

which is similar to the Li-norm error cone except that coordinates are weighted by |u*|.
Therefore we use the techniques for proving the Proposition 3.10 in [40]. Based on the

structure of v, The normal cone at 6* for Ty~ is given by

N=A{z : (z,v) <0 Vv st. ||[v+60u <|0%|u}
= {z 2 =0 for i€ Q, z = |u}|sign(f;)t for i€ S,

|zi| < |uj|t for i€ R, for any ¢t > 0} .

Given a standard Gaussian random vector g, using the relation between Gaussian width

and statistical dimension (Proposition 2.4 and 10.2 in [4]), we have

2 . 2 . 2 2 2
W) < B | nf 2~ gl =B | inf S0+ e -0+ X - )
1€Q jES kER

=|Q|+E ianZ(]uﬂsign(éj)t — )+ Z(zk — agr)?

ZSUREN S2s keR
< 42 WP S|+E inf (2 — q)?
<|Q| jzg; il”+ S| Z\Zk|<|u* (2K — gr)

2 +o0 _92
2 * *11\2
<1QI+ 23l 18]+ Y = ( [t luily exp<2k>dgk)

jeS kER

. 2 1 |ut|?t?
<lo+ eIl 181+ Y Aopmen (HE) o).
k

jes keER
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The details for the derivation above can be found in Appendix C of [40]. If R is empty,

by taking ¢t = 0, we have

(x) <[+ [P +IsI=1Ql+IS|=p.

jeS

If R is nonempty, we denote Kmin = minjer |[uf| and Kmax = max;es [u)|. Taking

t 1 2log ("gEFl), we obtain

2 2
2|R|exp (—L“g‘t )
V2T Kmint

2k2 SUR R||S
min |ISUR|y/mlog (7“1&;7'%‘)

(1) <1QI+ ISI(Kfaxt® +1) +

252 |SUR] 3
< —=|S|1 =S|
<101+ 2 siog (1557 4 31

min

Substituting |Q| = m, |S| = s and |[SUR| = p — m into the last inequality completes

the proof. -

4.A.2 Proof of Lemma

Proof: For any fixed 8* € RP and its P, we define a vector sequence {v(¥) = §(F)w}
based on a given w € RP and a monotonically decreasing positive scalar sequence {§ (k)}

with 6 < MiNjegupp(e+) |07 and limy_, 4 o o) = 0. w satisfies

0, if ¢¢ P Usupp(6*)
w; = —sign(0r), if i € supp(0*)

arbitrary , if i€ P
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Let u®) be one solution to the polar operator for 8* + v(*¥) and form another sequence
{u®}. Note that sign(6} + vi(k)) = sign (0 — sign(07)6*)) = sign(0}) = sign(uz(-k)) for

i € supp(0*). Then we have

167+ v = 674 < (8 + v, u®) — (6, u) = (v, u¥)

< =60 uly) gy 11 + 0% wp, ui))
< =6® (J[ull) gl = W lloclul 1)

As %) approaches 0, 8* +v(*¥) converges to 8*, and a subsequence {u*)} of {u®} will

converge to a solution u’ to the polar operator for 8*. Hence lim; . ||usulp)p 9*)||1 =

Hu;upp(g*) 1> 0, im; 400 Hup )H = [|u’s||1 = 0, and for large enough k;, we have
0" + — 6% ]|4 < =¥ (|ju*) - %)) <0
167+ vy — 6%]4 < 54 (alD - — wplleo a1 <0,

thus v(*9) belongs to T4. Since v*) = §(*)w, w also belongs to T4.

Now we show 71 C cl(T4). For any a € 71 = {v € R? | v; = 0 for i ¢ P}
and arbitrarily small £ > 0, we construct w such that w; = % for ¢ € P. Based
on the argument above, this w is in 74. Therefore a’ 2 éw € T4, and [Ja — a’|s <
/| supp(6+)[¢, which can be arbitrarily close to 0. Therefore taking the closure of T4
gives us 71 C cl(74).

Next we show 72 C T4. For any coordinate i € supp(€*), construct v € RP such
that v; = =07 and v; = 0 for j # i, and ' € RP such that ¢ = —0; and 0 = 07 for
j #i. As the norm || - || 4 is invariant under sign-changes, we can verify that

0*+9' 1o, 1 .
1< 5107+ S116]la= 1674 -

167 + v]la =]

Thus v € T4. Repeat the construction of v for each ¢ € supp(6*), and then the conic
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combination of these v’s forms 7. Therefore we have 7o C T4, which together with

T1 C cl(T4) implies T3 @ T2 C cl(T4). .

4.A.3 Proof of and Theorem [11]

Proof: The polar operator for 2-k symmetric gauge norm is essentially
u* = argmax (u,0") st. [uf[P <1.

As 2-k symmetric gauge norm is sign and permutation invariant, u* should conform
with the sign and order of 8* in order to achieve maxima, i.e., (u*,8*) < (ju*[%,|6*|%).
W.lo.g, we assume 8* = |6*|* £ z. Now we analyze the structure of the solution u*,
whose entries should be nonnegative and sorted in descending order. Assume that uj
takes certain fixed but unknown value /3. It is easy that the entries in uj, 41, CAN take the
value of (3, as it will always maximize (uj H1ps 0; +1:p> without violating the constraint
[u*[lx) < 1. Generally we also assume that uj, take the value of 8 and u} ; > uj.

Then the maximization problem becomes

max  (Wy:—1,%1:i—1) + BHZi:pHI
ui—1,8

st Jupial3<1—(k—i+1)B% u; > B for 1<j<i.

Then we let w = uy.;—1 and introduce the Lagrange multiplier A € R*~! and a € R.

Using strong duality, we have the equivalent problem

i i 3 Aw—b)—a((k—i+1)3> 2.1
A5in (W,z1:i-1) + Bllzipllt + (A, w —b) —a((k—i+1)3"+ |wl3 - 1),

where b = [3,,...,8]T € R~!. By complementary slackness, we know A = 0 for the

optimal solution if it is feasible. Taking the gradient of the objective function w.r.t g
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and w, we obtain

|Ziplls — > i = 2a8(k — i+ 1) = |zipl1 — 208(k —i+1) =0 (4.17)

)

Z15-1+XN—2aw =12z1.,_1 —2aw =0 . (418)

It is also not difficult to see that the optimal solution will make the constraint ||uy.;—1]|3 <

1 — (k —1i+1)3% hold with equality, i.e.,

|wl2=1—(k—i+1)3° (4.19)

Combining the Equation (4.17) (4.18)) (4.19)), we solve § and a and w

= [1Zipll1
VIzipllF (k=i +1) + |21 [[5(k — i + 1)2
_ 1512
a = ’
2¢/1— (k—i+1)32
_ Z1i-1
200

which is essentially the Line [3] in Algorithm [6] As we do not know the i beforehand,
we have to check every possible 1 < ¢ < k to find the one that achieves the maxima
without violating the constraint, which corresponds to the loop and if-then statement in
Algorithm|[6] Since the optimal w is proportional to z1.;_1, which is sorted in descending

order, we only need to ensure § < w;_1. [ ]



Chapter 5

Structure Matrix Recovery via

Generalized Dantzig Selector

5.1 Introduction

In Chapter [3] and [} we have studied the estimation of structured linear models for
vector setting. In this Chapter, we extend the results obtained there to the matrix
setting, with an emphasis on general structures as well. Structured matrix recovery has
found a wide spectrum of applications in real world, e.g., recommender systems [96],
face recognition [33], etc. In the context of matrix estimation, the linear model has the

form

y= (0", X)) +w, (5.1)

where ®* € R¥P is the unknown matrix to be recovered, X € R%P is the measure-
ment matrix, y is the response and w is the additive noise. ((-,-)) denotes the matrix
inner product. Our goal is to recovery the matrix ®* given n ii.d. copies of (X,y),

denoted by {(X;, )} ;. In the literature, various types of measurement matrices X

80
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has been investigated, for example, Gaussian ensemble where X consists of i.i.d. stan-
dard Gaussian entries [40], rank-one projection model where X is randomly generated
with constraint rank(X) = 1 [30]. A special case of rank-one projection is the matrix
completion model [31], in which X has a single entry equal to one with all the rest set
to zero, i.e., y takes the value of one entry from @* at each measurement. Other mea-
surement models include row-and-column affine measurement [192], exponential family
matrix completion [67}/68], and so on.

Like the vector scenario, previous works have shown that low-complexity structure
of ®* can significantly benefit its recovery [404/127]. For instance, one of the popular
structures of ®* is low-rank, which can be approximated by a small value of trace norm
(a.k.a. nuclear norm) || ||s;. Under the low-rank assumption of ®*, recovery guarantees
have been established for different measurement matrices using convex programs, e.g.,
trace-norm regularized least-square estimator [35,68,127,(141],

1

min o (4 — (X5, ©))) + A O (5:2)

OcRdxp 2 “
=1

and constrained trace-norm minimization estimators [30,35,/40}/67,141], such as

n
o, [l st | (X ©) —3) Xil) <o (53)
=1 op
where ), is a tuning parameter, and || - ||op denotes the operator (spectral) norm.

Among the convex approaches, the exact recovery guarantee of a matrix-form basis-
pursuit |48 estimator was analyzed for the noiseless setting in [141], under certain
matrix-form restricted isometry property (RIP). In the presence of noise, [35] also used
matrix RIP to establish the recovery error bound for both regularized and constraint
estimators, i.e., and (5.3). In [30], a variant of estimator was proposed

and its recovery guarantee was built on a so-called restricted uniform boundedness
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(RUB) condition, which is more suitable for the rank-one projection based measurement
model. Despite the fact that the low-rank structure has been well studied, only a
few works extend to more general structures. In [127], the regularized estimator
was generalized by replacing the trace norm with a decomposable norm || - || for other
structures. [40] extended the estimator in [141] with | - ||s; replaced by an atomic norm,
but the consistency of the estimator is only available when the noise vector is bounded.

In this work, we first present a general framework for estimation of structured ma-

trices via the generalized Dantzig sector (GDS) [28,41] as follows

n
© =argmin [|©] st Y (((X;,0)) —y:) Xi|| < A, (5.4)
OcRIxp i=1 "
in which || - || can be any norm and its dual norm is || - [|«. Computationally the

matrix GDS can be solved using the inexact ADMM algorithm proposed in Chapter
By assuming sub-Gaussian X and w, we can bound the statistical error using the
matrix counterpart of the geometric measures in Chapter [3] This result can be extended
to heavy tailed measurement and noise, following recent advances [150]. Second, by
extending the idea in Chapter [d we further bound those geometric measures for the
structures captured by the class of unitarily invariant norms, which include the widely-
used trace norm, spectral norm and Frobenius norm. We also illustrate concrete versions
of the bounds using the trace norm and the recently proposed spectral k-support norm
[121].

The rest of the chapter is organized as follows: we first provide the determinis-
tic analysis in Section In Section [5.3] we present the probabilistic analysis for
sub-Gaussian measurement matrices and noise, along with the general bounds of the
geometric measures for unitarily invariant norms. Section is dedicated to the ex-

amples for the application of general bounds. Throughout the chapter, the symbols
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c,C, co, Cp, etc., are reserved for universal constants, which may be different at each
occurrence. We also introduce some notations before proceeding with the analysis. We
denote by o(®) € R? the vector of singular values (sorted in descending order) of matrix
© ¢ R¥P and may use the shorthand o* for o(®*). For any 8 € R?, we define the
corresponding |@|* by arranging the absolute values of elements of @ in descending order.
Given any matrix ® € R?*? and subspace M C R?*P_ we denote by @ v the orthogonal
projection of ® onto M. Besides we let colsp(@®) (rowsp(®)) be the subspace spanned
by columns (rows) of ®. The notation S?~! represents the unit sphere of R¥*P i.e.,

the set {@®|||®||r = 1}. The unit ball of norm || - || is denoted by Q@ = {© | ||®]| < 1}.

5.2 Deterministic Analysis

5.2.1 Deterministic Error Bound

To evaluate the performance of GDS (5.4), we focus on the Frobenius-norm error, i.e.,
|® — ©*||z. Throughout the analysis, w.l.o.g. we assume that d < p. In the follow-
ing theorem, we provide a deterministic bound for ||é) — ©F||p under some standard

assumptions on A, and X.

Theorem 13 Define the error cone

T =cone{ A € R”? | |A +O*| < ||©*]} . (5.5)
Assume that
> z":wx ’ (5.6)
i=1 x
SSAN Ay (5.7



Then the estimation ||© — ®*|| ¢ error satisfies

A 20 -\,
1© - O%||F < )
o

where V is the restricted norm compatibility defined as

1A
U = sup .
acet |1AllF

Proof:  Since A, satisfies the condition (5.6) and w; = y; — ((X;, ©*)), we have

n

D (X3, ©%) —yi) X5

i=1

<A,

*

which indicates that the constraint set in (5.4]) is feasible, thus

> (X6, 0) = ) Xi|| <A

i=1 #
Using triangular inequality, one has

i=1 X

Denote © — O* by A, and by the definition of dual norm, we get

> ((Xi,A))% = <<A7 > (X, A)) - Xz>>
=1 i=1
S (X, © - 0%) - X,

i=1

<|lA|- <2\, Al

*

84

(5.8)
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On the other hand, the objective function in (5.4) implies that ||©|| < ||©*|. Therefore

the error vector A must belong to the set 7. Using condition ([5.7), we obtain

n
alAlF <) (XA <A =
i=1
2\, ||A PAED
gy < 2n 8L 20
a [|Allp a

which complete the proof. ]
In this work, we are particularly interested in the norm || - || from the class of uni-

tarily invariant matrix norm, which essentially satisfies the following property, ||®| =
|UOV|| for any ® € R¥P and unitary matrices U € R¥*?¢ V € RP*P. A useful result

for such norms is given in Lemma [10] (see [19,102] for details).

Lemma 10 Suppose that the singular values of a matriz © € RY>P are given by o =
[01,00,...,04]7. A unitarily invariant norm || - || : RP s R can be characterized by
some symmetric gauge functz’o f:R¥— R as||®| = f(o), and its dual norm is given

by |®] = fi(o), in which fi is the dual norm of f.

As the sparsity of o equals the rank of @, the class of unitarily invariant matrix norms
is useful in structured low-rank matrix recovery and includes many widely used norms,
e.g., trace norm with f(-) = - |1, Frobenius norm with f(-) = || - |2, Schatten p-norm
with f(-) = || - ||p, Ky Fan k-norm when f(-) is the L; norm of the largest k elements in
magnitude, etc.

In the rest of our analysis, we will frequently use the so-called ordered weighted L
(OWL) norm for R? [55], which is defined as [|0]|w = (|8, |w|*), where w € R? is a

predefined weight vector. Noting that the OWL norm is a symmetric gauge, we define

!Symmetric gauge function is a norm that is invariant under sign-changes and permutations of the
elements.
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the spectral OWL norm for © as: ||®|w = ||o(0)||w, i.e., applying the OWL norm on

o(©).

5.2.2 Bounding Restricted Norm Compatibility

Given the definition of restricted norm compatibility in Theorem ¥ involves no
randomness and purely depends on the || - || and the geometry of 7. Hence we directly
work on its upper bound for unitarily invariant norms. In general, characterizing the
error cone 7 is difficult, especially for non-decomposable norm. To address the issue,

we first define the seminorm below.

Definition 16 (subspace spectral OWL seminorm) Given two orthogonal subspaces
M1, My C R¥*P and two vectors w,z € R?, the subspace spectral OWL seminorm for

R%P is defined as

1Ollwaz = 1O, lw + 1O, Iz - (5.10)

where ® ), and Oy, are the orthogonal projections of ® onto M; and Mas, respec-

tively.

Next we will construct such a seminorm based on a subgradient 8* of the symmetric

gauge f associated with |- || at o*, which can be obtained by solving the polar operator
[187]
0" € argmax (x,0") . (5.11)
X5f*(X)S1

Given that o* is sorted, w.l.o.g. we may assume that 8* is nonnegative and sorted

because (o*,0*) < (a*,|0*|[¥) and f.(8*) = f.(]@*[*). Also, we denote by 0% (0

max min )

the largest (smallest) element of the 8%, and define p = 0%, /0% . (if 0%, = 0, we define

min min
p = +00). As shown in the lemma below, a constructed seminorm based on 6* will

induce a set 7’ that contains 7 and is considerably easier to work with.
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Lemma 11 Assume that rank(®*) = r and its compact SVD is given by ©* = ULV,

where U € R¥>*7, 3 € R™" and V € RPX". Let 6* be any subgradient of f(o*), w =
[07,05,...,05,0,...,007 € RY, z = [0, ,0%,,,...,05,0,...,0]7 € RY, U = colsp(U)

yYr

and V = rowsp(VT), and define My, My as

M1 ={0O | colsp(®) C U,rowsp(®) C V} | (5.12)

My = {@® | colsp(®) C UL, rowsp(®) C V*1} | (5.13)

where UL, V1 are orthogonal complements of U and V respectively. Then the specified

subspace spectral OWL seminorm || - ||z satisfies
TCT =cone{A | |[A+Owz < [|Owz} (5.14)

The proof is given in the appendix. Base on the superset 7', we are able to bound the

restricted norm compatibility for unitarily invariant norms by the following theorem.

Theorem 14 Assume there exist m1 and ny such that the symmetric gauge f for || - ||
satisfies

£(8) < max {m[|8]l1, n2]|8l2} for any & € R, (5.15)

Then given a rank-r O, the restricted norm compatibility W is upper bounded by

U < 20(r) + max {n2,m (1 + p)vVr} | (5.16)

where p = 60%}?:7 and ®¢(r) = SUD|50<r T3] 1s called sparse norm compatibility.

Remark: The assumption for Theorem [14] might seem cumbersome at the first glance,
but the different combinations of 71 and 72 give us more flexibility. In fact, it trivially

covers two cases, 72 = 0 along with f(8) < n||d]]1 for any d, and the other way around,
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m = 0 along with £(8) < na[5]]2.

5.3 Probabilistic Analysis

For the probabilistic analysis, we assume that the measurement matrix X is sub-

Gaussian with [|X[|,, < & for a constant , i.e.,
I{(X. Z)l,, < & for any Z € 5%

The noise w is also assumed to be sub-Gaussian with ||w||y, < 7 for a constant 7.

5.3.1 Bounding Restricted Convexity «

The RE condition in (5.7)) is equivalent to

n

d (XA >a>0,VAeTNSP !, (5.17)
=1

In the following theorem, we express the restricted convexity « in terms of Gaussian

width.

Theorem 15 Assume that X is a centered isotropic sub-Gaussian random matriz X

with || X, < &, and let the error spherical cap be
C=Tnsw 1. (5.18)

With probability at least 1 — exp(—(w?(C)), the following inequality holds with absolute
constant ¢ and &,

(5.19)
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The bound (5.19) involves the Gaussian width of error spherical cap C, i.e., the

error cone intersecting with unit sphere. For unitarily invariant R, the theorem below

provides a general way to bound w(C).

Theorem 16 Under the setting of Lemma let p = g{?& and rank(®*) = r. The

min

Gaussian width w(C) satisfies

w(C) Smin{\/cT, V(22 +1) (d—l—p—r)r} : (5.20)

The proof of Theorem is included in the appendix, which relies on a few specific
properties of Gaussian random matrix [4,/40].
5.3.2 Bounding Regularization Parameter )\,

In view of Theorem we should choose the A, large enough to satisfy the condition

in (5.6). Hence we need an upper bound for random quantity ||>°" ; w;X;], .

Theorem 17 Assume that X is a centered isotropic sub-Gaussian random matriz X

with [|X|,, < &, and the noise w is sub-Gaussian [[w||,, < 7. Let @ be the unit ball of

2
| -1l and n = supacq [|Al|r. With probability at least 1 — exp(—cin) — ¢ exp (—“%E}?),
the following inequality holds
n
Zwixi < kT - V/nw(Q) . (5.21)
i=1 «

The theorem above shows that the lower bound of A, depends on the Gaussian
width of the unit ball of || - ||. Next we give its general bound for the unitarily invariant

matrix norm.
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Theorem 18 Suppose that the symmetric gauge f associated with || - || satisfies f(-) >

v| - ||1. Then the Gaussian width w(Q2) is upper bounded by

_Vdtyp

w(Q) V (5.22)

Proof: As f(-) > v| - ||1, we have
-I=vl-lle = QCQ

vl

Hence it follows that

w (D) _ EHGHOp < \/g+\/13
= ]j )

1% 1%

w () <

5.4 Examples

Combining results in Section [5.3] we have that if the number of measurements n >

O(w?(C)), then the recovery error, with high probability, satisfies

L<0 <W> : (5.23)

Hé)—@* v

Here we give two examples based on the trace norm [35] and the recently proposed
spectral k-support norm [121] to illustrate how to bound the geometric measures and

obtain the error bound.

5.4.1 Trace Norm

Trace norm has been widely used in low-rank matrix recovery. The trace norm of ®* is
basically the L; norm of *, i.e., f = ||-||1. Now we turn to the three geometric measures.

Assuming that rank(®*) = r < d, one subgradient of ||o*|]; is 8* = [1,1,...,1]T.
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Restricted norm compatibility Wy,: It is obvious that assumption in Theorem
will hold for f by choosing 71 = 1 and 72 = 0, and we have p = 1. The sparse
compatibility constant @, (r) is v/r because ||||1 < 1/7||d||2 for any r-sparse d. Using
Theorem [14] we have

Ui <441 . (5.24)

Gaussian width w(Ci,): As p =1, Theorem [16| implies that
w(Ci) < V/3r(d+p—r). (5.25)
Gaussian width w(€4,): Using Theorem [18 with v = 1, it is easy to see that
w(Qy) < Vd+ /p - (5.26)

Putting all the results together, we have the following bound hold with high proba-

bility when n > O(r(d +p — 1))

Hé—@*

d
SO(\/TJM/W) : (5.27)
F n n
which matches the bound in [31].

5.4.2 Spectral k-Support Norm

The k-support norm proposed in [7] is defined as

16]1z” = inf {Z [[uill2 ‘ laillo <k, Y wi= 0} , (5.28)
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and its dual norm is simply given by
Il = |61, - (5.29)

Spectral k-support norm (denoted by || - ||sk) of ©* is defined by applying the k-support
norm on o*, i.e., f = | - |77, which has demonstrated better performance than trace
norm in matrix completion task |[121]. For simplicity, We assume that rank(®*) =r =k

R

and [|[o*|2 = 1. One subgradient of ||o*||}" is 6* = [0],05,...,07, 0 7T,
Restricted norm compatibility Wg.: The following relation has been shown for

k-support norm in [7],

HHl sp ||H1
max{\ e } < I 17 < VEmax{] - o L2 (5.30)

Hence the assumption in Theorem (14| will hold for 7; = \/% and 75 = v/2, and we have

x
1

pP=73
for any k-sparse 8. Using Theorem we have

. The sparse compatibility constant ®;"(r) = ®;"(k) = 1 because [|8];" = ||d]|2

S

xyskg2x/§+x@<1+;{>=f2(3+;>. (5.31)

Gaussian width w(Cg): Theorem [16|implies

w (Cex) < \/r(d +p—r) [2;522 + 1] . (5.32)

»
Gaussian width w(€g): The relation above for k-support norm shown in [7] also

implies that v = ﬁ = # By Theorem we get

w Q) < Vr(Vd+ /D) . (5.33)



93

Given the upper bounds for geometric measures, with high probability, we have

. <0 <\/7;Td+ ﬁ) (5.34)

when n > O(r(d 4+ p — r)). The spectral k-support norm was first introduced in [121],

H(ﬁ)—@*

in which no statistical results are provided. Although [67] investigated the statistical
aspects of spectral k-support norm in matrix completion setting, the analysis was quite

different from our setting. Hence this error bound is new in the literature.

Appendix

Appendix 5.A Proof of Deterministic Analysis

5.A.1 Proof of Lemma 1]

Proof: Both T and T’ are induced by scaled (semi)norm balls (i.e., Q and Q) cen-

tered at —®*, and note that
O, =0, 0),=0.
Thus we obtain

107l = €%, lw = Y 076} = (0,6 = ©7]
i=1

which indicates that the two balls have the same radius. Hence we only need to show that

| lwz < |- [|- For any A € R¥*P_ assume that the SVD of Ay, and Ay, are given by

An, =U; 21Vf and A, = UQEQVg. The corresponding vectors of singular values

are in the form of o/ = [0}, 0%,...,0.,0,...,0/7, 0" = [oi’,aé’,...,og_r,o,...,O]T € R,
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as rank(A g, ) < r and rank(Apg,) < d —r. Then we have

.| o
[Allw.z = A llw + [ A, |z = (o', W) + (0", 2) = <9 : > = ((©,4)),

where ® = U Diag(07,.)V1 + Uz Diag(0;_,.,,) V2. From this construction, we can see

that * are the singular values of ®, thus ||®|. < 1. It follows that
((©,4)) < max ((Z,A)) = A,

T 1Z)«<1

which completes the proof. (]

5.A.2 Proof of Theorem [14

Proof: Under the setting of Lemma [11] as ®* € M1, we have

A+ 0wz <[Owz = [[Am; +O%[w + [[Arg]lz < [[O7]w =

—[Armllw + 107w + [Ar,llz < 107w = [[Artllz < [|AM [lw -

As the set {A | [[Am,llz < [|Aam, |lw} itself is a cone, we obtain

T € {Aa | Arllz < 1AM llw}
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Define M as the orthogonal complement of M @ Ms. By the definition and Lemma

we have

_ Al A Al
¥ = sup < <
acTt |AllF 7 aer IAIF 7 jan, l<lar v 1AlF

A+ 1AM + A,

< sup
[P NYR VN [AlF
A A A
< sup A L sup [AMm, + Al
aemt 1Al 1any |A[lF
T2, Ter =P

It is not difficult to see that any A € M~ has rank at most 2r, thus

sup Al _ sup M< su f(9) <9 f(9)

_ < <2 sup =2P¢(r) .
acmt AR acpmr lo(B)]l2 ™ sjo<er 16ll2 ™ ysj0<r 16112 /

Using (B-15) and || Ant, + Aty s < [ Ap, we have

wp B Al max (Al ml A, + A e}
1Ay ller HAHF N IA p Nl HAHF
A, Ter =P T8, Ter =P
- {% . 771(1+,0)HA||tr}
AeM; AR

< max {n2, m (1 + p)Vr} |

where the last inequality uses the fact that any A € M is at most rank-r, and ||d]|; <

\/7||8]|2 for any r-sparse vector §. Combining all the inequalities, we complete the proof.
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Appendix 5.B Proof of Probabilistic Analysis

5.B.1 Proof of Theorem [15]

Proof: Let (2, 1) be the probability space that X is defined on, and construct
H={n()=((,A)[AcC}.

