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1. Introduction
Consider a deformed body that contains surfaces across which the
material properties are not continuous such as a twin boundary in
a crystal, a boundary between shear bands in a metal or polymer,
or a boundary at which two distinct materials have been joined.
Assuming that the body is elastic at equilibrium it is of
interest to determine constitutive restrictions upon the
stored-energy density that are consequences of the observed
stability of the body.

In this paper we address the problem of finding pointwise
algebraic conditions upon the elasticity tensors C+(x0.vf+(x0))

and C_(xo,vf—(xo)) that are necessary for a continuous, piecewise

~

smooth deformation f to be a weak relative minimizer, i.e., a

~

local minimizer of the energy in the Cl-topology. In particular

we show that the Legendre-Hadamard condition, Agmon’'s condition,



and two new conditions: if for some vector e

~

+ _
e®n °CO[E®E

0 = e®n [e®n, ] = O

~ _O] ~ 20.20 ~ 0
then
Col®20] = Colgenol:
and if for some vector a
S

then

+ -—
Cola®tolng = Coladtylng
are consequences of the infinitesimal stability1 of the

is a
~ ~0

deformation f. Here n, = n(xo) is the unit normal and t

tangent vector to a surface £ across which the elasticity tensor

and/or deformation gradient suffer a discontinuity while vfi(xo)
are the limits of the deformation gradients and Cé =

Ci(xo,vfi(xo)) are the limits of the elasticity tensors as the

point X4 is approached from opposite sides of the surface £.

Remark. Agmon’s condition (cf. (3.1)-(3.2)) can be
interpreted as a dynamic stability requirement for linear

elastodynamics2 since the failure of this condition yields a

n

.. . + n . .
nontrivial, continuous u: R° x R - R that satisfies

~

That is, the nonnegativity of the second variation of the
energy.

2Hayes & Rivlin [7] have noted that the Legendre-Hadamard

condition can also be viewed as a dynamic stability requirement
for linear elastodynamics. See also Rivlin [11], Truesdell &

Noll [13, Section 73] and Simpson & Spector [12].




. 1 .
div go[vg] = gtt in *i ,

+ + - -
Col vz Imo = Golvy g on o4,
where

B(f’t) = exp(at)Re{E(f-nO)exp(iX°to)},

a > 0, z is bounded, and tO is tangent and n, is normal to the

boundary of the two complementary half-spaces #,  and # . Thus

+

the failure of Agmon’s condition implies that the rest state,

RE

= 0, is unstable since there are initial data, arbitrarily
close to O that give rise to a solution growing exponentially in

time.

In Section 7 we apply our results to a boundary at which two
linearly elastic isotropic materials have been joined. Here the

elasticity tensors are given by
CSlH] = pEaenT )t (trace H)I.

In particular, we show that given the strong ellipticity of Cg

and Ca (i.e., given ui > 0 and 2pi+)\:t > 0)

+, + _+ - - -
nTo -u (g +A l,' P+ y = +A
3p++k+ Bu_+K_

are necessary conditions for the reference configuration to be
infinitesimally stable.

James [8] and Gurtin [6] have considered the problem of

determining constitutive restrictions upon the stored-energy
density that are necessary for a continuous, piecewise smooth

deformation to be a strong relative minimizer, i.e., a local



minimizer of the energy in the'Co—topology. In particular, James
has noted that for a smooth stored-energy density the Maxwell
relation must be satisfied at every point on the surface where
the deformation gradient is discontinuous while Gurtin has
obtained a new integral inequality3 (see (4.4)) that the
stored-energy density must satisfy. Our results make crucial use
of Gurtin’s inequality.

We note that the analysis in this paper is essentially the

same as the analysis of Simpson & Spector [12] who derive

pointwise algebraic conditions on the elasticity tensor at an
(external) boundary that are necessary for a deformation to be a
weak relative minimizer. Both the mechanics of internal
boundaries and the precise results obtained are sufficiently dif-
ferent to lead us to believe that the results in this paper are
of interest.

