BIFURCATIONS OF RELATIVE EQUILIBRIA

By

Martin Krupa

IMA Preprint Series # 615
February 1990



BIFURCATIONS OF RELATIVE EQUILIBRIA

Martin Krupa

Institute for Mathematics and its Applications
University of Minnesota

Minneapolis, MN. 55455

November 12, 1989



Abstract.

In this paper we discuss the dynamics and bifuration theory of equivariant
dynamical systems near relative equilibria, that is group orbits invariant under the flow of
an equivariant vector field. The theory we develop applies, in particular, to secondary
steady-state bifurcations from invariant equilibria. Let I’ be a compact group of
symmetries of R? and let xy be in R?. Suppose that f is a smooth I"-equivariant vector
field and X the isotropy group of xp. We show that there exists a 2-equivariant vector
field fy, defined on the space normal to X at xg, and that the local asymptotic dynamics
of f are closely related to the local asymptotic dynamics of fn. Next we study
bifurcations of X occuring when an eigenvalue of (dfy), crosses the imaginary axis.
Properties of the vector field fy imply that branches of equilibria and periodic orbits of N
correspond to trajectories of f which are dense in tori. Field [1980] found bounds on the
dimensions of these tori. We extend some of his results. We apply this theory to the
following specific problems:

1. Bifurcations of systems with O(2) symmetry.
2. Bifurcations of steady-state solutions of the Kuramoto-Sivashinsky equation.
3. Secondary bifurcations in the planar Bénard problem.



Introduction.

In this work we discuss the dynamics and bifurcation theory of equivariant
dynamical systems near group orbits invariant under the action of the flow. Such group
orbits are called relative equilibria. The simplest example of a relative equilibrium is a
group orbit of equilibria. A group orbit of equilibria can be characterized as a relative
equilibrium on which the flow is trivial. The symmetry groups we consider are compact
and have positive dimension, so, in particular, they must contain a subgroup isomorphic
to SO(2). For such groups the flow trajectories on the relative equilibria can be nontrivial.
A well known example of such nontrivial trajectories on relative equilibria are rotating
waves, that is solutions given by x(t) = 6(t)xg, where 6(t) parametrizes SO(2).

A special case of a relative equilibrium is an invariant equilibrium, that is an
equilibrium invariant under all the symmetries of the system. Such equilibria often arise in
applications and their bifurcations have been extensively studied. Often bifurcations of
invariant equilibria are characterized by symmetry breaking, that is, the invariant
equilibrium bifurcates to branches of equilibria no longer invariant under the action of the
symmetry group. In other words, nontrivial relative equilibria often occur as a result of
bifurcations of invariant equilibria. In this context bifurcations of relative equilibria
correspond to secondary bifurcations from an invariant equilibrium.

Let X be a group orbit of equilibria of an equivariant vector field f. If X has
positive dimensions then the conditions determining when f can undergo a bifurcation
near X are quite different than in the case of an invariant equilibrium. In particular, no

element of X can be hyperbolic, since the directions along the group orbit must be
neutrally stable. More precisely, for any x € X the tangent space T,X is contained in

the kernel of the derivative (df)y. It follows that X will be normally hyperbolic if (df),
has no purely imaginary eigenvalues and the algebraic multiplicity of zero as an eigenvalue
of (df)y equals the dimension of TyX. A bifurcation of X will occur if (df)y has an
eigenvalue on the imaginary axis whose (generalized) eigenvector is not contained in the
tangent space of X.

An interesting phenomenon has been observed in examples of bifurcations of
relative equilibria: an orbit of equilibria can lose stability by having an eigenvalue passing
through zero and bifurcate to a group orbit consisting of nontrivial flow trajectories. The
flow on the new relative equilibria is a slow drift given by the action of a curve of group
elements. Several authors, who studied bifurcations of relative equilibria, found that the
resulting dynamics could be described in terms of dynamics related to standard bifurcations

modulated by a drift along the group orbit. The following articles focused on bifurcations



of relative equilibria where this feature has been observed. Chossat [1986] showed that the
bifurcation of standing waves in the problem of degenerate Hopf bifurcation with O(2)
symmetry leads to quasiperiodic motion on a group invariant two dimensional torus. Iooss
[1986] showed that a Hopf-Hopf mode interaction in the Taylor-Couette problem (O(2) x
SO(2) symmetry) led to a three frequency flow. Danglemayr [1986] found a rotating wave
in the problem of steady state mode interaction with O(2) symmetry. Chossat and
Golubitsky [1988] studied a related problem of Hopf bifurcation of a group orbit of
standing waves and discovered that this bifurcation led to a three frequency motion, with
one of the frequencies given by the drift along the orbit. In their paper Chossat and
Golubitsky formulated the following theorem: the flow near a relative equilibrium can be
decomposed into the flow in the direction along the orbit and the flow in the direction
normal to the orbit. The precise statement and the proof of this theorem is the starting point
of this work.

Section 1 of the paper contains some background information on Lie group theory.
The remaining part of the paper is divided into two parts. The first part, Sections 2-5, is
devoted to the theoretical aspects of the problem. The second part, Sections 6-8, focuses
on specific group actions and specific dynamical systems and is designed to show the
application of the ideas developed in the first part. The reader more interested in the second
part of the paper will only need to know the definitions and the statements of theorems
contained in the first part. The following is a brief description of the topics discussed in
each of the sections.

In Section 2 we give a precise description of how the previously mentioned
decomposition of the vector field can be accomplished. We show that near relative
equilibria the vector field can be written as a sum of equivariant components: one tangent
to the group orbits and the other normal to the original orbit X (Theorem 2.1). As a
consequence of this decomposition each bounded solution near a relative equilibrium is
contained in the group orbit of a solution of the normal vector field fyy (Theorem 2.2). In
the remainder of Section 2 we show that the asymptotic dynamics of f can be determined
by the asymptotic dynamics of the normal vector field modulo drifts along the orbit. Some
results of Section 2, including an alternative proof of Theorem 2.1, can be found in
Vanderbauwhede, Krupa and Golubitsky [1989].

The results of Section 2 imply that bifurcations of f can be analyzed in two steps.
The first step is to describe bifurcations of the normal vector field fy and the second step

is to find the corresponding drifts along group orbits. Let x be in X. In Section 3 we



argue that generic bifurcations of fy can be described as bifurcations of a generic Z,-
equivariant vector field, where X, is the isotropy subgroup of x.

Suppose that f describes a family of vector fields, rather than a single vector field.
In Section 4 we study bifurcations of relative equilibria occuring when an eigenvalue of
(dfN)x passes through zero. We analyze the case when a relative equilibrium X
bifurcates to another relative equilibrium Y. Let y € Y, let X be the isotropy subgroup
of y and N(Z) the normalizer of X. Field [1980] proves a theorem stating that the flow
on Y is given by a linear flow on a torus whose dimension is bounded by, and
generically equal to rank (N(Z)/Z) (rank (N(Z)/Z) equals the dimension of a maximal
torus in N(Z)/Z). The main theorem of Section 4 (Theorem 4.1') states that there exists a
generic set of perturbations of f whose elements have the following property: for all
except countably many values of the parameter the dimension of the flow on Y is
maximal.