IX|ly, < & immediately implies that sup,cy [|P[[,, < x. As X is isotropic, ie.,
E[((X,A))?] = 1 for any A € C C S?~!, thus H C Sz, and E[h?] = 1 for any
h € H. Given hy = ((-, A1)), ha = ((-, Ag)) € H, where Ay, Ay € C, the metric induced

by 1o norm satisfies
lIh1 = hallly, = (X, A1 = Ao))ly, < K llA1 = Aolp.
Using the properties of yo-functional and Lemma {4 we have

2 (H, ) < 522(C - llF) < Keaw(C)

c1car?w(C)

N
that condition c1x72(H, [||l,,) < Bv/n holds for H. Applying Lemma 3| to this #H, with

where ¢4 is an absolute constant. Hence, by choosing 8 = , We can guarantee

probability at least 1 — exp(—caciciw?(C)), we have

<B,

sup
heH

L) -1
=1

n-
1=

which implies

1 n
Jof =3 (X AN 2 1= 5.

1=
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Letting ¢ = cac3c?, € = c1cq, we complete the proof. |

5.B.2 proof of Theorem

Proof: Let w = [w,ws,...,wy]T. For each entry in w, we have
VEW? < V2lwillly, = v2r
l? — B2, <20, < Al < 47°.

where we use the definition of ¥ norm and its relation to i; norm. By Bernstein’s

inequality, we get

2
. € €
P (HwH% —272 > e) <P (Hw”% — E[Hw”%] > e) < exp <—01 min <167’4n’ 47_2>) .

Taking € = 472n, we have
P (Hw\b > 7'\/671) <exp(—cin) .

Denote Yy = Y i q u;X; for u € R™. For any u € S"~!, we get Y ullly, < ck due to

Y[l (Xs, ADE, < ex, VA €SP
P2 i=1

Y ws Ay, =

Zuz (X, A))

For the rest of the proof, we may drop the subscript of Y, for convenience. We construct
the stochastic process {Za = ((Y,A))}acq, and note that any Zy and Zy from this
process satisfy

62
P(12v = Zv| 2 e) =P ([(Y, U= V))| 2 ¢) <e-exp (—HzHUC_V”%> ’
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for some universal constant C' due to the sub-Gaussianity of Y. As ) is symmetric, it

follows that

sup |Zuy — Zv|=2sup Za ,
U, Ve AEQ

sup |[U—=V|r=2sup ||Allr=21n.
U,veQ AEQ

Using Lemma 2] we have

P (2 sup Za 2 cun ({61 1) + ¢ 2n>) < cexp (=€) |
S

where ¢y and ¢4 are absolute constant. By Lemma [4] there exist constants cs and cj

such that

2
PQ2Y|l« > sk (w(2) +€) =P (2 Zlé% Za > csk (w(Q) + e)) < cgexp <—022> .

Letting € = w(f2), we have for any u € S~}

2
B([Yal > csmu()) < czexp <_ <w(ﬂ)> >

c3n

Combining this with the bound for ||wl||2 and letting ¢y = v/6¢5, by union bound, we

have

P ( jg:a%)(i
=1

R
|2

> cmwﬂw(ﬁ)) <P ( £ > C5I<aw(Q)> +P (HwH2 > T\/6T”L)

< sup P(|Yall, 2 esrw(@)) + P (Jlwlz > 7v/6n)

ueSnr—1
w?(Q)

< caexp (— 22 ) +exp(—cin) ,
3
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which completes the proof. |

5.B.3 Proof of Theorem [16

To facilitate the proof of Theorem we will use some properties specific to the Gaus-
sian random matrix G € R?*?, which are summarized as follows. The symbol “~”
means “has the same distribution as”.

Property 1: Given an m-dimensional subspace M C R%*P spanned by orthonormal

basis Uy,...,U,,,
m
Gum~ Y giUi,
i=1

where g;’s are i.i.d. standard Gaussian random variables. Moreover, E [[|Gy]/%] = m.
Proof: Given the orthonormal basis Uy, ..., U,, of subspace M, G can be written

as

m

Gum =) ((G,U) U

i=1
Since ||Ui||r = ... = ||Unl|lr = 1, each ((G,U;)) is standard Gaussian. Moreover, as
Uy,..., U, are orthogonal, ((G,U;)) are independent of each other. [

Property 2: G, and Gy, are independent if M, My C R?*? are orthogonal sub-
spaces.

Proof: Suppose that the orthonormal bases of M, Ms are given by Uy,...,U,,, and
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Vi,..., V, respectively. Using Property 1 above, G, and Gy, can be written as
mi mi
Gum, =Y ((GU)-U; ~ > gU;,
i=1 i=1
ma ma2
G, =Y (G, Vi) Vi ~ D Vi,
i=1 =1
where g1,...,gm, and hy,..., hpy, are all standard Gaussian. As M, My C RP are
orthogonal, Uy, ..., Uy, and Vi,...,V,, are orthogonal to each other as well, which
implies that gi1,...,gm, and hy,..., hy,, are all independent. Therefore G, and Gy,
are independent. |

Property 3: Given a subspace
M ={O e R | colsp(®) C U, rowsp(®) C V},

where U C R?, V C RP are two subspaces of dimension m; and ms respectively, then

|G Mmllop satisfies

1Grllop ~ 1IGllop

where G’ is an m; X m9 matrix with i.i.d. standard Gaussian entries.
Proof: Suppose that the orthonormal bases for & and V are U = [uy,...,u,,]| and
V = [vi,...,Vp,] respectively, and U and V| denote the orthonormal bases for their

orthogonal complement. It is easy to see that the orthonormal basis for M can be given
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by {uiva | 1 <i<my, 1<j<mg}. Using Property 1, we have

mi1 me
Gum ~ D) Giuv] =UGV
i=1 j=1
/ Oymy x (p—mn v
o [U, UJ_] . 1><(p 2) . -
O(d—ml)XmQ O(d—m1)><(p—m2) VJ_

where G’ is a my x mg standard Gaussian random matrix. Note that both [U,U,] €

R4 and [V, V1] € RPXP are unitary matrices, because they form the orthonormal bases

/

for R and RP respectively. If we denote by W, then ||Gllop = [[W|op as
0 O

spectral norm is unitarily invariant. Further, if the SVD of G’ is G’ = U1 X, VY, where
U; e R™Mm>x™ 3 € R™*X™2 gnd Vi € R™2*™2_ then the SVD of W is given by

W — Ul Omlx(dfml) % 21 0m1><(17*m2)
0(d—m1)><m1 U2 O(d—ml)xmg O(d—ml)x(p—mz)
Vi Oy x(p—ms)

O(P—m2) Xm2 Vg

where Uy € R@—m1)x(d=m1) anq V, ¢ RP—72)x(P—m2) are arbitrary unitary matrices.
From the equation above, we can see that W and G’ share the same singular values,

thus [[Gatllop = [Wllop = [[G/llop- =

Property 4: The operator norm ||G||o, satisfies

P([|Gllop > Vi + Vb +¢) < exp <—€22> : (5.35)

E[|Gllop) < Vd+ /b, (5.36)

E[IGI2,] < (Vi+vB) +2. (5.37)
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(5.35) and ([5.36]) are the classical results on the extreme singular value of Gaussian

random matrix [146.[172] (see Theorem 5.32 and Corollary 5.35 in |172]). (5.37)) is used
in [40] (see (82) - (87) in [40]).
Property 5: For a subset of unit sphere A C S®™~1, A useful inequality [4,40] is given

by the Gaussian width satisfies
2 <E inf ||G — Z||2 5.38
w*(A) < Eg zlgNH 7] ( )

in which N ={Z | ((Z,A)) <0 for all A € A} is the polar cone of cone(A).

This property is essentially Proposition 10.2 in [4], and the right-hand side is often
called statistical dimension. Now we are ready to present the proof of Theorem
Proof of Theorem : Let 6* be any subgradient of f(-) at o*, i.e., 0* € df(co*), and
I' = U Diag(67.,)V. We define

D={W|WeMy, o(W)<z}, K={T+W|WeD},

where the symbol “<” means “elementwise less than or equal”. It is not difficult to see
that K is a subset of 0||@*||, as any Z € K satisfies ||Z]|« = f«(o(Z)) < f.(6*) =1 and
(2,0%) = (0(Z),0") = (8},,,0%,) = f(0*) = |©*]. Hence we have

cone(K) C cone{d]|®*||} =N,

where N is the polar cone of 7, and the equality follows from the Theorem 23.7 of [144].
We define the subspace M as the orthogonal complement of M; @& Ms. For the sake

of convenience, we denote by G1 (G2, G1) the orthogonal projection of G onto M;
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(Mo, M), and denote cone(K) by Cx. Using (/5.38)), we obtain

w(C)? <E | inf |G - 2}

<E | inf |G~ Zi|} +Go — Zofl + G — ZLH%«“] (5.39)
L K

o 2 2 2
=E _1t2(]’1]f‘}1‘f,€tD |G1 —t||% + [|G2 —WHF} +E[|GLF] -

, which is a random quantity

To further bound the expectations, we let ty = ”(Qiﬁ

min

depending on G. Therefore, we have

. T2 w2
| it G~ Tl + G2 - WIS

<E[|G1 —tl|[7] +E Wit 1IG2 - W|ﬂ

=E[|G1]E] + 2E [((G1, toI)] + 167,13 - E [t5] +0

2 21 16513 (5:40)
P40+ E[|Gof,] -
oF 2
< ((Wd=r++vp—1)72+2)- ||9>1“2TH2

<r?420%r(d+p—2r) ,

where the second equality uses Property 1 and 2, and the second inequality follows from

Property 3 and 4. Since M is a r(d + p — 2r)-dimensional subspace, by Property 1 we
have E [||G L ||3] = r(d + p — 2r). Combining it with (5.39) and (5.40), we have

w(C) < V@22 +1)([d+p—7r)r. (5.41)

On the other hand, as C C S®~1, we always have

w(C) <E[IGlr] < E[IGI}] = Vdp . (5.42)
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We finish the proof by combining the two bounds for w(C). [



Chapter 6

Robust Structured Estimation for

Single-Index Models

6.1 Introduction

In previous chapters, we focus on structured estimation for linear models. The simplicity
of linear model leads to its great interpretability and computational efficiency, which
are often favored in practical applications. Despite these attractive merits, one main
drawback of linear models is the stringent assumption of linear relationship between x
and y, which may fail to hold in complicated scenarios. To introduce more flexibility,

one option is to consider the general single-index models (SIMs) [73.[77],

Ely[x] = f*((6%,%)) , (6.1)

where f* : R — R is an unknown univariate transfer function (a.k.a. link function).
This class of models enjoys rich modeling power in the sense that it encompasses several

useful models as special cases, which are briefly described below:

105
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e One-bit Compressed Sensing: In one-bit compressed sensing (1-bit CS) [23,

134], the response y is restricted to be binary, i.e., y € {+1, —1}, and the range of
transfer function f* is [—1,1]. Given the measurement vector x, one can generate
y from the Bernoulli model,

L_;l ~ Ber <f*(<0*,2x>)+1> . (6.2)

In the noiseless case, f*(z) = sign(z) and y always reflects the true sign of (68*,x),
while y can be incorrect for other f* whose shape determines the noise level in

some way.

e Generalized Linear Models: In generalized linear models (GLMs) [119], the
transfer function is assumed to be monotonically increasing and conditional dis-
tribution of y|x belongs to exponential family. Different choices of f* give rise to
different members in GLMs. If f* is identity function f*(z) = z, one has the sim-
ple linear models, while the sigmoid function f*(z) = H% results in the logistic
model for binary classification. In this work, however, we have no access to exact
f* other than knowing it is monotone.

e Noise in Monotone Transfer: Instead of having the general expectation form
of y as GLMs, one could directly introduce the noise inside monotone transfer f

to model the randomness of y [135],
y=7F((0"%) +e) . (6.3)

In this setting, the transfer function f is slightly different from the f* in (6.1)),
which are related by f*(z) = E[f(z + €)|2].
A key advantage of SIM is its robustness. First, allowing unknown f* prevents the

mis-specification of transfer function, which could otherwise lead to a poor estimate of
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0*. Second, the model in (6.1)) makes minimal assumption on the distribution of y, thus

being able to tolerate potentially heavy-tailed noise.

In the absence of exact f*, though 1-bit CS and related variants were well-studied
in recent years [23,42}62,81,|104}/134,/151}/152,,/181,|186}/191], the exploration of general
SIMs or the cases with monotone transfers is relatively limited, especially in the high-
dimensional regime. [93] and [92] investigated the low-dimensional SIMs with mono-
tone transfers, and they proposed perceptron-type algorithms to estimate both f* and
0%, with provable guarantees on prediction error. In high dimension, general SIMs
were studied by [3] and [136], in which only unstructured sparsity of 6* is considered.
The algorithm developed in [3] relies on reversible jump MCMC, which could be slow.
In [136], a path fitting algorithm is designed to recover f* and 6*, but only asymptotic
guarantees are provided. [58] considered the high-dimensional setting with monotone
transfer, and their iterative algorithm is based on non-convex optimization, for which it
is hard to establish the convergence. Besides, the prediction error bound they derived
is also weak (in the sense that it is even worse than the initialization of the algorith-
m). Recently [131] proposed a constrained least-squares method to estimate 8*, with
recovery error characterized by Gaussian width and related quantities. Though their
analysis considered the general structure of 8, it only holds for noiseless setting where
y = f((6*,x)). General structure of 8* was also explored in [173] and [135]. Other
types of statistical guarantees for high-dimensional SIMs is also available, such as sup-
port recovery of 8* in [129]. It is worth noting that all the aforementioned statistical
analyses rely on sub-Gaussian noise or the transfer function being bounded or Lipschitz,
which indicates that none of the results can immediately hold for heavy-tailed noise (or
without Lipschitzness and boundedness).

In this chapter, we focus on the parameter estimation of 8* instead of the prediction

of y given new x, given n measurements of (x,y) € R? x R, denoted by {(xi,v:)}i" .
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In particular, we propose two families of generalized estimators, constrained and regu-
larized, for model under Gaussian measurement. The parameter 8* is assumed to
possess certain low-complexity structure, which can be either captured by a constrain-
t 8* € K or a norm regularization term ||@*||. Our general approach is inspired by
U-statistics [98] and the advances in 1-bit CS, and subsumes several existing 1-bit CS
algorithms [42,/186] as special cases. Similar to those algorithms, our estimator is simple
and often admits closed-form solutions. Apart from 1-bit CS, we particularly investigate
the model , for which the generalized estimator is specialized in a novel way. The
resulting estimator better leverages the monotonicity of the transfer function, which
is also demonstrated through experiments. Regarding the recovery analysis, there are
two appealing aspects. First our results work for general structure, with error bound
characterized by Gaussian width and some other easy-to-compute geometric measures.
Instantiating our results with specific structure of 8* recovers previously established
error bounds for 1-bit CS [42,/186], which are sharper than those yielded by the general
analysis in [134]. Second, our analysis works with limited assumptions on the condi-
tion distribution of y. In particular, our estimator is robust to heavy-tailed noise and
permit unbounded transfer functions f* as well as non-Lipschitz ones. For the ease of
exposition, whenever we say “monotone”, it means “monotonically increasing” by de-
fault. Throughout the chapter, we will use ¢, C,C’, Cy, C; and so on to denote absolute
constants, which may differ from context to context.

The rest of the chapter is organized as follows. In Section [6.2] we introduce our ro-
bust estimators for SIMs. Section [6.3] presents the statistical guarantees of the proposed
estimators. Different structures of 8* are also discussed. In Section [6.4] we provide two
few examples, 1-bit CS and monotone transfer, to illustrate the specialization of the
general estimators. In Section [6.5] we complement our theoretical developments with

some experiment results.
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6.2 Robust Estimators

6.2.1 Assumptions

For the sake of identifiability, we assume w.l.o.g. that ||@*|2 = 1 throughout the chap-
ter. At the first glimpse of model , we may realize that it is difficult to recover 6*
due to unknown f*. In contrast, when f* is given, the recovery guarantees of 8* can be
established under mild assumptions of x and ¥, such as boundedness or sub-Gaussianity.
If we know certain properties of the transfer function like the monotonicity introduced
in GLMs and , the structure of f* is largely restricted, and it is tempting to expect
that similar results will continue to hold. Unfortunately, we first have the following
claim, which indicates that without other constraints on f* beyond strict monotonicity,
0* cannot be consistently estimated under general sub-Gaussian (or bounded) measure-

ment, even in the noiseless setting of (6.3)).

Claim 1 Suppose that each element x; of x is sampled i.i.d. from Rademacher dis-
tribution, i.e., P(z; = 1) = P(z; = —1) = 0.5. Under model with noise € = 0,
there exists a @ € SP~! together with a monotone f, such that supp(8) = supp(0*)
and y; = f((0,%;)) for data {(x;,y;)}*; with arbitrarily large sample size n, while

16 — 0*||2 > & for some constant 6.
Proof: In the noiseless setting with unknown f*, provided that S = supp(8*) is given

and |S| = s, the estimation of 8* is simplified as

Find 05 € $°! s.t. sign ((0s,xis — Xjg)) =sign(yi —y;), V1<i<j<n,

(6.4)

any of whose solution @ can be true 8* on the premise that no other information is

available, since there always exists a monotone f satisfying f((6,x;)) = y;. Given the



110

distribution of x, x;5 — X;¢ only has 3% possibilities even if n — +oco. We denote
the feasible set of (6.4) by C, which is basically an intersection of S*~! and at most
min{n(n — 1), 3P} halfspaces (or hyperplanes if y; = y;). Depending on the 3 different

n=1),37} possibilities,

values of each sign(y; — y;), this feasible set C has at most gmin{n(
which is finite, and the union of them should be S*~'. When s > 2 and the constant J is
small enough, we can always find a C, in which there exist two different points away by

§. Specify them as 6,s and 05 respectively, and we are unable to distinguish between

them, as both can be solution to (6.4]) for any samples. [

Now that consistent estimation of 8* is not possible for general sub-Gaussian mea-
surement, it might be reasonable to focus on certain special cases. For this work, we
assume that x is standard Gaussian A/(0,I). For SIM , we additionally assume that
the distribution of y depends on x only through the value of (6*,x), i.e., the distribution
of y|x is fixed if (8%, x) is given (no matter what the exact x is). This assumption is
quite minimal, and it turns out that the examples we provide in Section [6.1] all satisfy

it (if noise € is independent of x in (6.3)). The same assumption is used in |135] as well.

Under the assumptions above, given m i.i.d. observations (x1,41),-- -, (Xm,Ym), We
define
m
u ((Xlayl)v ) (vaym)) = Z% (yla s 7ym) c X, (65)
i=1

where all ¢; : R™ +— R are bounded functions with |g;| < 1, which are chosen along with
m based on the properties of the transfer function. In Section [6.4] we will see examples

for their choices. The vector u € RP is critical due to the key observation below.

Lemma 12 Suppose the distribution of y in model (6.1]) depends on x through (6*,x)

and we define accordingly

bi (215, 2m; 0%) =Elqi (Y1, ym) (0", x1) = 21, ..., (0%, %Xn) = 2] - (6.6)
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With x being standard Gaussian N(0,1), u defined in (6.5) satisfies

E[u((xlayl)a'"7(Xmaym))] = po* (67)

where B =" Eb; (g1, ., 9m;0%) - gi], and g1, ..., gm are i.i.d. standard Gaussian.

Proof: Let @) be any vector orthogonal to 8*. For convenience, we use the shorthand

notation u for u ((x1,91), ..., (Xm, ¥m)). Then we have
(Eu,00) =F > qi(yr,- - ym) - (%i,00) | =D Elgi (W1, ym) - (x:,01)]
i=1 i=1
:ZE[<X17OL>E[(]Z (ylaaym)‘xluvxm]] (*)
1=1

As x; follows N(0,1), (x;,0%) and (x;,0,) are two zero-mean independent Gaussian
random variables. Since the distribution of y; depends on x only via (6*,x;), we can

split the expectation and obtain

(%) =D E[(x:,01) - b; ((0°,%1),..., (6%, %m); 6%)]

= E[(xi,0.)]-E[bi ((6",x1),..., (0", x);0")] =0 .
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We complete the proof by recalling that ||@*||2 = 1, thus Eu = 56*. (]
Note that Lemma is true for all choices of ¢;, and the proof is given in the
appendix. This lemma presents an insight towards the design of our estimator, that is,
the direction of 8* can be approximated if we have a good sense about Eu. As we will
see in the sequel, the scalar 8 plays a key role in the estimation error bound, which can
give us clues to the choice of ¢;. We can assume w.l.o.g. that 8 > 0 since we can flip

the sign of each ¢;.

6.2.2 Estimators

Inspired by Lemma (12| we define the vector u for the observed data {(x;,vi)}7,

fl: = 7 Z u((x’i17y’i1)"’"(Xim7yim)) Y (68)
]-S’leﬂ’m«gn

1. Fim

which is an unbiased estimator of Eu, meaning that Ea = Eu = £6*. For instance,

when m = 2, we essentially have

u= m Z u (%3, %), (%5, 95)) (6.9)
1<i,5<n
i#]
In fact, . can be treated as a vector version of U-statistics with order m. Given 1, a

naive way to estimate 0 is to simply normalize 0, i.e., @ = u/||||2, . which is the

solution to

0 = argmin — (0,0) st. 0ecSPL.
OcRP

In high-dimensional setting, 8* is often structured, but the naive estimator fails to take

such information into account, which would lead to large error. To incorporate the
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prior knowledge on 6*, we design two types of estimator, the constrained one and the
regularized one.
Constrained Estimator: If we assume that 8* belongs to some structured set K C

SP=1, then the estimation of 8* is carried out via the constrained optimization

0. = argmin — (1,0) st. OcK. (6.10)
OcRP

Similar estimator has been used in [135], but they only focused on specific . Here the
set K can be non-convex, as long as the optimization can be solved globally. Since the
objective function is very simple (i.e., linear), we can often end up with a global mini-
mizer. Moreover, the solution to also minimizes its relaxed convex counterpart,

min — (0,0) s.t. 0 € conv(K). (6.11)

Although (6.11])) may yield a solution outside I, it could help recover a feasible solution
for the original problem.

Regularized Estimator: If we assume that the structure of 8* can be captured by

certain norm || - ||, we may alternatively use the regularized estimator to find 6*,
6., = argmin — (,0) + \|0] st [fa<1. (6.12)
OcRP

Previously this estimator was used in 1-bit CS scenario with L; norm [186]. The opti-
mization associated with érg is convex, thus the global minimum is always attained. In

fact, the following theorem characterizes the solution to ((6.12)).
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Theorem 19 The reqularized estimator érg in (6.12) is given by

proxy . () . N
||proxx|\.\|(ﬁ)||2 A< HuH*

07’_(] = s (613)

0, otherwise

where proxy.| () is the prozimal operator for | - ||, and || - ||« is the dual norm of | - ||.

Remark: When the regularization parameter X is appropriately chosen, the regularized
estimator is the solution to a proximal operator with normalization. The simplicity of

the solution makes the computation highly efficient.

6.3 Statistical Analysis

Regarding the constrained estimator, the recovery of 0* relies on the geometry of O,

which is described by
C;c:cone{v ’ v=0-06" HEIC} ﬂ sp—t (6.14)

The set Cx essentially contains all possible directions that error é = écs — 0* could lie

in. The following theorem characterizes the error of 6.

Theorem 20 Suppose that the optimization (6.10) can be solved to global minimum.
Then the following error bound holds for the minimizer 0. with probability at least

1—C"exp (711)2 (C;C)),

3

< Crm2 w(Cx) +C’
2= f vn ’

A~

0. — 0"

(6.15)

where k is the sub-Gaussian norm of a standard Gaussian random variable, and C, C’,
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C" are all absolute constant.

Remark: Note that estimator is consistent as long as § # 0. The error bound inversely
depends on the scale of 3, which implies that we should construct suitable ¢; such that
B is large according to its definition in Lemma The choice of ¢; further depends
on the assumed property of f*. Though dependency on m may prevent us from using
higher-order u, m is typically small in practice and can be treated as constant.

For regularized estimator, we can similarly establish the recovery guarantee in terms

of Gaussian width.

Theorem 21 Define the following set for any p > 1,

Cp:cone{v‘ v+ 6% < |yo*||+”;”} (s,

Let || - ||« be the dual norm of || - ||. If we set A\ = p|la— B0*|, = O (M\/ﬁw(ﬁ)) and

it satisfies A\ < |||, then with probability at least 1 — C” exp (—w2 (Q)), érg in (6.12))
satisfies
3
< Cl+p)rkmz ¥ -w(Q)
2 B N

where ¥ = supyec, [V, and Q is the unit ball of norm || - ||.

