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Abstract

In this thesis, we develop a topological framework for studying the twisted homology
of certain families of braid subgroups, which arise naturally as the fundamental groups
of various configuration spaces. Our construction relies on a new cellular stratification
of configuration spaces of the plane with punctures, based on the classical Fox—-Neuwirth
stratification of configuration spaces of the plane.

Using this new tool, we identify the homology of braid groups on punctured genus-0
surfaces with exponential coefficients arising from braided vector spaces, with the coho-
mology of certain bimodules over a quantum shuffle algebra. This structural theorem
has several consequences. First, we give a complete characterization of the homology of
Artin groups of type B with one-dimensional twisted coefficients over a field of charac-
teristic 0. Second, we compute the homology of genus-0 surface braid groups and prove
a vanishing range for the homology of mixed braid groups with certain one-dimensional
twisted coefficients. Third, we prove an upper bound on the Betti numbers of Hurwitz
spaces over punctured curves of genus 0.

Our topological findings have applications in number theory. We give an upper bound
on character sums of the resultant over pairs of monic squarefree polynomials of given
degrees, answering and generalizing a question of Ellenberg and Shusterman. Finally,
we sketch a blueprint for proving the upper bound in a version of the weak Malle’s
conjecture on the enumeration of finite extensions of [F,(¢) with specified Galois group,
bounded discriminant, and prescribed ramification at finitely many primes, refining a

result of Ellenberg—Tran—Westerland.
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Chapter 1

Introduction

1.1 Homology of braid groups and generalizations

Braid groups and their generalizations have been a historically rich object of study from
a homological standpoint. The cohomology of braid groups with trivial coefficients was
established in the 1970s by Arnol’d [4], Fuks [48], F. Cohen [29, 30], and Vainshtein
[90]. Callegaro [20] computed their homology with coefficients in R[q, ¢~ !], the ring of
Laurent polynomials over a ring R, when R = Z or R is a generic field. For specific
local coefficients, the (co)homology of braid groups with coefficients in the (reduced) Bu-
rau representation was determined by De Concini-Procesi-Salvetti [34] and Chen [26],
while the case with coefficients in the Tong—Yang—Ma representation was treated by
Callegaro-Moroni—Salvetti [23]. For arbitrary polynomial coefficients, Randal-Williams
and Wahl [78] showed that the twisted homology of braid groups stabilizes when the
number of strands is large relative to the homological degree, a phenomenon commonly
known as homological stability. Notable examples of polynomial braid representations
include the Burau representations, the Tong—Yang-Ma representations [88], and the
Lawrence—Krammer—Bigelow representations [63, 62, 15| whose polynomiality was newly
established by Palmer and Soulié [77]. More recently, Ellenberg—Tran—Westerland [40]
studied the homology of braid groups with exponential coefficients arising from braided
vector spaces, and produced explicit computations in some cases and upper bounds
in others. Finally, Bergstrom-Diaconu—Petersen—Westerland [9] computed the stable

homology and Miller—Patzt—Petersen—Randal-Williams [74] proved a uniform range of
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homological stability in the case when the coefficients come from an irreducible represen-
tation of symplectic groups, in particular relevant to the integral Burau representation
of braid groups.

Braid groups are famously known to be the fundamental groups of configuration
spaces of the plane. Naturally, a generalization of braid groups in topology arises
from fundamental groups of configuration spaces of surfaces, called the surface braid
groups. Fewer homological computations are known for these groups. The rational
homology of surface braid groups on an arbitrary surface of finite type was computed
by Drummond-Cole and Knudsen [36], subsuming calculations for specific surfaces by
Arnol’d [3], Bodigheimer—Cohen [17], Salvatore [80], Wang [95], and Knudsen [60]. In
the case of once-punctured orientable surfaces, the homology of surface braid groups
with mod p coefficients was studied using different approaches by Bianchi-Stavrou [14],
Brantner-Hahn-Knudsen [19], and Chen-Zhang [25|. For coefficients in polynomial rep-
resentations such as the An—Ko representations [2], the twisted homology of surface braid
groups again exhibits stability by the work of Randal-Williams and Wahl [78].

Another important generalization of braid groups in geometric group theory and
combinatorics is the Artin groups, a variant of the well-studied Coxeter groups. For other
Artin and Coxeter groups, again few homological computations are established. The
integral cohomology of Artin groups of types B and D was computed by Gorjunov [52],
and those of Artin groups associated with exceptional Coxeter groups were determined by
Salvetti [82]. De Concini—Procesi-Salvetti-Stumbo [35] calculated the cohomology of all
finite-type Artin groups with coefficients in Q[q, ¢~!], while the homology of Artin groups
of type B with coefficients in Q[g™!, ¢*!] was studied by Callegaro-Moroni-Salvetti [22,
23]. A general approach to the computation of the cohomology of Artin and Coxeter
groups was detailed in [81, 82, 83|. More recently, Boyd [18] determined the second
and third integral homology of an arbitrary finitely generated Coxeter group, while the
second mod 2 homology of an arbitrary Artin group was computed by Akita and Liu [1].
For a review of the (co)homology of braid groups and relatives, as well as other results

on generalized braid groups, see [47, 92, 93, 21, 71].



1.2 Main topological results

Recall that a braided vector space over a field k is a finite dimensional vector space V
equipped with an automorphism o : V® V. — V ® V that satisfies the braid equation
(c®id)o (id®0o)o(c®id) = (id® o) o (¢ ®id) o (id ® o) on V®3. There is a natural
representation of the braid group B, on V®" where the standard generator o; of B,
acts by id®! ® ¢ ® id®" "L, Furthermore, we may define a braided, graded Hopf
algebra named the quantum shuffle algebra 2A(V'), whose underlying coalgebra is the
cofree coalgebra on V' and multiplication is given by a shuffle product involving the
braiding o (Definition 2.2.3). Shuffle algebras have previously been used to express the
cellular homology of configuration spaces and consequently the homology of braid groups
with certain twisted coefficients [48, 90, 72, 20, 56]. However, very little is known about
the quantum shuffle algebra and its cohomology. Some notable characterizations of this
algebra can be found in 37, 79, 64].

The topological framework developed in this dissertation is inspired by the work
of Ellenberg-Tran-Westerland [40] on the homology of braid groups with coefficients
arising from braided vector spaces. In particular, they identified the homology of the
braid group B, with coefficients in V®" with the cohomology of the quantum shuffle
algebra 2 = A(V.*), where V" is the dual vector space V* with the braiding dual to that
of V' and twisted by a sign.

Theorem 1.2.1 (Ellenberg—Tran—Westerland [40]). There is an isomorphism
Hy(Bn; V®™) = Exty 7" (k, k)

where the first index in the bigrading on Ext is the homological degree, and the second
the internal degree. Furthermore, the natural multiplication on the braid homology is

carried to the Yoneda product on Ext; that is,

é H.(B,; V") = P Exty " (k,k)
n=0 n

s an isomorphism of bigraded rings.

In Chapters 3-6, we will develop and prove analogs of Theorem 1.2.1 for certain braid
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subgroups that arise naturally as the fundamental groups of various configuration spaces.
Given a topological space X, the n'" (unordered) configuration space of X, Conf,(X),
parameterizes sets of n distinct unlabelled points in X. The classical configuration
spaces of the plane are famously known to be the classifying spaces of the braid groups.
Several variations of configuration spaces will be considered throughout this dissertation,

including:

e Ordered configuration space PConf, (C) parameterizing sets of n distinct labelled

points on the plane, whose fundamental group is the pure braid group PBy;

e Bicolor configuration space Conf,, ,,(C) parameterizing sets of n unlabelled blue
points and m unlabelled red points (all distinct) on the plane, whose fundamental

group is the mized braid group By, ,,; and

o Configuration space of surface Conf,, (X ,) where ¥ ;,, denotes a surface of genus g
with m punctures, whose fundamental group is the surface braid group By, (Xgm).
In particular, we are concerned with the case when the surface is C,, := C\
{z1,...,2m}, the plane with m punctures for any m > 1, where there is a choice

of inclusion B,,(C,,) C By, as subgroups of the braid group By .

We remark that the latter two families of fundamental groups overlap precisely at B, 1 =
B, (Cy), which coincidentally is isomorphic to the Artin group of type B,. For this
reason, this case enjoys several nice properties and is often treated separately in this
document.

Given a braided vector space V and another (possibly braided) vector space W, under
mild assumptions there is a nice representation of the mixed braid group Bj, ,, on V®"®
We™m  analogous to the representation of B,, on V®". This restricts to a representation of
B, (C,,) on the same vector space. Our main topological theorem expresses the homology
of B, (C,,) with coefficients in this representation as the cohomology of certain bimodules

over the quantum shuffle algebra 2.

Theorem 1.2.2. Let My = My = --- = M, = MV, W), a certain A-bimodule
depending on the pair (V,W') (Definition 5.1.1). Then, there is an isomorphism

H.(Bn(Cp,); VO™ @ WE™) = Exty. " <9ﬁ1 % My % . <§> M, k>



where A° = A R AP is the enveloping algebra of 2.

Bigrading indices on Ext follow the notation in Theorem 1.2.1. This result is proved
in Theorem 5.2.1 for the special case m = 1, where there are less restrictions on the pair
(V,W), and Theorem 6.3.4 in full generality.

More generally, in Sections 5.4 and 6.1, we develop a framework for studying the ho-
mology of B,,(C,,) with arbitrary coefficients. Our construction relies on a new cellular
stratification of Conf,,(C,,), based on the classical Fox-Neuwirth stratification of config-
uration spaces of the plane introduced by Fox—Neuwirth [46] and Fuks [48]. We are also
inspired by the work of Ellenberg—Tran—Westerland [40] who introduced a framework
for computing the twisted homology of configuration spaces of the plane with arbitrary
coefficients. We remark that for the special case m = 1, we give an alternate short al-
gebraic proof for Theorem 1.2.2 by utilizing their framework and the theory of induced
representation of braid subgroups. For the general case, our argument involves a del-
icate interplay between the geometric approach using explicit cellular models and the
algebraic approach using induced representations.

Theorem 1.2.2 has several computational consequences. In Section 5.3, by special-
izing V and W to be one-dimensional vector spaces over a field of characteristic 0,
we give a complete characterization of the homology of Artin groups of type B with
one-dimensional twisted coefficients (Theorem 5.3.9). In Section 6.4, with the same spe-
cialization, we compute the homology of genus-0 surface braid groups (Theorems 6.4.1
and 6.4.3) and prove a vanishing range for the homology of mixed braid groups (Corol-
laries 6.4.2 and 6.4.4) with certain one-dimensional twisted coefficients relevant to the
arithmetic application in Chapter 7. Finally, in Chapter 8, we prove an upper bound on
the Betti numbers of certain finite covers of Conf, (C,,) and discuss an application in
arithmetic statistics.

The translations between homological study of spaces and number theory, especially
arithmetic statistics, typically employ the Grothendieck—Lefschetz trace formula (pos-
sibly with twisted coefficients), Weil conjectures, and various comparison theorems in
étale cohomology theory (see, e.g., |27, 45]). Notable examples that involve configuration
spaces include work of Ellenberg—Venkatesh~Westerland [42] on the Cohen-Lenstra con-
jecture over function fields, Liu-Wood—Zureick-Brown [66] on the distribution of Galois

groups of maximal unramified extensions of I'-extensions of F,(¢), Ellenberg-Landesman
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[39] on the distribution of Selmer groups of quadratic twist families of abelian varieties

over function fields, and Bergstrom-Diaconu—Petersen—Westerland [9] and Miller-Patzt—

Petersen—Randal-Williams [74] on the asymptotics of moments of quadratic L-functions.

1.3 Character sums of the resultant

A beautiful classical fact in number theory is that two monic polynomials f and g

in one variable of positive degrees over a field k share a common root if and only if

an integer-coefficient polynomial expression of their coefficients, named the resultant

R(f,g), vanishes. If

f@)=2"+an_12" -+ a1x + ag

and

g(z) = 2™ + byy_12™ L - £ by + by,

then R(f,g) can be computed by taking the determinant of the polynomials’ Sylvester

matrix:

ao

R(f,9) =

0

a1

ag
0
b1

bo

0

a

b1

An—1 1 0

an—1 1
ag al oo ap—1 1
bt 10 0
b1 1 0
bo by R |

Alternatively, the resultant is given by the product formula

where z1,...,x, are roots of f and y,...

extension of k.

7z(fag):: Il(xi_'yﬁ

,J

, Ym are roots of ¢ in any algebraically closed
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This classical concept was first introduced by Cayley [24] in the context of elimi-
nation theory and has since found abundant applications in generalizing the notion of
discriminants, solving systems of polynomial equations, and proving important theorems
such as Bezout’s Theorem and Hilbert’s Nullstellensatz. A beautiful survey on the gen-
eral theory of resultants from this perspective can be found in [49]. Over a field k, the
resultant can be interpreted as a map R : Ap x A" — All(, where the affine spaces A}, and
A}’ may be identified with the spaces of monic degree-n and degree-m polynomials over
k. The resultant locus Al x A7\ R~1(0), namely the space of pairs of monic coprime
polynomials of degrees n and m, is a classically studied object, whereas the topology
and arithmetic of the hypersurface R~!(1) were recently studied by Farb and Wolfson
[44] when n = m.
Fix a finite field F,, a prime ¢ invertible in Fy, and a choice of inclusion Q, C C. Let
X : Fg — C be a nontrivial character. In Chapter 7, we are concerned with the character

sum

FX(n’ m> Q) = ZX(R(fa g))
fig

where f and g range over monic squarefree polynomials of degrees n and m over F,.
This sum was first considered by Ellenberg and Shusterman [38| in the case when x
is the quadratic character. Characters of the resultant over finite fields are analogs of
residue symbols for polynomials (e.g., the Jacobi symbol when the associated character
is quadratic) and therefore play a central role in recent work on quadratic reciprocity
[28] as well as Dirichlet series and Mobius functions over function fields [84, 85, 86].
Our main result is an upper bound on the character sum F,(n,m,q) as a function

of ¢:
Theorem 1.3.1. Let x be a nontrivial character of F,. Then

n+m+1l—max(n,m)/2 _ |

V-1

| < 92n+2m—1 q

|FX(TL, m, Q)

if x is quadratic, and

n+m+(1-max(n,m))/2 _ 1

Vi1

By (n,m, q)| < 22n+2m-14




otherwise.

This result is proved in Theorem 7.0.1. As a consequence, we make the following
observation about the asymptotic behavior of character averages of the resultant (Corol-
lary 7.0.2).

Corollary 1.3.2. For a sufficiently large q, the asymptotic average of a nontrivial char-
acter of the resultant over pairs of monic squarefree polynomials over Fy approaches 0

as the degree of either or both polynomials grows indefinitely.

We translate this problem to topology. Let Conf,, ,, denote the space of pairs of monic
squarefree coprime polynomials of degrees n and m. Observe that the sum F) (n,m,q)
is the same as

Fy(n,m,q) = > X(R(f,9)

(f,9)€Confy m(Fq)

since R(f,g) = 0 whenever f and g share a common root. By pulling back the Kum-
mer sheaf £, associated to the multiplicative character x along the resultant map
R : Conf, ,, — A'\ {0}, we obtain a rank-1 local system R*L, on Conf, , with
the property that the trace of Frobenius acting on the stalk at (f,g) € Conf, ,(F,)
equals x(R(f,g)). By the standard machinery of arithmetic topology described above,
F\(n,m,q) can then be approached by studying the homology of the bicolor configura-
tion space Confy, ,,(C) with coefficients in R*L,,. Theorem 1.3.1 then follows from our

homological computations in Corollaries 6.4.2 and 6.4.4.

1.4 Malle’s conjecture for function fields

Another fundamental problem in number theory is the enumeration of global fields,
which include number fields (finite algebraic extensions of Q) and function fields (finite
algebraic extensions of Fy(t)). Given a global field K and a finite extension L/K of
degree d, the two basic invariants of L/K are the Galois group Gal(L/K), a transitive
subgroup of Sy, and the discriminant A(L/K), a real number measuring the extent
to which L/K is ramified. Given G C Sy, define a(G) := [mingeq f13ind(g)] ™! where
ind(g) =d— #({1,...,d}/(g)) is the index of an element g € S.
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Conjecture 1.4.1 (Malle [68, 69]). Let Ng(K, X) be the number of isomorphism classes

of degree-d extensions L of a global field K with Galois group G and discriminant
IA(L/K)| < X.

1. (Weak) For e > 0, there exist positive constants c1(K,G) and ca(K, G, €) such that

a XD < No(K, X) < cp XU+,

2. (Strong) There exists a positive constant ¢(K,G) such that
Na(K, X) ~ X% (log X)*~?

for a specific constant b(K, G).

The strong Malle’s conjecture was shown to hold when G is abelian by Wright [98],
when G = S35 by Davenport-Heilbronn [33| and Datskovsky—Wright [32], and when G =
S4, S5 by Bhargava and collaborators [10, 11, 12]. Kliiners [58| gave a counterexample
to Malle’s conjectured formula for b(K,G), and subsequently Tiirkelli [89] proposed
a slight modification of Conjecture 1.4.1.2 which accommodates this result. In the
number field setting, there is recent work of Kliiners [59] and Koymans—Pagano [61]
when G is nilpotent, and of Wang and collaborators [94, 73] when G is a direct product
of a small finite group with an abelian group. Switching to the function field setting,
Ellenberg-Venkatesh—Westerland [42] proved Conjecture 1.4.1.2 when K = F,(t) and
G is a generalized dihedral group of order prime to ¢q. For general GG, beyond bounds
when G = Sy which are far from Malle’s prediction [41, 13, 65], very little was known
until recent work of Ellenberg—Tran—Westerland [40] which established the upper bound
in the weak Malle’s conjecture over Fy(t) for all choices of the Galois group G and all
sufficiently large ¢. In fact, they proved the upper bound in a more general version
of Conjecture 1.4.1.1 where the local monodromy at the ramified places of Fy(t) is
contained in a specified conjugacy invariant subset ¢ of G. For any such subset c,
let ind(c) = mingecind(g) and a(G,c) := ind(c) 1.

Theorem 1.4.2 (Ellenberg-Tran-Westerland [40]). Let N&(Fy(t), X) be the number of

isomorphism classes of degree-d extensions L of Fy(t) with Galois group G, discriminant
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|IA(L/F4(t))| < X, and all local monodromy elements contained in a conjugacy invariant
subset ¢ of G. Then, there exist constants e(G,c), C(G,c), and Q(G,c) such that for all
q > Q coprime to |G| and all X > 0,

NE(F,(), X) < CX*(@) (log X)° 1.

When ¢ = G\ {1}, Theorem 1.4.2 implies the upper bound in Conjecture 1.4.1.1 for
K = F,(t). It was noted in [40] that the lower bound can be obtained in a few cases
without significant improvements of their methods, and in general the constant e(G, c)
differs from the constant b(K, G) in Conjecture 1.4.1.2 (see Remark 7.17 of [40]).

Their proof of Theorem 1.4.2 relies on a homological computation of configuration
spaces. Since Fy(t) is the function field of the affine line A%q (or the projective line
IP’Iqu), a degree-d extension L of Fy(t) is the function field of a degree-d branched cover
f : SpecOr, — SpecF,[t] = Al. Thus, to count G-extensions of F,(t) with bounded
discriminant and local monodromy in ¢, it suffices to count the number of F,-rational
points on Hurwitz moduli stacks Hng, , parameterizing branched G-covers of Al with
the number n of branched points bounded and local monodromy in ¢. Via the standard
machinery of arithmetic topology, this problem can be approached by studying the
homology of the complex points of Hng, ,,. These homology groups can be approximated
by the homology of the topological Hurwitz spaces Hurg, (cf. Ellenberg—Venkatesh—
Westerland [42]) defined as follows. Observe that there is an action of the braid group
B,, on the finite set ¢*™, called the Hurwitz action, such that the standard generator of

B,, acts by
oi(g1, -+, 9n) = (91, - - ,gifh9i+1,9;+119i9i+1,gi+2, ooy Gn)-
Then, Hurg, , is the space
Hurg, , == ég/nfn((C) xp, "

where C/c;/nfn((C) is the universal cover of Conf,,(C) and the action of the braid group is
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diagonal. It follows that

H,(Hurg,,(C); k) = H.(B,; V™)

where V' = kc forms a braided vector space with the braiding given by the Hurwitz
action and extended linearly. Theorem 1.2.1 coupled with the following upper bound on
the cohomology of the quantum shuffle algebra 2{ then provides the necessary topological

input for proving Theorem 1.4.2.

Theorem 1.4.3 (Ellenberg—Tran—Westerland [40]). For some constants B(G,c), C(G,c),
and the constant e(G,c) appearing in Theorem 1.4.2,

rk Exty 7" (k, k) < Cn®"1B7.

The constant e(G, ¢) in Theorem 1.4.2 is the Gelfand—Kirillov dimension of the ring

R of components of the Hurwitz spaces Hurg, ,:

o0 ) o0
R = @D Ho(Hw; ,,; k) = @ Ho(Bn; V") = @ Exty" (k, k).
n=0 n=0 n=0
It can be described combinatorially: e is the maximum of the number of H-conjugacy
classes making up ¢ N H over all subgroups H < G. In particular, e = 1 if and only if ¢
consists of a single conjugacy class and (G, ¢) satisfies the non-splitting condition of [42]
(see Remark 7.17 of [40]). Typically, e < |G].

In Chapter 8, we sketch a proof of a refined version of Theorem 1.4.2 with additional
specification of the ramification at finitely many primes. The enumeration of global
fields with specified local conditions is the subject of the Malle-Bhargava principle (see,
e.g., [97]). This heuristic predicts, for example, that specifying the ramification at a
finite number of ramified primes does not change the order of growth of the number of
G-extensions of a global field K with bounded discriminant, provided that there is at
least one G-extension of K with this local behavior (see Remark 1.2 of [69)]).

Fix a finite set p = (p1,...,px) of primes in Fy[t]. For every 1 < i < k, let m; be
the degree of p;, and let m := Zf::l m;. Fix a finite group G C S; and a finite set

c = (cp,c1,...,c) of conjugacy invariant subsets of G, i.e., unions of conjugacy classes
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in G. The main result of Chapter 8 is the following:

Theorem 1.4.4. Let N5°(F,(t), X) be the number of isomorphism classes of degree-
d extensions L of Fy(t) with Galois group G, discriminant |[A(L/Fq(t))] < X, local
monodromy at the prime p; contained in c; for every 1 < i < k, and all other local
monodromy elements contained in co. Then, there exist constants C(G,p,c) and Q(G, cp)

such that for all ¢ > @Q coprime to |G| and all X > 0,
NES(E(t), X) < CX G0 (log X ) Geortm1

where a(G, cg) is the constant predicted by Malle’s conjecture and e(G, cp) is the constant

appearing in Theorem 1.4.2.

This statement recovers the power term in Theorem 1.4.2 when ¢; C ¢y for all 1 <

i < k. More importantly, when ¢g € U;¢; =: ¢, oftentimes a(G,cp) < a(G,c). Thus,
Theorem 1.4.4 provides a finer upper bound than Theorem 1.4.2 when, for example,
most of the local monodromy elements except at a finite number of ramified primes
belong to a conjugacy invariant subset ¢y of large index.

As before, our proof strategy involves reducing the counting problem to a homological
computation of configuration spaces with twisted coefficients. Theorem 1.4.4 then follows

from an upper bound on the Betti numbers of a variant of Hurwitz spaces over punctured

curves of genus 0, denoted by Hurgfn.

Theorem 1.4.5. For some constants C(G,p,c), B(G,cp), and the constant e(G,cp)
appearing in Theorem 1.4.2,

rk H;(Hurls 1 k) < Cn®t™ 157,

This statement is proved in Theorem 8.0.2. The homology of Hur’gcn is precisely the
homology of Conf,,(C,,) with coefficients arising from the braided vector spaces V; = k¢;.
Theorem 1.4.5 then results from a variant of Theorem 1.2.2 (Proposition 8.0.3) coupled

with the upper bound on the cohomology of 2 in Theorem 1.4.3.



Chapter 2

Preliminaries

In this chapter, we will give a brief review of concepts in topology and quantum algebra
that are central to the discussion in this dissertation, such as configuration spaces, braid
groups, braided vector spaces, and quantum shuffle algebras. The content of this chapter
is extracted from Sections 3.1 of [54], 2.1 of [55], and 2.1 and 2.5 of [40].

2.1 Configuration spaces and fundamental groups

The central subject of study in this dissertation is configuration spaces and their varia-

tions. Let X be a topological space.

Definition 2.1.1. The n'" (unordered) configuration space of X is the space of un-

ordered sets of n points in X, i.e.,
Conf,(X) = {{z1,...,xn} C X r 2y #xj if i # j}.

Another important variation of configuration spaces is the following:

Definition 2.1.2. The n'" ordered configuration space of X is the space of n-tuples of

points in X, i.e.,
PConf, (X) = {(z1,...,zn) € X" 1 x; # z; if 1 # j}.
There is a natural action of the symmetric group S,, on PConf, (X) by permuting the

13
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Figure 2.1: Pure braid generator ¢;;.

coordinates. The quotient space PConf, (X)/S, can be identified with the unordered
configuration space Conf,(X). The topology on PConf,(X) C X™ is the subspace
topology, whereas Conf,, (X) is equipped with the quotient topology.

The fundamental group of Conf,(X) is called the braid group on n strands on X,
denoted by B,(X). When X = C, Conf,(C) and PConf, (C) are the well-studied
unordered and ordered configuration spaces of the plane. From an algebro-geometric
point of view, Conf, (C) can also be interpreted as the complex points of the space Conf,,
of monic squarefree polynomials, via the identification which sends such a polynomial
to its complex roots. The fundamental group of PConf,,(C) is the pure braid group on n
strands P B,,, whereas the braid group on C is precisely the classical Artin’s braid group

By, (cf. [5, 6]), which may be presented as
B, = (01,...,0pn-1: 005 = 0j0; if |i — j| > 1;040i410; = 0110i0i41).
There is an exact sequence of groups
1—-PB,— B, — 5, —~1,

where the map B,, — S,, sends a braid b to its underlying permutation b [46]. The pure
braid group PB, can be presented as a subgroup of B, generated by the elements

-1 -1 2
H’L] = Ui “ee 0']__20-]._10-]472 ce O

for 1 <i < j <n [16]'; geometrically, the generator ;; is represented by the braid that

wraps the 7*" strand around the j** strand (see Figure 2.1).

!Strictly speaking, our formula of 6;; represents a mirror image of the pure braid generators given by
[16]. This alternate choice of generators proves to be more compatible with our topological constructions
in this paper.



15

\ )
\&/\)\

Figure 2.2: A (2,3)-mixed braid.