Finally, we note that we have not been able to determine if
the four necessary conditions that we have obtained are also
sufficient for the infinitesimal stability of even a continuous,
piecewise homogeneous deformation of a piecewise homogeneous
body. In particular, we have been unable to find algebraic
conditions that are necessary and sufficient for

f Vu°CS[Vu]dx + j vu-Ca[Vu]dx > 0
ﬁg+ > v *B 0~ ~ >

whenever u € cé(%,mB). (Here ﬂ%+ and #3_ are two complementary

3This inequality is similar to Morrey’s [10] quasiconvexity

condition.



half-balls that comprise the unit ball %.) However in the

special case when Cg and Ca are strongly-elliptic Agmon’s

condition alone is necessary and sufficient for the above

inequality.

2. Notations
We let

Lin := space of all linear transformations from R"™ into R"

with inner product and norm

G o= trace (G, g1 = cog.
where ET denotes the transpose of E. We write
Lin' := {H € Lin : det'g > 0},
where det denotes the determinant. Given any E € Lin we extend
its domain of definition to C" and write EE 2=_§§+ igz where
X i= (E+§)/2 and y ‘= —i(z—g)/2. Ve deno;; by éég tﬂ;_tensor

product of any two vectors a,b € Cn; in components

~ ~

)., = a.b

(a® .b..
pe ij 17

1R T

We write v and div for the gradient and divergence operators

in Rn: for a vector field u, vu is the tensor field with

~

components (Vu)ij = Gui/axj; for a tensor field S, div S is the

vector field with components Xjeasij/axj. Given any function

¢(a,b,...,c) with vector or tensor arguments we write, e.g.,

d¢/3a for the partial Fréchet derivative of ¢ with respect to a

holding the remaining arguments fixed.



Throughout this paper 2 C R" (n > 2) will denote a bounded

open region with C1 boundary, 80. Further we assume that
Q = Q+ usfua._, Q+ naQ =49,
where Q+ and 2 are open regions with C1 boundaries and

$=0,n0_naq

. 1 . -
is a C* surface that separates the subregions Q+ and Q_. Further
we assume that

30 = U T, (2.1)

where 9 and I' are disjoint and T is relatively open.

Given any X € R and r > 0 we write
% . ._ n . _
B = Br(go) t= {Z € R : IZ §O| < r}

for the ball of radius r centered at Xq - We denote by Lz(ﬁ,mn)

the space (of equivalence classes) of square-integrable vector-

valued functions on % and define

Hé(%,mn) = completion of {u € C;(%,Rn) ol < o}

1
with respect to the norm

Hu“? HES I |u(x)|2dx + j |Vu(x)|2dx.
~ g &~ ~ % ~ ~

3. The Constitutive Relation

PORING POPINIAUAI AP AININI NI A AT I A

We consider a body that, for convenience, we identify with the

region Q that it occupies in a fixed reference configuration. A

(two-phase) deformation of the body is a member of the space

L L T VT VI VI VRV VP VY VY V)

Det := {f € CO(A.R") : £* € ¢®(Q,.R"). det vit > 0},



where

denote the restrictions of f to §+ and Q_, respectively.

~

We assume that the subbodies 5_ and ﬁ; are each hyperelastic

with continuous response functions Wi : 5i x Lin = R U {+x}. Wi
gives the stored energy
W (x vf (x))
at any point x € 5i when the body is deformed by f € Def.
We further assume that W restricted to Qi X Lin+ are C2 and
finite-valued. The derivatives
+ 3 .+ + 82 t
S (x,F) = sV (x,F), C(x,F) := —W (x.F)
r T ~ ~ x ~r X~ 6F A
are called the (Piola-Kirchhoff) stress and the elasticity
tensor, respectively. To simplify the notation we will
occasionally drop the superscripts + and -; thus W, S, and C will
denote the stored energy, stress, and the elasticity tensor,
respectively.
. = . S
Given X0 € Q0 and £ € Def we write SO t= S (x O,Vf (xo)) We

say that C, satisfies the Legendre-Hadamard condition provided

~0 e v O SN P P P S S PSS N P S

that
a®b-C [a@b] 2 0
whenever a,b € R" We say that CO is strongly elliptic provided
that
a@b C [a®b] >0
whenever € Rn with a # O and b #