0,,— 6"

(6.16)

Remark: The geometry of the regularized estimator is slightly different from the con-
strained one. Instead of having Ci, here the set C, depends on the choice of the reg-
ularization parameter A through the coefficient p. There is a tradeoff regarding p. A
larger p results in a larger coefficient in the error bound, while the spherical cap C, will

shrink, which potentially leads to a smaller ¥. The same phenomenon also appears in

the [14].
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6.4 Applications

6.4.1 1-bit Compressed Sensing

For 1-bit CS problem (/6.2)), the u defined in (6.5)) can be chosen with m =1 and ¢; = y;,

ending up with

1 n
= a= — i X . 1
u((x,y)) =yx and 1 n;yx (6.17)

By such choice of u, the § defined in Lemma [12|is simply § = E[f*(g)g] with ¢g being
standard Gaussian random vector. Under reasonably mild noise, y is likely to take the
sign of the linear measurement, which means that f*(g) should be close to 1 (or -1) if ¢
is positive (or negative). Thus we expect f*(g)g to be positive most of time and S to be
large. Given the choice of u, we can specialize our generalized constrained /regularized
estimator to obtain previous results. If 8* is assumed to be s-sparse, for constrained
estimator, we can choose a straightforward X = {0 | ||0]|o < s} NSP~!, which results in

the k-support norm estimator [42],

6" = argmin — (,0) s.t. [|0]jo<s,[|0]2=1 (6.18)
OcRp

Though K is non-convex, the global minimizer can actually be obtained in closed form,

Uj
1

. if [ay] is in [aly,
‘u|1:s 2

nks
0 = (6.19)

0, otherwise

where |G| is the absolute-value counterpart of @ with entries sorted in descending
order, and the subscript takes the top s entries. Similarly if the regularized estimator is

instantiated with L; norm || - ||;, we obtain the so-called passive algorithm introduced
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in [186],

0" = argmin — (@, 0) + A||0]]; st. |82 <1, (6.20)
OcRp

whose solution is given by the elementwise soft-thresholding operator

S (a,\)

gro = S
15 @ Nl

where S;(a, \) = max{sign(u;)(|a;] — A),0} . (6.21)

Based on Theorem |20| and we can easily obtain the error bound for both k-support

norm estimator and passive algorithm.

Corollary 4 Assume that {(x;,y;)}1— follow 1-bit CS model in (6.2) and & is given as

(6.17). For any s-sparse @*, with high probability, 0 produced by both (6.18) and (6.20))

(i.e., OF and 07%) satisfy

oo

n

<0 < 310gp> (6.22)

Proof: For the k-support norm estimator, the cone Cx is given by

Cic = cone {é — 0

1010 < s, 1012 < 1} () 7

— GeCS={v] vl <25} NS
Using (19) from [43], we have

w(C) <w(S) <0 (Vslogp) .
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By Theorem [20 the error of k-support norm estimator satisfies

<0 ( slogp)
2 n

For the passive algorithm, if we choose p = 2, the restricted norm compatibility ¥ for

Héks _ 9"

L1 norm satisfies
Uy, <45 (6.23)

according to the results in [14,/127]. [43] also show that the Gaussian width of the

Li-norm ball is bounded by

w(€,) < O (@) . (6.24)

Now combining (6.23]), (6.24) and Theorem 21} we can conclude that

§O< 510gp> ’
2 n

which completes the proof. ]

oo

The above result was shown by [151] and [186], but their analyses do not consider the

n

general structure. Compared with O ( y Slogp) yielded by the general result in [134],

our bound is much sharper.

6.4.2 A New Estimator for Monotone Transfer

In this subsection, we specifically study model (6.3). Here we further assume that fis
strictly increasing. What is worth mentioning is that the estimator we develop here can

be applied to GLMs as well. To avoid the confusion with u and @ used for 1-bit CS, we
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instead use new notations h and h respectively in this monotone transfer setting. To
motivate the design of h, it is helpful to rewrite model by applying the inverse of
f on both sides,

Fy) = (0%,%x) +e. (6.25)

Note that the new formulation resembles the linear model except that we have no access
to the value of f~1(y). Instead, all we know about r = [f~'(y1),..., [ (yn)]* € R"
is that it preserves the ordering of y = [y1,...,ys]7. Put in another way, r needs to
satisfy the constraint that r; > r; iff. y; > y; and r; < r; iff. y; < y;. To move one step
further, it is equivalent to sign(y; —y;) = sign(r; —r;) = sign((0*, x; —x;) +¢; —¢;) based
on model assumption. Hence the information contained in sample {(x;,y;)}~; can be
interpreted from the perspective of 1-bit CS, where sign(y; — y;) reflects the perturbed
sign of linear measurement (6*,x; —x;). Inspired by the u for 1-bit CS, we may choose

m = 2 and define h, h as

h ((x1,91), (x2,y2)) = sign(y1 — y2) - (x1 — x2) , (6.26)
he— S b (55,5)) (6.27)
n(n—1) 1<i,j<n
i#]

Given the definition of h, Lemma directly implies the following corollary.

Corollary 5 Suppose that (x1,y2) and (X2,y2) are generated by model , where
X1, X3 follow Gaussian distribution N'(0,1), and the noise €1, €2 are independent of x1, X2
and identically (but arbitrarily) distributed. Then the expectation of h ((x1,y1), (X2,¥2))
satisfies

E[h((x1,v1), (X2,%2))] = V256" , (6.28)

where 8" = Egpr0,1) [sign (g + (e1 — €2)/V?2) - g].
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Remark: The scalar v/23' serves as the role of 8 in Lemma and (3’ is always

guaranteed to be strictly positive regardless how the noise is distributed, which keeps
0* distinguishable all the time. To see this, let £ = (e; — €2)/v/2. Note that ¢ is
symmetric, thus €€ has the same distribution as £, where ¢ is a Rademacher random

variable. Therefore

8" =E[sign (g +¢) - g] = Eg ¢E. [sign (g + £€) - g]

sign (g — &) + sign (g +
_ EE, |98 (g 5)2 gnlg+&)

Since g(g — &) + g(g + &) = 2¢* > 0, it follows that sign(g(g — £)) + sign(g(g + &)) =
(sign(g — £) + sign(g + £)) - sign(g) > 0, thus (sign(g — £) + sign(g + £)) - g is always

nonnegative. Find a large enough M > 0 such that P(|{| < M) = 0.5 > 0, and we have

8" =E[sign (g +¢€) - 9] > EcEy [lg] - I{|g] > [¢]}]

M
> 0.5, [lg| - T{lg| > M}] = = Pllg| > M) > 0.

In the ideal noiseless case, §' achieve its maximum, ] .. = E[sign(g)g] = E[|g|] =
\/2/m. In the worst case, if €; and ey are heavy-tailed and dominate g, then §' =
E [sign ((e1 — €2)/v2) - g] =~ 0.

Now we can instantiate the generalized estimator based on h. For example, if 0 is

s-sparse, we estimate it by

6 = argmin — (h,0) s.t. [|@]lo <s,[|0]2=1 (6.29)
OcRr

which enjoys O (\ / Sbﬁ’) error rate as shown in Corollary The regularized estimator

can also be obtained with the same h according to (6.20). The bottleneck of computing

0 lies in the calculation of h. A simple proposition below enables us to get h in a fast
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manner.

Proposition 15 Given {(x;,y:)}",, let 7 be the permutation of {1,...,n} such that
Yir>y > >y L. Then we have
1 2 n
2 n
hzig n+1-2i)-x (6.30)

n(n—1) P i

Proof: We rearrange the terms inside the summation of (6.27) based on 7+,

5 1 , 2 .
h = nin—1) > sign(yi—yy) - (xi —x;) = nln—1) Y sign(yi —yy) - xi
1<i,j<n 1<i,j<n
1#] i#]
2 - 2 -
= i — ) - . 1—924)-
nln—1) ;J.;i sign (yﬂii y]) Xt n(n—1) ZZ;(n + i) Xpb

where the last inequality uses the fact that there are (i — 1) y; larger than and (n — i)
smaller than y_,, thus Zj#w; sign (yﬂ — yj) =n—-4i)—(—1)=n+1-2i. [
Remark: Based on the proposition above, h can be efficiently computed in O(np +

nlogn) time, i.e., O(nlogn) time for sorting y and O(np) time for the weighted sum of

all x;. This is a significant improvement compared with the the naive calculation using

(6.27)), which takes O(n?p) time.

6.4.3 Other Parameter Structures

So far we have illustrated the Gaussian width based error bounds, viz (6.15)) and (6.16]),

only through unstructured sparsity of 8*. Here we provide two more examples, non-
overlapping group sparsity and fused sparsity.
Non-Overlapping Group Sparsity: Suppose the coordinates of 8* has been par-

titioned into K predefined disjoint groups 7i,...,Zxg C {1,2,...,p} with |Z;] < G
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(1 < j < K), out of which only k groups are non-zero. If we use the regularized es-
timator with Lo norm |82 = Zszl |67, |2, the optimal solution can be similarly

obtained as (6.20)), with elementwise soft-thresholding replaced by the groupwise one,

A GS (i, \)

A
6, — 2N pere GSr(@,A) = max{l A o} . 6.31
“ = [GS @, o (031

[azlly’

The related geometric measures that appears in (6.16)) can be found in [14], which are

given by

U, <OWk) (6.32)
w (Q,,) <O0(WIogK +VG) , (6.33)

Fused Sparsity: 0* is said to be s-fused-sparse if the cardinality of the set F(0*) =
{1 <i<pl6f #0607 ,} is smaller than s. If we resort to the constrained estimator
(6.10) with I = {0 | |F(0)| < s, ||0]|2 = 1}, the associated optimization can be solved

by dynamic programming [18]. The proposition below upper bounds the corresponding

Gaussian width w(Cx) in (6.15]).

Proposition 16 For s-fused-sparse 0%, the Gaussian width of set Cx with K = {0 €
RP | |F(O)| < s, ||8]|2 =1} satisfies

w(Cx) < O(y/slogp) (6.34)

6.5 Experimental Results

In the experiment, we focus on model (6.3) with sparse 8*. The problem dimension is

fixed as p = 1000, and the sparsity of 8* is set to 10. Essentially we generate our data
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Figure 6.1: Recovery error vs. sample size.
compared with iSILO, both of which outperform SILO by a large margin.

(¢) Error for f(z) =

23

(a) Our estimator has similar performance

(b) iSILO

has smaller error when o is small, while our estimator works better in high-noise regime
(c¢) The error of SILO is reduced compared with other f, but iSILO fails to give further
improvement over SILO when o is large. Our estimator still outperforms them when

o > 0.6.
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Figure 6.2: Recovery error vs. sample size, with f (2) = 2% under heavy-tailed noise
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(x,y) from

y=1(6"x)+¢)

where x ~ N(0,I) and € ~ N(0,02). o ranges from 0.3 to 1.5. We choose three
monotonically increasing f, f(z) = 1/(1 + exp(—=z)) (which is bounded and Lipschitz),
f(z) = 2* (which is unbounded and non-Lipschitz), and f(z) = log(1 + exp(z)) (which
is unbounded but Lipschitz). The sample size n varies from 200 to 1000. We use
the estimator in Section The baselines we compare with is the SILO
and iSILO algorithm introduced in [58]. SILO does not quite take the monotonicity
in account. In fact, it is the special case of our generalized constrained estimator
which uses the same choice of u as 1-bit CS. The original SILO use the constraint
set {0 | ]|60]l1 < /s, [|0]]2 < 1}, which is computationally less efficient and statistically
no better than K = {0 | ||0]|o < s} N'SP~! [42,/186]. Hence we also use K in SILO for a
fair comparison. iSILO relies on a specific implementation of isotonic regression which
explicitly restricts the Lipschitz constant of f to be one. To fit iSILO into our setting,
we remove the Lipschitzness constraint and perform the standard isotonic regression.
Since the convergence is not guaranteed for the iterative procedure of iSILO, the number
of its iterations is fixed to 100. The best tuning parameter of iSILO is obtained by grid
search.

The experiment results are shown in Figure Overall the iSILO algorithm works
well under small noise, while our estimator has better performance when the variance of
noise increases. To better demonstrate the robustness of our estimator to heavy-tailed
noise, instead of Gaussian noise, we sample € from the Student’s ¢ distribution with
degrees of freedom equal to 3. We repeat the experiments for f (2) = 23, and obtain the

plots in Figure We can see that the error of our estimator consistently decreases
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for all choice of o as n increases. For SILO and iSILO, the errors are relatively large,

and unable to shrink for large o even when more data are provided.

Appendix

Appendix 6.A Supplementary Proofs

6.A.1 Proof of Theorem [19

Proof: For X\ > ||u]|«, by Holder’s inequality, the objective function of (6.12)) satisfies
—(1,8) + A6] = —(1,6) + [[afl.]6e] =0,

and we can easily verify that 0 is a solution. When A < |||, the minimum of (6.12)) is
negative, thus the optimal solution is always obtained at the boundary of the constraint,
e., ||0gll2 = 1. For this case, we construct the Langrangian of (6.12) and swap the

minimization and maximization step,

max min — (i1, 8) + A[|6] +A(l0lI5 — 1) -

The minimization step over @ can be equivalently written as

min —(a,0) + 0] + 5([0]3 —1) + — 13 Hﬁ||§

OERP
1
i 0)3 — (0,0) + — |G 6
> min Bllollz — (a,8) + B||u||2+/\|| |
i M@
— Imin ﬁH + 16

= 51611]1{%5”2,80 a5+ A280] = 286, = prox, (@)
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As we have shown that HérgHg =1 for A < [|a., érg must be the normalized version of

the proximal operator of @ for A|| - ||, which completes the proof. [

6.A.2 Proof of Ly-Error Bound

We prove Theorem and Theorem here. To show them, we need a Hoeffding-
type inequality for sub-Gaussian U-statistics. In the literature, most of the studies
are centered around bounded U-statistics, for which the celebrated concentration is
established by [72]. Yet it is not easy to locate the counterpart for sub-Gaussian case.

Therefore we provide the following result and attach a proof.

Lemma 13 (concentration for sub-Gaussian U-statistics) Define the U-statistic

Upm(h) = ——= " > h(zi,...,2,) (6.35)
1<i1,eyim<n

117127 Fim

with order m and kernel h : R¥*™ — R based on n independent copies of random vector
z € RY, denoted by z1,- -+ ,2n. If h(-,...,) is sub-Gaussian with ||h|ly, < K, then the

following inequality holds for Uy m(h) with any 6 > 0,

P ([Upm(h) — EUp m(h)| > 8) < 2exp <_o [%J : f;) : (6.36)

in which C is an absolute constant.

Proof:  Our proof is based on Hoeffding’s decomposition for U-statistics. For simplicity,

we use U as shorthand for Uy, ,,(h). Given a permutation 7 of {1,...,n}, define

Wﬂ': LnJ h(zﬂ'mk+l7"'7z7’rm(k+1)> s
m



127

The U-statistic can be rewritten as U = % > Wr, and the summation is over all
possible permutations of {1,...,n}. As no copy of z appears more than twice in a
single Wy, W is an average of | | independent sub-Gaussian random variables. Hence
the ¥p-norm of its centered version satisfies |Wr —EWr |y, < cx/y/[Z]. Using Chernoff

technique, we have for any ¢ > 0,
P (U —EU >6) < e . Elexp(t({U — EU))]
t
exp (n‘ Z(Wn - IEU))

LS e (17— ED)

—e®.E

<e™.E (6.37)

= e . Elexp (t(Wy — EWy))]

2
< exp <—t5+ct2- FLJ) )

where the second inequality is obtained via Jensen’s inequality and the last one follows

the moment generating function bound for centered sub-Gaussian random variable.

Choosing t = | 2| 6/2cx? to minimize right-hand side of (6.37)), we obtain

n
m

P(U—EU > 6) < exp (-c [ﬁj 52) ,

ml K2
where C' = 1/2¢. To complete the proof, we just need to repeat the argument above for
P (U —-EU < —9). m

Proof of Theorem .' As 0 attains the global minimum of (6.10)), we have

6—0"0)>0 — <é—0*, —9*+9*>20

—9*> >1- (10— 0*|,- sup <v,“ —9*>

vecxu{o} B

™| e

— (0,0") > 1—<é—9*,

™| &
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In order to bound the supremum above, we use the result from generic chaining. We
define the stochastic process {Z, = (v, %—0*) }vecxuqoy- First, we need to check the pro-
cess has sub-Gaussian incremental. For simplicity, we denote u ((Xiy, ¥i, ), - - - (Xi, s Yirn )
by u;, .. s, . By the definitions and properties of sub-Gaussian norm, the sub-Gaussian

norm of w;, ;. satisfies

m

m m
i llyy = SUP (1D a5 (U1 9i) - (5, 0) || < sup |1 (x5, V)]

vese—1 1. vesSp—1i1m T
/ P2 I Y2

<m- sup |l[{x;, V)[ll,, < rm,
vesr—1

thus we know |[[(u;, ...,

Tm )

V—W)|yp < Em-||v—w|2 By Lemma we have

(n —m)! 1 )
=P n! Z ’ <uil,~~-,im>v W> - <V —w,0 > >0
1<t eyim<n
1%t
<2 _C LiJ .
= eXp( m m2k2 . ||V—W||%>
715252
<2 .
> eXp( m3/€2_ HV_WH%) )

where we set C" = C'/2. Therefore we can conclude that {7y} has sub-Gaussian incre-

3
mental w.r.t. the metric s(v,w) 2 %\;%W”Q Now applying Lemma [2| to {Z }, we
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obtain

P ( sup | Zy — Zw| > O (72 (Cc U {0}, 5) + & - diam (Cxc U {0}, 5) ))
v,weCiU{0}

< Cyexp (—52)

Cmm% ,
= P sup Zy| > . Cr U {0}, |- 4 98) ) < Cyexp (-6

Using Lemma @] 2 (Cc U {0}, || - |l2) < Cp - w (Cx U{0}) and taking § = w (Cx U {0}),

we get
N c 2
u % 3R
sup v,—0>§ sup |Zv| < -w (Ce UA{O
veCxkU{0} < B veCxkU{0} 12| Bvn ( {0)
Cskm?  w (Cx) + Cy
< :
B vn

with probability at least 1—C3 exp (—w? (Cx)). The last inequality follows from Lemma

Now we turn to the quantity ||@ — 6* ||,

3
16— 673 <2—2(0,6") <22 (1 16— o), - S22 w (Ck) +04)

6
3
A N 2C3km2 w(Cx) + C
< 6 - 07, 20 (G 2O
8 vn
We finish the proof by letting C' = 2C3, ¢/ = Cy and C” = Cs. [

Proof of Theorem .' Based on the optimality of 6, we have

—(@,0) + A\||0]| < —(1,07) + X6
— (80" —a—p367,0) + \||0]| < (86" —a— B6",07) + \||67|

— B(1—(07,0)) < (a—B6%,0—0%)+ (6" —||0]])
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Since (8*,6) < 1, we have

(a-p6%6 -0+ (|6 - 16]) =0 —
1

161 < 16" + - (@ — 56",6 — 67)
B
<167l + 5 - lla— 507l [|0 — 67
1. A
=l +Jle—e = 6-6ec,

Therefore it follows that

% N u * N * A * A
L= (07,0) < (5 - 00— 0%+ Z (10— 1))
. ~ é_ * é_ *
<6—o |2 -6 .l — o] LA 10 — 67|
s e T o)
A * u *
<(1+p)0—62- 3 -0 - Sup vl
* VELp
A * u *
T L [

u *
49

u *
49

. We first rewrite it as
*k

Now we try to bound = SUDPycq <% — 0%, v>.
*

Construct the stochastic process {Zy = (v,u/f—6%)}veq, and it is not difficult to verify
that {Z,} has sub-Gaussian incremental using the proof in Theorem Now applying

Lemma [2] and [4, we have

3
. 1 3
sup <u — 9*,V> =5 sup | Zy — Zw| < Curmz v () (6.39)

veQ 5 v,wef) B \/ﬁ ’

with probability at least 1 — C’ exp (—w2 (Q)) Therefore we know that A satisfies

B pm32w(Q)
o)
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As indicated by Theorem if A\ < ||it]|s, we can assert that ||@]| = 1. Combining

(6.38) and (6.39)), we finally get

2—2(0,6%) _Cmi(l+p) ¥ -w(Q)

9—0* = ~ >~ : )
I I 100 5 Tn

where the equality uses the fact that ||@]s = 1. ]

6.A.3 Proof of Proposition

Proof: Define the following sets

T=|JT,, where (6.40)
1<j
— 1
E {au ol vl RV e RS

(6.41)
up =0(k <ior k<j)}

For each 7; ;, its Gaussian width can be calculated as

w(Tij) =E

sup (v,g)] =v2s+1-E[[(u,g)|]=v2s+1-Elg| =0(v2s+1),

Vetn,j

where u is defined in (6.41]) and g is a standard Gaussian random variable. We apply

Lemma [T to 7, and obtain

< O(W2s + 1)+ O0(v2s +1-/logp)
= O(\/slogp)

w(T) < maxw(T,) + 2sup uz||2\/log <(p) +p)
1<j zeT 2
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Next we show that Cx C conv(7). Since K = {0 | |F(0)] < s, [|@]2 = 1} and

Ck = cone {v ‘ v=0-6* 0¢c IC} N SP~! by definition, we have |F(v)| < 2s for any
v € Cx. Suppose |F(v)| =t < 2s and F(v) = {i1,i2,...,i}. For simplicity, we also let
1o = 0 and 4ty1 = p. Then any v € Cx can be written as a convex combination of ¢ 4 2

points in 7. To see this, we rewrite v as

||V747‘+1:Zr+1 ||2

v t+ 1v v
v = Zvlr+1 T Z Vi, +1: 2r+1H2 ) Vi+1 ir+1tipg (1 B Z Vi, +1: 1T+1H2> 0,

(6.42)

where v;,_y1.;,., is obtained from v by keeping the entries from index ¢, +1 to 4,1 while
Vi1V p1i,

and we have
IVir 41, ll2

zeroing out the rest. Let w;, y1.4,,, =

(W, 4140, 2 =VE+1<V2s+1 = W 4144, € Tivtt1ip0 © T -

It follows from ||v|l2 = 1 that

t
Z Hvzr-l-l Zr+1 H2 < \/(t + 1) ZTZO ||vi7'+157;r+1H% -1
o Vvi+1

N Z HVZH-I Zr+l”2 >0

Hence (6.42)) is indeed a convex combination of ¢ + 2 points in 7, which implies Cx C

conv(7T). Finally, by the properties of Gaussian width, we conclude that

w(Cx) < w(conv(T)) = w(T) < O(y/slogp)



Chapter 7
Sparse Linear Isotonic Models

7.1 Introduction

As discussed in Chapter [0}, despite the prevalent success of linear models, modern data
often arise from complex environments in which the linear correlation could break down,
leading to poor performance of linear models. Similar to the single-index model that
captures the nonlinearity in response, progress has been made to relax the stringent
assumption of linear models by allowing nonlinearity in features. In particular, [9)

consider the following additive isotonic models (AIMs),

p

y=> filz;)+e, (7.1)

j=1
where {fj}§:1 £ F is a set of monotone univariate functions. To estimate F, a
commonly-used procedure is cyclic pooled adjacent violators (CPAV). At each itera-
tion of CPAV, isotonic regression is called to estimate one f; and its solution can be
efficiently found by the pooled adjacent violators algorithm (PAVA) [16]. Though the

nonlinearity can be captured by F, one need to specify the monotonicity for each f;

133



134

(either increasing or decreasing) in advance, which could be unknown in real-world appli-
cations, and enumerating all possible combinations can be computationally prohibitive.
In high dimension, the estimation of F becomes even more challenging, because the
number of monotone functions is very large.

To address the challenges in AIMs, we propose the sparse linear isotonic models

(SLIMs) for the high-dimensional setting, which assume
p ~ ~
Elyx] = > 0i/i(w;) = (0.£x)) (7.2)
j=1

where f(x) £ x = [fi(71),..., fp(zp)]T. SLIMs combine the parametric form from the
sparse linear models with the monotone transformations from AIMs, and generalize the
assumption of additive noise € to the conditional expectation form E[y|x]. Throughout
the chapter, the parameter 6 is assumed to be s-sparse. For identifiability, we also
assume w.l.o.g. that each f; is monotonically increasing (as the monotonicity can be
flipped by changing signs of éj), and properly normalized such that every Z; = f;(x;)
is zero-mean and unit-variance. Note that without losing any representational power of
AIM, the assumption of increasing f; avoids the pre-specification of monotonicity for
each f; as required in . For such hybrid model, given n i.i.d. samples {(x;,y;)}7;,
our goal is to estimate both @ and F. Since the hidden predictor % is inaccessible,
brutally fitting data into a linear model could result in a poor estimate of 6. In this
work, we design a two-step algorithm to accomplish this goal, which estimates 0 followed
by F. The estimation of 8 is inspired by the rank-based approaches for structure learning
of graphical models. At the high level, those approaches do not rely on the exact values
of samples generated from the graphical model, in order to learn its structure. Instead
they resort to rank correlations (e.g., Kendall’s tau correlation [94]) that are invariant

under monotonically increasing transformation, so that observing x and X makes no
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difference to the method. By leveraging a similar idea, we propose the Kendall’s tau
Dantzig selector (KDS) to estimate 6, with certain Kendall’s tau correlation coefficients
appropriately plugged in. Under some distributional assumptions, we show that this
estimator is guaranteed to recover a normalized version of 0 with small error. After 6
is estimated, we have a CPAV-type algorithm tailored for estimating transformations
F, which efficiently extends CPAV at little cost.

To sum up, we highlight a few merits of SLIM as follows. First, as aforementioned,
SLIM need not specify the monotonicity of f; whereas AIM requires. Second, the
two-step estimation for SLIM is particularly useful in high-dimensional settings. The
estimation of 6 may identify many “don’t-care” f;’s as their corresponding éj’s are zero,
thus reducing the problem size of estimating F. Besides, estimating 6 will suffice if one
only focuses on variable selection.

For the ease of exposition, we introduce a few notations which will be used in the
rest of the chapter. We let y = [y1,¥2,...,9yn]’ € R" be the response vector, X =
[X1,X2,...,%,]T € R™P be the observed design matrix , and denote its columns by
xJ) € R™. Similarly X, %; and %/ will denote the hidden counterpart of X, x; and x.
Matrix is bold capital, and the corresponding bold lowercase is reserved for its rows
(columns) with suitable subscripts (superscripts), and its entries are plain lowercase
with subscripts indexing both row and column. In general, vectors are bold lowercase
while scalars are plain lowercase. For a matrix, || -||2 denotes its spectral norm (i.e. the
largest eigenvalue) and || - [|max denotes the value of the largest entry in magnitude. The
rest of the chapter is organized as follows: we first review the related work in Section
and provide an overview of estimation for SLIM in Section Next we analyze
the recovery of 8 and present the algorithmic details for estimating F in Section In

Section [7.5] we demonstrate the effectiveness of SLIM through experiments.
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7.2 Related Work

AIM was initially proposed in [9]. [117] established the asymptotic properties of the
CPAV procedure. The high-dimensional counterpart of AIMs (i.e., assuming most of
fj’s are zero), Lasso ISO (LISO), was studied by [53|, where a modified CPAV is used
to achieved the sparsity in F. [49] considered a semiparametric additive isotonic model
by introducing an additional parametric model into . On the other hand, [71]
considered an additive model of the same form as for general F. With suitable
smoothing operator on f;’s, a coordinate descent procedure called backfitting can be
applied to estimating F. In high-dimensional regime , [140] correspondingly investigated
the sparse additive models (SpAMs), which is solved a backfitting algorithm with extra
soft-thresholding steps. Many other efforts have been spent by relying on the smoothness
of f;’s, including [106], [122], [74], and etc.

