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COMPATIBILITY CONDITIONS AT CORNERS
BETWEEN WALLS AND INFLOW BOUNDARIES
FOR FLUIDS OF MAXWELL TYPE

MICHAEL RENARDY¥*

Abstract. We prove an existence and uniqueness result for steady flows of fluids with differential
constitutive laws of Maxwell type. The flows under consideration are small perturbations of plane Poiseuille
flow, and the shear rate in the basic Poiseuille flow is assumed to be sufficiently small. The problem is
posed on a rectangular domain, which has an inflow boundary and an outflow boundary. The main issue of
interest is the nature of compatibility conditions which the data must satisfy in order to avoid singularities
of the solution at the corners between the inflow boundary and the walls.

Wir zeigen einen Existenz- und Eindeutigkeitssatz fur stationdre Stréomungen von Flissigkeiten mit
differentiellen konstitutiven Gleichungen vom Maxwell’schen Typ. Die hier untersuchten Strémungen
sind kleine Storungen einer ebenen Poiseuillestromung, und es wird angenommen, dafl die Scherrate in
der ungestorten Poiseuillestromung hinreichend klein ist. Das Problem ist gestellt in einem rechteckigen
Gebiet, wobei die Fliissigkeit durch eine Seite hinein- und durch die gegenuiberliegende Seite hinausflieft.
Das Interesse konzentriert sich in erster Linie auf Kompatibilitatsbedingungen, welche die Daten des
Problems erfiillen miissen, um Singularititen an den Ecken zwischen der Seite, durch die die Flussigkeit
hineinstromt, und den Wanden zu vermeiden.

Jloka3bIBalOTCS CYIIECTBOBaHWE M €IMHCTBEHHOCTh CTAallMOHAPHBIX Te4YeHUN >KU-
KOCTeM, BBITIONHSAOINX OuddepeHIInalbHOe KOHCTUTYTUBHOEe ypaBHeHHe MakcBesl-
OBCKOTr'o Tumna. VizyyaeMmble TeyeHUSI BO3MYIalOT OCHOBHOe TeueHue [lyaseitns, u cko-
pocTh aToro TeueHus [1yaseitsis npenmnosaraercs Majon. IIpobieMa cTtaBuTes Ha IpAMO-
YToJIbHOM 00J1acTH; XXUAKOCTb BXOOUT Yepe3 ONHY U3 CTOPOH M YXOOUT Yepe3 CTOPOHY,
HaXOo[SIIYyIOCS HanpoTuB. VHTepec cocpefoTOYMBAaETCS HAa YCJIOBUS COBMECTUMOCTH,
KOTODbIE KpaeBhble YCJIOBUS HOJI>KHBI BBIMIOJIHATH, YTOOBI pellleHe 651710 HECUHTYISIPHOE
B yroJiaX MeXJy CTOPOHOU BXOfla U CTEHKaMHU.
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1. Introduction. In [4], the author established an existence and uniqueness result
for small perturbations of uniform flow of a Maxwell fluid transverse to a strip. For two
space dimensions, it was shown that a well-posed problem is obtained if one prescribes the
velocities at the inflow and outflow boundaries, and the diagonal components of the extra
stress at the inflow boundary. The inflow value of the off-diagonal component of the extra
stress can be determined as part of the solution.

In simulations of practically relevant flows, inflow boundaries typically join onto walls at
a 90 degree angle. This raises the new issue which singularities might arise at such corners
or which compatibility conditions should be imposed in order to avoid singularities. In

contrast to reentrant corners, the corners between inflow boundaries and walls are generally
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regarded as “harmless” in numerical simulations, and the results of this paper provide some
mathematical justification for this belief.

The construction of solutions in [4] is based on an iteration method, which alternates
between solving a Stokes-type problem and determining the extra stresses by integration
along streamlines. For the function spaces, one can use H® for velocities and H? for
stresses. In the present paper, we reexamine the iteration procedure in the case where
the inflow boundary joins onto a wall. It is found that if the prescribed data satisfy
appropriate compatibility conditions, then it is still possible to carry out the iteration in
the same function spaces. Hence singularities at the corner are very weak. In particular,
stresses and velocity gradients remain bounded.