R
R o
RO



For X, € £ we write n, = n(xO) for the unit normal to £ that

points into _ and ﬂi for the half-spaces

~

. n ., . n .,
#, = {y € R : (fo—z)°go > 0}, % := {g € R : (zo—g)'go < 0}.
The remark in the introduction then motivates us to consider the

problem: Find w € CO(R™.€") n c*(,.c") n c*(¥_.c") that

satisfies

azz in ﬂi,

So[vg ]20 on 9% ,

div Cg[vw]
~ ~ (3.1)

+ +.
Sol™2 2o

+ —
where a > O and w and w are the restrictions of

~ ~

R =

to ﬁ+ and #_,
respectively.
We are specifically interested in whether or not there are

solutions of (3.1) that are bounded exponentials, that is,

functions
w(y) = z((x5-y) nglexp(i(y-xq)-t) (3.2)

for some t € R" that is tangent to J¥ (t'nO = 0) and some

~

z € cO(Rr,c™) n c2([0.»).¢") n c((-=,0].C") satisfying

sup |z(s)]| < +=.
s jad

We say that the triple (CS,Ca.nO) satisfies Agmon's

~ L2V VI VI VT V]

condition4 at an internal boundary provided that for every real

R VT VT VI VI VY VI VIV AN A AUNIAINININININ NI NI NI NI N N N

a > 0 the only bounded exponential solution of (3.1) is w = O.

Remark. Suppose that (3.1) has a bounded exponential solution w
for some a > 0. Then (3.1) has such a solution for all a > O.
4

Cf. Agmon [1, p. 123].




The required solution is given by

wp(x) = ¥ 2 (x-x x,

4. The Energy. Minimizers

~v v A N LT VT VI VIV VYV V)

We assume that in each deformation the environment exerts a

£
Q

body force bf(x) on the points x € and a surface force'sf(x) on

~ _N

the points x € T (cf. (2.1)). We assume further that there are

potentials B € C2(Q x R™.R) and o € C>(T x R™,R) such that

be(x) = élﬁ(g Fx)). s (x) = glg(ﬁ'i(i))

R

for any f € Def. We let

B(r) = Wty Jwey -y -J o) e

denote the total energy when the body is deformed by f

T T VT VL VT VI VPV VY VY VI V)

We are interested in a deformation f that minimizes the

~

total energy among certain classes of competing deformations,
i.e.,
E(f) < E(f+u) (4.2)

for certain variations

on 9}.

Re
m

Var := {u € cl(ﬁ.mn)

R e

0]
1

Definition. Let f € co(ﬁ,mn) be such that f~ € cl(ﬁi,m“) and

~

E(f) < +®. We say that f is a

~

(i) strong local minimizer provded that there is an e > 0

PVAVAIAI NI PORNIRININS VNI A NSNS A N

such that (4.2) is satisfied by all

€ Var with

A RE

sup |u(x) | < e;



(ii) weak local minimizer provided that there is an e > O

LV VR Y 1 VL V1o YR VY VI VI VI VY VI VI VY V)

such that (4.2) is satisfied by all u € Var with

sup |u(x)| + sup |vu(x)]| < €.
x€Q = = X€N ==

Given any X € O\L, f € Def, and r > 0O we define

fo += "Ll

To(y) 1= Foly=xg) #£(xg).  Wo(G8) i= W(x5.G)

for any G € Lin+ and

R<
m
&
Il

~~

<
m
=

Y ly-x| < r}.