In Section 5 we study Hopf bifurcations of relative equilibria, that is bifurcations
occuring when an eigenvalue of (dfy)x passes through a nonzero point on the imaginary

axis. We apply the standard Hopf bifurcation theorems to find periodic solutions of the
normal component fy. Let Y be a periodic orbit of fy and let £ be the isotropy
subgroup of the elements of Y. Field [1980] shows that the corresponding trajectories of
f are dense in tori whose dimension is bounded by rank (N(Z)/Z) + 1. Let £ be the
group consisting of all the symmetries that leave Y invariant. In Theorem 5.1 we derive a
new bound, given by rank (N(£)/£) + 1 and show that this bound is attained for a
generic vector field. Next, in Theorem 5.2, we consider a family of vector fields f, such
that fiy has a Hopf bifurcation and show that there exists a generic set of perturbations of
f whose elements are such that for all except countably many values of the parameter the
dimension of the flow on the manifolds I'Y is maximal.

In Section 6 we present a classification of generic secondary steady-state and Hopf

bifurcations with symmetry group O(2). In this context bifurcations of the normal vector
field corespond to steady state and Hopf bifurcations with Dy symmetry. Using the

results of Sections 3 and 4 we determine for which bifurcations of the vector field fy the
bifurcating solutions of the full vector field f generically have nontrivial drift along group
orbits.

In Section 7 we analyze bifurcations of the zero solution of the Kuramoto-
Shivashinsky equation, which has O(2) symmetry. We summarize the results of a
computer assisted study done by Kevrekidis, Nicolaenco and Scovel [1988] and compare



their numerical results with the predictions of O(2) bifurcations, as described in Section
6.

In Section 8 we classify the possible generic steady-state bifurcations in the planar
Bénard problem. The generic primary bifurcations in the Bénard problem are to two types
of equilibria: hexagons (with symmetry Dg) and rolls (with symmetry 0Q2)®Zy). We
consider secondary steady-state bifurcations of hexagons and rolls and show that the
resulting trajectories are either equilibria or rotating waves.

The author would like to thank Marty Golubitsky for very helpful suggestions and
comments. The author is also grateful to Mike Field and André Vanderbauwhede for
helpful discussions. This research was supported in part by a grant from the ACMP
program of DARPA.



1. Preliminaries

Let " be a compact Lie group. We consider a smooth linear action of I" on R™.
With no loss of generality we can assume that this action is orthogonal and hence identify
I with a subgroup of O(n) (see I, 3.5 in Bredon [1972]). Let X be a compact and I'-
invariant submanifold of R™. For x € X let Ny be the set of vectors normal to X. Note
that Ny is a vector subspace of R, since it passes through 0. Let N(X) be the bundle
with base space X and fibers Ny.; N(X) is called the normal bundle of X. The bundle
N(X) is smooth ( see Guillemin and Pollack [1974] pg.71). The action of I' on N(X) is
defined by the formula y(x, v) = (yx, yv). To see that this action is well defined observe
that the orthogonality of the action of I" implies that YNy = Ny,. Let B:NX)—R" be
defined as B((x,u)) = x+u. It is easy to see that the map B is I'-equivariant and a local
diffeomorphism. It follows that an invariant neighborhood of X in RM can be identified,
via the map [3, with a neighborhood of the zero section in N(X). For x € X let IQIX =
{ (x,v) : ve Ny) }. Note that IQIX c N(X) and the image of IQX under P isin Ny.
Given a I'-equivariant vector field f : R® —» R let B*f be defined by B*f(y) =
[dBB(y)]'lf(B(y)), y € N(X). The map B*f is called the pullback of f to N(X). Let x
€ R" and X =Tx. It follows that studying local dynamics of f near x is equivalent to
studying the dynamics of its pullback to N(X).

For x € R (or N(X)) let

2x={oceTl: ox=x}

be the isotropy subgroup of x.

The homogeneous space I'/Zx is not in general a group, but it has the structure of
a smooth manifold and the quotient map m: y ~> YZx is a surjection (see Bredon [1972],
p. 302). The map yXx ~> yx is adiffeomorphism between I'/Zx and the orbit I'x of x
(see Bredon [1972], VI, 1.2). Fix x € R" and let X = 4. Suppose that there exists a
neighborhood U of eX in I'/Z and amap ¢:U — I' such that to(u) =u forall ue
U. The map ¢ is called a local cross section of m (for a more general definition see
Bredon [1972], p. 39). We now construct a local cross section of m. Let A be a
submanifold of T" transverse to X at e with e € £ and dim X + dim A =dimI". Note
that a neighborhood 0 of e in A is diffeomorphic to a neighbohood of eX in I'/X and
this diffeomrphism is given by 7| 0. Let ¢ = (n | 0)'l. Clearly the map o is a local
cross section of .



Let o be a cross section of ® defined on a neighborhood U of eX in I/E. A
simple argument shows that the map ¢ : 6(U) x Ny — R" defined as ¢(u,y) = 6(u)y is a

local diffeomorphism. Let Ni be a disc of radius € around x and let € be chosen so

that ¢ : o(U) x Ni is a diffeomorphism. Let V& = I‘Ni . Orthogonality of the action

implies that Ny and Ni are Zy-invariant. Let X =I'x. We chose € so that the set V&

is equivariantly diffeomorphic to a neighborhood of the zero section in N(X). Observe that
if ye IQIX then it is clear that Zy c Zy. Henceif y e Ni then Xy < Zy. We have the

following proposition:
Proposition 1.1
Every smooth and Zy-equivariant vector field g : Ni — R" has a unique smooth
and I'-equivariant extension f: V& — RN,

Proof
We define f by requiring that f(yy) =yg(y) for ye T, ye Ni. To see that f

is well defined let y;y =Yy, y € Ni, Y. ¥2€ T. Theny1lyoy =y, so vyl e Ty <

Zx and g(y;lyay) = g(y), implying y;8(y) = Yog(y). Hence f is well defined.
Let U, o and ¢ be as defined prior to the statement of Proposition 1.1. Let U=
o(U). Then f| 0= ¢ o idxh o ¢°1. It follows that f is smooth on 0. Smoothness of f

on V& follows from equivariance and smoothness of the action.



2. Dynamics near relative equilibria.
Let T" be a Lie subgroup of O(n) acting orthogonally on R and let f: R?» — Rn
be a C>= smooth I'-equivariant vector field. Fix xy in R? and let X denote the group
orbit of xy. We say that the set X is a relative equilibrium of f if X is invariant under

the flow of f. The subject of this work is studying bifurcations of relative equilibria. In
this section we develop a systematic way of analyzing dynamics near a relative equilibrium
X. We first describe our results, deferring the proofs to the end of the section.

We begin by defining the concepts of a tangent vector field and a normal vector
field. Let g: R?"— R", We say that g is a tangent vector field if g(u) is tangent to the
group orbit of x forall x in R?. For x in X let Ny be the space of vectors normal to
X at x. We say that g is a normal vector field if for every x in X the space Ny is
invariant under the flow of g. Note that a normal vector field does not have to be normal
to group orbits other than X.

This section contains two main theorems. The first theorem states that near the
group orbit X the vector field f can be written as a sum of a smooth I'-equivariant
normal vector field fiy and a smooth I'-equivariant tangent vector field ft. We refer to
this theorem as the decomposition theorem. The second theorem states that near X the
dynamics of f can be described as dynamics of fyy modulated by drifts along group
orbits.

