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Abstract

Computerized classification testing (CCT) aims to classify people into one of two
or more possible categories while maximizing accuracy and minimizing test length. Two
key components of CCT are the item selection method and the stopping rule. The current
study used simulation to compare the performance of various item selection methods and
stopping rules for multi-category CCT in terms of average test length (ATL) and
percentage of correct classifications (PCC) under a wide variety of conditions. Item
selection methods examined include selecting items to maximize the Fisher information
at the ability estimate, Fisher information at the nearest cutoff, and the sum of Fisher
information of all cutoffs weighted with the likelihood function. The stopping rules
considered were a multi-hypothesis sequential probability ratio test (MSPRT) and a
multi-category generalized likelihood ratio test (nGLR), combined with three variations
of stochastic curtailment methods (SC-Standard, SC-MLE and SC-CI). Manipulated
conditions included the number of cutoffs, the distribution of the examinees’ abilities, the
width of the indifference region, the shape of the item bank information function, and
whether the items were calibrated with estimation error. Results suggested that the
combination of MGLR and SC-MLE consistently had the best balance of ATL and PCC.

The three item selection methods performed similarly across all conditions.
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Chapter 1. Introduction

Background

The purpose of classification tests is to classify individuals into mutually
exclusive categories such as mastery or non-mastery. In a conventional paper-and-pencil
test, all examinees receive the same number of items in a fixed order. With the advent of
technology, tests can easily be delivered by computers. In a computerized classification
test (CCT), items can be presented to an examinee one at a time and each item can be
scored immediately after the examinee provides an answer. Sophisticated methods have
been developed to decide whether the item responses collected at any point in the test
provide adequate confidence to make a classification decision. Once an unambiguous
decision is reached, the test can be terminated. As a result, examinees who are easier to
be classified, such as those whose ability is far below or above the cutoff score, can
receive fewer items. Variable-length testing can reduce test administration time and
alleviate the respondent’s burden (Bass et al., 2015; Finkelman et al., 2011; Gibbons et
al., 2008). It also indirectly limits the exposure rate of the items, and hence upholds test
security, which is especially important for high-stake tests (Huebner & Fina, 2015).

Classical test theory (e.g., Gulliksen, 1950) and item response theory (IRT; e.g.,
Embretson & Reise, 2013) are the two possible psychometric models that can be used as
a basis for CCT. Most research in CCT has focused on IRT, because it offers a rich
family of parametric models that describe the interaction between the characteristics of an
item and the ability of an examinee (e.g., Birnbaum, 1968; Masters, 1982; Muraki, 1992;
Rasch, 1960; Reckase, 2009; Samejima, 1969), an individualized standard error of

measurement (Weiss, 2011), as well as a better solution to test construction (Lord, 1980),



the identification of biased items (Lord, 1980), adaptive testing (Weiss, 1983), and the
equating of test scores (Cook & Eignor, 1983, 1989). Item banks for large-scale testing
programs that can afford to apply CCT are often calibrated with IRT (Thompson, 2009a).
For these reasons, this study focused on IRT and did not apply methods based on
classical test theory (e.g., Frick, 1992; Rudner, 2002; VVos, 2000).

Several stopping rules have been proposed for two-category CCT. Ability
confidence interval (ACI; Thompson, 2011; Weiss & Kingsbury, 1984) constructs a
confidence interval (CI) around the ability () estimate after each item. The test stops
when the CI falls completely below or above the cutoff score. The sequential probability
ratio test (SPRT; Wald, 1947) requires the specification of two points, one below and one
above the cutoff score. The interval formed by these two points is known as the
indifference region. Whether the test should be terminated depends on the ratio of the
likelihoods of item responses at these two points. The generalized likelihood ratio test
(GLR; Bartroff et al. 2008; Thompson, 2009b) makes the decision based on the ratio
between the maximum likelihood for the parameter space below the lower endpoint of
the indifference region and the maximum likelihood for the parameter space above the
upper endpoint of the indifference region. Stochastic curtailment (SC; Finkelman, 2008)
terminates the test once the probability that the tentative classification decision based on
items administered at any point in the test would remain unchanged, had the test
continued. The calculation of this probability involves computing the expected responses
of future items. Finkelman (2008) originally proposed to evaluate this expectation at the
endpoints of the indifference region (SC-Standard). Finkelman (2010) later found that the

test efficiency can be further improved if the expectation was evaluated at the current &



estimate (SC-MLE), at the endpoints of the Cl around the &estimate (SC-CI), or over the
posterior distribution of the & estimate (SC-Bayes). All of these stopping rules have been
generalized to, and examined in, multi-category scenarios (Wang et al., 2021), except
SC-MLE, SC-CI, and SC-Bayes. Multiple studies have called for more research to fill in
this gap (e.g., Finkelman, 2010; Sie et al., 2012; Wang et al., 2021).

Earlier research has selected items randomly (e.g., Ferguson, 1969, Vos, 1998).
This, however, does not make use of any information regarding the items or the
examinees (Thompson, 2007b). A more intelligent approach would evaluate the
unadministered items in the bank and decide which can best facilitate the classification
decision. There are mainly two types of intelligent item selection methods, cutscore-
based and estimate-based (Thompson, 2007a, 2007b). In a two-category CCT, cutscore-
based methods select items that maximize the amount of information at the cutoff score
(Spray & Reckase, 1994), or items that can best differentiate the two groups divided by
the cutoff score (Eggen, 1999). Estimate-based methods aim to select items that
maximize the amount of information at the examinee’s @ estimate (Reckase, 1983).
Depending on the stopping rule used, the appropriate type of item selection method can
vary, as different stopping rules base their decision on different types of information.
Thompson (2009a) suggested that SPRT should be paired with cutscore-based methods
and ACI should be paired with estimate-based methods. However, there are stopping
rules that requires the evaluation of the likelihood at both the & estimate and cutoff
score(s), such as GLR. While Thompson (2009a, 2011) believed that GLR would work

better with cutscore-based methods, Wang et al. (2021) suspected the opposite. No



studies to date have compared the performance of GLR with different item selection
methods.

Moreover, all prior studies designed their item banks by generating item
parameters with values drawn directly from a specified distribution. However, in an
applied setting, item banks are created by administering a set of items to a calibration
sample and then using the responses to estimate the item parameters. This estimation
process inherently introduces error into the item bank. Simulation studies have shown
that item calibration errors could result in spuriously high values of test information,
biased 4 estimates and underestimated standard errors (Hambleton et al., 1993;
Hambleton & Jones, 1994; Patton et al., 2013; van der Linden & Glas, 2000). However,
most of these studies examined the impact of item calibration errors only on tests that aim
to obtain a point estimate of . To date, only one study has examined the impact in two-
category CCT (Patton et al., 2013). The CCT literature has largely ignored the presence
of item calibration errors when creating and using item banks. As noted above, some item
selection methods and stopping rules involve estimating &and the associated standard
error. Thus, it is plausible that item calibration errors could influence their performance.

As discussed above, previous research on CCT has mainly focused on
classification into two categories. However, many assessments classify individuals into
three or more categories. For example, occupational aptitude testing might require a
classification of job applicants into inferior, mediocre and superior proficiencies
(Gnambs & Batinic, 2011). The Beck Depression Inventory (Beck et al., 1961) classifies
individuals into five levels of depression. Many statewide tests under No Child Left

Behind also classify students into multiple proficiency groups (Finkelman, 2010).



Purposes

The general purpose of this study is to compare various combinations of item
selection methods and stopping rules for multi-category CCT. Specifically, this study
aimed to (1) examine whether SC-MLE and SC-CI are still more efficient than SC-
Standard in a multi-category CCT, (2) explore which item selection method works best
with GLR in multi-category CCT, and (3) examine the effects of item calibration errors
in multi-category CCT. This study will provide test practitioners comprehensive and
guiding information regarding several major components of a multi-category CCT,

namely, stopping rules, item selection methods, and the item bank.



Chapter 2. Item Response Theory

In CCT, an appropriate mathematical model is needed to characterize the
interaction between the examinee’s @ and responses on test items. Item response theory
(IRT) is commonly used for this purpose.

Assumptions

A common assumption of IRT models is that only one ability is measured by the
items in a test (Hambleton et al., 1991). For example, in a math test, math ability should
be the only factor that influences test performance. If a math test is administered to
students in their secondary language, then this assumption might be violated, as the
examinee’s language skills will be also required to solve the problems. IRT models that
satisfy this assumption are referred to as unidimensional models. Models that assume that
more than one ability is necessary to account for examinee test performance are referred
to as multidimensional. While multidimensional IRT models exist (Reckase, 2009), their
application is beyond the scope of this study.

The second assumption is local independence. It means that conditional on an
examinee’s 6, the responses to any pair of items should be statistically independent
(Hambleton et al., 1991). In other words, how an examinee responds to an item should
solely depend on their 8, not by how they respond to any other item in the test. This
assumption is usually violated if there are several items pertaining to the same reading
passage or math story item, or if answers to later items depend on answers to earlier
items. Research has shown that if the local independence assumption is violated, the

precision of measurement might be overestimated (Sireci et al., 1991; Wainer & Thissen,



1996). Testlet response theory (Wainer et al., 2007) can be used as an alternative to IRT
when there is a dependency among responses to a set of items.
Dichotomous Models

This study focused on CCT with dichotomous items. An item is said to be
dichotomous when it has only two possible outcomes, for example, correct and incorrect.
The three most widely used unidimensional dichotomous IRT models are the one-, two-,
and three-parameter logistic models. As their names suggest, they differ in the number of
parameters they incorporate.

Denote u; as the response of item j by an examinee with ability 8, where u; = 1

if it is answered correctly, and w; = 0 otherwise. In the one-parameter logistic (1PL;

Rasch, 1960) model, the probability of answering item j correctly by examinee i is

defined as

exp(@ - bj)
1+ exp(@ — bj)

The b; parameter represents the difficulty of item j. If 6 = b;, the probability of a correct
response is exactly 0.5. The more difficult item j is, the higher the value of b;, and hence
the higher 6 required to have a 50% chance of getting the item correct. It should be
highlighted that Equation 1 reveals a very important feature of IRT: the examinee’s
ability 8 and the difficulty parameter b; lie on the same scale. A drawback of the 1PL
model is that it has a constant discrimination parameter for all items. Also, in the 1PL
model, an examinee with a very low 6 has a close to zero probability of answering the
item correctly. In practice, low-ability examinees might get the correct answer by

guessing if they are given multiple-choice items (Hambleton et al., 1991).



The two-parameter logistic (2PL; Birnbaum, 1968) model is a generalization of
the 1PL model that allows for differently discriminating items. The mathematical

expression for the 2PL model is

exp|Da; (6 — by)|

PO) = Py = 11045 by) =37 exp[Da; (6 — b;)]’
] ]

(2)

where q; is the discrimination parameter for item j and D = 1.702 is a scaling constant.
A large value of a; results in a larger difference in P;(6) between two examinees with 6s
in the vicinity of b;. Items with a negative value of a; are typically discarded, because it
implies that P;(6) decreases as 6 increases, which is clearly illogical (Hambleton et al.,
1991). The reason for the existence of the scaling constant D is that the two-parameter

IRT model originally developed by Lord (1952) was based on the cumulative normal

distribution (normal ogive),

aj(6-b;) 1
pE)= | et/ 3)

Birnbaum (1968) later discovered that with the use of the scaling constant, the logistic
function in Equation 2 can approximate the normal ogive function in Equation 3 very
closely (Camilli, 1994). Since the logistic form does not involve integration, it is more
convenient to work with (Hambleton et al., 1991) and more commonly used. If a; =
1 for all items, the 2PL is reduced to the 1PL model.

The three-parameter logistic (3PL; Birnbaum, 1968) model is a generalization of
the 2PL model that allows for guessing behavior. The mathematical expression for the

3PL model is

exp[Daj(H — bj)]
1+ exp[Daj(Bl- — bj)] '

P;i(6) = P(y; = 116, 4, bj,¢;) = ¢; + (1 — ¢) (4)



The additional parameter ¢; is called the guessing parameter. It represents the probability
of low-ability examinees answering the item correctly. When ¢; = 0 for all items, the
3PL model reduces to the 2PL model.

Note that since item j is dichotomous, the probability of an incorrect response is
simply

Q;(6) =1 - P;(6). (5)

Also note that Equations 1, 2 and 4 are sometimes known as item response functions
(IRF).
@ Estimation Methods

The score of an IRT-based test is an estimate of 6. The estimation of 6 is based
on the likelihood function of the responses. Let u = (uy, ..., u;) be a vector of J item

responses by an examinee. The likelihood function of a response pattern is defined as the
joint probability of observing the responses. If the local independence assumption is met,
the joint probability is simply the product of the probabilities associated with the

responses to each individual item,

]
Lo = Pl0) = P(uy, . u,]0) = | [ B0, 6)
j=1

A common @ estimation method is called maximum likelihood estimation (MLE). In
MLE, the 6 estimate (9) is the @ value that maximizes the likelihood function,

OMLE = argmax L(6|u). (7)
0

As the number of items increases, the product of the probabilities in the likelihood

function will potentially become very close to 0, and it will become difficult to represent
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in a computer (De Ayala, 2013). Therefore, it is often recommended to work with the

logarithm of the likelihood function instead (De Ayala, 2013),

OMLE = arg max log L(6|u) = Z§=1[uj log P;(0) + (1 — u;)log Q;(6)], (8)
0

Since the logarithm is a monotonically increasing function, the 8™ found in Equation 7
will be the same as the 8MLE found in Equation 8. There is no closed-form solution to
Equation 8. It must be solved by a numerical method such as the Newton’s method (De
Ayala, 2013). OMLE is called the maximum likelihood estimate (also abbreviated as
MLE).