The method we use to estimate 6 is closely related to the high-dimensional structure
learning of graphical models. For sparse Gaussian graphical model, [123] proposed a
neighborhood selection procedure for estimating the graph structure, which iteratively
regresses each variable against the rest via Lasso. The neighborhood Dantzig selector
[182] shares the similar spirit with this approach, which switches Lasso to Dantzig
selector. Recent progress has shown that these approaches continue to work for some
non-Gaussian distributions, such as nonparanormal distribution [110], by using rank
correlations to approximate the latent correlation matrix [108,|178]. Similar results

have been further generalized to transelliptical distribution [69,70L109).

7.3 Overview of Two-Step Algorithm

In this section, we present an overview of the two-step algorithm for the estimation of

SLIM, which first estimates 6 and then F.
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For the estimation of 0, if the hidden design matrix X could be observed, Dantzig

selector [32] can be used to estimate 6 as normal linear models,

. 1 e /o~
Oorc = argmin ||0]|; s.t. HXT (XG - y) H <M, (7.3)
) n

ERp 00

where 7, is a tuning parameter. A key observation from is that instead of ex-
actly knowing X and y, it is sufficient to be given the (approximate) value of ?
and % in order for to work. Note that the quantity % and its expectation
> = E[xxT] also arise in the structure learning of nonparanormal graphical models.
Specifically if x follows a multivariate Gaussian N (0, f]), then the observed predictor
x, represented as £71(%) 2 [f;1(Z1),..., f; *(%,)]", is by definition a nonparanormal
distribution NPN (X, f~1), in which X is often called latent correlation matriz. Simply
speaking, the nonparanormal distribution models the random vector whose coordinates
are element-wise monotone transformations of a Gaussian random vector. To estimate
> without knowing f or f=!, Kendall’s tau correlation coefficient [94] plays a key role
in rank-based methods. Given data X = [z;;] € R"*P, we define the sample Kendall’s

tau correlation matriz T = [t;;] € RP*P as

2 sign((zgi — Twi) (T — Tej))
P 4
§= D oD : (74)
1<k,k'<n
and its transformed version 3 = [6i5) € RP*P,
&ij = sin <g£”> s (7.5)

One straightforward yet critical property of T and ¥ is the invariance to monotone
increasing transformations on columns of X, indicating that the two quantities remain

unchanged if X is replaced by X in the definitions. More importantly, later analysis will



138

reveal for the class of transelliptical distributions (a generalization of nonparanormal
distribution) the closeness between the transformed sample Kendall’s tau correlation
matrix 3 and the latent correlation matrix f], thus 3 can serve as an approximation
~ ¥ in expectation. For ’?Ty and its expectation 8 = E[yx] =

to as

XTxX XX
n n
30, we similarly define the sample Kendall’s tau correlation vector b € RP and its

transformation 3

. sign((xr; — 2w5) (Ye — Yrr))
1<k,k'<n
@ = sin <gl;]) , (7.7)

A~ ~T ~
and use 3 as a replacement for % Therefore the estimation of 8 can proceed with

(7.3) by replacing XZ—X and % with 3 and B respectively, which leads to the following

estimator which we call Kendall’s tau Dantzig selector (KDS),
0 = argmin |0; s.t. Hf)@ — BH <Y - (7.8)
OcRP (3]

Later it will be shown in the analysis that the @ only approximates the direction of
6, and the scale should be attached on the final estimate 0 by calculating the sample
variance of y.

To estimate the transformations F, one needs to first find out an X = [#;;] that ap-
proximates the hidden design X = [f;(z;;)] for the observed X = [z;;], which essentially
gives us the estimated values of each f; at n points x1;,...,2,;. To be specific, we fit

X into y and the estimated 0 through the following convex program,

. 1 .
X = argmin -|Z0 —y|3 (7.9)
ZeRnXp 2

st. 2l e M(x?), 1727 =0, ||Z/|s <vn, V1<j<p,
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Algorithm 7 Estimating 0 and F for SLIM
Input: X € R"*P|y € R", tuning parameter -,
Output: Estimated 6 for 6 and F for F
1: Compute the transformed sample Kendall’s tau correlation matrix 3 and vector B
using V—
Estimate 0 via Kendall’s tau Dantzig selector ([7.8))
0= &yé, where 6, is the sample variance of y
Estimate the hidden design X via
F = {fj}‘;’:l, where fj is given by
Return 6 and F

where M(x) = {v | v; > v; iff z; > z;, V1 < 4,j < p}. In order to get the f;
defined everywhere, we need to interpolate the n estimated points Z1;,...,2,;. In the

algorithm, we simply use nearest-neighbor interpolation as follows,

fi(z) = Z:fcij -H{i = argmin |z — x|} , (7.10)
i=1

1<k<n

where I{-} is the indicator function that outputs one if the predicate is true and zero
otherwise. Other interpolation technique, e.g., linear/spline interpolation, can be ap-
plied in the need of certain desired properties of f;. The full estimation algorithm is

given in Algorithm

7.4 Statistical and Algorithmic Analysis

In this section, we detail the Algorithm [7] in several aspects. We analyze the recovery
guarantee of the KDS for estimating 6. Under the assumption of transelliptically dis-
tributed (x,y) and the so-called sign sub-Gaussian condition, we show that the sample
complexity of KDS can be sharpened compared with [108,/178]. To estimate F, we
present a CPAV-type algorithm for solving , where each step can be solved almost

at no more cost than isotonic regression.
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7.4.1 Recovery Guarantee of 0

In this subsection, we consider the estimation of 8. The KDS (7.8) can be casted as a
linear program, which can be solved efficiently by many optimization algorithms [41,/99].
Hence we focus on the statistical aspect of KDS. From Section [7.3] we know that the

XTX

success of KDS relies on 3 and B, which replace == and XTT‘V in the Dantzig selector

(7.3)). Hence we first investigate the property of 3 and B. The definition (7.4) - (7.7)
are sample versions of (transformed) Kendall’s tau correlation matrix and vector. Here

we define their population counterparts.

Definition 17 Given (x,y) and its independent copy (x',y’), the population Kendall’s

tau correlation matrix T = [t;;] € RP*P and vector b € R? are defined as

ti; =P ((ml —af)(z; — x;) > 0) - P ((x, —al)(x; — x;) < 0) , (7.11)

bj =P ((z; —25)(y —y') > 0) =P ((x; —2%)(y —¢') <0) , (7.12)

and their transformed versions 3 = [0;;] € RP*P and B € RP are given by

oij = sin (gtij) ,  Bj=sin (gbj) . (7.13)

To specify the statistical assumptions, we first introduce two family of distributions,
elliptical and transelliptical. The transelliptical distribution is defined based on the

elliptical distribution given as follows.

Definition 18 (elliptical distribution) A random vector z € R? follows an elliptical

distribution EC(p, X, €) iff z has a stochastic representation:

z~p+EAu. (7.14)
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Here p € RP, ¢ = rank(A), A € RPX9, ¢ > 0 is a random variable independent of u,

u € S9! is uniformly distributed on the unit sphere in R%, and AAT = 3. Note that
E[¢?]

Elz] = p , Cov[z] = ; 3. (7.15)

This family of distribution contains the Gaussian distribution as a special case, and more
details can be found in [52]. The extension from elliptical to transelliptical distribution

parallels that from normal to nonparanormal distribution.

Definition 19 (transelliptical distribution) A random vector x € RP is said to fol-
low the transelliptical distribution TE(X, &, f) if f(x) = [fi(x1), fa(z2), ..., fu(x,)]T ~
EC(u,X,€), where fi, fa, ... fp are all strictly increasing functions, p = 0, diag(X) =1,
and P(§ =0) =0.

The conditions on g and diag(X) are imposed for identifiability. If the underlying el-
liptical distribution is multivariate Gaussian, then the transelliptical family is reduced
to the nonparanormal. We refer the readers to [109] for more discussions on transellip-
tical distribution. Based on the elliptical and transelliptical family, we introduce our

assumptions on distribution of (x,y):

e x € RP follows transelliptical distribution TF (2,5 ,f), or equivalently x follows

elliptical distribution EC(0,X,¢), where E[¢?] = p.
e The smallest eigenvalue Ay, of s strictly positive.
e x and y are jointly elliptically distributed.

The assumption E[¢2] = p is also out of the consideration of identifiability. The last
assumption on the joint distribution of (X,y) may seem obscure. But it can be satis-

fied, for example, when x is nonparanormal and y is a noisy observation of (0, f(x))
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perturbed by an additive zero-mean Gaussian noise. Under these assumptions, we have

the following recovery guarantee for the KDS 6.

. 2
Theorem 22 For any s-sparse 0, if we set v, = \/f’\L Slo% andn > (%) s?logp

, with probability at least 1 — % — L6 given by (7.8) satisfies

p2
40r  [s?logp
< —
<o\ (7.16)

2 min

]
0— —

Oy

In the theorem above, though KDS only approximates a normalized version of é, the
scale o, can be estimated by computing the sample variance &5 of y, and the final
estimate of 8 is 6 = &yé as given in Algorithm @

To prove the theorem above, we need to characterize certain properties of 3 and
B. One notable result that has been shown for 3, 3 and 3 is given in the following

lemma.

Lemma 14 For x ~ TE(f], &, f), the transformed population Kendall’s tau correlation
matriz X satisfies

>=3, (7.17)

and the sample version 3| for X defined in (7.5), with probability at least 1 — p=2°,

o 1
3 By < 31y P 7.18
n

The lemma is essentially Theorem 3.2 and 4.1 in [70]. Similarly we have the following

satisfies

lemma for 3, ,é and ,é

Lemma 15 The transformed population Kendall’s tawu correlation vector 3 satisfies

g=2 === (7.19)
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2 is the variance of y. The transformed sample Kendall’s tau correlation vector

where oy

B, with probability at least 1 — %, satisfies

log p
n

I8 = Bl < 2 (7.20)

Proof: By definition, 8 = E[yX] = Ex[X - E,[y|X]] = E[xx78] = 0. Given that
Amin > 0 and the properties of elliptical distribution ([7.15]), we have E[X] = 0, rank(A) =
rank(i) = p and Cov[x]| = 3. Since X, y are jointly elliptical and 3 is invariant to f,
using Theorem 2 in [107], we have for each 3;,

T el ok ) D)

ARV er Voo on B o R

which implies (7.19)). Using Hoeffding’s inequality for U-statistics [72], we have for each
B, and j;

P(‘Bj —Bj‘ 26) §P<‘bj —lA)j‘ > 72Te> < 2exp <—;L;Z> .

Letting € = 274/ 10% and taking union bound, we obtain

n

. 1 2
P(HB—BH > 27 ng>§,
00 p

which completes the proof. ]

In the light of Lemma (14| and it becomes clear that XX and % in ([7.3)) are

n

replaced by 3 and ,3 in ((7.8). The population counterpart of TisX=3%= E[%]

Unfortunately, the population version 3 of 3 is not equal to 8 = E[Xzy], which is

additionally normalized by o,. Therefore we will see later that KDS recovers a scaled

6.
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In order to bound the estimation error, we additionally need to show that the trans-
formed sample Kendall’s tau correlation matrix 3 satisfies the following restricted eigen-

value (RE) condition [14},21,/127,|139}/190], which is critical in the recovery analysis.
Lemma 16 Define the error spherical cap for any s-sparse vector 0* € RP,
C={veRP| |0 +v|<|6:}nsS,t. (7.21)

. 2
If x ~ TE(X,&,f) and n > (fﬁ) s?logp = O(s*logp), with probability at least

min

1 —p~ 25, the following RE condition holds for 3 and C,

A Ami
infj vIsv > r;m , (7.22)
ve

where Amin 98 the smallest eigenvalue of 3.

Remark: The proof is given in the appendix. Similar proof steps appear in [17§]
amid the analysis of rank-based neighborhood Dantzig selector, in which the concept
of RE condition is not formulated. Here we single out this lemma in order for the later
comparison in Section

Now we are ready to present the proof of Theorem
Proof of Theorem : For the sake of convenience, we denote 8* = U%, and it is easy

to see that X0* = B. We first show that 6* is feasible when 7, = \/% Sl?lgp, by

bounding the left-hand side of the constraint for 8*.

2o 4] = [[(=-2)e -6
N

/1
+ 27 o8P
max n

|z 3o

<ol |5 -3
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. - 1
<562 Hz-z] +omy /282
max n

< 3 /slogp_’_%r log p < 57 [slogp ’
)\min n n V)\min n

where we use Lemma and and thus 8* is feasible with probability 1 — % — 1% by

union bound. On the other hand, since 0 is optimal solution to (7.8]), it satisfies

18], <||6*]; and  ||£6-8| <.

o0

Letting z = 6 — 8*, we thus have

oo <305+ [0 5] < —

278z = (2,32) < a1 £z _ <29zl
oo

Using Lemma |16/ combined with the inequality above, with probability at least 1 — % —

#, we get
Amin | 12 _ T 4y, ||zllp _ 407 [s?logp
z||5 < z° Xz < 2v,]|z||1 — zZ|lo < <
S allz ol < 5 < S
where we use the fact that sup,c H:H; < 24/s. |

7.4.2 Improved RE Condition

From the result stated in Lemma we see that the O(s%logp) sample complexity for
RE condition of 3 is worse than that of %, which is O(slogp) [21/127]. Next we show
that this sharper bound (see Theorem ) can be obtained for ¥ if the distribution of x
further satisfies the sign sub-Gaussian condition [69]. This result may be of independent

interest.
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Definition 20 (sign sub-Gaussian condition) For a random variable z, the opera-

tor ¢ : R +— R is defined as

Y(x;a,tg) = inf {C > 0 : Eexp{t(z® — Ez®)} < exp(ct?), for |t| < tg} . (7.23)
The random vector x € R? satisfies the sign sub-Gaussian condition iff

sup (<sign(x - x'),v> ; 2,750) < H”TH% , (7.24)
vesp—1

for a fixed constant x and some to > 0 such that tox||T||3 is lower bounded by a fixed
constant, where x’ is an independent copy of x and T is the population Kendall’s tau

correlation matrix defined in (7.11)).

Detailed discussions on the sign sub-Gaussian condition can be found in [69], which is

out of the scope of this work. In particular, [69] show that if sign sub-Gaussian condition
T A, . . . = 1

for transelliptical x, the X will converge with high probability to X at rate O(y/2252)

in terms of restricted spectral norm,

PSR s 1
|2 = X2 £ sup vi(z - Z)v’ =0 < i (;Lgp> . (7.25)
vesP~
Ivio<s

Starting from this result, we show that with high probability the RE condition will hold

for 3 with O(slogp) samples.

Theorem 23 Let X = [x1,Xa,...,X,]7 be i.i.d. samples of x ~ TE(ﬁ],f,f) for which
the sign sub-Gaussian condition holds with constant k. Define the constant

320k 2|3 w2
Ccp = max , ,
0 )\2 )\min

min
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in which Amin is the smallest eigenvalue . If n > %slogp = O(slogp), with

probability at least 1 — % — 1%’ 3| satisfies the following RE condition,

>\min

inf vI'3v >

7.26
vel 2 7 ( )

where C is defined in (7.21)).

Remark: The proof of Theorem is deferred to the appendix. Note that Theorem
relies on the RE condition described in Lemma but we emphasize that if sign
sub-Gaussian condition holds we can obtain similar result as long as n attains the bound

in Theorem which is smaller than the one required in Lemma

7.4.3 Computation of F

After 6 is obtained, we can turn to the estimation of transformations F. As we only
have access to a finite number of samples {(x;, y;)}/_;, it is impossible to know the exact
function. Hence we use the simple nearest-neighbor interpolation to approximate the
fj as mentioned in . By leveraging the monotonicity of f;, we can estimate X via

solving the constrained least squares problem below,

R 1 . . ,
X = argmin ((Z) = |26 - yl3 st. zZeM(x), V1<j<p, (7.27)
ZcRnxp

where the set M(x) denotes the monotone cone induced by vector x, i.e.,
M) ={v|vi>viff o; >2;, V1<i,j<p}. (7.28)

The problem ((7.27)) is convex w.r.t. Z. Note that if 6 = 1, the problem (7.27)) is reduced
to the estimation of F in AIM, which can be solved by the CPAV algorithm. Hence

similar CPAV-type algorithm applies here, which is essentially a procedure of cyclic
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block coordinate descent (BCD) with exact minimization (i.e., minimizing ¢(Z) w.r.t.
each z/ cyclically while keeping other blocks fixed). In this scheme, each subproblem
turns out to be an isotonic regression [16]. To be specific, we let X(k) be the iterate of

the k-th round update, and define the residue for the j-th block as

1<J 1>7

Then each fc{k) is obtained by solving

J
Xy, = argmi 1 j——r(k)Q

(r) = argmin Z >
zI e M(x7) 9]’ 2

: (7.30)

which can be efficiently computed in O(n) time using a skillful implementation of PAVA
[65]. If we define for a set A the projection operator as Pa(z) = argmin, 4 1||x — z|3,
the isotonic regression is simply the projection of r?k) / éj onto the monotone cone
M(x7). Note that £(-) is a function of the design Z instead of the coefficient vector
6. Though being convex, the problem can have infinitely many solutions, some
of which can be far from the original X. For example, given any X, we can construct
another optimum via shifting two columns %X’ and %X/ by ju; and 1; respectively, such
that éiui + éj p; = 0. To avoid these “bad” solutions, we further impose on each %’ the
constraints 17%7 = 0 and ||’ |2 < /0, as the marginal distribution of #;; is zero-mean

and unit-variance. With additional constraints, the new problem is given by

X = argmin ((Z) (7.31)
ZcRnxp

st. 2 e M(x), 1727 =0, |2/ <Vn, V1<j<p,
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and the subproblem for each block boils down to

. 1
X(k‘) = Ejrgmm -
zJ e M(x7)

. r‘zk) 2 T i .
20 — THz st. 1729 =0, |2/|] < V7, (7.32)
J

which we name standardized isotonic regression. The solution to can be viewed as
the projection onto the intersection of monotone cone M(x"), hyperplane £ = {z | 17z =
0}, and scaled Lg-norm ball B = {z | ||z|]]2 < v/n}. The next theorem show that the
standardized isotonic regression is equivalent to the ordinary isotonic regression followed

by successive projection on £ and B.

Theorem 24 Given any monotone cone M, the following equality holds

Prmocns(+) = Pe(Pe(Prm(0))) (7.33)

where Pr(z) =z — % -1 and Pg(z) = min{”z%, 1} - z.

The proof of Theorem |24]is given in the appendix. Theorem [24]indicates that the extra
cost for each subproblem of our CPAV algorithm is very minimal, since the projection
onto £ and B can be done in linear time. Note that the CPAV for AIM needs to work
with p blocks of variables, and pre-specifying the monotonicity for each f; could lead to
as many as 2P different combinations, which is computationally prohibitive. In contrast,
our algorithm only deals with roughly O(s) blocks and need not specify the monotonicity.
The details of our CPAV is given Algorithm [8. For éj = 0, the corresponding f; will
have no contribution to the estimated SLIM, which is thus skipped in our CPAV. The
convergence of Algorithm [8| basically follows from the extensive studies on cyclic BCD
type algorithms [17,/115]/168]. Recently [158] show that the convergence rate of BCD
with exact minimization achieves O(1/t) for a family of quadratic nonsmooth problem

without linear dependency on the number of blocks, which applies to Algorithm 8| for
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solving (7.31)).

Algorithm 8 Estimating X

Input: Data y € R", X € R™"*P, estimated é, number of round ¢
Output: Estimated hidden design X

1: Initialize X(O) = 0nxp

2: for k:=1,2,...,t do

3: for j:=1,2,...,pdo

4: if éj # 0 then

5 Compute r{k) using

. I.J
6: Compute sz) = Ppry(xi) (é’”) using PAVA
J
7: }Acgk) = PB(Pg(sz)))
8: end if
9: end for
10: end for

11: Return X = X(t)

7.5 Experimental Results

In this section, we show some experimental evidence for the effectiveness of SLIM. We
test our estimation algorithm on the synthetic data. Specifically we fix the problem
dimension p = 500, the sparsity level of é, s = 10. The distribution of x is chosen as
NPN(Z,f), and y ~ (0, %) +N(0,0.25). The covariance matrix is given by % = AAT,
where A is a Gaussian random matrix with normalized rows. In data preparation, we
first generate x from N (O, 2) For the ten x;’s whose corresponding éj’s are nonzero,
we then apply ten different monotonically increasing functions to obtain x;’s, which
are basically the inverse of f;’s. The ten inverse functions are summarized in the table
below. The ®(-) in f; ' is the CDF of standard norm distribution. For the rest of Z;,
we randomly apply one of the functions above. All the results are obtained based on

the average over 100 trials.



fil@)=a°

fo ' (x) = zlog(|z[ + 1)

f3(z) = sign(z)/|z|

fr(x) =1/(1 + exp(~))

f5 () = exp(x)

fs @) =2-1

fi ' (2) = o(x)

fq ' (x) = sign(x) log(|z[ + 1)

f5 () = zexp(y/]z])

fio () = log(exp(x) +1)

Table 7.1: Inverse of function f; for nonzero éj

s=10, p=500

—=— Estimation error of

—*— Estimation error of X

normalized error

25 3 35 4 45 5
n (sample size)

55

(a) Estimation error vs. sample size

s=

0.8
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o
o
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& = & @&

25 3 3.5 4 4.5 5
n (sample size)
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(b) Prediction error vs. sample size

10, p = 500, n = 500

—s—LIM

o
3

—*— linear model

prediction error
o o o o
5 =2 & >

o
N
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0
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tuning parameter

(c) Prediction error vs. tuning parameter

Figure 7.1: Error for SLIM

We plot in Figure [7.1(a)

[X—X]|2
1Xll2

the normalized estimation error of 8 and X,

16612
161

55

and

. As sample size n increases from 100 to 500, we can see the clear decreasing trend

of error. We also compare the prediction error of SLIM with the simple linear model on

200 new data points, which is shown in Figure[7.1(b)l The best tuning parameters for

both methods are picked up via grid search. The simple linear model fails to capture

the nonlinear correlation between x and y, thus incurring large prediction errors. In

contrast, SLIM better fits the data and has substantially smaller errors.

In

Figure
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Figure 7.2: Function f; (blue curves) and the corresponding estimated fj at observed
x; (red dots) (n = 500)

7.1(c)l we specifically plot the prediction errors along the parameter-tuning paths when
n = 500, and see that SLIM always outperforms the linear model (The actual parameters
are different for both methods, but we keep the largest as 2 times the smallest). In
Figure we also provide the plots for fi, fa,-, fiop and the corresponding estimated
ones at the observed x1, 2, ..., x19. It is not difficult to see that the red dots are closely

distributed around the function curves except for some tails.

Appendix

Appendix 7.A Proof of Lemma
Proof: Let S be the support of 8%, then we have
vel = |[|0s+vsi+ [lvselly < (|67

= 165l = [lvslli + [[vsel[ls < (1071 =

IVsells < lvslh = v < 2llvslh < 2Vs]vsll2 < 2vs
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With probability at least 1 — p~2, we have for any v € C
vIisv > visv — ‘VT (ﬁ} — 5)) V‘

> Amin — E vv; (645 — Gij)
1<i,5<p

> Awin — IV £ - 3

max

2]
> )\min — 127 > o8P )
n

min

2
where we use Lemma and the fact |v||;1 < 2y/s. Asn > (/\247r ) s2log p, we have

s2logp > A — Amin _ Amin ’
n 2 2

vIsy > Amin — 127

which completes the proof. ]

Appendix 7.B Proof of Theorem

To prove Theorem we first formally state below the convergence result for 3 and 3
in [69).

Lemma 17 (Theorem 4.10 in [69]) Let X = [x1,Xo,...,X,|7 be i.i.d. samples of
X ~ TE(f), &, f) for which the sign sub-Gaussian condition holds with constant k. With

probability at least 1 — 200 — o2, 3 constructed from X satisfies

n n

. ~ 1 - 1 log(1
HE _ 2”2,80 S 7T2<SO ng + 2 /25"2"2\/80 (3+ Og(p/so)) + Og( /Oé)) , (734)

where ||All2.s, = SUPyesr—1,|v]jo<so vIiAv.



154

The next step for showing Theorem 23]is to extend the RE condition on all sp-sparse unit
vectors (sg needs to be appropriately specified) to all unit vectors inside the targeted

error spherical cap C. Lemma [18] accomplishes this goal.

Lemma 18 Given ¥ constructed from X whose rows are generated from TE(i,&,f),
we assume that for every sg-sparse unit vector v, the condition vIisv > W 1s satisfied.