The decomposition theorem is a consequence of a technical lemma. The lemma
states that near X there exists a smooth, I'-invariant bundle K whose fibers are tangent
to group orbits and whose restriction to X is the tangent bundle of X. Before stating the
lemma we discuss the concept of the normal bundle of X. We observe that a I'-invariant
neighborhood of X can be identified with a neighborhood of the zero section in the normal
bundle of X. We conclude that the dynamics of f can be understood in terms of the
dynamics of the pullback of f to the normal bundle. In the proof of the decomposition
theorem we identify f with its pullback to the normal bundle.

Following the proof of the decomposition theorem we discuss the most important
implications of the two main theorems. We remark that I'-equivariance of fy implies that

the dynamics of fy is completely determined by its dynamics on the invariant set
Ny, We also describe a way of finding a global center manifold near a relative equilibrium
X. When X is an orbit of equilibria we show that the global center manifold is the union
of local center manifolds constructed for each normal space Ny.

Next we discuss we discuss a method of explicit computation of fy. We present

the general form of "coordinates along group orbits" and "in the direction normal to the



orbit". Such coordinates have been used to study specific examples of bifurcations of
relative equilibria.

We begin by assuming that X =I'x( is the group orbit of x, but not necessarily
a relative equilibrium of f. The following theorem is the first of the two main results of
this section:

Theorem 2.1
There exists a I'-invariant neighborhood U of X in R?", a smooth and I'-
equivariant normal vector field fyy and a smooth and I'-equivariant tangent vector field f
such that
f(u) = fr(u)+ fn(w)
forall u in U.

Let g denote the restriction of fy to the space Nx,. Let U be the neighborhood

defined in Theorem 2.1 and suppose that u(t) is a trajectory of f contained in U forall t
> 0. We now state the second of the two main theorems of this section:

Theorem 2.2
There exists a smooth curve of group elements y(t) and a trajectory y(t) of the
vector field g such that y(t)y(t) = u(t) forall t=0.

Let IT: N(X) — X be the bundle projection, that is IT((x, v)) = x. The following

lemma is the main technical result necessary to prove Theorem 2.1.

Lemma 2.3
There exists a smooth I'-invariant subbundle K of T N(X) such that for all y e
N(X)
@) Ky cTyl'y
(ii) Ky @ Np(y) = R™

Note that we cannot define K as T,I'y since the dimension of group orbits may
increase near X (the fact that it cannot decrease is a consequence of the inclusion Xy <
2y for ye ﬁn(y)). In fact proving Lemma 2.3 is the main technical difficulty of this
section. We defer the proof to the end of the chapter. The proof of Theorem 2.2 is also
deferred, since it relies on the proof of Lemma 2.3. The proof of Theorem 2.1 is a simple



consequence of Lemma 2.3. In the proof we assume that f is a vector field on N(X),
that is f: N(X) —» TN(X).

Proof of Theorem 2.1
Suppose y € N(X). Let P: TN(X) = T N(X) be defined by P(y,v) = Pyv,
where Py is a projection with ker Py =Ky and Im Py = Nl‘[(y)° The map P is smooth
since the spaces ker Py and Im Py vary smoothly with y. Equivariance of P follows
from invariance of K and equivariance of II. Let fn(y) = P(y f(y)), f1(y) = f(y) - In(Y).
As required fy is a normal vector field, fr is a tangent vector field and they are both

smooth and I'-equivariant.

We now discuss some implications of the two main theorems. Recall that
orthogonality of the action implies that Ny, is Zy -invariant. Let g be the vector field

defined following the statement of Theorem 2.1, thatis, g is the restriction of fy to the
space Ny,. Since fy is I'-equivariant it follows that g is Xy -equivariant. Let k =
codim X. Note that dim Ny, =k. It follows that in order to understand the dynamics of f

near X one needs to carry out two steps:

(a) Analyze the dynamics of the k-dimensional Zy,-equivariant vector field g.
(b) Find the drift along group orbits Y(t).

Suppose that X is a relative equilibrium; in this case every x in X is an
equilibrium of fy. In particular, the point x( is an equilibrium of g. Let m be a

positive integer. The equivariant center manifold theorem (cf. Ruelle [1973], Theorem
1.2) implies that near xq the vector field g hasa C™ smooth Zxo-invariant center
manifold. Let My, denote such a center manifold. Let M = T'My,. The smoothness of
the action and Zy -invariance of My, together imply that M is C™ smooth. Theorem

2.2 also implies that all trajectories of f contained in a sufficiently small neighborhood of
X approach M as time goes to infinity. We say that M is the center manifold of the
relative equilibrium X for the vector field f.

When X consists of equilibria it is natural to ask whether the global center
manifold M is a local center manifold for every element of X. We answer this question in

the affirmative by verifying that for all x in X the tangent space to M at x equals the
center subspace of (df)y. Let EC be the restriction of the tangent bundle of M to the
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relative equilibrium X. The bundle EC€ is called the center bundle of X. We have the
following proposition:

Proposition 2.4
Let x bein X. The fiber of the center bundle EC at x is the center subspace of

(df)y.

Proof
We first prove that T,X is contained in ker (df)y. Any vector ue TyX can be

written as ad—s-y(s)x ls-o‘ We use the chain rule and the fact that f(y(s)x) =0 to obtain

(@ u = @Dy (A |_) = - t0x(s)) | = 0.

Hence 0 is an eigenvalue of (df), with multiplicity greater than or equal dim X. Let ve
N,. Theorem 2.1 implies that (df), v = (dfy)x v + (dfT)y v. We show that (dfy)y v e
N, and (dfy), ve TyX. This implies that (df), can be written in the form:

0 (dfT)x) @.1)

@Dy = ( 0 (dfy)x

The proposition follows from equation (2.1), since (2.1) implies that all nonzero
eigenvalues of (df), are also eigenvalues of (dfy)y.

We now prove that (2.1) is valid. The vector field fy is I-equivariant and f(x) =
0. The argument presented at the beginning of this proof implies that T,X < ker (dfy)x.
Since f=fy+fr it follows that T,X cker(dfy),. Recall from the proof of Theorem 2.1
that fy(y) = ny(y), where Py is a projection with ker(Py) = Tyr‘y and Im(Py) = NH(y).

Hence by the chain rule
(df)x = (dy PyfCO)y + Py(dDy. 22)
But f(x) =0, so
(dfn)x = Px(d)y. (2.3)

It follows that (dfT),(Ny) < T, X and (dfy)x(Ny) < Ny. Equation (2.1) now follows.
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In many applications a bifurcation of a group orbit of equilibria X occurs when
(df)x0 maps a vector v € NXO to TXOX. The vector v then becomes a generalized

nullvector of (df)x,, We have the following proposition:

Proposition 2.5
The vector v is a nullvector of (di)XO'

Proof
Proposition 2.5 follows from identity (2.3).