One disadvantage of MLE is that for response patterns with all items correct or all
incorrect, no finite MLE exists. This problem tends to occur at the beginning of a CCT,
when only a few items have been administered. It can be overcome by implementing a
Bayesian estimation method temporarily until a mixed response pattern is observed. The
basic idea of Bayesian methods is to modify the likelihood function to incorporate any
prior information we may have about 6. In particular, Bayesian methods require the
specification of a prior distribution (8), the assumed distribution of 8 before any
response is observed. This can be based on previous experience or by making
assumptions. For example, we can assume that 6 is normally distributed with a specific
mean and variance. Using the Bayes’ rule, the conditional probability of 8 given the
responses u, can be computed by

n(@LOlw)  m(0)LOw)

n(flu) = Pw) [ P(6)L(6lw)de

9)

Equation 9 is known as the posterior distribution, the distribution of & after taking the

observed responses into account. The posterior distribution can be used to estimate 6.
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The maximum a posteriori (MAP) method uses the mode of the posterior distribution as
the 4,

OMAP = argmax (6 |u), (10)
0

whereas the expected a posteriori (EAP) method uses the expected value of the posterior

distribution as the 8,
GEAP = j or(0|u)de . (11)
0

The integration can be approximated by using Gauss-Hermite quadrature (Stroud &
Sechrest, 1966). Also, 8 from MAP or EAP can be biased, if the prior mean does not
match the examinee’s true 6 (De Ayala, 2013; Wang, 2015).
Fisher Information and Standard Error of Measurement

In addition to obtaining a point estimate of @, it is equally important to quantify
how certain we are about an examinee’s 6. In IRT, the extent to which an item can
differentiate two nearby 8 levels can be measured by Fisher information (FI; Weiss,
2011). Mathematically, the FI of item j is defined as the squared slope of the IRF
divided by its variance, both conditional on 6,

]
I;(0) == P.)0; (8" (12)

In the 3PL model, information is higher when the discrimination parameter a; is higher,
the difficulty parameter b; is closer to 6, and the guessing parameter ¢; is lower
(Hambleton et al., 1991). Note that information is a function of 8, which means an item
might provide considerable information at one 6 level, but very little information at

another. Birnbaum (1968) shows that an item provides its maximum information at
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1
0 = b; + D—ajlog [0.5 (1 + /1 + 8cj)]. (13)

It can be observed from Equation 13 that if ¢; = 0, the item provides its maximum
information at & = b;; if ¢; > 0, the item provides its maximum information at a 6 level
higher than b;. FI is additive, in that the FI of a test of ] items is the sum of FI of those ]

items,

J
10) = ) 1;0). (14)
=1

This indicates that items contribute independently to the test information function (TIF;
Hambleton et al., 1991).

A concept related to FI is the standard error of measurement (SEM), which
quantifies the amount of measurement error. The theoretical SEM can be obtained by

taking the reciprocal of the square root of FlI,

SEM(6) = % (15)

Note that SEM, just as information, is a function of 9.
The FI described so far is called theoretical FI. It is in contrast to the observed Fl,
which is a variant of FI that is based on observed responses. The observed FI for an item

is defined as the negative of the second derivative of the log-likelihood,

62
L(0ly) = —WlogL(ij) (16)

The expected value of the observed FI in Equation 16 is the theoretical FI in Equation 12.

The observed TIF and observed SEM are calculated in a similar way as their theoretical

counterparts,
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J

10w = ) 1 (0l). (17)

j=1

SEM(f|u) = (18)

1
V16w
Theoretical FI is typically used for item selection and test development, when no
responses have been observed. Since the observed FI considers the response pattern and
hence whether the observed responses fit the IRT model, the observed SEM is a better
indicator of the uncertainty about the 8 estimate than the theoretical SEM. For example,
the observed SEM is often used as a stopping criterion of a computerized adaptive test

(Weiss, 2011).
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Chapter 3. Item Selection and Stopping Rules for Two-Category Classification
Testing

Notation

Say we have a test that classifies examinees into two categories: mastery and non-
mastery. Let 6, be a pre-determined cutoff score such that for examinees whose 6 > 6.,
the correct classification is mastery, while for examinees whose 8 < 6., the correct
classification is non-mastery. Let D be the classification decision made by the test, where
D = m when the decision is mastery, and D = n when the decision is non-mastery. A
false negative occurs when 8 > 6, but D = n, whereas a false positive occurs when 8 <
6. but D = m. Let T be the maximum test length, and u; = (u4,...,u;) be the response
pattern of an examinee to the first t items of a test, where t < T.
Item Selection Methods
Maximum Fisher Information

Let S be the set of available items. Sequential tests that aim to maximize

measurement precision often select the item that maximizes the Fisher information at 9,

max J; (@) (19)

jEs
In CCT, one might also consider selecting the item that maximize the Fisher information
at the cutoff,

max 1;(6.) (20)

Kullback-Leibler Divergence
The KL divergence measures the difference between two probability distributions,

f and g, over the same variable x,
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KL(fllg) = E; <1og [ )) [ e g[f( )] 1)
(x)
where f||g indicates the divergence of f from g. Eggen (1999) suggested maximizing

the KL divergence between IRFs at two 6 values around the cutoff,

P;(6: =9 QB =9

P8, +O+Qj(9c—()108m' (22)

KL;(8, —{[l6. + ¢) = P;(6. — {) log

where ¢ is a small constant. Most research used the width of the indifference region § as
¢ (e.g., Lau & Wang, 1999; Lin & Spray, 2000), but alternatives have been proposed.
(Eggen, 1999).

A drawback of KL divergence is its lack of symmetry, which means
KL;(0,116;) # KL;(6,]|6;) in general. The methods described below do not suffer from
this problem.
Weighted Log Odds Ratio

Lin and Spray (2000) proposed the use of a weighted log-odds ratio WLOR,

P;(6: +6)

Q(gc + 6)
P, =3 T L~ E(y = D]log g 55 23)

WLOR; (6, + 6|6 — &) = E(u; = 1) log Q;(6, - 8)
j\Yc

where E(u; = 1) is the classical difficulty of item j and can be calculated by integrating

the probability of response for 6 weighted by the density of 8 across the examinee
distribution (Lin & Spray, 2000). The rationale for using this value to select items within
the SPRT framework is that we are searching for items that will cause the likelihood ratio
in Equation 23 to cross the decision boundaries most quickly (Lin & Spray, 2000). Thus,
items with a greater value of the weighted log-odds ratio should be selected earlier,

max LO;(6, + 6116, — 5). (24)
JES
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Expected Log Likelihood Ratio
Nydick (2013) replaced E(w; = 1) in WLOR with P;(8), the probability of
correct response given the current 8, and termed it the expected likelihood ratio (ELR):

Qj(ec + 6)

P;(6. +6) ~
) +Q;(9) IOng(HC st

ELR]- (é) = Pj(é) logpj(ec—_(S

(25)

If & < 6., then the next item should be chosen to maximize Equation 25, whereas if >
6., then the next item should be chosen to minimize Equation 25. Hu and Shih (2021)

modified ELR to make it more suitable for GLR: If 8 > 6, + &, select the item that

o B@) o g(0)
If & < 6, — &, select the item that
A\ ) P](96+6) A Qj(gc+6)

Stopping Rules
Ability Confidence Interval
In the ability confidence interval (ACI; Thompson, 2009a), a confidence interval

(CI) of OMLE js constructed after every item. Because MF is asymptotically normal for a
single examinee across a sequence of items (Chang & Stout, 1993; Chang & Ying, 2009),
the asymptotic (1 — a) x 100.0% CI for 6 is given by (Finkelman, 2010; Sie et al.,
2015)

OME + 7, o/, - SEM(OME) (28)
where z,_, , denotes the 1 — a /2 quantile of a standard normal random variable, and
SEM(OMLE) is defined in Equation 18. If the upper endpoint of the Cl falls below 6.,

classify the examinee as non-mastery. If the lower endpoint is above 6., classify the
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examinee as mastery. If 6, is inside the CI, administer another item. Under normal
circumstances, as more items are administered, the accumulated Fisher’s information for
6 will increase, and the width of the CI will decrease. By selecting items strategically, the
Cl width can be shortened quickly, resulting in a shorter test. Item selection methods are
discussed in a later section.

If a Bayesian method is used to estimate 6, one can use the variance of the
posterior distribution to construct the credible interval instead, and the method is
sometimes known as sequential Bayes in the literature (Kingsbury & Weiss, 1983; Spray
& Reckase, 1994; Spray & Reckase, 1996).

Although most research uses the observed SEM to construct the CI (Ren et al.,
2022), it was found that using the theoretical SEM results in a shorter test with almost no
difference in classification accuracy (Thompson, 2011). ACI tends to require a longer test
length than the method discussed below (Eggen & Straetmans, 2000; Spray & Reckase,
1996; Thompson, 2009a; Thompson, 2011).

Sequential Probability Ratio Test

The sequential probability ratio test (SPRT) was developed by Wald (1947)
initially for quality control purposes. Ferguson (1969) was the first to apply SPRT for a
classification testing scenario under a classical test theory framework. Reckase (1983)
later applied it with IRT.

SPRT requires a pair of simple hypotheses. So instead of testing H,: 6 < 6,
against H,: 6 > 6., we recast these hypotheses into

Hy:0=6.—-6

H:0=0.+8
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where § is a small constant. After the administration of every item, compute the ratio
between the likelihood of u, evaluated at 6. + § and the same likelihood evaluated at
6. — 9,

ASPRT — L(QC + 6|ut)
L6, — 6luy)

(29)
Then, for some constants A and B, where 0 < A < B < oo, terminate the test and accept
H, if log ASPRT < log A, terminate the test and accept H; if log ASPRT > log B; otherwise,

administer another item. A false negative rate of £ and a false positive rate of a can be

approximately achieved by using (Wald, 1947)

o«

=13

B_l—a
B

The interval (6, — 8,0, + &) is called the indifference region. It accounts for the

A (30)

(31)

uncertainty of the decisions regarding examinees with 6 close to the cutoff (Eggen,
1999). The wider the indifference region, the earlier the test will be terminated. This is
because IRFs are strictly increasing in 6, a large value of § will lead to a larger difference
between P; (6, + &) and P;(6, — &) if the item was answered correctly, or Q; (6, + 5)
and Q; (6, — &) if the item was answered incorrectly (Thompson, 2011). This in turn
allows log A5PRT to cross the decision boundaries log A and log B with fewer items.
However, a wider indifference region will also lead to a decrease in classification
accuracy (Huebner & Fina, 2015; Thompson, 2011; van Groen et al., 2014). Therefore, it
is recommended not to specify the value of § arbitrarily (Thompson, 2009b). Rather, one

should experiment with a range of d in a simulation to find the § value that produces the
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shortest test lengths while still maintaining the desired level of classification accuracy
(Thompson, 2009b).

The original SPRT does not bound the number of items that can be administered.
However, in practice, the test cannot continue indefinitely. When the test reaches the
maximum length, a forced classification has to be made. This is sometimes known as the
truncated sequential probability ratio test (TSPRT) in the literature (e.g., Bartroff et al.
2008; Finkelman, 2008). When the maximum test length is reached, Spray and Reckase

(1996) suggested to accept H, if log ASPRT < F, where

_ log A +logB 32)
2
and accept H, otherwise. Note that F = 0 when a = f3.
Generalized Likelihood Ratio Test
Bartroff et al. (2008) and Thompson (2009b) independently suggested re-
formulating the classification problem as two composite hypotheses
Hy:0<6,—6
Hi:0=6.+6
and use the generalized likelihood ratio (GLR),
LR _ SUP6=0.+8 L(6lu,) (33)

~ Supg<q,—s L(6lu,)
It was argued that this conceptually matches the goal of CCT more closely (Thompson,
2011; Wang et al., 2021). When 8ME is outside of the indifference region, and when the
likelihood function of u, is unimodal (which is true under normal circumstances), either
the 6 that satisfied the constraint in the numerator or the 6 that satisfied the constraint in

the denominator is @MF. The other is an endpoint of the indifference region on the
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opposite side of BMLE (Wang et al., 2022). When 8MLE s inside the indifference region,
the GLR reduces to SPRT (Wang et al., 2022). Therefore, Equation 33 can be re-

expressed as

[ L(@MLE|ut)
L(ec - 6|ut)
L6, + &lu,)
L(BME|u,)
L6, + 5lu,)

\L(6, — Sluy)

if GMLE > 9. + &

ACGLR — if MLE < g9, — § (34)

otherwise.

Intuitively, GLR compares 8MLE to the most likely value of the composite hypothesis to
which 8MLE does not belong (Nydick, 2013). Contrary to Bartroff et al. (2008), who
proposed to use a simulation and a rather complicated numerical method to determine A4,
B and F, Thompson (2009b) suggested that Equations 30, 31 and 32 can still be used. By
using BMLE| GLR accounts better for observed responses than does simply using the two
fixed points. It has been demonstrated that GLR produces shorter tests than SPRT
without sacrificing classification accuracy (Huebner & Fina, 2015; Thompson, 2009b,
2011).
Stochastic Curtailment

The concept of stochastic curtailment (SC) originates from group sequential
clinical trials (Lan et al., 1982). It is sometimes desirable to stop a clinical trial as soon as
the decision is inevitable to prevent exposing human subjects to additional potential risks
by continuing the trial. Finkelman (2008) adopted this idea and proposed to terminate the
test when the tentative classification decision at the current stage of the test is unlikely to

change, had the test continued. Stopping rules described in the previous sub-sections
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consider the amount of information obtained from items already administered; SC
considers the amount of information expected to gain from future items.

Let D, be the classification decision made by SPRT after t items, where D, = m
(mastery) if log A3PRT < F and D, = n (non-mastery) otherwise. Also, denote Py(Dy =
c|A$PRT) as the conditional probability that SPRT will ultimately classify the examinee as
category ¢ = {m, n}, given the likelihood ratio A3PRTat the current stage, with the
expected responses to future items evaluated at 6. Finkelman (2008) followed Lan et al.
(1982) in requiring that Py (D = c|A3FRT) be adequately high at both 8 = 6, — & and
6 = 0, + &. This choice of 8 will be referred to as the standard formulation of stochastic
curtailment (SC-Standard). Under usual conditions, Py(D; = m|A3FRT) increases, as 6
increases. Since 6, + & > 6, — &, it follows that Py_, 5(Dy = m|A2°RT) > Py__s(Dr =
m|ASPRT). Conversely, Py (Dy = n|ASPRT) decreases, as 6 increases. Following a similar
line of argument, Py__s(Dy = n|A2"RT) > Py_, s(Dy = n|AZPRT). Putting it all together,
SC-Standard can be reduced to the following: classify an examinee as a master if

log 23FRT > F and Pg,_s5(Dr = m|23°RT) > y (35)
and classify an examinee as a non-master if

log A3PRT < F and Py, 5(Dr = n|25RT) >y (36)
where0 <y < 1.