We interpret fo as a homogeneous deformation of a homogeneous

body that occupies the region 3 in a homogeneous reference

configuration.

+

> . + - . -
If ;O € % we write EO 1= vi (éo), 50 t= Vi (zo).
+ + + +
fo(y) #= Foly=xp) + £(x0). Wo(§) i= W (x5.8).
folz) i= Folzmxo) + £(x0)- Wo(8) 1= W (x4.0)

for any G € Lin+,

€ %%

» =y €8 (x57y)ng > O},
€ *%

< 0}.

RN R<

ze? GoD o

We interpret the pair (fg,fa) as a piecewise homogeneous

10

deformation of the piecewise homogeneous body that occupies the

region 3 in a piecewise homogeneous reference configuration.



11

Proposition 4.1. Let f be a strong local minimizer. Then,5 for

every X, € N\JZ4,

~

6
i wO(EO)dZ < i Wo(go+vg(§))d§ (4.3)
for all u € cé(%,mn) such that WO(FO+VU(’)) is uniformly bounded
on 3. Moreover,7 for every X € £,
] wiehey| [
W, (Fy)dy W (F +VU(Y))dy
ﬁ%+ ~ =~ ﬁ%
* < * (4.4)
| woepay || woergreuyay
#%B x = | #%B =

-+
o]
]
o
—

e

€ Cp(#.R") such that Wé(F§+vu(~)) are uniformly bounded

on # + respectively.

In other words, in order for f to be a strong local

~

minimizer each of the homogeneous deformations fo(y)
[Vf(xo)](y—xo)-ff(xo), Xy € O\4, must be a global minimizer for

the pure displacement problem on a ball composed of the material

at X, and each of the piecewise homogeneous deformations (f f )

5This result is essentially due to Meyers [9, pp. 128-131].
See Ball [2, Theorem 2.1] or Gurtin [6, pp. 9-10] for a direct

proof when W is finite-valued and Ball & Marsden [3] for a proof

under our hypotheses.

This inequality is Morrey’s [10] quasiconvexity condition.

7This result is due to Gurtin [6, pp. 9-10]. See Ball &

Marsden [3] for a proof under our hypotheses.
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(Fo() = D917 (x)1(F%0) *+ £0x). £o(3) = [VE (x9)1(3-%0) + £(x0)).

X € 4, must be a global minimizer for the pure displacement

problem on a pair of half-balls each of which is composed of one

of the two materials at xo.

We now suppose that f € Def is a weak local minimizer.

~

Then, for every u € Var

0 < ¢(t) := E(f+tu)-E(f)

provided t is sufficiently small. Thus ;(O) 0 and 5(0) > 0.

If f is C2 on Q+ U Q then one can show that f is equilibrated,

that is
div S(vf) + by = 0 in ot u o,
§(v£)§g= Sg on r,
(£ = § (51 )p om 4,
where E = E(f) is the outward unit normal to 8Q1 at X. In

addition (whether or not f is 02) the second variation of E at f

must be nonnegative, i.e.,

O < I vu- C [Vu]ﬁ-f vu- C [vu] I u- Bu-—f u-3u (4.5)

Q ~ o ~ ~v

for all u € Var, where
- 52 2
B(x,f(x)) = —5 B(x.£(x)). 2(x. f(X)) = —5 o(x,f(x)).
vy~ af ~o ~o~ af ~ o~ o~

Q)

~

If we now define

U-C*(x, v£¥(x)) [V,

=
—
”
c
~
i

B(x.v) = v-B(x.f(x))v, o(x.v) = ve3(x, £())v.

= 0 = Q = 0 = r
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we find that (4.5) is equivalent to E(Q) < E(u) for all u € Var.

Thus the function O is a strong local minimizer of E. Therefore

~

by Proposition 4.1, the density of Cé(%,mn) in Hé(%,mn), and the
continuity of the resulting quadratic form on Hé(%,mn) we arrive
at the following result.