In applications one needs to explicitly compute the vector field fy. This can be
done by changing variables to coordinates in the normal space Ny, and a complementary
set of coordinates "along group orbits". Such coordinates have been used by Chossat
[1986], Iooss [1986], Danglemayr [1986] and others to study bifurcations of relative
equilibria. In the form presented here they were suggested by Pascal Chossat and can be

found in Moutrane [1988]. In our presentation we assume that f is a vector field on the
normal bundle N(X), thatis f:N(X) — TN(X). For a Lie group A let L(A) denote the

Lie algebra of A. Let exp: L(I') > I" be the exponential mapping. Let V c L(I') be
the orthogonal complement of L(Z,) in L(I") (the space V will be defined more
precisely in the proof of Lemma 2.3). Let 6: V X IQIXO — N(X) be givenby 6(§,y)
= (exp§)(y). The linear map (d8)(0,x,) is an isomorphism and hence 0 is a local
diffeomorphism. Let h = 6*f. Note that for every y € N(X) the fiber of the tangent

bundle TyN(X) can be written as TyN(X) = V @ Nry(y). The vector field h is defined
on VX ﬁXO and has the following property:

Proposition 2.6
If h is written in the form h = (hy, hp), with hy € V and hy € Ny, then

hy(0,y) =t (v) forall ye Ry

The proof of Proposition 2.6 relies on the proof of Lemma 2.3 and therefore will be
given at the end of the section.

Proof of Lemma 2.3
Let L(I') denote the Lie algebra of I" andlet exp: L(I') = I" be the exponential
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mapping. We begin by recalling two concepts related to the Lie algebra L(I'). The action
of L(I') on N(X) is defined by

ey -S(expty o for Ee LX), y e N(X).
The adjoint action of T on L(I') is defined by
AdE=SexpErlio  for ye T, Ee L(D).
Note that
Yy = AdY&yy for ye T, £Ee L), ye NX). (2.4)

Recall that k = codim X. We prove that finding the bundle K is equivalent to finding a
bundle E over N(X) whose fibers are k dimensional subspaces of L(I") having the

following property:
Ey= Ar:lyEy for ye I. (2.5)

Suppose that the bundle E has been found. Then we define the fiber K of the bundle K
as the set of all images of y under the action of elements of Ey, that is

Ky={§y: &EEy}'

If ve Ky then (2.4) implies that yv € Kyy. Hence K is T'-invariant. We now prove
that K is a smooth bundle. For y € N(X) let ®y: I' = N(X) be defined by ®y(Y) =
vy, Ye I'. For £ e L(I') we have

éy = dq)y(e)E.t

It follows that Ky = dDy(e)Ey. Smoothness of K now follows from smoothness of E
and from smooth dependence of ®y on y. The definition of the action of L(I') implies
that the fibers Ky are tangent to group orbits.

It remains to prove the existence of the bundle E. Suppose <<, >> is an inner
product on L(T") invariant with respect to the adjoint action. Such an inner product always
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exists for a finite dimensional action of a compact Lie group (see for example Golubitsky,
Stewart and Shaeffer [1988], Proposition XI, 1.3). Let V be the orthogonal complement
of L(Z, 0) taken with respect to <<, >>, thatis V = L(ZXO)l. Let E be the bundle
over N(X) with Ey=Ad\V, ye YIQIXO. To see that E is well defined suppose that y;y

=Yy, Y € IQIXO. From the properties of the normal bundle it follows that y;Y,"! € Zyy
It follows that Adym-l V=V or Alev = A%V’ implying that EYD’ = EYzY . Also Ey
is defined for all y € N(X) since N(X) = gryﬁx(). Equation (2.4) is automatically
satisfied for the fibers of E.

For smoothness of E let U be a neighborhood of eXx, in I/2y, andlet ¢: U
— I' be a local cross section of m. Let ¢ : U X Ny, = N(X) be given as ¢(u, y) =
6(u)(xg, y). The map ¢ is a local diffeomorphism near (eZx,, 0). It follows that the
map ¥ :Ux Ny xV — E given by ¥(u,y,€) = (6(u)y,Adg€) is a local bundle
diffeomorphism. This shows smoothness of E near (x,0). To show smoothness near
(¥x0,0) we use the map Y¥ and the relation (2.4).

Proof of Theorem 2.2
Suppose u(0) =ug. Let vy be the element of I' such that ug € YNy, Let yo=

ybluo and let y(t) be the integral curve of fiy with y(0) =yo. Let * denote differentiation

with respect to t. To prove the theorem we need to find a curve y(t) with y(0) =7y, and
such that

(Y(D)y(®) = f{(Y(Oy®). (2.6)

The idea of the proof is to reduce (2.6) to an initial value problem on I'. We observe that
the left hand side of (2.6) can be written as

d .
W+ 9y (M) ls=0 + YOCO).
By assumption y(t) = fn(y(t)). It follows that (2.6) can be rewritten as

L1t + )y (D ls-0 = YOFLY (D). @.7)
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Let V be the subspace of L(I') defined in the proof of Lemma 2.3. It follows
from the proof of Lemma 2.3 and from the construction of the vector field fp that there
exists a curve &(t) of elements of V such that fr(y(t)) = E(t)y(t). Equation (2.7) can

now be rewritten as

d

T Yt + 8)y (1) [s=0 = YOSy (©). (2.8)
Consider the initial value problem:

T= YOE®)
Y(0) = Yo.

(2.9)

By standard theory of ordinary differential equations (2.9) has a unique solution 7(t). It
is clear that if y(t) is a solution of (2.9) then 7Y(t)y(t) satisfies (2.8). The theorem now

follows.

Proof of Proposition 2.6
Let ye ﬁxo. The proof of Lemma 2.3 and the construction of fr imply that there

exists a unique &y e V suchthat fr(y) = % (expt&p)y lt=0. Note that %(exptio)y lt=0 =
(d8)(0, y) (6o» 0) implying

(d6)0, y) (6o, 0) = f1(y). (2.10a)
Also 06 | IQIXO =1id. Hence
(d0)0,y) (0, fN(Y)) = fn(Y). (2.10b)

Combining (2.10a) and (2.10b) we obtain (d6), y) (§¢ , In(Y)) = IN(Y)+T(Y) = f(¥).
Also, since y € IQIXO we have 0*f(y) = (d6)(o, y)'l f(y). Hence hy(0, y) = fn(y).
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3. Bifurcations of the normal vector field.

Let F: R* xR — R" be a family of vector fields and assume that F(x()
Tx, X, thatis, X is a relative equilibrium. The results of Section 2 imply that the
dynamics of F can be described as follows: the trajectory of F with initial condition y
is contained in the group orbit of the trajectory of Fy with the same initial condition. We
will utilize this property of the dynamics and divide the bifurcation analysis into two steps.
The first step will be to analyze bifurcations of the normal vector field. Then, given a
bifurcating solution of the normal vector field, say y(t), we will study the dynamics of F
ontheset Y={vy(t):ye I,te R}. Notethat Y is I'-invariant and, by Theorem 2.2,
it is invariant under the flow of F. This program will be carried out for two kinds of
trajectories of Fy — equilibria and periodic orbits.