It is computationally burdensome to evaluate these probabilities exactly,
especially in the early stages of the test, as this requires considering all possible response
patterns to the remaining items. Hence, Finkelman (2008) suggested to use a central limit

theorem (CLT) approximation. For example,
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_ SPRT | 9SPRT
P@ (DT = nll?PRT) — P@ (logA%PRT < F|/1§PRT) ~ cD( F Ee(logﬂ'T |At ) > ( )

[Vary(log 287 157)]

where
P,1(6:+6) Q. (B:+8)
Ee(loglgPRT |/1.?PRT)=10g1§PRT+ZZI=t+1[Pt/(9)1 P 0. 6)+Qf 1(8)lo Q;(GC_S)] (38)
d P,/(6, +5) P (6 + 6)
SPRT SPRTY) _ t t!
Vars log T AE) = th{EG (l Bp0—8) ] [E9 8P o, _a)>] } 39

are the conditional expectation and conditional variance of the final log likelihood ratio
ASPRT given the current log likelihood ratio A3PRT. Obviously,

Po(Dy = m|23PRT) = 1 — Py(Dy = n|237RT). (40)
The summations in Equations 38 and 39 require the identification of future items. It is not
necessary to determine the exact set of future items; the future items only need to be
representative enough to provide a good approximation (Finkelman, 2008). For example,
if the item selection method is maximum Fisher information at 8™, then the set might
include items that are maximally informative at the current #ME. Huebner and
Finkelman (2016) showed that the CLT approximation in Equation 37 works well early
in the test when the number of remaining items is large. If test efficiency is a top priority,
they recommended computing the exact probabilities when there are five to eight items
remaining in the test.

Finkelman (2010), realizing that using information about & could potentially
provide a better estimate of Py (D = c|A;) than the endpoints of the indifference region,
proposed three variations on stochastic curtailment. The first variation simply uses 6 = 8
in Equations 38 and 39. This is known as the MLE formulation (SC-MLE). To take into

consideration the uncertainty of the estimation of 8, Finkelman (2010) also suggested
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using the endpoints of the CI of 8 (SC-CI). Denote the lower and upper endpoints of the
Cl for § as 8, and 8,, respectively. To be more conservative, Finkelman (2010)
recommended using the endpoint that results in a smaller value of the probabilities in
Equation 35 and 36. That is, using 8 = 8, when D, = m, and use 8 = 8, when D, = n.
Hence, SC-CI will be more conservative than SC-MLE. The uncertainty about 8 can also
be quantified through a Bayesian approach (SC-Bayes). In particular, we can integrate
Py(Dy = n|A3PRT) over the posterior distribution of @ after t items, 7(6|u,) defined in

Equation 9, to obtain the predictive posterior distribution,
Priopuy (Dr = n|AFRT) = f Po(Dy = n|ATRT) (6], (41)
0

This probability can be used in place of Py (D; = n|A2PRT) in Equation 36. Similarly,
Prcouy(Dr = m|A2RT) = 1 — P gy (Dr = n|A37RT) can be used in place of Pp(Dy =
m|A3PRT) in Equation 35.

Finkelman (2010) recommended not to use these new variations during the early
stages of the test, when 8 is imprecise and unstable. Rather, SC-Standard should be used,
until either the standard error of 8 is below a given threshold, or a certain number of
items have been administered, to avoid a premature termination of the test. All three
variations were able to terminate the test earlier than SC-Standard, without loss in

classification accuracy (Finkelman, 2010).
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Chapter 4. Item Selection and Stopping Rules for Multi-Category Classification
Testing

Notation

Assume that the goal of a test is to classify examinees into one of C + 1
categories, requiring C cutoffs, 8, <...< 0, <...< 6.
Item Selection Methods
Maximum Fisher Information

Just as in two-category CCT, it is possible to select the item that maximizes the
Fisher information at 8. However, many other variations have been proposed for multi-
category classification scenarios because there is more than one cutoff. Denote the

nearest cutoff to & as 6.+ such that ¢* = arg min|6, — 8. We can select the item that
ce{1,..C}

maximizes information at the nearest cutoff (Eggen, 2009; Eggen & Straetmans, 2000;
Thompson, 2007; Wouda & Eggen, 2009),

max L;(6c+) (42)
Veerkmap and Berger (1997) proposed selecting the item with the largest weighted
Fisher information,

r?easx fewg 1;(6)d6 (43)

where @ can be a set of discrete points or an interval of 8 values, and wy is the weight for
a given 6. van Groen et al. (2014) suggested to use © = {6, ..., 0,0} and wy, = 1. That

is, to select items that provide the maximum sum of information at each cutoff 6, and 8,

max > [() (44)
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To reduce the impact of cutoffs that are far away from 8, Weissman (2007) proposed to

use O = {0, ..., 0.} and wg = P(6.|u), the posterior density of 9,

Cc
rglgsle P(8cIw;(6,) (45)

Similarly, Wang et al. (2021) weighted the information of all cutoffs by the likelihood

function of 8,
C
max > LG 1w (6,) (46)
c=1

Kullback-Leibler Divergence
For a three-category test, Eggen (1999) proposed two alternatives. The first is to
select the item with the maximum KL divergence around the cutoff point closest to 8.

max KL;(61[6.+) (47)

This approach can obviously be generalized to tests with more than three categories. The
second is as follows: when none of the pairs of hypotheses has led to a decision, items are
chosen with maximum KL divergence between the two cutoffs 8, and 6, but if one of
the pairs of hypotheses has led to a decision while the other has not, the items selected
will have maximum KL divergence around the cutting point corresponding to the
undecided test. That is, an item is selected for which

L(6; + 6lu,)

_— > : —
If L0, — o) = B, rg)easx KL](HZ + 6|6, — 6) (48)
L(6; + 6luy)
— <A KL; — 49
Otherwise, max KL;(6,]161) (50)
JES

A narrower interval can be substituted for Equation 50:
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max KL; (6, — 6|6, + &) (51)
JES

The second alternative has a better theoretical rationale, as it takes all cutoffs into
account. However, simulation results showed that they resulted in very little difference in
terms of average test length and classification accuracy (Eggen, 1999).
Mutual Information

Mutual information (MI; Shannon & Weaver, 1949) is a measure of the mutual
dependence between the two variables X and Y. Specifically, it quantifies the amount of

information obtained about X by observing Y, and vice versa.

f,y)

FOFO) (52)

MI(X,Y) = f f(x,y)log
XEX YY€EY

Mutual information can be viewed as the KL divergence from the product of the marginal
distributions, f(x)f(y), of the joint distribution, f(x,y),
MICX,Y) = KL(f (e, MIIF ) f () (53)

When X and Y are independent, f(x,y) = f(x)f(y) and MI(X,Y) = 0. Otherwise, the
joint distribution would always provide information in addition to the marginal
information of the two distributions. Therefore, Ml is always non-negative.

MI was first used as an item selection criterion by Weissman (2004; 2007): set X
as the item response to an item j, and Y as a discrete random variable of 8 values. Then,

one chooses items that satisfy the following,

max MI; (u]|®) = Z Z P(u],H) log P(

Jj€ES
=00€0

Z Zp(u,w)n(e)log (( )) (54)

u;j=00€0

)ﬂ(é’)

where @ = {6, — 8,60, + 6, ...,0, — 8,0, + &} is the set of the endpoints of all

indifference regions.
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Chapter 5. Stopping Rules
Ability Confidence Interval
The extension of ACI is very straightforward. One simply needs to continue
administering items until the CI for 8 does not include any cutoff. If the maximum test
length is reached, classify the examinee into the category in which 8 lies.
Multi-Hypothesis Sequential Probability Ratio Test
The multi-hypothesis sequential probability ratio test (NSPRT; Sobel & Wald,
1949) formulates two hypotheses around each cutoff 6.,
He:0<6,—6
H:0=26.+6
and uses the following test statistic,

L6, + 6|u,)
mSPRT _ ~\Vc
Ae L0, — 3luy) (55)

wherec =1,...,C.

Similar to SPRT, H,_, is accepted if log A, < log A and H_, is accepted if log 1, >
log B. If Hy, is accepted, classify the examinee into category 1. If H., is accepted,
classify the person into category C + 1. For 1 < ¢ < C, if H¢; and H¢1), are both
accepted, classify the examinee into category ¢ + 1. If none of the above is satisfied,
administer another item. If the maximum test length is reached, classify the examinee
into category ¢ where 8MLE € @/, where ¢’ = 1,...,C + 1. The half width of the
indifference region § should be chosen such that the indifference regions around different

cutoffs are not overlapped (van Groen et al., 2014; Wang et al., 2021).
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There has been some concern that the Sobel and Wald approach might lead to
conflicting conclusions when more than three hypotheses are considered (e.g., Ghosh,
1970). To solve this problem, Armitage (1950) suggested comparing all possible pairs of
categories. That is, for each pair (m,n) wherem <n € {1,...,C + 1}, consider two
composite hypotheses indicating that the examinee belongs to category m and n are,
respectively

H,:0<0,—-6
H,:0>6, 1+6
Then, use the following test statistic

AmSPRT — L(Qn—l + alut)
mn L(O,, — 6lu;)

(56)

However, Wang et al. (2021) demonstrated that this concern is unnecessary, as it very
rarely happens when the likelihood function is symmetric around 8. Hence, only the
Sobel and Wald approach is considered hereafter.
Multi-Category Generalized Likelihood Ratio Test

Wang et al. (2021) extended the GLR test from two-category classification to
multi-category classification. Assume that there are C cutoffs such that the parameter
space O is split into C + 1 disjoint sets, 0, = {0 < 0, —6},0, ={6, + 6§ <06 <0, —
6}, ..., 00 = {6 > 6, + 6}. The multi-category GLR (mGLR) test forms a composite
hypothesis,

H.:0 €0,

Then, the test statistic is

AMGLR _ SupgepL (0lu;) (57)
¢ supgee,, L(Olu,)
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The numerator is the unconstrained maximum likelihood, whereas the denominator is the
maximum likelihood under the constraint that 6 belongs to the set ©_..

If the current BMLE is outside the indifference regions around all € cutoffs, the test
stops when there exists some ¢’ such that log ASLR > Jog(1/a), for all k = c’. If the
current BMLE is inside the indifference region around 6., compute ATSPRT as in Equation
55 and follow the decision rule of mSPRT.

Multi-Category Stochastic Curtailment

Wang et al. (2021) also extended SC-Standard (Finkelman, 2008) to the multi-
category classification scenario. The decision rule is as follows: classify the examinee
into category 1 if

log ATSPRT < F and Py, 5(log ATSPRT < F|ATSPRT) >y, (58)
classify the examinee into category C + 1 if
log AZSPRT > F and Py _s5(log AZSPRT > F|ATSPRT) > o, (59)
classify the examinee into the category defined between 6, and 6., if,
log AZFRT > F andlog (355 < F and,
ch_(g(loglrcr}SPRT > F|AWSPRT) >y and P96+1+5(10gl‘£2§f1§g <F |Ar(2§rpf){;r) >y, (60)
otherwise, administer another item.

The three variations in Finkelman (2010) have not been studied under a multi-
category classification testing scenario, although their extensions are very
straightforward. For SC-MLE, simply evaluate the conditional probabilities in Equations
58, 59 and 60 at ML instead of the endpoints of the indifference regions. For SC-
Bayes, simply integrate those probabilities over the posterior distribution (6 |u;)

defined in Equation 9, instead of evaluating them at a single cutoff. For SC-CI, following



Finkelman’s (2010) advice of using a more conservative value for computing the

probabilities, classify the examinee into category 1 if

log ATPPRT < F and Py, (log ATSPRT < F|ATPPRT) 2y,
classify the examinee into category C + 1 if

log AFSPRT > F and Py, (log AZSPRT > F|AESPRT) 2y,
classify the examinee into the category defined between 6, and 6., if,

log AZ°PRT > F andlog A(3355; < F and,
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(61)

(62)

Py, (log ASPRT > F|AmSPRT) > and Pg, (log A?;i‘;‘)‘;f < F|/1‘(‘;S+P1‘§;f) <1-v, (63)
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Chapter 6. Literature Review

Studies Comparing Item Selection Methods

Spray and Reckase (1994) compared different item selection methods under two
stopping rules, ACI and SPRT, in a two-category CCT. For ACI, they compared
maximizing FI at the cutoff score, at the examinee’s true 8, and at the examinee’s 6. For
SPRT, they compared maximizing FI at the cutoff score and at the examinee’s true 6.
The simulation was repeated with three different cutoff scores, -0.5, 0.0 and 1.0. It was
found that maximizing FI at the cutoff score resulted in the shortest average test length
(ATL) for both stopping rules at most 6 levels. However, it is difficult to judge whether
their conclusion was valid without more context. First, they imposed a strong Bayesian
prior of N(0, 1) in the construction of the Cl around 8, but did not provide any
justification for their choice of prior. When the cutoff score was at & = 1.0, high ¢
examinees needed more items to overcome this strong prior. Meanwhile, for low 6
examinees, one incorrect response was often enough to produce a Cl that was entirely
below the cutoff. The authors admitted that this might result in high misclassification
rates, but they did not report the classification accuracy for any condition. Second, they
did not report or manipulate the information function of the item bank. It is likely that
their item bank did not provide enough information at the low ranges or high ranges of 9,
and thus was not ideal to employ the item selection methods that are adaptive to the
examinee’s 6.

Eggen (1999) compared various Fl-based and KL-based item selection methods in
two- and three-category CCT using SPRT as the termination criterion. He varied «, 8 and

the width of the indifference region. For two-category CCT, given the same condition,
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the largest difference in ATL among the methods was no more than one item. For three-
category CCT, the difference in ATL between the best FI-based method and the best KL-
based method was also smaller than one item within a given condition. All methods had a
similar level of classification accuracy. He recommended KL-based methods, as some FlI-
based methods require the computation of 8, whereas KL-based methods only compared
the likelihoods at two fixed points. However, such computation is trivial with modern
day’s processing power, so his comment is no longer relevant.

Lau and Wang (1999) compared maximizing FI at the cutoff and KL divergence
around the cutoff in a two-category CCT with polytomous items. The stopping rule was
SPRT. Independent variables manipulated included item exposure control methods,
location of the cutoff, item bank size, and width of the indifference region. Just as Eggen
(1999), they found nearly identical results in the two item selection methods across all
conditions.

Eggen and Straetmans (2000) compared ACI and SPRT in a three-category CCT
with content balancing and item exposure control. For ACI, they compared maximizing
FI at the nearest cutoff and at . They found that maximizing FI at 8 led to a shorter test
and had the same classification accuracy as maximizing FI at the nearest cutoff, which is
the opposite to what Spray and Reckase (1994) found for two-category CCT. They
explained that the discrepancy might be due to the differences in the characteristics of the
item bank used, the number of cutoffs, or the use of content balancing and item exposure
control. For SPRT, the only selection method was maximum FI at the nearest cutoff, so

no comparison can be made.
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Lin and Spray (2000) compared FI at the cutoff, KL divergence around the cutoff
and WLOR in a two-category CCT using SPRT as the stopping rule. They varied the item
exposure control method, item bank size, and the width of the indifference region. They
found that the three item selection methods yielded very small differences in the
classification accuracy and ATL, regardless of the conditions imposed.