Observe that there is an action of the group S, x S,, as a subgroup of S,4,, on
PConf, 4+, (C). The quotient space PConf,, 4, (C)/(Syn X Spm) can be identified with the

following space:

Definition 2.1.3. The (n, m)-bicolor configuration space Conf,, n,(C) is the space of all

configurations of n blue points and m red points, all distinct, in C. That is,
Confy, ;(C) == {{b1,....bn,71,...,"m} 2 by # bj, 1 #rj if i # j;b; # r; for all 4, j}.

Its fundamental group is the (n, m)-mized braid group By, p,, the preimage of S, x
S under the projection B4y — Spem- Equivalently, B, ,, may be identified with
the subgroup of B4, consisting of braids that preserve the partition (n,m) on the
endpoints. By convention, we color the strands starting from the first n endpoints blue
and the others red (see Figure 2.2). Manfredini [70] gave a presentation of this group,

in terms of the braid generators {o;}i-, of Byt and 7, = 072“ with the relations

oi0; = ojo; if |i — j| > 1;
0iTn = Tpo; and 0;04410; = 0;410;0:41 if i <nm — 1 or ¢ > n;
OiTnOiTn = TnoiTno; if 1 =n—1,n+1; and

—1 -1 -1 —1
On—1Tn0p, 10n+1Tn0p 1 = On+1Tn0, 10n—1Tn0, 1
In particular, the group B, 1 has a shorter list of relations:
00 = 005 if ‘Z —]| > 1;

0;Tn, = Tno; and 0i0i+10; = 01100441 ifi<n-— 1; and

OiTnOiTn = Tn0iTno; if i =n — 1.

Pictorially, the generators o;<n, 0;>n, and 7, are represented by the crossings of two

blue strands, two red strands, and the full twist of the n'" strand (blue) and the n + 15
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Figure 2.3: Mixed braid generators o;<y, 0j>n, and 7,.

~.

strand (red), respectively (see Figure 2.3). For simplicity, in this document we will refer
to these types of generators as the blue, red, and mixed generators, respectively.

Fadell and Neuwirth [43| showed that there is a fiber sequence
Conf,(C,,) = Conf, ,(C) — Conf,,(C)
that results in an exact sequence of fundamental groups
1 — By(Cy,) = By — By, — 1

where B,,(C,,) is the surface braid group on n strands on C,, = 3o 41, a surface of genus
0 with m + 1 punctures. This group is isomorphic to the subgroup of B4, consisting
of braids whose last m strands are straight, or equivalently, (n,m)-mixed braids with
only straight red strands. For m = 1, B,(C*) is isomorphic to the (n,1)-mixed braid
group By, 1, due to the fact that it is always possible to “straighten” the last pure strand.
In general, as evidenced by the exact sequence above, By, (C,,) is a subgroup of B, ,
of infinite index for m > 2. For this reason, the case of B,, ;1 will be treated separately
throughout our discussion.

Bellingeri and Godelle [8] gave a positive presentation of all surface braid groups; in
particular, B,(C,,) can be generated by the generators o1, ...,0,-1 of Bytm, and the
generators 0,; for n +1 < j < n + m of the pure braid group PB4, subject to the

relations

0,0 = 00 for |7, —]‘ > 1;
0i0nj = Opjo; and 0;0;410; = 044105041 fori <n—1land n+1<j <n+m;
Un—lgnjan—lenj = anan—lenjan—l forn +1< J<n-+m; and

O'n_lenjenkdn_ygnk = anan_lenjenkdn_l forn+1<j<k<n+m.
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: ; R -1 2 . A I
We may rewrite the pure braid generator 8;; = o, .0 507 10j—2...0; as 0;; =

Oj—1... Ji+1ai20;+11 . a;_ll (see Figure 2.1). It follows that there is a natural embedding
of B,(C,,) into By, ;,, that sends the generators o; to the corresponding o; in By, ,, for
1<i<n-—1,and 0, to Uj,l...JnHTno;il...U;_ll forn+1<j3<n+m.

Finally, we remark that the groups B, and B, also arise in group theory and
combinatorics as the Artin groups of types A,_1 and B,. Therefore, the subject of

study in this paper could be of independent interests to researchers working in these

fields.

2.2 Braided vector spaces and quantum shuffle algebras

Let k be a field; unless otherwise noted, all tensor products will be over k.

Recall that the groupoid # = Up,>o[*/By] of all braid groups has the structure
of a braided monoidal category. The family of strictly monoidal functors ® : & —
FinVecty forms the category of monoidal braid representations, where FinVecty denotes

the category of finite dimensional k-vector spaces.

Definition 2.2.1. A braided vector space V over k is a finite dimensional k-vector space
equipped with an invertible braiding o : V® V. — V ® V such that it satisfies the braid

equation on V®3:
(c®id)o(id®o)o(0c®id) = (id®o)o (o ®id) o (id ® o).

Braided vector spaces form a category where morphisms (V;,01) — (V,02) are k-
linear maps f : Vi3 — V, that satisfy (f ® f) oo1 = 020 (f ® f). There is a natural
action of B, on V®" defined by 0; — id® ! @ ¢ ® id®" 1.

Proposition 2.2.2 (Ellenberg—Tran—Westerland [40]). There is a pair of inverse equiva-
lences between the categories of monoidal braid representations and braided vector spaces

that send ® to ®(1) and V to the braid representation on VE" discussed above.

Recall that an (n,m)-shuffle v : {1,...,n} U{l,...,m} — {1,...,n+m} is a
bijection that preserves the order on both {1,...,n} and {1,...,m}. Alternatively, an

(n, m)-shuffle is a permutation of S, , that preserves the order on the first n and the last
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Figure 2.4: Lifting an (n,m)-shuffle to a braid.

m elements. Let Sh(n, m) denote the set of all (n, m)-shuffles. Given any shuffle v, there
is a choice of a lift ¥ € Bj,1,, given by the braid that shuffles the endpoints according
to v by moving the right m strands in front of the left n strands (see Figure 2.4).

Let (V,0) be a braided vector space. We will write elements of V®" using bar

complex notation, i.e., [a1]...|a,].

Definition 2.2.3. The quantum shuffle algebra (V') is a braided, graded bialgebra: its

underlying coalgebra is the tensor coalgebra

(V) = EPver

n>0

with the deconcatenation coproduct A, equipped with a multiplication given by the

quantum shuffle product:
lax .. fan] % [b1] .. o] = Flaal .. - anlbr] .. . [bm]
¥

where the sum is over all (n, m)-shuffles .

The quantum shuffle algebra has the structure of a Hopf algebra in a braided monoidal

category. For more specific properties of this algebra, see |75, 79, 64, 57, 40].



Chapter 3

Representations of mixed braid

groups

In this chapter, we will explore the representation theory of mixed braid groups. In
particular, we will construct representations of mixed braid groups from braided vector
spaces and study their inductions. Recall that the families of mixed braid groups and
surface braid groups on the plane with punctures overlap precisely at By, 1 = B,,(C*); in
general, B,,(C,,) is isomorphic to a subgroup of B,, ,, of infinite index. It turns out that
this distinction plays an important role in our topological arguments, for reasons that
will become evident in Chapters 5 and 6. As a result, we proceed to address the case of
B, 1 separately in the next four chapters. The content of this chapter is extracted from
Sections 2.2-2.3 of [55] and 3.2-3.3 of [54].

3.1 Left-braided and mixed-braided vector spaces

The purpose of this section is to develop a representation for mixed braid groups using
analogs of braided vector spaces. We will first start with B,, 1, then address the more
general case B, p,.

Given a representation of Bj,i1, we may obtain a representation of the subgroup
By, 1 by restriction. Let (V, o) be a braided vector space. Recall that we have a B, -
representation on V®*+1 which we can restrict to a By, 1-representation on the same

vector space. The action of the generator o; of B, 1 for all 1 <i < n — 1 is the same

19
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as that of the corresponding o; of B, 1, while the last generator 7, acts on V"t by
squaring the action of o, i.e., 7, — id®" 1 @ 0. If we restrict this action on the last
two tensor factors, it is clearly given by a mapping 7 := 062 : V®V — V @ V that
preserves the order of the factors; furthermore, in this restricted representation, there
is no well-defined action of the group B, ; that applies the braiding ¢ individually to
these two factors. In other words, we lose information about the action of the generator
op of Bpy1 on VO which can only be recovered partially as the “square root” of the
action of 7, € By, 1 on the same space. We will generalize this restricted representation

into a family of B,, 1-representations based on the observations above.

Definition 3.1.1. A left-braided vector space (V, W) over k is a pair of finite dimensional
k-vector spaces V and W, where V is a braided vector space with a braiding o, further
equipped with another isomorphism 7 : V@ W — V ® W such that it satisfies an
additional braid equation on V&2 @ W:

(c®id)o(id®T)o(c®id)o (id® 1) =(id® 7)o (0 ®id) o (id® 7) o (0 ® id).

We may define a morphism between left-braided vector spaces (Vi, W, 01,71) and
(Va, Wa, 09, 72) to be a pair of k-linear maps fy : V4 — Vo and fy : W; — Wa where fy
is a morphism of braided vector spaces (V1,01) — (V2,02) and fy satisfies the relation:
(fv @ fw)om = 1o (fy ® fw) on V3 @ Wi. The collection of left-braided vector spaces
then forms a category. Similar to the case of braided vector spaces, we may define an
action of B, on VE" @ W by 0; +— id® ' @ o ®id" " forall 1 < i < n — 1 and

T, = 1d®" ™1 @ 7. From this identification, the following is straight-forward:

Proposition 3.1.2. Given a left-braided vector space (V,W,o,7), V" @ W provides a

representation for the group B, 1.

Example 3.1.3. Given V = W = k, we can define a left-braided vector space (V, W)
with braidings o and 7 given by multiplications by ¢ and p respectively, for some p, g €
k*. The braid action of By, 1 on the representation V®" @ W = k is therefore given by
oir—~qforalll <i<mn-—1andT7,+—p.

Example 3.1.4. If (V, o) is a braided vector space, then (V,V, o, 0?) forms a left-braided

vector space. In this case, there is an obvious choice for the “square root” of the braiding
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T = 02; generally, this is not the case. We will discuss this matter in the next section.
The B, 1-representation constructed from this left-braided vector space per Propo-
sition 3.1.2 is precisely the restricted representation to By, 1 of the previously described

B4 1-representation on yontl

Recall that there is a bijection between the category of strictly monoidal functors
® : A — FinVecty and the category of braided vector spaces. There is a similar
functorial description for the category of left-braided vector spaces. Define the category
% of (n,1)-mixed braid groups to be the wide subcategory of the groupoid % of braid
groups with morphisms given only by their (n,1)-mixed braid subgroups: the objects
n of € are indexed by positive integers, and the morphisms in € are automorphisms
of n given by the group B,_1 1, i.e., Homg(n,n) = By,_1 1. There is a tensor product
#B x ¢ — ¢ induced by the homomorphism B,, X By, 1 — Bj4m,1 that places braids
side-by-side. It is easy to see that this tensor product must agree with the tensor product

in the groupoid 4 via the inclusion map € «— 4, i.e., the diagram

BXEC — BXRPB

®l l@

C —— A

commutes (up to natural isomorphism), i.e., € is a left tensor ideal in A.

Given a left-braided vector space (V, W, o, 7), while a monoidal functor ¢ : # —
FinVecty is enough to capture all data of the braided vector space (V,o), we need
an additional functor ¥ : ¥ — FinVecty to capture the information of the vector
space W and the braiding 7. In addition, these functors must be compatible with the
tensor product # x € — € discussed above. These observations lead to the following

identification of the category of left-braided vector spaces.

Proposition 3.1.5. There is an equivalence of categories between the category of left-
braided vector spaces and the category F of pairs of functors ® : 8 — FinVecty and
U : € — FinVecty that satisfy the following conditions:

1. ® is a monoidal functor; and
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2. The diagram

B x ¢ 2%, FinVecty, x FinVecty

0| Jo

¢ —*r FinVecty

commutes (up to natural isomorphism,).

Proof. Tt is not hard to see that the collection of such pairs of functors (®, ¥) forms a
well-defined category when equipped with pairs of natural transformations as morphisms.
Given a functor pair (®,¥) € %, we obtain a left-braided vector space by setting
V = &(1) and W = ¥(1). The braiding morphism o is the image under ® of the
positive generator of Homg(2,2) = By = Z, while 7 is obtained by applying ¥ to the
positive generator of Hom¢(2,2) = By = Z. Condition (1) enforces that (V,o) is
a braided vector space by Proposition 2.2.2; meanwhile, (2) maintains that the tensor
product in the representation is compatible with the tensor product in the categories
2% and €. Conversely, given an arbitrary left-braided vector space (V, W, o, 7), we have
constructed above a Bj-representation on V" and a B, -representation on V®™
W. It is straightforward to verify that these identifications are inverses (up to natural
isomorphism) and hence form a pair of inverse equivalences between the category of left-

braided vector spaces and the category .% of functor pairs (®, V) that satisfy (1-2). O

We now turn our attention to representations of arbitrary mixed braid groups B, ,,
coming from braided vector spaces. Observe that the presentation of B, ,, for m > 2
given by Manfredini [70] is more complicated than that of By 1, specifically with the
appearance of the red generators o;~, and new relations involving them. Subsequently,
we need a suitable alteration of the constructions above to produce a representation for
Bym.

Definition 3.1.6. A mized-braided vector space (V,W,7) over k is a pair of braided
vector spaces (V, oy ) and (W, ow ), equipped with an isomorphism 7: VW — VW

(called the mized braiding) which satisfies braid equations:

(1) (ocy ®id)o(id® 7)o (oy ®id) o (id®7) = (Id®@ 7)o (0y ®id) o (iId® 7) 0 (oy ®1id)
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on V&2 @ W;

(2) (T®id)o(id®@ow)o(t®id)o(ild®ow) = (Id@ow) o (T®@id) o (id ® o) o (T ®1id)
on V ® W% and

(3) (ov ®id®?) o (id ® 7 ®id) o (o' ®id®?) 0 (iId®? @ ow) o (id ® T ® id) o (1d®? ® o)

= ({d®? @ ow) o (id® 7 ®id) o (Id*? ® oy} ) 0 (oy ®1d®?) o (id ® T ®id) o (07, ® id®?)

on V&2 g W2,

Observe that a mixed-braided vector space (V, W, 7) is in fact a left-braided vector
space where W is braided in such a way that is compatible with the braidings oy and
7. The mixed-braided vector spaces form a subcategory of the category of left-braided
vector spaces, where the morphisms need to satisfy an additional condition that fy is
a morphism of braided vector spaces.

As in the previous constructions, we may define an action of the (n, m)-mixed braid
group By, on VE" @ W™ by mapping o; to id®* ™! @ oy @ id®" ™™ 170 if 1 < <
n—1, and id® ! ® o ® id®"T™ 1 if n +1 < i < n+m — 1, and mapping 7, to

id®" 1 @ 7 ®1d®™" L. From this identification, the following is straightforward:

Proposition 3.1.7. Given a mized-braided vector space (V,W, 1), VE" QW™ provides

a representation for the (n,m)-mized braid group By, .

While it is unclear to the author whether all left-braided vector spaces can be endowed
with more structures to form mixed-braided vector spaces, conventional wisdom suggests
a negative answer. However, for a few natural examples that are most relevant to the

discussion in this dissertation, it is easy to make such modifications.

Example 3.1.8. Example 3.1.3 can be extended to produce a mixed-braided vector
space. Given V. = W = k, we can endow the pair (V,W) with the braidings oy,
ow, and 7 given by multiplications by ¢, u, and p respectively, for some p,q,u € k*.
The braid action of B, ,, on the representation V& @ W®™ = k is therefore given by

Oi<n &> q, Oj>p — u, and T, +— p.

Example 3.1.9. Similarly, if (V,0) is a braided vector space, then (V,V,o?) forms a

mixed-braided vector space. The resulting B,, ,,-representation per Proposition 3.1.7 is
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-~ n+1

1 i1 n+1

Figure 3.1: Coset representative m

precisely the restricted representation to By, ,, of the monoidal braid representation of

Bn+m on V®n+m.

3.2 Induced representation of B, ;

Recall that there is a natural inclusion of B, 1 into the braid group B, 11 that identifies
elements of By, 1 with braids of n + 1 strands whose last strand is pure. Consider the

left cosets of By, 1 in By41.

Proposition 3.2.1. The collection of left cosets of By 1 in By1 has the form
Bn+1/Bn,1 = {OT'L'_,:L_Jr/an,l}?ill

where o py1 15 the (n,1)-shuffle that sends n + 1 to i, and m is its lift to Bpiq.

Ezxplicitly, m =0j...0n—10p for all1 <1 <n and oyq1 041 = id.

Proof. We claim that the left cosets aB, 1 are indexed by the image of the n + 15
endpoint under the braid a € By, 41, and therefore |By, 1 : By, 1| = n+1. This statement,
particularly the second fact, was proved by Crisp [31] in slightly different language. For
any ai,a2 € Bny1, a1Bp1 = a2By1 as cosets iff al_laQ € Bp1. Let a denote the
underlying permutation of a braid a, then this is equivalent to a1 tag(n + 1) = n + 1,
or ai(n + 1) = ag(n + 1). So we have a simple characterization of the cosets of B, 1
in By,41: two braid elements of B, are in the same coset of B, ; if and only if their
underlying permutations map n + 1 to the same number. Since there are n 4 1 choices
for the image, the index of B,, 1 in B, is n+ 1. Furthermore, we may explicitly choose
representatives for the cosets of By, 1 to be the lift of all (n,1)-shuffles o p41. It is a

straightforward exercise to derive the stated formulae for these elements. O



25
The second index of a representative element m records the number of strands
in the braid; when this datum is unambiguous it is omitted from the notation.
Given a representation of any subgroup, we may define a representation of the parent
group by means of the induced representation. Let L be a representation of By 1. The
braid representation of B, 1 on L induces a representation on

Indp" " (L) = k[Bu+1] @uqp,.,) L

n,l

of the braid group B,i1. We may give a more detailed description of this induced
representation based on the cosets of the subgroup B, 1 in B,, 1 described above. Since
the collection {a7,...,ant1} gives a full set of representatives in By, 11 for the left cosets

of By 1, as vector spaces, the induced representation can be identified as

n+1
Indp™*'(L) = P aiL.
=1

Here each a;L is an isomorphic copy of the vector space L whose elements are written
as a;¢ where £ € L. We may give a concrete description of the action of the braid group

on this induced representation.

Proposition 3.2.2. The action of the braid group Bn4+1 on the induced representation
Indg:tl(L) is given by

n+1 n+1

0> il = ag)[(Gan) tadi)(4)]
=1 =1

where (@flaoﬁ&)(&) is obtained by applying the action of 07;(;)71aa7i €By1ont el
for every 1 <i<mn+41.

Proof. Since the collection {a; :.L:Jrll forms a full set of representatives, for each a € Bj,41

and each «;, there exist b; € B, 1 and &7 such that aq; = a;bi. The action of @ on an

element in the induced representation is defined by

n+1 n+1

a) aili =Y a;bi(l)]
=1 =1
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where the action of b; on ¢; is defined by the B, 1-representation L. In this case, we can
make specific choices for the elements «; and b;. Since the underlying permutation of
b = a; ‘a@; € By, fixes n + 1, it follows that a;(n + 1) = alai(n + 1)] = a(i), thus
J = a(i). Hence the choices of aj = a4y and b; = @fla&i for each summand in the
element of the representation give the desired action of the braid group Bj,+1 on the

induced representation Indgztl (L). O

Corollary 3.2.3. The action of the generators of Bp+1 on Indgztl(L) can be expressed

in terms of the action of the generators of B, 1 in the following way:

ailom ()] 1<m<i—2
- &:16 m=14—1
Um(Otif) = - _ 1 .
air1[(aimnas™ ) (0)] m=i
i[om-1(£)] i+1<m<n+1.
Strictly speaking, the element of B, presented in the formula when m = i is

not entirely in terms of the generators of B, 1, since &; contains the braid element
on € Bpt1\By,1. However, it can be rewritten as airna; = oy copoiot. Lot =

K3
2 _—1 -1 _ —1 1
O .On_1030,_1...0; =0j...0n 1Tpn0p_1.-.0; € Bp1.

Proof. We will prove this statement case-by-case.

Case 1 (1 < m < i—2): This case follows directly from the commutativity of
non-adjacent braid generators.

Case 2 (m = i — 1): Observe that as braid elements, a;—1 = o0;_1q;. Hence
oi—1(0il) = ai1[(qis1 " oim165)(6)] = aia L.

Case 8 (m = i): It is equivalent to prove that &;:flaid} = 071-0%02_1 as braid
elements for all i. We will prove this case by induction on ¢ with the starting index
1 = n. The base case is simple: om_lan&} = (id)opo, = 02.

Suppose the hypothesis holds for all £ > i, i.e., &Z:l_lakc’i;; = &ZJZ&\IQ_I. To

show that it holds for ¢ — 1, first we apply the statement of case 2 to the right side:
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2

()T_la%oflffl = (ai_l@)an(@_la;ll). By the induction hypothesis, it follows that

~ o~ 1\ 1 _ N | — 1

oi—1(aiona; o,y = oi1(ir1 0405)0,_ = air1 0i-104(00611)0;_
~ 1~ ~1 1 —

= oy (O'iai—lai)o'igi_lai—l—l = Q O'i—l(Uz'Ui—lo'i)Uz‘_laH-l

~—1 -1 —~— _ ~-1 — ~—1 —
=Q; 0, 10-1040;_10;, 101 = & 0;_1(0;_10;011) = @ 03_10G_1.

Case 4 (i+1 < m < n+1): We will use another induction argument on ¢ with
the starting index ¢ = n. The base case i = n is vacuously true. For ¢ = n — 1,
we only need to check when m = n; this case follows directly from the braid rela-
tion in Bui1: 0 (@n16) = anil(@n1 ' onn1)(0)] = anmil(on ont 1 0non100)(0)] =
1‘7;—110n710n0n71)(€)] = ap_1lon-1(0)].

Suppose the statement holds true for all k& > i, i.e., op(arl) = aglom—1(¢)] for all
kE+1<m<n+1. We will make use of the fact that for all k, aj_1£ = op_1(arf) as

an—1(o7,

proved in case 2. For m >+ 1,
Om(i—1l) = omoi—1(ail) = oi—10m(il) = 0i—10;[om-1(0)] = ai—1[om—1(¢)].
For m =1,
oi(ai_1l) = oi0i-10i(ix1l) = 0i—10i0i—1(it10) = oi—105ai41]0i—1(0)] = a_1[oi—1(0)].

We have verified the action of the generators of B, 11 on Indgztl(L) for all cases,

hence the proof is finished. O

This corollary highlights a benefit of our choice of the coset representatives {d}}?jll.
Since the composition of braid actions works well with the braid multiplication, the fact
that we understand the action of the generators of Bj,11 in terms of the action of the
generators of B, ; implies that it is possible to decompose a general braid action on
Indﬁﬁl (L) into a series of actions of the generators of the subgroup B,, 1 on the original
representation L.

Consider when L = V®" @ W, the representation of By,1 formed from a left-braided
vector space (V, W, o, 7) per Proposition 3.1.2. Recall that the induced representation

Indgztl (V" @ W) can be written as the direct sum @?:11 Qint1(VE" @ W) where each
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m(V@m ® W) is isomorphic to V¥ @ W. For all 1 <i < n+ 1, since a; 41 sends
n+1 to i, it is natural to identify a; np1(VE"@W) with VE~l@W @ V@~ (as vector
spaces), where W is the i*M tensor factor, via an isomorphism Sintl m(V‘@”@W) =
Vel o W @ VO~i+1 This yields the following identification:

Proposition 3.2.4. There is an isomorphism of vector spaces

n+1
Bt 1,® ~ ®i—1 ®n—i+1
Ind," ' (VE" @ W) = PV e W @ Ver-t,
i=1
Moreover, given a choice of isomorphism & pi1 @ Gt (VO @ W) — VO 1@ W @
Ven—itl for all 1 <i < n+ 1, there is a By 1-action on EB?:JHI VoIl oW @ Ven—itl

defined by a — fg(i)7n+1a£;r}+1, such that this is an isomorphism of B, 41-representations.

Proof. The isomorphism of B, 1-representations follows immediately from the definition
of the action of Byy1 on @I, VOl @ W g Ven—itl, =

By convention, &,+1,+1 is always the identity map. The second index of the map
& n+1 again denotes the total degree of the domain and is omitted from the notation
if there is no ambiguity. Observe that on the right hand side, we can apply braids
that “move” the factor W, an operation that is forbidden in the B,, j-representation on
V& @ W. This allows for a more intuitive framework to study the action of B, on
the induced representation, analogous to its action in the monoidal braid representation
on V®ntl

As in the quantum shuffle algebra, we will also denote elements of V€1 @ W ®
V@n=itl by the bar complex notation, i.e., [v1]...|v;i_1|w|vit1] ... |vas1]. In a specific
case of composition of braid actions, if we apply the braid element o, to an element in
an(V®" @ W), we obtain

on(@nlvy] ... [vn|w]) = (62)[v1]. .. |va|w] = (A% @ 7)[v1]. . . [va|w)].

Hence on the vector space V" @ W, o,, acts as the “left square root” of the braid action

of 7,,. Formally, we may define maps s1: V" @ W — VOl @ W @V by

[1] ... |on|w] = En(opnlvr] . .. Jvp|w])
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—1
VP R (VE-1g W @ Vi—itl) g Ven—p—d & aprin1 (VO @ W)
id®p®§;ql+l®id®"*1’*q
VO @ Qi1 (VI @ W) ® VE—P=d
1d®PRa@id®" P4 a’

~

VEP © oy g (VI @ W) @ VEr P

id®P @€ (i) g1 ®IAZ P71

~

- : éa’ i),n —_
Ve @ (Vo)1 g W @ Vi—ad+l) g yOn—p—q Zlpte)ntl prmi (VE" @ W)

Figure 3.2: Diagram 2.
and so: VOl W eV - Ve oW by

[orl ot |w]onss] = o6 o1l - [onot|ew]vnsa])

that can be treated as “left square roots” of the braiding map id®" ! ® 7 in the Bpy1-
representation on Indgztl (Ve @ W).

Observe that in ger;eral, the B, j-action on @' V-1 @ W @ VE—+1 while
slightly more intuitive than the induced representation, does not have an explicit formula
that can be used for computation. This issue is more tractable when the representation
on @IVl @ W @ V1 hehaves similarly to that on V™1 in the sense that
the B, 1-action on a tensor subfactor V=1 @ W @ V=1 of a summand V&' ~! @
W g Vit agrees with the B, 1-action on the entire summand for all 1 < ¢ < n and
1 <i < g+ 1. That is, we desire the following property: for any a € By, Diagram
2 (Figure 3.2) commutes, where the braid o’ is the natural inclusion of a into the copy
By+1 < Bj41 consisting of braids that are only nontrivial on the ¢ + 1 strands starting

with the p + 15¢. The following proposition gives criteria to detect this property.