In this section we discuss the first part of the bifurcation analysis, that is
bifurcations of the normal vector field. Suppose that dim Nx, =k. We prove that generic
bifurcations of Fy can be described in terms of generic bifurcations of Zx -equivariant
vector fields on RX. More specifically, we show that a property generic in the class of
smooth, Xy -equivariant vector fields on Rk is also generic in the class of normal vector
fields on Nyx,. Let G(,, A) be the restriction of the vector field Fy(:, A) to Ny, Let g
= G(:, 0). Suppose that (dg)XO has an eigenvalue on the imaginary axis and let E be the
center subspace of (dg)x, Suppose that G has a steady state bifurcation, thatis (dg)x,

hasa O eigenvalue. Then we have the following proposition:

Proposition 3.1
Generically the space E equals the nullspace of (dg)x, and the action of Zxo on

E is irreducible.

Proposition 3.1 follows from Proposition 1.1 and standard results in equivariant
bifurcation theory ( see for example Golubitsky, Stewart and Schaeffer [1988], Proposition
XII, 3.4).

Suppose that W is a subspace of Rk, We say that the action of Zx, on W is I~
simple if it is irreducible but not absolutely irreducible or if there exists a space V such
that W = V@V and the action of Zyx, on V is absolutely irreducible.

Suppose now that G has a Hopf bifurcation, that is (dg)x, has a purely
imaginary eigenvalue i®. The following proposition gives a characterization of the space
E:
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Proposition 3.2
Generically the space E is the generalized eigenspace of iw for (dg)x, and the

action of Zy  on E is I'-simple.

Proposition 3.2 follows from Proposition 1.1 and standard results in bifurcation
theory (see for example Golubitsky, Stewart and Schaeffer [1988], Proposition XVI,
1.4).

A center manifold reduction coupled with a change of coordinates allows us to
reduce the original bifurcation problem for G to a bifurcation problem posed on E X R.

We divide the analysis to two cases:

(i) The action of Zy, on E is trivial.

(ii) The action of Zy, on E is nontrivial.

The case (i) is much simpler and can be analyzed simultaneously for all groups I'. In
particular no symmetry breaking takes place. The following proposition summarizes the
bifurcation analysis for this case:

Proposition 3.3
Suppose that the action of Z,, on E is trivial. If (dg)x, has a O eigenvalue

then generically G has a limit point bifurcation. If (dg)x, has a purely imaginary
eigenvalue io then generically i is a simple eigenvalue of (dg)x,and G has a Hopf

bifurcation to a unique periodic solution.

The proof of Proposition 3.3 follows from standard results in bifurcation theory.

In the remainder of this work, unless otherwise stated, we will assume that the action of
2., on E is nontrivial.

Let y = y(A) be a branch of equilibria of G and Y = Y(A) a branch of periodic

orbits of G. Let X be the isotropy subgroup of y and Xy the group of symmetries

X0

mapping Y into itself. In Sections 4 and 5 we show that the trajectories of F on I'y are
dense in tori whose dimension is bounded by rank(N(Z/X) (the dimension of a maximal
torus in N(Z)/X) and the trajectories on I'Y are dense in tori whose dimension is
bounded by rank(N(Zy)/Zy) + 1. Generically these tori are of maximal dimension. In the
context of Proposition 3.3 this maximal dimension equals rank(N(Z4)/Zy,) for

trajectories on I'y and rank(N(Zy,)/Zy,) + 1 for trajectories on I'Y.
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4. Steady state bifurcations.
Let xg bein R andlet X =I'xy. Suppose that F: R? X R — R" is a smooth

family of equivariant vector fields and X is a relative equilibrium of F for all values of
A. Theorem 2.1 guarantees that F can be decomposed as F = Fyy + Fr, where Fy is a
family of normal vector fields and Frp is a family of tangent vector fields. Let G(-, L)
denote the restriction of Fy(', A) to the normal space NXO' Note that xq is an
equilibrium of G for all values of A. We call xq the trivial equilibrium of G. We say
that the family F has a steady state bifurcation near X, if there exists a branch of
nontrivial equilibria of G emanating from x. Note that such a bifurcation will generically
occur if (dG)(x,,0) has a zero eigenvalue and the action of the isotropy subgroup Zx, on
the center subspace of (dG)(xO,()) is nontrivial.

Suppose that F has a steady state bifurcation. Let y(A), 0 <A <Ly, bea
bifurcating branch of nontrivial equilibria of G. We assume that all the equilibria y(A)
have the same isotropy subgroup Z. We also assume that the map A4 y(A) is smooth on
the open interval (0, Ap). Let Y(A) denote the group orbits of the equilibria y(A).
Theorem 2.2 guarantees that the sets Y(A) are invariant under the flow of F. The goal of
this section is to analyze that flow of F on the sets Y(A).

Let z(e, t) be the trajectory of F with initial condition y(A). Equivariance of F
implies that each trajectory on Y(€) is given as yz(A, t), for some ye I'. Hence, to
understand the dynamics on Y it suffices to analyze the structure of z(A, t). Let N(Z)
denote the normalizer of Z. Our analysis is based on the following observations:

(a) The trajectory z(A,t) is contained in N(Z)y(A).

(b) There exists an integer k>0 such that z(A, t) can be described as k-frequency
drift along the group orbit Y. More precisely there exists a k-torus T c I" such that
z(g, t) is dense in Ty.

Field [1980] (Proposition B1) proved that the number of independent frequencies of the
drift is bounded by the dimension of a maximal torus in N(Z)/Z. The result of Field can
be easily deduced from properties (a) and (b).

We now state the main result of this chapter:
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Theorem 4.1
For a generic family F the dimension of the drift along the orbit Y(A) equals the
dimension of a maximal torus in N(Z)/Z for all except countably many values of A.

Theorem 4.1 is an extension of Proposition B1 in Field [1980]. Dancer [1980]
also obtained results relevant to the problem discussed in this section. Suppose that f is a
smooth T'-equivariant vector field and y is an equilibrium of f. Let X be the isotropy
subgroup of y. In the Proposition on p. 88 Dancer proved that if dim N(Z) > dim £ then
generically all equilibria of f which are sufficiently near y lie in the group orbit of y.
Property (b) is a generalization of this result.

In the latter part of this section we state a more precise version of Theorem 4.1. In
order to do this we need to review some concepts and results from Lie group theory.

Before we can prove Theorem 4.1 we need to analyze the flow on a relative
equilibrium of a single vector field f. Let Y be a relative equilibrum of f and suppose
that X is the isotropy subgroup of some y € Y. We prove that a trajectory on Y is dense
in a k-dimensional torus and that generically k equals the dimension of a maximal torus in
N(Z)/Z.

In Proposition 4.6 we prove an important technical result stating that the set of all
images of a point y in R™ under a smooth I'-equivariant map is Fix(Zy). This result is
stated without proof in Field [1980], Lemma A.

Proposition 4.10, which is stated following the proof of Theorem 4.1' describes
what happens when the drift fails to be of maximal dimension. The proposition asserts that
for a generic family the dimension of the drift can only decrease by one. Field [1989]
proves that if the dimension of a maximal torus in N(Z)/Z equals one then for a generic
family F the set Y(A) contains no equilibria. This result does not follow from Theorem
4.1.

In order to state a more precise version of Theorem 4.1 we need to review the
concepts of maximal tori and rank of a Lie group. Let A be a Lie group. We say that a
Lie subgroup T of A isatorus if T is compact, abelian and connected. A torus is
called maximal if it is not properly contained in any other torus. The following is the main
result on maximal tori:
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Theorem 4.2
In a Lie group A any two maximal tori are conjugate, and every element of A is

contained in a maximal torus.