Weissman (2004, 2007) compared Fl at 8, posterior weighted FI, and Ml in a
four-category CCT with SPRT as the stopping rule. Weissman calculated the percentage
of cumulative correct classifications and the percentage of cumulative incorrect
classifications out of all examinees after every item, both within and across the four
categories. The ATL was also calculated after every item, based on the examinees for
whom SPRT made a confident decision and terminated the test. Results showed that
maximum MI item selection generally resulted in higher percentages of correct and
incorrect classifications than the other two methods, especially in the early stages of the
test. The ATL for the maximum MI method tended to be shorter in all stages of the test.
The only exception was for the highest category, where no superiority of any method was
found. The author believed that this unstable pattern might be explained by relatively
small size of the sample in that category. However, the results of this study were difficult
to interpret because of the exclusion of examinees for whom the SPRT could not make a
decision. If the percentage of correct classification was calculated based on examinees
who were classified by SPRT, instead of all examinees, the conclusion might have been
different. Moreover, examinees who reached the maximum test length were excluded
from the calculations, if SPRT had yet to classify them, possibly resulting in an

unrealistic portrayal of ATL.
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Thompson (2009a) hypothesized that item-selection methods can be generally
classified as estimate-based or cutscore-based. He reasoned that maximizing Fl at 8 is
more suitable for ACI, as this can shorten the CI more quickly and hence facilitate ACI to
make a decision. On the other hand, for SPRT, a decision is made more quickly when the
likelihood ratio is maximized or minimized. Thus, one should choose a cutscore-based
item selection method to facilitate this. In his simulation, item selection methods
(maximum FI1 at & and maximum FI at cutoff), stopping rules (ACI and SPRT), item
bank information functions (flat vs peaked), and item bank sizes (300 items vs 750 items)
were crossed. The results showed that ACI did work better with FI at 8, and SPRT
worked better with FI at cutoff. Although one might think a flat item bank is more
appropriate for estimate-based selection, the study found that peaked item banks are more
efficient for both stopping rules. Thompson (2009a) explained that it was likely due to
the fact that examinees far from the cutoff did not need many items to be classified; the
extra information in those regions was not necessary.

Wouda and Eggen (2009) compared three item selection methods in a three-
category CCT, including maximizing FI at 8, the nearest cutoff, and the average of the
two cutoffs. Two stopping rules, SPRT and SPRT with SC-Standard, were considered. It
was found that maximizing FI at the average of the two cutoffs had the longest ATL,
regardless of the stopping rule. It also had the highest classification accuracy, although
the advantage was less than 1%. There was little difference between maximizing Fl at &
and at the nearest cutoff.

Lin (2011) compared maximizing FI at cut score, KLI, WLOR, and Ml in a two-

category CCT. Other variables manipulated included whether item exposure control and
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content balancing were imposed, the @ distribution, and the width of the indifference
region. It was found that WLOR worked best in all conditions, but the differences among
the four item selection methods were washed out as more realistic constraints were
imposed. The only stopping rule considered in this study was SPRT.

van Groen et al. (2014) proposed four item selection methods that could consider
multiple cutoffs simultaneously such as maximizing the sum of Fl at all cutoffs weighted
by the reciprocal of the absolute distance between the cutoff and 8. They were compared
with methods that only considered one point: maximum FI at 8, at the nearest cutoff, and
at the middle of the nearest sets of cutoffs. Random selection was also considered as a
baseline. Other variables manipulated included the number of cutoffs, the imposition of
item exposure control and content balancing, and the width of the indifference region.
SPRT was used as the stopping rule. It was found that the methods that only considered
one point worked just as well as the four proposed methods that considered multiple
points.

To summarize, no existing literature has compared item selection methods with
GLR as the stopping rule. One can observe from Equation 34 that GLR requires the
evaluation of the likelihood at both 8 and the cutoffs, so it is not clear that whether an
estimate-based method or a cutscore-based method is more suitable for GLR. Thompson
(20094, 2011) believed that a cutscore-based method was more suitable, while Wang et
al. (2021) suspected the opposite. Neither of them verified their hypothesis in their

studies.
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Studies on Item Calibration Errors

All studies discussed earlier designed their item banks by generating item
parameters with values drawn directly from a specified distribution. In a realistic setting,
item banks are created by administering a set of items to a calibration sample and then
using the responses to estimate the item parameters. This estimation process inherently
introduces error into the item bank. Studies that have examined the impact of such error
are reviewed below.

Hambleton et al. (1993) were one of the first to study the effect of item calibration
errors in the selection of test items during test development. They simulated items
according to a 1PL IRT model, so that all items had a true discrimination equal to 1.0.
Then, 8s were generated from a standard normal distribution and item responses were
generated from those 6s. To highlight the fact that any variation in the item
discrimination estimates was solely due to estimation, a 2PL model was fitted to the data.
Finally, the best 25 items to provide the target test information function were selected
using the item parameter estimates. They believed that two variables are important in
determining the size of the impact of item estimation errors: (1) the sample size in item
calibration and (2) the ratio of item bank size to test length. The first variable is
important, because it is inversely related to the size of the item parameter estimation
errors. The second variable is important, because the larger the item bank and the shorter
the test, the more opportunity there is to capitalize on chance by selecting spuriously
high-discriminating items. Their results showed that all the selected items had a higher
discrimination than their true values, and therefore the test information was

overestimated. These effects were indeed more evident when a smaller calibration sample
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and a larger ratio of item bank size to test length were used. Hambleton et al. (1993)
referred the problem of selecting items with overestimated information due to item
calibration error as capitalization on chance.

Hambleton and Jones (1994) did a follow-up study to Hambleton et al. (1993).
They used the item parameters from 80 items in the Graduate Management Admission
Test (GMAT). The items in GMAT were chosen because they were fitted with a 3PL
model, so the item calibration errors were expected to be larger than those associated
with simpler models. Three variables were manipulated: calibration sample size, ratio of
item bank size to test length, and whether content balancing was considered during item
selection. Similar to Hambleton et al. (1993), item responses were generated for
examinees with 8s simulated from a standard normal distribution. A 3PL model was
fitted to obtain item parameter estimates for the 80 items. It was again confirmed that a
smaller calibration sample and a larger ratio of item bank size to test length led to an
overestimation of test information. The magnitude of overestimation was greater when
content balancing was imposed. However, the authors noted that no generalization of this
finding should be made because the finding is specific to the content specification used in
that study.

van der Linden and Glas (2000) examined the impact of capitalization on item
calibration error in computerized adaptive testing (CAT). They simulated an item bank
containing items calibrated with different sample sizes. It was found that items calibrated
in the smaller samples had higher exposure rates for all 8 levels. Also, the smaller the
ratio of item bank size to test length, the stronger the effect. This effect was robust with

respect to different item selection criteria (maximum information, minimum expected
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posterior variance, and maximum expected posterior-weighted information) and different
6 estimation methods (MLE and Bayesian). It was also found that the mean absolute
error of the 6 estimates tended to be larger when the ratio of item bank size to test length
was larger. Incorporating an item exposure control method mitigated the problem,
although the authors noted that the primary reason for incorporating exposure control in
CAT should be test security, instead of the danger of capitalization on estimation errors.

Olea et al. (2012) also studied the effects of capitalization on chance in CAT.
Their results showed that the estimation errors of the discrimination parameter for the
items administered in the CAT were in general larger than those in a random test. For the
difficulty parameter, the CAT condition did not show a larger systematic estimation error
than the random test condition. The estimation errors of the pseudo-guessing parameters
were larger in the items administered in the CAT for the lower 6 levels. They also found
that the proportion of items administered in CAT for which the discrimination parameter
estimate exceeded its corresponding true value was larger for the central 8 levels. This
indicates that the effect of capitalization on chance are not the same for different levels of
6. The overestimated discrimination parameters in turn led to an overestimation of the
precision of 6 estimates by as much as 40% in some conditions. Finally, they compared
two item exposure control methods, b-matching and progressive method. The b-matching
method resulted in a greater reduction in the impact of capitalization on chance, but also
had larger 6 estimation errors.

Unlike van der Linden and Glas (2000), and Olea et al. (2012), who studied fixed-
length CAT, Patton et al. (2013) examined the effects of capitalization on chance when a

variable-length termination rule was used in a two-category CCT. Specifically, they
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considered two testing formats. The first format terminated the test when the standard
error of the 6 estimate fell below a certain threshold. The classification decision was
made by comparing the final 8 estimate with a predetermined cutoff. The second format
used the ACI stopping rule. Manipulated variables include the calibration sample size and
the location of the cutoffs. Consistent with previous research on fixed-length CAT, the
authors found that selecting items based on the maximum information criterion
capitalized on item calibration errors, yielding spuriously high values of test information,
especially when the calibration sample size was small. When the standard error rule was
used as the test termination criterion, the tests were spuriously short. As the calibration
sample size decreased, the recovery of 6 estimates worsened. In contrast, the effect of
calibration sample size on average test length for the ACI condition was quite small. The
authors believed that this is because the ACI stopping rule depends on the location of the
6 estimate, in addition to the size of the standard error. Regardless of the stopping rule,
the effect of calibration sample size on classification accuracy was quite small when the
cutoff was located at 6, = 0.5. However, a larger effect was observed when a more
extreme cutoff was used (6, = 1.5), possibly because fewer items were available. So far,
this is the only study that examined the effects of capitalization on chance in CCT. Itis,
therefore, worthwhile to investigate whether the results in this study can be generalized to
other stopping rules, because some stopping rules, such as GLR, also involve @ estimates

and the standard errors.
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Chapter 6: Simulation Study

Purposes

As stated in the introduction, this simulation aimed to compare SC-MLE and SC-
Cl with SC-Standard, examine which item selection methods work best for GLR in the
context of multi-category CCT, and investigate the impact of item calibration errors.
Item Banks

Two item banks were generated, each consisting of 300 items. The first item bank
had a flat information function, providing approximately equal information across a wide
range of 8. The item parameters of this item bank were generated with a ~ U[0.5, 1.5], b
~ U[-3, 3] and ¢ ~ U[0, 0.25], following Finkelman (2010). This item bank can provide
equiprecise measurement of 8 and is presumably ideal for SC-MLE and SC-CI, which
are both based on the estimate of 8. To investigate whether their superiority to SC-
Standard still held in a more practical item bank, the second item bank was designed to
concentrate information in a narrow range of 8. The item parameters of the peaked item
bank were generated with a ~ U[0.5, 1.5], b ~ N(0, 1) and ¢ ~ U[0, 0.25]. The first type
will be referred to as a broad item bank, the second type as a peaked item bank.
Item Calibration Error

To examine the impacts of item calibration error, the simulation was conducted
with the true item parameters as well as the estimated item parameters. A total of 1,000 6
values for the calibration sample were generated from N(0, 12). This sample size was
within the range of sample size recommended for the 3PL model (e.g., De Ayala, 2013;
Hulin et al., 1982; Lord, 1968; Sahin & Anil, 2017). Item responses for the simulees were

generated based on the true item parameters. Using the simulated responses, the item
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parameter values were estimated using the R package mirt (Chalmers, 2012). The
estimated item parameters were used for subsequent item selection, 6 estimation, and
stopping rules. Figure 1 presents the item bank information functions for the two

simulated item banks.

Figure 1. Item Bank Information Functions
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Table 1 presents the item parameter recovery statistics within each estimated item
bank, including the bias, the root mean square error (RMSE), and the correlation between
the true item parameters and the estimated item parameters. Overall, the peaked item
bank had better item parameter recovery, so the information function of the estimated
peaked item bank more closely resembled that of the true item bank (Figure 1). This is
most likely due to the fact that the broad item bank contained more items with very low
and very high difficulty parameters, but the responses were generated from a calibration

sample whose 6s were normally distributed.
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Table 1. Item Parameter Recovery Statistics for Estimated Item Banks

Bias RMSE Correlation
Item Bank a b c a b c a b c
Broad 0.00 -0.19 -0.09 040 046 0.21 071 097 0.24
Peaked -0.09 -0.08 -0.03 028 024 0.12 087 097 051

Number of Cutoff and @ Distributions

This study used two sets of cutoffs. The first had two cutoff values:
(—0.44,0.44), which correspond to the 33 and 67" percentiles of a standard normal
distribution, and was used by van Groen et al. (2014) and Wang et al. (2021). The second
had three cutoff values: (—1, 0, 1), which correspond to the 16™, 50" and 84™ percentiles
of a standard normal distribution, and was used by Spray (1993) and Wang et al. (2021).

Following Wang et al. (2021), for the two combinations of cutoffs, a sample of
1,000 &s was generated from the standard normal distribution, as well as two samples of
1,000 6s from a normal distribution with a smaller variance centered at different locations
of the & scale. Specifically, when the cutoffs were (-0.44, 0.44), 1,000 6s each were
simulated from N(0, 1%), N(-0.44, 0.2%) and N(1, 0.22). Lastly, when the cutoffs were (-1,
0, 1), 1,000 #s each were simulated from N(O, 1), N(-0.5, 0.2%) and N(-1.5, 0.2%). The
idea was to have one of the distributions centered at the cutoff, one centered at the middle
of two cutoffs, and one located further away from all cutoffs. It was expected that when
the mean of the generating distribution was close to the cutoff, the test length and
classification error would increase.
Item Selection Methods

Thus far, no study has examined which item selection method works best with

mMGLR. Therefore, this study compared three item selection methods: maximum FI at 8
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(FI-E), maximum FI at the nearest cutoff (FI-N), and maximum sum of FI at all cutoffs
weighted by the likelihood function (FI-W). Based on Thompson’s (2009a) classification,
FI-E is an estimate-based method, while FI-N is a cutscore-based method. FI-W was used
by Wang et al. (2021) and is a mix of both types.
Stopping Rules

Both mSPRT and mGLR were used with and without three SC methods (SC-
Standard, SC-MLE, and SC-CI). For mSPRT and mGLR, @ = 8 = 0.05 (Finkelman,
2008, 2010; Lin, 2011). The probability threshold y for all SC methods was fixed at 0.95,
a value often used in previous studies (e.g., Finkelman, 2008, Wang et al., 2021).
Finkelman (2010) recommended requiring a minimum test length, as SC-MLE and SC-ClI
all depend on information about & which is typically very imprecise during the early
stages of the test. Thus, all SC methods were only applied after the 10" item. The
maximum test length was fixed at 50 items.
Width of Indifference Regions

Van Groen et al. (2014) noted that “the size of the indifference region had little
influence on accuracy but considerable influence on efficiency”. Both Thompson (2011)
as well as Huebner and Fina (2015), compared two levels of §, 0.1 and 0.2, and found
that & = 0.2 led to shorter test lengths with almost no sacrifice of accuracy. To verify that
these observations were still valid in a multi-category classification scenario, the current
study manipulated the half-width of indifference regions, §, at four levels: 0.1, 0.2, 0.3
and 0.4, which are within the range of § used in previous studies (Finkelman, 2008;
Finkelman, 2010; Huebner & Fina, 2015; Lin, 2011; Thompson, 2011; van Groen et al.,

2014; Wang et al., 2021). The indifference region for the first set of cutoffs would
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overlap if & = 0.5 was used, which is against the recommendation by van Groen et al.
(2014) and Wang et al. (2021).
Response Data Generation

To simulate the response to item j for an examinee with ability 8, a random
number from UJ[0, 1] was first generated. If the random number was equal to or less than

P;(0) defined in Equation 4, the simulee was said to answer the item correctly; incorrect

otherwise.