Then we have for any u € C,

u/Su>pu— (1—p) . (7.35)

Proof: For any u € C, let z € RP be a random vector defined by

. Uy
P(z = ||ul1sign(w;) - €;) = il (7.36)
[al[x
where {e;}!_; is the canonical basis of RP. Therefore, E[z] = u. Let z1,2o,...,2,, be
independent copies of z and set z = % >0, z;. Therefore z is an sp-sparse vector, and
by our assumption on quadratic forms on sg-sparse vectors
oSz > pllal} = E|273a| > B [J2llf] (7.37)
where the expectation is taken w.r.t z. Since z = % >0 z;, we have
T 1 T
E[2"S2] = 5 E |2 Sz,
%0 1<ij<s0
1 T & 1 T
=2 Z E [zi EZ]':| + 2 E [zi Ezz}
0 1<4,5<s0 0 1<i<sg
]

so(sg — 1) U
_solso =) rgry 4 %0 Z”' L w25,
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s 1 g Il
S0 S0

)

poul
i=1 Jlully

since 64 = 1, and > 1. Replacing 3 in the above expression by the identity

matrix I € RP*P, we have

so — 1 [

E|zll3 = lull3 +

Plugging both these expressions back in ([7.37)), we have

sop— 1 - ul? sog— 1 ull?
0=y IIE S st
S0 S0
T > [l 4s
Yu > — 1—p)>p— 1—p),
w Bu 2 pjully - =1 —p) 2 p %_1( 1)

where we use the facts that ||ull2 = 1 and ||u||; < 24/s. That completes the proof. m

Equipped with Lemma [17] and [I8] we present the proof of Theorem

Proof of Theorem : For Lemma we set a = %, so = )}fm, and let ¢g =
4119112
max{%, )\’T—Q} When n > {\Qﬁslogp = 8¢psp log p, by Lemma we have

min

P 1 ~ 1 1
I8~ Sz < 7 < OB | g/ gy 2o+ 1080 o)) ¢ ng)

n n

1 = 3+1 1
S 7T2 - 50108 P + 2\/%”2”2 80( + 40%(];/80)) + ogp
PN 8sp logp 320“7; || I3 . 850 logp
< 7T2 /\min 580 logp n >\min S0 logp
- w2 \/ 320sglogp w2 8sglogp
Amjn Amin . Amin

_8+8_4’
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with probability at least 1 — % — %. It follows that for any sp-sparse unit vector v,

. ) . - L 3
visv > vIisv — ‘VT (2 — 2) V‘ $ > Amin — |2 — X|2,59 > Zx\min ,

which satisfies the assumption in Lemma (18 with p = %)\min. With the same sg = &,

by Lemma we have for any v € C,

- 3
VTEV > Z)\min -

>

which completes the proof.

)\min

Appendix 7.C Proof of Theorem

Proof:

It is easy to verify the the analytic expression for P,(-) and Pg(-).

)\min
4s 3
1— S
)}ﬁ_m—128< 4 m1n>
4s < 3 >
1— = Ami
A (1= i)\ 47
Amin _ Amm
4 2
| ]
To show

(7.33), we let x* = Pp(z) and X* = Ppnens(z). We assume w.l.o.g. that the monotone

cone is M = {x |z >z > ...

A=\, ...

A=0

> z,}. By introducing the Lagrange multipliers

, An_1]T, the isotonic regression Pyq(z) can be casted as

' 1 n—1
max min g(x,A) = 5HX — Z”% + z; Ni(z; — xiv1)
1=
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where we use the strong duality. The optimum x* has to satisfy the stationarity

Vx 9(x,A) =0, ie.,
x]—z1+A =0,

w;—zg—)\l—i—)\Q:O,
(7.38)
LL‘;_l —Zn—1— A2+ A-1=0,

Ty —2Zp — Ap—1 =0

Using ((7.38) to express x* in terms of A, we denote miny g(x,A) by another function

h(A), and the optimal dual variables A* satisfies

A* = argmax h(A) .
A=0

For the standardized isotonic regression Pyqn,n5(2z), we can also introduce the Lagrange

multipliers A = [A1,..., A\,_1]7, B and ~, and obtain the following optimization problem

. . 1 n—1 n
\nax min g(x A, 8,9) = gllx — 2ll3 + ; Aili = wip1) + ﬁ;wi +y(n —Ix]3) -

Again the optimum x* has to satisfy Vx g(x*, A, 8,7),

(1=29)F —21+B+A =0,
(1=27)35—2+B-A+X=0,
(7.39)
(1=29)%, 4 —zn-1+B— A2+ A1 =0,

(1—29)F — 204+ B — A1 =0.
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By substituting x* for A, 8 and v, we have

1- 27 o 213 >oita(zi — B)?
= Z( 1—2’y> —i-;)\ —Tj )+ 22— 2(11_27) +yn
h(X) Izl13 iy (zi — B)?

Sio T2 T o2y T

in which we note that the last three terms are free of A. Hence the optimal A for

standardized isotonic regression,

5 AN | lzll3 Y (zi = B)?
A" = argmax — == + yn = argmax h(\
O i BT T R G

is the same as the one for isotonic regression. Thus, combining ([7.38) and ({ -, we

have

x*—p-1
1—2v

Sk

(7.40)

On the other hand, by summing up the equations respectively in and (| and

using the primal feasibility > ; ZF = 0, we have

1T>|<

Zm —Zzz, Zzz—nﬁ = (=

which implies that
x*—f-1=Pr(x*) = Pc(Pm(2)) . (7.41)

Denoting x* — -1 by x*, we now show that scaling X* by 7127 is exactly the projection

I
onto B. If ||x*||2 > v/n, then v < 0 due to (7.40|) and primal feasibility ||x*||2 < y/n. By
complementary slackness y(n — ||x*||3) = 0, we have |X*|2 = v/n. If [|X*||2 < /7, then

|x*|| < v/n due to (7.40) and dual feasibility v < 0. It follows from complementary
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slackness that v = 0, which result in X* = x*. If ||x*||]2 = y/n, by similar argument, we

have x* = x* as well. In a word, we have

L) if %[z < V/n
- )
X, i [ |2 > v/

which matches the expression for Pg(:). Thus we complete the proof by noting x* =

Pg(x*) = Pp(Pr(Ppm(2))). L



Chapter 8

Structured Estimation for

Multi-Response Linear Models

8.1 Introduction

In Chapter [3] and [d] we have studied the estimation of structured linear models using
generalized Dantzig selector (GDS), and demonstrate that our statistical analysis based
on geometric measures is of great applicability for general structures. In this chapter,
we investigate the possibility of extending the analysis to a more complex setting, multi-
response (a.k.a. multivariate) linear models. Multi-response linear models [5,25,/78|79]
have found numerous applications in real-world problems, e.g. expression quantita-
tive trait loci (eQTL) mapping in computational biology [95], land surface temperature
prediction in climate informatics |61], neural semantic basis discovery in cognitive sci-
ence [111], etc. Unlike simple linear model where each response is a scalar, one obtains
a response vector at each observation in multi-response model, given as a (noisy) linear
combinations of predictors, and the parameter (i.e., coefficient vector) to learn can be

either response-specific (i.e., allowed to be different for every response), or shared by

160
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all responses. The multi-response model has been well studied under the context of the
multi-task learning [38], where each response is coined as a task. In recent years, the
multi-task learning literature have largely focused on exploring the parameter structure
across tasks via convex formulations [6,/51,88]. Another emphasis area in multi-response
modeling is centered around the exploitation of the noise correlation among different
responses [100,/145,|153}|177},/184], instead of assuming that the noise is independent for
each response. To be specific, we consider the following multi-response linear models

with m real-valued outputs,
yi=Xi0"+n;, mi~N(0,3), (8.1)

where y; € R™ is the response vector, X; € R™*P consists of m p-dimensional feature
vectors, and 1; € R™ is a noise vector sampled from a multivariate zero-mean Gaussian
distribution with covariance X,. For simplicity, we assume Diag(X,) = I, x through-
out the chapter. The m responses share the same underlying parameter 8* € RP, which
corresponds to the so-called pooled model [64]. In fact, this seemingly restrictive setting
is general enough to encompass the model with response-specific parameters, which can
be realized by block-diagonalizing rows of X; and stacking all coefficient vectors into
a “long” vector. Under the assumption of correlated noise, the true noise covariance
structure X, is usually unknown. Therefore it is typically required to estimate the
parameter 8* along with the covariance 3,. In practice, we observe n data points,
denoted by D = {(X;,y:)}";, and the maximum likelihood estimator (MLE) is simply

as follows,

A N 1 1 — 1
Orirp, S ) _ in —log|Z| + — Hz" .~ X0 H
( MLE; 2MLE argmin og |X] + o ; 2(y )

2
0cRP, -0 2 2 2

(8.2)
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Although being convex w.r.t. either @ or X when the other is fixed, the optimiza-

tion problem associated with the MLE is jointly non-convex for @ and X. A popular
approach to dealing with such problem is alternating minimization (AltMin), i.e., alter-
nately solving for 8 (and X) while keeping ¥ (and 0) fixed. The AltMin algorithm for
iteratively performs two simple steps, solving least squares for 8 and computing
empirical noise covariance for ¥. Recent work [85] has established the non-asymptotic
error bound of this approach for with a brief extension to sparse parameter setting
using iterative hard thresholding method [86]. But they did not allow more general
structure of the parameter. Previous works [100,137],/145] also considered the regu-
larized MLE approaches for multi-response models with sparse parameters, which are
solved by AltMin-type algorithms as well. Unfortunately, none of those works provide
finite-sample statistical guarantees for their algorithms. AltMin technique has also been
applied to many other problems, such as matrix completion [84], sparse coding [1], and
mixed linear regression [180], with provable performance guarantees. Despite the suc-
cess of AltMin, most existing works are dedicated to recovering unstructured sparse or
low-rank parameters, with little attention paid to general structures, e.g., overlapping
sparsity [80], hierarchical sparsity |91], k-support sparsity [7], etc.

In this chapter, we study the multi-response linear model in high-dimensional setting,
and the structure of the coefficient vector 8* can be captured by a norm || - || [10]. We
propose an alternating estimation (AltEst) procedure for finding the true parameters,
which essentially alternates between estimating 6 through the GDS using norm || - ||
and computing the approximate empirical noise covariance for X. Our analysis puts
no restriction on what the norm can be, thus the AltEst framework is applicable to
general structures. In contrast to AltMin, our AltEst procedure cannot be casted as a
minimization of some joint objective function for @ and 3, thus is conceptually more

general than AltMin. For the proposed AltEst, we provide the statistical guarantees for
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the iterate é(t) with the resampling assumption (see Section , which may justify the

applicability of AltEst technique to other problems without joint objectives for two set
of parameters. Specifically, we show that with overwhelming probability, the estimation
error ||é(t) —0*||2 for generally structured 8* converges linearly to a minimum achievable
error given sub-Gaussian design under moderate sample size. With a straightforward
intuition, this minimum achievable error can be tersely expressed by the aforementioned
geometric measures which simply depend on the structure of 8*. Moreover, our analysis
implies the error bound for single response high-dimensional models as a by-product [41].
Note that the analysis in [85] focuses on the expected prediction error E[3, Y QX(é(t) —
0*)] for unstructured 6*, which is related but different from our Hé(t) —0*||2 for generally
structured 6*. Compared with the error bound derived for unstructured 8* in [85], our
result also yields better dependency on sample size by removing the log n factor, which
seems unnatural to appear.

The rest of the chapter is organized as follows. We elaborate our AltEst algorithm
in Section [8:2] along with the resampling assumption. In Section [8:3] we present the
statistical guarantees for AltEst. We provide experimental results in Section to

support our theoretical development.

8.2 Alternating Estimation with GDS

Given the high-dimensional setting for (8.1]), it is natural to consider the regularized
MLE for (8.1)) by adding the norm ||-|| to (8.2]), which captures the structural information

of 6% in (8.1),

. . 1
<9rg, ng) = argmin —1

1 - 1 2
o5 +5- 3" |25y - X0, + ol (33
OcRP, -0 2 gl QTL; (yi i9) 9 Va0l (8.3)
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where 7, is a tuning parameter. Using AltMin the update of (8.3]) can be given as

5 1 o= |lam2 2
O = aremin 5 Z} B2y i = Xi8)| w6l (8.4)
B 1< A . A\T
X = > <yi - Xia(t)) (Yi - Xﬂ(t)) ; (8.5)

i=1

where the subscript ¢ denotes the t-th iteration. The update of é(t) is basically solving
a regularized least squares problem, and the new E(t) is obtained by computing the
approximated empirical covariance of the residues evaluated at é(t). In this work, we

consider GDS as an alternative to (8.4]), which is given by

. 1 & .
O = in |0 st ||=) X7 (X0 —y)| < 8.6
) agg;l%m el s - ZZ:; ; (tfl)( 0 —yi) = Tn s (8.6)
where || - ||« is the dual norm of || - ||. Compared with (8.4), GDS has nicer geometrical

properties, which is favored in the statistical analysis. More importantly, since iterative-
ly solving followed by covariance estimation no longer minimizes a specific
objective function jointly, the updates go beyond the scope of AltMin, leading to our
broader alternating estimation (AltEst) framework, i.e., alternately estimating one pa-
rameter by suitable approaches while keeping the other fixed. For the ease of exposition,
we focus on the m < n scenario, so that f](t) can be easily computed in closed form as
shown in . When m > n and 3! is sparse, it is beneficial to directly estimate X!
using more advanced estimators [29,57]. Especially the CLIME estimator [29] enjoys
certain desirable properties, which fits into our AltEst framework but not AltMin, and
our AltEst analysis does not rely on the particular estimator we use to estimate noise
covariance or its inverse. The algorithmic details are given in Algorithm [9] for which

it is worth noting that every iteration t uses independent new samples, Do;_1 and Doy
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in Step 3] and [4] respectively. This assumption is known as resampling, which facili-
tates the theoretical analysis by removing the statistical dependency between iterates.
Several existing works benefit from such assumption when analyzing their AltMin-type
algorithms [84,/128.|180]. Conceptually resampling can be implemented by partitioning
the whole dataset into T' subsets, though it is unusual to do so in practice. Loosely
speaking, AltEst (AltMin) with resampling is an approximation of the practical AltEst
(AltMin) with a single dataset D used by all iterations. For AltMin, attempts have
been made to directly analyze its practical version without resampling, by studying the
properties of the joint objective [159], which come at the price of invoking highly so-
phisticated mathematical tools. This technique, however, might fail to work for AltEst
since the procedure is not even associated with a joint objective. In the next section,
we will leverage such resampling assumption to show that the error of é(t) generated by
Algorithm [9] will converge to a small value with high probability. We again emphasize

that the AltEst framework may work for other suitable estimators for (6*,3,) although

(8.5) and are considered in our analysis.

Algorithm 9 Alternating Estimation with Resampling

Input: Number of iterations T, Datasets D1 = {(X;,yi)}i~y, ... , Dor =
{(Xiyyi)}?Z(TLQTfl)rH»l

. Initialize ﬁ)o =Lxm

: for t:=1to T do
Solve the GDS for é(t) using dataset Doy
Compute ﬁ?(t) according to using dataset Dy

end for

return éT

IR AN o > e

8.3 Statistical Analysis

In this section, we establish the statistical guarantees for our AltEst algorithm. The

road map for the analysis is to first derive the error bounds separately for both (8.5
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and , and then combine them through AltEst procedure to show the error bound of

é(t). Throughout the analysis, the design X is assumed to centered, i.e., E[X] = Op,xp.
Amax(+) and Apin(-) are used to denote the largest and smallest eigenvalue of a real

symmetric matrix. Before presenting the results, we provide some basic but important

concepts. First we give the definition of sub-Gaussian matrix X used in this section.

Definition 21 (sub-Gaussian matrix) X € R™*? is sub-Gaussian if the t3-norm

below is finite,

_1
viT,2XTu

XMy, = sup
vesp—1l uyesm-1

where 'y, = E[XTuuTX]. Further we assume there exist constants pmin and pimax such
that

0< Hmin < Amin(ru) S )\max(ru) § Hmax < 400 ) Vue Sm_l (88)

The definition is also used in earlier work [85], which assumes the left end of (8.8))
implicitly. Lemma gives an example of sub-Gaussian X, showing that condition ([8.7))
and (8.8 are reasonable.

Lemma 19 Assume that X € R™*P has dependent anisotropic rows such that X =
E%XA%, where & € R™™ encodes the dependency between rows, X € R™P has
independent isotropic rows, and A € RP*P introduces the anisotropy. In this setting, if
each row of X satisfies I%:llly, < &, then condition and hold with k = CE,

HMmin = )\min(E))\min(A); and Hmax = AmaX(E-'))\max(lx)-
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w1y %TA2
—E [A%il, .,A%im] [wi, ..., W)
Wiy, fc;an%
AR 1 1 U 1 1|12
=3 wiE [ASKTAS ] = Y wiASE [xix]] A = =iy A
i=1 j=1 i=1 2
It is clear that
)\min(E) : Amin(A) S Amin(ru) S )\max(ru) S )\max(E) : )\max(A) )
which indicates that condition (8.8) holds. If |||, < &, then
T -1 T VTA_% 1~ T 1
IXlly, = sup [[[v Tu®’X"u = su —— - A2X" Ez2u
-1 -1 =35
g =1 .
TXT ~
= sup Vli .Eiu = sup ’XVH < Ck
vesr—1 ||| [|E2ull2 vesp—1 P2
uesm—1

where the inequality follows from noting that the vector Xv has independent elements

with t9-norm bounded by &, and thus H‘XVH

. < CF for any v € SP~!. Therefore
2
condition (8.7) also holds with k = Ck. ]

Similar to the analysis of GDS in Section the recovery guarantee of multi-
response GDS also relies on the restricted eigenvalue (RE) condition and an admissible
tuning parameter 7,. In multi-response setting, RE condition is defined jointly for

designs X; and a noise covariance X as follows.
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Definition 22 (multi-response RE condition) The designs X, Xa, ..., X, and the

covariance ¥ together satisfy the RE condition for set C C SP~! with parameter o > 0,
if

1 n
inf v’ (n ZX?;;%Q) v > . (8.9)

e
v i1

The admissibility of tuning paramter -, also depends on the noise covariance 3.

Definition 23 (multi-response admissible tuning parameter) The ~, for GDS
is said to be admissible if -y, is chosen such that 8* belongs to the constraint set,
ie.,

< Yn (8.10)

1 n
SN XIENXO - y)
n

=1

1 n
- Y XIsy,
=1

* *

For the rest of the chapter, we use C, Cy, C7 and so on to denote universal constants,
which are different from context to context. We will also drop the subscript || - || for the

geometric measures and the related sets, unless it is referred to a specific norm.

8.3.1 Estimation of Coefficient Vector

In this subsection, we focus on estimating 6*, i.e., Step [3 of Algorithm [0} using GDS of

the form,
1 n
= § X2 X0 - y;)
n
=1

<Y s (8'11)

6 = argmin ||0]| s.t.
OcRP

*

where ¥ is an arbitrary but fixed input noise covariance matrix. Like Lemma [5, we

first have the following result showing a deterministic error bound for 6 under the RE

condition and admissible 7, defined in and (8.10)).

Lemma 20 Suppose the RE condition is satisfied by X1, ..., X, and 3 witha >0

for the error spherical cap

C=cone{v | ||0* +v| <6 }nSPL. (8.12)



169
If v, is admissible,  in (8.11)) satisfies

<op. (8.13)

Hé—a*
2 (0%

in which ¥ = sup,cc ||HvH” 1s the restricted norm compatibility.

Proof: Since 6 is feasible and ~r, is selected to be admissible, we have

< Vn

*

ZXTE (X0 —y3)

< Y, H ZXTE (X:0" — yi)

*

<27

*

R 1 & . . 1 & R
— -0 - XI's X, 0-09)<0—06*-||-) XI's"1X,(0 — 6"
< ,nz i ( )>_|| | an i ( )

=1 =1

1< .
=3 XTu'Xi(0 - 6Y)
n

*

= (6-0" (i foz—lxi> (6—0%) < 27,[6 — 6|

i=1

As ||0]| < ||6*]|, we have

i 9 0*” € C. By the assumption of RE condition, we further

obtain

* * 1 g — 7 * 7 *
all6— 673 < (6—6)" <nZXZ~T§3 1Xi> (0 —07) <2v,]0 — 67|

i=1
A 0—0% 2
e o< 1O 2y e
16 -6+, @ @
where we use the definition of restricted norm compatibility. [

Considering the randomness of X; and n;, now we turn to verifying the RE condition
and finding the smallest admissible value of ~,,.
Restricted Eigenvalue Condition: First the following lemma characterizes the re-

lation between the expectation and empirical mean of X7X 71X,
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Lemma 21 Given sub-Gaussian X € R™*P with its i.i.d. copies X1,...,X,, and
covariance X € R™™ with eigenvectors uy,. .., Uy, let T = EXTS7'X] and T' =

LS XTs1X;. Define the set Cr; for C CSP™! and each T = E[XTujqu] as
_1
Cr, = {v c st ‘ I, *ve cone(C)} . (8.14)
If n > C1k* - max; {wz(Cp].)}, with probability at least 1 — mexp (—%), we have
Tt L r
v I‘V2§V I'v, VvecC. (8.15)

Instead of w(Cr,), ideally we want the condition above on n to be characterized by
w(C), which can be easier to compute in general. The next lemma accomplishes this

goal.

Lemma 22 Let kg be the o-norm of standard Gaussian random vector and I'y =

E[XTuu?X], where u € S™! is fized. For Cpr, defined in Lemma we have

w(Cr,) < Croy M2 (w(C) +3) (8.16)

Hmin

Lemma [22| implies that the Gaussian width w(Cr;) appearing in Lemma [21] is of the
same order as w(C). Putting Lemma andtogether, we can obtain the RE condition

for the analysis of GDS.

Corollary 6 Under the notations of Lemma|21| and if n > C1r3rt - Bmax . (4(C) +

Hmin
3)2, then the following inequality holds for all v. € C C SP~! with probability at least

—5)

1 —mexp (
vITy > % CTe(=7Y) (8.17)
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Proof:  Given the definition of sub-Gaussian X and Lemma [2I], we have

vIiTv > 1le"v = lvT i i E [XTu uTX] v
2 =177 "
i — 1 fimi
min T min -1

Using the bound in Lemma we have

n > Crrgrt - Hmax, (w(C)+3)? = n>Ck": max{w2(er)}
J

Hmin

We complete the proof by combining the two equations above. ]

Admissible tuning parameter: Finding the admissible 7, amounts to estimating
[£5°7  XTS~1n, in (8:10), which involves random X; and 7;. The next lemma es-
tablishes a high-probability bound for this quantity, which can be viewed as the smallest

“safe” choice of vy,

Lemma 23 Assume that X; is sub-Gaussian and n; ~ N(0,X,). The following in-

. . . nr2 C2w?(Q)
equality holds with probability at least 1 — exp (—?> — Cyexp (— 14p2 )

1 n C max
Ly xrs iy | < Chvimas | s T35 1) - (@) (8.18)
n =1 * \/ﬁ
C1se3
where Q denotes the unit ball of norm || - ||, p = supyeq ||V||2, and 7 = %
[Z-122 2

Estimation error of GDS: Building on Corollary [6, Lemma [20] and [23] the theorem

below characterizes the estimation error of GDS for the multi-response linear model.

Theorem 25 Under the setting of Lemma if n > C1r3rt - fmex . (w (C) + 3)?, and

Yn s set to C’gfi\/“"‘axﬁ(z_lx*z_l) -w(Q), the estimation error of 0 given by (8.11))

n
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satisfies
A * Hmax \/TI‘ (2_12*2_1) v . UJ(Q)
0—-07| <C . : 8.19
H S VP (=) Jn (8.19)

with probability at least 1 — mexp (—@) — exp (—"TTQ> — Cyexp (—%).

k4 P
Proof: By Corollary @ we have the RE condition hold with o = #gin . Tr(X1) for C.
Combining Lemma [20] and [23], we get

fmax V/Tr(Z7IZ.31) T w(Q)
W (e Vi

16 — 675 < 20 - 707" < Ck (8.20)

and the probability is computed via union bound. ]

Remark: We can see from the theorem above that the noise covariance X input to

GDS plays a role in the error bound through the multiplicative factor

_V/TETEET

(8.21)

By taking the derivative of ¢2(X) w.r.t. ¥71 and setting it to 0, we have

92(X) 2T (T H T2 2T (27 Tr (T2 - Luxm

o1 T (£-1) -0

Then we can verify that ¥ = 3, is the solution to the equation above, and thus is the
minimizer of &(X) with £(X,) = 1/4/Tr(25!). This calculation confirms that multi-
response regression could benefit from taking into account the noise covariance, and the
best performance is achieved when X, is known. If we perform ordinary GDS by setting
3 = I xm, then {(X) = 1/y/m. Therefore using ¥, will reduce the error by a factor of

m
1

T compared with ordinary GDS.

One simple structure of 8* to consider for Theorem [25|is the sparsity encoded by L

norm. Given s-sparse 8%, it follows from previous results [40,/127] that Uy, = O(y/s),



173
w(Cr,) = O(v/slogp) and w(r,) = O(y/logp). Therefore if n > O(slogp), then with

high probability we have
<O (g(z) . \/Sligp> (8.22)

8.3.2 Estimation of Noise Covariance

Hé—a*

In this subsection, we consider the estimation of noise covariance 3, given an arbitrary
parameter vector 8. When m is small, we estimate X, by simply using the sample
covariance

A T

X == (yi—Xi0) (yi — Xi0)" . (8.23)

n
=1

Theorem reveals the relation between 3 and 3., which is sufficient for our AltEst

analysis.

max * 4 )\max E* max 2
Theorem 26 Ifn > C*m-max {4 (Ko +K Anﬁn(z*) 6" — 0||2) K (%)
and X; is sub-Gaussian, with probability at least 1 — 2 exp(—C1m), 3 given by (8.23)

satisfies

1, 1 m Qme 9
Amax | w288, 2 ) < 14+ 0?62,/ — + 212 19" — 9 8.24
o ) < et e -0l (s20

1, _1
Amin <2* 222* 2) > 1- 02/41(2)\ / m (825)
n

. _1, 1 _
Remark: If ¥ = 3, then Apax (s 22, %) = Apin (B

D=

532;%) = 1. Hence ¥ is
nearly equal to 3, when the upper and lower bounds are close to one. We
would like to point out that there is nothing specific to the particular form of estimator
, which makes AltEst work. Similar results can be obtained for other methods
that estimate the inverse covariance matrix X! instead of X,. For instance, when

m < n and X! is sparse, we can replace (8.23) with GLasso [57] or CLIME [29], and
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AltEst only requires the counterparts of (8.24])) and (8.25)) in order to work.

Section shows that the noise covariance in GDS affects the error bound through
the factor £(X) defined in (8.21f). In order to bound the error of or given by AltEst, we

need to further quantify how 6 affects £(32).