The proof of Theorem 4.2 can be found in Brocker and tom Dieck [1985],
Theorem (1.6), pg. 159.

Theorem 4.2 implies that all maximal tori are of the same dimension. The
dimension of maximal tori in A is called the rank of A.

Let /| =rank A and let & € L(A). We say that & generates a maximal torus in A
if the set { expt§ :te R } is dense in a torus of dimension /. We have the following

proposition:

Proposition 4.3
The set of & € L(A) which generate a maximal torus is residual (an intersection of
open and dense sets).

Proof
Let T be a maximal torus in A. We identify T with R!/Z! and L(T) with R/
(see Brocker and tom Dieck [1985]), Corollary I, (3.7)). Let

pm _ { & e L(T): i = (&1’ §2’°"3&1) and X m];l =0}
and let

m _ m
EM= A AdgP™.
Since the group A is compact it follows that the image of L(A) under the exponential

mapping is the connected component of the identity in A (see Brocker and tom Dieck
[1985] Theorem IV, (2.2)). Hence, by Theorem 4.2, each { e L(A) has the form

AdgE, € e L(T). Since exp AdgE = cexpto! it follows that { generates a maximal
torus if and only if € does. Also & generates a maximal torus if it is in the complement of
the sets EM forall me Z/. The sets E™ are nowhere dense (see proof of Theorem

4.1"), so the complement of their union is a residual set.
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Throughout we assume the following conditions on the family of vector fields F:

(S1) The orbit X is a trivial relative equilibrium of F. In other words Fy(A, xg) =0

for all values of A.

(S2) There exists Ay >0 and a branch of relative equilibria of Fy, parametrized as
y(A), 0 < A <Agy. The mapping A4 y(A) is smooth on (0, Ag). The points y(A)
have isotropy Z.

Let C‘;(R“ x R, R™) denote the space of smooth families of equivariant tangent

vector fields on R". For a family F satisfying (S1) and (S2) let Y(A) =T'y(A). We

now state Theorem 4.1 more precisely.

Theorem 4.1'
Suppose that a family of vector fields F satisfies (S1) and (S2). Then

(i) Trajectories on the manifolds Y(A) are dense in tori of dimension bounded by
rank(N(Z)/Z).

(ii) There exists a residual set B < Cf;(Rn x R, RM) such that for every H e B there

exists a countable set Iy < (0, Ap) such that forevery A € (0, Ag) \ Iy trajectories
of F+H on the manifolds Y(A) are dense in tori of dimension equal to
rank(N(X2)/X).

Note that Theorem 4.1' is more general than Theorem 4.1: we assume that y(A) is
a branch of relative equilibria of Fn rather than a branch of equilibria of Fn. This
assumption does not increase the complexity of the proof.

Before proving Theorem 4.1' we analyse the following simpler situation. Suppose
that g: R? — R is a I'- equivariant vector field with the following properties:

(VS1) The orbit X is a relative equilibrium of g.
(VS2) There exists ygpe RP, yp& X suchthat Y =Tyq is arelative equilibrium

of g.
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The problem of finding the dynamics on Y has been solved by Field [1980]. Here
we briefly present his results. We start with the following proposition:

Proposition 4.4
Suppose that g(yg) =v. Let £ € L(I') be such that §yg = v. Then y(t) =

exp(t&)yg is the integral curve of g with y(0) =yj.

Proof
. d
Y(T) = g exp(t8)yol,_,

~ exp(t8) Texp((t- DEYo!,,
= exp(tE) C(li—sexp(sﬁ)yo ls=0

By definition cil—sexp(sﬁ)yo li_o=&yo- Hence

y(t) = exp(t&) Eyg =exp(t§)g(yp)
= g(exp(t8)yq) = g(y(1)).

For h:RP—R"! let |h| = suﬁ) | h(x) |. The following theorem gives a complete
xeR™

description of dynamics on relative equilibria of a vetor field g:

Theorem 4.5 (Field [1980], Proposition B1)

Suppose that g : R? — R™ is an equivariant vector field satisfying (VS1) and
(VS2) andlet T be the isotropy subgroup of yo. Then

(i) Every flow trajectory contained in Y has the form z(t) = exp(t§)y, for some
§ e LIN(D)).

(i) The dimension of the torus T =cl { exp(t§)yp: te R} isless or equal to
rank(N(Z)/Z).

(iii) For every € > 0 there exists a vector field h, such that ||h| <€, Y isa

relative equilibrium of h, and the dimension of the closure of trajectories of g+h on Y
equals rank(N(Z)/Z).
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To prove of Theorem 4.5 we need to answer the following question: what are the
possible images of the vector ygp under I'- equivariant vector fields? Suppose that V is

the space of all possible images of y under I-equivariant vector fields, that is
V ={h(y), h: RP >R isa I - equivariant vector field}.

If h isa I'-equivariant vector field then it follows that h(yg) is fixed by all elements in
Zy,. Hence Vc Fix(ZyO). The following proposition shows that the other containment

also occurs:

Proposition 4.6
The space V is equal to the fixed point space of Xy, thatis

V = Fix(Zy,).

Proof
Let Y=Tyg andlet X = Zy,. Suppose that v € Fix(X). We first show that

there exists a smooth and I'-equivariant vector field g : R® — R? such that g(yg) =v.
Let N(Y) be the normal bundle of Y. Recall that N(Y) can be identified with an
invariant neighborhood U of Y in RM It follows that TN(Y) can be identified with
RN We define a vector field h: Ny, — TN(Y) by h(z) =v. Clearly h is smooth and
Z-equivariant. By Proposition 1.1 we can extend h to a smooth, I'- equivariant vector
field g; on N(Y). The properties of the normal bundle N(Y) imply that the vector field
g1 can be identified with a vector field g, defined on U. Let o : R - R be a smooth,
invariant function such that o(yg) =1 and o(x) =0 forall x ¢ U. Let g be defined as

follows:

ax)gy(x) if xe U
g(x) =
0if xeU

Clearly g is smooth, I'-equivariant and g(yg) = v.
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Remark 4.7
The vector field h, described in Theorem 4.5 (iii) can be chosen so that g+h isa
polynomial vector field. The existence of such h can be shown using the equivariant
version of the Stone-Weierstrass approximation theorem (see Poenaru [1976], proof of
Proposition 1, p. 20).

The final ingredient necessary to prove Theorem 4.4 is given by the following

elementary lemma:

Lemma 4.8
The following equalty holds for any y € R:

TyY NFix(Zy) = { &y : & e LN(Zy)) }.

Proof
Let §e L(T), ye R Then &y e Fix(Zy) if and only if exply € Fix(Zy).
This implies that cexpfy = expfy for all © € 2y. It follows that there exists M €
L(N(X)) such that ny = &y. The lemma now follows.

Proof of Theorem 4.5

The theorem is an easy consequence of Proposition 4.4, Proposition 4.6 and
Lemma 4.8.