The test for each simulee was first simulated to the maximum length using the
item selection method in the given condition. Different stopping rules were then applied
retroactively. This ensured a fair comparison: differences between condition would not be
due to differences in response patterns. 6 was estimated using MLE with a boundary of [-
3,3].

Summary

As described above, a variety of approaches to multi-category CCT were
simulated. Ultimately, there were seven independent variables. They are summarized as
follows:

1. Item bank information function: broad, peaked
2. Whether item calibration errors were introduced
3. Cutoff scores: (-0.44, 0.44), (-1, 0, 1)
4. @ distributions:
a. For two-cutoff conditions, N(0, 12), N(-0.44, 0.2?) and N(1, 0.2?)

b. For three-cutoff conditions, N(0, 1?), N(-0.5, 0.2%) and N(-1.5, 0.2?)
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5. Stopping rule: mSPRT, mGLR, mSPRT + SC-Standard, mSPRT + SC-MLE,
mSPRT + SC-CI, mGLR + SC-Standard, mGLR + SC-MLE, mGLR + SC-CI
6. Item selection method: maximum FI at the nearest cutoff (FI-C), at 8 (FI-E), at all
cutoffs weighted by the likelihood function (FI-W)
7. Width of indifference region: § = 0.1,0.2,0.3,0.4
The average test length (ATL) and the percentage of correct classification (PCC)
were evaluated. Results were analyzed to identify conditions that resulted in the best

balance of ATL and PCC.
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Chapter 7. Results

The ATL and PCC for all conditions described in Chapter 6 are displayed in
Tables A-1 to A-16 in the Appendix. The marginal ATL and PCC for each level of each
factor are presented in Table 2. Table 2 shows that the peaked item bank required an
average of 2.4 fewer items than the broad item bank, while the PCC was 1.4% higher.
Introducing item parameter estimation errors reduced the ATL from 22.9 items to 22.0
items, and slightly increased the PCC from 90.5% to 90.8%.

The @ distributions had a large impact on ATL and PCC. Table 2 shows that for
the 2-cutoff conditions, when the mean of the @ distribution was far away from the cutoff
point, i.e., N(1, 0.2%), the ATL was the shortest (15.1 items) and the PCC was the highest
(98.2%). When the mean of the @ distribution was in the middle of two cutoffs, i.e., N(0,
1?), the ATL increased to 21.2 items, and the PCC dropped to 90.6%. The most
challenging scenario was when the 4 distribution was centered at a cutoff, i.e., N(-0.44,
0.22). In this case, the ATL further increased to 28.5 items and the PCC went down to
77.5%. When there were three cutoffs, making a correct decision was more difficult.
When the mean of the @ distribution was far away from a cutoff point, i.e., N(1.5, 0.22),
the ATL was the shortest (16.9 items) and the PCC was the highest (97.3%). When the
mean of the @ distribution was in the middle of two cutoffs [i.e., N(-0.5, 0.2%)], the ATL
increased to 27.0 items, and the PCC dropped to 93.2%. Similar to the 2-cutoffs
conditions, when the @ distribution was centered at a cutoff, i.e., N(0, 1?), the PCC was
lowest.

All three item selection methods performed comparably in terms of ATL and PCC

(Table 2). FI-W achieved the shortest ATL of 22.1 items, but it was only 0.7 items



47

shorter than the worst performing method, FI-E. The PCC of FI-C and FI-W was both
90.8%, which was only marginally better than the 90.3% of FI-E.

With regard to stopping rules, mGLR produced lower ATL than mSPRT (22.8
items vs 26.2 items). Among all SC methods, SC-MLE further reduced the ATL the
most, to 18.6 items. Specifically, it reduced the ATL by 7.6 items when the primary
stopping rule was mSPRT, and 4.2 items when the primary rule was mGLR. The
difference between SC-CI and SC-Standard was less than one item, regardless of which
primary stopping rule was used. The choice of stopping rules had very little impact on
PCC. The mSPRT, mSPRT + SC-Standard and mSPRT + SC-CI tied for the highest PCC
(91.0%), while mSPRT + SC-MLE and mGLR + SC-MLE tied for the lowest PCC
(89.6%). Overall, mGLR + SC-MLE had the shortest ATL without affecting PCC.

The width of the indifference region had a noticeable effect on ATL and PCC. In
particular, when ¢&increased from 0.1 to 0.4, the ATL decreased from 31.2 items to 15.4

items, although the PCC slightly decreased from 91.3% to 89.4%.
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Condition ATL PCC
Item Bank Shape
Broad 23.6 89.9
Peaked 21.2 91.3
Item Parameters
True 22.9 90.5
Estimated 22.0 90.8
Cutoffs and @ Distributions
(-0.44, 0.44)
N(0, 1?) 21.2 90.6
N(-0.44, 0.22) 28.5 775
N(1, 0.2?) 15.1 98.2
(-1,0,1)
N(0, 19 25.8 86.9
N(-0.5, 0.2%) 27.0 93.2
N(1.5,0.2?) 16.9 97.3
Item Selection Methods
FI-C 22.3 90.8
FI-E 22.8 90.3
FI-W 22.1 90.8
Stopping Rules
mSPRT 26.2 91.0
mGLR 22.8 90.9
mSPRT + SC-Standard 24.1 91.0
mSPRT + SC-MLE 19.8 89.6
mSPRT + SC-ClI 23.7 91.0
MGLR + SC-Standard 22.1 90.9
mGLR + SC-MLE 18.6 89.6
mGLR + SC-CI 22.0 90.9
0
0.1 31.2 91.3
0.2 24.3 91.2
0.3 18.8 90.5
0.4 15.4 89.4
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Item Bank Shape and Item Selection Method
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ATL PCC
Item Selection Method Broad Peaked Broad Peaked
FI-C 23.4 21.2 90.1 91.4
FI-E 24.0 21.6 89.7 90.9
FI-W 23.2 20.9 90.0 91.5

Table 4. Marginal ATL and PCC Conditional on Item Bank Shape and Stopping

Rule
ATL PCC

Stopping Rule Broad Peaked Broad Peaked
mSPRT 27.8 24.7 90.3 91.6
mGLR 24.1 21.4 90.2 91.6
mSPRT + SC- 25.2 23.0 90.3 91.6
Standard

mSPRT + SC-MLE 20.7 18.9 88.9 90.4
mSPRT + SC-CI 24.8 22.6 90.3 91.6
mGLR + SC- 23.2 20.9 90.2 91.6
Standard

mGLR + SC-MLE 19.6 17.6 88.9 90.3
mGLR + SC-CI 23.2 20.9 90.3 90.2

Table 3 presents the marginal ATL and PCC conditional on item bank shape and

item selection method. Table 4 presents the marginal ATL and PCC conditional on item

bank shape and stopping rule. The results showed that the peaked item bank had shorter

ATL (maximum 3.1 items) and slightly higher PCC after controlling for item selection

method and stopping rule. These results may be somewhat unintuitive because a broad

item bank might be more appropriate for item selection methods and stopping rules that

evaluate information at the current 8. However, the current study found that the peaked
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item bank resulted in more efficient and accurate tests for all item selection methods and

stopping rules. This is likely due to the fact that examinees not near the cutoffs do not

need many items to be classified. The extra information in those regions is not utilized in

the broad item bank. On the other hand, the peaked item bank had more information near

the cutoffs (Figure 1). Examinees with 6 values near cutoffs are typically more difficult

to classify, so the information in the peaked item bank is better utilized.

Table 5. Marginal ATL and PCC Conditional on Item Selection Method and

Stopping Rule

ATL PCC

Stopping Rule FI-C FI-E FI-wW FI-C FI-E FI-w
mSPRT 26.0 27.1 25.7 91.1 90.8 91.1
mGLR 22.6 23.2 22.4 91.0 90.7 91.0
mSPRT + SC- 24.0 24.7 23.6 91.1 90.8 91.1
Standard

mSPRT + SC-MLE 19.9 19.9 19.6 89.9 89.1 90.0
mSPRT + SC-CI 23.8 23.9 23.4 91.1 90.7 91.1
mGLR + SC- 21.9 22.5 21.7 91.0 90.7 91.0
Standard

mGLR + SC-MLE 18.6 18.7 18.4 89.8 89.1 89.9
mGLR + SC-CI 21.9 22.5 21.7 91.0 90.7 91.0

Table 5 displays the marginal ATL and PCC conditional on item selection method

and stopping rule. There was little interaction between item selection methods and

stopping rules. After controlling for the stopping rules, FI-W still yielded the shortest

ATL, followed by FI-C, and then FI-E. The largest difference between them (1.4 items)

was observed when mSPRT was used as the stopping rule. The PCCs for all item

selection methods were virtually the same, as the largest difference was no more than 1%.

Table 6. Marginal ATL and PCC Conditional on § and Stopping Rule
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ATL PCC

Stopping Rule o= o= o= o= o= o= o= o=

0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
mSPRT 425 272 19.6 157 91.7 91.7 90.9 89.7
mMGLR 311 249 194 156 91.7 915 90.8 89.6
MSPRT + SC- 345 266 195 157 91.7 91.7 90.9 88.8
Standard
mMSPRT + SC- 269 208 169 146 90.1 90.1 89.6 89.6
MLE
MSPRT + SC-CI 335 262 195 157 91.7 91.6 90.9 89.6
MGLR + SC- 290 244 193 156 91.7 915 90.8 89.6
Standard
mGLR + SC-MLE 232 198 16.7 146 90.1 90.0 89.5 88.8
mGLR + SC-CI 289 244 193 156 91.7 915 90.8 89.6

Table 6 shows the marginal ATL and PCC conditional on ¢ and stopping rule.

The results show that the differences between stopping rules—primarily in ATL— also

became smaller as & increased. For example, when 6= 0.1, mGLR used an average of

11.4 fewer items than mSPRT. When 6 = 0.4, the difference was only 0.1 item. There

were substantial differences between ATL for 6= 0.1 versus 6= 0.4: the largest

difference was a reduction of 26.8 for SPRT and the minimum difference was 8.6 items

for mGLR + SC-MLE. The largest reduction in PCC between the two ¢ conditions was

2.1 items. For all values of 6, mGLR + SC-MLE had the best balance between ATL and

PCC.
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Table 7. 8 Recovery Statistics Conditional on Number of Cutoffs, @ Distribution,
and True and Estimated Item Banks

Number of Cutoffs Bias RMSE Correlation
and ¢ Distribution  Trye  Estimated ~ True Estimated  True Estimated
(-0.44, 0.44)
N(0, 19 -0.02 -0.04 0.29 0.28 0.92 0.92
N(-0.44,0.2%) 0.05 0.05 0.11 0.10 0.62 0.61
N(1, 0.29) -0.23 -0.22 0.42 0.45 0.41 0.45
(-1,0,1)
N(0, 19 -0.01 -0.02 0.14 0.12 0.95 0.95
N(-0.5,0.2%)  0.01 0.00 0.06 0.06 0.62 0.61
N(1.5, 0.2?) -0.19 -0.24 0.39 0.29 0.44 0.43

Table 7 presents the 6 recovery statistics within true and estimated item banks as

well as number of cutoffs and @ distributions, including the bias, the root mean square

error (RMSE) and the correlation between the true 6 and the estimated 4. The recovery

statistics were generally very similar for the true and estimated item banks. Poorest

recovery was obtained for the N(1.5, 0.22) @ distribution with three cutoffs.

Table 8. Marginal ATL and PCC Conditional on Number of Cutoffs, @ Distribution,
and True and Estimated Item Banks

Number of Cutoffs and ATL PCC
¢ Distribution True Estimated True Estimated
(-0.44, 0.44)
N(0, 12) 215 20.8 90.1 91.1
N(-0.44, 0.22) 28.6 28.4 76.6 785
N(L, 0.22) 15.7 14.6 98.2 98.2
-1, 0, 1)
N(0, 1) 26.4 252 87.6 86.2
N(-0.5, 0.22) 275 26.4 92.8 935
N(1.5, 0.2 17.4 16.3 97.4 97.2
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Table 8 displays the marginal ATL and PCC conditional on the @ distributions
and true and estimated item banks. Using the estimated item parameters resulted in
slightly shorter ATL (maximum 1.2 items) across all & distributions. However, this led to
a lower PCC in only two of the six @ distributions (maximum 1.4%), which means that

the tests were not terminated prematurely.
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Chapter 8. Discussion and Conclusions
Implications of Results

This study compared the classification accuracy and test length of various item
selection algorithms and stopping rules that were designed to classify examinees into one
of two or more categories. Consistent with the results of a previous study by Wang et al.
(2021), mGLR was shown to be more effective in reducing test length than the long-
established mSPRT, while sacrificing very little classification accuracy in a wide range of
simulation conditions. The current study is the first to compare two new variants of
stochastic curtailment methods (SC-MLE and SC-CI) to the originally proposed SC-
Standard in multi-category CCT. All three SC-methods were able to reduce ATL without
negatively affecting PCC. Under simulation, SC-MLE was shown to stop the tests more
aggressively than SC-Standard and SC-CI, with only a slightly lower PCC. On average,
SC-MLE required 3 to 4 fewer items than SC-Standard and SC-CI, but had only about
1% decrease in PCC. Overall, the results showed that the combination of mGLR and SC-
MLE is the most ideal termination criterion with the best balance of test length and
classification accuracy.

With respect to item selection methods, the current study demonstrated that FI-W
was more efficient than FI-C and FI-E for all stopping rules. However, their differences
were smaller than one item in most conditions, which suggests that the choice of item
selection method has little practical importance. This conclusion is consistent with results
of earlier studies that compared different item selection methods (e.g., Lau & Wang,
1999; Lin & Spray, 2000; Wouda & Eggen, 2009; van Groen et al., 2014). This might be

due to the fact that the three item selection methods evaluated in this study are adaptive in
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nature: the nearest cutoff depends on 8, and the likelihood function of 8 is based on the
examinee’s item responses. Since they assess the information provided by an item in a
similar way, they tend to select the same item. Moreover, there was no evidence to
support Thompson’s (2009a) and Wang et al.’s (2021) hypothesis that FI-E is more
suitable for stopping rules that use information regarding 8, such as mGLR, especially
when the true 8 is far away from the cutoffs. In fact, FI-E had the longest ATL regardless
of the @ distribution.