Proposition 3.2.5. Let ;. : VO L@ W — VOl W @ VO be defined by @i =
EinQin foralln > 1 and 1 <i < n, and in particular denote ¢ := @19 = &1 200 2. Then

Diagram 2 always commutes if and only if

1. @i = (1% 1@ o @id®" " 1) o (iId% @ p ®id®" %) 0. 0 (Id®" 2 @ )
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and the following identities hold:

2. (ld®o)o(p®id)o(id®¢) = (p®id) o (id ® ¢) o (0 ®id);
3 (1®id)o (ild® ¢) = (Id® ¢) o (e ®id) o ([d® 7)o (¢! ®id).

Proof. Since every braid action is decomposable into those of the generators, it suffices
to study the commutativity of Diagram & for all braid generators. By a straightforward
yet arduous reduction, we can show that Diagram 2 commutes for all braid generators

if and only if the following identities hold:
(a) (id% @ @i, @ 1" P ) Pprgn = Opring

©inTm ifm<i-—2

(b) ompin = for o, =1d*™ ' ® 0 @ id®" ™" !: and

GinOm-1 ifm>it1

-1 —1 ®j—1 @n—j—1
(¢) Tic1Pim = Pin(Cic1...On—2Tn—10,_o...0,_ ), for 7; = id® 1 @ r @id®n—7-1,

71—

We will show that these conditions are equivalent to (1-3).
First, we will prove that given a choice of ¢ = 19, (1) is equivalent to (a). It is
easy to see that the formula given in (1) for ¢; , satisfies (a). Conversely, assuming (a),

we will derive (1) by induction on n. The base case n = 3 can be checked directly:

o3 =(1d® p12)p33=1d® ¢
and
13 = (P12 ®id)p23 = (p ®id) o (id ® ¢).
Suppose the formula holds for n. Consider ¢; 1. For all 1 <14 < n, we have
Citint1 = (Id ® ¥in)Pntin+1
=id ® [(id®i71 ® © ® id@nfifl) o (id®i ® © ® id®n7if2) 0---0 (id®nf2 ® (,O)]

= (id¥ ® p®id®" ") o (1[d®* ™ @ p ®1d®" ") 0 0 (Id¥" T ® ¢).

Finally, apply the above formula for g 541 to ¥1,n41 = (@12 ®id®n_1)<,027n+1 to complete

the remaining case. With this identification, observe that (b) gives o2p13 = ¢1,301,
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which is (2), and (c) gives T1p2 3 = p23(c1m207 '), which is (3). So the forward direction
of the statement holds.

Conversely, assume (1-3). For simplicity, let ¢; := id®" ! ® p ® id®" "1, then we

may rewrite these formulae as
L. Yin = QiPit1---Pn-1;

2. 0it19iPit1 = PiPit10i;

_ -1

3. TiPit1l = Pit10iTi+10;

In addition to these identities, note that o,¢; = ;o whenever |m —i| > 2. To
prove (b), observe that if m < i —2, op@in = @i -Pn-1 = Qi - Pp_10m =
©inOm, since o, commutes with each ¢;. If m > 74 1, by applying (1) and (2), we
have ompin = @i Pm—20mPm—1Pm - Pn-1 = Pi- - Pm-1PmOm—-1Pm+1 - - - Pn—-1 =
Qi Pn—10m—1 = Qinom—1, so (b) is satisfied. We will prove (c) by backward induc-
tion on 7 for a fixed n. The base case i = n — 1 is precisely (3). Suppose that (c) holds

for . We then have

-1 -1
Ti—2Pi—1n = Ti—2Pi—1Pin = Pi—10i—2Ti—10, oPin = Pi—10i—2Ti—1Pin0; o

-1 -1 -1
= (pi_le‘_Qtpi’n(Ui_l < On—2Tn—-10,_9 ... Uifl)aifQ

-1 -1 _—1
= Qi 19in(0i20i1... On—2Ti—10,_ 9 .- 01;10@-,2)

-1 -1
= ‘pi—Ln(O'i_Q e Op—2Ti—10, 9 ... az’—2)'
This concludes our induction. O

It follows that our desired property for the action of B,y on EB?;Lll V-l oW
Ven—i+l can be detected by the existence of an isomorphism ¢ : VoW — W@V
satisfying (2-3) in Proposition 3.2.5. In principle, the choices of maps ¢ and &2 :
a1 2(Ve@W) — W ®V are equivalent via the relation ¢ = £ 201 2; in practice however,
given an explicit left-braided vector space, it is often more convenient to construct a
map ¢, due to the fact that aj2(V ® W) is abstract. Observe that these identities
directly involve the braiding maps o and 7 of the left-braided vector space (V, W), while
p: VW — WV plays the role of the “left square root” of 7. These criteria therefore



32
are strictly internal to the structure of left-braided vector spaces, as encapsulated in the

following definition:

Definition 3.2.6. A left-braided vector space (V, W, o, 7) is separable if there exists an
isomorphism ¢ : V@ W — W ® V (called the separated braiding) that satisfies the
following braid equations on V&% @ W

L (i[d®o)o(p®id)o (id®¢) = (¢ ®id) o (id ® ¢) o (0 ® id);
2. (T®id) o (i[d®¢) = ({d®¢)o (¢ ®id) o (id® 7) o (¢! ®id).

A separable left-braided vector space (V, W, o, ) with the choice of separated braiding
¢ is denoted by (V, W, 0,1, ¢).

Example 3.2.7. When V = W = k, the left-braided vector space in Example 3.1.3 is
separable with the separated braiding ¢ given simply by permutation of tensor factors.

Generally, this choice of ¢ does not satisfy (2). One such example is (V,V,0,0?)
for a given braided vector space (Vo) (see Example 3.1.4). In this case, however, the

left-braided vector space is separable with the obvious choice p = o.

Separability of a left-braided vector space (V, W) is integrally connected to the exis-

tence of a braid structure on the direct sum V @ W.

Proposition 3.2.8. Let V and W be finite dimensional k-vector spaces, and let X =
VoW . Suppose there is an automorphism ox of (VOW)®? 2 V2g(VeW)a(WaV)d
W2 defined summand-wise by isomorphisms oy : V2 5 VO2 o . VoW - WV,
VWV VW, and oy : W2 — W2,

1. If (X,0x) is a braided vector space, then (V,W, oy, T, ) is a separable left-braided

vector space where T = Yp;

2. A weak version of the converse holds: if the assumption on ox is relaxed by setting
ow =0 (in particular, ox is no longer an isomorphism) and (V,W, oy, T, ) is a
separable left-braided vector space, then (X, ox) is a lax braided vector space, i.e.,

the map ox satisfies the braid equation on X®3:

(cx ®id)o (id®ox)o(ox ®id) = (ld®ox) o (ox ®id) o (id ® o).
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Proof. This proof rests on the following key observation: (X,ox) is a (lax) braided

vector space if and only if the braid equation holds on each of the eight summands of
(Ve Ww)® ie.,

(a) (oy ®id) o (id® ov) o (oy ®id) = (id ® oy) o (oy ®id) o (id ® oy );
(b) (p®id)o(id® ¢)o (oy ®id) = (id ® oy ) o (p ®id) o (id @ p);

(€) (Y@id)o(ld®oy)oe(p®id) = ([d®¢)o (ov @id) o (id @ ¥);

(d) (ov ®id) o (id® ) o (¥ ®id) = (id® 1) o (¢ ®id) o (id ® o );

(e) (ow ®id)o (Id®p)o (p®id) = (id ® ¢) o (p ®id) o (id ® ow);

(f) (p®id) o (id® ow) o (¥ ®id) = (id ® 1) o (o @ id) o (id @ );

(g) (Y @id)o(id®)o (ow @id) = (iId@ow) o (¢ @id) o (id @ ¢);

(h) (ow ®id) o (id ® ow) o (ow ®id) = (Id ® ow) o (ow ®id) o (id ® ow).

When oy = 0, (e-h) are automatically satisfied, so it suffices to show that (a-d)
are the necessary and sufficient conditions for the braid structure and separability of
(V,W,ov,T,¢). The arguments for both directions are very similar; here we will only
show the proof of the first part of the statement. For the rest of this proof, we will use
the notation o1 := oy ® id and o3 := id ® oy, and analogous notations for 7, ¢, and .

Assume (a—d). First we show that (V, W, oy, 7) is a left-braided vector space where
T = 9. Condition (a) implies that (V, oy ) is a braided vector space. For the additional

braid equation, we have

2017201 = Y2(p20192) 201 = (Yap102)(p1p201)
= 019Y2(P102¢1)p2 = 01(Yagp2)o1(Y2p2) = 017201 Ts.

So indeed (V, W, oy, 7) forms a left-braided vector space. Condition (b) is the same as
(1) in Definition 3.2.6, while for (2) we have:

T1pa = P1(p19201)0] - = (Y10201) 0207t = pao1thapaor T = paoimeor .

Therefore (V, W, oy, 7) is separable with the separated braiding ¢. O
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Roughly speaking, Proposition 3.2.8 states that the separability of a left-braided
vector space (V, W) is equivalent to half of the data of a braid structure on V @ W. This
fact again exhibits an asymmetry in the structure of left-braided vector spaces, which
stems from the nature of (n, 1)-mixed braid groups. Finally, when (V, W) is a separable
left-braided vector space, Propositions 3.2.5 and 3.2.8 together imply that there is a
simple description of the action of B, in the braid representation on @?:11 Vel g
W @ V®=i+l defined in Proposition 3.2.4:

Corollary 3.2.9. Let (V,W,o,T,¢) be a separable left-braided vector space. Then there
is an isomorphism of Byy1-representations
n+1
Bn+1 /7,80 ~ ®i—1 ®@n—i+1
Ind," ' (Ve @ W) =PV taweV

=1

where the action of Bp+1 on @?:Jrll VOl @ W @ V=it s defined by

(1d®™ 1 @ o @id®" ™) [vy|. .. |Jwi|. .. Jvpe1]  m A — 1,0
omlv] .. Jwil o fvnga] = (1A @ @ @ id®T ) o] L wl - vn] m=1i-1
(1d®" ! @ 1o @ 1d®" ) vy ... Jwy] - . - [vni1] m = i.

3.3 Induced representations of other mixed braid groups

Recall that an (n, m)-shuffle is a permutation of n+m elements that preserves the order
on the first n and the last m elements. An (n, m)-shuffle 4 can be completely determined
by an indexing set Z = {i1,... i} where iy, = y(n+k) (1 <ip < -+ < iy <n+m).
We denote the (n, m)-shuffle defined by the indexing set Z by vz p1m; the second index
will usually be omitted when there is no ambiguity. If Z = (i1,...,%,) is an m-tuple
whose elements are distinct but not necessarily increasing, we let the associated shuffle
YZn+m be the (n, m)-shuffle determined by the underlying set of Z.

Consider the left cosets of By, , in By .

Proposition 3.3.1. The collection of left cosets of By m in Byym has the form

Bytm/Bnm = {@Bpm : @ € Sh(n,m)}.
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Proof. This is a simple generalization of Proposition 3.2.1. We claim that the left cosets
aBy, m, are indexed by the image of the integer interval [n+1, n+m] under the underlying
permutation of the braid a € By4,,. For any ai,a2 € Byim, a1Bpm = 2By as
cosets iff a;'az € By, By definition, this is equivalent to a; ~taz([n + 1,n +m]) =
[n+1,n+m], or ai([n + 1,n + m]) = az([n + 1,n + m]). So we have a simple
characterization of the cosets of By, ;, in Bp4p: two braid elements of B,,1,, are in the
same coset of By, ,, if and only if the images of the interval [n + 1,7 + m] under their

n+m) )

underlying permutations coincide. It follows that the index of B, ;,, in B4y, is ( o

Furthermore, if we impose that the underlying permutations of the representative braids
preserve the order on [n+1, n+m], observe that an explicit choice for the representatives

of the cosets of B,, ,, is the collection of the lifts of all (n, m)-shuffles o, as desired. [

Since {a : a € Sh(n,m)} forms a full set of representatives, for each a € By, 4, and
each a, there exist uniquely elements b € B, ,, and o such that a@ = o/b. We may
give a concrete description of these elements. For any (n, m)-shuffle az and p € S;4,
let po, denote the (n, m)-shuffle associated to p(Z) = (p(41),...,p(im)). Note that in
general, p,, = paz if and only if p preserves the order on Z and [n + m] \ Z. Since the
underlying permutation of b = (&’ ) taaz € By m preserves [n + 1,n + m], it follows
that o/([n + 1,n +m]) = aaz([n + 1,n + m]) = a(Z) as unordered sets. By the above
definition, o/ = a,,_, so b = a, laa.

In the topological setup of this paper (see Sections 4.3 and 6.1), braids often arise
from lifting shuffles on n + m elements that preserve the order on the set Z of overall
positions of the fixed points in a configuration. As a result, we are particularly interested
in the case when the i;-h and z'};h strands of the braid a are pairwise parallel for all distinct
ij,1; € Z. In this case, for all n +1 < j <k < n+m, the 7™ and k™ strands of b are
always parallel in each successive component «, a, and @;_1. This property allows us
to straighten each of the last m strands in the braid, which implies that b € B,(C,,).
Moreover, since a preserves the order on Z, the tuple a(Z) = (a(i1),...,a(in)) already
has the desired increasing order defining the shuffle a,.

As in the previous section, given a B,, ,,-representation L, we may study the induced

representation

Bn m
Indann (L) = k[Bn+m] ®k[Bn,m} L
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explicitly using the cosets of the subgroup B, ,, in B, described above. Since the
collection {a : a € Sh(n,m)} gives a full set of representatives in B, for the left
cosets of By, ,,, as vector spaces, the induced representation can be identified as

Indg"(L)= P aL.

n,m

a€Sh(n,m)

Here each aL is an isomorphic copy of the vector space L whose elements are written as
al where £ € L. An explicit formula for the action of the braid group on this induced

representation follows immediately from the previous paragraphs.

Proposition 3.3.2. The action of the braid group Bnim on the induced representation

Indgztnm(L) is given by
a > dla= Y a (@ lad) ()]
a€eSh(n,m) a€eSh(n,m)

By a case-by-case analysis similar to the proof of Corollary 3.2.3, we obtain the

following computation:

Corollary 3.3.3. Let Z = (i1,...,im) be the indexing set of an (n,m)-shuffle o, and
Tiph = (i1,... ik +h, ... im). The action of the generators of Byym on Indg:tnm (L) can

be expressed in terms of the action of the generators of By, ., in the following way:

¢

aloi(0)] 1<i<ip—1

aloi—k(0)] 1<k<m-—1yip<i<igy1—1

aloi—m(0)] m <i<n4+m

oi(al) = S Alopir(f)] 1<k<m—1yi=ip=ip1—1

ag, L 1<k<m,i=ip—1>1d,_1
@:[(gik,kﬂ . Un_19n7n+k0',;_11 . Ji£k+1)(€)]

{ 1<k<m,i=i; <igsy1 —1,

_ -1 —1
where Opnik = Ontk—1-- Ont1Tn0p 41 - Oy g q-

Let (V, W, T) be a mixed-braided vector space. Recall that there is a representation
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of Bym on V& @ W®™ by Proposition 3.1.7. Consider the induced representation
Indgztr’f(‘/@" ® W®™). Each summand &(V®" @ W®™) of this induced representation
is isor’norphic to VO @ W™ Since there is a one-to-one correspondence between the
set of (n,m)-shuffles and tuples Z = (i1,...,4y) of m strictly increasing integers in

[1,7 4+ m], it is natural to identify az ,ym(VE" @ W®™) with
VEITl@W Ve Tl W e @ W @ VEHmin,

where the z’}ch tensor factor is W for all 1 < k < m, via an isomorphism &7 ,4m :
Zmim(VER @ WEm) 5 VOi-lg W @ Vo-u-lg W g. .. W ®@ VETm=in_ The

following mirrors Proposition 3.2.4:

Proposition 3.3.4. There is an isomorphism of vector spaces

Ind" ™ (VO™ @ WO™) = Prverteowe Ve leWe @ W e VETm T
’ I
where T runs over all tuples (i1, ... ,im) with 1 <i; < -+ <y <n+m.
Moreover, given a choice of isomorphisms &7 nim, there is a By, i;,-action on the
right hand side defined by a — §Q(I)a§z_1, such that the above is an isomorphism of

By m-representations.

Proof. The first statement results directly from the previous paragraph. The second

follows immediately from the definition of the action. O

By convention, &7 ,4m is always the identity if Z = (n+1,...,n + m). The second
index of the map {7 4+, again denotes the total degree of the domain and is omitted
from the notation if there is no ambiguity. Observe that on the right hand side, we
can apply braids that “swap” V and W, an operation that is forbidden in the B, p,-
representation on V®" @ W™, This allows for a more intuitive framework to study
the action of B, on the induced representation, more analogous to its action in the
monoidal braid representation on V®"t™  As in the quantum shuffle algebra, we will
also denote elements of V¥~ @ W@ V21—l g W g...@ W @ VO m=in by the
bar complex notation, i.e., [v1]...|vi,—1|Wk|Vig+1] - - - [Vntm]-

Recall that for the purpose of this paper, we are interested the action of braids a
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Y& @ (VOI~L @ W), @ VIi) g Y®ntm-—r—q Zinim aa:m(‘/@n ® Wem)
id®P@¢; Lgid@n+m—ra
YO %(Vééq—l é W) ® Yentm—p—q
id®PRaid®"tm-r=4 o
Y®P g ag(j)’q(vééq—l QW) ® y ®n+m—p—q
idBP@E, (j) ,@IdOM+m=P=a
Y®P (V®9(j)*1 @ Wy (;; qug(j)) ® Y ®ntm—p—q M O@mm(‘/@" ® Wem)

Figure 3.3: Diagram &.

whose i}h and it! strands are pairwise parallel for all distinct i;,9; € Z. In particular,

the order on 7 is preserved throughout a. It follows that generators in the standard
decomposition of a, where each crossing in a corresponds to a braid generator or its
inverse, never swap two copies of W on the right hand side of Proposition 3.3.4. It
is therefore suggestive to denote the k' occurrence of W by Wj; we will adopt this
convention whenever this case applies.

Recall from the previous section that the separability of (V,W) as a left-braided
vector space is the necessary and sufficient condition for the B,i-representation on
@?jll Vel o W @ VE~itl to behave analogously to that on V"t ie. Diagram
2 (Figure 3.2) commutes in all applicable cases. We desire a similar property for the
Bpim-action on @ VO loW Ve i-lgWg...@ W @ Ve +tm=in_ That is, for
any n,m >1,1<j <qg<n+m,and a € By, Diagram & (Figure 3.3) commutes where
p = ir—j, Y denotes a copy of either V or W, and the braid @’ is the natural inclusion of
a into the copy By < B4, consisting of braids that are only nontrivial on the ¢ strands
starting with the p + 15, Roughly speaking, we want the inclusion of the subspace
@i_, VETIeW,eV®i into @, VO TI@W@VER T T @ WL - - @W,, @V O Tim
to be equivariant with respect to the braid action. The following proposition gives criteria

to detect this property.

Proposition 3.3.5. Let (V, W, T) be a mized-braided vector space. For T = (i1,...,0m),
let PT pim : VER QWO o5 VOl W, @ VO 1 1@ Wy @ - - - @ Wy, ® VETM—in pe
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defined by ©7 ptm = §Z7n+ma/1:,\t+/m for allm > 1. Then Diagram & always commutes if
and only if (V,W) is separable as a left-braided vector space with a separated braiding ¢
and the following identities hold:

1. 0T ntm = Pipmim © 0 (Pig 2 ® 1™ 72) 0 (3, ny1 @ 1™,
2. (id@7)o(p®id) = (p®@id) o (id ® ow) o ( ®id) o (id ® oy;}).
Proof. The separability of (V, W) means the following hold:
3. ([d®o)o(p®id) e (id®¢) = (p®id) o (Id® p) o (¢ ®id);
4. (T®id) o (i[d®p) = (id® ¢) o (c ®id) o (id® 7) o (¢! ®id).
Since every braid action is decomposable into those of the generators, it suffices to study

the commutativity of Diagram & for all braid generators. By brute force, we observe

that Diagram & commutes for all braid generators if and only if the following hold:

(a) (id@p Q Pj—pig—p & id®n+m_ik)¢z7n+m = Py iy mtm
for 0 <p<jandir_1<j<ig;
PZn+m0i ifl1<i<ig—2
(b) CiPTntm = PTnrmTik ifi +1<i<ip—2
PZntmTi—m ifip,+1<i<n+m
for 0; = id®" ! @ ¢ ® id®ntm—i-L

-1 —1
(C) Tip—1PZnd+m = SOI,ner(Uik—k . O'n—len,n—l-ko'nfl . Uik—kz)
for 7; = id®"! @ 7 @ id®tm—iTL

We will show that these conditions are equivalent to (1-4).
First, we will prove that (a) is equivalent to (1) given the formula (cf. Proposi-

tion 3.2.5):
pin = ([0 @ p®id® 1) 0 (1d% © p ©1d® ) 00 (1d*" 2 ® ).

It is easy to verify that the formula given in (1) for ¢z ;4. satisfies (a). Conversely, we

will derive (1) by induction on the smallest & > 1 such that iy = n + k (which implies
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that i, = n+r for all K <7 < m). The base case k = 1 is trivial, as both sides are the

identity. Suppose for all Z = (iy,...,ix_1,n+ k,...,n+m),

_ . @m—k - 1 @m—k+1
CTntm = Pimntm © 0 (Piy ke @A) 0 (4, | ntk—1 ®1d®™ Jo...

° (901'1,n+1 ® id@m_l)

— (Soik,l,n—&-k—l ® id@m—k+1) 0--+0 (Soil,n—i—l ® id®m_1),

Observe that any Z' = (i1, ..., ix—1, ik, n+k-+1,...,n+m) can be written as Ty ;, _ (),
then by (a) we have

d®n+m—(n+k))

PT' n+m = QOIk’ik,(nM),ner = (@ik,n—i-k ®i PTn+m

— (Soik,n-i-k ® id®m—k) ° (@ik_l,n-‘rk—l ® id®m—k+1) 0--+0 (@il,nJrl ® id®m_1)

which proves the claim for case k + 1. With this identification, observe that (c) gives
T2P(13,..m41)m+1 = P(1,3,....m+1),m+101,3, which is (2). Observe that (b—c) in the proof
of Proposition 3.2.5 are special cases of (b—c) above, hence (3-4) follows. We have thus
proved the forward direction.

The converse can be verified using a similar induction argument. Condition (b) is
implied by (1) and the first three cases of Corollary 3.3.3. Meanwhile, (c) follows from
(2-4) and the last case of the same corollary. O

As before, we package this desired property into the following definition:

Definition 3.3.6. A mixed-braided vector space (V, W, ) is left-separable if it is sepa-

rable as a left-braided vector space with a separated braiding ¢, and
(i[d® 7)o (p®id) = (p®id) o (id ® ow) o (T ®id) o (id ® oy}).

The technical requirement of separability is essential for our topological arguments
in this paper, particularly the proof of Proposition 6.3.1. It is unclear to us whether all
mixed-braided vector spaces are left-separable; however, for the few natural examples
that are most relevant to the applications discussed in this dissertation, it is easy to
detect a suitable separated braiding (see Example 3.2.7).

As for left-braided vector spaces, the left-separability of a mixed-braided vector space



41
(V,W) is integrally connected to the existence of a braid structure on the direct sum

V @ W. The following mirrors Proposition 3.2.8:

Proposition 3.3.7. Let V and W be finite dimensional k-vector spaces, and let X =
V@W . Suppose there is an automorphism ox of (VOW)®? 2 Vg (VoW )o(WaV)d
W®2 defined summand-wise by isomorphisms oy : V&2 V&2 o . VoW - WV,
YWV VW, and oy : W2 — W2,

1. If (X,0x) is a braided vector space, then ((V,ov),(W,ow), T, ¢) is a left-separable

mixed-braided vector space where T = Y;

2. A weak version of the converse holds: if (V,W, T, ) is a left-separable mized-braided

vector space such that
(ow ®@id) o (iId®@ ) o (p®id) = (Id ® ) o (p ®id) o (id ® ow)

then (X, 0x) is a braided vector space.

Proof. The argument is a simple modification of the proof of Proposition 3.2.8 and thus

is omitted. For interested readers, see Proposition 3.16 of [54]. O



Chapter 4

Stratifications of configuration

spaces

In this chapter, we first recall the Fox-Neuwirth stratification of Conf,,(C) by Euclidean
spaces, which provides a CW-complex structure for the 1-point compactification of
Conf, (C). This construction was first demonstrated by Fox-Neuwirth [46] and Fuks
[48], and further studied in [91, 51, 40[; the treatment detailed here is taken primarily
from [40]. We then extend it to produce a cellular stratification for configuration spaces
of the plane with punctures. For simplicity, we will first demonstrate a stratification of
Conf, (C*), before generalizing to the case with an arbitrary number of punctures. The
content of this chapter is extracted from Sections 3.1 and 4.1 of [55], and Section 2.2 of
[54].

4.1 Fox—Neuwirth cellular stratification of Conf,(C)

A composition X\ of n is an ordered partition A = (A1,...,Ax) of n where > \; = n.
The number of parts k is called the length of A, denoted by I(\). Recall that the n'h
symmetric product Sym, (R) has a stratification given by these partitions Sym,,(R) =
Iy, Symy(R). Elements of Symy(R) are unordered subsets of [(\) distinct points
T1,...,Ty(x), Where the multiplicity of z; is A;. We further assume that z; < -+ <)
where the ordering is that of the real line. Define a map 7 : Conf, (C) — Sym,, (R) by pro-

jecting each coordinate onto the real line, i.e., w(z1,...,2,) = (Re(21),...,Re(zy)). The

42
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. o C
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°
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T Z2 x3 T4
°
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°
°

Figure 4.1: A configuration in Conf(, 35 3)(C) C Conf;3(C).

preimage of Symy (R) under 7, Conf) (C) is homeomorphic to Sym, (R) x Hﬁ(jl) Conf), (R),
where each configuration factor Confy, (R) keeps track of the imaginary parts of points
with the same real part. For example, Figure 4.1 shows a configuration in the cell

Conf(y 3 5 3)(C) of Confy3(C). This configuration is mapped by 7 to
(z1,21, T2, T, Ta, T3, T3, T3, T3, T3, T4, T4, T4) € Symy 35 3(R) C Symy3(R).