In the remainder of this section we prove Theorem 4.1'. Let F be a family of
vector fields satisfying (S1) and (S2). We begin by defining a map which assigns to each
He C‘f;(Rn XR,R") acurve & in L(N(Z)/Z) such that (F + H)(y(A), A) = ER)y(h)

for each A in some interval I. Recall that TyY N"Fix Z={&y: £ e L(N(X)) }. Let Vg
be the set of y € R® with isotropy group X. For y € Vy the space {€y: & e
L(N(Z)) } is isomorphic to L(IN(X)/Z). Let E: TyY N Fix £ — L(N(Z)/Z) denote this
isomorphism. Itis clear that = changes smoothly as y is being variedin Vy. Let I be a
subinterval of (0, Ay). The map ®: Co.F(Rn x R, RM) — C*(I, L(N(Z)/Y)) is defined as
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AN = E(F + HH(y(M), M)).

We prove Theorem 4.1' by showing that for a residual set of H e C‘;:(R“ X R, RM") the

curve ®(H) is transverse to all the sets E™ (see Proposition 4.3). Before presenting the
proof we review some concepts related to the Whitney C*™ topology. For a more complete
treatment of this topic see Golubitsky and Guillemin [1973]. Let Z, W be smooth
manifolds. For a positive integer q let J4(Z, W) denote the space of g-jets of smooth
maps from Z to W. We describe a neighborhood basis of a map f in the Whitney C*
topology on C™(Z, W). Let q be a positive integer and let dq be a metric on J(Z, W)
compatible with its topology (such a metric exists by (I, 5.9) in Golubitsky and Guillemin
[1973]). Let 6:Z — R™* be a continous function. Let

Ugs = {ge C7(Z, W) : dq(j9(x), j9(x)) < 8(x) forall xe Z}.

The collection of the sets Ugq,s for all choices of q and & forms a neighborhood basis of
f in the Whitney C*° topology.
Suppose that Z is an open subset of RP, for some p, and W is a vector space.

Then the above mentioned metrics dq can be chosen as follows. Suppose s = dim W.
We identify W with RS. For a positive integer q and g e J4Z, W) let

ol g(x)
gl = x| +/g1+ & _ I==F5

Here o denotes a p-vector of nonnegative integers. We define dq on J4(Z, W) as:
dq(01,02) = [l 81 - 82 llq(x),

where 61,02 € J4(Z, W) and g1, g2 are such that 61 = j9g1(x) and o7 = jdga(x). Itis

easy to see that dy agrees with the topology on J4(Z, W).

Let I be the interval used in the definition of the map ®. Then

Lemma 4.9
If 1< (0,Ag) then @ is continous in the Whitney C* topology.
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Pm]_(,):t CI ={ (yA),A): Ae I}. Inthis proof we use the metrics dy described
prior to the statement of Lemma 4.9. The map ® can be written as
OMH) =Z-H | C(().
Hence © is a composition of two maps: a map ®p given as
OMH) =H|CO)

and a map ©; defined as

A
o H.

[1]

A
H -

The map ©; does not, in general, have to be continous, but it is continous if Ic (O,

Ao). This follows, since I < (0, Ag) implies that for any given q all the partial
derivatives of the function A/~ y(A) are bounded on I. Hence continuity of ®1 can be
established through repeated application of the chain rule. The map ®; is continous by
(11, 3.5) in Golubitsky and Guillemin [1973].

Proof of Theorem 4.1'

Part (i) of the theorem follows from Theorem 4.5.

We now prove part (ii). Suppose that [ is the rank of N(Z)/Z. Let T bea
maximal torus in N(Z)/Z. As in the proof of Proposition 4.3 we identify T with R/ Z!
and L(T) with R!. Recall the definitions of the sets E™ and P™ (see proof of
Proposition 4.3). In the proof of Proposition 4.3 we show that the sets E™ have the
following property: a vector & € L(N(X)/Z) generates a maximal torus if and only if & is
in the complement of E™ for all m in Z.

The sets EM may not be manifolds, but we show that each E™ is a finite union of
manifolds. Let & e P™ andlet A be the isotropy subgroup of & with respect to the
adjoint action of N(Z)/Z on L(N(Z)/Z). Let [ -, -] denote the bracket in L(N(Z)/Z). It
is known (see Brocker and tom Dieck [1985], I, (2.12)) that
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M, 8l = g—t AdexpmC li_» forall n,{e LIN(Z)/Z). (4.1)

The containment P™ < L(T) implies that [E,n] = 0 for all m e P™, Let O®) =

oe ﬁfz)/z AdgE be the orbitof . Let U be a small neighborhood of eA in (N(Z)/Z)/A

and let 6: U — N(Z)/Z be a local cross section. The equation (4.1) implies that TgO(E,.)
N PM ={0}. Itfollows that the map ¥ :U x P™ — L(N(X)/X), given by ¥(u, M) =
Adguyn is a local diffeomorphism near (e, §).

Let E™(A) be the set of all elements of E™ whose isotropy subgroup (with respect
to the adjoint action) is conjugate to A and let P™(A) = P™ N E™(A). Note that P™(A) is
an open subset of P™ N Fix(A). For every & € P™ the corresponding map ¥ is a local
diffeomorphism near (e, ). It follows that E™(A) is a smooth manifold.

Note that the number of the sets E™(A) is finite. This follows from the fact that
N(Z)/Z, being a compact group, has a finite number of conjugacy classes of isotropy
subgroups. Clearly E™ = U E™(A).

The theorem follows from the following assertion:

(*) Forevery me Z, e (0,Ap) there exists an interval I containing W and a set
B™(I) c CZ(R" xR, R") with the following properties:

(1) B™(I) is residual in the C* Whitney topology.
(2) ©(H) is transverse to all the sets E™(A) ateach A e 1.

We first show that the theorem follows from (*). To see this let IT, Irzn ,... bea

sequence of intervals such that 1;1 Irin = (0, Ap) and Bm(I'in) satisfies the properties (1)
and (2). Let B = ‘_ﬁ_lBj(IJ;). It follows that for every H € B the curve ©H) is

transverse to all the sets EM atevery A € (0, Ag). Itis clear that B satisfies the property
required in the statement of Theorem 4.1'.

We now prove (*). Fix m e Z!, a subgroup A ¢ N(Z)/X and M e (0, Ag). Let
IcIpc (0, Ap) be intervals with pe I and Igc (0, Ag). Let Ag be the set of & e
C>=(Ip, LIN(Z)/X)) such that & is transverse to EM(A) ateach A € I. By standard
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transversality arguments (see Golubitsky and Guillemin [1973], (II, 4.5)) the set Ap is
open and dense in the Whitney C* topology. We assume that Iy is the interval used in the
definition of the map ©. Let A = @ 1A, It follows from Lemma 4.9 that A is an

intersection of open sets. We now show that A is dense. Fix He Cf;(R" xR, RM). We

construct a sequence of families {Hj} converging to H and such that each Hj e A. Let
{&i} be a sequence of elements of C*(Ip, L(N(X)/Z)) such that each curve O(H) + &; is
in Ap and the curves &; converge to the 0 curve as i — . Such a sequence exists,
since Ag is dense in C*(Ig, LIN(Z)/X)). To show the existence of the sequence {Hj} it
suffices to prove that for every n € C”(Ip, L(IN(Z)/X)) there exists a family Hy such that
©(Hn)(A) =m(A) forall A e I and such that for every positive integer q the size of
partial derivatives of Hy of order less or equal to q can be estimated by the size of partial
derivatives of M of order less or equal to q. We now give a more precise description of
this estimate. Let ﬁ be a smooth curve of elements of L(N(X)) which projects to 1M in
L(N(X)/Z). Suppose that o is an n-vector of positive integers and [ a positive integer.
Then there exists a constant C, depending only on m, and such that