2. Formulation of the problem. The equations under study are the balance of
momentum

(1) p(v-V)v=divT - Vp+f,

the incompressibility condition

(2) div v =0,

and a constitutive relation of Maxwell type,

(3) (v- V)T 4+ AT = pA(Vv + (VVv)T) + g(Vv,T).

The tensor-valued function g is assumed to be smooth and g and its first derivatives are

assumed to vanish when the arguments are zero.

Remark. For simplicity, we shall assume that a constitutive relation of the form (3)
holds in two dimensions, with T being a 2 x 2-matrix. In general, 713 and T3 can be
shown to vanish in purely two-dimensional motions, but even if the constitutive law in
three dimensions has the form (3), the equation for T33 does not necessarily decouple from
the rest. If it does not, then in the following we would also have to prescribe inflow data
for T33 and require that they satisfy appropriate compatibility conditions. Otherwise, the
analysis carries over without changes.

We consider two-dimensional flow in the domain @ = (0,L) x (0,1). The flow moves
from left to right and the boundaries y = 0, 1 are walls where the no-slip boundary condition
holds. We consider perturbations of a Poiseuille flow given by

@  p=P=—Gav=V)= @60, T-10)= (1) )

If G > 0 is sufficiently small, the implicit function theorem can be used to determine U(y)
and II(y) as a solution of (1)-(3) (with f = 0). To first order in G one obtains the Newtonian
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solution: U(y) = Sy(1—y) + O(G?), T = O(G?), T(y) = G(% — y) + O(G?), T = O(G?).
The Poiseuille flow given by (4) is perturbed by allowing a small body force f and by
perturbing the boundary conditions. We use the following notation for the perturbations:

(5) g=p—P, u=v-V(y), S=T -TI(y).

In components, we shall write

(6) uz(u,v),sz(" ”)

T 7.

The boundary conditions which we prescribe, in addition to the no-slip condition at the
walls, are as follows:

u = UO(y)a v = UO(y)a o= UO(y)a Y= 70(y)7 at z = Oa

(7) u=ui(y), v=ui(y), at z = L.

Incompressibility requires that

®) [ dv= [ ww a

We are concerned with restrictions on the data that are needed to avoid corner sin-
gularities. Some restrictions on the velocities are obvious. In order to have continuity of
velocity, we need

(9) uo(0) = up(1) = vo(0) = vo(1) = u1(0) = u1(1) = v1(0) = v1(1) = 0.
Moreover, continuity of velocity gradients and the incompressibility constraint require that
(10) vp(0) = vp(1) = v1(0) = v3(1) = 0.

For further use, we note that formally we can compute all second derivatives of velocities
at the corners in terms of the data. We obtain, for example

v22(0,0) = 0, uzy(0,0) = —vy,(0,0) = —vg'(0), v44(0,0) = —u,,(0,0) =0,

(11) uyy(0,0) = ug(0).
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Since the velocity vanishes at the corner, the term (v-V)T disappears in (3). Hence we
can compute the stresses in terms of the velocity gradients. Moreover, after differentiating
(3) with respect to z and y, we can compute the first derivatives of the stresses. In order
to obtain regular solutions, we shall therefore have to assume that o¢, vy and their first
derivatives take on the right values at the corners.