Geometrically, the points in the configuration are arranged into columns based on their
(ordered) real coordinates, while the configuration factors Confy, (R) record the imagi-
nary parts of the points in respective columns. Since Sym, (R) 2 Confy(R) = R* that
implies Confy(C) = R* X,

The collection of the spaces Confy(C) forms a cellular decomposition for the 1-
point compactification of Conf,(C). Each configuration space Confy(C) gives a cell
of dimension n + I(A). Loosely speaking, a cell can be constructed by first picking a
composition A of n, placing the points in the configuration into columns according to
the partition, and finally letting the columns to move horizontally (the symmetric part
of the product) and the points on each column to move vertically without colliding
(the configuration part of the product). The lexicographic order of points in such a
configuration is defined by labelling the lowest point on the left most column with 1,
increasing the indices as we move up, and continuing the process for all subsequent
columns on the right. The index of a point in this order is called the overall position of

that point in the configuration.
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The boundary of a cell is obtained in two ways. The first type of boundary occurs

by moving a point in a configuration to approach either the point at infinity or another

point on the same vertical line, i.e., with the same real part. In this case, the boundary

is the point at infinity, since the number of points in the configuration decreases to

n — 1 and hence the configuration is no longer an element in Conf,(C). The second

type of boundary occurs by horizontally joining two neighboring vertical columns of the

configuration without colliding the points. The boundary cell of Conf)(C) obtained by

joining the #*" and i+ 15* columns has the form Conf,(C), where p* = (A1,..., A\i—1, A +
Aitls .-, Ag) is the coarsening of A obtained by summing \; and A1 (1 <i < I()N)).

Proposition 4.1.1 (Fox—Neuwirth [46], Fuks [48]). The space Conf, (C) U {co} has a
CW-complex decomposition where the positive dimension cells are given by Confy(C) (of
dimension n + (X)) with indices A\ coming from compositions of n. The boundary of

Conf(C) is the union of Conf,(C) where X is a refinement of p.

Fox—Neuwirth and Fuks provided an explicit cellular chain complex for Conf,(C) U

{oc} based on this decomposition:

Definition 4.1.2 (The Fox-Neuwirth complex). For integers i and j, let ¢; j = ZW(—l)M
be the sum of the signs of all (4, j)-shuffles v : {1,...,i} U{l,...,5} = {1,...,i+j}.
Let C(n). denote the chain complex which in degree ¢ is generated over Z by the
set of ordered partitions A = (A1,...,A\j—,) of n with ¢ — n parts. The differential
d:C(n)g — C(n)g—1 is given by the formula

qg—n—1
Ay ) = 30 () er s e At A At Agen)-
i=1
The constant cy, ,,, results from the formation of the boundary cells of Conf)(C)
by shuffling the points in the i*" and i 4 1% columns into a single vertical line. The signs
in the formula arise from the induced orientations on the boundary strata, as detailed
by Giusti and Sinha [51]. There is a simple formula to compute this constant using the

quantum binomial coefficient (see, e.g., Proposition 1.7.1 of [87]):

. <p + q>
P,q q o
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The complex C(n), is isomorphic to the cellular chain complex of Conf,(C) U {oco},

relative to the point at infinity. For more about this complex, consult [48, 90, 91].

4.2 Cellular stratification of Conf,(C*)

First, we observe that there is a canonical embedding Conf,(C*) < Conf,1(C) by
inserting the removed origin z;. This gives a homeomorphic image of Conf,(C*) as
a subspace of Conf,(C) consisting of all configurations where the point z; is always
fixed. We will give a stratification of this subspace based on the Fox—Neuwirth cellular
stratification of Conf,,11(C) developed above. For the rest of this paper, we will indis-
criminately use the notation Conf, (C*) for both the original configuration space of the
punctured complex plane and its homeomorphic image in Conf,,;(C).

Given a composition A of n+1, we consider the intersection of the cell Conf)(C) and
the subspace Conf,,(C*) of Conf,,11(C). Starting with a configuration in Conf)(C), we
insist that one of the points must be the fixed point z; at the origin. This requirement
restricts the configuration in two ways. First, the vertical column that contains z; must
coincide with the imaginary axis, i.e., the real part of all points on that column must be
0. This column plays a special role in our stratification and will be recorded by the index
i. Secondly, as we let the points in a configuration move along the vertical line without
colliding in a cell, fixing z; implies that it is impossible for points on the imaginary axis
to move past it. The number of points on this vertical line with a negative imaginary
part is hence fixed and denoted by the index j. Therefore, the connected components in
the above intersection can be denoted by e ; ;) = Conf(y ; ;)(C) where A is a composition
of n 4 1, 7 is the index of the vertical column that contains z1, i.e., the imaginary axis
(I < i < I(N), and j is the number of points lying below z; on the imaginary axis
(0 <j < X\ —1). For example, Figure 4.2 shows a configuration in e(23453)31) C
Conf16(C*). The removed origin z; (mapped to a fixed point in the embedded image of
Conf16(C*) in Conf17(C)) lies on the third vertical column from the left with one point
below. The lexicographic order of a configuration in the embedded image of Conf,, (C*)
is inherited from the parent space Conf,1(C); in particular, the overall position of z;

i—1
m=

in a configuration in e(y; ;) is t=j+ 1+ " Ay
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Figure 4.2: A configuration in e 345 3)3,1) C Conf16(C*).

The spaces e(y ; j) then provide the positive dimension cells for our cellular decom-

position of Conf,(C*) U {co}. Each cell e(y; j) is homeomorphic to the product

I
Conf;_1(R) x Confl(,\)_i(R)] X H Confy, (R) x [Conf;(R) x Confy,_;_1(R)]|.
k=1 ki

The first bracket represents the configurations of the vertical columns on the left and
right of the imaginary axis, i.e., recording the real parts of the points. The latter bracket
keeps track of the imaginary parts of points below and above z; on the imaginary axis,
while the middle product records the same information for those on all other vertical
lines. By applying the isomorphism Confi(R) = R¥, we see that the cell €(xi,j) has
dimension n + I(A) — 1; loosely speaking, compared to the classical Fox—Neuwirth cells
indexed by the same composition A, we lost two dimensions due to fixing the real and
imaginary parts of the point z;.

As in the Fox-Neuwirth cellular decomposition of Conf,,(C), the boundary of a cell
is obtained in two ways. For the first type, besides letting points in a configuration
approach another or infinity, we also allow moving points towards the punctured origin;
in this case, the boundary is still the point at infinity for the same reason. The second
type of boundary again occurs by horizontally joining two adjacent vertical columns of
the configuration without colliding the points. However, due to the second restriction
on a configuration in e(y ; j), namely points below the fixed point z1 cannot move across

it on the imaginary axis, the boundary cells obtained this way have four general forms,
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depending on the positions of the columns relative to the imaginary axis and on whether
this axis itself is among those combined. In particular, when combining an adjacent
vertical column with the imaginary axis, we must keep track of the number of points

going below z1, i.e., adding to the index j. In summary:

Proposition 4.2.1. The space Conf,(C*) U {co} may be presented as a CW complex
whose positive dimension cells ey ; jy = Conf(y; :(C) (of dimension n + 1(A) — 1) are
indexed by triples (X, 1,7), where X is an ordered partition of n+ 1, i is the index of the
imaginary axis in the configuration (1 < i <I(X\)), i.e., there are i — 1 vertical columns
to the left of the imaginary axis, and j is the number of points with zero real parts and
negative imaginary parts (0 < j < A\, —1).

Let p™ = (A1, s A+ Amt1, -+, Aign)) e the coarsening of A obtained by summing
Am and Apt1 (1 < m < I(X)). The codimension-1 boundary cells of e ; ;) have four

general forms:

1. emi—1j) 1<m<i—-1,
2. epmij) i <m <IN,
3. €(pi-11,j+h) 0<h< Ay,
4 €(piijt+h) 0<h< A,

where h denotes the number of points going below the origin z1 when combining the

imaginary axis with the column on the left (3) or right (4).

From this we can write down an explicit cellular chain complex for Conf, (C*)U{oco}.
First, we will develop some combinatorial concepts needed to state the definition of this
complex.

Recall that a (p,q)-shuffle v : {1,...,p} U{1,...,q} = {1,...,p+ q} is a bijection
that preserves orders on both {1,...,p} and {1,...,q}. Alternatively, a (p, ¢)-shuffle
can be treated as a permutation in S, that preserves orders on the first p and the
last g elements. In the discussion below, we will primarily refer to them by the latter

definition.
Definition 4.2.2. For 0 < h<qgand 0 <j <p-—1,a (p,(q,h),j)-shuffle is defined to

be a (p, ¢)-shuffle that sends j+1 to j+h+1. Similarly, for 0 < h <pand 0 < j < ¢g—1,
a ((p,h),q,7)-shuffle is a (p, q)-shuffle that sends p+ j + 1 to h + j + 1.
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For convenience, we will refer to the designated elements in the above definition as
the marked elements; they will later correspond to the fixed point z; in a configuration
in Conf,(C*). The naming conventions of these shuffles are geometrically motivated:
for example, the (p,(q, h),j)-shuffles arise when we combine the imaginary axis with
p points in total and j points below the fixed point z; from the right with a column
containing ¢ points, sending h out of ¢ points below z; in the process. Similarly, the
((p, h), q,7)-shuffles occur when the imaginary axis with ¢ points in total and j points
below z; is joined from the left by a column with p points, sending h out of p points
below 2.
Consider a (p, (¢, h), j)-shuffle . Since v as a (p, ¢)-shuffle preserves orders on the
first p and the last ¢ elements, and + sends the marked element from j+ 1 to j+h+ 1,

it must follows that
Yp+1) <ylp+2)<--<ylp+h)<j+h+]1;

loosely speaking, the elements in the integer interval [p + 1, p + h]] must “move left” on
the number line to fill in the A holes left behind by the move of the marked element.
This observation leads to a useful decomposition of the (p, (g, h), j)-shuffles.

Proposition 4.2.3. There is a unique decomposition of a (p,(q,h),j)-shuffle into a
sequence of three permutations: a fized (p,q)-shuffle that maps [p + 1,p + h] onto [j +
1,7 4+ h], followed by a (j, h)-shuffle on [1,5 4+ h] and a (p — j — 1,q — h)-shuffle on the
last [+ h+2,p+ q] (see Figure 4.3). As a consequence, there is a bijection

where Sh(p, (Q7 h))j); Sh(]a h) and Sh(p—j - 1, q— h) are the sets Of (p7 (q7 h)7j)—, (37 h)-
and (p — j — 1,q — h)-shuffles, respectively.

Proof. Let v be a (p, (q,h), j)-shuffle. Let w be the permutation of p+¢q elements defined
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p+h p+h+1---p+gq

TIhG AR+ 1j+h+2 pth prhtl.ptg

j+h+1

Figure 4.3: Decomposition of a (p, (g, h), j)-shuffle.

by
m 1<m<y
m+h j+1<m<p
w(m) =
m—-—p+7 p+1<m<p+h
m p+th+1<m<p+q.

One can verify that w is a (p, g)-shuffle. Furthermore, observe that w maps the integer
interval [p+ 1,p + h] to [[7 + 1,7 + h], thus sending the first h elements in the second
set (while maintaining their order) left past the marked element now at j 4+ h + 1.
Consider v as a permutation of p 4+ ¢ elements. Since « preserves order on the first
p elements, y(m) > v(j+1) =j+h+1forall j+1 <m < p. On the other hand,
7(p 4+ h) must be smaller than j + h + 1, since otherwise y(m) > vy(p+h) > j+h+1
for all p + h < m < p + ¢ and hence v maps at least p + ¢ — j — h + 1 elements
bijectively onto [j + h + 1,p + ¢], a contradiction. Since « also preserves order on the
last g elements, y(m) < y(p+h)<j+h+1forallp+1<m <p+ h. It follows that
Y([1, 51U [p+1,p+h]) = [1,5+A] and y([j+1, p[U[p+h+1,p+q]) = [j+h+1,p+q];

moreover, vy is order-preserving on each of the four component intervals in these two
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-1

disjoint unions. Observe that w™" restricts to order-preserving bijections:

[, 41 % 1, 41,

L+ 1,5+ 8] 222 [p+ 1,p + ],

Li+h+1p+h] =% [j+1,p], and
+h+1p+q] S Ip+h+1,p+q)

! maps each of the intervals [1,j + h] and [j + h + 1,p + ¢] bijectively onto

Hence yw™
itself, while preserving orders on the subintervals [1, 5], [i+1,j+h], [i+h+1, p+h], and
[p+h+1,p+q]. Since yw™1(j+h+1) = j+h+1, the restrictions of yw ™! on [1,j +h]
and [j+h+2,p+¢] then form a (j, h)-shuffle and a (p—j — 1, ¢ — h)-shuffle, respectively.
Thus we may write yw ™! = 63, where 3 nontrivially only on [1, 4 h] by a (j, h)-shuffle,
and 0 acts nontrivially only on [j+h+2,p+¢] by a (p—j — 1, g — h)-shuffle. This gives
a decomposition v = §fw as desired. Since w is fixed, this decomposition is unique if
so is the decomposition of yw™! into the shuffles 3 and ¢ for any (p, (¢, h), j)-shuffle ~,
which is evident.

The existence and uniqueness of the decomposition of (p, (¢, h), j)-shuffles above give
an injection

On the other hand, given a (j, h)-shuffle 8 and a (p — j — 1,¢ — h)-shuffle §, from the
previous argument it is easy to see that v = ¢'3'w is a (p, (¢, h), j)-shuffle, where 3’ acts
as B on [1,7 4+ h] and id else, while ¢’ acts as § on [j + h + 2,p + ¢] and id else. This

shows surjectivity of the set identification and thus completes our proof. O

Observe that given a (p,(q,h),j)-shuffle v = §pw, for every m € [1,p] we have
m < w(m) < Bw(m) < 6Bw(m). Thus in the product of lifts 3@, the strand originally
starting at m is always behind throughout all component lifts, and hence matches the
strand starting at m in the lift of v. Similar observation shows that the strand starting
at each m € [p+ 1,p + ¢] is always in the front for all component lifts. Therefore, the
lift of the shuffle  is in fact given by the product of the lifts of the component shuffles,
ie,y= SB&

A similar observation applies to the ((p, h), g, j)-shuffles: since a ((p, h), ¢, j)-shuffle
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p+j p+i+ilp+ji+2---ptyg

CptjHlpEi+2ptg

iR+ hj 2
B ‘ 5
h+j3+1

Figure 4.4: Decomposition of a ((p, h), g, j)-shuffle.

v sends the marked element from p+ j + 1 to h + j + 1, it must follows that
jth+1l<~yh+1)<~yh+2)<--<~(p);

namely, the elements in [h + 1, p] must “move right” on the number line to fill in the
p— h holes left behind by the move of the marked element. The same argument as above

proves the following decomposition theorem for the ((p, h), g, j)-shuffles.

Proposition 4.2.4. There is a unique decomposition of a ((p,h),q,j)-shuffle into a
sequence of three permutations: a fized (p,q)-shuffle that sends [h + 1,p] to [h+ j +
2,p+j+1], followed by an (h,j)-shuffle on [1,h+ j] and a (p — h,q—j — 1)-shuffle on
[h+37+2,p+q] (see Figure 4.4). As a consequence, there is a bijection

where Sh((p,h), q,7) denotes the set of ((p,h),q, j)-shuffles.

Similarly to (p, (g, h), j)-shuffles, if a ((p, h), q, j)-shuffle v is decomposed as v = §w,
the lift 4 is equivalent to the product of lifts SB@

Recall that ¢y, = 27(—1)‘7‘ denotes the sum of the signs of all (p,q)-shuffles ~.
Since (p, (q,h),7)- and ((p,h),q,7)-shuffles are essentially elements of the symmetric

group, their signs are also well-defined. Let ¢, (45),; and ¢ ; be the sums of the

p.h).q,
signs of all (p, (g, h),j)- and ((p, h),q, j)-shuffles, respectively. Based on the decompo-

sitions described above, we may express these constants in terms of the constants c; ;
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corresponding to the component shuffles.

Lemma 4.2.5. The sums of the signs of all (p,(q,h),j)- and ((p,h),q,j)-shuffles can
be computed by the following formulae:

h(p—j)

1. cp(qh)g = (—1) Cj,hCp—j—1,q—h

2. Clp,h),a.j = (_1)(Hl)(p_h)Ch,jcp—h,q—j—l-

Proof. Let v be a (p, (q,h), j)-shuffle, and suppose we have a decomposition v = ¢’ f'w as
described in the proof of Proposition 4.2.3 (here 5 and ¢’ are respectively the previously
defined lifts of the (j, h)-shuffle g and the (p — 7 — 1,¢q — h)-shuffle § to the symmetric
group Sp1q). Observe that the shuffle w swaps p — j points in [j + 1, p] across h points
in [p+1,p+ h] (order-preservingly on each segment), so the number of crossings in w is
h(p — j); hence the sign of w is (—1)"P=7). Meanwhile, the signs of 5’ and &' are equal
to those of 8 and 9, respectively. It follows that

Cptang = S (=D =3 ()l (=)l = 37 (1)) (18l (1)l

v i 8,6

— (_1)h(p—j) Z(_l)\ﬁl Z(—l)“;' - (_1)h(p_j)cj,hcp—j—1,q—h
8 §

thus the first identity holds. A similar argument proves the second claim. O

We now give the definition for the Fox—Neuwirth cellular chain complex of the 1-point

compactification Conf, (C*) U {oo}.

Definition 4.2.6 (The Fox—Neuwirth complex for Conf, (C*) U {cc}). Let D(n,1),
denote the chain complex which in degree ¢ is generated over Z by the set of triples
(A,i,7) where A = (A1,...,A\g—nt1) is a composition of n + 1 of length ¢ —n + 1,
1 <i<I(A) and 0 < j <\ — 1. The differential d : D(n,1); — D(n,1)4—1 is given by

the formula

1—2 q—n
d()‘vivj) = (_1)m716)\m,>\m+1(pm’i - l,j) + Z (_1)milc>\m«\m+1 (pmvivj)
m=1 m=i+1
)\1‘_1 >\i+1

+(_1)i_2 C()\ifhh))\i,j(piil’i -1,7+ h) + (_1)i71 Z c>\¢,(>\i+1,h)7j(pi’i’j + h)‘
h=0 h=0
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As in the original Fox—Neuwirth chain complex, the signs in the formula of the
differential result from the induced orientations on the boundary strata, following the
general scheme described in [51]. Notice that the differential is more complicated than
that of the classical Fox—Neuwirth complex, which is a consequence of a larger collection
of boundary cells. The proof that the chain complex D(n, 1), is well-defined is nontrivial

and exhibits the usefulness of the combinatorial identities introduced above.
Proposition 4.2.7. d*> = 0.

Proof. The general strategy is to enumerate all types of boundary cells in d?(), 4, j) and
show that their coefficients all vanish. Loosely speaking, cells in d?(),i, ) are formed
by subsequently performing two column-combining operations on e(y; ;). In general,
there are two types of results: either (1) two pairs of columns in €(\,i,j) are combined
separately, or (2) three adjacent columns are combined into a single column. If none of
these columns is the imaginary axis, the coefficient of the boundary cell vanishes in the
exact same way as in the classical Fox-Neuwirth complex (one may treat the imaginary
axis as a normal column in this case). There are four different subtypes of (1) and three
subtypes of (2) that involve the imaginary axis. We will exhibit the argument for a
subtype of each case.

The representative boundary cell we choose for type (1) is
((AL sy )\i—l + )\ia sy >\m + )\m-i-l) ceey )‘l()\))vi - 17.] + h’)7

obtained by joining two pairs of columns indexed by {i—1,i} and {m,m+1} (m > i+1).
There are two orders to perform the operations: either (1a) combining the first pair then
the second pair, or (1b) combining the second pair first. Thus the coefficient for the cell

above in d?()\, i, 7) is

(_1)i_20(>\i_1,h),)\¢,j : (_1)m_zc/\7rza)\m+l

+(_1)m_1c>\7n7)\m+1 : (_1)i_26(>\i—17h)7)\i7j = 0.

A similar argument shows the same result for the other subtypes of case (1).
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For an example of type (2), consider a boundary cell of the form
((A1ye s A2+ Xt + Aiy s Ny)s 8 — 2,5 + h),

obtained by joining three adjacent columns indexed by {i — 2,7 — 1,4}. Similarly, there
are two orders to perform the operations: either (2a) combining the first two columns
then combining the joint column with the third, or (2b) combining the last two columns
first. Particularly in case (2b), the imaginary axis involves in both column combinations,
so the h points that move below the fixed point z; in the final configuration can be split
into two steps: s points in the first operation followed by h — s points in the second
(0 < s < h). The coefficient of the cell above in d?()\, i, j) hence contains a sum over all
s:

(_1)1'730/\1727)\1'71 : (_1)i73c()\i72+)\i—1:h):)\i’j

h
+ Z(*1)1_2C()\¢_1,s),>\i,j ’ (71)1_36(>\i—27h_3)7>\i—1+)\i,j+5'
s=0

We apply Lemma 4.2.5 to write this coefficient completely in terms of the constants ¢, 4

and observe that in order for it to vanish, the identity

Chi—2,Xi—1Ch,jCN o+ Xi—1—h A —j—1 =
h

D (1) T e en, o A —i1Ch—s 5Ot s A1 A —s—1
s=0
must hold true. This can be proved using a series of arithmetic manipulations and
application of the shuffles’ properties.
First, to simplify the notation, set p = \;_2, ¢ = A\;—1 and r = \; — 7 — 1, then the

identity becomes

h

_ s(p—h+s
Cp,qCh,jCp+q—h,r = Z(_l) @ )Cs,jCq—smCh—s,j+scp—h+s,q—s+r'
s=0
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Applying the identity ¢, ¢Cptq,r = Cq.rCpg+r (a consequence of the associativity of (p, g, r)-

shuffles) to the equation above yields

h

p,qCh,jCp+q—h,sr = Z (— 1)S(p_h+s) (€s,jCh—s,j+5)(Cqs,rCp—hts,g—s+r)
s=0
h

- Z(_ ") (e ) (Cpmtts,g—sCpra—hr)
s=0
h

— s(p—h+s .
= Ch,jCp+q—h,r E (=1 @ )Chfs,scpfhﬁ,qfs,
s=0

therefore it suffices to show that ¢, ; = Z?ZO(—l)S(p_h“)ch,s,scp,h+s,q,s. We will prove

this identity by induction on h.

First, recall that there is a bijection of sets Sh(p,q) = Sh(p,q — 1) U Sh(p — 1,q)
(see, e.g., [7, 67]), which results in the shuffle identity ¢, = (=1)Pcpq—1 + Cp—1,4 =
(=1)%cp_1,4+ cpq—1. The base cases are straightforward: for h =0, ¢, = (—1)%0.0¢p 4,
while for h = 1, we recover the identity above ¢, , = c10cp—1,4 + (—l)pcoylcp,q_l =
(—1)Pepg—1 + cp—1,4- Suppose it holds for h, then we may apply the identity in the

following way:

h
—h
Cpg = Z(_l)s(p +S)Ch—s,scp—h+s,q—s

— Z(_l)s(P*h+S)Chis7s[(_1)p*h+scp7h+syqisil + Cpchrsfl,qfs]
=0
h
—h —h
= Z(—l)s(p ) s (= 1) P (1) (5100 (501) T Cpm (bt 1) 5,0—5)-
Thus ¢, can be written as a linear combination of terms of the form ¢,_(j41)45,4—s

where 0 < s < h + 1. In the sum above, each term c¢,_(441)4s¢—s is derived from two

terms ¢p—pys,g—s and ¢,_py(s—1),g—(s—1), hence its coefficient can computed to be

(_1)s(p—h+s)c + (_1)(5—1)(p—h+s—1) (_1)p—h+s—1

h—s,s Ch—s+1,5—1 =

(_1)S(p_(h+1)+s)[(_1)Sch—8,s + Ch—s—l—l,s—l] = (_1)8(p_(h+1)+5)C(h—i—l)—s,s-



56

This completes our induction argument. O

By construction, the complex D(n, 1), is isomorphic to the relative cellular chain

complex of Conf, (C*) U {oo}, relative to the point at infinity. In particular,

H,(Conf, (C*) U{oc},{0}) = H.(D(n,1),).

4.3 Cellular stratification of Conf,(C,,)

We generalize the construction in the previous section to produce a stratification of
Conf, (C,,) for any integer m > 2. Similarly, observe that there is a canonical embed-
ding Conf,,(C,,) < Conf,, 1, (C) by inserting the previously removed points 21, ..., zm.
This gives a homeomorphic image of Conf,(C,,) as a subspace of Conf,,,,(C) consisting
of all configurations where the points z1, ..., z,, are always fixed. We will give a stratifi-
cation of this subspace based on the Fox—Neuwirth cellular stratification of Conf,,4,,(C)
introduced above. For the rest of this paper, we will indiscriminately use the notation
Conf,,(C,,) for both the original configuration space of the m-punctured complex plane
and its homeomorphic image embedded in Conf,,,(C).

Given a composition A of n + m, we consider the intersection of the cell Conf)(C)
and the subspace Conf,(C,,) of Conf,,,(C). Starting with a configuration in Conf)(C),
the restriction on the fixed points z1,..., 2, results in two constraints. First, for all
1 < k <'m, the vertical column that contains zj, (indexed by ix) must be fixed, i.e., the
real part of all points on that column must be z;, = k — 1; we refer to these columns as
the fized columns in the cell, and others the free columns. Since the fixed points all have
distinct real parts which keeps the fixed columns separate, the number of vertical columns
in a cell must be at least m. Secondly, for every 1 < k < m, it is forbidden for points on
the k*" fixed column (z'fCh overall) to move past the fixed point z;. The number of points
on this vertical line with a negative imaginary part is hence fixed and denoted by the
index ji. Therefore, the connected components in the above intersection can be denoted
by e 1,5y = Confy 1 7)(C) where A is a composition of n +m, I = (i1,...,iy) is the
m-tuple of indices of the fixed columns (1 <y < -+ < iy, <I(A)), and J = (j1,...,Jm)
where ji is the number of points lying below z; on the izh column (0 < jp < A;, — 1);

see Figure 4.5 for an example. Given a composition A, the overall position ¢ of a point
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Figure 4.5: A configuration in e() 7, 5y C Conf13(Cs), where A = (2,2,4,1,3,3,1), [ =
(3,5,6), and J = (1,1,0).

z in a cell indexed by A is the same information as the pair of indices (i,j) where i
indexes the column containing z and j indexes the number of points lying below z on
that column, via the identification ¢ = j+ 1+ 22;11 Ak. Hence it is possible to re-index
the subspace e(y 1 7) by the composition A and a tuple 7 = (t1y--+,Lm) that contains
the overall positions of the fixed points zi,..., 2. For example, the cell containing
the configuration in Figure 4.5 can be indexed by A = (2,2,4,1,3,3,1) and the tuple
Z=(6,11,13).