In the CCT literature, there has also been speculation that if the item selection
method will match item difficulty to the examinee’s 8, then a wide range of difficulty
parameters is necessary to cover a wide range of examinee ability (Thompson, 2007b).
Unfortunately, detailed information regarding the item bank has typically not been
reported in literature, except the mean and standard deviation of the item parameters. In
light of this, the current study compared two item banks, one with a broad information
function and one with a peaked information function. It was found that the ATL and PCC
of CCT are sensitive to the item bank information function. Specifically, CCT using the
item bank with a peaked information function was more efficient and accurate than the
item bank with a broad information function, regardless of which item selection method
was used. This result implies that the item bank information function for CCT does not
necessarily have to include items with a very wide range of difficulty, if we are certain
that the distribution of 8 has a small standard deviation. In that case, the amount of
information near the cutoff scores is more important.

The width of the indifference region (§) plays an important role in the efficiency

and accuracy of CCT. Previous studies typically specified § to an arbitrary small
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constant, or only examined a limited number of &s (e.g., Eggen, 1999; Finkelman, 2008;
Finkelman, 2010; Huebner & Fina, 2015; Thompson, 2011). The current study extended
previous studies by investigating four different levels of §. The results suggested that §
had minor influence on PCC but considerable influence on ATL. In particular, increasing
the value of § resulted in a substantial decrease in ATL but only a small decrease in PCC.
Therefore, § should not be arbitrarily selected. Rather, a simulation such as the present
study should be conducted to determine the value of § that produces the shortest test
lengths, while still maintaining the desired level of classification accuracy. A large § also
reduced the differences between stopping rules. A similar effect was also observed in
Thompson (2011), who examined SPRT and GLR with two different § levels in two-
category CCT. This result is expected, as mGLR uses the same likelihood ratio as
mSPRT to determine whether the test should be terminated, when 8 is inside an
indifference region. When the indifference region is wide, there is a higher chance that 8
is inside an indifference region, and that mGLR and mSPRT will result in the same
termination decision.

A somewhat interesting result was that when estimated item parameters were
used, the ATL decreased slightly (a maximum of about one item) in some conditions,
while the PCC had mixed results, increasing slightly in some conditions, and decreasing
slightly in others. This corroborates the results in Patton et al. (2013), who found that
classification accuracy improved for some 8 levels when item calibration errors were

introduced.
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Limitations and Directions for Future Research

This study could be extended in a few directions. First, the current study, just as
most CCT research, focused on the application of dichotomously scored items.
Polytomous items can provide more information across a wider range of ability than
dichotomously scored items (Birenbaum & Tatsuoka, 1987; Donoghue, 1994; Samejima,
1976), However, only a few studies have examined CCT with polytomous items
(Gnambs & Batinic, 2011; Lau & Wang, 1998, 1999, 2000; Thompson, 2007), and they
have used some of the older stopping rules such as ACI and SPRT. It will be interesting
to evaluate the performance of recently developed stopping rules, such as GLR and SC,
when polytomous items are used.

Second, future research should consider simulating item banks with different sets
of parameter distributions, for example, to create a multimodal information function that
is peaked at the cutoffs. Another possibility is to conduct the simulations with real item
banks to gauge the generalizability of the current findings.

Third, the calibration sample size and the ratio of item bank size to test length
have been shown to influence measurement quality (Hambleton et al., 1993; Hambleton
& Jones, 1994; Olea et al., 2012; Patton et al., 2013; van der Linden & Glas, 2000).
Future studies can vary these variables to study the effect of item calibration errors on

multi-category CCT more comprehensively.
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Appendix A
Table A-1. Average Test Length for Cutoffs = (-0.44, 0.44) and Broad Item Bank with True Parameters
0=0.1 0=0.2 0=0.3 0=04
FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W
N(0, 12)
mSPRT 41.0 43.2 40.8 27.9 29.7 21.7 20.5 22.3 20.9 16.2 18.0 16.4
MGLR 30.9 30.9 30.8 25.6 26.0 25.6 20.3 21.5 20.7 16.2 17.8 16.4
mSPRT + SC-Standard 31.8 31.2 31.7 27.2 28.1 27.0 20.4 22.0 20.8 16.1 17.9 16.3
mSPRT + SC-MLE 24.0 23.7 23.8 20.6 20.5 20.4 17.0 17.6 17.3 14.9 16.0 14.8
MSPRT + SC-CI 31.6 29.6 31.4 27.1 26.2 26.9 20.4 21.6 20.8 16.1 17.8 16.3
mGLR + SC-Standard 28.6 28.3 28.6 25.0 25.1 24.9 20.2 21.4 20.6 16.1 17.8 16.3
mGLR + SC-MLE 22.5 22.2 22.3 19.9 19.7 19.7 16.9 17.6 17.2 14.9 16.0 14.8
mGLR + SC-CI 28.8 28.1 28.6 24.9 25.0 24.9 20.1 21.3 20.6 16.1 17.8 16.3
N(-0.44, 0.22)
MSPRT 49.3 494 49.3 39.7 404 39.5 28.8 30.5 29.0 21.9 23.9 22.0
mGLR 43.5 43.7 434 37.4 37.5 37.1 28.6 30.0 28.8 22.0 24.0 22.0
mSPRT + SC-Standard 41.7 41.2 41.7 37.7 38.2 37.5 28.5 30.1 28.7 21.8 23.8 21.9
mSPRT + SC-MLE 31.5 30.6 31.2 27.6 27.1 27.1 22.6 23.1 22.5 194 204 19.1
mSPRT + SC-CI 41.7 40.7 41.8 37.5 37.0 374 28.5 30.1 28.7 21.8 23.8 21.9
mGLR + SC-Standard 39.5 39.5 394 35.7 35.8 35.4 28.3 29.7 28.5 21.9 23.9 21.9
mGLR + SC-MLE 29.9 29.2 29.4 26.8 26.3 26.1 225 23.1 22.5 194 20.4 19.1
MGLR + SC-CI 39.8 39.3 39.7 35.6 35.6 35.3 28.2 29.7 28.4 21.9 23.9 21.9
N(1, 0.2%)
mSPRT 374 42.1 37.0 20.3 23.8 20.2 15.1 17.2 15.0 13.0 14.2 13.0
mGLR 21.8 22.2 21.2 17.7 18.8 17.5 14.9 16.0 14.8 13.0 14.0 13.1
mSPRT + SC-Standard 22.2 22.4 21.8 19.6 22.5 195 15.0 17.0 14.9 12.9 14.2 13.0
mSPRT + SC-MLE 12.7 125 125 12.7 125 125 124 124 12.2 12.1 12.1 11.9
MSPRT + SC-CI 20.2 18.8 19.9 194 18.9 19.2 14.9 16.2 14.9 12.9 14.0 13.0
mGLR + SC-Standard 19.1 19.3 18.6 17.1 18.1 17.0 14.8 15.9 14.7 12.9 13.9 13.0
MGLR + SC-MLE 12.7 12.5 12.5 12.7 12.5 12.4 12.4 12.4 12.2 12.1 12.1 11.9
mGLR + SC-CI 18.9 18.8 18.4 17.1 18.0 16.9 14.8 15.9 14.7 12.9 13.9 13.0




Table A-1. Percentage of Correct Classification for Cutoffs = (-0.44, 0.44) and Broad Item Bank with True Parameters

69

5=0.1 5=0.2 5=0.3 5=04
FIIC FI-E FI'W FIC  FI-E  FI'W FI-C  FI-EE  FI'W FI-C  FI-E  FI-W
N(0, 12)
mSPRT 902 903 906 901 903 905 900 892 897 89.3 880  89.4
mGLR 90.1 89.8 905 899 895 903 899 889 897 893 880 894
mSPRT + SC-Standard ~ 90.1 899 905 901 901 905 900 892 897 893 880  89.4
MSPRT + SC-MLE 878 8.4 880 878 8.6 880 832 869 877 882 867 880
MSPRT + SC-CI 90.1 89.4 905 901 896 905 90.0 891 89.7 893 880 894
MGLR + SC-Standard 900 89.4 904 899 894 903 899 889 897 893 880 894
MGLR + SC-MLE 878 864 880 879 866 881 881 868 877 882 867  88.0
MGLR + SC-CI 901 894 905 899 894 903 899 889 897 89.3 880  89.4
N(-0.44, 0.22)
mSPRT 770 770 770 771 771 771 762 759 765 743 745 749
mGLR 771 767 771 769 764 768 763 758 766 745 746 749
mSPRT + SC-Standard 770 768 770 771 771 771 763 759 766 743 746 749
MSPRT + SC-MLE 738 736 739 738 738 739 732 732 738 725 725 733
MSPRT + SC-CI 769 766 769 770 768 770 763 757 766 743 745 749
MGLR + SC-Standard 771 766 771 769 764 768 764 758 767 745 747 749
MGLR + SC-MLE 738 736 739 738 735 738 732 732 738 725 725 733
MGLR + SC-CI 770 766 770 768 765 767 764 758 767 745 747 749
N(1, 0.22)
mSPRT 985 985 985 985 985 985 978 981 978 970 974  97.2
mGLR 985 986 985 985 984 983 979 981 979 970 974  97.3
MSPRT + SC-Standard 985 986 985 985 985 985 978 981 978 970 974  97.2
MSPRT + SC-MLE 987 991 989 987 990 989 979 986 981 971 978  97.3
MSPRT + SC-CI 985 986 985 985 985 985 978 981 978 970 974  97.2
MGLR + SC-Standard 985 986 985 985 984 983 979 981 979 970 974 973
MGLR + SC-MLE 987 991 989 987 989 987 980 986 982 971 978 974
mGLR + SC-CI 985 986 985 985 984 983 979 981 979 970 974 973




Table A-2. Average Test Length for Cutoffs = (-0.44, 0.44) and Peaked Item Bank with True Parameters
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5=0.1 5=0.2 5=0.3 5=04
FIIC FI-E FI'W FIC  FI-E  FI'W FI-C  FI-EE  FI'W FI-C  FI-E  FI-W
N(0, 12)
mSPRT 377 390 374 238 255 233 174 187 173 138 153 139
mGLR 280 288 277 225 235 221 175 185 173 138 153 139
mSPRT + SC-Standard 316 314 312 234 250 229 174 186 172 138 153  13.9
MSPRT + SC-MLE 235 229 237 184 183 186 153 156 154 131 140 134
MSPRT + SC-CI 309 294 304 234 244 229 174 186 172 138 153 139
MGLR + SC-Standard 263 268 260 221 230 217 175 184 172 138 153 139
MGLR + SC-MLE 207 204 210 180 178 181 153 156 154 131 139 134
mMGLR + SC-CI 263 268 261 221 230 217 175 184 172 138 153 139
N(-0.44, 0.22)
mSPRT 472 478 469 330 344 327 225 237 220 166 181 167
mGLR 396 404 393 314 324 315 225 236 219 166 181 167
mSPRT + SC-Standard ~ 40.8 407 406 322 335 319 224 236 219 166 181 167
MSPRT + SC-MLE 301 299 300 236 243 235 187 196 183 155 166 154
MSPRT + SC-CI 406 399 403 322 332 319 224 236 219 166 181 167
MGLR + SC-Standard 366 368 363 307 315 307 223 235 218 165 181 167
MGLR + SC-MLE 270 271 269 229 237 229 187 196 183 155 166 154
MGLR + SC-CI 368 369 364 306 315 307 223 235 218 165 181 167
N(1, 0.22)
mSPRT 322 348 319 176 193 169 137 145 134 119 126 119
mGLR 194 198 194 163 165 158 137 140 134 119 126  11.9
mSPRT + SC-Standard 226 225 222 174 191 167 136 144 133 119 126  11.9
MSPRT + SC-MLE 120 119 119 119 119 118 117 116 116 113 114  11.3
MSPRT + SC-CI 200 179 193 174 176 167 136 143 133 119 126 119
MGLR + SC-Standard 178 183 178 161 163 156 136 140 134 119 126  11.9
MGLR + SC-MLE 119 119 119 119 118 118 117 117 116 113 114  11.3
mGLR + SC-CI 177 178 177 160 163 155 136 140 133 119 126 119




Table A-3. Percentage of Correct Classification for Cutoffs = (-0.44, 0.44) and Peaked Item Bank with True Parameters
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5=0.1 5=0.2 5=0.3 5=04
FIIC FI-E FI'W FIC  FI-E  FI'W FI-C  FI-EE  FI'W FI-C  FI-E  FI-W
N(0, 12)
mSPRT 922 922 922 919 923 919 915 911 916 892  90.0  89.9
mGLR 920 922 922 918 919 920 915 907 916 892  90.0  89.9
mSPRT + SC-Standard 923 923 922 920 923 919 915 911 916 892 900  89.9
MSPRT + SC-MLE 91.0 897 918 906 895 914 902 887 908 886 885 896
MSPRT + SC-CI 923 923 922 920 921 919 915 910 916 892 900  89.9
MGLR + SC-Standard 921 922 922 919 920 920 915 907 916 892 900  89.9
MGLR + SC-MLE 909 897 918 906 896 914 903 887 908 886 885  89.6
MGLR + SC-CI 921 923 922 919 920 920 915 907 916 892  90.0  89.9
N(-0.44, 0.22)
mSPRT 797 785 803 797 787 801 791 773 782 765 756 766
mGLR 798 781 805 791 780 799 791 773 781 764 756 766
mSPRT + SC-Standard ~ 79.8 787 801 797 788 800 791 773 782 765 756  76.6
MSPRT + SC-MLE 765 758 773 763 757 769 766 747 760 757 738 753
mSPRT + SC-CI 797 782 802 797 784 800 791 773 782 765 756  76.6
MGLR + SC-Standard 799 784 803 791 781 798 791 773 781 764 756  76.6
MGLR + SC-MLE 766 758 774 760 754 767 766 747 759 756 738 753
MGLR + SC-CI 798 783 804 791 781 798 791 773 781 764 756 766
N(1, 0.22)
mSPRT 988 987 987 988 987 986 982 984 980 973 974 975
mGLR 988 987 987 987 988 985 982 984 980 974 975 975
mMSPRT + SC-Standard 988 987 987 988 987 986 982 984 980 973 974 975
MSPRT + SC-MLE 991 991 990 991 991 989 985 987 983 976 977  97.9
MSPRT + SC-CI 988 987 987 988 987 986 982 984 980 973 974 975
MGLR + SC-Standard 988 987 987 987 988 985 982 984 980 974 975 975
MGLR + SC-MLE 99.1 991 990 990 991 988 985 987 983 977 978 979
mGLR + SC-CI 988 987 987 987 988 985 982 984 980 974 975 975