Proposition 4.2. Let f € Def be a weak local minimizer. Then,

for every X € £,

0 ¢ I VU(Y)~C8[Vu(y)]dy+-I vu(y).ca[vu(Y)]dy : (4.6)
¥8, ¥ ¥ ¥ g ~ v VT o~ o

1 n + . t t
for all g € HO(@.R ). Here 20 1= S (§O‘V£ (:O)).
5. Necessary Conditions
Theorem 1. Let f € Def be a weak local minimizer. Then, for
every x, € £ (= 5+ na na,
(i) Cg and Ca satisfy the Legendre-Hadamard condition;
(ii) (Cg,C_,no) satisfies Agmon’s condition;
(iii) if, for some a € R™,
2
20n0"5ol2007 = 2900°F [3920] = ©
then
+ -—
Coladn,] = Coladn,l:

(iv) if, for some a € R

+ -
050" Col2850) = 250" Colasko) = O
then .
+ -
Sol2®%0l%0 = Sol2%f0lZo
+ 1 i + 2.t .2
Here, SO i= g (XO’Vi (zo)) (g = 3"W /6(vi )7). 20 = 2(20) the

~
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unit normal to $ that points into @ , and ty is tangent to £ at

—

1R X%

0"

Proof.8 We first apply Proposition 4.2 to conclude that (4.6) is

satisfied at every X

then a well-known consequence of (4.6).9 We show that (ii)-(iv)

€ £. The Legendre-Hadamard condition is

also follow from (4.6). In order to simplify the notation we

first change coordinates so that Xy = 0.

(4.6) > (ii). Let b € Cm(R,R) satisfy b(s) = 1 for s < r/3 and
b(s) = 0 for s > 2r/3. Define ¢(x) := b(|x|). Then given
w € CO(Rn,Cn) n C2(§+,Cn) n Cz(f_,Cn) the functions u := Re{pw}

and v := Im {y¢w} are contained in Hé(%,mn) and a straightforward

computation (using the symmetry of Cé) shows that

| (u-ciroursev-ciiovd) = [ v(om-chrotem
#3, == v =E 0 A3, = = - (5.1)
= | (8ve-Chinovel + Re (v (%0 CELvw))

ﬁ%i =

and, by the divergence theorem,

f V(¢2;)‘C$[VW] = —f ¢2;~div Cé[iji-f ¢2;°Cg[vw]
ﬂ%i ~ X ~ y@i o ot jat a(ﬁ%i) et ~

*

N
(5.2)

where Ni is the outward unit normal to a(ﬁﬁi).

~

8This proof is almost identical to the proof of Theorem 2 in
[12] where necessary conditions at an (external) boundary for a
minimizer are obtained.

ggi., e.g., Truesdell & Noll [13, Section 68bis].
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We now suppose that Agmon’'s condition is not satisfied and

let vy be a bounded exponential solution of (3.1) with a = 1 (see
the ;emark following the definition of Agmon’s condition). Then
Xa(i) t= El(af) will be a bounded exponential solution of (3.1)
;or_any a”> OT Moreover, Iza(i)l is uniformly bounded

independently of «a.

We note that N' = n, and N = ~n, on d#%. Thus by (3.1),

(5.1), and (5.2) we find that there is a constant k > O such that

+ + - -
R O I IR N A R Ay
+

(5.3)
AR R AR AL
% = Br/3 =
where Br/3 is the ball of radius r/3 centered at Xq-

We next note that w, is of the form (3.2) and hence

lwo(x)| = |z (s)|. Thus
r/3n
f v (x)]%dx > (2r/3n)“'1f |z (s)|%ds
a a
Br/3 Tz x -r/3n =
r/3n
= (2r/3n)n—1f |zl(as)l2ds
-r/3n =
r/3n
= a_1(2r/3n)n_lja Izl(a)lzda.
-ar/3n %

If we combine the last inequality with (5.3) we conclude

that, for a > 3n,

: + + ]
i% {vuy"Colvu 149y, - Colvy,]
L - -1(T 2
< k-—a(2r/3n)n f |21(0)| do.