To formulate a precise result, we need to introduce some function spaces. Let H®
denote the usual Sobolev spaces. In addition, for any non-negative integer n, we define

Hf+l/2(0, 1) to be the set of all those functions u € H™1/2(0, 1) such that the nth deriva-
tive (") has limiting values o and J at the endpoints in the sense that

1/2 1
(12) / y*mww»wmdy<w,/(1—w*mwwy4Wdy<w.
0 1/2

This space is closely related to the space Hyy' /2 Jefined in [3], which is obtained if the
boundary values of u and its first n derivatives are restricted to vanish. In addition,
we shall need the following weighted Sobolev spaces. Let H[(0,1) be the space of all
functions which are of class H™ on any compact subinterval of (0,1) and such that there
exist constants «q, ..., ap—1 and By, ..., fn—1 for which

1/2 1
| @ ay <o, [ 1= pu® P dy <oo,
0 1/2
1/2 d* n—1 9
2(k—n)+1{, (k) - cayt
/0 Yy " \’U, (y) - dyk [; alyz] | dy < 00,

! _ . d* = 112
(13) // (1 —y)2k=—m+1 ‘u(k)(y) e [Z Bi(1 — y)’] ‘ dy < o0, k=0,1,...,n—1.
1/2 i=0

Moreover, let H;‘_l(O, 1) be the space of all functions in H™~1(0, 1), which satisfy all the
conditions in (13) except the first two, and let Hg 2(0,1) be the space of all functions
in H"=2(0,1), which satisfy (13) for k < n — 2. We note that H" and H /% are both
continuously embedded in H;_l. The former is clear from the definition; for the latter,
see Remark 11.8 on page 70 of [3]. We denote the norm in H® by || - ||s (it will be clear
from context whether we are dealing with functions defined on (0,1) or (0,L) x (0,1)).
The norms in HI/2, H3, HY and Hg are denoted by || - |lnt1/2,% || - lln,ws || - |ln,s and
|- .-

The main result is as follows:



THEOREM. Let G be chosen sufficiently small and let € be sufficiently small relative
to G3/2. Assume that the data satisfy the following smallness hypothesis:

[I€ll2 + [lwolls /2 + llvolls/2,s + l[wallszz + [lvalls/2 + looliz,w + [r0llz.w <,

(14) oo + 2nvgll1,s + [170 — 20|18 < Ge.

Moreover, assume that the prescribed velocities satisfy the compatibility conditions (8)-
(10) and that oy and <y and their first derivatives assume compatible values at the end-
points in the sense described above. Then there exists a solution of (1)-(3) which assumes
the given boundary data and has the regularity u € H®, S € H%, ¢ € H?. Except for an
arbitrary constant in the pressure, this solution is the only one which has small norm.

We could of course make the second part of (14) superfluous by adjusting the size of e.
However, we obtain a somewhat sharper result the way the theorem is stated. The terms
occuring in the second part of (14) are the differences between the prescribed stresses
and the values which the stresses would have if the fluid were Newtonian. Since G 1is
proportional to the Weissenberg number, it is physically reasonable to prescribe stresses
close to the Newtonian ones when G is small.

3. Iterative construction of solution. We use essentially the same iterative pro-
cedure as in [4]. We apply the operation (v - V)4 A + (Vv)T to the equation of motion
(1) and we use (3) to substitute for (v - V)T. With ¢ denoting (v - V)p + Ap, we find an
equation of the form

(15) nAAvV — V¢ + h(v, Vv, Viv, T, VT, f, Vf) = 0.

Here h is a complicated nonlinearity which we do not write out explicitly. For the perturbed
quantities defined in (5), equation (15) takes on the form

(16) nAAu — V¢ + k(G,y,u,Vu, V?u,S, VS, f, V) = 0,
and equation (3) takes the form

(V+u)-V)S+ 1S = ngA\(Vu+ (Vu)T) + (G, y, S, u, Vu),

(17) r(G,y,S,u,Vu) = —(u-V)II + g(Vu + VV,S +1I) — g(VV,II).
Here ¥ = ¢ + AGz + GU(y) denotes the perturbation to ¢.