Table A-4. Average Test Length for Cutoffs = (-0.44, 0.44) and Broad Item Bank with Estimated Parameters
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5=0.1 5=0.2 5=0.3 5=04
FIIC FI-E FI'W FIC  FI-E  FI'W FI-C  FI-EE  FI'W FI-C  FI-E  FI-W
N(0, 12)
mSPRT 396 412 394 262 272 259 193 202 191 153 165 153
mGLR 304 300 301 246 247 245 192 199 191 152 163 153
mSPRT + SC-Standard ~ 31.8 312 315 256 263 253 192 201 190 153 164 152
MSPRT + SC-MLE 244 241 245 201 200 200 167 170 166 146 152 145
MSPRT + SC-CI 316 299 313 256 255 252 192 200 190 153 164 152
MGLR + SC-Standard 281 278 278 240 241 239 191 198 190 152 163 153
MGLR + SC-MLE 223 219 223 196 195 195 165 170 166 144 151 145
MGLR + SC-CI 281 276 278 240 241 238 191 198 190 152 163 153
N(-0.44, 0.22)
mSPRT 490 490 490 373 383 369 273 289 274 204 227 206
mGLR 421 423 419 354 357 352 271 288 274 202 226 206
mSPRT + SC-Standard 414 408 413 360 366 356 271 287 272 204 227  20.6
MSPRT + SC-MLE 320 323 320 273 279 271 225 239 226 190 210 192
MSPRT + SC-CI 416 406 416 359 360 356 271 286 272 203 227 206
MGLR + SC-Standard 384 381 381 342 342 340 269 285 271 201 226 205
MGLR + SC-MLE 297 301 296 264 270 265 223 239 226 188 209 192
MGLR + SC-CI 387 383 384 342 341 340 269 285 271 201 226 205
N(1, 0.22)
mSPRT 328 364 322 171 193 168 135 142 132 120 122 118
mGLR 196 194 193 155 161 154 135 137 133 119 121  11.8
mSPRT + SC-Standard 204 205 197 167 188 165 134 141 132 120 122 118
MSPRT + SC-MLE 118 117 118 117 117 118 116 114 116 114 112 114
MSPRT + SC-CI 180 170 175 167 170 164 134 139 132 120 122  11.8
MGLR + SC-Standard 174 174 170 152 158 151 134 136 132 119 121  11.8
MGLR + SC-MLE 118 117 118 117 117 118 116 114 116 114 112 114
mGLR + SC-CI 172 170 167 152 157 151 134 136 132 119 121  11.8




Table A-5. Percentage of Correct Classification for Cutoffs = (-0.44, 0.44) and Broad Item Bank with Estimated Parameters
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5=0.1 5=0.2 5=0.3 5=04
FIIC FI-E FI'W FIC  FI-E  FI'W FI-C  FI-EE  FI'W FI-C  FI-E  FI-W
N(0, 12)
mSPRT 916 921 915 915 920 914 909 915 913 894 902  89.8
mGLR 914 920 914 911 918 912 908 915 913 892  90.0 8938
mSPRT + SC-Standard 916 920 914 915 919 914 909 914 913 894 901  89.8
MSPRT + SC-MLE 897 891 896 897 892 896 899 891 897 896 887  89.2
MSPRT + SC-CI 916 918 915 915 918 914 909 914 913 894 901  89.8
MGLR + SC-Standard 914 919 913 911 917 912 908 914 913 892 899 8938
MGLR + SC-MLE 897 891 896 898 891 89.6 89.8 891 897 894 885  89.2
mMGLR + SC-CI 915 918 915 911 917 912 908 914 913 892 899  89.8
N(-0.44, 0.22)
mSPRT 787 793 785 788 788 786 776 775 715 764 762 761
mGLR 787 791 784 784 785 783 773 774 715 763 763 761
mSPRT + SC-Standard 785 792 783 787 789 785 775 776 774 762 762  76.0
MSPRT + SC-MLE 773 766 773 773 764 773 770 763 768 756 752 755
MSPRT + SC-CI 787 790 785 787 788 785 775 776 774 761 762  76.0
MGLR + SC-Standard 785 790 782 783 786 782 772 715 774 761 763  76.0
MGLR + SC-MLE 773 766 773 773 764 773 767 763 767 755 753 755
MGLR + SC-CI 787 790 784 783 786 782 772 715 774 760 763  76.0
N(1, 0.22)
mSPRT 986 981 986 986 981 986 985 979 984 981 974  98.0
mGLR 986 981 986 987 981 986 985 978 984 980 974  98.0
MSPRT + SC-Standard ~ 98.7 983 987 987 982 987 985 979 984 981 974  98.0
MSPRT + SC-MLE 989 986 989 988 986 989 986 983 985 982 976 981
MSPRT + SC-CI 987 982 987 987 982 987 985 979 984 981 974 980
MGLR + SC-Standard 987 983 987 987 981 987 985 978 984 980 974  98.0
MGLR + SC-MLE 989 986 989 988 985 989 986 982 985 981 976  98.1
mGLR + SC-CI 987 982 987 987 981 987 985 978 984 980 974  98.0




Table A-6. Average Test Length for Cutoffs = (-0.44, 0.44) and Peaked Item Bank with Estimated Parameters
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5=0.1 5=0.2 5=0.3 5=0.4
FIC FI-E FI'W FI-C__FI-E __FI'W FI-<C __FI-E _FI'W _FI-<C___FIFE _ FI'W
N(0, 19)
mSPRT 3.7 378 363 230 241 224 168 180 163 141 149 138
mGLR 277 278 273 219 225 215 166 178 163 141 148 138
mMSPRT + SC-Standard 314 306 309 226 238 221 168 179 163 141 149 138
MSPRT + SC-MLE 229 227 231 177 180 178 146 152 147 132 137 133
MSPRT + SC-CI 305 286 300 226 232 221 167 179 163 141 149 138
MGLR + SC-Standard 261 261 258 216 222 212 166 178 163 141 148 138
MGLR + SC-MLE 202 202 205 173 175 173 145 152 146 131 136  13.3
MGLR + SC-CI 261 259 258 216 222 212 166 178 163 141 148 138
N(-0.44, 0.22)
mSPRT 473 478 471 336 341 328 233 240 228 176 185  17.2
mGLR 403 405 401 321 324 315 232 239 228 176 184  17.2
MSPRT + SC-Standard ~ 41.2 412 410 328 334 321 232 239 227 176 185  17.2
MSPRT + SC-MLE 312 299 309 247 239 242 201 191 197 162 166  16.4
MSPRT + SC-CI 410 404 407 328 332 321 232 239 227 176 185  17.2
MGLR + SC-Standard 3714 371 369 314 317 308 231 238 227 176 184  17.2
MGLR + SC-MLE 280 269 279 241 230 235 199 191 197 162 165  16.4
MGLR + SC-CI 373 372 370 313 316 308 231 238 227 176 184  17.2
N(, 0.22)
mSPRT 302 321 295 163 179 159 130 135 128 117 121 117
mGLR 192 190 190 156 159 154 130 134 128 117 120 117
MSPRT + SC-Standard ~ 22.3 215 214 161 177 158 130 135 128 117 121 117
MSPRT + SC-MLE 120 118 118 118 118 117 116 116 115 112 113  11.2
MSPRT + SC-CI 197 172 189 161 167 157 130 135 128 117 121 117
MGLR + SC-Standard 176 175 174 154 157 152 129 133 128 117 120 117
MGLR + SC-MLE 120 118 118 118 118 117 116 116 115 112 112 112
mGLR + SC-CI 175 172 173 154 157 152 129 133 128 117 120 117
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Table A-7. Percentage of Correct Classification for Cutoffs = (-0.44, 0.44) and Peaked Item Bank with Estimated Parameters

5=0.1 5=0.2 5=03 5=04
FIIC FI-E FIF'W FI-C  FIEE  FI'W FI-C  FI-E  FI'W FI-<C _ FI-E  FI-W
N(0, 12)
mSPRT 932 937 934 933 930 932 916 925 918 902 914 905
mGLR 932 936 933 931 931 929 916 923 917 903 914 905
mSPRT + SC-Standard 932 934 933 932 928 931 916 923 918 902 914 905
MSPRT + SC-MLE 903 897 911 903 892 909 896 892 903 888 889  90.1
MSPRT + SC-CI 932 933 933 932 928 931 916 923 918 902 914 905
MGLR + SC-Standard 932 933 932 930 929 928 916 921 917 903 914 905
MGLR + SC-MLE 903 89.6 911 903 893 906 896 891 903 889 890  90.1
MGLR + SC-CI 932 932 932 930 929 928 916 921 917 903 914 905
N(-0.44, 0.22)
mSPRT 802 797 795 807 799 800 803 795 807 788 787 789
mGLR 802 800 795 808 796 797 804 795 807 788 786 789
mSPRT + SC-Standard ~ 80.4 802 801 807 801 803 803 796 808 788 786 789
MSPRT + SC-MLE 792 778 801 793 779 802 787 777 798 776 769 787
MSPRT + SC-CI 802 802 798 807 801 801 803 795 808 788 786 788
MGLR + SC-Standard 804 805 801 808 798 800 804 796 808 788 785 789
MGLR + SC-MLE 792 779 801 792 779 801 788 778 798 776 768 787
MGLR + SC-CI 802 803 799 808 798 798 804 795 808 788 785  78.8
N(1, 0.22)
mSPRT 987 984 987 987 984 988 982 975 979 969 964  96.7
mGLR 988 984 988 987 984 988 982 976 979 969 963  96.7
mSPRT + SC-Standard 988 984 989 987 984 988 982 975 979 969 964  96.7
MSPRT + SC-MLE 991 987 990 989 987 989 983 978 980 970 966  96.7
MSPRT + SC-CI 988 984 988 987 984 988 982 975 979 969 964  96.7
MGLR + SC-Standard 988 984 989 987 984 988 982 976 979 969 963  96.7
MGLR + SC-MLE 99.1 987 990 988 986 989 983 978 980 970 965  96.7
mGLR + SC-CI 988 984 988 987 984 988 982 976 979 969 963  96.7




Table A-8. Average Test Length for Cutoffs = (-1, 0, 1) and Broad Item Bank with True Parameters

0=01 0=0.2 0=0.3 0=04

FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W

N(0, 12)
mSPRT 470 477 469 335 348 329 236 253 233 182 195 181
mGLR 378 382 376 304 317 303 231 246 232 179 194 181
mSPRT + SC-Standard 420 419 419 327 338 321 235 252 232 181 195  18.0
MSPRT + SC-MLE 373 360 370 286 280 279 216 217 211 173 179 172
MSPRT + SC-CI 420 411 420 327 329 321 235 251 232 181 195 180
MGLR + SC-Standard 360 363 358 298 309 296 230 245 231 179 194 180
MGLR + SC-MLE 321 311 317 265 264 261 211 214 210 171 178 171
mMGLR + SC-CI 360 361 358 298 309 296 230 245 231 179 194 180

N(-0.5, 0.22)
mSPRT 500 500 500 351 352 344 250 252 238 192 192 184
mGLR 404 408 402 317 327 315 240 245 234 189 192 184
mSPRT + SC-Standard ~ 49.6 495 496 350 350 342 250 251 237 192 192 184
MSPRT + SC-MLE 479 473 480 335 331 326 239 238 227 186 186  17.8
MSPRT + SC-CI 49.6 494 496 350 349 342 250 251 237 192 192 184
MGLR + SC-Standard 402 405 400 316 325 314 240 245 233 189 192 184
MGLR + SC-MLE 386 385 384 302 308 300 230 232 223 183 186  17.8
MGLR + SC-CI 402 404 400 316 325 314 240 245 233 189 192 184

N(1.5, 0.29)
mSPRT 41.0 447 410 225 265 225 158 183 159 136 148 136
mGLR 249 254 250 200 211 199 159 171 159 136 147 136
mSPRT + SC-Standard 238 242 238 213 245 213 157 182 157 136 147 135
MSPRT + SC-MLE 130 129 131 128 127 128 124 125 124 120 122 120
MSPRT + SC-CI 231 206 231 210 205 210 157 176 157 136 146 135
MGLR + SC-Standard 209 213 209 189 198 189 157 170 158 136 146 135
MGLR + SC-MLE 129 128 130 127 127 127 124 125 124 120 122 120

mGLR + SC-CI 20.8 20.5 20.8 18.8 19.6 18.8 15.7 16.9 15.7 13.6 14.6 135




Table A-9. Percentage of Correct Classification for Cutoffs = (-1, 0, 1) and Broad Item Bank with True Parameters

0=01 0=0.2 0=0.3 0=04

FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W

N(0, 12)
mSPRT 879 871 878 881 872 877 868 868 868 854 858 857
mGLR 878 870 878 877 8.9 874 8.7 867 868 854 854 855
mSPRT + SC-Standard 878 870 878 881 871 877 8.8 868 8.8 854 858 857
MSPRT + SC-MLE 864 836 863 85 838 8.1 857 838 856 845 833 847
MSPRT + SC-CI 880 868 879 81 8.9 8.7 8.8 867 868 854 858 857
MGLR + SC-Standard 877 8.9 878 877 8.8 874 8.7 867 868 854 854 855
MGLR + SC-MLE 864 836 863 863 837 859 856 839 856 845 830 845
mMGLR + SC-CI 879 868 879 877 868 874 867 867 868 854 854 855

N(-0.5, 0.22)
mSPRT 934 931 929 934 931 929 932 925 922 921 902 9Ll
mGLR 934 929 929 934 929 928 929 923 920 920 901  9L1
mSPRT + SC-Standard 934 930 928 934 930 928 932 925 922 921 902 911
MSPRT + SC-MLE 906 888 902 906 889 902 907 891 90.0 90.3 883 895
MSPRT + SC-CI 934 927 928 934 927 928 932 925 922 921 902 911
MGLR + SC-Standard 934 928 928 934 928 928 929 923 920 920 901 911
MGLR + SC-MLE 906 888 902 906 890 902 905 889 899 902 883  89.5
MGLR + SC-CI 934 927 928 934 928 928 929 923 920 920 901  9L1

N(1.5, 0.29)
mSPRT 978 976 977 979 976 978 972 974 973 965 969  96.6
mGLR 979 976 978 978 977 977 973 975 974 965 969  96.6
mSPRT + SC-Standard ~ 97.8 977 977 979 977 978 972 974 973 965 969  96.6
MSPRT + SC-MLE 979 977 979 979 977 979 973 975 974 966 968  96.8
MSPRT + SC-CI 979 977 978 979 977 978 972 974 973 965 969  96.6
MGLR + SC-Standard 979 977 978 978 977 977 973 975 974 965 969  96.6
MGLR + SC-MLE 979 977 979 978 977 978 974 975 975 966 968  96.8

mGLR + SC-CI 97.9 97.7 97.8 97.8 97.7 97.7 97.3 975 97.4 96.5 96.9 96.6




Table A-10. Average Test Length for Cutoffs = (-1, 0, 1) and Peaked Item Bank with True Parameters