Lemma 24 If 3 s given as (8.23)) and the condition in Theorem holds, then the
inequality below holds with probability at least 1 — 2exp(—Cyim),

¢ (2) <E(Z)- (1 + 2Cko (7:)‘1‘ +2 % 16" — 0\|2> (8.26)

8.3.3 Error Bound for Alternating Estimation

Based on Lemma the following theorem provides the error bound for 6 given by
Algorithm [9}
1
142Cko(2)4
1—2em\/ ximexs

4 2
dm . C1 [ Amin(Ex) Yw () 2C1 Kptmax . _E(Z) Tw(Q)
n > C*m -max < 4 (HO + 2 .o () m ; C2? limin - Amin (B ) ;

Theorem 27 Let e, = Cik, [Hmax . £(3) W (§2) and €min = €orc *

Hmin \/ﬁ If

2
K (%) } and also satisfies the condition in Theorem with high probabil-

ity, the iterate é(T) returned by Algom'thmla satisfies

A~

0y~ 0°|, < cun+ (2eomy ) ([0 -0

- emin> (8.27)

Remark: The three lower bounds for n inside curly braces correspond to three intu-
itive requirements. The first one guarantees that the covariance estimation is accurate
enough, and the other two respectively ensure that e, and the initial error of é(l) are

reasonably small , such that the subsequent errors can contract linearly. eq. is the
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estimation error incurred by the following oracle estimator,

Oorc = argmin 0| s.t.
OcRP

< Yn s (8.28)

1 n
- D oXTEN(Xi0 - yi)
=1

*

which is impossible to implement in practice. On the other hand, en;, is the minimum
achievable error, which has an extra multiplicative factor compared with ey... The
numerator of the factor compensates for the error of estimated noise covariance provided
that 8 = 0* is plugged in , which merely depends on sample size. Since having
6 = 0" is also unrealistic for , the denominator further accounts for the ballpark
difference between 6 and 6*. As we remark after Theorem if we perform ordinary
GDS with X set to L, xm in , its error bound eyq, satisfies
-1

€odn = Corc Tr(i*) . (8.29)

Note that this factor \/Tr(E*_l) /m is independent of n, whereas e, will approach ey

with increasing n as the factor between them converges to one.

8.4 Experimental Results

In this section, we present some experimental results to support our theoretical analysis.
Specifically we focus on the sparse structure of 8* captured by L1 norm. Throughout the
experiment, we fix problem dimension p = 500, sparsity level of 8* s = 20, and number
of iterations for AltEst T' = 5. Entries of design X is generated by i.i.d. standard

Gaussians, and 8* = [1,...,1,—1,...,—1,0,...,0]7. X, is given as a block diagonal
10 10 480

matrix with blocks ¥/ = [ ! ‘; ] replicated along diagonal, and number of responses

m is assumed to be even. All plots are obtained by averaging 100 trials. In the first
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Figure 8.1: Lg-error of AltEst v.s. n. (a) When n = 40, AltEst is not quite stable due to
the large initial error and poor quality of estimated covariance. Then the errors start to
decrease for n > 50. (b) Resampld AltEst does benefit from fresh samples, and its error
is slightly smaller than AltEst as well as more stable when n is small. (¢) Oracle GDS
outperforms the others, but the performance of AltEst is also competitive. Ordinary
GDS is unable to utilize the noise correlation, thus resulting in relatively large error.
By comparing the two implementations of AltEst, we can see that resampled AltEst
yields smaller error especially when data is inadequate, but their errors are very close
if n is suitably large.

set of experiments, we set a = 0.8, m = 10 and investigate the error of 6, as n varies
from 40 to 90. We run AltEst (with and without resampling), the oracle GDS, and the
ordinary GDS with ¥ = I. The results are given in Figure [81]

For the second experiment, we fix the product mn ~ 500, and let m = 2,4, ...,10.

For our choice of X, the error incurred by oracle GDS eqy. is the same for every m. We
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Figure 8.2: Lg-error of AltEst v.s. m. (a) Larger error comes with bigger m, which
confirms that e, is increasing along with m when mn is fixed. (b) The plots for oracle
and ordinary GDS imply that eq.e and eqq, remain unchanged, which matches the error
bounds in Theorem Though e, increases, AltEst still outperform the ordinary
GDS by a margin.
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Figure 8.3: Lo-error of AltEst v.s. a. (a) The error goes down when the true noise
covariance becomes closer to singular, which is expected in view of Theorem (b)
eorc also decreases as a gets larger, and the gap between e, and eyq, widens. The
definition of ey, in Theorem 27]indicates that the ratio between ey and eqy is almost a
constant because both n and m are fixed. Here we observe that all the ratios at different
a are between 1.05 and 1.1, which supports the theoretical results. Also, Theorem
suggests that e,qn does not change as 3, varies, which is verified here.

compare AltEst with both oracle and ordinary GDS, and the result is shown in Figure

82(a) and B2(b)|
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In the third experiment, we test AltEst under different covariance matrices 3, by
varying a from 0.5 to 0.9. m is set to 10 and sample size n is 90. We also compare

AltEst against both oracle and ordinary GDS, and the errors are reported in Figure

8.3(a)| and B.3(b)]

Appendix

Appendix 8.A Proof of Statistical Guarantees for GDS

8.A.1 Proof of Lemma [21]

Proof: Assume that the eigenvalue decomposition of X is given by X = Zﬁ] Jiujuf.

For convenience, we denote z/ = XTuj, zg = XzTuj, and f‘j = %Z?:l XiTuju]TXi.
.7 T, A~ 1 . T A~ f

Note that T'; = E[z/z’ |, T = 31", L= doiiziz] and =370, >+ In order

to apply Lemma 3| we let (€2}, 11;) be the probability measure that 7z’ is defined on, and

construct the function set

It is easy to see that for any h, € H;,

Jun

B | _1 o _1
E[h2] = Epimp, [VTl"j QZJZ]TI‘]. QV] = VTFj 2 (Ezjwuj {Z]Z]T:|> I ?v= viv=1,

ie, Hj CSpyp,) ={h| |||hH|L2(Mj) = 1}. Based on the definition of sub-Gaussian X,

we also have for any v € Cr,

_ 1 .
el = HKF v>\

<K

P2

)

1
VTFj 2XTuj
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and also for any vy, vy € Cr,, we have

1

(vi— VQ)TF]-_Ezj <K-|lvi—va2 .

llhr — Bl = \
P2

If we choose = %, using (2.39)), (2.40) and (2.41)), then we have

crr - 2(Hg, [IFlly,) < e16” - 72(Cry, || - ll2) < erearn? - w(Cr,) < Bv/n

when n > 01/@4w2(Cr].) where C; = 4c2c?. By Lemma [3| with probability at least

1 —exp(—c268%n/k?) = 1 — exp(—Cayn/k*) where Cy = co/4, we have

1 ¢ 20,7 21| — Ty 2,70 P 2
hsguy}{)J n;h (z]) — E[h7] _VSE%E]. n;v I, 2zjz; T;°v—1
rp-bi b 1
= sup |v I‘j I‘JI‘]- v—1‘§2
VGer
TRo3p p iy s L
— v' I, 2T, v2§, Vv eCr,
Trspp 3y < L (TP s ;
— v I, I, v22<v r,*I,r; v>, Vv eCr,

_1
Let w = I‘j 2v, and note that the inequalities above are preserved under arbitrary

scaling of w. By recalling the definition of Cr,, it is not difficult to see that
T L 7
w' I'jw > oW 'yw, VweC. (8.30)
Combining (8.30]) for each I'; using union bound, we obtain

r(x~Ty 1 (T Tt LT
w Z— WZ§W Z— w, Ywel = wI‘wzgw I'w, Vwec(C,

g; g;
i=1 i=1
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which completes the proof by renaming w as v. |

8.A.2 Proof of Lemma 22|

Proof: Recall the definition of Gaussian width w(Cr,) = E [supvecru (v, g>}, where g
is a standard Gaussian random vector. Given the assumption (8.8), we have ppyin <

)\min(ru) < )\max(:[‘u) < Hmax, and note that

_1 1 1
sup (v,g) = sup <Fu2v,1“{‘ig> < sup <v,1“3g>
veCry, veCr, vEcone(C)N———BP
Vimin (8.31)

1 1
= -+ sup <V, Fﬁg> ;
vV Hmin  vecone(C)NBP

1

1 _1
where the inequality follows from I'y, ?v € cone(C) and ||[T'y?v|j2 < \/ﬁ Now we use

generic chaining to bound the right-hand side above. Denote the set cone(C) N BP by

1
T, and we consider the stochastic process {Z, = (v,T'3g)}ver. For any vi,vy € T, we

have

P2

< Kov/Hmax - ||[V1 — Va2 -

If we define for 7 the metric s(v1, va) = Koy/fimax ' ||V1—V2||2, it follows from Proposition

that

P(|Zy, — Zy,| > €) < ( ce’ > ( ce’ >
— >e)<e-exp|— =ec-exp|l————1 .
v v K(%NmaX”‘fl - V2H% 32(V17V2)
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By Lemma 2] (2.40) and (2.49)), we obtain

1
E [sup(v,I‘ﬁg)] =E [Sup Zv:| < c172(T, 5)
veT veT

= c1roy/Timax12(T5 1| - |12) (8.32)
< ¢162k0+/ Hmax - W(T)

Note that 7 = cone(C) N BP C conv(C U{0}). By Lemma |l we have

w(T) < w(conv(CU{0})) = w(CU{0}) < max{w(C),w(0)} + 2vIn4 < w(C) + 3.
(8.33)

Combining ([8.31)), (8.32)) and (8.33)), we have

1 1 Hmax
w(Cr,) =E | sup (v,g)| < E[sup<v,1"2g>]§ccm -(w(C)+3) ,
(Cr.) vECru< >] T a 1eaioy [ (w(C) +3)
(8.34)
where the last inequality follows from condition (8.8)). |

8.A.3 Proof of Lemma 23

Proof: Since design X; and noise 7; are independent, we first consider the scenario

where each n; is arbitrary but fixed vector. Using the definition of dual norm, we have

n

1 _
~y XI= Ty
n -

=1

1 - _
=~ sup <V, pp.<p> 1m>

veQ i=1

1 . < 3 — i T—1
= — - sup A?v, A, 2 XX,
n VEQ; ! ‘ ' '
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where A; = Ex, [X?E_lninfE_lXi]. Based on the definition of sub-Gaussian X;, we

get
_1
'HAZ Xzl <k =
P2
n 1 _1 _1
Z <AZ.2V, Az QX,LTE_I'T]Z'> < ¢p max Az QXZTE—lni
: 1<i<n ®
=1 Wo N
n 1 2
<cory| > A7 VI
i=1

< CoR+/Hmax *

n

_ 2
DoIE s vl
1=1

where we use Proposition [I0]in the first inequality by treating the sum of inner products
as one “big” inner product. The last inequality follows from the definition of pipax in
(8.8). Now we consider the stochastic process {Z = <v, Sy X;TFE_IUO}VEQ, where

n; is still fixed. For any Z,, and Z,, by the argument above and Proposition [6] we

have

n
DoIE il vi = vallz £ s(vi,ve)
i=1

I Zv, — ZV2H|¢2 < CoRy/Pmax -

= P(Zy -l > < e
- € € - ex ——, <
A%t A\ = p 82<V1,V2)

It follows from ([2.40)), (2.49) and Lemma [2| that

72(Q7 S) = CoK+/Hmax °

n

— 2
DI il (1] )
i=1

n
< coc1hiy/fimax - 4| O 157 i3 - w(€)
=1
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Px, ( Sup | Zy, — Zv,| > c2 (72(2, s) + € - diam (€2, 3))) < c3exp (—62)

v1,v2€ES)

Combining the two inequalities above with the symmetry of {2, we obtain

Px | sup Zy > coc2kiv/fimax -
veQ

n
C1
Sl (G (@) + e sup vl )
=1

veQ

< czexp (—62)

c1w(Q) _ dwi()

Letting p = supycq || V]2, € = 5, > With probability at least 1 —c3 exp( 1 ), we
have
n n
sugZ = ZX;Zflm < cpC1C2K+/fhmax - Z HZ—lnng -w(Q2) (8.35)
ve i=1 * i=1

for any given set of 17;. Now we incorporate the randomness of 1;. Essentially we need

to bound

n

n
Y=l = | >
i=1

=1

L2
Y132y,

Y

2

where each 7); is an m-dimensional standard (isotropic) Gaussian random vector. Given

2
1
v=[vl,...,vl]T € R™ Denote f(v) = \/Zfl Y-1¥2v;|| , and we have
2
n 1 2 n 1 2
(V) = flw)| = S| - DB
i=1 2 i=1 2

1
; — Hz_lszl
2

)
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2 n

>

2 i=1

2
2

1
EABZ v — will;

IN

122 _Wi)

fros

v — w2
2

1
which implies that f is a Lipschitz function with parameter ||[S~1X2||o. The first two
inequalities use the triangular inequality for Ly norm. Letting 7 = [Af,...,nL]7,
by the concentration inequality for Lipschitz function of Gaussian random vector (see

Proposition 5.34 in [172]), we obtain

} ; —?
P(f(n) —Ef(n) >t) <exp | ————
2[|=-1%2 13
n 1 2 n 1 2 —t2
= P, D ||Z'Sa|| —E,|> |[Z18 || >t] <exp| ———
i=1 2 i=1 2 2|2-1%2 |3

n n
= P, DIl - EZTr( 122anz22 >>t

—42
221223
n 42
= P Z =15 — Vo /Tr (B12.21) > ¢ | <exp —_—
= 2512k

where we use Jensen’s inequality in the third step for bounding the expectation Ef (7).

1 1
Letting t = /Tr (X1, 21) -n and 7 = |12 | /|| Z7132|2, with probability at

least 1 — exp (—"zi>, we have

n
Y=l <2vn- /T (21D (8.36)

=1
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1
where we use the relation Tr (X712, %7!) = [|2~!2?||%. By applying a union bound

to (8.35) and (8.36)), with probability at least 1 — exp (—%2) —c3 exp(—C%ZZZ(Q)), the
following inequality holds

n

1 2 . -
SN XTm || < OO VI R (SRS - w(Q) (8.37)
n . Vn

Finally we complete the proof by letting C' = 2¢gcica, C1 = ¢1, and Co = c3. ]

Appendix 8.B Proof of Noise Covariance Estimation

8.B.1 Proof of Theorem [26]

Proof: By introducing the true parameter 6%, 3 can be rewritten as

n

< 1 * *
X=- > (i + Xi(0° - 0)) (mi + Xi(6" - 0))"
i=1
And note that

o 2E[X] = 5, + Ag, where Ag=E [X(8" - 0)(0" —0)"X"].

_1
The ¥9-norm of 3, ? (n + X(6* — 0)) satisfies

_1
[t o+ xio-op] < [lorin] <[5 -0
V2 P2
~llly, + s m o)A T IXTS
P2
1 _1 _1
< Ko+ sup Pfu(e*—a) vIT, XS, 2u
vesp—1 2 W2
uESm_l
1
<ko+k sup [T ||0*—0||2
uesm—1 2
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max by the

_1 _1 _1
where Ty = E[XTE, 2uu’3, 2X], and |Tyull3 < prmax||Bs 20l < 2 &5

definition of sub-Gaussian X. kg is the ¥o-norm of standard Gaussian random vector.

By Theorem 5.39 and Remark 5.40 in [172], if n > Cim (o + [ 22

with probability at least 1 — 2 exp(—C1m), we have

SIS

_1 ~ _
Hz* 2 (2 _ 29) >,

Hence we have

2

NI

_1 _
+ HZ* 2ApX,

2 2

2
Hmax * m Hmax
§1+C’g<mo+n PNGR (aE)HH —0||2> ”E+/\ : FE)

(a) m 2C2I€2/,Lmax % m Hmax
< 1+2C§ﬁg1/5+ﬁ|’9 — 03 7 R (20
m Hmin Hmax *
< 1420308 [T 4 (L Y o
max * min *

m 2 bmax 2
§1+C'2/£21/f—|—7 0" —6
0 n )\min (2*) || ||2

4
o= el,) .

2
< (2 _Mmax__gx g2 8.38
= Cg (/10 + K Yoo (531) |6 9“2) " (8.38)

* 2
16 — 61f;

16" — 613
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_1
2

1, 1 _1 /. _1 _1
)\min <E* 222* 2) 2 1 + >\min <E* 2 (E - 20) 2* > + )\min <2* QAOE* 2>

Hmin * 2
+ 51— 107 =6
2 Amax (2*) 2

2
Hmax * m Hmin *
> 1= G (ot [T 0 =01, ) (/4 Lo
®) m  202K%u m Hmi
> 1 —202K3, | — — 019 — 9] ) — + 0 — 63
- CUHO n )\min (2*) H HQ n + )\max (Z*) H H2

21—02%1/@
n

2
where C? = 2C2. For (a) and (b), we use the assumption n > C*mx* (%) =

2
4Cimr? (%) . This completes the proof. |

21—”2*5(2—29)2*5

8.B.2 Proof of Lemma [24]

Proof: Based on the definition of £(-), we have

FEeE) L renaEea)
>

5@)‘ Tr(gfl) - Tr(Z*_l). Trz( *1)
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where the inequality follows from von Neumann’s trace inequality. Now we can bound

£ (ﬁ]) by invoking Theorem

L+ O/ + im0 — o]

1— C2k2

242 m 2/tmax . 2
=&(Bs) 4|1+ 2065V + montEy 167 = 01l
\ 1—C263/™

1
V2Cko (27 + ) xotme [|6* - 6]
J1— 22 m

m i max *
g&(E*)-<1+2C50 <g>4+2 )\L(E)HH —9”2)

4
where the last inequality follows from n > 4C*m - (/{0 + K /\“mi(dg*) |6 — 0H2) >

4C4m/<:§. n

Appendix 8.C Proof of AltEst Procedure

8.C.1 Proof of Theorem

2 . .
Proof: Since n > C*mr* (W) and 2(0) is initialized as 2(0) = L,xm, by

applying Theorem [25| to é(l), we have

A * Mmax > v U)(Q)
0a) — 07|, = C1k 2 -5(2(0)) —Tm
. Pmax P - w(Q)
a CIK lu“rznin vimn
Hmax v w(Q) )\min (2*) Hmin
< . .
< Oiw lLLI2TliIl \/m CQW - K2 Amax (2*) Hmax

B @ . K Amax (2*) Vv Mmax m
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It follows that

4

C1 | Amin (24) Yw(9)
>4 ~1
"= Cim-4 <I€O + C2 )\12nax (2*) m —

By applying Lemma [24] and Theorem [25| to the second iteration,

H%) — 0", < €ore (1 +2Cko (73)4 +2m“é(l) B 9*H2> .
é(z) — 6" ) — €min < 2€orc ﬁ(&;*) . ( é(l) _9* ; _emin) .

: 4 . 201& . Mmax | {(Z*)\I/w(ﬂ) Hmax :
Since n > C*m ST AR we have 2eqrc N (550 < 1, which

indicates that Hé(g) —6* . Therefore the condition in Lemma on

< oo

2
sample size n also holds for 9(2) and so on. By repeatedly applying Lemma and

Theorem [25], we have the following inequality for every ¢ > 0,

Hé(t—i-l) - Q*HZ — €min < 260rC\/T(a;)*)' <Hé(t) - 9*H2 - emin) (8.39)

By combining (8.39)) for every ¢, we obtain

T-1
) * Hmax A %
H9<T> — O, emin < <260“‘ Amin (2*)> ‘ <H0<l> —0 Hg N emi“)

which completes the proof. |



Chapter 9

Improved Estimation for
Structured Multi-Response
Linear Models

9.1 Introduction

In this chapter, we continue to focus the multi-response linear model [5,25,|79] with m

real-valued outputs,
y=X60,+n, where n= 21/217 (9.1)

where y € R™ is the response vector and X € R™*P consists of m p-dimensional
feature vectors. Compared with that given in Chapter 8, one difference here is the
relaxed assumption on the noise vector n. Instead of being Gaussian, ) is now a linear
transformation of an underlying zero-mean isotropic n € R™, which could be non-

Gaussian. Given this relaxed model, our goal remains the estimation of the parameter

190
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0. under the unknown noise covariance X, based on a sample D = {(X;,y;)}I~;. In
this work, the true parameter 8, is assumed to possess certain low-complexity structure
measured by some function f : RP — R, which is not necessarily a norm as assumed
in Chapter [8l Instead f can be even non-convex, e.g., Ly cardinality function. In
principle, we still adhere to the AltEst procedure to alternatingly estimate 8, and X,
but the GDS used in Chapter [8 needs to be replaced as it cannot handle the potential
non-convexity of f. To this end, we switch the GDS to the constraint estimator in the

AltEst framework, which gives rise to the following updates

n

X = %Z <Yi - Xié(t)> <Yi - Xié(t)>T ; (9:2)
=1

. 1 2
0(;+1) = argmin o Z
i=1

st f(O) <. (9.3)
OcRpP

PR |
‘E(til) (yi — Xi0)

2

In fact, this procedure is exactly the AltMin algorithm applied to the objective function

below,

A 1 — 2 1
(005, ch) = argmin — Z HE_% (yi — XiB)H + —log|X| st. f(0) <X, (94)
0ckrP, 30 2N 2 2

which corresponds to the constrained maximum likelihood estimator of (3,0) when
the noise is Gaussian. With the replacement of the GDS, though the update ({9.3)
of é(t+1) remains non-convex if f is so, the simplicity of its objective actually favors
the optimization. More precisely, the recent progress in optimization with non-convex
constraints enables various algorithms to find the global minimum under mild conditions
on data [15,86,148].

As we have discussed in Chapter [§, the current statistical understanding of AltMin

(and AltEst) falls short. The statistical guarantees for non-convex AltMin procedures

are often shown under the notorious resampling assumption [45,84,128,179,180], which
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assumes that each iteration receives a fresh sample. Albeit this can be achieved by
partitioning the data into disjoint subsets and using different batches in each update,
people seldom do so in practice, as it usually results in worse performance than using all
data in every iteration. From the theoretical perspective, the resampling-based analysis
is neither a satisfactory explanation for the power of AltMin, since the probability with
which the statistical guarantees hold often decays as iteration goes, which is unnatural
to see.

In this chapter, we aim at a better way to bound the statistical error of the above
AltMin procedure for general structure-inducing f. In principal, non-asymptotic sta-
tistical analyses for high dimension typically involve bounding suprema of stochastic
processes [14,/127,|135,(173]. The difficulty of analyzing AltMin lies in the dependency
between the data and the obtained iterates, and the lack of independence prevents ap-
plications of various concentration inequalities to bounding the supremum of the target
processes. The resampling assumption facilitates the analysis of AltMin by assuming
new data that are independent of previous iterates. In contrast to resampling, we here
resort to uniformity to tackle the dependency issue, which ends up dealing with more
complicated stochastic processes. By carefully applying generic chaining |161], an ad-
vanced tool from probability theory, we are able to obtain the desired bounds for the
processes under consideration, and eventually express the error bound in terms of Gaus-
sian width [40,/63]. In particular, we analyze the AltMin procedure under two different
choices of initialization, one with an arbitrarily initialized iterate and the other starting
at a point close to 6,. The Ls-error for both types of AltMin is shown to converge
geometrically to certain minimum achievable error ey, with overwhelming probability,

ie.,

oo

< min T' (Hé _0*
, = CGmin T Pp (0)

- emin> (9.5)
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where p, < 1 is the contraction factor and en;, is given by

€min = O (w(C)\/ﬁ—i—m) (arbitrary initialization) ,
emin = O <u$%)> (good initialization) .

Here w(C) is the Gaussian width of a set C related the structure of 8. Surprisingly the
error for good initializations matches the resampling-based result up to some constant,
which requires more fresh data to achieve such a bound. In summary, this work improves
the results in Chapter [§| in several aspects. First, our analysis for AltMin does not
rely on the resampling assumption, which can be adapted with suitable modifications
to obtain resampling-free results for the original AltEst as well. Second our statistical
guarantees work for general sub-Gaussian noise. Third, we allow the complexity function
f to be non-convex, whereas in Chapter 8| f is required to be a norm. Moreover, our
result suggests that when the amount of data is adequate the AltMin with arbitrary
initialization can even achieve the same level of error as the well-initialized one, which
is not discovered in the earlier study.

The rest of the chapter is organized as follows. In Section [9.2] we outline the s-
trategies for combating non-convexity and present the algorithmic details of the AltMin
procedure for structured multi-response regression. In Section [9.3] we present the de-
terministic statistical guarantees for the AltMin algorithm, and instantiate the error
bounds under probabilistic assumptions in Section Finally we provide some exper-

imental results in Section All proofs are deferred to the appendix.

9.2 Strategy to Conquer Non-Convexity

For many statistical estimation problems, we can construct the estimator of the un-

derlying model parameter by minimizing certain loss function over the given sample
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w = argmin L(w;D) . (9.6)
wew

For non-convex problem with the associated objective function L being non-convex,
finding its global minimizer is challenging in general due to spurious local minima, which
can be poor estimates of the true parameter. Thanks to the stochastic models assumed
for the observed data D, however, the scenario we face is often much more benign than
the worst case that causes the failure of the optimization algorithms. Therefore it is
widely believed that non-convex estimation can be done through the usual local search
method with suitable initialization point. Since our ultimate goal is the statistical
recovery instead of the optimization performance itself, it is reasonable to leave out the
“unfriendly” data which our model is unlikely to encounter.

In order to show the recovery guarantee for non-convex estimation, there are mainly
two commonly-used strategies. One strategy is to show certain local convergence in
a neighborhood N of the global minimizer w of [34,/116,|130,(169,/189]. With a
proper initialization inside A/, subsequent iterates produced by some local search might
be able to converge to w, whose statistical error is expected to be small. This strategy
is particularly suitable for the noiseless setting, as w is equal to w,, and most of the
existing works use gradient descent type or its variants as workhorse algorithms. The
other strategy is to show that there is no spurious local minima of L under the assumed
the statistical models, so that any optimization algorithms that provably converge to
local minima will suffice for a good estimation [20,59,60L105}/156},157].