SR RU AR %

Therefore, by choosing a sufficiently large, we can find a
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function in Hé(%,m“) for which (4.6) is not satisfied.

(4.6) » (iv). Suppose that a € R" satisfies

a8t Coladt,] = a®t,-Cyladt,] = 0. (5.4)
wvhere 50 1 n, and IEO' = 1. Let E € R". Choose coordinates so
that E; = (:1,0,0,.T.,O), ty = (0?1,0,0,....0) and write
X = (;’t’f)' where s,t € R_énd z € Rn—2. Let ¢,y € cm(m;m) and
; € Cm(Rn:2,R) satisfy (recall ;hat r is the radius of the ball
3)

1 R
f Iw(t)|2dt =1, y(t) =0 for |t] > 1,
-1
¢(0) =1, ¢(s) =0 for Is| > 1, p (5.5)
Ip(z)|2dz =1, p(z) =0 for lz| > r/3.
zlgr ~ o~ ~ ~ J

~

For ¢ > 0, & > 0, and B > O define

up (s.t.z) = p(2)[28 'o(S9(E) + boe()V(H)]

B © — n .
Then us € CO(%,R ) (provided B < r and e > B/r) and

B_lp(a®n06_le;¢-+b®n05¢¢)

vuﬁ = + B_lp(a®t06_1¢¢-ﬁb®t05¢$) . (5.6)

+ (a5_1¢¢-+b6¢¢)®vp |

B B 0
B .~t B B .~ B
0 < {Zlgrdz j dt[j Vgé,e Sofvga’e]ds4-lﬁvgﬁ.e EO[Vgé,e]ds]'

We make the change of variables o = s/B and 7 = t/B (and hence

dsdt = ﬁ2dUdT) and then let B - 0% in the last inequality to
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conclude, with the aid of (5.4), (5.5), and (5.6), that (assuming

e < 1)
1 1/e 1
+ 2 *2 + -2 2 . 2 2
2®EO°SO[2®20]6 g ) -+a®nO~CO[E®EO]6 € f l¢(ce)|“do j /
2 -2 2|
+ E@BO O[b®n0 I ¢ -+a®n0 O[a@n |w(oe)| do J Y

- -1/e

2 I 2I v -+2b®n0 8[a®t0] f &(U)¢(ae)do

+ bot O[b®t0]5
0o -1 o ~ =Y ¢ S (5.7)

~ NO

[\3

+ bot O[b@t

0 0 ,
o[t - .
bot,- 62 [0 + 2bony-Cla0t,] Il¢(a)w(ae)da

-1 -1

1
- 2b®f0 O[a@no] g ;(U&)¢(0)d0

Oo
2b®t0 O[a@n Je I ¢(oe)p(o)do 2 0.

In deriving the above inequality we have made use of the

identities

1 o 1 . (X} 1 oo
flw(r)¢(7)dv - f1¢(7)w(T)dT - o, flw(T)w(T)dT - -1

which are consequences of (5.5)1.
We note that the change of variables y = oe yields

62 fl/e

1
. 2 . 2
lp(oe) 2o = € | 1o(y) ] dy,
0]
_ (5.8)
2[0 . 2 jo- 2
e le(oe)|“do = e ] lo(y)[%dy,
-1/¢ -1
and by the bounded convergence theorem and (5.5)2 we find that

1, 1,
tin, | #(0)e(oe)do = ¢(0) | #(y)ay = -1,
e=>0 O 0 (5.9)

+1.