0=01 0=0.2 0=0.3 0=04

FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W

N(0, 12)
mSPRT 452 450 448 297 304 291 211 221 204 162 171 16.0
mGLR 346 350 343 272 282 268 207 218 202 161 171 159
mSPRT + SC-Standard 413 410 408 293 299 288 210 220 203 162 171  16.0
MSPRT + SC-MLE 36.2 356 356 252 254 245 189 196 182 153 161 151
MSPRT + SC-CI 413 402 408 293 296 287 210 220 203 162 171  16.0
MGLR + SC-Standard 334 338 331 270 278 265 207 218 201 161 171 159
MGLR + SC-MLE 293 294 289 236 241 230 185 194 180 152 161 151
mMGLR + SC-CI 335 338 332 269 277 265 206 218 201 161 171 159

N(-0.5, 0.22)
mSPRT 46.6 457 452 280 284 272 195 205 188 151 162 150
mGLR 339 336 335 258 264 250 191 202 188 151 161 150
mSPRT + SC-Standard ~ 46.4 454 450 279 284 272 195 205 188 151 162  15.0
MSPRT + SC-MLE 447 435 432 266 267 257 185 194 178 147 157 146
mSPRT + SC-CI 464 453 450 279 284 272 195 205 188 151 162 150
MGLR + SC-Standard 338 334 334 257 263 250 191 202 188 151 161  15.0
MGLR + SC-MLE 323 317 318 245 248 237 181 191 178 146 156 145
MGLR + SC-CI 338 334 334 257 263 250 191 202 188 151 161 150

N(1.5, 0.29)
mSPRT 392 403 391 217 230 216 157 163 154 131 138 128
mGLR 242 243 241 191 194 189 155 160 153 131 138 129
mSPRT + SC-Standard 254 259 252 212 225 212 156 162 154 131 138  12.8
MSPRT + SC-MLE 132 132 131 129 130 128 125 125 123 121 122 119
MSPRT + SC-CI 241 216 240 212 211 211 156 162 154 131 138 128
MGLR + SC-Standard 214 217 213 187 190 185 155 159 152 131 138 129
MGLR + SC-MLE 131 131 130 129 130 127 125 125 122 121 122 118

mGLR + SC-CI 21.4 21.3 21.4 18.7 19.0 18.4 155 15.9 15.2 13.1 13.8 12.9




Table A-11. Percentage of Correct Classification for Cutoffs = (-1, 0, 1) and Peaked Item Bank with True Parameters

0=01 0=0.2 0=0.3 0=04

FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W

N(0, 12)
mSPRT 904 907 901 901 904 897 890 892 887 886 863 885
mGLR 904 906 900 899 904 897 889 891 885 886 864 884
mSPRT + SC-Standard 905  90.6 902 901 903 89.7 890 892 887 886 863 885
MSPRT + SC-MLE 887 882 884 884 879 880 875 868 874 868 850 869
MSPRT + SC-CI 905 906 902 902 903 89.8 890 892 887 886 863 885
MGLR + SC-Standard 905 905 901 899 904 897 889 891 885 886 864 884
MGLR + SC-MLE 887 881 883 882 879 880 874 868 872 868 850  86.8
mMGLR + SC-CI 905 905 901 899 904 897 889 891 885 886 864  88.4

N(-0.5, 0.22)
mSPRT 96.6 957 965 964 952 963 950 938 946 922 920 925
mGLR 965 954 963 960 949 959 949 938 947 920 920 925
mSPRT + SC-Standard 965 955 964 963 952 962 950 938 946 922 920 925
MSPRT + SC-MLE 932 922 930 930 919 928 920 911 915 904  90.1  90.6
MSPRT + SC-CI 965 955 964 963 952 962 950 938 946 922 920 925
MGLR + SC-Standard 964 953 962 960 949 959 949 938 947 920 920 925
MGLR + SC-MLE 932 921 929 928 917 926 919 912 916 902  90.1  90.6
MGLR + SC-CI 964 953 962 960 949 959 949 938 947 920 920 925

N(1.5, 0.29)
mSPRT 980 978 981 980 978 982 976 969 973 965 963  96.3
mGLR 980 978 981 982 977 983 976 970 972 964 963  96.2
MSPRT + SC-Standard 980 978 982 980 978 982 976 969 973 965 963  96.3
MSPRT + SC-MLE 982 984 984 982 984 984 976 972 973 966 964  96.4
MSPRT + SC-CI 980 978 982 980 978 982 976 969 973 965 963 963
MGLR + SC-Standard 980 978 982 982 977 983 976 970 972 964 963 962
MGLR + SC-MLE 982 984 984 982 983 983 976 973 972 965 964 963

mGLR + SC-CI 98.0 97.8 98.2 98.2 97.7 98.3 97.6 97.0 97.2 96.4 96.3 96.2




Table A-12. Average Test Length for Cutoffs = (-1, 0, 1) and Broad Item Bank with Estimated Parameters

0=01 0=0.2 0=0.3 0=04

FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W

N(0, 12)
mSPRT 46.8 472 466 315 326 311 223 225 213 170 172 159
mGLR 364 369 364 289 293 287 219 222 212 165 171 160
mSPRT + SC-Standard 418 416 416 309 318 305 222 224 212 170 172 159
MSPRT + SC-MLE 36.6 366 365 265 270 261 197 200 188 161 164 151
MSPRT + SC-CI 421 411 419 309 313 305 221 224 212 170 172 159
MGLR + SC-Standard 347 350 347 283 287 282 218 221 211 165 170 159
MGLR + SC-MLE 303 307 303 245 250 244 194 199 187 156 162 151
mMGLR + SC-CI 348 350 348 283 286 282 218 221 211 165 170 159

N(-0.5, 0.22)
mSPRT 49.8 495 496 332 324 317 228 231 217 174 181 166
mGLR 381 380 381 295 292 292 221 227 212 166 178 165
mSPRT + SC-Standard 493 491 491 330 322 316 228 231 217 174 181  16.6
MSPRT + SC-MLE 476 471 476 315 305 302 219 221 208 170 177 162
MSPRT + SC-CI 494 490 492 330 322 316 228 231 217 174 181 166
MGLR + SC-Standard 378 377 377 294 291 290 220 227 212 165 178 165
MGLR + SC-MLE 36.2 359 363 280 277 277 211 217 204 162 174 161
MGLR + SC-CI 378 377 377 294 291 290 220 227 212 165 178 165

N(1.5, 0.29)
mSPRT 398 436 398 214 239 213 152 165 150 129 135 127
mGLR 242 244 241 190 196 188 151 160 149 129 135 127
MSPRT + SC-Standard ~ 23.0 233 230 207 229 206 151 164 149 129 135 127
MSPRT + SC-MLE 128 128 127 127 127 126 123 124 122 120 120 117
MSPRT + SC-CI 236 203 235 205 202 205 151 162 149 129 135 127
MGLR + SC-Standard 205 206 204 184 188 182 150 159 148 129 135 127
MGLR + SC-MLE 128 128 127 126 126 125 123 124 122 120 120 117

mGLR + SC-CI 20.6 20.2 20.6 18.3 18.7 18.1 14.9 15.9 14.8 12.9 135 12.7




Table A-13. Percentage of Correct Classification for Cutoffs = (-1, 0, 1) and Broad Item Bank with Estimated Parameters

0=01 0=0.2 0=0.3 0=04

FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W

N(0, 12)
mSPRT 876 8.1 876 875 859 874 864 850 864 841 830 841
mGLR 876 861 875 876 8.7 877 864 849 863 840 828 841
mSPRT + SC-Standard 875 859 875 875 859 874 864 850 864 842 830  84.2
MSPRT + SC-MLE 841 829 840 841 829 839 835 825 835 825 817 824
MSPRT + SC-CI 876 8.8 876 875 8.8 874 864 850 864 842 830 842
MGLR + SC-Standard 875 89 874 876 8.7 8.7 864 849 863 841 828 842
MGLR + SC-MLE 841 830 839 843 829 842 835 824 834 824 815 824
mMGLR + SC-CI 876 859 875 876 857 877 864 849 863 841 828  84.2

N(-0.5, 0.22)
mSPRT 947 943 945 947 943 945 933 929 933 914 913 916
mGLR 947 942 945 942 938 943 931 928 930 915 912 916
mSPRT + SC-Standard 946 942 945 947 942 945 933 929 933 914 913 916
MSPRT + SC-MLE 913 904 918 913 904 918 906 900 913 897 891  90.4
MSPRT + SC-CI 947 941 945 947 941 945 933 929 933 914 913 916
MGLR + SC-Standard 946 941 945 942 937 943 931 928 930 915 912 916
MGLR + SC-MLE 913 904 918 910 905 918 905 899 911 90.0 891  90.5
MGLR + SC-CI 947 941 945 942 937 943 931 928 930 915 912 916

N(1.5, 0.29)
mSPRT 971 970 970 971 970 970 967 965 963 963 962 956
mGLR 974 971 970 970 968 968 968 964 964 963 962  95.6
mSPRT + SC-Standard ~ 97.2 970 972 972 971 972 9.8 9.5 965 963 962 957
MSPRT + SC-MLE 978 982 977 978 982 977 973 973 969 965 967  95.9
MSPRT + SC-CI 972 972 972 972 972 972 968 965 965 964 962 958
MGLR + SC-Standard 972 971 972 971 969 970 969 964 966 963 962 957
MGLR + SC-MLE 978 982 977 977 979 975 973 973 969 965 967 959

mGLR + SC-CI 97.2 97.2 97.2 97.1 96.9 97.0 96.9 96.4 96.6 96.4 96.2 95.8




Table A-14. Average Test Length for Cutoffs = (-1, 0, 1) and Peaked Item Bank with Estimated Parameters

0=0.1 0=0.2 0=0.3 0=04

FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W

N(0, 12)
mSPRT 443 443 436 285 289 275 198 205 197 157 162 155
mGLR 337 340 332 262 266 260 195 203 195 156 160 155
MSPRT + SC-Standard 404 403 398 282 286 272 197 205 197 157 162 155
MSPRT + SC-MLE 357 350 350 247 243 238 182 186 181 152 155  14.9
MSPRT + SC-CI 405 394 398 282 283 272 197 204 197 157 162 155
MGLR + SC-Standard 326 326 321 259 263 257 195 202 195 156 160 155
MGLR + SC-MLE 288 283 283 229 231 227 180 185 180 151 153 149
MGLR + SC-CI 327 325 322 259 263 257 195 202 195 156 160 155

N(-0.5, 0.22)
mSPRT 469 451 450 280 275 266 195 195 184 156 160 151
mGLR 334 332 329 252 254 245 192 193 183 154 159 151
mSPRT + SC-Standard ~ 46.6 449 448 280 274 264 195 194 184 156 160 151
MSPRT + SC-MLE 450 424 435 266 254 254 186 183 178 151 154 1438
MSPRT + SC-CI 46,7 448 448 280 274 264 195 194 184 156 160  15.1
MGLR + SC-Standard 332 330 327 251 253 244 191 193 183 154 159 151
MGLR + SC-MLE 317 310 315 238 236 234 182 182 177 149 152 148
MGLR + SC-CI 332 330 327 251 253 244 191 193 183 154 159 151

N(1.5, 0.2?)
mSPRT 37 365 357 183 199 184 138 147 140 120 127 121
mGLR 219 220 221 170 178 171 138 144 140 120 127 121
mSPRT + SC-Standard 237 243 238 180 196 180 138 146 140 120 127 120
MSPRT + SC-MLE 127 125 127 125 122 124 120 119 120 116 116  11.6
MSPRT + SC-CI 225 201 226 180 189 180 138 146 140 120 127 120
MGLR + SC-Standard 196 199 197 167 175 168 138 144 140 120 127 120
MGLR + SC-MLE 126 123 126 124 122 124 120 119 120 116 116 116

mGLR + SC-CI 19.4 19.6 19.6 16.6 174 16.7 13.8 144 14.0 12.0 12.7 12.0




Table A-15. Percentage of Correct Classification for Cutoffs = (-1, 0, 1) and Peaked Item Bank with Estimated Parameters

0=01 0=0.2 0=0.3 0=04

FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W  FI-C FI-E FI-W

N(0, 12)
mSPRT 887 886 888 888 879 885 872 861 879 867 853  86.7
mGLR 887 881 887 85 873 882 872 858 878 866 851 867
mSPRT + SC-Standard 887 884 888 838 879 885 872 861 879 867 853  86.7
MSPRT + SC-MLE 874 8.3 875 876 858 872 8.0 848 867 859 843  86.0
MSPRT + SC-CI 886 882 887 888 876 885 872 80 879 867 853 867
MGLR + SC-Standard 887 879 887 85 873 882 872 858 878 866 851 867
MGLR + SC-MLE 874 859 874 874 858 869 860 846 865 859 841  86.0
MGLR + SC-CI 886 878 886 885 873 882 872 858 878 866 851  86.7

N(-0.5, 0.22)
mSPRT 96.3 961 963 962 960 962 952 948 949 937 925 945
mGLR 96.3 960 9.1 9.1 959 962 953 946 949 938 927 945
mSPRT + SC-Standard 961 961 962 960 960 961 951 948 949 937 925 945
MSPRT + SC-MLE 931 910 938 931 910 938 927 901 930 921 893 931
MSPRT + SC-CI 962 961 962 960 960 961 951 948 949 937 925 945
MGLR + SC-Standard 9.1 960 960 959 959 961 952 946 949 938 927 945
MGLR + SC-MLE 932 910 937 930 910 938 928 901 930 922 895 931
MGLR + SC-CI 96.2 960 960 959 959 961 952 946 949 938 927 945

N(1.5, 0.29)
mSPRT 979 980 977 978 979 975 975 973 971 969 969 964
mGLR 978 980 975 976 979 973 975 973 970 968 969  96.4
mSPRT + SC-Standard 979 980 978 978 979 975 975 973 971 969 969  96.4
MSPRT + SC-MLE 981 984 982 981 984 981 975 978 973 969 973  96.4
MSPRT + SC-CI 979 980 977 978 979 975 975 973 971 969 969 964
MGLR + SC-Standard 978 980 976 976 979 973 975 973 970 968 969 964
MGLR + SC-MLE 981 984 981 979 984 979 975 978 972 968 973 964

mGLR + SC-CI 97.8 98.0 975 97.6 97.9 97.3 975 97.3 97.0 96.8 96.9 96.4
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