5



The iterative construction of the solution alternates between solving the Stokes problem
(16) and integrating (17) for the stresses. At each step of the iteration, we first determine
a new velocity field from

nAAU™! — vyt L K(G,y, u”, Vu®, Viu®, 8", VS, f, V) = 0,

div u™*t! =0,

u™ = ue(y), o™ =vo(y), at 2 =0, v =wu(y), V" =wi(y) at z = L,

(18) u™t =™ =0 at y=0,1.
We then determine a new stress from solving

((V + un+1) . V)Sn+1 + Asn-i-l — n}\(vun-i-l + (vun+1)T)

(19) +r(G,y, S™ ut! v,

subject to the initial conditions

(20) o™ =ao(y), ¥ =n(y), at = =0,

and an initial condition for 7™*! which is determined by taking the curl of (1)

(21) pcurl (V4 u™t) . V)u™*! 4 (u™t! - V)V) = curl div S"*! 4 curl f, at z = 0.

It will be explained later how (21) is used to find an initial condition for 7™+1.

As in [4], the proof is based on establishing that, for an appropriate choice of 6,
the mapping (u",S") — (u™*!,S™*1) as defined above is a contraction in a complete
metric space. We choose § sufficiently large relative to €/ VG, but small relative to G.
The complete metric space in which we show convergence of the iteration is the set Z =
{(u,S) | ||ul|s+||S||2 < 6}, equipped with the metric ||u||z + ||S]||;. We first show that this
space is mapped into itself by the iteration. In the following, we particularly emphasize
those steps where the argument differs from [4]. The main issues are the presence of corners
in the boundary (for the Stokes part of the iteration) and the vanishing velocity at the
walls (leading to a degeneracy of the hyperbolic equation (19)).
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4. Solution of Stokes problem. Let us assume that (u™,S") lies in Z. We first
consider the solution of the Stokes problem (18). The following estimate holds:

(22) ™ ls < C(IIkllx + lluolls/z + lvolls /2 + luallsz + llvalls/2).

We note that ||k||; can be estimated by a constant times € + é(e + G + §), and hence the
right hand side of (22) is small relative to 6. The estimate (22) follows from the results in
Chapter 7 of [2]. Since we have assumed the compatibility conditions (9) and (10) at the
corners, we need only check that the equation

(23) sinh (%A) = 4

has no roots in the strip —2 < Im A < 2, other than the obvious roots 0 and +i. We set
A = s+ 1t in (23) and compare real and imaginary parts. Since both sides of (23) are odd
functions of A, we need only consider ¢ > 0. We obtain

(24) COS(%t) Sinh(%s) = j:s’ snl(gt) COSh(gS) = +¢.

One easily sees that ¢t = 2 is impossible and t = 0 or ¢t = 1 yields s = 0. Moreover, it
follows from the second equation in (24) that for 0 < ¢ < 2 only the plus sign is possible
on the right hand sides. For 1 < t < 2, this implies that the terms in the first equation
of (24) have opposite signs and hence cannot be equal. If 0 < ¢ < 1, then sin(5t) > ¢,
and hence the left hand side in the second equation of (24) is always bigger than the right
hand side.

By the trace theorem, it is clear that the right hand side of (22) is an upper bound for
the H'/?-norm of the second derivatives of u™*! on the inflow boundary z = 0. For future
use, we actually need to estimate the norm of the second derivatives in H. :/ 2. We have
Uyy = UQ, Vyy = Vg, and these are in H h & by assumption. Moreover, because of the bound-
ary condition at the walls, we have u,,, v., € H((0,L); L*(0,1)) N L2((0,L); H3(0,1)),
and hence their traces lie in the interpolation space H, ;({ 2(0,1) (see [2]). Finally, the in-
compressibility condition implies that ugzy = —vyy, gy = —Ugzs.

Remark. It is of interest to what extent the analysis here might be generalizable to
other flow problems; in particular, what angles at the corner might be accommodated. For
a general angle w, the analogue of (23) is sinh(w)) = A sinw. One obtains H? velocities
as long as this equation has no roots (other than 0 and +¢) in the strip —2 < Im A < 2.
Numerical solutions show that this is the case if the angle is less than approximately 126
degrees (see [1]). It is probable that H3-velocities are not really needed; one would have
to work in fractional order spaces to avoid this. The minimum one would expect to need

is H?*? for velocities and H'*? for stresses (§ > 0); in that case any convex angle can be
allowed.