OO
lim+ I ¢(o)e(oe)do
e->0 -1

0}
¢(0) fl&(y)dy

Finally, we note that ¢ and é are bounded and let e - O+

followed by &6 = o' in (5.7) to conclude, with the aid of (5.8)
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and (5.9), that

- +
2b8n,Cola®ty1-2b8n,Coladty] 2 0

and hence that
- +
Br(ColadtolngSoladlolng) 2 O

Since b is arbitrary we find that

~

+ -—
Zol2%L0d%0 = Zol2®Lollo

B

(4.6) > (iii). The variations Uus o that were used to prove that

(iv) is a consequence of (4.6) will also yield this implication
upon letting B = O+ followed by € -» +© and then 6 - O+. See the

proof of Theorem 2 in [12] for the details. o

6. Sufficient Conditions

In this section we briefly consider the problem of finding

+ -

algebraic conditions on C., and CO that are sufficient for the

~0

nonnegativity of the second variation of the energy of a

piecewise homogeneous body that occupies the region %# in a
piecewise homogeneous reference configuration; i.e., conditions

to ensure that

0 ¢ | wuy)ciivumiay + | vuy)-colvuiy)iay (6.1
#9, ¥ ¥ =0 x T x4 x> x0T x

whenever u € Hé(%,mn).
We do not know if conditions (i)-(iv) of Theorem 1 are

sufficient for (6.1) to be satisfied. However we would like to
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note that the techniques of [4, 12] can be used to show that when

+ -y
CO and C0 are strongly elliptic Agmon’s condition alone implies

that (6.1) is satisfied by all u € HJ(%.R").

Theorem g. Suppose that Cg and CB are strongly elliptic. Then

the following are equivalent:

(a) (6.1) is satisfied by all u € Hé(%,mn):

(b) (CS.Ca,n) satisfies Agmon’'s condition;

~

() Lf t L n,and z € c®(r.c®) nc2([o.=).c") nc((-»,0].c")

RN

is any bounded solution of

e N (V) 12 4 PTz = 0 on (0.9),
I (6.2)
“ME+1[NJ+(N7) 1z + Piz = 0 on (-®,0)
then
f— + o + '+ — -— R
z(0)-[(M z(O )—1Ntz(0))—(M z(0 )—1Ntz(0))] < 0. (6.3)
Here
: S - : S -
¥s i Colaonolno: N2 += Col28tlno:
= (6.4)
= S - '
fe2 7= Sol2fLit-
Remark. Agmon's condition can be difficult to verify for
particular consitutive relations. We have found that condition

(c) of Theorem 2 is sometimes simpler to check.
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7. An Internal Boundary Between Two Isotropic Materials

~ MUNY AIANIPININIAININY  AUNININININIAIAS  PUPINININININS  INOIRS  PORNININIAINIRNINIAT  NIPI NI NI NI NI NS N

Ve let
[H] := pfslyaad(u-1)1 (7.1)
and consider the problem of finding necessary and sufficient

conditions on ui and Ri so that (6.1) is satisfied whenever

u € Hé(%,mn).

Lemma 7.1. Let (6.1) be satisfied by all u € Hé(%,mn) where Cg
are given by (7.1). Then

p* > 0, 2uT+AT ) 0. (7.2)

Proof. We let

and apply Theorem 1 to conclude that Cg and CO each satisfy the

Legendre-Hadamard condition. Thus

+ 2 2 + .t 2
polal? o [T+ (uT+A7) (a-b)" 2 0

for every a,b € R™. 1In particular we let a # 0 and b 2 0 satisfy
a*b=0 to get (7.2)1, while the choice a=b #0 yields (7.2)2. o
Proposition 7.2. Let Cé be given by (7.1). Suppose that

w0, 2ptat s ol (7.3)

Then necessary and sufficient conditions for (6.1) to be

satisfied for all u € Hé(%,mn) are

+, + + - - -
Ty IK (5 +i ) oty B (g A ) (7.4)
3p +A 3n +A

v
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Proof. A standard result10 shows that (7.3) is equivalent to the

strong ellipticity of Sé. We will show that (7.4) is equivalent
to condition (c) of Theorem 2 and the desired result will follow
from Theorem 2.