2lo+BHy (z,1) <c BAN)

4.2
0z0OAB oAB | 42

forall (z,A) € V xIp. Moreover Hy(z,A) =0 for (z,A) ¢ V xIo.
We now construct Hy. Let yo = y(1) and Y =T'yg. Recall that N(Y) is
equivariantly diffeomorphic to an invariant neighborhood of Y in R™. Let V be such a

neighborhood. In the sequel we identify V with N(Y). By shrinking the interval I we
can assume that y(A) € V for all A e I. We can assume that y(A) € Ny, for all Ae L

Otherwise we could replace the curve y(A) by a curve §(A) = Y(A)y(L) with y(A) e
N(Z)/Z. We can now define ﬁ(z, A) as ﬁ(?»)z if ze N Yo and extend this definition by

equivariance (see proof of Proposition 4.6). Let Ugp be a small neighborhood of eX in

I'/Z and let ¢ be a local cross section of 7 (see Section 1). Let ¢ : U XN§’0 be defined
as ¢(u,y)=o0o()y (here N§’0 denotes a disc of radius € around yg in NYO)‘ Recall

that for € small enough ¢ is a diffeomorphism. Let U = ¢(Ug x Ni’o)' We can express

every point z € Ug in local coordinates as G(u)y, y € Ny,, ue U. Then, forevery z
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e U, IA{(Z, A) = G(u)ﬁ(l)z. It is clear from this expression and from smoothness of the
action of I" that (4.2) holds for all z e U. From compactness of Y it follows that the
bound (4.2) holds on a neighborhood Vi of Y in R™ with possibly a different constant
C. With no loss of generality we can assume that V = V. Let W be an invariant

neighborhood of yg such that W < V and suppose that I is chosen so that y(A) € W
forall Ae L. Let h: R®*XR — R be a smooth I'-invariant cut-off function vanishing on
the complement of V xIp and equalto 1 on U XL Let Hy(z, A) = h(z, l)f-I(z, A). Itis
clear that Hy is globally defined and satisfies (4.2).

We complete the proof of (*) by defining B™(I) as the intersection of the sets A
for all choices od A.

For my, mye Z! let E®r™ = EMI ~ EM2. Note that if m; and my are not
colinear then the sets E™'"™ have codimension 2 in L(N(Z)/X). The union of these sets
consists of the elements { € L(N(Z)/Z) which generate a torus of dimension no less than
rank (N(Z)/Z) - 1. In the proof of Theorem 4.1' we could, instead of the sets E™, use
the sets E™™2, Then, for every H € B, the curve ®(H) would be transverse to
all E™™ at each A e (0, Ag). This would imply that if m; and mp were not colinear
then E™™ and ©(H) would not intersect. This property implies the following

proposition:
Proposition 4.10
Suppose that F satisfies (S1) and (S2). Then there exists a residual set B

C‘f;(R“ x R, R™M) such thatif H e B then the dimension of the trajectories of F+H on the

sets Y is greater or equal to rank (N(Z)/Z) - 1.
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S. Hopf bifurcations.
Let xo bein R andlet X =TIxy. Suppose that F: R?x R — R is a smooth

family of equivariant vector fields and X is a relative equilibrium of F for all values of
A. By Theorem 2.1 F = Fy + Fr, where Fy is a family of normal vector fields and Fr
is a family of tangent vector fields. Let G be the family defined at the beginning of
Section 4, thatis G(:, A) is the restriction of Fy(, A) to the normal space Ny, Recall
that xq is the trivial equilibrium of G. We say that the family F has a Hopf bifurcation
near X, if there exists a branch of nontrivial periodic orbits of G emanating from x.
Note that such a bifurcation will generically occur if (dG)(x,,0) has a purely imaginary
eigenvalue.

Suppose that F has a Hopf bifurcation. Let Y(A), Ag > A >0, be a branch of
periodic orbits of G and let y(A) denote the initial conditions for the trajectories Y(A).
We assume that all the points y(A) have the same isotropy subgroup . Let Zy( be the

group of symmetries of the set Y(A), thatis
Zyay={0€ Iyt GY() = YO }.

We assume that all the sets Y(A) have the same group of symmetries Zy.

Let Z(A) denote the group orbits of the sets Y(A). Theorem 2.2 guarantees that
the sets Z(A) are invariant under the flow of F. The goal of this section is to analyze that
flow of F on the sets Z(A). Our analysis is based on the following result: every
trajectory of F on Z is dense in a k+1-dimensional torus, with k frequencies given by
the drift along group orbits and the additional frequency corresponding to the motion along
the periodic orbit Y. This result was obtained by Field [1980], Proposition B2. Field
also showed that the number of the drift frequencies is bounded by rank (N(X)/X).

This section contains two main results. The first of these results is a modification
of the theorem of Field. We assume that f is a smooth I'-equivariant vector field, X isa
relative equilibrium of f and Y is a periodic orbit of fy. Let Z=T17Y. The theorem states
that the trajectories on Z are dense in tori of dimension k+1, with k <rank N(Zy)/Zy.
For some choices of f rank (N(Zy)/Zy) < rank (N(Z)/Z). This is illustrated in Example

5.3.
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Our second main result (Theorem 5.2) deals with the dynamics of the family of
vector fields F on the sets Z(A). The theorem states that, given a generic family of vector
fields F, there exists a countable set Lo < (0, Ag) such that if A ¢ Ly then the
trajectories on Z(A) are dense in tori of maximal dimension. In Proposition 5.9 we
strengthen this result by showing that generically the dimension of trajectories on Z(A)
drops only by 1.

We now state the first of the two main theorems. Let f: R — RI be a smooth,
I"-equivariant vector field with the following properties:

(VH1) The orbit X is a relative equilibrium of f.
(VH2) The vector field fy has a periodic orbit Y ={ y(t): te [0, T] }, T is the

period of Y.

Let Zy denote the group of symmetries of Y andlet Z=I"Y. We have:

Theorem 5.1
All trajectories on the set Z are dense in k+1-dimensional tori, k < rank

N(Zy)/Zy. For every € >0 there exists a smooth and I'-equivariant vector field h such

that || h || <€, h satisfies (VH1) and (VH2) and such that the trajectories of f+h on the
set Z are dense in tori of dimension equal to rank N(Zy)/Zy + 1.

We now state the second main theorem. Let F: R? — R be a smooth family of
I"equivariant vector fields with the following properties:

(H1) The orbit X is a relative equilibrium of F for all values of A € R.
(H2) There exists Ag >0 and a branch of periodic orbits of Fy, parametrized as
(A, Y(A)), 0 <A <Ay, with initial conditions yj. All the elements y) have the

same isotropy subgroups X and all the sets Y(A) have the same group of
symmetries Zy. The map A /4> y) is smooth on the interval (0, Ap).

For a family of vector fields satisfying (H1) and (H2) let Z(A) = T'Y(A). We have the
following theorem:
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