5. Inflow boundary condition for the shear stress. We next consider the deter-
mination of an inflow boundary condition for 7"*!. A rearrangement of (21) yields

p curl (V +u™). Viu"* 4 (vt . V)V) — curl f

o2 92rntl  Gepntl
25 — n+l _ n+1 _
(25) A AN iy = ey
Moreover, from (19) we find
dontl 1 ng100™F! ntl Qunt?
oz U +4urtl (_ oy AT+ 2nA Ox
+rll (G) Y, Sn+11 un-l-l ) vun-l-l )) )
a,yn+1 1 1 a,yn-}-l avn+l
_ _ - n+1 I\
Oz U+ unt! ( Oy v Oy
+T‘22(G, Y, Sn+1a un+1 ) Vun+1 )) )
orntl 1 40! ountl  gpntl
— N - n+1 Y
Oz U+u"+1( R Oy + Oz )

(26) +r12(G,y, S™H, uH, Vurt)),

We differentiate the last equation once more with respect to ¢ and obtain

o2l 1 ountl grntl
922 U +untl Oz Oz
1 ot §rntl orntl 2untl  §yntl
+U + untl <- oz Oy A Oz A 0z 0y + Ox? )
a vn+l 627.n+1
9 e n+1 n+1 n+1 _ .
( 7) +3$T12(G’y,s ,u ,Vu )) U+ un+1 ayax

We substitute (26) for aran:l , a‘:,;:l and a»g‘:‘ in (27) and then substitute (26) and
(27) into (25). In this way, we obtain a second order ordinary differential equation for
771 which needs to be solved. We first determine the values of 7»*! and its derivatives
at the corners. Recall that the velocities vanish at the corners, and hence (19) implies that

(28) —AS™ 4 pA(Vu ! 4 (VT +1(G,y, S, um Y, Vurt) = 0.

8



This equation determines the value of S™*! at the corners. By assumption, the values of
oo and 7y are chosen consistent with (28) and we must seek 7”1 such that its values at
the corners are also given by (28). By differentiating (19) with respect to z and y, we
formally obtain the following identities at the corners:

n+1
(29) _/\886 + n/\_(vun+1 +(Vu n+1)T) n —r(G,y, SnHL yrtl gyntly — g
(3U Ount! )88"“ _ )‘88"“
Oy Jy 0r Jy
a n+1 n+1\T a n+1 n+1 n+1
(30) +n/\a—y(Vu +(Vu™ ") + 8_yr(G’ ¥, 8" " Vu" ).

We can now compute dS™*1 /0z from (29) and then S™*!/dy from (30). It was assumed
that the values of o and «; at the corner are compatible with this procedure, and we shall
seek 7"t such that 8r"%!/dy is also compatible. We note that by applying 1'Hospital’s
rule to the right hand side of (26), we obtain equation (30). Hence the determination of
the derivatives of S™*! from (29) and (30) is consistent with (26). We now seek an inflow
value for 77*! in the form 7°t! = #7*! 4 75, where 74 is a given function (e.g. a third
degree polynomial) such that 7y and its derivative assume compatible boundary values.
Since Ty is given entirely in terms of the data, its size is of order e. We seek 7"*! in the
space H2 o = {r € HZ | 7(0) = 7'(0) = 7(1) = 7'(1) = 0}.

Before we proceed further, we need some simple properties of the weighted Sobolev
spaces defined in the previous section. We state these properties as a lemma.