For simplicity we suppose that n = 3 and choose coordinates

so that n = (-1,0,0) and t = (0,7,0) where T > 0. Then (6.4) and

(7.1) imply that

Ma = pa+(p+A)(a+n)n,

R p
{

p(asn)t+A(a-t)n, (7.5)

R
]
Y

pt a+(p+A)(a-t)t,

and hence (6.2) reduces to

~(2pN) 7 ~iT(pAN) ZptuT oz, = O,

~pE =17 (pHN) 2 +(2pN) Tz, = O, (7.6)
.0 2
—ZB+T z4 = 0.

We first note.that if T = O then the general bounded
solution to (7.6) is E(s) =c for all s € R and hence we
conclude, with the~ai£ of (775)2, that (6.3) is satisfied.

We next note that when p+A = 0 (and 7 > 0) the general

bounded solution to (7.6) is

z(s) = c exp(-7|s]|). (7.7)

while when p+A # O (and T > 0) the general bounded solution to

Cf., e.g., Gurtin [5, p. 86].
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(7.6) is

4]
[\

3
- - 23(s).,

z

0
} (7.8)
0

C

4]
IN

(s) - {c;gi(s)+c;:3(s)+-c§z (s),.
3

1 2
12_(s)+c2§_(s)+-c

zi(s) = (£i,1,0) exp(¥F7s), 23(5) = (0,0,1) exp(—Tlsl),
B (7.9)
zi(s) = ?(ui+ki)Ts zi(s)-+(¥iui,2pi+ki,0) exp(¥Frs).
Case I. p'+A\" = p ™+A” = 0. Then (7.5) and (7.7) imply that
wz oty = sutre,
T i e
Etg(o) = -p [01§+c272]-

and hence (6.3) reduces to

+, - 2 A =
(1 +p )Igl 2 i(p -p )(cjey-cyey ).
Since p+ and o are positive it is easy to show that the above

inequality is always satisfied.

Main Case. p +A' # 0 and p +A” # 0. Then (7.5) and (7.8)-(7.9)

imply that
2(09) = ot wioh) = Bt
ti Fipt o0 iceptady  odeutat) o
Bi = |1 ooutat ol | E* = 1| st fpfEptiaaty o
) 0 o 1 - 0 0 st
We note that E is continuous at s = 0. Therefore if we let
¢ = (@) 71z(0). ¢ = (D7) Mz(0)

we find that (6.3) is equivalent to
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z(0)-[67-671z(0) 2 O, (7.10)

¢t .- [E*(D*)"1+1Nf].

~

Next, a simple calculation shows that

r(epfadty  pd 0
(p%)71 - ————%——;— F1 i 0
= i(3p™+A7) -
0 0 i(3p7+A7)
and hence that
i2(2ui+Ai) 2uii 0
+
¢t - —TE | opty t2(2pfad) 0
= 3pT+A + 3
0 0 +(3ptad)

Since (7.3) implies that (c*-c")jj >0 (j = 1,2,3), (7.10) will

be satisfied for all initial values z(0) if and only if

det(G¢'-¢7) > o. (7.11)

However

+

- (uan" TS (ARON)
det(G'-G7) = 473(u++u_)[u+ E—i%—i§fl][u' v
~ o~ 3p +A 3p +A

and hence we conclude, with the aid of (7.3), that (7.11) is

equivalent to (7.4).

Case III. p'+A" = 0 and p ™+A” # 0. We let D_, E, and G be

~

given by the previous case. If we use (7.7) and the fact that
k+ = —u+ we find that
D" =1 Y = 't

and hence that
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1 i (0]
G+ = Tu+ -1i 0
h o o0 1

Clearly (G+—G—)jj >0 (j = 1,2,3) and
det(G'-G7) = 4T3u—(u++u_)[u+ + E—Q§42§—l]-
= 3p +A
Thus the desired result follows by the reasoning used in. the

previous case.

Case 1IV. u++k+ # 0 and p +A = 0. Same as Case III. u]
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