The spaces ey 1,7y then provide the positive dimension cells for our cellular decom-

position of Conf,,(C,,) U {oo}. Each cell e 7 7) is homeomorphic to the product

m—1

Conf;, _1((—00,0)) x (H Confy, i —1((k — 1,]{:))) x Confy(y)_j,, ((m — l,oo))]

k=1
1N

X H Confy, (R) x
i=1¢1

[ [ Cont;, ((—o0,0)) x Confy, —j,1((0, oo))] .
k=1

The first bracket represents the configurations of the free columns before the first fixed
column, between each pair of fixed columns, and after the last fixed column, i.e., record-
ing the real parts of the points. The last bracket keeps track of the imaginary parts of
points below and above the fixed point on each fixed column, while the middle product
records the same information for those on the free columns. By identifying each open

interval with R and applying the homeomorphism Confy,(R) = R*  we see that the cell



58
e(1,7) has dimension n + [(A) — m; loosely speaking, compared to the classical Fox—
Neuwirth cell indexed by the same composition A, we lost 2m dimensions due to fixing
the real and imaginary parts of m points.
As in the classical Fox-Neuwirth cellular decomposition of Conf,,(C), the boundary
of a cell in this stratification is obtained in two ways. For the first type, we let points in a
configuration approach other (free or fixed) points or infinity; in this case, the boundary
is still the point at infinity. The second type of boundary again occurs by horizontally
joining two adjacent vertical columns of the configuration without colliding the points.
Note that the fixed columns are not allowed to merge with one another. Due to the
second constraint of the cell, namely points on a fixed column cannot move across the
fixed point in that column, the boundary cells obtained this way have five general forms,
depending on the types of columns (free or fixed) involved in the column combination
and their relative positions. In particular, when combining a free column with the kP
fixed column, we must keep track of the number of points going below the fixed point,
i.e., adding to the index ji; in the alternate indexing system, this results in a change of

the overall position of the fixed point z;. In summary:

Proposition 4.3.1. The space Conf,(C,,) U {oo} may be presented as a CW complex
whose positive dimension cells e(y 1 5y = Conf(y 1 ;(C) (of dimension n+1(\) —m) are
indexed by triples (A, I, J), where X\ is an ordered partition of n+m of length ¢ — n + k,
I = (i1,...,im) is the m-tuple of indices of the fized columns (1 <1y < -+ < iy < 1U(N)),
and J = (J1,...,Jm) where ji is the number of points on the izh column with negative
imaginary parts (0 < jp < X\;,, —1).

Let I}, denote the m-tuple (i1, ..., ik—1,%—1,...,im—1), and Ji , denote (j1, ..., jx+

4- Cptk =" Iy, o 1)

5. 6(

Pk Ty 1,k n)

h,...,Jm). The codimension-1 boundary cells of e(y 1y have five general forms:
1. €in .0 1<i<i —1
2. €(pi Ips1,J) 1<k<m—1,4 <t <igr—1
3. i1, i <1 <lIl(A\)

1<k<m,0<h<\,_1

1§k§m70§h§)\zk+l
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where p* = (A1,. .., A + N1, s Ai(n)) 18 the coarsening of A obtained by summing \;
and A\i+1 (1 < i <I(X)), and h denotes the number of points going below the fized point

when combining a fixed column with the free column on its left (4) or right (5).

The overall positions of all fixed points are unchanged in the first three types of
codimension-1 boundaries, whereas only the position of z; changes to ¢, — A\;,—1 + h
(type 4) or ¢ + h (type 5). In particular, the relative order of the overall positions of
the fixed points is always preserved. This property is very crucial to the argument of
this paper and will be revisited frequently in later sections.

As before, from the stratification, we can write down an explicit cellular chain com-

plex for the 1-point compactification Conf,(Cy) U {oco}.

Definition 4.3.2 (Fox-Neuwirth complex for Conf,, (Cy) U {c0}). Let D(n,m). denote
the chain complex which in degree ¢ is generated over Z by the set of triples (X, 1,.J)
where A = (A1,..., A\g—n+m) is a composition of n+m of length g—n+m, I = (i1,...,im)
with 1 <iy < -+ <y, <I(N), and J = (j1,...,Jm) with 0 < ji < \;, — L.

The differential d : D(n, m)q; — D(n,m)q—1 is given by the formula

i1—2

d()‘v I, J) = Z (_1)Z_lc)\i7>\i+1 (pz’ Iy, J)
=1
m—1tg+1—2

+ Z <_1)i_1c>\i7)\¢+1(pi7jk+laJ)

k=1 i=ip+1
qg—n+m—1
+ Z (_1)1_16)\1'7)\”1 (', 1,J)
i =im+1
m Aij—1
+ (DY e omyg g (P Tk Trn)
k=1 h=0
m Aij+1
+ Z(_l)%_l Z i Nigg+1,0) ik (P Tp+1, Jin)-
k=1 h=0

The proof that the chain complex D(n,m), is well-defined rests on the following
observation: all types of boundary cells in this chain complex arise in the exact same
way independent of the number m of fixed points. It follows that parts of this proof can

be reduced to Proposition 4.2.7.
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Proposition 4.3.3. d*> = 0.

Proof. As before, the general strategy is to enumerate all types of boundary cells in
d?(\, I,.J) and show that their coefficients all vanish. Loosely speaking, cells in d?(\, I, .J)
are formed by subsequently performing two column combinations in the cell e z, 7).
There are two outcomes: either (1) two pairs of columns in ey 7,7y are combined sepa-
rately, or (2) three adjacent columns are combined into a single column. Within each
of these types, the argument follows the same logic and only differs slightly in the exact
details depending on the types of columns (free or fixed) involved in the combinations
and their relative positions. Therefore, we will present the argument for a representative
of each type.

For a representative of type (1), we consider the boundary cell

(A A1+ Ay A+ Aty - ), (Be)s15 Jrn)

obtained by joining two pairs of columns indexed by {i, — 1,4, } and {i,i+ 1} (i, < is <
i <ig41 —1). Since J, j, is completely determined by the combination of the first pair of
columns and (I)s+1 = (Is+1)r, both of the following orders to perform the operations
result in this boundary cell: either (1a) combining the first pair then the second pair, or
(1b) combining the second pair first. Thus the coefficient of the cell above in d?(\, I, J)

is
(=" %con s g - CD P exan + D e - (CD " oo e g = 0.
For a representative of type (2), consider a boundary cell of the form
(A A2+ A1+ Ay Niy)s L)y i)

obtained by joining three adjacent columns indexed by {i, —2,4, — 1,4, }. Similarly, there
are two orders to perform the operations: either (2a) combining the first two columns
then combining the joint column with the third, or (2b) combining the last two columns
first. Particularly in case (2b), the fixed column involves in both column combinations,
so the h points that move below the fixed point z, in the final configuration can be split

into two steps: s points in the first operation followed by h — s points in the second
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(0 < s < h). The coefficient of this representative cell in d?(\, I, J) hence contains a

sum over all s:

(_1)”_36)\1',»—27)\1'7'—1 : (_1)iT_3C(>\ir—2+>\ir—17h)7>\ir WJr
h

ir—2 ir—3
+Z(_1) " CNip—1,8),Xip dr (_1) " C(Nip—2,h—8)Xip 14Ny Jirt+s°
s=0

This expression vanishes as shown in the proof of Proposition 4.2.7.
O

By construction, the complex D(n,m), is isomorphic to the relative cellular chain

complex of Conf, (C,,) U {oc}, relative to the point at infinity. In particular,
H,(Conf,(C,,) U{oo}, {o0}) = Hi(D(n,m)s).

This construction therefore provides an approach to compute the cellular homology of

configuration spaces of multi-punctured complex planes with trivial coefficients.



Chapter 5

Twisted homology of Artin groups
of type B

Let (V, W) be a separable left-braided vector space. In this chapter, we identify
H.(B,1; VE" @ W) = Extl. *™ ™ (9, k)

where 2 is a quantum shuffle algebra and 91 is an 2[-bimodule defined momentarily. We
will provide two proofs of this statement, a short algebraic argument and an elaborate
geometric argument. Each approach offers a glimpse into a part of the proof of the
general case in the next chapter. The content of this chapter is extracted from Sections

3.2-3.4 and 4.2-4.3 of [55].

5.1 Homological algebra prerequisites

The purpose of this section is to define and study two algebraic objects necessary for
the discussion in this chapter.
Let (V,W,o0,7,¢) be a separable left-braided vector space, and let (V) be the

quantum shuffle algebra associated to (V, o).

62
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Definition 5.1.1. The graded 2A(V')-bimodule MM = M(V, W) is defined by

m=P P vV¥ewevIT
q210<j<q-1

Multiplication on both sides is given by the quantum shuffle product in the following

sense: for the left multiplication we have
laxl .. fap] * [ba] . . [bjlw|bjyal .. [bg) = > Flar|. .. laplbsl ... [bj|w]bssal . .. |b,]
¥
and for the right multiplication
arl . aslwlagsal .. Jap) % [or] .. o) = 3" Fla] ... |aj wlageal .. laplon] .. b]
v

where v draws from all (p, ¢)-shuffles, and 7 is the lift of v to Bp,.

The action of the braid ¥ on an element in V® @ W @ V®477~1 is described in
Corollary 3.2.9. The formulae of both the left and the right multiplications of 9t resemble
that of the quantum shuffle product in (V). In particular, the definition of 90t satisfies
the associative requirement for the multiplication in an 2(V)-bimodule.

The second algebraic construction of interest is the following:

Definition 5.1.2. Given an associative k-algebra A and an A-bimodule M, the chain
complex F,(M, A) is defined at degree ¢ > 1 by

q
Fq(M, A) _ @A@)i—l QM A®a—i
=1

with face maps for 1 <m < g — 1:

A ® @ Anm1 - Qag  mF#i—1,i
dm(a1®- - ®a; 1 QPR 1® - ®ag) = a1 @ -+ @ A1t Q@ - Q aq m=14—1

a1 Q- Qi1 @ -+ D aq m =1

and differential d = S0 (=1)""d,,.
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The graded group structure and the differential of F, (M, A) are similar to that

of the extended two-sided bar complex B$(A, A, A) of the associative algebra A (see,
e.g., [50, 40]). In fact, the chain complex F,(M, A) can be constructed by introducing
modifications to B¢(A, A, A) in the following way: to construct Fy(M, A), we start with
B;’_Q(A, A, A) = A®? and subsequently replace exactly one copy of A with a copy of M
for every copy of A in the tensor product. This yields ¢ tensor products of the form
A%t @ M @ A®47% for 1 < i < ¢, and their direct sum forms the k-module F,(M, A).
Any multiplication with this new factor M is replaced by either the left or the right
multiplication of this A-bimodule. It is easy to see that F.(M, A) forms a well-defined

chain complex in a similar manner as the bar complex B¢(A, A, A).
Proposition 5.1.3. F,(M, A) is an exact chain complez.

Proof. F.(M,A) has a simplicial structure X, where X, = F,_o(M, A). The face maps
are given in the definition of the chain complex, while the degeneracy maps are defined
by
Sm(a1 @ ®ai—1 @ @ aip1 @+ D ag) =
01 R Ry LR Apt1 @ Qa1 @ ® i1 ® -+ ® ag

for all 0 < m < q. The extra degeneracy sg guarantees that the simplicial object is

contractible, hence the chain complex F, (M, A) is exact. O

It follows that Fi (M, A), upon omitting M in degree 1, gives a free resolution of M
as an A-bimodule.

Let I = A/k be the augmentation ideal of A, consisting of elements of positive
degree. We then have a decomposition A = I @ k, hence given any a € A we may write
a =a+ a where @ and a are the projections of a onto the factors I and k, respectively.
Let Fy, (M, I) denote the chain complex obtained by replacing all copies of A in F, (M, A)
with I (one may think of F,(M,I) as a reduced form of the chain complex F, (M, A)).

Given an associative k-algebra A, let A°P denote the opposite algebra, and A€ :=
A ® A°P be the enveloping algebra of A. There is a canonical isomorphism (A€)°P = A°
thus an A-bimodule can be regarded as a left (or equivalently, right) A°-module [50].
We compute the homology of the chain complex Fy(M,I) in the following theorem.

Theorem 5.1.4. H,(F,(M,I)) = Tor", (M, k).
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Proof. Recall that the Hochschild chain complex CH, (A, M) is defined degree-wise by
CH,(A,M) =M ® A®4, with face maps

pal @ az & - - & aq m =
dp(P®a1 @ ®ag) = pR@a1 ®@ - ® Apami1 @ -+ @ ag 1<m<q-1
g @ a1 @ -+ & ag—1 m=q

and differential d = Y7 _(—~1)™d,,. When the A-bimodule M is treated as a left

A®-module, there is an identification of the k-module CHy(A, M) as M ® A®1 =
M ®4e A®9T2 which induces an isomorphism of chain complexes CH, (A, M) = M ® ge
B.(A, A, A) where B.(A, A, A) is the two-sided bar complex [50].

Construct a chain map f, : Fx(M,I) — CH.(A, M) by mapping

A® Qa1 QW Rt R+ R ag — (_1)q(i_1)ﬂi®ai+l®'"®aq®1®al®'"®ai—1'

Note that for all m # i, deg(a,) > 0 since each a,, is in the augmentation ideal I
of A. It follows that there is precisely one occurrence of the unit in the image of an
arbitrary element of F,(M,I), and its position is determined by the indices ¢ and i.
We deduce that this map is injective. The isomorphic image of F,(M, I) via this map
forms a subcomplex of the Hochschild chain complex which in degree g has the form

T M®I®~ '@kl !, Via the identification described above, we have the following

isomorphisms of k-modules

q q
FEMN=2@PMeI® " ok [® ' 2(PMe (A I® ' "ok ¥ e A
0= Do )
and thus an isomorphism of chain complexes Fy(M,I) = M ®ge N.(M,I), where
N (M, I) is the subcomplex of the two-sided bar complex B,(A, A, A) defined degree-
wise by
q
Ny(M,I) =P AI® " ekaI* 'gA
i=1
for all ¢ > 1. Observe that N,(M,I) is free as a graded right A°-module, so to prove
the statement of the theorem, it suffices to show that N,(M,I) is a resolution of k.
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We will show that N,(M,I) can be written as the direct sum of two subcomplexes

of the two-sided bar complex B,(A, A, A) and compute their homologies. Let X, and
Y. be the subcomplexes of B, (A, A, A) defined degree-wise respectively by

X,=kokeI® g4

and

q—1
V,=(IekeI® oA e (@A®I®q—i®k®f®i—1®A> .
=1

Observe that for every ¢ > 1, Ny(M,I) = X, ® Yy, so as chain complexes (more specifi-
cally, subcomplexes of the bar complex) indeed we have N,(M,I) = X, @ Y..
Define collections of maps g. : Xx — X,4+1 by

93(1®18a®  ®a®ag)=(—1)""1®10a® - ®a;® a1 ® 1
and hy : Yy — Yii1 by
hglao® a1 ® -+ ®ag® ag11) =1@ag @ a1 ® -+ ® ag ® ag41

where @ denotes the positive-degree part of a. We claim that g, satisfies the null homo-
topy condition for all degrees except for degree 1, i.e., id = dq1194 + gq—1d4 for all ¢ > 2.

We compute:

dq+lgq(1 R1IRas®---® g ® CLqul)

= dgt1 ((—1)‘1711 IR - Qag® a1 @ 1)

q—1
=D D (DML @ s @ - D g1 @ 1)

m=2

+(-1D)N1R1® - Qagigri @1+ (-1)MM @10 ®ay ® Gg1
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and
Gg—1dg(1®1®az @ ®ag @ agy1)

q
:gq_1[Z(—l)m1®1®-~®amam+1®--'®aq+1®1
m=2

qg—1
B (_1)(][2 ((_1)m1®1®"'®amam+l®"'®aq+1®1)

m=2

+(-1DN 1R ®agag41 ® 1].

Observe that G a,11 = aqaq+1 since deg(ay) > 0. We can then simplify the sum of the

above formulae to get

(dg119¢ + 9q—1dg)(1 ® 1 ® ag @ - - © ag @ ag41)

=110 ®a0041101-101® - ®aG1R1+101® - ®a; ®Tgr1
=1R1® ®aa4101+101Q- Qag ®agr1
=1R1® - R0 +1R01® - ®aRa1=101® - ®a;® agr1.

The existence of the (almost) null homotopy g, implies that H,(X,) vanishes for all
g > 2. The computation of H;(X,) is straighforward:

ker(d)) kok®A A
Hi(X,) = = ~ =
1(Xe) im(dy)  k@koIl I

1

k.

Hence the chain complex X, is in fact a resolution of k. A similar computation shows
that h, is a null homotopy and thus the complex Y, is exact. It follows from the direct

sum decomposition above that N,(M, ) is a resolution of k, concluding our proof. [J

If M is graded, for an element f = a1 ® --- ® p; ® --- ® a4 with a,, homoge-
neous elements of A of degree deg(a,,), we may define the degree of f to be deg(f) :=
deg(i) + 32,2 deg(am). The differential in Fiy (M, I) strictly preserves the degree of
elements, hence we may define the split subcomplex generated by homogeneous elements

of F,(M,I) of degree precisely n, denoted by F ,,(M,I).
Corollary 5.1.5. H,(F,,(M,I)) = Tord, , (M,k).

*—1n

Proof. Since the differentials of both the complex F,(M,I) and the Hochschild chain
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complex strictly preserve the degree of elements, this corollary follows directly from the

previous theorem. O

5.2 Homology with coefficients arising from left-braided vec-

tor spaces

Write e for the braided k-module € = k with braiding on €¥? = k given by multiplication
by —1. Given a general braided k-module (V, o), write V. = V ® e with braiding twisted
by the sign on €.

Let (V,W,0,7,¢) be a separable left-braided vector space, then its twisted dual
(VX W* ok, 7%, ¢F) also forms a separable left-braided vector space with ¢ = —p*. Let
2A = A(V.") be the quantum shuffle algebra generated by the twisted dual V*, and 9t =
IM(VF, W*) be the A-bimodule defined from (V*, W* oF, 7%, ¢F) per Definition 5.1.1.

We are now ready to state the main result of this chapter.

Theorem 5.2.1. There is an isomorphism
H.o(Bp1; V" © W) = Exty, " (90, k).

As promised, we will give a short algebraic proof of this statement, before working out
an elaborate example in the next section. We will return to this theorem in Section 5.4
with an alternate geometric proof.

First, we revisit a construction of Ellenberg—Tran—Westerland [40] that provides a
framework to compute the homology of braid groups with twisted coefficients. Recall
from Section 4.1 that the Fox-Neuwirth chain complex C(n). computes the cellular
homology of Conf, (C)U{cc}, relative to the point at infinity. Let T' be a representation of
B, and T the associated local system over Conf,,(C). Ellenberg, Tran, and Westerland
[40] provided an explicit formula for the differential of the chain complex C(n),® T that

incorporates the braid action on T

q—n—1
(M) @t = > (1)1 [()\1, A A A )\q,n)®2(—1)|7|§(t)]
=1 ¥

< B,

where v is drawn from the (A;, Ai11)-shuffles, and 7 is its lift to the copy By, 4x,; <
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consisting of braids that are only nontrivial on the A; + A\; 1 strands starting with the

AL Aoy + 15

Theorem 5.2.2 (Ellenberg-Tran-Westerland [40]). There is an isomorphism
H,(Conf, (C) U{occ},{cc}; T) = Hi(C(n), ®T).

Let 7* denote the dual local system of T, which is associated with the dual repre-
sentation T* of T. By applying the universal coefficient theorem and Poincaré duality

to the dual over k of the left hand side with coefficients in 7, we have

H,(Conf,(C)U{oo}, {oo}; T*)* = H*(Conf,(C) U {cc},{cc};T)
=~ HY(Conf,(C); T)
~ Hy,—.(Conf,(C); T).

Since 71 (Conf, (C)) = By, we may rewrite the isomorphism in the previous theorem as
H.(B,;T) = Hop—(C(n), @ T*)*.

Recall that given any B, 1-representation, the induced representation gives a repre-
sentation for the parent group B,41. Combining this fact with the previous result, we

obtain the following corollary:

Corollary 5.2.3. For any B, 1-representation L, there is an isomorphism
*
Ho(Bo1i L) = oo (C(n + 1), @ Tnd 4 (L))

Proof. By Shapiro’s Lemma (see, e.g., Lemma 6.3.2 of [96]), the homology of By, ; with
local coefficients in L can be identified with the homology of the parent group B, 11 with

coefficients in the induced representation, i.e.
Y BTL
Ho(Bos 1) = He(BusisInd 4 (D)),

Applying the rewritten form of Theorem 5.2.2 to the right side completes the proof of
the corollary. O
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This homological algebra result provides a convenient machinery to compute the
homology of B, ; (or similarly any other subgroup of the braid groups) with twisted
coefficients, as long as we understand the action of B1 on the induced representation.
However, it does not offer a geometrically intuitive explanation for how the cellular
homology on the right side is related to the homology of the group B, ;. We will
resolve this issue in Section 5.4, by explicitly constructing a cellular chain complex that
computes the homology of B, 1 with coefficients in L and relating it to the complex
C(n+ 1), ® Indg"*! (L¥).

Let (V,W, 0, T,’QO) be a separable left-braided vector space, then its twisted left-
braided vector space (V, W, 0¢, T, p.) is also separable with p. = —¢p. Let A = A(V;)
and M = M(V, W), and let J be the augmentation ideal of 2, consisting of elements
of positive degree. The following proposition shows the relationship between the alge-
braic structures we developed in the previous section and the cellular chain complex of

configuration spaces with twisted coefficients.

Proposition 5.2.4. There is an isomorphism of chain complexes
Fin1(M,3) = C(n+ 1)siny1 @ Indg:ﬁ1 (Ve @ W).

Proof. Recall that the induced representation InngtI(V‘@” ® W) is isomorphic to the
direct sum @?;11 VOloW @V ®n—itl Observe that F, 1 (9, J) consists of all spaces

of the form
V6®>\1 R -® Ve®)‘“1 ® (Ve®j QW ® V€®/\i—j—1) ® VE®>\z‘+1 ® - ® Ve)“’

where > \,, =n+ 1. This is an ordered partition of n + 1 with ¢ parts labelled by an
clement of V1@ W @ Vet = Vil W@ Vet where 1 = j + 1+ 301 A\, is
the overall position of the factor W in the tensor product. Hence there is an isomorphism
of k-modules between Fy ,41(9M,T) and C(n + 1)g4nt1 @ Indgﬁl(V@" ®@ W).

There are two main pieces of data in the boundary of an ele;nent A ®t in the chain
complex C(n + 1), ® Indg:tl(V@m ® W) (stated in its general form prior to Theo-
rem 5.2.2): the coarsening ,01Z of A and the signed sum over all (A;, A\j+1)-shuffles of the
actions of their lifts on ¢. Both are encapsulated in the differential of F ,,11(9,7J): the

coarsening p' is encoded in the choice of two multiplied elements, and the sum of the braid
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actions is contained in the quantum shuffle product of 2 or the multiplication of 91 by 2.
Observe that in the differential of Fy 11 (9%, J), the braids act only on a tensor subfactor
of VL@ W @ Ve 1=t whereas the corresponding braids act on the isomorphic image
a,(VE" @ W) of this full factor in the differential of C(n+1).yni1 ®Indg:+11 (Ve QW).
These braid actions match precisely due to the commutativity of Diagram .@ (Figure 3.2),
which is equivalent to the separability of the left-braided vector space (V, W) by Propo-
sition 3.2.5. The signs coming from € encode the boundary orientations on cells in the
Fox-Neuwirth model. Via these identifications, the differentials of Fj ,1(91,7) and
Cn+1)ifnt1® Indgz’tl (VE" @ W) are precisely the same formula, which shows their

isomorphism as chain complexes. O
We are now ready to prove the main result of this chapter.

Proof of Theorem 5.2.1. We invoke Corollary 5.2.3 for the By, j-representation L = V®"®
W, Proposition 5.2.4, Corollary 5.1.5, and the duality of the Tor and Ext functors sub-

sequently to get the desired isomorphism

H.(Bpy; VE" @ W) = Hap s, <C(n +1). @ Ind gt (V)" & W*)>

= n+1f*(F*,n+1(9ﬁ, j))*
> Tord”, . (9, k)* = Extl " (o, k)

where 20 = (V") and 9 = M(V*, W*). O

5.3 Homology with one-dimensional coefficients

We revisit Example 3.1.3 when the base field k has characteristic 0. Let the left-braided
vector space (V,W,o,7) be composed of one-dimensional k-vector spaces V' = k and
W = k{w}, with braidings c on V@V =k and 7 on VW = k given by multiplications
by ¢ and p respectively, for some p,q € k*. Thus the braid action of B, ; on the
representation V" @ W = k is given by o; + g forall 1 <i <n—1 and 7, — p. In this
case, the quantum shuffle algebra 2l = (V) is generated (as a k-module) by the classes
Zp = [1|...|1], where there are n occurrences of 1. It has been shown that the algebra

2( is isomorphic as graded rings to the quantum divided power algebra I';[z] [40], whose
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structure has been previously studied by Callegaro [20].

Definition 5.3.1. The quantum divided power algebra T'y[z] associated to ¢ € k* is
additively generated by elements z,, in degree n, equipped with the product

n-—+m
Ty * Ty = Tntm
m q

where the quantum binomial coefficient is defined by

o oy fo-bt1l, o 1og
(b)q_ [b]g[b — 1] -+~ [1]4 th  [r], 1—¢ l14+qg+---4+¢ L

The isomorphism between I'y[z] and A sends the class x,, to [1]...|1], in 2A [40]. The

following identification of the algebra I'y[z] is due to Callegaro.

Proposition 5.3.2 (Callegaro [20]). If q is not a root of unity in k, then there is an

th

isomorphism T'y[x] = k[z1]. If ¢ is a primitive m*™™ root of unity, then

Lylz] = k[z1]/27" @ T[wm].

As analyzed in Example 3.1.3, the left-braided vector space (V, W, o, 1) is separable
with the separated braiding ¢’ given simply by permuting tensor factors. Observe that
this separated braiding is not unique: multiplying ¢’ by an arbitrary unit gives another
separated braiding. For generality, we will choose the separated braiding to be ¢ := u¢’
for some u € k*.

Recall that the 2A-bimodule 991 is defined by

m=P P v lewever

n>11<i<n

In this case, 9 as a k-module is generated by the classes y;,, == [1] ... |[1[w@|1]...[1],
(where i records the position of w) for all n > 1 and 1 < i < n; in particular, denote

Yn = Ynn = [1] .. .|1Jw],. Corollary 3.2.9 specifies the action of By, ; on these generators
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as follows:
qYin m#i—1i
Um(yz‘,n) = Wi-1n m=1—1
pu‘lyHLn m=1.

For the remainder of this section, we will study the structure of the module 90t as an
2-bimodule and compute its homology.
Consider the left multiplicative structure of 9. Recall that {yn,Yn—1mn,--->Yin}

forms a basis for the degree-n homogeneous subspace I, of M.

Lemma 5.3.3. Forn,m > 1,

- m— n—1)(m— n—1+ h
ImYn = Z U hq( L(m=h) < h ) Yn+h,nt+m-
h=0 q

The proof of this lemma involves the concept of ((p,h),q, j)-shuffles developed in
Section 4.2, in particular Definition 4.2.2 and Proposition 4.2.4.