LEMMA.
a) Hg(0,1) is a Banach algebra.
b) HL(0,1) is a Banach algebra.
c) The operator of differentiation is continuous from H(0,1) into H*~1(0,1).

d) Let U be a continuously differentiable function on [0,1] which has simple zeros at the
endpoints and is positive in the interior. Let d(y) = min(y,1 — y). Assume that

1/2 1 _
“ :/o NG U'(o))2 dy + //2(1 -0 7t U'l(l))2 d < o2,

V2 U —yU'\? ! U+ (1-y)U'\2

Let

(32) #(U)=vVa+Vb+e c= I[{)lai)](<d8'/) + ’d(’lg,z[ﬂ D
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Let H%y # be the subspace of all functions in Hﬁl; which vanish at the endpoints. Then
the mapping ¢ — ¢/U is continuous from Hé # into H) with norm bounded by a
constant times x(U).

e) There is a constant C such that for any function u € Hf+l/2(0, 1) and any G > 0 there
exists 4 € H**! with

- N C
(33) |u = illns < CGllullnsi/2,« and [|d]lny1,w < "é”u”n+l/2,*°

We remark that for (31) to hold it is sufficient that U’ is Holder continuous. We sketch
the proof of the lemma. First we show that H] (0,1) is continuously imbedded in C(0,1).
From the definition it is clear that H} is the direct sum of the space of linear functions and
the space {¢ € HL_ (0,1) | d(y)~/?¢ € L*(0,1), d(y)/?¢' € L*(0,1)}. If 4 is in this latter
space, then, by the Cauchy-Schwarz inequality, ¢¢' € L*(0,1) and hence ¢ € C(0,1). A
fortiori, H% is also imbedded in C(0,1). Parts a and b of the lemma follow easily. Part
¢ of the lemma is obvious from the definitions. For part d, we first decompose H. % 4 a8
X +Y, where X is the space of all third degree polynomials which vanish at the endpoints
0 and 1, and Y = {¢ € H'(0,1) | d(y)~%/%¢ € L*(0,1), d(y)~/?¢' € L*(0,1)}. We note
that (¢/U) = ¢'/U — ¢U'/U?. If ¢ lies in Y, it follows that ¢/U lies in H}, with norm

bounded by c||¢||y. If ¢ lies in X, we can write it in the form ¢(y) = ay+By? —(a+B8)y® =
(2a+B)1—-y)— (Ba+28)(1—-y)?+ (a+ B)(1—y)®. We then obtain

1/2 o 1/2 ' '
[ G ow) [ (G-

1/2 2 1/2 I\ 2
2 -1(Y 1 2 1 yU
- Y_ =~ Vg = )
(34) 0‘/0 y (U U’(O)) y+°‘/0 y(U U2) y+

A similar calculation holds for the interval (1/2,1). The integrals on the right hand side
of (34) are bounded by a and b, respectively, and the terms indicated by dots involve only
integrals of bounded functions. This completes the proof of d. For part e, we use the fact
that, in the notation of [3],

H:};-l-l(o’ 1) = W2n+l((0a 1)7 p_l’p2n+1) + P2n+l (0’ 1)’

Hf+1/2(0> 1) = W2n+1/2((0a 1)a 1,p2n+1) + P2n+1(0’ 1)’

(35) Hg(oa 1) = W2n((0’ l)a Py p2n+1) + P2n+1(0, 1)7

where P,,41(0,1) denotes the space of polynomials of degree 2n + 1. Using the results
of Chapter 3 in [5], we therefore find that H,' +1/2 35 equal to the interpolation space
[Hatt HY1 /2, and part e follows immediately.
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We are now in a position to discuss the various terms occuring in (25). The left hand
side does not depend on 7! and its norm in HY can be estimated by a constant times
e+ (G +v)v, where we set v = |[u™t||5/5 . + [|[Vu™t|3/2 , + || VZu™*|y /2 .. Using parts
a,c and d of the lemma, we find that the mapping

o or | . n
(36) o aTay(‘/ ot

where the right hand side is given by (26), is smooth from H2 ; into HJ,. Moreover, we
obtain the estimate

o2
I axa_y(’YnH - 0n+1)||0,w < Cr(U + u"+1)((G +e)e+ G(v + ||7~'"+l llis +¢€)

(37) T s + o).