For our multi-response regression problem, however, it is difficult to apply the afore-
mentioned strategies. First, bounding the statistical error of the global minimizer is
nontrivial in the noisy setting, especially when the objective L(w) involves more than
one set of variables like the multi-response regression, let alone characterizing the e-

quivalence of all local minima. Second, the gradient-based local search is inefficient
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for the problem ({9.4]), since the update of 3 involves matrix inversion and projection

onto positive semidefinite (PSD) cone. In contrast, AltMin procedure has a closed-form
solution to X-step, which is preferred in this setting.

In this work, we consider another strategy for the non-convex estimation in which
w is composed of two parameters (a and b), and L is jointly non-convex over them
but might be marginally convex w.r.t. a (b) when b (a) is fixed. When the marginal
subproblems are easy to solve, alternating minimization procedure is appealing for the
purpose of estimation, which applies to the multi-response regression. The AltMin

algorithm typically executes the following updates,

~

é.(tJrl) = argmin L(a, b(t)§ D) (97)
acA

B(t+1) = argmin L(é(t-f—l)v b; D) (9.8)
beB

The basic idea for showing the statistical guarantees of AltMin is to derive the error
bounds for both a- and b-step when the other is fixed to the latest estimate. Since both
subproblems (9.7]) and are usually simpler, the separate errors might be easier to

characterize than considered jointly, which are ideally of the form,

di (3 11), &) < er (da (b, b.)) (9.9)

dg <f)(t+1)7 b*) €9 (d1 (é(t+1)7 a*)) (9.10)

IN

where a, and b, are true underlying parameters. The function d; (d2) characterizes the
closeness between é(t+1) and a, (B(t+1) and b,), which is nonnegative with d; (a,,a,) =0
(d2(bs,by) = 0) but not necessarily a metric. The upper bound e; (e2) may depend

on other quantities such as n, but our emphasis is the dependence on the estimation

accuracy of b (a). It is natural to expect that e; (e2) will shrink as f)(t) (a(;)) moves
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closer to b, (a.). Under this condition, we can get

tamya) <ex (i (b b)) <o < er (62 (coen (2 (Biob2)) .2)

composition of T e1(-) and T' — 1 ea(-)

(9.11)

da(br), b.) < e (di (8¢rya.)) < ... s e (el ( el (d2 <B<0>’b*>) )) (9.12)

composition of T ea(-) and T eq(-)

which may imply the error of a7y and B(T) under other metrics of interest. Compared
with the previous strategies, one notable difference of our treatment is that we do not
care about the optimization convergence of AltMin, as we neither characterize the error
of any local minimizers of L(-) nor show any iterate convergence to those minimizers.
Instead the ingredients we need are simply the statistical error bounds and .
Given this fact, our analysis can be extended to the alternating estimation (AltEst)
procedure [45] that need not optimize a joint objective over a and b, which certainly
cannot be handled by the earlier strategies.

In order to get and , the analysis for each AltMin step is often confronted
with a technical challenge due to the dependency between data and the iterates obtained
so far, which is bypassed by many existing analyses via the resampling assumption.
Essentially the resampling-based result states that with any fixed B(t) (&(441)), given a
fresh sample D) independent of f)(t) (&(141)), the next iterate &(,41) (B(t+1)) satisfies the
corresponding bound in ((9.10)) with high probability. To avoid the resampling,
we leverage the idea of uniform bounds [171], which aims to show that given a sample D,
the bounds and hold wuniformly with high probability for all possible value
of the input B(t) and a(;1). This argument asks for no fresh data in each iteration,
and the probability of the error bounds being true does not deteriorate with growing

number of iterations. For structured multi-response regression, we will focus on the
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Algorithm 10 Alternating minimization for multi-response regression

Input: Number of iterations T, Data D = {(X;,y:)}"; and Tuning parameter \
Output: Estimated é(T)
1: Initialize é(o) (e.g., solving with ﬁ](o) =1)
2: for t:=1to T do
3:  Compute ﬁ](t) according to
4:  Compute é(t) by solving
5: end for
6: return é(T)

AltMin procedure shown in Algorithm For the rest of the paper, Cy, C1, cg,c1 and

so on are reserved for absolute constants.

9.3 Deterministic Analysis

In this section, we apply the resampling-free analysis framework to the multi-response
regression problem, for which a = X and b = 6. First we introduce a few notations.
We denote the smallest and the largest eigenvalue of ¥, as oy and o), and assume
Diag(X,) = L,xm throughout the chapter for simplicity. In addition, we drop the
subscripts indexing the iteration, and analyze both ¥-update and @-update in a broader

setting, where the other parameter is fixed as a generic input in certain regions, i.e.,

%(0) = Y (yi—Xi0) (yvi —Xi0)" (9.13)
i=1

A 1l _1 2

6() = argmin %; =i -xi0)|) st 0) < s00.). (9-14)

Note that here the tuning parameter A\ for O-step is set as A = f(6.), which will be

kept for the rest of the analysis. For instance, if f = || - ||o, then A has to be set to the
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sparsity of the true 6.. The input regions we consider for 8 and X are simply given by

R = {0 € RP ’ £(6) < f(e*)} (9.15)

Mleo) = {£ e R™™ | £ =5(0), [(6) < £(0.), |06l <e0}  (9.16)

in which eq is the error tolerance to be specified for the initialization. Note that the
input region M (ep) implicitly depends on R as well as the sample D = {(x,y)}7; used
for computing 33(0). All matrices in M(ep) need to be invertible for the computation
of , which will be guaranteed by the later analysis when the randomness of data

is considered.

Definition 24 (distance functions) The distance function d;(-,-) for ¥ and X, is

defined as
(%)
§(Xy)

d(2,3,) = —1, (9.17)

in which £(-) is given by

_ VIr(E-1E,x2-0)

&(x) T(E ) (9.18)

The distance function da(-,-) for 8 and 6, is defined as the standard Lo-distance, i.e.,
d2(6,6.) = 6 — 6. (9.19)

It is worth noting that ¢(X) is minimized at ¥ = X,. The error bound of 3(8) relies

on the definitions below.

Definition 25 (error spherical cap) For a complexity function f, its error spherical

cap is defined as

C = cone {u e RP ‘ f(0.+u) < f(B*)} n set, (9.20)
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where SP~! = {u | |lul|o = 1} is the unit sphere of RP.

The cone in the definition above is sometimes called descent cone in the literature [4],
which is critical to the analysis of many high-dimensional estimation problems [40,130].
The next definition is directly extended from the notion of restricted eigenvalue (RE)

[211[139).

Definition 26 (uniformly restricted eigenvalue) For designs Xi,Xo,..., X, the
smallest uniformly restricted eigenvalue (URE) the for error spherical cap C C SP~1 is

defined as

veSm—1 ueC

s e RS
o, & inf inf ul <n ZX;TFVVTXZ) u (9.21)
i=1
Similarly the largest URE is given as

1 n
+ 4 TN XTyyTX. .22
a, sup sup u (n g S VvV Z) u (9.22)

vesm—1uelC i—1

In comparison with the standard restricted eigenvalue, the uniformity of the URE is
reflected by the infimum and the supremum operation over v.€ S™! in the above

definitions.

Definition 27 (type-I noise-design interaction strength) For designs X;, Xo, ...,
X,, and untransformed noises 71, 72, ..., 7, the type-I noise-design interaction (NDI)

strength is defined as

A
Tn = SUp
ueC

2 n
25 Xui! (9.23)
n

=1

With the definitions presented above, we are ready to give the deterministic guarantee

for (9.13)).

2
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Lemma 25 (error bound for ¥-estimation) Given data {(X;,y;)}i, let {0n} be

a sequence such that

< 6 . (9.24)
2

1 n
— > 1
n-

=1

If 5"%5 > % and 0, < %, then 33(8) given by (9.13) is invertible for any @ € R and

its error satisfies

oy

d (2(9), 2*) <48, + 2] 210 - 6., . (9.25)
O«

To analyze the error of 9(2), we assume that the global minimum of (9.14]) can be

attained despite the possible non-convexity of the constraint, which is fairly reasonable

in view of the recent development on non-convex optimization [15,86]. In addition, we

need the definition of another noise-design interaction strength.

Definition 28 (type-II noise-design interaction strength) For designs X;, Xa,
.., Xy, and noises n1, N2, ..., Ny, the type-1I noise-design interaction (NDI) strength

By, for a set of matrices K is defined as

n

2 .TE‘1X,~
Bn(K) £ sup sup i u

) Y M Ay (9.26)
Sekuec M i—1 ||Ei/22_1‘|p

where the invertibility is assumed for every 3 € K.

In the analysis, we specifically focus on f,(M(eg)) as M(eg) is the set of input X
under consideration. From its definition, it is not difficult to see that §,(M/(eg)) is a
monotonically increasing function of e, as M(eg) C M(e) for any ey < ej. In the
probabilistic analysis, we will bound £, (M(eg)) at specific values of ey. Based on the

definition of 3, the next lemma characterizes the estimation error for (9.14]).
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Lemma 26 (error bound for #-estimation) Given data {(X;,y;)}l, and a set K C

R™*™ sych that every X € K is invertible, the following error bound holds for é(E)

given by (9.14) with any input X € K,

@ (6(2). 8.) <e(z)- 2 (9.27)

Oy

where £(X) is defined in (9.18). In particular, the error for 9(2) with any input X €

M(eo) satisfies
Bu(M(e0)

d (%), 8.) <¢(2)- e (9.28)

Remark: Apart from = M(ep), other specific instantiations of this lemma also
yield interesting error bounds. For example, setting K = {I} bounds the error of the

constrained ordinary least squares (OLS), i.e.,

2 571({1}) 1 571({1}) A
Ooan — 04| < &) - = . = €odn , 9.29
‘ d 9 5( ) o \/m o €od ( )
where éodn is given by
. I 9
0oqn = argmin — y; — X;0 s.t. f(0) < f(6,) . 9.30
o = argmin 53| b 6) < f(6.) (9:30)

If we choose K = {X,}, the error bound corresponds to the oracle estimator with the

information X, i.e.,

6urc — 6.

= €orc

ey BN L s 031)
(7% Tr(z*—l) Qp
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in which éorc is defined as

n

~ . 1
0,c = argmin — Z
gcRrr 21 i1

2

Sy - Xi0)|| st fO)<f6.).  (932)

2

Equipped with the error bounds for both 6- and 3-step, we have the following

theorem for the whole AltMin procedure.

Theorem 28 (deterministic error bound for AltMin) Define e, p, and eyin as

n [aid 1+ 46,
En :5(2*) : M 5 Pn = 2en OZT ) €min = €n 40
O«

Oy

in which 6, is defined in Lemma . Assume that the tuning parameter X\ = f(0,),

and the initialization satisfies both f(é(o)) < f(64) and ]]é(o) —0.|]2 < ep. Under the

— JF ~
conditions that emin < eg, pn < 1, 6’;%‘" > fo—*_ and 9, < %, then G(T) returned by

Algorithm [10] satisfies

oo

, < Emin+ oL (eo — emin) (9.33)

Remark: The above inequality indicates that the upper bound of the error for AltMin
procedure will decrease geometrically to the minimum achievable error epi,, provided
that there exists room for improvement (i.e., emin < €g). Note that eni, is given
in a multiplicative form in terms of &,, which is similar to the bound for the error
eorc incurred by the oracle estimator. The contraction factor p, not only controls the
convergence rate of error, but also affects the value of e,;,. The theorem also reveals the
role of ey, which is calibrating the quality of initialization. The better the initialization
is, the smaller the error e, is.

In the next section, we will verify the conditions in Theorem [2§ under suitable

stochastic assumptions, so that the above error bound is valid.
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9.4 Probabilistic Analysis

9.4.1 Preliminaries

In order for the deterministic results to hold, we need the conditions stated in Theo-
rem to be satisfied. The proposition below translates those requirements into the
desired individual growth rates of a;,, o, 85, 7, and d,,, which need to hold (with high

probability) when the randomness of X and y is considered.

Proposition 17 For any fized ey and an initialization with f(é(o)) < f(0«) and Hé(o) —
0.2 < eg, the error bound (0.33) holds with large enough n, if o, ab, 0n, vn and

Bn(M(eg)) satisfy the following conditions,
(i) The smallest and the largest URE: «;, = O(1) and o;f = ©(1)
(i) The rate of convergence for H% S mnl - IHQ: op, = o(1)
(iii) The type-I noise-design interaction strength: ~, = 0((5}/2)

(iv) The type-II noise-design interaction strength: [,(M(ep)) = o(1)

The analysis of these conditions is built upon the concept of sub-Gaussian vectors

and matrices, which are defined below.

Definition 29 (sub-Gaussian vector and matrix) A vector x € RP is said to be

sub-Gaussian if its ¢»-norm satisfies,

lIx[lly, = sup [ll{x, wly, < x5 < +o0, (9.34)
uesr—1
ol
where [|-[],, is defined for a random variable z € R as [|z[,, = supg>, % A
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matrix X € R™*P is sub-Gaussian if the following 1s-norm for X is finite,

_1
w2 Xyl <k <400, (9.35)

IX[l[y, = sup
uesp—1

vesm—1 V2

where T'y = E[XTvvTX]. Further, T'y for any v € S™ ! is assumed to satisfy

0< I < )\min(I‘v) < Amax(rv) < /«L+ < 400, (936)

where =~ and p' are some constants.

This definition is adopted from [85,172]. If rows of X are i.i.d. copies of an isotropic sub-
Gaussian random vector x with ||x||,,, < &, it is not difficult to verify that [|X]|,, < Ck
for a universal constant C, and p~ = pu* = 1. Our assumptions on the randomness of

{X;} and {n;} are given below.

(A1) The designs X1, Xa,...,X,, are i.i.d. copies of a sub-Gaussian X with parameter

k, p~ and pt.

(A2) The isotropic noises 71,72, ..,7, are i.i.d. copies of a sub-Gaussian 7 with

parameter 7.

Since the definitions of o, , o, v, and f3,, involve the error spherical cap C, it is expected
that certain complexity measure of C will show up in the analysis, which turns out to
be the notion of Gaussian width given in Definition In the next two subsections, we
show that the conditions (i) — (iv) hold with overwhelming probability by characterizing

the corresponding non-asymptotic bounds.

9.4.2 Arbitrarily-Initialized AltMin

The lemma below justifies the claim of the condition (7).
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2
Lemma 27 Under the assumption (A1), if the sample size n > Cpmax {54 <Z—J_r> , 1}-
max {wQ(C), m}, with probability at least 1 — 2 exp (—01 max {w2(C), m}), the smallest

and the largest URE satisfy

[
IN
Q
IA
:QJr
IA

S

5#

3
§M+ ’ (937)

where w(C) is the Gaussian width of the error spherical cap.

The condition (#7) is simply implied by the following bound for the convergence of sample

covariance matrix, which is a direct result of Lemma 5.36 and Theorem 5.39 in |172].

Proposition 18 Under the assumption (A2), there exist absolute constants Cy, Ci

and Cy such that if n > Cyr*m, the following inequality holds with probability at least

< Cyr?, /% 25, (9.38)

2

1—2exp(—Cim),

I
—> A 1
n -
i=1
1

Next we show that the rate of v, also has a ﬁ—dependence as 0y, thus implying that
Tn = 0((5}/2) in the condition (7).

Lemma 28 Under the assumptions (A1) and (A2), if n > Com, the following inequality

holds with probability at least 1 — 2exp (—Cy1m) for the type-1 NDI strength 7y,

A7/t (Vi + w(C))
o |

Y < Co - (9.39)

Lastly we verify the condition (iv). Given the statement of Theorem we need to

bound 3, (M(ep)) for eg = +o0 if allowing arbitrary initializations.

Lemma 29 Suppose that the conditions of Lemma are satisfied with probability

1 — € when n > ng. Under the assumptions (A1) and (A2), if sample size n >
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max {no, COT4m}, the type-1I NDI strength for M(ep) with ey = +oo satisfies,

v/t (m+ w(C))

n < C . 3 940
Bu(Mieo)) < C § (9.0)
with probability at least 1 — e — Cyexp (—C1m).
Remark: The proof of Lemma [29| suggests that 3,, for any singleton C satisfies
+ .
Bn(K) < Cé . M (9.41)

Tn :

with probability 1 — Cyexp (—Cjm) if n > C{r*m. Combined with Lemma [26{ and

this immediately implies the error of both the OLS and the oracle estimator

C'r/ut w(C)

€odn < ' ) 9.42
IR 42

/ +
e < VT wlO) (9.43)

iy Tz VR
which indicates that the oracle estimator improves the OLS by a factor of

Core _ J 0 (9.44)

€odn Tr(E;l)

In practice, this improvement can be significant, when there is strong cross-correlation
among the responses, such that 3, is close to singular.

Assembling the results in Lemma [27] - 29| and Proposition we have the following
corollary for the error of algorithm

2
Corollary 7 Under the assumptions (A1) and (A2), ifn > Cp-max {1,7’4, K <M> ,

pon
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o (ut\? (of wi(C) . . _
K (—,) (—) }‘max {T,m}, with probability at least 1 —Cq exp(—C1m), the min-

122 Oy

imum achievable error emin of Algorithm [10 with arbitrary initialization satisfies

o< Csky/pt  m+w(C) 146,

< : : (9.45)
=/ Tr(2h vn 1= pn

where &, and p, satisfies

S = Cyt”

BE
IN

Sz~

©)

pn < Csru™ om
n =
WA/ ox Tr(E;l)

Remark: Though the initialization condition f (é(o)) < f(6.) may not be true for arbi-

<

N | =

trary é(o), it should be satisfied by the first iterate é(l), from which Theorem [28| starts
to work with ey = +o00. Hence the result holds for any initialization é(o). Following the
analysis in Chapter 8] the resampled AltMin has an error bound that matches the oracle
erTor eqrc up to a constant factor. Hence the price paid for this resampling-free result
is only an additive O (%) term. It is also worth noting that the result in Chapter
needs a good initialization to hold, whereas this does not.

To illustrate the error bound above, we complement it with an example, in which
the complexity function f is chosen to be L; norm.

Example with L; norm: For f = | -|; and an s-sparse 6., the Gaussian width of

the L1 error spherical cap satisfies

w(C) =0 (\/slogp)
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according to [40]. This gives the order of ey, as

_0 m+ +/slogp
€min = \/ﬁ

when n = (max {%,m}).

9.4.3 Well-Initialized AltMin

For well-initialized AltMin, most of the analysis stays the same, with the exception
being B, (M(ep)). With a small value of e, the index set M(eg) in the definition of
Brn(M(ep)) will shrink, so that we are able to sharpen the upper bound of £, (M (ep)).

Before presenting the results, we introduce the set called error spherical sector.

Definition 30 (error spherical sector) For a complexity function f, its error spher-

ical sector is defined as
S = cone {u c RP ( £, +u) < f(a*)} n B!, (9.46)

where B = {u | ||ul|]2 < 1} is the unit ball of RP.

Geometrically S is closely related to the previously defined set C (Definition , for

which C € § and § C conv(C U {0}) hold. More importantly, their Gaussian widths

satisfy

w(S) <w(C) +c (9.47)
for some constant c. The following lemma bounds the 5,(M(ep)) at ey = Z; using
w(S).

Lemma 30 Suppose that the conditions of Lemma [25 are satisfied with probability

1 — € when n > ng. Under the assumptions (A1) and (A2), if n > max{no,Co-
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3

max{74, k%, 1}- max{w?(C), wgl(c),mZ}}, the type-1I NDI strength for M(eg) with eq =

0'7 .
iz satisfies

ky/ pt - w(S)
Vn

with probability at least 1 — e — Cyexp (—Cl - min {wQ(S), m})

Bn (M(eo)) < Cs - (9.48)

Together with the analysis presented in the previous subsection, the improved bound
for B,(M(ep)) immediately yields the error bound of Algorithm [10] under good initial-

ization.

pox

2
Corollary 8 Under the assumptions (A1) and (A2), ifn > Cp-max {1, Kt (M)

2 . A
K2 (Z—j) (Z—{) } 'max{wiéc), wg”(‘?’c),m2} and the initialization 0 gy satisfies f(0(g)) <
f(6y) and ||é(0)79*||2 < Z—*;, with probability at least 1—Cy exp (—Ch - min {w?(S),m}),

the minimum achievable error emin of Algorithm |10 satisfies

Csry/pt  w(S) 1+ 6,
=/ Tr(27 1) v 1= pn

€min <

(9.49)

where 6, and py, satisfies

1
b= Cyr?y [ 2 < =
n 4

+
oy < Csku “w(S) <
WA/ o Tr(E*_l) Vn

N | —

Remark: Since w(S) only differs from w(C) by a constant, the error bound is
sharper compared with Corollary [7], matching the order of the resampling-based result
and the bound for ey.. A good initialization of é(o) can be obtained by solving ,
whose error is guaranteed by . Therefore the initialization condition will hold as

long as the sample size is sufficiently large. On the other hand, the iterates obtained by
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running randomly-initialized AltMin may also satisfy the initialization requirements as
Corollary [7] guarantees a moderate error for any initialization. Once the requirements
are met during the iteration, the randomly-initialized AltMin can attain this sharper
bound as well as the well-initialized.

Example with Lg-cardinality: For f = || - ||o and an s-sparse 6., the set S satisfies
Sc{oesr |6 <2s},
which by simple calculation implies that
w(S) =0 (\/@) .

Therefore it follows from Corollary [§] that

slo
emin = O ( ngp>

ifan(max{ m s2log2p’m2}>'

slogp? m

9.5 Experimental Results

In this section, we present some experimental results to support our theoretical analysis.
Specifically we focus on the sparsity structure of 8., and consider Lg-cardinality as
complexity function f. Throughout the experiment, we fix problem dimension p = 1000,
sparsity level of 8, s = 20, and number of iterations for AltMin 7" = 10. Entries of design

X is generated by i.i.d. standard Gaussians, and 6, = [1,...,1,—1,...,-1,0,...,0]T.
10 10 980
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3, is given as

L .
O2x2 ... O2x2
a 1
1 a
02><2 02><2
Y= a 1
1 a
022 022

The experimental results are obtained based on the average over 100 random trials.
First we set a = 0.9, m = 10, and vary sample size n from 30 to 80. We run the

AltMin initialized by both constrained ordinary least squares and Gaussian random

vector, where @-step is solved by the hard-thresholding pursuit (HTP) algorithm [56].

The error plots are shown in Figure 9.1}

e
<

o

& —A—well-initialized <@
5 009 ——randomly-initialized 5 06
= oLs b
. 008 s 05
<) —*—oracle (S
E 0.07 o
N 0.06 04
- —
0.05 0.3
g g
= 0.04 _
0.2
g 0.03 g
5 S
[¢]
= 002 = 01
0.01 ‘ ‘ ‘ ‘
30 35 40 45 . 50 55 60 1 2 3 4 5 6 7 8 9 10
Samplesizen Iteration t
(a) Le-error vs. sample size n (b) Las-error vs. iteration ¢

Figure 9.1: (a)A phase transition is observed for the randomly-initialized AltMin around
n = 40, whose error is on a par with the well-initialized for n > 40. This coincides with
the remark for Corollary [8] Also, the error of AltMin is close to the oracle estimator,
which is significantly better than OLS. (b) Our theoretical results suggest that larger
sample size leads to smaller p,,, thus making AltMin converge faster as shown in the
plots.

For the second set of experiments, we fix m = 10, and vary the parameter a in X,

from 0.5 to 0.9 for n = 30, 40, 50 and 60. The plots in Figure [9.2(a)| shows the error
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of AltMin against a. As indicated by (9.29) and (9.31)), the improvement of the oracle

least squares over the ordinary one is amplified with increasingly large a. Figure

compares the actual ratio of ey to €04y and the suggested one.

o
o
<

Normalized L,-error for 6r

—¥—actual ratio
-4 predicted ratio

o
=3
&

o
=)
&

o
o
&

o
Q
N

0.01
0.

(a) Le-error vs. a (b) €orc/€odn for n = 60

Figure 9.2: (a) With a varying from 0.5 to 0.9, the responses become increasingly
correlated and the error of AltMin reduces more quickly. (b) The actual ratio of e to
€odn 18 very close the predicted one given by (9.44]).

Finally we fix ¢ = 0.8, and the number of responses m ranges from 10 to 18 for

n = 30, 40, 50 and 60. The results are presented in Figure|9.3

{Cf; <<E; 0.055
= > o
L L
& 0.05
e 5
¢ E 0.045
- A
0.04
E F
E é 0.035
P f-
(e} O 0.03
z z
0015 e 0025 T
10 1" 12 13 14 15 16 17 18 10 1 12 13 14 15 16 17 18
Number of repsonses m Number of repsonses m
(a) Le-error vs. number of responses m (b) Le-error of all estimators for n = 30

Figure 9.3: (a) As m increases from 10 to 18, the error of AltMin does not decrease
drastically. The main reason is the increasingly large error in the estimation of 3.
(b) Compared with the error of OLS, the advantage of AltMin becomes marginal with
growing m, while its gap with the oracle estimator is widened.
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Appendix

Appendix 9.A Proofs for Deterministic Analysis

9.A.1 Proof of Lemma [25]

Proof: 'We will use the shorthand notation 3 for 3(6).