Proof. The left multiplication formula of 91 gives

Zntin = (o W (1] 11d = SOF0 e i = 3 F )
¥ v
where v draws from all (m, n)-shuffles. Given a shuffle v, the summand of 9, ,, that
¥(Yn+m) belongs to is determined by the image of n + m under the shuffle ~, i.e.,
Y(Ynim) € VL @ W @ VE+m=i where i = v(n + m). Such a shuffle v belongs
to a family of ((p,h), q, j)-shuffles; in particular,  is an ((m,h),n,n — 1)-shuffle, for
h = i — n. Proposition 4.2.4 then states that v can be uniquely decomposed into a
sequence of three permutations: a permutation w that sends the integer interval [h+1, m]
to [n 4+ h + 1,7+ m] (while preserving its order) and n + m to n + h, followed by an
(h,n —1)-shuffle 8 on [1,h+mn —1] and an (m — h,0)-shuffle on [n+h+1,n+m] (i.e.,
the identity). Observe that the lift @ can be written as the product of n braids, each of
which represents the lift of the shuffle that moves m — h points in the original interval
[h+ 1, m] past the next point on the right (see Figure 5.1). The action of the first n —1

such braids each results in the multiplication by ¢™ ", while the last braid element is
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.

n+hn+h+1---n4+m
Figure 5.1: Decomposition of an ((m, h),n,n — 1)-shuffle.

precisely @, 15, which acts by ©nihntm = Pnih - - Prtm—1 O0 Yntm. It follows that

ImYn = Zﬁ(ywrm) = Z Z q(n_l)(m_h)§@n+h,n+m(yn+m)

v h=0 B

% m— n—1)(m— n__l*_h
Z u hq( 1 h) < h > Yn+h,nt+m
h=0 q

where 8 draws from all (h,n — 1)-shuffles. The fact that the weighted sum over all
(h,n — 1)-shuffles 3 of ¢°"(®) where ¢r(8) is the number of crossings in 3, computes the

quantum binomial coefficient is well established (see, e.g., Proposition 1.7.1 of [87]). O

Proposition 5.3.4. The set {x,_ryr}}_, forms a basis for M,,. Consequently, M is a
free left A-module with respect to the basis Y = {y1,y2,- .-}

Proof. Observe that for any given 1 < k < n, the coefficient of ¥;, in the expansion of

Tp—kYk given by the previous lemma vanishes for all 1 < ¢ < k — 1, and that of y; ,

is u"Fqk=1D(=FK)  Hence there is a change-of-basis matrix from the basis {Yrn}i_y to

{xn—kyk}gzl
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Yn T1Yn—1 T2Yn—2 o Tpn—1Y1
yn 1 * * k
n—2 * *

Yn—1n 0 uq

yan,n O 0 u2q2(n_3) e *

Yin | O 0 0 sl

which is upper-triangular with all non-zero diagonal entries. This matrix is therefore
invertible, which implies that {z,_ryi};_, indeed forms a basis for M,,. It follows that
the 2-module 91 is generated (as a k-module) by the basis (J;~;{zn—ryx}7_,. This
basis can be freely generated from the set ) by the left multiplication by generators of
the algebra 2. O

We now move onto the right multiplicative structure of 9.

Lemma 5.3.5. Forn,m > 1,

= hifn—1+h
YnTm = hz;) (%) < A >qyn+h,n+m'

Similar to that of Lemma 5.3.3, the proof of this lemma involves the (p, (¢, h),j)-
shuffles that were introduced in Section 4.2, particularly Definition 4.2.2 and Proposi-

tion 4.2.3.

Proof. The right multiplication formula of 91 gives

Ynm = (1] Ll (1] U = > A ™ 1] Unim =Y F(Ynntm)
2l 2l
where ~ draws from all (n,m)-shuffles. Similar to the case with left multiplication,
a shuffle v in this case belongs to a family of (p,(q,h),j)-shuffles; in particular, if v
sends n to i (n < i < n+m), it is classified as an (n,(m,h),n — 1)-shuffle, for h =

i —n. By applying Proposition 4.2.3, we observe that + can be uniquely decomposed
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1---n—-1n_n+1 -+ n4+hn+h+1- n+m

con=1n a4 h =l ndhnthtl o ndm

n+hn+h+1-- n+m

Figure 5.2: Decomposition of an (n, (m,h),n — 1)-shuffle.

into a sequence of two permutations: a permutation w that sends the integer interval
[n+1,n+ h] to [n,n+ h — 1] (while preserving its order) and n to n + h, followed by
an (n — 1, h)-shuffle 5 on [1,n 4+ h — 1] (see Figure 5.2). The lift @ can be written as
the product @ = oy yp_10pin-2-..0n. Observe that oy (Ynntm) = PU™  Ynt1ntm, SO by
successive multiplication, it follows that @W(Ynn+m) = Onth—10nth—2 - On(Ynntm) =

(pu_l)hyn-i-h,n-i-m . Thus

m
YnTm — Z%(yn,rwrm) = Z Z (%)h Byn—i—h,n—l-m
Y B

h=0
B i ( P ) hifn—14h
- u h Yn+hnt+m
h=0 q
where 8 draws from all (n — 1, h)-shuffles. The proof is complete. O

Proposition 5.3.6. The set {yrxn—_i}}_, forms a basis for M,. Consequently, M is a
free right A-module with respect to the basis Y.

Proof. This proof follows the same logic as the proof of Proposition 5.3.4. Observe that
for any given 1 < k < n, the coefficient of y;, in the expansion of yx,_ given by
Lemma 5.3.5 vanishes for all 1 <i < k — 1, and that of yi, is (pu™!)? = 1. Thus the

change-of-basis matrix from the basis {yin}7_; to {yrTn—r}7_; is given by
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Yn Yn—1T1 Yn—2T2 - Y1Tp-1
Yn—1,n 0 1 * T *
Yn—2.n 0 0 1 T *
Yin 0 0 0 e 1

which is upper-triangular with all non-zero diagonal entries and hence invertible. It
follows that {yrx,—i}}_; forms a basis for M, and more generally the A-module Mt
is generated (as a k-module) by the basis (J,~{yxTn—r}}_;. This basis of 9 can be
freely generated from the set ) by the right multiplication by generators of the algebra
2. O

So far in this discussion, we have explored three different bases for the module 9t
as a k-module: {yrn}, {zn—rys}, and {yrxn_i}. The following lemma establishes a

formula for the change of basis between the latter two.
Lemma 5.3.7. Forn,m > 1,
1 1 n—1+h\ 1
YnTm = "o Z m h H p= g1tk Lm—hYn+h-
h=0 4 k=0

Proof. We will prove this formula by induction on m. For m = 1, first we apply

Lemma 5.3.3 to get

1

_ 1o (n—1+h n _

L1Yn = § u' hq(n na h)< h > Ynt+hnt+l = <1) Yn+1 + uqn 1yn7n+1
h=0 q q

and apply Lemma 5.3.5 to get

1
p\P (mn—1+h p(n
YnT1 = § <*> Ynt+hn+1 = — Yn+1 + Ynn+1-
U h q u\1 g
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By solving for y, ,+1 from the first equation and substitute it into the second equation,

p(n 1 n
YnT1 = — Yn+1+ —— | T1Yn — Yn+1
u\ 1 g ug™ 1 q
1 1

we obtain

which proves the base case.
Assume that the formula holds for all 1 < k < m. The key observation here is

that we can write z,,11 = Tme1 in the quantum divided power algebra I'y[z]. By

1
[m+1]q
applying the induction hypothesis, we have

YnTm+1 = m(ynxm)xl
S 1 (n—1+h> hﬁ< 1 )]
=T 1l am Z S(m—h)(n—1+h) P= itk ) | ¥m—hYnth®l
[m+ 1], u — [q( h)(n—1+h) h o g+

0
m h—1
1 1 1 n—1—|—h 1
_Mumz{!q(v&—h)(w( h >qH (p_qnprk>] Tm—h

h=0 k=0

n+h 1 1
1 D= i1 ) Ynthtl T 1 T1Ynth
. q q

h
n+h n—1+h 1
- [m+ 1] um+1 Z{ (n— 1+h)< h >qH (p_ qn—1+k>] Tm—h

k=0

h—1
m—h+1]; (n—1+h 1
g(m=hF1)(n=1+h) h H p = Ik Tm—h+1Yn+th (-

9 k=0

1
U

Ynthtl T

This is an expansion of y,x,,11 in terms of the basis {xm+1_hyn+h}hm;bl. In particu-

lar, the coefficient of z,,11_pynrn comes from those of the terms x,, p_1Yynin_141 and
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Tm+1—hYn+h-

1 1 [n+h—1], n—1+h—1 =y
[m + 1], umtl | | g(m=(h=1)(n—1+h—1) P g 1+k

q
n m—h+1]; (n—1+h ﬁ B
q(m—h+1)(n—1+h) h g 1+k

ko

"R R A+ [m— b+ 1] 1 (n—l—I—h) ﬁ(p 1 )
uerl[m + 1]q q(erlfh)(nflJrh) h ety qn71+k .

Finally, observe that ¢™ "1 ="[n], + [m —h+1], = ¢ (1 +q+ - +¢" )+ (1 +q+
g =14 g4+ g g g™ = [m + 1], so the coefficient of

Tm+1—hYn+h computed above matches the desired formula, completing our proof. O

th

Corollary 5.3.8. If q is a primitive m*™ root of unity, then

1 [rn17S 1
YnTm = uim [E} ]}_J[:) p—= W Ynt+m + <xhyn+m—h>

where [x] denotes the ceiling function of x, and (TpYp+m—n) consists of all terms of the

form xpynym—n for 1 <h <m.

Proof. Tt suffices to show that ("_i,:“m)q = [Z]. By definition, we have

(n -1+ m> _ (1— g™ (1 — g™ 2)...(1—q")
m g (1-q)(1—¢»(1—qm) '

Among m consecutive numbers in [n, n+m — 1], there exists exactly one number of the

form N = ma for some a > 1, for which we get

L™ (g g gnieD)
1—qm 1—qgm

=a
since ¢™ = 1. Each of the other terms in the numerator has the form 1 — ¢™+" =
1—4¢" # 0 for a unique 1 < r < m — 1, which cancels out with the corresponding 1 — ¢"
term in the denominator; here b is either a or a — 1. It follows that (”_ijm)q = a.

Since N is the smallest multiple of m that is greater than or equal to n, we deduce that
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a=/[2]. O

We will now proceed to compute the homology of the 2-bimodule 9t using the
description above. Including the sign twist € and taking the dual of the braidings o, 7,

and ¢ is the same as replacing ¢, p,u with —¢=%, p~!, —u~! respectively. Let A(V*) =
I'_,1fz] =T and M = MV}, W*). It follows from Proposition 5.3.4 that

e L L L
Torll .M k) =M @ k=Tok)) ® k=kY @k
’ rereop rrep Top

where Y = {y1,y2,...} is the chosen basis for M as a free left I'-module. We will
continue this computation in the following cases:

Case 1: —q is not a root of unity in k. Recall from Proposition 5.3.2 that I' = k[z4],
so it suffices to only look at the right multiplication of the generators y, by x1. Since

all 2y, terms vanish in k) for m > 1, Lemma 5.3.7 gives

1 n 1 1
xr1 = _——m—_———
YnT1 —uil 1 _q71 b (_q*l)ﬂ*l Yn+1

e _ 1
~ e 7 e e

1

If p is not a power of —¢~! (including p = (—¢~ ) = 1), k) is freely generated as a

I"°P-module by a single generator y;, and hence
re opy & £ 1
Torl (M, 1) = (el } @ T) & k= kfyn} &k = k{u} =<'k
op
where Y¢M denotes the shift by 4 internal degrees of a graded module M, i.e.,

. k forj=0n=1
Tork (M, k) = !

]7n
0 else.

If p=(—q)~"=Y for some r > 1, y,z1 = 0 whereas y,x1 # 0 for all n # r. It follows
that the elements y,, for 1 < n < r can be generated from y; by multiplying with m’f‘l,
but y,4+1 cannot. All elements y>,11 can be freely generated from y,1; by multiplying
with powers of 1. Thus as a right I'-module, kY = k{y; }x1]/z] ® k{yr4+1}[x1] =
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Sk[z1] /27 © ¥ Hk[z1]. Since I'°P 2T, we have

Tor} (M, k) = (X'T'/z] & 27T é k=>x! (F/xq (% k> @Yk,
To compute the first summand, we use the graded free resolution of k as a k[z1]-module
0 — Slk[z1] 25 k[z1] Sk — 0
where € is the augmentation map. Applying — ®y,,) ['/2], we get
0 — Sik[zq]/2] 25 k[z] /2] — 0.
Multiplication by x; has image (1) and kernel k{z] ™'}, so

K for j =0
TOI{*(F/I‘{, k) = Elk{xq_l} >~ 3"k for j=1

0 else,
or
k for j=0,n=0
Torgn(F/xg,k) =14k forj=1,n=r
0 else.
Hence
k forj=0, andn=1,r+1
Toril(mt7k): k forj=1, andn=r+1
0 else.
Case 2: —q 1is a primitive mt root of unity in k. By Proposition 5.3.2, I' =

k[z1]/27 @ T'[xy,], so it suffices to study the right multiplication of the generators yy, by
x1 and zp,. Let Ay, := k[x1]/2]" denote the degree-m truncated polynomial algebra in

~Y

variable z;. If k has characteristic 0, there is an isomorphism I'[x,,] = k[z,]. Consider
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the multiplication by x,,. In this case, Corollary 5.3.8 gives

m—1
v = [ T (7 e ) o

Since the power of —¢ in the product cycles through m consecutive values, we see that
YnTm = 0 if and only if p is a power of —gq.
If p is not a power of —¢q, observe that

y xlzl—(—q)"<p—1_1>y X
" —u~1(1+q71) (=g~ ) 7"

vanishes precisely when m is a divisor of n. Observe that for every n > 1, if we write
n = ma + r where 1 < r < m, then the element y, of J can be generated uniquely as

Yn = Cylx%x’fl for some nonzero constant C. Thus we may identify
kY = k{y1}(k[z1]/27" @ k[znn]) = BH(A, @ kln]) = 2T,

SO
re 10 L 1
or, (M, k)=YTok=%%k
’ r

On the other hand, if p = (—¢)" for some 1 < r < m, y,x,, = 0 for all n, so k) is
trivial as a k[z,,]-module. In this case, y,x1 vanishes iff m divides n or n +r — 1. If
r =1, i.e., p = —q, these two conditions coincide. It follows that k) is freely generated

by {y1,Ym+1,---} as a Ap,-module, i.e.

kY =~ k{y1,ym11, - - Haal /27 2 D Am{ymar1} = @ =" A

We then have

Am®k[zm)]

oo
@ ma+1k ® k — @ ZmaJrlA[zm]
a=0 a=0

k[zm]

_ (é zmaHAm) 5ok
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for some z,, € Tory , i.e.

for j =0, and n =ma+1 fora >0

TOT?;(WT, k) = forj=1, andn=ma+1fora>1

SEE o

else.

Finally, if » > 1, we then have y,z1 = 0 whenever n = ma or n = ma —r + 1.

Following the same analysis above, we see that as a A,,-module,

kY = k{yian)/a? T @ k{ym—rs2} ] /27T @ k{yma o] o7 T

= (@ Am—r-}—l {yma—i-l }) @ (@ AT—l {yma—r-‘r?})
a=0 a=1
= (é 2ma+1Am—r—&—1> S (é EmaTJrZAr—l) .

a=0 a=1
Since kY is trivial as a k[z,,]-module, by using the universal property of the tensor

product (see, e.g., Proposition 13.104.1 in the ancillary file of [53]), we may write

L L
ky ® k =kYok & (kok)
A ®@K[Tmm) AmQK[zm]

L L L
= <ky ® k> ® (k ® k) = <ky ® k> ® Az

It follows that

. o0 o0 L
Tor}, (M, k) = [((@ Ema“Amm) & (@ zma—T“AH)) © k| @Az
a=0 a=1 m
o~ T ma+1 L T ma—r+2 L
=~ @E Ayt 8 k)|o @E Ay & k ® Alzm].
a=0 m a=1 m

L
It is left to compute Ay ® k for 1 < s < m — 1. We shall use the resolution

m

2y ow2mp, B s A B s T s S A, S A
ee.— m— m— m— m— Ny, =+ Asg =0
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L
where the augmentation map € is the quotient map. Applying — ® k, we get
Am

Y w2mye O smasy O ey O s O 4,
Hence

k for j = 2a and n = ma, for a > 0
Tor?;’;(As,k): k for j =2a+1and n=ma + s, for a >0
0

else.

By applying Theorem 5.2.1 and the duality of Tor and Ext functors to the compu-
tation of Tor?i(?)ﬁ, k) above, we obtain a characterization of the homology of B,, 1 with

coefficients in one-dimensional braid representations.

Theorem 5.3.9. Let ky, be the one-dimensional representation of By 1 over k where
the generators o; (1 <1 <n—1) and 7, act by multiplication by q and p respectively, for
some p,q € k*. The homology of By 1 with coefficients in Kq, is given in the following

cases:
1. If —q is not a root of unity in k, and

(a) p is not a power of —q~t:

k forn=0,7=0
H;j(Bn,ikep) =

0 else;
(b) p=(—¢)~ " for somer > 1:

k forn=0,7=0
H;j(Bni;kgp) =3k forn=r andj=r—1,r

0 else.

2. If —q is a primitive m*™ root of unity in k, and
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(a) p is not a power of —q:

k forn=0,7=0
Hj(Bn1; kg p) =

0 else
(b) p=—q:

k forn=0,7=0
Hj(Bni;kep) =4k forn=ma (a>1), andj=n—1,n

0 else
(c) p=(—q)" for2 <r <m: forn=mk (k>0)

k for j=n—2k,n
Hj(Bn,l;kq,p): kdok forn—2k+1<j<n-1

0 else,

and forn =mk+m —r+1 (k> 0)

k forj=n—-2k—-1,n
Hij(Bn1;kep) = kdk forn—2k<j<n-—1

0 else,

while for all other n it vanishes.

Observe that in all cases, the homology of B, 1 with coefficients in one-dimensional
braid representations over k has very large vanishing ranges. Interesting phenomena
th

happen when —q is a primitive m"*® root of unity and p is a power of —g. The following

is a direct consequence of the previous theorem.

Corollary 5.3.10. Let —q be a primitive m'" root of unity. If p = —q, H;(Bn1;kqp)
has a lower vanishing line j <n —1. If p=(—q)" for 2 <r < m, this vanishing line is
j<m=2p 1.

m
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There are two specific cases of the computation in this section that are worth men-
tioning. When ¢ = 1 and p = 1 (i.e., m = r = 2), we recover the homology of B, ;
with trivial coefficients. In this case, A = k[z;]/2? = Az;] is the exterior algebra on a

generator x1, so we have

kY = (é 22““A[a:1]/a:1) e (é 22“1\[951]/931) = éz“k

a=0 a=1 a=1
and hence

Torl’, (MM, k) = P B°Torl , (k. k) = @D Sk[y1] @ Alz]

a=1 a=1
where y; € Tory; and 22 € Tory 2. Observe that this is an infinite sum of the cohomolo-

gies of braid groups, which exhibits the same pattern as Gorjunov’s classical computation

over Z [52|. More explicitly, Theorem 5.3.9 gives

k for j =0,n
H;i(Bniikgp) ={kdk for1<j<n-—1

0 else.

The second case of interest is when ¢ = 1 and p = —1 (i.e., m = 2,7 = 1); in this
case, the representation kg, of By, 1 tracks the parity of the number of generators 7, in
the decomposition of a braid, i.e., whether the number of times a braid wraps around

its pure last strand is even or odd. Theorem 5.3.9 gives

k forn=0,7=0
H;i(Bniikep) =<k forn=2a (a>1),and j=n—1,n

o

else.

In particular, the homology of all odd-numbered groups Bs,t1 vanishes. When n = 2a,
only the top two homology groups are nontrivial and have rank 1; the vanishing line of

the homology of the even-numbered groups Bs, with these coeflicients is j < n — 1, as
deduced in Corollary 5.3.10.
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5.4 Twisted cellular chain complex of Conf,(C*)

In this section, we detail an alternate proof for Theorem 5.2.1, particularly a geometric
proof of Corollary 5.2.3 based on the Fox-Neuwirth cellular stratification of Conf, (C*)
developed in Section 4.2.

Let L be a representation of B,, 1, and £ be the associated local system on Conf,, (C*).
Since L trivializes on the open cells of the Fox-Neuwirth stratification of Conf,(C*),
as graded groups the cellular chain complex with local coefficients C,(Conf,(C*) U
{00}, {o0}; £) is isomorphic to D(n, 1), ® L. To show their isomorphism as chain com-
plexes, we need to study the differential; in particular, we must incorporate the braid
action on L.

Recall that in the induced representation discussed in Section 3.2, we have a full set
of representatives {ai};fll in the braid group By for the left cosets of B, ;. Define
the map n; : Byy1 — Bp1 C By41 by sending a to a;é)aai, i.e., the image of a is
exactly the element b; € B, 1 chosen in the proof of Proposition 3.2.2. This map is
not a group homomorphism; however, observe that n;(ab) = my(a)ni(b), as the result
of the definition of this induced B,i-action. We may then define the differential of
D(n,1), ® L by

i—2
A0 ) @ 0] = 3 (—1)m! [( i 19)e T »ym><e>]
m=1
Y [ oY (b, ><f>]
m=i+1 TYm
Xic1 T
HEDTEY |- e Y <1>'w'm<m><f>]
h=0 L Yi—1,h
Aiv1 [
+(=DTDY i+ h) @ Z(—l)mhm(%)(f)]
h=0 L Yi,h

where ¢ = j +1+ZZ ! 1 Am is the overall position of the fixed point 21 in the configuration
(A, 4,7); Yi—1,p runs over all ((A\j—1, k), A;, j)-shuffles; v; , runs over all (A;, (Xit1,h), j)-
shuffles; and ~,,, runs over all (A, Ap41)-shuffles for all m # i—1,4. The lift ~,, (defined
similarly for m and 7;p,) in this differential is the lift of the shuffle v, to the copy
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B, +ams1 < Bny1 consisting of braids that are only nontrivial on the Ay, +Ap,41 strands
starting with the Ay + - -+ 4+ \p—1 + 1%

Theorem 5.4.1. There is an isomorphism
H.(Conf, (C*)U{},{x}; £) =2 H.(D(n,1). ® L).

Proof. Our argument will follow the outline of the proof of Theorem 3.3 of [40]. Let

D(n, 1), be the cellular chain complex of the universal cover on Conf,(C*) obtained by

lifting the Fox—Neuwirth cells. It suffices to describe an identification

P

D(n, 1)q = Z{((()\l, RN )\q,n+1)7i,j), b)‘b S Bn,l}

as right B, 1-representations which gives the desired description of the differentials.

The top dimensional cells of D(n, 1), occur when ¢ = 2n and have the general form
(((1,...,1),4,0),b). Consider the codimension-1 faces of this cell obtained by combining
the m'™ and m+ 1% columns, i.e., putting the m™ and m+1%* points on the same vertical
line. There are two main outcomes of this operation: either the m'™ point lies below
the m + 15 point, or vice versa. Each of these are divided into subcases, depending on
whether the fixed point z; is involved. Recall that for any configuration in Conf, (C*),
the lexicographic order of points in the configuration is obtained by indexing them from
bottom to top for each subsequent column starting with the leftmost one. We then label
the braid element of a face based on its effect on the lexicographic order of points in the
configuration: if the lexicographic order is preserved, we apply 7;(id) = id to b on the

left:

Case m™ point below m + 15° point

m<i—11]((1,...,1,20M 1, ...,1),i—1,0),b)

m=i—11](((1,...,1,20-1 1, ... 1), —1,1),b)

m=1i (((1,...,1,20,1,...,1),4,0),b)

m>i (((1,...,1,20m 1, ..., 1),4,0),b)
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where (1,...,1,20™ 1, ... 1) denotes the composition of n + 1 where the only non-1

part is Ay, = 2. Otherwise, we apply 7;(7) where - is the corresponding permutation:

Case m™ point above m + 15 point

m<i—1](((1,...,1,20M 1, ....1),i—1,0),1:(0m)b)

m=1i—11](((1,...,1,20-D,1,...,1),i — 1,0),1(ci_1)b)

m=i (((1,...,1,20.1,...,1),4,1), i(0)b)

m>i (((1,...,1,20M 1, ...,1),4,0),n;(00m)b)

Note that this choice of labelling is consistent with the right action of B, ;.

More generally, the cell ((A,4,7),b) corresponds to the face of (((1,...,1),¢,0),b)
obtained by putting points into columns according to the configuration A while pre-
serving the lexicographic order of points. Here the number : = 5 + 1 + ZZ ! 1 Am 18
the overall position of z; in the configuration. However, if we arrange the face so that
the lexicographic order is altered by a permutation v, we need to multiply the element
of By in the cell’s label on the left with 7,(7). Note that this labelling system is
compatible with the decomposition of braid elements into generators precisely because
ni(ab) = nyiy(a)ni(b) for any a,b € By

It follows from this labelling system that the face maps of the complex D/(;z\,T)* are
given by

(S" (=)l i = 1,5),m ()b) m<i—1

’Ym

Z Z |’Yz 1h| ,i—l,j-f—h),m(’%:l,/h)b) m=1—1
dn((Xi,§),b) = § V207

z+1

SN (=0)enl((p 4§+ h),nu ()b m =i
h= 077,h

S (=0 ((™, i ), 1 (T )b) m> i
Ym

Notice that the sums over h in the face maps d;_1 and d; result from the fact that the

number j of points below the fixed point is a meaningful index of these cells. The signs
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—_—

in the formula come from the orientations of the cells. The differential d : D(n,1); —

D(n,1)4-1 is given by the alternating sum of the face maps: d = Y " (=1)™"1d,,.
Given a B, i-representation L, we want to give a description of the chain complex
D(n,1).®zB,, L and its differential. Observe that we may identify ((A, 4, 5),b) ® £ with

((A,4,7),1)@b(£), hence there is a natural isomorphism of k-modules D(n,1).®zp, , L =

D(n, 1), ® L. Furthermore, this identification when applied to the face maps and the
differential results in the desired formula for the differential of D(n, 1), ® L; for instance,

when m <17 —1,
dn((\7,):0) @ 0) =Y (=) ((pmyi = 1, 5), n.(Fm)b) @ €

Ym
=> (=1 (o, i = 1,5),1) @ 0. (3)(L).
Ym

This concludes our proof of the theorem. O

This result gives another tool to compute the homology of B,, ;1 with twisted coef-
ficients in a similar manner as Corollary 5.2.3; however, the geometric construction of
the chain complex D(n, 1), ® L offers a more intuitive view of the computation than the

induced representation Indg”“(L) does.

n,1

Corollary 5.4.2. There is an isomorphism
H,(Bn1;L) = Hyps(D(n, 1), ® L*)*.