Here we have taken into account the second part of (14) and the explicit form of r as given

by (17). We note that x(U + u™*!) is of order 1/G.

We next use part e of the lemma to construct 7't! such that

aun+l avn+1
(=5~ + =5

) =10 — 15 < CGy,

(38) 77l < Gl + ).

From (28)-(30), it follows that the corner values of 79 — 7n( 8"6ny+1 + a”an:l) and its first

. . . 1 .
derivative are bounded by a constant times Ge, and hence we can choose Tl"+ in such

a way that 77! and its derivatives vanish on the boundaries and (38) still holds. Let

ot = o4l _ 2+l Using (26), we obtain the estimate

orntl Surtl  fynt!
< COx n+1( 1y, n+l
12w < O+ ) (™ o+ = (P + 25l
(39) G+ [ s+ ) + (4 |7 s + 02).

We note that
8u"+ 1 3vn+l

n+l _
|7 n( B9 + =5

Mis < CGv+ |75 s,
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(40) 17" 2,0 < C(e + —) + 7 2w

Moreover, we can split 7"*!/9z in the form

ornt! A Fntl n+1
(41) 9z U +untl X

and the remainder term x"1! satisfies the estimates

X" 1,0 < Cr(U + u"“)(fll?’"’L1 2w + G+ 17" s + &)+ (v + 17" 15 + 6)2)a

(42) X" os < CR(U+u™ ) (el 7™ |y s +(G 4w+ 1 g+ )+ 7 o6+ €))-

We can now discuss the terms on the right hand side of (27). We obtain

1 aun-i-l aTn+l n+1 82 n+1
“ n+1 ”0 w + ” n+1 HO,U)
U+u oz oz U+u 0z 0y

n+1
(43) <og)

ll1,w-

Moreover, we find
avn+1 aTn-l—l +1 a?un—i-l a2vn+1
_ — b\
| (a5 W N Gy )

9 n c n
+5-r1a(Gyy, S w L Vwr )| < (vl s + 1 o

)

6sn +1
(44) v+ (G+v+e+ [|F 1 w) v+ e+ [1F 7 1w + |l o, $))

Equation (25) now assumes the form

87-2n+l A? n+l
Oy? (U + untl)2 2

wn+l’

(45)

and if we assume that € << G, v << G and ||[7"*!||; § << G, then the above estimates
yield, after a straightforward calculation,

(46) o™ lo,w < C(— + + || 3 ke + (14 3 s+ s + GIITz oe)-
Let AT™*1 denote the expression on the left hand side of (45). The following lemma holds.
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LEMMA. The operator A is bijective from HZ , onto H). Moreover, an estimate of
the form

1 1
(47) I7llz,w + Fll7lls + Zll7lo.e < CllAT[lo,w

holds.

To prove the lemma, we first derive some energy estimates. We consider the equation
At = w and, to simplify notation, we set U = U + u™*t!. We multiply the equation by
Ur"/G, and obtain after an integration by parts

1 77 2 1 2771 1 77

U A AU U
48 /——7’"2+-——~ |2 d —/ —77 d _—/ —wt" dy.
(48) Gt gl dy = | e dy = | G dy

Next we multiply the equation by —7/ GU and obtain

(49) / L A2y / - / L rd
— = |T —_ T — =TT = — —WT .
, GU cos" 'Y )y e Y e

Using the Cauchy-Schwarz inequality, we find

1 . I 1/2 14 1/2
50 ‘/ 'd’g g / —|r?| d /—~'2d :
(50) X m7' dy| < max| I( el y) (0 il y)

The first term on the right hand side of (50) is of order G and hence small. The estimate
(47) now follows immediately. Hence A is injective and has closed range. To show that
the range is dense, we approximate U by a sequence of analytic functions U™. Let A™ be
the corresponding operator. If w has compact support in (0,1), the behavior of solutions
of A™T = w near the endpoints of the interval can be described by Frobenius’ theory and
it is easy to show that there is a unique solution in H Z;,o- Hence A™ has dense range and
since an energy estimate like the one above holds uniformly in m, it follows that A is onto.