IN

1.1\’
)\min <2* 222* 2)

where the inequality follows from Von Neumann’s trace inequality. Now we try to bound
1.1 1, 1

Amax <Z* 233, 2) and Apin <E* 2¥y. 2> separately. Note that any @ given by the

solution of | - ) satisfies that ”9 0 T € C. By the expression for 3 in (9.13), we have

for Amax <E*222*2>,

2

2 2



214

=1+0n+60— 0.,

Zz X, - ’9 6. il

0—0.]>
2
1 1 (0-60.)(0-06,)7 1
+10—0,% sup vI[= E*QX-- * XI's 2y
19=6:- s, 7122 C e T
_1
§1—|-5n—|-|49—0*||2-HE*2 - sup ZXunl
92 ueC ||

+1160 - 6.3 - HE;1H2 . sup supul (nZX?VVTXZ) u
v i=1

eSm—1ueC

_|_
=1+08, +—=10 — 0.], + ﬁue—mﬁ

\/Z

Similarly we bound A, <E*

>IN

[
N|=

) as follows,

1

N 1,
Amm<2 3N ) — 14 A (2*222* —1>

1

+>\mm< Zz 2X,(0 — 0.)il + ~ ane 0.)"X"s, )

m\»—t
[N

=1 zl

Zz XB 0.)n;

2

+/\mm< Zz 2X(0 0.)(0 —0,)"X"'s, )

=1
nz;Xu

1 n
0—0.7 N\ (=Y inf inful =) XIwTX;
+ 5 (3,7) in mu<n; i Vv u

- sup
2 ueC

21—%—we—mm'H

2

veSm—1ueC

=1-6,—

16 — 6.1, + H@ 0.3

Tn
\V Oy
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Combining the inequalities above, we obtain

40
§(X)
146, + 6 — 6. +a” 0 — 0.
< \ﬁH 2 I 13
1-94, —\Vﬁlw 6.2 + 2% ||‘9 6.3
1+ 20, + 220 — 6.3+ 2L )16 — 0.3
< io 5 ’ ’ <use\ﬁ< forab>0>
1= 20, — 5110 — 0.5+ 210 — 6,13
1+ 26, + 2220 — 0,2 S _ o
< : _"*2 5 (use the condition TY%TL > 40**_ >
1+ 26, 20,7 (|6 — 6,2
< : i_ % + (al J 26n)a*||2 (follow from va +b < va + Vb for a,b > 0)
2%, 2716 — 6.
<1+ s 01J26) ”2 (followfrom\/m<l+*f01“a>0)

<1+ 46, —&—21/ 1|6 — 6], (usethe condition d,, < ) )

. 1,1
The invertibility of 3 is guaranteed by Apin (2. 223, %) > % following from the deriva-

tion above. n

9.A.2 Proof of Lemma

Proof: We use the shorthand notation 6 for é(E) Since the tuning parameter \ is set

to ||, ]|, the optimality of 8 implies that

1 — 1 A 1 — 1 2
=y - X, H <7§:H2“ i — X0,
n H by 0|, = 2n — *ly 6.) 2
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2 5 .Tz—lx.. 0-6.
w izt " Jlo=e. 1

2 1 n ”2_7)( )
— . 2 .. = *
n Zz:l g |60—6.]l2

2

Now we try to bound the numerator and the denominator on the right-hand side. Note

that f(0) < A = f(0,), we thus have 0-6. ¢ according to the definition of the error

16—6. ]l
spherical cap. Assuming the eigenvalue decomposition 3 = Z;n:l ajvjvf, we further
get
1 < 0—6.
Y Eex s || > mf—ZHE’?XuH
ni:1 Hg_g*||2 ) ueC n
_ T~T T ‘
—&relfCEZu X Za v;v; | Xiu
- 1
. -1 ..T T, T
:&Ielg o‘j -u (nZXZ VjVj X2>u
j=1 i=1
m 1 n
-1 . . T T T
(o) e (L)
]:1 =1
=a,  -Tr(Z7)
2 ¢ Ts-1x 0 — 6. Ty —1
— n X X ——m n; X7 X;u
nz Z Y86 " uen Z
2 - nfEIX;
:HZi/QE_lH -sup — 71/2 e
Fouee T |87 | e
2 — nTE_IXiu

< HZUQZ*lH - sup sup —
' F semuec "= |BY2m-1p
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= By V/IR(E IR
Combining the results above, we can get (9.28)). [

9.A.3 Proof of Theorem [2§

Proof:  Since the initialization é(o) satisfies f(é(o)) < f(0,) and \\é(o) — 0|2 < eg, we

have fl(l) € M(ep) by Lemma [25[ and we have for the first iteration of Algorithm
[0}

dy <f3<1)a 2*) <40, +2 jﬁ ~da (%)a 0*)
ds (6, 0.) <€(50)- W —en- (141 (S, =)

Combining the two inequalities, we obtain the recurrence relation for the error of é(l)

and é(o),

a2 (0, 0.) <=0 1+45n+2\/§-d2 (60). 6.)

As pp, < 1 and epin < eg, we have dg(é(l),B*) < eg, thus 2(2) € M(ep). By induction,

we can recursively apply the result to ¢t =2,3,...,T,
. b
da (G(T)v 0*) <qr, where ¢ = ey, (1 +49,) + 2en(/ — - qt—1 and qo < eg
O x
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Solving the recurrence of r;, we get

T
1+ 46 S 1446
gr = {1+ 400) ”3 + 25,4/3—’1 N go— L4 ”2
1—2e, j; * 1—2&7",/%
= €min T Pg : (CIO - 6min)
T
< emin + Pn - (60 - emin) 5
which completes the proof. ]

Appendix 9.B Proofs for Probabilistic Analysis

9.B.1 Proof of Proposition

Proof:  Since «,, = O(1) and S,(M(eg)) = o(1), we have &, = o(1). As (iz) holds, it

- +
follows from that &, <  when n is large. Due to (iii), the condition ‘S’jy# > 40;*,

is true
for sufficiently large n. Given that &, = o(1) and «a;f = ©(1), we have p, = o(1). With

9, = o(1) and p, = o(1), it is easy to see that emin < eg for large enough n. [

9.B.2 Proof of Lemma 27

Proof: First we have

T 1 ¢
> inf infu’ (IE [XTVVTX]) u

veSm—1ueC

1 n
+ inf infu” ( ZXTVVTXZ‘ —E [XTVVTX]> u
n -

veSm—1luel
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n

> inf inful (E [XTVVTX])u— sup sup |— Z u'X7v)? —E(u!XTv)?

veSm-1ueC vesm—1ueC | P
1 n
>y~ — sup sup|— Z(UTXZTV)2 —E(u’XTv)?
vesSm—1 ueC ni 1
1 n
o = sup supu’ | — ZXZTVVTXi u
veSm—1 uel n i—1
< sup sup u’ (IE [XTVVTX]) u
veSm—1 uel
(1 - T T T T
4+ sup supu —ZXivv Xi—E[X vV X] u
veSm—1 ueC i=1

n

1
- Y (W'XIv)? —Eu"Xv)?
=1

< sup supul (IE [XTVVTX]) u+ sup sup
veSm—1uel veSm—1ueC

n

1
- Z(uTX;TFV)2 — E(ufXTv)?
i=1

<ut 4+ sup sup
veSm—1ueC

Now the goal is to bound sup, cgm-1 sup,c }% S (uIXTv)? - E(uTXTV)2|. In order
to apply Corollary |1} we let A = S™~! x C ¢ R™*P, a = (v,u), and the function class
F = {fa = u"X"v}.ca. We then verify the conditions required by Corollary [1| for F
and A.

sup I £ll,, = sup sup[ja’X7v]],

= sup supH‘uTI‘},/QF;l/QXTVH
veSm—1ueC

P2

1/2
< kK- sup supHFv/ uH
vesm—1 ueC 2

< K- sup
vesSm—1

FWHQSH pt = Ry =k pt
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Va,a €A, |Hfa—fa’|H¢2
~ "Xy WX,
= [t —w)TXTv + "X (v =),

N\ T
(u u) XTV

IT~T (V_V/)
la—w v X

v = v[l2

S

v =l
2

tha

< /i (Ju =], + v =],
<Van/i -+ - v
— Ve pt a—d, —  Kr=v2r\ut

It follows from Corollary |I| that if n > cow?(.A), the following result holds with proba-

bility at least 1 — 2exp (—ciw?(A)),

s s 1 Zn:(uTXT 2 —Eu!XTv)?| < R2pt - w(A) (9.50)
up sup|— V)© — v)‘l < co- .
vesm—1ueC |1 i—1 ‘ \/ﬁ
2
If n further satisfies n > 4c3k* (Z—f) w?(A), then
- 1
sup sup|— Y (WXTv)2—EIXTv)? < —u”
vesm—1ueC |1 =1 2
1 1 1 3
= o, >p — - ==p, of <pt4pm <Zpt
Oy Z =g =pnT, g St o < op

Finally we note that

w(A)=E [sup (a, gm+p>:| ZE[ sup (W, gm) +sup (v, gp)
acA ueSm—1 vel

=E[lgmll2] + w(C) = © (Vim) +w(C)

By renaming the constants, we finish the proof. |
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9.B.3 Proof of Lemma 2§

Proof: First we have

1 n
=2 - X, 7' b
i%%vsgf_lbggf_mizl(v ) (77'b)

Yn = SUp

2 n
z Xun!
ueC (|1 ZZ; B

2
1 n

- Z (vIXu) (7! b) — E [v'Xun”b]

=2sup sup sup
ueC veSm—1 pesm—1

Next we use Theorem [2] to bound the stochastic process above. Let A = S™"1 x C C
R™P a = (v,u) and B = S™ L. Construct F = {fa = vI Xu}acq and H = {hp =
17 blpes. We start by verifying the assumptions. Note that

sup [|f[ly, =sup sup [[u’XTv

sup 1l =sup_sup [l

< TxT
<sup sup [utXv]],

vesm—1
=sup sup ‘uTF%,/zI‘;l/QXTVH
ueC yveSm-1 P2
<sup sup m‘ I‘%,/QuH
ueC yvesm-1 2
< Ky pt = Rr =ry/ut
sup I, = swp [[a™b]l, <7 = Ru=r
heH besm—1 ?

Similar to the proof for Lemma 27, we have

Va,a c A, I fa — fa’H|¢2

= ’HVTXTEIIﬂu — V/TXT2:1/2U/

2
< ’H(V —v) I XTu 4+ vTXT(u - u’)mwg

(v—v) Sy (=)

T
XTu ;
[u—u|2

< v =+, V=", + [ =l

P2 P2



222
< v/t ([[v =, + [Ju—wfl,)
< V2 IV =V ]
VoVt |la-a, =  Kr=vIs/ut
Vb,b B, |lh—hll, = |77 (b-b)

My, <7l =bll, = Ku=r

By invoking Theoremand noting that w(S™~!) = O(y/m), w(A) = w(S™ 1) +w(C) >

w(B), if n > cym, we get

n

Yo < 2s8up sup  sup 1 Z TX u b) —E [vTXuﬁTb]

ueC vesm—1 pesm—1 |1 i

<cg- /{T\/,LF \F—Fw()

with probability at least 1 — 2exp (—cym). The proof is completed by renaming the

constants. [ ]

9.B.4 Proof of Lemma 29|

Proof: When the conditions of Lemma is satisfied, the invertibility holds for all

1/2 -

3 € M. using the relation n = 3,/°n, we have

2 — nTE_lXiu

fn = sup sup — T
TeMuec NI ||IBS X

2 Al S e X u

= sup sup — /3

TeMuec N i HZ Y g

< sup sup — an AX;u
AcSmxm—1yuyeCc N

Vn
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Therefore we just need to bound v,. Since the design and noise are independent, we
will consider their randomness in a sequential fashion. The proof proceeds in two steps.
First we show that the noises 71,172, ...,n, will behave “well” with high probability.
By the word “well”, we mean that the following event is true,

£ = {{m} \ LS iZHATﬁiHZé?} : (9-51)
=1

egmxmfl

Denoting the columns of A by A1, Ao, ..., A, we have

sup Z HAT = sup Z Tr nm )

cS§mxm— 1n cS§mxm— 1n

— o Zﬂ@bﬁﬁ)&
=1

AcSmxm— 1
1
. T
72,’72171
n-
1=

= sup ZHA I3

AcSmxm— 1

; Z il
=

2

2

By Proposition if n > com*m, we have

<2
2

<1+
2

Z

=1

;sz
1=

with probability at least 1 — 2exp (—cym).
Next we consider the randomness of X; given that 7;’s are fixed and & is true.
Construct the stochastic process {Zt = ﬁ Sy f);fAXiu}teT, where T = S™*m—1 x

C C R™*™+P and t = (vec(A),u). Note that

Vit eT, Ht—t’HQ:\/HA—A/H}H\u—u'HggM —  diam (7) < 2V2
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In order to apply Theorem 1| to {Z;}, we first verify the required condition.

Vet eT,  1Z— Zolly,

1 n . 1 n o )
= E i U — —= E ; j
NG n; AX;u Tn n; A'X;u
=1 =1

P2
< Z (A —AHX EnTAX (u—u')
2 2
1 n
~ (12 T
7 2 A = ATz sup v Xal],,
1 n u-—u
z Th 2. [lu— o] - I'x _— =
w2 WA=l s [V,

< V2eri/pt (A= A p+ [Ju—w]l,)

vec(A) vec(A)

< 2c9k/ pt — = K =2cok/ut

u u’

2

where step (a) follows from Proposition By Theorem [} we have for fixed {7;} under

event &,

2 1
Up=—=-8SupZy = — - sup |Zy — Zy| <c3-

n teT \/ﬁ tt'eT B \/ﬁ

with probability at least 1—c4 exp (— di:;q(lr)) > 1—cyexp (— w(7) ) . Now we combine

the randomness of X; and n;, and get
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Kyt - w( 5
Z/S]P)X (vnér:3 M ‘{m}> (M5, M) dNy ... ATy,

> <1 — cgexp (_wQéT)>> P (€)
> (1 — cqexp (_wi(gT))) (1 —2exp (—c1m))
“’2<T)>

8

>1—2exp(—cym) — cqexp <—
>1—csexp(—cem) ,
where the last step follows from w(7) = w(S™*™ 1 x C) = w(S™™ 1) + w(C) =

©(m) + w(C). Since the invertibility for M is implied by the conditions of Lemma

we have that if n > max{ng, Cor*m},

with probability at least 1—e—c5 exp(—cgm). Finally we complete the proof by renaming

the constants. n

9.B.5 Proof of Lemma [30]

Proof: Throughout the proof, e is set as 4/ Ui , and we will use the shorthand notation

§2

Br and M for B,(M(ep)) and M(eg). First we introduce the following notations

S =ey-S={eu|ueS}
I'y =E [Xww!XT]

g =3%,+Tg 0,

R 1 1 <& 1 &
w= 2 Xz'WmT T 2 nw! X; + ” z; Xz'WWTXiT
1= 1= 1=
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n

1 & . 1
= > minl +To_g, = - > (yi—Xi8) (yi — Xi0)"
=1

=1

M
S

Note that 1~ < Amin(Tw) < Amax(Tw) < pt for any w € SP7L, Ty, = E[f‘w], Yo =
E[3g] and M C {3g | € S’ + 6,}. Then we decompose 3, as

nIX1X;u 2 AT S S X
Bn = sup sup Taijia = Sup sup — 2
SeMueC N |/ 8L Semuec N ||Z/EL|p
1/2A_1 /21
b DI
< sup sup— Z ( JQA_GI - JQ _91 >qu
0€S'+6. ueC M 133 |F |12 78, |F

AN TH S pth

+ sup sup— Z

0€S'+6. ucC N — HEWE‘IHF

1/22 1 1/2251

1/2& 1/2
IS5y B

< sup sup —an AX,u- sup
Aesmxm—1ueC N 068’+9*

-1
0 HF F

o e
AN TH S tb

m;
+ sup sup—
0€8'+0. ueC N ZZ; Hzi/2251\|p

(z)"

where v, is analyzed in the proof of Lemma[29] Therefore we focus on bounding ¢,, and

¢n. We first try to bound (,,

LS e 5./%5,"
T gy, ||zl/22(;1u SIS
= gesne. ||2 1||F ||2*/2251||F P
. 1/22 1 Ei/2251
0S40, HZWZ‘Q |F Hzi/nglnF F
C s 1B 1||1 D> ;lnF‘ =257 - =g
0eS'16. HE*/? BIHF 963’-1—0* HEUQ 1HF
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T
<2 sup
9cS/+0, [Pk >l
sy my s,
e (5,5 [57]
* *
F
o sy ][5y 51y s
<2 sup 2a1al/2
0cS'+6. Amin (E* DIPRD I )
=330 - 2) = | A (2P m0z )
=2 sup 2

05" 40. A (27536377 A (30720307

2 SUpgesr 1o, “2;1/2(29—29)2:1/2“2-SupW€$/ Amae (2;1/2(2 TS W)
infocs 0. Amin (22 * 20T ) - infes Amin (22 /2B, + Tw) 3 ?)

=S - 2= | (14 supyes [w3)

(1-26,)- ( + s infyes ||W||2)

2Supgesi 1o,

<8 sup HE*_l/Q(ﬁ]e - 29)2;1/2“
0cS'+0. 2

where the last two steps use the conditions in Lemma [25| and borrow some derivations

from its proof. The last term can be further bounded as follows,

1

_1
3, (S — Zp)%, 2

sup
0cS’+0. 2
_1 _1
= sup 2 Z’Wz +Tw -3, — Ty | =, 2
weS’! 9
1o I~ d 3
| LS aar +sup(zz*2><w LSt )
ni4 , wes \||" i 9
1 n
+sup |27 (2 XowwT X T - Iy | =012
wes’ n i—1 9
e 2 —
< én+ 0. sup ||— Z X;w ~ZT - sup Z X;wwl —TI'y
Vo, weC|n T 9 O«  weC||T 9
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2 n
<op+ ——= fdn 4 S0 sup sup Z wlXIv)?2 - E(wlXTv)?
Oy Oy veSm—1weC | T i—1
<7 [m N cakT(v/m + w(C)) el 2(vm+w(C))

which holds with probability at least 1 — cqexp(—csm) when n > ¢g max {7’4, 1} .
max {w?(C),m}. The last step follows from Proposition Lemmaand intermediate

results in the proof of Lemma Hence (,, can be bounded by

2} . vm+w(C)
vn

Cn < c7 - max {72, K

Now we turn to bounding ¢,. Following the idea for proving Lemma [29] we also consider

the randomness of {n;} and {X;} sequentially. For {7;}, we first have that the event

e={im | oS3 WAl <2}

holds with probability at least 1 — 2exp(—cjm) if n > cjr4

m, which is shown in the
proof of Lemma [29] Now we consider the randomness of {X;} under any fixed {n;} € £.
We have

ST S Yo @

¢p = sup sup-— Z i e Zo ill

bes+o, uce M |2 |p

1 2 Al SVA(2, £ Tw) X, 2
< s sup 3 1/2( W) Xiw -sup Zy
€ wes'ues' M [|BS (B + Tw) e oV teT
h T — LG 1 21/2(E*+Fw) t _( ) AT = &' x S'. Note that
where Zy = == iy \\21/2(2*+I‘w) IHF , w,u) an ote tha

Vet eT, t—t],=/lIw— Wi+ lu— w3 <22 — diam(T) < 2v2e
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Then we try to bound the stochastic process {Z }te7 using Theorem |1} We start with

verifying the required condition.

Vt,t' eT,
12 = Z .,
1 &alsl3(2, +Ty) X, " ATSY2(3, 4 Do)~ X
1t M; 2% ( « T w) zu_i n; 2% ( « T w’) s
- 1/2 1/2
Vi B2 4T e VT IR+ T e,
a7 >/, +Ty) ! >3, + Ty) !
< \fz 1/2 o w2 Xiu
157 (B + Tw) Hr 1272+ Tw) | r "
2 ATSYA(S, + Ty ) 1 X (0 — W)
1/2 1
12780+ Tw) 7 Hlr n
" 1 1 T
@, |1 $2(Z, +Ty) L BB +Ty)! 7
= L2 - 1 - 1 1
TE\IZEE A Tw) e 1B2(B +Tw) e
T
x sup |||v’ Xu +
T e
1 TP
1 & »2(8, +Ty) L N 7o u—u
EZ 1 i ~Hu—u’H2- Supl v XHu_u/H
i=1 || \[|Z2(Zs + Tw) " |F ) vesm— 2
1 1
(b) $2(8, +Dy) ! $2(, +Ty) !
R e e e e I L
122(5: +Tw) Hr BB+ Tw)r| 5

(©
< Vacgr/ it (8 |[w = ]|, + [Ju = w]],)

/

w w
< 16chk/ pt - == K = 16¢yk+/put

u u’
2
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where step (a) follows from Proposition (10| and step (b) follows from the event £. Step

(c) follows from the calculation below (similar to bounding (),

1/2(2 —l—F) 1/2(2 +P )
=28, +T0) e BV + D) e ||,
238, 4 Ty) SV, 4 Ty)
1= +Tw) e I3V + Do) e | 5

SAE 4 Tw) 2(S T !

=S 4+ Tw) e 1 %(Se + ) r
2 HEUQ (2, +Tw) ' - =32, + rw/)%HF

F

IN

Hziﬂ(z* +rw)71) ;

2 H21/2 (B +Tw) L= (B +Ty) ) 21“”2

IN

Amin (21/2(2 D)~ 121”)

1

1 1 1 1
D2(S, 4+ Tw)'82|| |S2(S. +Ty) 152

2 2

1 1
)\min <23 (2* + Fw)lxa?)

2

IN

2H2‘1/2 (Tw —I‘W/)E*_l/2H  Amax (2‘1/2(2 + Ty )2‘1/2>

Awin (E22(8 4 D) =) A (B02(2 + T30 12)
2T — Tl - (1 + £ wl3)

@0+%WW)@+§W@

IN

<— HE [Xww!X"] - E [Xw'w"X"]||,

< i_ - sup ‘VT (IE [XWWTXT] —E [XW’W'TXT]) v’
Ox  vesm-—1

< i_ ( sup ‘VTE [(Xw(w —w)TXT] v|+ sup ‘VTE [X(w—w)wTX"] v‘)
Ox \vesm-1 vesm—1

< i : Hw — W'H2 . sup sup supv'E [szTXT] A

Ox vesm—1 zesp—1 res’
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8eo / E <%§(r)2 +E (vTXz)2
< —- Hw - W H2 - sSup sup Ssup

O vesm—1 zesp-1res’ 2

8e 8
< =Wyt = = w

By invoking Theorem (1, we have for ¢,, with any fixed {n;} € &,

2 2
$n = ——=-supZy < - sup [Zy — Zy
" eovn ter eoy/n t,t’e?’| |
SLCS’-H u+-fw(7'):4c{./1 pt - w(S)

€0 vn ’ vn

with probability at least 1—c/; exp (— di;”;g;%) > 1—djexp (— w22(8) ) Now we combine
the randomness of X; and 7;, and get

Tow(S
/Px (%s%@,-”“\ﬁf"” ‘ {ﬁi})p(ﬁl,...,ﬁn)dm...dﬁn

=+ .
z/ng <¢n§4cg.’fﬂﬁw<5> ‘ {m})p(ﬁl,...,ﬁn>dﬁ1...dﬁn

> (1o (-£12)) e

> (1 — cyexp (—“}22(5)» (1 —2exp (—=cim))

2
>1—2exp (—c/lm) — cjexp <_w 2(S)>
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We obtain the final bound by assembling everything above. If n > max {no, Cj - max {7'4, 1} .

max {w?(C), m} }, with probability at least 1—e—C] exp (—C% min{w?(S), m}), we have

r/it (m + w(€)) (Vm + w(C)) oy BT - w(S)
n vn ’

< C% - max{7?, K%} -

In particular, if the sample size also satisfies n > Cf-max {7'4, /{4}-max {wg@i(?’c), m?2, w? (C)} >

2
Cf, - max {74, 54} . <(m+w(c)w((g)ﬁ+w(c))> , we further have

KA/t - w(S
5”§C§'M\/ﬁ()’

which completes the proof. ]



Chapter 10

Conclusions

In this thesis, we present our research on both computational and statistical aspects of
some high-dimensional estimation problems, with a focus on general structures. The
problems we consider have covered a set of models that are widely used in practice,
from vector to matrix, linear to nonlinear, parametric to semi-parametric, and convex
to non-convex. The main contributions of this thesis are two-fold. On one hand, the
thesis establishes computational frameworks for estimating the model parameters in
those problems, which are allowed to possess diverse structures. On the other hand, it
also provides unified views into the corresponding statistical guarantees. At the heart
of the statistical analyses are the geometric measures, which can tersely characterize
the recovery error of the estimators.

In Chapter |3 we start with the estimation of high-dimensional linear models, and
propose the generalized Dantzig selector (GDS) to incorporate the structure information
of the parameter. With an ADMM-type optimization algorithm, we can efficiently
compute the GDS, whose statistical error is later shown to be conveniently bounded by
certain geometric measures, such as Gaussian width and restricted norm compatibility.

In Chapter 4l we are committed to a comprehensive study of the geometric measures
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introduced in Chapter [3] For a broad class of structures that can be captured by atomic
norms, we can further bound the geometric measures using simple information of the
structure, which are believed to facilitate the statistical analysis for new structures.

In Chapter [5] we extend the GDS to the matrix setting, which yields similar type
of results as obtained in Chapter [3|and [d] The general bounds derived in this chapter
apply to a broad family of matrix structures, which can be encoded by the unitarily
invariant norms.

In Chapter [6, we move from the parametric linear model to a semi-parametric non-
linear extension, which is the single-index model (SIM). Based on U-statistics, we pro-
pose two simple estimators for the model parameter estimation, which are robust to
heavy-tailed noise. The statistical guarantees of both estimators are built on similar ge-
ometric measures as in Chapter|[3] Instantiated for both one-bit compressed sensing and
the monotone transfer setting, the estimators lead to novel algorithms with provably
guarantees.

In Chapter [7] we continue to focus on semi-parametric models. Specifically we
propose a new model called sparse linear isotonic model (SLIM), in order to introduce
nonlinearity in the features of sparse linear models. The model is parameterized by a
vector (as in linear models) as well as a set of unknown monotone functions applied on
features. Computationally a two-step algorithm is designed for the sequential estimation
of the sparse parameter and the monotone functions, which avoids the specification of
the monotonicity compared with other related models. Statistically we show that the
algorithm can recover the parameter with provably small error.

In Chapter [8] we switch our attention to non-convex problems. We propose an al-
ternating estimation (AltEst) procedure for solving the structured multi-response linear
models in high dimension. The procedure uses the GDS in the estimation of the pa-

rameter vector, and its statistical guarantee is determined by the geometric measures
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under the idealized resampling assumption. By leveraging the noise correlation among
responses, AltEst can achieve significantly smaller estimation error than ignoring the
noise structure.

Lastly, in Chapter [J] we present several extensions to the results in Chapter[8] With
the GDS substituted by the constrained estimator in AltEst framework, we allow non-
convex characterizations of the parameter structure. In the statistical analysis, we are
able to relax the Gaussian assumption imposed on the noise, and show the recovery
guarantee without the resampling assumption. The theoretical result yields a new dis-
covery that randomly-initialized AltEst could also have great statistical performance,

which is confirmed by the empirical study.
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