Proof. Dualize over k both sides of Theorem 5.4.1 with coefficients in L£*, apply the
universal coefficient theorem and Poincaré duality to the dual of the left side, and invoke

the fact that 7 (Conf,,(C*)) = B,1 to complete our proof. O

This result combined with Corollary 5.2.3 shows that there is a quasi-isomorphism
between the complexes D(n,1), ® L* and C(n+ 1), ® Indg:tl (L*). As we hinted ear-
lier, these chain complexes are in fact isomorphic, which evi(;lences a close relationship
between the cellular stratification we constructed for Conf, (C*) and the induced repre-

sentation.
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Proposition 5.4.3. For any B, 1-representation L, there is an isomorphism of chain
complezes

D(n,1). @ L= C(n+1)syp @ Indp"* (L),

Proof. Define a chain map D(n,1),®L — C(n+ 1)*+2®Indg:+11 (L) by sending (\, 4, j)®F
to A ® @, (¢) where 1 = j + 1+ 5201

m=

1)spo ® Indgﬁl(L), observe that ¢ must be an element of &, L for some 1 < <n+ 1.

1 Am. Conversely, given an element A ® t € C(n +

Let ¢ be the largest integer such that j’ := ¢ — Zgzll Am > 0, then there is a chain map
C(n+1)*+2®1nngjl(L) — D(n,1),®L that sends A®t to (X, 4,5’ —1)®@a, *(t). These
maps are evidently inverses as maps of graded k-modules, hence the chain complexes

are isomorphic. O

At this point, we have introduced two different methods to compute the homology
of By,1 with twisted coefficients. The case of By, 1 = B,,(C*) offers an interesting inter-
section between two families of braid subgroups: mixed braid groups and surface braid
groups on punctured genus-0 surfaces. As hinted by the discussion in Section 3.3, the
algebraic approach in Section 5.2, which relies on understanding the induced representa-
tion of the subgroups, is more suitable for studying the homology of mixed braid groups.
However, for braid subgroups such as B, (C,,) whose index is infinite, it is challenging
to analyze the induced representation. The geometric method demonstrated in this sec-
tion, which relies on developing an explicit model for the space Conf,,(C*), offers a more
natural approach to study braid groups on the plane with more punctures.

One additional benefit of this geometric argument is that it provides an explicit
connection between the homological algebra objects developed in Section 5.1 and the
Fox—Neuwirth cellular stratification of Conf,,(C*). Recall that we constructed two al-
gebraic objects to express the homology of By, i: the free resolution Fy (M, A) of an
A-bimodule M and the 2-bimodule 97 over a quantum shuffle algebra 2. These objects
capture two key aspects of the cellular stratification of Conf,,(C*): the configuration of
the vertical columns and the configuration of points on the imaginary axis.

The 2-bimodule 9t provides an algebraic analogue of the imaginary axis in a configu-
ration in Conf,, (C*). The single copy of W* in every summand (V*)®/@W*@(V.*)®1-i~1
of 9 decorates the fixed point at the origin, while all other points in the configuration

are decorated by V. Meanwhile, the chain complex Fi (M, A) mirrors the structure of
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the vertical columns in the stratification of Conf,(C*). Given the choices of the algebra
A =2(V}) and the bimodule M = IM(V*, W*), the single copy of M in each summand
of the graded module F, (M, A) represents the imaginary axis in the configuration, while
column-combining operations are encoded in the multiplication of both the algebra and
the bimodule. These observations offer a more intuitive perspective on the construction
of our algebraic objects, which was not obvious from the first approach involving the

induced representation.



Chapter 6

Twisted homology of genus-0

surface braid groups

In this chapter, we will develop a framework to compute the cellular homology of
Conf, (C,,) with coefficients in local systems. As our main topological result, we will
identify the homology of B, (C,,) with coefficients arising from mixed-braided vector
spaces (V, W) with the cohomology of bimodules IMM(V*, W) over the quantum shuffle
algebra (V). As an application, we will compute the homology of By, (C,,) and in turn
prove a vanishing range for the homology of B,, ;,, with certain one-dimensional twisted

coefficients. The content of this chapter is extracted from Section 4 of [54].

6.1 Twisted cellular chain complex of Conf,(C,,)

We will generalize the topological construction in the previous section.

Let Z = (i1, .. .,im) where 1 < iy < -+ < iy, < n+m, and az the associated (n,m)-
shuffle. Define a function of sets nz : By4m — Bpm by sending a to Qavz_la&i, i.e., the
unique element b such that aaz = o'b for some o € Sh(n,m). This map is not a group
homomorphism; however, it satisfies the composition relation nz(ba) = 14z (b)nz(a).
When restricting the domain to only braids with pairwise parallel z';h and 7" strands for
all distinct i, € Z, we observed that the range is in fact B, (C,,). Since our braids
always arise from lifting shuffles that preserve the order on the set Z of overall positions

of the fixed points in a configuration, this assumption applies to our discussion below.

93
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Let L be a representation of B,(C,,), and £ be the associated local system over

Conf,(C,,). Since L trivializes on the open cells of the Fox-Neuwirth stratification of

Conf,, (C,,) constructed in Section 4.3, the twisted cellular chain complex C(Conf,(C,,)U

{00}, {o0}; £) is isomorphic to D(n,m). ® L as graded groups. The differential of
D(n,m), ® L which incorporates the braid action on L is defined by

i1—2

di(\1,7) @ 0)] =Z<—1>H[ph, ®Z )P4, e>]

=1

m—11k4+1—2

+y > (- [P Tyyr, J ®Z )Pz (5) 5)]

k=1 i=ip+1
g—n+m—1

Y zl[pfmz 1)l @]
1=im+1
m >\ik—1 r

Y DY T I ) @Y (—1)%'6‘1”’771(77;:—1/&)(5)]
k=1 h=0 L Yip—1,h
m Aig+1 T

+> (1)t (0", Tirs Jn) ® Y (= %’“hﬁz(’%v)(@]
k=1 h=0 L Yig h

where Z = (t1,...,4p) With ¢ == jp + 1 + sz ! A; the overall position of zj; in the

configuration (X, I,J); v, —1,, runs over all (A, —1,h), Ai, , Ji)-shuffles; ~;, » runs over
all (Ni,, (Mip+1,h), ji)-shuffles; and ; runs over all (\;, i1 )-shuffles for all ¢ # i, — 1, iy.
The lift ; (defined similarly for 4;, 1, and 4, 4) in this differential is the lift of the

shuffle ; to the copy By, 1),,, < Bn+m consisting of braids that are only nontrivial on

i+1
the \; + ;11 strands starting with the Ay +- - -+ X;_1 +15*. We prove the main structural

theorem of this chapter below.

Theorem 6.1.1. There is an isomorphism

H,(Conf,(C,,) U{oc},{o0}; L) = Hy(D(n,m), ® L).

Proof. Our argument will generalize of the proof of Theorem 5.4.1. Let D(n,m). be

the cellular chain complex of the universal cover on Conf, (C,,) obtained by lifting the
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Fox—Neuwirth cells. It suffices to describe an identification

—_—

D(n,m)g = Z{(((A1, - .-, Agensm), I, J), 0)|b € Bp(Cp)}

as right B, (C,,)-representations which gives the desired description of the differentials.

The top dimensional cells of D(n,m), occur when ¢ = 2n and have the general
form (((1,...,1),1,(0,...,0)),b) for some I = (iy,...,%y). Consider the codimension-1
faces of this cell obtained by combining the i and i 4+ 15 columns, i.e., putting the
ith and i 4+ 1%* points on the same vertical line. There are two main outcomes of this
operation: either the i*" point lies below the i+ 1%t point, or vice versa. Each of these are
divided into subcases, depending on whether a fixed point is involved. Recall that for
any configuration in Conf, (C,,), the lexicographic order of points in the configuration is
obtained by indexing them from bottom to top for each subsequent column starting with
the leftmost one. We then label the braid element of a face based on its effect on this
order of points in the configuration as follows. If the lexicographic order is preserved,
we apply n7(id) = id to b on the left; the codimension-1 faces in this case are labelled
by:

Case ith point lies below i 4+ 15 point

1<i<ip—1 (((1,...,1,20 1,....1),11,(0,...,0)),b)

i <i<iggr—1 ] (((1,...,1,20,1,...,1), It41,(0,...,0)),b)
(1<k<m)

im<i<n4+m | (((1,...,1,20,1,...,1),1,(0,...,0)),b)

i=i,—1 (((1,...,1,206=1 1. 1), 1}, (0,...,0,15%) 0,...,0)),b)
(1<k<m)
i =iy, (((1,...,1,20%) 1, ... 1), I41, (0,...,0)),b)
(1<k<m)
where (1,..., 1,20 1,.. ., 1) denotes the composition of n 4+ m where the only non-1

part is A\; = 2, and (0,...,0, 1% 0, ... ,0) denotes an m-tuple where the only nonzero

entry is 1 at the k' coordinate. On the other hand, if the lexicographic order changes,
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we apply n7(7) where 7 is the corresponding permutation. The labelling system in this

case is given by

Case ith point lies above 4 + 15% point

I1<i<ip—1 (((17"'7172(i)717---71)7117(07'--70))777[(Ui)b)

i <1< ik-‘rl -1 (((17 SRR 172(1)1 17 ) 1)>Ik'+17 (07 s >O))a"71(01)b)
(I1<k<m)

im<i<n+m | (((1,...,1,20,1,...,1),1,(0,...,0)),n:(c;)b)

i=ip—1 (1, .., 1,200 1 1), I, (0, ..., 0)), mr (0, —1)b)
(1<k<m)

i =i (((1,...,1,20) 1. 1), Ty, (0,...,0,1%)0,...,0)),m7(0s,)b)
(1<k<m)

Note that this choice of labelling is consistent with the right action of B, (C,,).

More generally, a generic cell ((X,1,.J),b) corresponds to the face of the top di-
mensional cell (((1,...,1),Z,(0,...,0)),b) obtained by putting points into columns ac-
cording to the configuration A while preserving the lexicographic order of points; here
Z = (t1,-.-,tm) records the overall positions of the fixed points in the configuration,
ie, tp = jp+ 1+ Zi’;}l A; for 1 < k < m. However, if we arrange the face so that
the lexicographic order is altered by a permutation v, we need to multiply the element
of B,(C,,) in the cell’s label on the left with nz(5). Note that this labelling system is
compatible with the decomposition of braid elements into generators precisely because
nz(ba) = 14z (b)nz(a) for any a,b € By ym.

It follows from this labelling system that the face maps of the complex D(n,m), are
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given by

dz(<)‘717 J)? b) =

> (=D)Pl((p", I, T), mr(3)b) 1<i<ip—1
Vi

> (=D)P((pF, Tiga, T), nz(32)) i <4 <ipgr—1
Z(_l)hl'((plajvJ)?”I(’)N/Z)b) im<i§q—n+m—1

Vi

zkl

Yo > (0Pl I Jn) m (o —1)b) i=ip—1

h= 0"sz 1,h

1k+1

S (=)t (0™, Iy, Ten) nz (Vg n)b) i = .

h= O'Ylkh

The signs in the formula come from the orientations of the cells. The differential

d : D(n,m), — D(n,m),—1 is given by the alternating sum of the face maps: d =
S n+m— 1( 1)-1d;.
Given a B, (C,,)-representation L, we want to give a description of the chain complex

D%)* ®7B,(C,) L and its differential. Observe that we may identify ((\, I, J),b) ® £

with ((A, I, J), 1)®@b(£), hence there is a natural isomorphism of k-modules D(n, m).®zg, (c,.)
L = D(n,m), ® L. Furthermore, this identification when applied to the face maps and
the differential results in the desired formula for the differential of D(n,m), ® L; for

instance, when 1 < i <47 — 1,
dl(((>ﬁja J)ab) ®€) - Z(_ )Wil((pial’ly J)anz(’%)b) ®4L
—Z D ((ps, 11, 7). 1) @ nz()b(0).

This concludes our proof of the theorem. O

This result provides a general framework for computing the cellular homology of

Conf, (C,,) with local coefficients. An easy observation is that the cellular homology of
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Conf,,(C,,) U{oo} concentrates only in certain degrees.

Corollary 6.1.2. For an arbitrary local system L over Conf,(C,,),
H;(Conf,(C,,) U{oo},{occ}; £) =0

forall j <n orj > 2n.

Proof. Given a cell ey 1 jy of dimension n+1(\) —m, the length of the partition A varies
from m to n +m, and hence n < dim(e(y 7,7)) < 2n. It follows that there are no cells of

dimension j < n or j > 2n, so the homology vanishes at these degrees. O

6.2 Algebraic analog of column configurations

In this section, we will develop and study a chain complex that will capture the struc-
ture of the vertical columns in our cellular stratification of Conf,(C,,), in particular
when specialized to the cellular chain complex of Conf,(C,,) with coefficients in the
local system associated with the representation of B, (C,,) on V®" @ W®™ discussed in
Sections 3.1 and 3.3.

Definition 6.2.1. Given an associative k-algebra A and a tuple M = (M, ..., M,,) of
A-bimodules, the chain complex F.(M, A) is defined at degree ¢ > m by

Fy(M,A) =@ A @ My @ A% @ My @+ @ My, @ AZT
A

where Z = (i1,...,ip) for 1 <i; < -+ <4y < ¢q. The face maps d; for 1 <i < g—1 are
given by

di(a1®"'®aik—l®ﬂk®aik+1®"‘®aq):

a1 @ ® a1 @ - @ ag i F g — 1,0
a1 @ R aj, 1 @ D ag m=iry—1¢€7T
a1 ® -+ @ PG +1 Q- D ag m=igandip+1&7T
0 {i,i+1} CZ

and the differential is d = Z?;ll(—l)i_ldi.
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The last case of the face maps guarantees that there will always be m A-bimodules
present in every summand of Fiy(M, A).

Let I be the augmentation ideal of A, and let Fy(M,I) denote the chain complex
obtained by replacing all copies of A in Fy, (M, A) with I. If the bimodules M}, are graded,
for an element f = a1 ®---® g ® - - - ® aq with a; homogeneous elements of A of degree
deg(a;), we may define the degree of f to be deg(f) = >_; deg(ux) + >_,,;, deg(a:).
The differential in F, (M, I) strictly preserves the degree of elements, hence we may
define the split subcomplex generated by homogeneous elements of Fi(M,I) of degree
precisely n, denoted by Fi (M, I).

Observe that this chain complex is a multi-module version of the chain complex
F.(M,A) (Definition 5.1.2). A key observation made in the proof of Theorem 5.1.4
where we compute the homology of F.(M,I) is that Fy(M,I) is isomorphic to the
subcomplex

Z.(M,I):=EP é MeI® gk ¢!
>1 i=1
of the Hochschild chain complex CH.(A, M). We will develop analogs of these chain
complexes that involve multiple A-bimodules (i.e., m > 2) and mimic this strategy to

study the homology of Fi(M,I).

Definition 6.2.2. Given an ordered set M = (M, ..., M,,) of A-bimodules, the multi-
module Hochschild chain complex CH, (A, M) is defined degree-wise by

CHq(A,M) B @Ml ® A®i2—2 ® M2 ® A®i3—i2—1 R ® Mm ® A®‘1—im
z
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for Z = (i1,42,...,4m) where 1 =11 <ig < --- < iy, < ¢, with face maps

di(pn ®ag ® -+ @ a1 @ iy, @ Qi1 @ -+ D ag) =

H1a2 @ ag @ -+ @ aj,—1 @ Wi, @ aj41 @ -+ & aq i=1
M ®as® - @ a4 ® - @ ag iy — 1,4
M1 ®ag @ -+ @ i, —1fk @ - & aq i=1,—1¢7T
H1®ag @ Q ppai+1 @ - - Qag i=idrand iy +1¢7
Agpt1 ® a2 @ -+ @ Ay —1 & fhiy, @ A1 @ - @ Ag—1 i=q&T
0 {i,i+1} CT

and differential d = Y% (—1)""1d;.

We may define a chain map fi : Fx(M,I) — CH,(A, M) that sends a1 ® -+ ®
Qip—1 ® P @ Q41 @ - @ agq to

(_l)q(il_l)/“@ail—&-l®"‘®aik—1®Mk®aik+1®"'®aq®1®a1®"'®ail_1.

Note that for all i # iy, deg(a;) > 0 since each a; is in the augmentation ideal I of A.
It follows that there is precisely one occurrence of the unit in the image of an arbitrary
element of F, (M, I) under this map, and its position is determined by the indices ¢ and
i1. We deduce that this map is injective. The isomorphic image of Fy(M,I) via this
map forms a subcomplex Z,(M, I) of the multi-module Hochschild chain complex which

in degree ¢ has the form

ZqMID) =P M @I " @My @+ @ My @ [P @ k@ I
7
It suffices to compute the homology of this chain complex, which will be our focus for
the rest of this subsection.
The case m = 2. The key observation is that the chain complex Z,(M, I) is isomor-
phic to the totalization of an m-simplicial object. We give the treatment for the case

m = 2 as an example.
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Construct a double complex C, , (Figure 6.1) by setting

q
Cpq = Zg(Bp-1 (M1, 1, M), I) = P(M @ I @ M) @ I®" " @ k @ 197

i=1

The vertical face maps are given by

dY (o ® a1 ®@ -+~ @ ap1 @ f1p) ®b1 @ -+~ ® by) =

(o®a1 @ - @ ap_1 @ ppb1) @by ® -+ @ by Jj=0

(o®a1 ®  Rap—1 R pp) Qb1 @~ Rbjbj11 @ R by 1<j<qg-1

(bgtto ® a1 ® +++ ® ap—1 @ pip) @ b1 @ - -+ ® bg—1 j=q
and the vertical differential is d¥ = ;1:0 dj. Similarly, the horizontal face maps are
given by

(o ® a1 @+ @ ap_1 @ i) b1 @+ @ by) =
(Hoa1 ® az ® -+ ® ap—1 @ pip) @ b1 @ -+ ® by j=0
(ho ®a1® -~ ®ajaj11® - ®ap 1@ ) 0@ @by 1<j<p-2
(Ho® a1 @ ®ap—2® ap_1ftp) b1 ® -+ ® by j=p—1

: : - -1
and the horizontal differential is d" = "~ d.

Observe that the associated total complex Tot(C), of C, . at degree n has the form

Tot(C)n = @) Cog= P MRIP @ M) @ I®" @k [
pHq=n pF+q=n

= Zn((My, M3), I).
For the differential at degree n, we have

d =d"+(-1)Pd° =df —d} + -+ (1P dl_, + (—1)P(df — df + - + (—1)9d})

=df —df +-- + (—)P 'l + (-1)PdZ 4 -+ (—1)"dE, = d?

thus indeed Z,((Mj, Ms),I) is isomorphic to the total complex of the double com-
plex Ci .. Notice that the horizontal filtering of Cy s is by the reduced bar complex
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L L
(Mi®I®M)®I®?ek (My @ Ms) @ I®? @ k
h h
L (M @IeM)@Iokol L oM @M)oIkol — 0
S(M @1 ® M) @k @ I%? O(M; @ M) @ k @ 92
dav dav
ah (My®T®M)®I®k ah (My® M) ®1I®k
-, 0
OM @I M)k T S(M @ M) ok I
., dav ., dav
L (M RTOM)®k —— 5 (M@ My) @k —— 0
{ {
0 0

Figure 6.1: Double complex C\ .

B._1(My, I, M,), whereas the vertical filtering is by the complex Z,(M,I). Recall
that the complex Z.(M,I) is isomorphic to Fi(M,I), whose homology is given by

L
H.(Z.(M,I)) = H(F.(M,I)) = (M 1(48) k> [—1] (shifted in homological degree by —1).
It follows that

L L
Proposition 6.2.3. H,(Z.((M1, Ms),I)) = <<M1 ®M2> ® k) [—2].
A Ae

General case. We can generalize the construction above for any m > 3. Let M =
(M, ..., M,,). Instead of a bisimplicial object C, ., we construct an m-simplicial object

C,,...» which for each m-tuple (p1,...,pm) is given by
Cpl:--~7pm = me (Bpmflfl((‘ . Bp2,1(Bp1,1(M1, I, MQ)v I, M3) s )7 I, Mm)» I)
Pm
=P (.. (M @I @ My) @ I @ M3) @ ...) @ [P~ @ My,)
=1
® J®Ppm—i Qk ® J®i—1

The face maps in the i*" direction are defined similarly to the horizontal mappings in
the previous case if 1 < ¢ < m — 1 and to the vertical mappings if i = m. From this
specification, we have an analogous observation about the filtering of the m-complex

constructed from C. . .: the filtering in the i direction for 1 < i < m —1 is by a
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reduced bar complex (with degree shift —1), whereas that in the m'™ direction is by

the complex Z,(M,I) for some M. The totalization of Cy . is given degree-wise by
Tot(C)n = D pien Cpryeoipm = Zn(M, I), which implies

Theorem 6.2.4. For M = (M, ..., My,),

o= (o ((nom) Ear) ) ) £

6.3 Homology with coefficients arising from mixed-braided

vector spaces

Let (V, W, 1, ) be a left-separable mixed-braided vector space. Observe that the twisted
mixed-braided vector space (Vi, We,T,¢.) and its dual (V*, W, 7%, ¢F) are also left-
separable with ¢, := —¢ and ¢} := —¢*, respectively.

Let 2 = (V) and 9 = M(V, W), and let T be the augmentation ideal of 2.
The following proposition shows the relationship between the algebraic structures we
developed in the previous section and the cellular chain complex of configuration spaces

with twisted coefficients.

Proposition 6.3.1. Let M = (My,...,IM,,) where each My, = M. Then there is an

isomorphism of chain complexes
Fenim(M,3) 2 D(n,m)sin—m @ (V" @ WE™).

Proof. Observe that Fy, ,,4m (9, J) consists of all spaces of the form

VN @@ VN g (VB @ (W) @ VW T T g v g g v
where >°\; = n+ m. This is an ordered partition A of n + m with ¢ parts labelled
by an element of V24—l @ W @ V2 -l Wy @ - @ W,, ® VE" ™M~ tm  where 1), =
Jr+ 1+ Zz’“: ;1 A; is the position of the factor W} in the tensor product; furthermore,
there is at most one number ¢ in every part of the partition A\. These data about the
partition A are in one-to-one correspondence with an element of D(n,m)g4n—m, whereas

the labelling element is identified via the isomorphism ¢z j4m : VE*Q W™ — Vva-lg
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WieVee-u-legW,®...@W,, @ Ve +tm=—tn where T = (11,...,tmn). Hence there is an
isomorphism of k-modules between F ;,4+m (M, J) and D(n,m)gtn—m @ (VE" @ WE™),
There are two main pieces of data in the boundary of an element A ® ¢ in the
chain complex D(n,m), ® (V" @ W™): the coarsening p' of A and the signed sum
over all (\;, Aiy+1)-shuffles of the actions of their lifts on ¢. Both are encapsulated in
the differential of Fi ,1m(M,J): the coarsening p’ is encoded in the choice of two
multiplied elements, and the sum of the braid actions is contained in the quantum
shuffle product of 2 or the multiplication of 2, by 2. Observe that in the differential
of Fypnim(M,7T), the braids act only on a tensor subfactor V& @ Wy, ® Y &A=kl
of Vi loW, @ Vee-u-loW,®. . @ W, ® VO*+m—tn whereas the corresponding
braids act on the isomorphic image V®" @ W®™ of this full factor in the differential
of D(n,m)sin—m @ (VE* @ W&™). These braid actions match precisely due to the
commutativity of Diagram & (Figure 3.3), which is equivalent to the left-separability of
the mixed-braided vector space (Vi, W, T, ) by Proposition 3.3.5. The signs coming
from € encode the boundary orientations on cells in the Fox—Neuwirth model. Via these
identifications, the differentials of Fy ,4m (M, T) and D(n, m)sin—m @ (VE*QW™) are

precisely the same formula, which shows their isomorphism as chain complexes. O

Combining this with Theorem 6.1.1 and Theorem 6.2.4, we get a formula for the

relative homology of the 1-point compactification of Conf, (C,,):

Corollary 6.3.2. Let L be the local system over Conf,,(C,,) associated with the By, (Cy,)-

representation on VE™ @ WE™_ Then there is an isomorphism

H,(Conf, (C,,) U{oco},{c0}; L)

=L ((mgo) g ) o) Sk ionlfo o

where the first bracket denotes the shift in homological degree and the second the internal

degree part.

In Section 5.3, we showed that 9(V, W) is a free left (or right) 2A(V)-module in a
special case, namely when V' = W = k with the braidings given by multiplication by

units. It turns out that this is true in general:
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Proposition 6.3.3. Given a left-separable mized-braided vector space (V, W), M(V, W)
is a free left A(V')-module.

Proof. Let 20 = 2(V) and 9t = M(V, W). Define a filtration of 0 by

FEm= P veWa Ve

b>p, a>0

for every p > 0. Then the p-graded piece is given by

M, = F,M/Fp M =PV oW e VP,
a>0

Observe that whenever we left-multiply an element = of 2 with an element

[’Ul‘ e \va]w|va+2] e "Ua—i—p—‘rl] S V®a QW ® V®p C mifpa

only the elements in the product resulting from shuffles that preserve the number p of
copies of V on the right of W survive in sm%fp. Thus, the multiplication is precisely
the quantum shuffle product of = with [v1]...|vs] in the first a tensor copies of V,
tensoring with the identity on W ® V®P. Therefore, each graded piece %, is a free left
A-module, and so is the associated graded IME, = 5o ME,. In particular, ML, =
2, @ (W @ V®P), hence

r r ~v ®
m%,*_@mip:m*@ @W@V P
p=>0 p>0

By convention, we define the bigrading of an element of 2,® (W &V ®?) to be (¢+p+1,p).
Define a map « : fmil; — M, by sending

[ai]...|aq] @ [wlvr]...|vp] = [a1]...|ag] * [wlvi]. .. |vp]

where «x is the multiplication on 9t. We claim that « is an isomorphism of graded left
2l-modules, when considering 9§, as an A-module with respect to the first grading.
The fact that « is a module homomorphism comes directly from the fact that the mul-

tiplication on 901 is associative. Since the grading is preserved, it is a graded 2l-module
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homomorphism. It suffices to prove that « is an isomorphism on each degree.
To show injectivity, suppose we have a(m1) = a(msz). Then the pieces of a(m;) and

a(msg) with the smallest number p of copies of V' on the right of W must be exactly

the same, say > _[a1]...|aq|w|v1]...|vp]. This can only come from m = [a1]...|ay] ®
[wloi] ... Jup] € ME, ., , s0 my and my must agree on this part. Let mj = mq —m

and mf = my —m. Now observe that the smallest number of copies of V' on the right
of W in a(m}) = a(mi) — a(m) and a(m)) = a(ms) — a(m) is now at least p + 1;
furthermore, the pieces of this second grading must agree. Repeat the process above till
it terminates, and observe that m; = mo.

To show surjectivity, let m € 9. Again let > [a1]. .. |aq|w|v1]. .. |vp] be the piece of

m with the minimal p, then this could come from m' = >"[a1]...|a4] @ [w|v1]...|vp] €
im%ierLp. Take my = m — a(m/), then the smallest number of copies of V' on the right

of W in my must be at least p + 1. Repeat this process till it terminates, and it is clear

that we then obtain m as an image under . O
We are ready to prove the main result of this section.