[j/
GU?

The lemma in conjunction with the implicit function theorem and the estimate (46)
now yields the existence of a unique small solution of (45) and hence of (25). In addition,
we obtain the following estimate for the inflow value of 77%1:

M oS L Yy < oS 16,

For the last inequality we have taken into account the bound for v obtained in Section 4.

6. Determination of stresses. We now have inflow values for all stress components,
which we can use to solve equation (19). Using (26), (27) and the analogue of (27) for

13



the other stress components, we can also compute the inflow values of 9S™*!/dz and
9?S™*1 /9z? at the inflow boundary. It is not hard to verify that

s+ g2gn+ e
n+1 —_— < —_
(52) 8™ e + | S5 ll.0 + | —llow < C(5 +6).

Since the velocity field is Lipschitz continuous, (19) can be solved uniquely by inte-
gration along characteristics. We need to derive estimates for the solution. The following
discussion is limited to formal energy estimates; a rigorous justification is easily obtained
by approximating the data and coefficients by smoother functions and passing to the limit.
We multiply (19) by S™*! and integrate. This yields

1 L
/\/ / |S™ 1|2 dz dy
o Jo

+%/0 (U(y) +u" (L, y)IS" (L, y)* dy - %/O (U(y) +u"7(0,))IS™ (0, y)* dy

1 ,L
(53) = / / pA(Vut H(VurtHT) : s"H (G, y, 8™, ut Vurt) s ST dz dy.
o Jo

After differentiating (19) with respect to z and y, analogous energy estimates can be
derived for derivatives of S"*1. We note that on the left hand side of (53) the second
integral is positive and can be discarded in the estimates and the third integral can be
estimated in terms of the inflow data. By combining (53) with the analogous equations
for derivatives, one obtains

(54) 18" 2 < C(\/_G_(é +8) + v+ Gv + (18" H|2) + (v + 18" [2)*).

Here the first term on the right results from the inflow values of S™*! and its derivatives
and the remaining terms result from the terms on the right hand side of (19). After taking
account of the relative sizes of €, v, § and G, (54) simplifies to

(55) IS™*1]| < c<\/—%- +6VG).

The quantity on the right is small relative to §. This concludes the proof that the iteration
maps Z into itself.

7. Contraction estimates. To show that the mapping defined by the iteration is a
contraction on Z, one derives estimates similar to those above for the differences between
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the iterates. Since no essentially new ideas are involved, we shall not give a complete
derivation, but only show one step. By taking differences, we obtain from (19)

((V + un-i—l) . V)(Sn+1 _ Sn) + /\(Sn+1 _ Sn) — ((un _ un+l) . V)Sn

+pA(V(u™H —u®) + (V(umH —um)T)

(56) +r(G,y,S™*!, u"t, Vut!) — r(G,y,S", u", Vu"),
Using the same energy estimates as in Section 6 above, we find
(57)
oS+l os™
I8™+1-8"1 < € (VGIS™(0,)-5"(0, Mt VI (0,9~ 50, Vot lrhsls ).

Here rhs stands for the right hand side of (56). We obtain

Irhslly < C(HS"IIz(IIU"J’1 —u”flz + [lu™ -,

(58)  +(G+[IS™ Iz + [IS™ |2 + ™+ ls + [u"[ls)(IS™ ! — 8™ |1 + [u"*! — u"llz))-

Using the a priori bounds for ||S™||; and |[u®||3 which have already been derived, we find

n n n n asn+l os"
8™+ — 8™, < C(\/C_'}IIS 1(0,-) = 8™0, Ml1w + \/5”—?%—(0,') ~ 25 (0 low

(59) Flum*t = u?; + (G + 6™ - 8" ).

In a similar fashion, we obtain estimates analogous to those of Sections 4 and 5. The
contraction property follows by combining those estimates.
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