Theorem 6.3.4. For A = A(V>) and M; = MV, W) for every 1 < i < m, there is

an isomorphism

H.(Bn(Cp); VO™ @ WE™) =2 Extg " <sm1 % My %? e % M, k) :

Proof. Let L be the local system associated to the representation of B, (C,,) on V®" ®

W™ then the dual local system L* corresponds to the representation on (V*)®" @
(W*)®m of B,(C,p,). Since each 9; is free as a left A-module by Proposition 6.3.3,
Corollary 6.3.2 applied to £* is simplified to

L
H,(Conf, (C,,) U{occ}, {oco}; L*) = { <SITI1 % My @é) . %3[) Dﬁm> 512 k} [—n][n + m]
= Tor2" 1 4m <sm1 QM ®...® smm,k> .
2A D

By applying the universal coefficient theorem and Poincaré duality to the dual over k of
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the left hand side, we have

H,(Conf,(C,,) U{oo}, {oco}; £*)* = H*(Conf,(C,,) U{oo}, {co}; L)
= H(Conf,(Cy,); L)
= Hoy—«(Conf, (Cp,); £),

SO
H,(Conf, (C,,); £L) = Hay,—«(Conf, (C,,) U{oco}, {oo}; L*)*
= Tor(Qn—*)—n,n—i—m <9ﬁ1 %) Mo (%) .. % Mo, k>

= Extg, " <5m1 M ... Dﬁm,k> :
P A 2

6.4 Homology with one-dimensional coefficients

We revisit Example 3.1.8 when k is a field of characteristic 0. Let the mixed-braided
vector space (V,W,7) be composed of one-dimensional k-vector spaces V' = k and
W = k{w}, with braidings oy, ow, and 7 on k given by multiplications by ¢, u, and p
respectively, for some p,q,u € k*. It is separable with the separated braiding ¢ := sy’
for some s € k*, where ¢’ simply permutes two tensor factors. The action of the mixed
braid group By m on Ty, = VO @ W™ 2 k is given by o< — ¢, Gisn — u, and
Tn +— p. This restricts to an action of B, (C,,) on a representation L,, = k given
by 0; = g forall 1 <i <n-—-1and 8,,41r = O'n+k:71‘--0'n+17—n0';_|1_1'HO'T:_;,l_k_l —
ubFlp(u=H)*1 = p for 1 < k < m. Let Tyup and L,, denote the local systems
associated to the representations 7y, , and L, ,, respectively.

In Section 5.3, we illustrated the computation of the homology of B,(C*) = B, 1
with similar coefficients as a special case. We will now expand these findings to compute
H.(By(Cy,); Lgp) for some special values of p and ¢q. Let I' := I'_ -1[z]. Recall that
each M; = MV W) is free as a left (or right) I'-module with respect to a basis

€
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Vi ={v1,v2,...}. Thus, Theorem 6.3.4 reduces to

1'.‘1*(371((:m)7 Lq’p) = EXtFe_*’n—i_m (9)?1 (%i) Mo (%{) ce (%) M., k>

=3 NI <ky1 kY @ ... @ kD, k>
r r r
L *
& {(ky1®ky2®"'®kym)®k}
r n—x*,n+m
Recall that in Section 5.3, when we fully computed H, (B 1; Lgyp) for all p,q € k*,
the output was divided into cases depending on whether —¢q is a root of unity and
whether p is a power of —¢q. For the purpose of the arithmetic application in the next

th 100t of unity and perform computations when

chapter, we assume —q is a primitive r
p = —q and when p is not a power of —q.

Case 1: p = —q. By Proposition 5.3.2, I' = k[z1] /2] ® I'[z,], so it suffices to study
the right multiplication of the generators y, by x; and z,. Let A, := k[z1]/2] denote
the degree-r truncated polynomial algebra in variable x1. If k has characteristic 0, there

is an isomorphism I'[z,] = k[z,|. Consider the multiplication by x,. In this case, we

r—1
= o 1L (7= ) o

k=0

have

in kY. Since the power of —q in the product cycles through r consecutive values, we see
that yp,x, = 0 if and only if p is a power of —¢g. Here, we have p = —¢q, so k) is trivial

as a k[z,]-module. On the other hand,

I e Gt VA N el G SRR
T S g) (p <—q>"1>y"“‘ —s<1+q>< ! <—q>nl>y"“

vanishes iff r divides n. It follows that k) is freely generated by {yi,yr+1,...} as a
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A,-module, so we have

kyl@@kym gk{yl,y27_,.}®---®k{y17y2,_,.}®k{y1’yT+1,_..}[l‘1]/$7{

= @ Ar{¥a, ® - @ Yam_1 @ Yram+1}
a1,...,am—1>1,a4m>0

~ o Gy m1

~ @ na1ttam_1+ram+ A,

a1,...,.am—121,am >0

as A,-modules. We then have

12

L L
(kyl k) ® - ® kym) Qk @ Ea1+...+am71+mm+1Ar ® k
r

a1, —1 21,0 >0 Ar@kfr]
o @ nait+-tam—1+ram+1] é} k
a17""a7n71217am20 k[xr]
o~ @ Za1+---+am71+mm+1A[2T]
a1,eeam—1>1,am >0
for some z, € Tory,, i.e.,
k®P(tr=1) for j =0
L
{(ky1 kY2 ® -+ @KYn) ® k} = kP01 for j =1
im
0 else,
where P(n) is the number of compositions (a1, ..., am—1,7am) of n (a; > 1), which can

be computed explicitly as

L] L] n—ra—1
P(n) :ZPm_l(n—ra) = < 9 )
1

a=1 a

33

where the partition function Px(n) = (Zj) counts the number of k-part compositions

of n. It follows that:
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Theorem 6.4.1.

k®P(ntm+r-1) forj=n

H;j(Bn(Cp); Lgp) = { k&P (ntm=1) forj=n—1

0 else.

In particular, H;(B,(Cp,); Lqp) =0 for all j <n —2.

Recall that there is a fiber sequence
Conf, (C,,) — Conf, ,(C) — Conf,,(C)

of Fadell-Neuwirth [43], which induces a Lyndon—Hochschild—Serre spectral sequence

that computes
H;(Conf,,(C); Hj(Conf,,(Cy,); Lg,p)) = Hitj(Confy, i (C); Tgup)-

Since H;(Conf,,(C,y,); Lgp) = 0 for all j < n—2, it follows that H;(Confy, 1, (C); Tgup) =
0 for all 5 <n — 2. Now assume u = ¢ (e.g., ¢ = u =1, p = —1). Repeat this analysis

with the fiber sequence
Conf,,(C,,) = Conf,, ;,(C) — Conf, (C),
we get the spectral sequence
H;(Conf,(C); Hj(Conty,(Cr); Lup)) = Hitj(Contr,m(C); Tgup)-

Since H;(Conf,,(Cy); Ly, p) = 0 for all j < m—2, it follows that H;(Confy, 1, (C); Tqup) =
0 for all j < m — 2. Thus,

Corollary 6.4.2. H;(Conf,, ,,(C); Tqup) =0 for all j < max(n,m) — 2.
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Case 2: p is not a power of —q. In this case, we have shown that k) = XT, thus

k

I

(kY1 QkYo @ --- @ kYy,)

=)

@ nait+-tam-1+1p QL@ k
I

at,...,am—1>1

Y @ Za1+"'+amfl+1k.

at,...,am—1>1

In particular, we have

L k&Pm—1(n=1)  for j =0
{(ky1®ky2®---®kym)?k} =
7,

0 else,
therefore:
k@(n;Ti;2> forj=n

Theorem 6.4.3. H;(Conf,(Cy,); Lyp) =
else.

With this, we obtain a slightly better vanishing range for the homology of Conf;, ,,(C)

in this case, again when u = q.

Corollary 6.4.4. H;(Conf,, ,,(C); Tqup) =0 for all j < max(n,m) — 1.



Chapter 7

Character sums of the resultant

In this chapter, we will relate the resultant of pairs of monic squarefree coprime poly-
nomials to local systems on bicolor configuration spaces, and prove an upper bound on

the character sums

Fy(n,m,q) = > X(R(f,9)

(f,9)€Confy m(Fq)
for any nontrivial character x : F, — C by leveraging our new topological computations.
The content of this chapter is extracted from Section 5 of [54].
Recall that on Conf,, ,,, the resultant can be interpreted as a map R : Conf,, ,,, —
A\ {0}. In the analytic topology over C, the map R : Conf,, ,(C) — C* is given by

the product formula

R(@1, - Ty Y1, ) = | [ — vj)
0.
where x1,...,%n,Y1,...,Ym correspond to the roots of two squarefree coprime poly-
nomials. Recall that the fundamental group B, of Conf, ,,(C) has three types of
generators: blue-blue crossings, red-red crossings, and blue-red wraparounds. Consider
the following representative of a blue-blue crossing in 7 (Conf,, ,,(C)): let = be a config-
uration with two blue points x; = —1,x;121 = 1, and all other points far away, and let «
be the loop in Conf,, ,,(C) based at x given by an e™-rotation on x;, Zi+1, and identity
on the rest. Observe that each term in the product formula of the resultant has a negli-

gible deviation as the input varies on «, so in particular, the loop Ra is contractible. A
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similar observation can be made for a red-red crossing. Meanwhile, for a representative
of a blue-red wraparound, let  now be a configuration with a blue point z; = 1, a red
point y; = 0, and all other points far away, and let « be the loop in Conf,, ,,(C) given
by an e*™-rotation on z; and identity on the rest. In this case, almost every term in the
product formula of the resultant again does not change much as the input varies on «,
except for the term x; — y; = €2™ for ¢ € [0,1]. This implies that the loop Ra travels
around the puncture of C* precisely once. From these analyses, the homomorphism of
fundamental groups R, : By, — Z induced by the resultant map sends the generators
oiof By to0 (1 <i<n+m—1,9%# n)and 7, to 1, i.e., counting the winding
number of blue strands wrapping around red strands. This map agrees with the induced

homomorphism on étale fundamental groups R : E,;l — Z, i.e., the diagram

Bom 25 7
B, — 7

)

commutes.

Recall that the Kummer sheaf L, associated to a character x of F, is the rank-1
local system on A%q \ {0} defined by means of the Lang isogeny, with a special property
that tr(Frob,|(Ly).) = x(z) for all z € F (see, e.g., [76]). By pulling back this sheaf
by the resultant map R : Conf,,,, — A!\ {0}, we obtain a rank-1 local system R*L,
on Confy y, such that tr(Frobg|(R*Ly)(se) = x(R(f,g)) for all (f,g) € Confypm. It

follows that the character sum Fy(n,m,q) can be written as

Fy(n,m,q) = Z tr(Frobe[(R*Ly)(1.9))
(f,9)€Confr,m(Fq)

and thus, by the Grothendieck—Lefschetz trace formula with twisted coefficients, can be

approached by studying the cohomology groups of Conf,, ,, with coefficients in R*L,.

Theorem 7.0.1. Let x be a nontrivial character of F,. Then

n+m+1l-—max(n,m)/2 _ |

Va—1

|Fy(n,m, q)| < 22n+2m-14
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if x s quadratic, and

n+m+(1-max(n,m))/2 _ 1

Va—1

By (n,m, q)| < 22n+2m—14

otherwise.

Proof. Observe that the local system R*L, on Conf, ,, is associated with the represen-
tation of its étale fundamental group ¢ : Bﬁn\m Ry 75 2)(q—1)Z = F} % C*. The
corresponding local system on Conf,, ,,,(C) is therefore associated with the homomor-
phism By, ,, = C* that sends the generators o; to 1 for 1 <i <n+m —1,i # n, and
T,, to a primitive d*® root of unity &, where d = |x|. This is precisely the representation
of By m on T 1 ¢ discussed in Section 6.4, i.e., R*L, = T1,1¢. By Poincaré duality and

Artin’s comparison theorem, we have

dim H27% ™ (Cont s R*Ly) = dimH, (Confpm; R*Ly,)
= dimH*(Conf,, ,,(C); R*L,).

From our topological computations in Section 6.4, it follows that
dimH*(Conf,, m(C); R*Ly) = 0

for all i« < max(n,m) — 2 when d = 2 by Corollary 6.4.2, and for i < max(n,m) — 1
when d > 2 by Corollary 6.4.4. For other degrees, we give a bound on the dimension of
the cohomology group by directly bounding the number of (2n 4+ 2m — i)-dimensional

cells of Conf,, ,,,; that is,

dim H 252 (Conf i R* Ly ) < (n i—lm) (n + ?’Zn — 1) < 92n+2m-1
where the first binomial coefficient is the number of coloring choices of n blue and m
red points, and the second is the number of compositions of n + m of length n +m — 1.

Let p : X\, — Conf,, ,, be the d-fold cover of Conf,, ,, associated with ¢ : l?n?n —
im(¢) = pg, where d = |x|. Since X, is a finite-sheeted cover of Conf,, ,,, there is an
injection

H*(Conf,, m; R*Ly) — H"(Xy; Q).
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The eigenvalues of the geometric Frobenius on the right hand side are bounded by
Deligne’s bounds, which thus also apply to the left hand side. Letting i be the smallest
number such that dimH i(Confn7m(C); R*Ly) # 0, by the Grothendieck-Lefschetz trace

formula with twisted coefficients we then have

|Fy(n,m, q)| = Y t(Froby|(RLy) (1)

(f,9)€Conf(Fy)

2n+2m ) ‘

= Z (—1)"tr(Froby| H2%F™=*(Confy, s R* Ly )

c,ét
=0

2n+2m
< Z qn—i-m—l/?dimHCQ’gj-Qm—z(Confmm; R*Ex)
=0

2n+2m ' 4
= > T RAmH ™ (Conf s R Ly )
=p

c,ét
2n+2m
< 22n+2m71 Z qn+mfi/2
1=p
2n+2m— 1
= 22n+2m—1(\/q) mremh -1
vi—1
ntm+(1-p)/2 _q

Va1

The statement of the theorem then follows immediately from the homological vanishing

— 92n+2m—14

range asserted by Corollaries 6.4.2 and 6.4.4. O

Notice that the factor 227t2m~1 resulted from our very crude bound on the dimen-
sions of H; o(Confy, s R*L, ), whose computation may significantly improve the bound
for small ¢. For large ¢ however, this factor is negligible, and our bound on |F\(n,m, q)|
for any nontrivial character y approximates ¢ t7+(1—max(nm))/2
The number of monic squarefree degree-n polynomials over F, is classically known

to be ¢"(1 —1/q) (see, e.g., [27]). The average of a character x of the resultant over all
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pairs of monic squarefree polynomials of degrees n and m is therefore bounded by

|Fy(n,m, q)| 1 e grtm-max(nm)/2 _ |
gtm(1—1/q)* = ¢"t™(1—1/2)2 NGIE
< d4gnmm . g2nt2m L ntmt(1-max(n.m))/2
— 92n+2m+3 (1-max(n,m))/2

which approaches 0 when n or m approaches oo if ¢ > 2%, and at the rate of approxi-

mately gmax(nm))/2 when ¢ is large. Qualitatively,

Corollary 7.0.2. For a sufficiently large q, the asymptotic average of a nontrivial char-
acter of the resultant over pairs of monic squarefree polynomials over Fy approaches 0

as the degree of either or both polynomials grows indefinitely.



Chapter 8

Hurwitz spaces over punctured

curves and Malle’s conjecture

In this final chapter, we outline a proof of Theorem 1.4.4. Our proof strategy mimics
that detailed in Section 8 of [40].

We first recall the setup. Fix a finite set p = (p1,...,px) of primes in F,[t]. For
every 1 < i < k, let m; be the degree of p;, and let m := Zle m;. Fix a finite group
G C Sy and a finite set ¢ = (cp,¢q,...,cx) of conjugacy invariant subsets of G. Let
NES(Fq(t), X) be the number of isomorphism classes of degree-d extensions L of F,(t)
with Galois group G, discriminant |A(L/F,(t))] < X, local monodromy at the prime p;
contained in ¢; for every 1 <4 < k, and all other local monodromy elements contained
in ¢g. The data {p,ci1,...,cx} specify a divisor D C A]}q and the ramification on D.
Then, there is a bijection between the set of such field extensions (up to isomorphism)
and a union of sets .%, of G-covers of Xp := Alqu \ D with n branched points of local
monodromy type cg and the prescribed ramification on D. For simplicity, assume that all
elements of ¢y have the same index. Let a = a(G, ¢p) = ind(cp) ™1, then the discriminant

is given by
k

A| = H qmd co) H < ind(c;) ) i an/a

=1

where r(G,p,c) = Hle (qind(ci))mi is a constant. So, the assumption |A| = r¢™* < X

is equivalent to an upper bound on the number of branched points n < alog,(X/r). In
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more generality, the formula above represents only the dominant term of the discrimi-
nant; however, a careful analysis of the discriminant yields a similar upper bound on the
number of branched points.

For each n, there is a Hurwitz moduli stack Hngcn that parameterizes the set .#,. By

an analog of Theorem 8.4 of [40], we have

NES(F (1), X)=1Zc| Y, [Hug,(Fy)l
n<alog,(X/r)

where Z¢g denotes the center of G. Using the Grothendieck—Lefschetz trace formula and
Deligne’s bounds on the eigenvalues of the geometric Frobenius, it suffices to control
the compactly supported étale cohomology of Hngcn By analogs of Proposition 8.6
and Theorem 8.7 of [40], these cohomology groups can be bounded by the homology
of Hurg?n, a variant of Hurwitz spaces over Xp(C) that we will construct in the next
paragraph. We remark that in order to consider both the IF -points and C-points of Xp,
we need to choose a suitable integral model of Xp. A natural choice is to regard each
irreducible polynomial over IF, that defines a prime in D as having coefficients in Z by
the function Fy — Z which sends (a mod ¢) to the representative of a that lies between
0 and ¢ — 1. The product of these polynomials forms a degree-m polynomial that is
squarefree over Z and thus over C. Hence, regardless of the chosen integral model of
Xp, there is always a homeomorphism Xp(C) = C,,.

For each 0 < i < k, recall that the map o;; : ¢; X ¢; = ¢; X ¢; given by 0;(g,h) =
(h,h='gh) induces an action of the braid group B, on the finite set ¢, called the
Hurwitz action, such that the standard generator o; of B), acts by id>*i—1 X0 xid*n—i—1,
Observe that this formula also defines isomorphisms o;; : ¢; X ¢; — ¢; X ¢; for all
0 <1i,j < k; for convenience, we simply denote any braiding given by this formula by o.
Furthermore, by abuse of notation, denote any map of the form id**~! x ¢ x id*"~~!
regardless of n by o;. Recall that the genus-0 surface braid group B,(C,,) can be
generated as a subgroup of By, by the generators oy,...,0,-1 of Bpim, and the

1
generators 0,; = o,

e 037_12032;10]-,2 oy for n+1 < j < n+m of the pure braid group
PBytm C Bpim. Then, there is an action of By, (Cy,) on ¢ x ;™ x -+ - x ¢, ™ given by

oi—~oiforl <i<n-—1, anden]’0—)0';1”-0';_120']2-_10']',2'--0'71 forn+1<j<n+m.

Definition 8.0.1. The n'® topological Hurwitz space associated with the data (G, p, c)
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is the quotient

Xle"

Hurf, = Cont,(Crn) X, (e (57 % €] X

X ¢
where C/(;/nfn((Cm) is the universal cover of Conf, (C,,) and the action of the surface

braid group is diagonal.

Thus, the final piece in our blueprint for proving Theorem 1.4.4 is an upper bound

on the Betti numbers of Hurgcn, analogous to Theorem 1.4.3:

Theorem 8.0.2. For some constants C(G,p,c), B(G,cy), and the constant e(G,cp)
appearing in Theorem 1.4.3,

rk Hj(Hurp ; k) < Cnt" 1B/,

We detail the proof of this result below. For each 0 < i < k, let V; = ke¢; be the
braided vector space spanned by elements of ¢; with the braiding o ; Vi®2 = k[ciXQ] —
k[ciX2] = V;®2 given by extending the Hurwitz action linearly. Similarly, extending the
map o : ¢; X ¢j — ¢; X ¢; linearly over k produces an isomorphism o; ; : V;@V; — V; @V,
for all 0 < 4,5 < k; we ambiguously use the same notation o for both the maps of finite
sets and vector spaces. Then, there is an action of B,,(C,,) on V" @ V2™ - - -®Vk®m’“
XM

given by extending linearly the action of B, (Cy,) on the basis ¢j" x ¢;™ x -+ X ¢,

Observe that there is an isomorphism

We now explain how Theorem 6.3.4 can be modified to study these homology groups.
It is easy to check that each pair of braided vector spaces (V;, V;) forms a left-separable
mixed-braided vector space when equipped with a mixed braiding ¢ and a separated
braiding o. For convenience, set V = Vy, Wy = --- = Wy, =V, W41 = -+ =
Wini4+ms, = Va, etc. Recall that for any braided vector space V, V* denotes the dual
vector space V* with the braiding dual to that of V' and twisted by a sign.

Proposition 8.0.3. Let A = A(V*) and M; = M(VE, (W;)E) for every 1 < i < m.
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Then

Ho(Bp(Cr); VI @ W1 @ -+ - @ W) = Extye " (fml DM @ .. @ M, k) :

Proof. It suffices to prove a modified version of Corollary 6.3.2 where the 2-bimodules
M, are allowed to arise from different pairs (V*,(W;)?). The proof of this corollary
is the culmination of Theorem 6.1.1, Proposition 6.3.1, and Theorem 6.2.4. The only
modification we need to introduce is to the proof of Proposition 6.3.1, which originally
relied upon the commutativity of Diagram & (Figure 3.3). In the setting of this chap-
ter, this sufficient condition is simplified to the following desired property of the pairs
(VZ, (Wy)%): for any 1 < i < m, any permissible 1 < j < ¢ <n+m, and a € By, the
maps
Yo @ VOITl @ W; @ V11 g Y®Ontm—p—q
id®P®a®id®"+m—p—ql la’

YOP V®a(j)—1 QW; ® V®q—al(y) @ Y ®@ntm—p—q

agree, where each Y denotes a copy of V' or any W, a’ is the natural inclusion of a
into the copy By < By, consisting of braids that are only nontrivial on the ¢ strands
starting with the p+ 1%, @ acts on VI~ 1 @ W; ® V¥97J and o’ acts on YEP @ V&I~
W, ® V®1J @ Y®rtm=p=4  When a = o, € B, is a standard generator, a acts by
id*" ! ® ¢ ®1d®?"" and o acts by id*PT"! @ 0 ® id®"T™ P~ 50 indeed the maps

above agree. Therefore, this always holds. O

We will prove an upper bound on the rank of these homology groups by leveraging

the upper bound on the cohomology of 2 in Theorem 1.4.3.

Proof of Theorem 8.0.2. By Proposition 8.0.3, it suffices to show
rk Exty. /"t <zm1 DM @ ... QR My, k> < Cntmlpd,
A A A

Let M = D50 (W) @ (V)P ie., My = (M;)8" = A @ N; by Proposition 6.3.3. Tt
follows that

Extg[e—jvn'f'm (ml %? 9)’(2 %? . % f)j’[m’ k> & Etho_pjm—i_m (9’11 X mZ XX mma k) .
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Filtering by degree, we get

Extioy " (M @M@ @Mk <« P OheMe @ Nn),® Exty!’(k k)
a+b=n-+m

thus ‘
rk Extyod "™ (M @ M @ -+ @ Nyyu k) <

P koMo M), - rkExty. (k k).
a+b=n+m

By Theorem 1.4.3,
rk Eth:;?’b(k, k) < Clbe(G,co)le{-i-b—n < Cl(n + m)ele{-i—b—n < anele{-i—b—n

for some constants Cz(G, co,m) = (1 +m)*~1C1(G, co) and By (G, cp). Meanwhile,

a—m+m-—1 . g s . N
e G (C i (LT
1=
where the binomial coefficient results from the number of ordered partitions of a — m
into m non-negative integers, i.e., the number of ways to distribute the internal degree

a among m graded modules ;. Now observe that

<a—1)_( @=1)!  (a—1)...(a—=m+1)

m—1 m—1)!(a—m) (m—1)!

(n+m— 1)’”_1

o =G

IN

where C3(m) = m™ 1 /((m — 1)!).
Putting all of the above together, we get

m
rk Hj(Hurg?n; k) < @ anmfl(dimve*)afm H dlm(WZ): . C2nele{+b—n.
a+b=n+m i=1
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Let B = max{dimV*, B; }, then

m
rk Hj(Hurg’cn; k) < <C302 Hdlm(Wz):> @ -1 ga—m . pe=1pjtb-n

=1 a+b=n+m

— (CgCngim(Wi):) ntm2pl B 1< CntmlBI
i=1 a+b=n+m

for some constants C'(G, p,c) and B(G, ¢p). O
We now return to the arithmetic setting to complete the proof of Theorem 1.4.4.

Theorem 8.0.4. There exist constants C(G,p,c) and Q(G, o) such that for all ¢ > Q
and prime to |G|,
[Hng;® (Fy)| < Cnetm=ig"

where e = e(G, cy) is the constant appearing in Theorem 1.4.3.

Proof. By the Grothendieck—Lefschetz trace formula, Deligne’s bounds on the eigenval-

ues of the geometric Frobenius, and Theorem 8.0.2, we have

HogS, (Fy)| & : —j T
GV o > (=1)tr(Frob|HZy ? (Hnf, /Fq, Qp))
j=0

2n
<Y a7k Heg (HugS, /Ry, Qo)
7=0

2n
< Z g 7?1k Hj(Hurgfn, k)
7=0
2n 2n
<35 et = et S gy
J=0 J=0

0o
< Clne+mfl Z(q71/2B)j < Cne+m71
=0

where the last inequality holds, for example, when C' = 2C” and ¢ > 4B2. 0

Theorem 8.0.5. There exist constants C(G,p,c) and Q(G, co) such that for all g > Q
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coprime to |G| and all X > 0,

NgC(Fq(t), X) < CXa(G’CO)(logX)e(G’CO)JFm*l

where a(G,cp) = [mingeq,ind(g)]™! is the constant predicted by Malle’s conjecture and

e(G, cp) is the constant appearing in Theorem 1.4.3.

Proof. By Theorem 8.0.4, for all ¢ > Q(G, ¢p), we have

NESF (), X)=1Zc] Y [HugS,(F)l<|Ze| )Y Cin™ g
n<alog,(X/r) n<alog,(X/r)

< |Zg|Cilalog (X/r)]™ =t X" ¢
n<alog, (X/r)

< Oy (10g X)e—l—m—lqalogq(X/'r) Z q—n
n<alog,(X/r)

< 02(10g X)eerfl(X/r)a qun

n=0

= (Car™*)X“(log X))+

< OCX%1 Xe+m71
171/(1_0 (log X)

for some constant C(G,p,c) = Cor=%(1 —1/Q)~1. .
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